The real parts of the nontrivial Riemann zeta function zeros
Igor Turkanov

ABSTRACT

This theorem is based on holomorphy of studied functions and
the fact that nearby of a singularity point the imaginary part
of some rational function can take random arbitrary preassigned
value.

The colored markers are:
e - assumption or a fact which is not proven at present;
- the statement which requires additional attention;
- statement which is proved earlier or clearly undestandable.

THEOREM

The real parts of all the nontrivial Riemann zeta function zeros p lie on
, 1
the line Re (p) = 5"

PROOQOF:

According to the functional equality [10, p. 22|, [5, p. 8-11]:
1—s

F(g) _§g(s):r(1;8>{ 2 ((1-s), Re(s)>0 (1)

C (s) - the Riemann zeta function, I' (s) - the Gamma function.



From [5, p. 8-11] ¢ (5) = ((s), it means that Vp = o +it: ((p) = 0
and 0 < 0 < 1 we have:

() =¢(A=p)=C(1=p)=0 (2)

From [11], 9, p. 128], [10, p. 45] we know that ¢ (s) has no nontrivial zeros
on the line ¢ = 1 and consequently on the line ¢ = 0 also, in accordance
with (2) they don’t exist.

Let’s denote the set of nontrivial zeros ( (s) through P (multiset with
consideration of multiplicitiy):

P={p: ((p)=0,p=0+it, 0 <o <1},

and
P1E{p2C(p)zo,p20+it,0<0<%} (3)
Pzz{p: ¢(p) =0, P:%Jrz't}
sz{p: C(p) =0, p=o+it, %<0<1}
Then:

P=PiUPyUPsand PiLNPy=Ps NP3 =P1NPs =2, ||P:|| = |Psl|

Hadamard’s theorem (Weierstrass preparation theorem) on the decomposition
of function through the roots gives us the following result [10, p. 30], [5,
p. 31], [12]:

_ S

w2e% s\
C(s)zs(s_l)r(g)n(l——>ep, Re(s) >0 (4)

pEP P

a = In2y/m — % — 1, v — Euler’s constant and
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According to the fact that - Digamma function of [10, p. 31], [5,

p. 23| we have:
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peEP
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n=1

C = const

From [4, p. 160], [8, p. 272], [3, p. 81]:

1
Z_:1+%—ln2ﬁ:0,0230957... (7)
pEP

Indeed, from (2):

1 1 1 1
_ - _ —_ =
pezpp 2;(10 p)

From (5):
B ST N U S S 1 (3)
2; —éz_?% ¢ (s) 1—3+ ¢ 21n +2F<2>

Also it’s known, for example, from [10, p. 49], [3, p. 98| that the number
of nontrivial zeros of p = o + ¢t in strip 0 < ¢ < 1, the imaginary parts of
which ¢ are less than some number 7" > 0 is limited, i.e.

[{p: peP, p=c+it, |t < T}| < oo,

1
Besides, it can be presented that on the contrary the sum of > peP would
p



have been unlimited.

Thus VI' > 0 36, > 0, d, > 0 such that

in area 0 <t < d,,0 < o < 0, there are no zeros p =0 +it € P.  (8)

Let’s consider random root g € P; U Py
Let’s denote k(q) the multiplicity of the root g.
Let’s examine the area Q (R) = {s: ||s — ¢|| < R, R > 0}.

From the fact of finiteness of set of nontrivial zeros ((s) in the limited
area follows 3 R > 0, such that Q(R) does not contain any root from P
except q.
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Fig. 1.

From [1], [10, p. 31], [5, p. 23] we know that the Digamma function 32
()

in the area @(R) has no poles, i.e. Vs € Q(R)

Let’s denote:

5 peP 5P
and { ] {
) =-S+15+ 2 7=, )
peP\{q}



Hereinafter P\ {¢} = P\ {(¢,k(¢))} (the difference in the multiset).

1 1
Summation - »  cp _— and > cp\ (o) _— further we shall consider as

1 1 1
the sum of pairs (S —, + s (1= p)) and Zpep; as the sum of pairs
1 1 1

-+ — f division of th f 6
(p + T p) as a consequence of division of the sum from (6) > _ p <s -

1 1
into > cp p— + D pep > As specifed in [4], [6], [8], [10].

Let’s note that Ip\ (4 (s) is complex differentiable function V s € Q(R).
Then from (5) we have:

1 1
<= 2L 4>+ Ip(s). (10)
C( ) 2 2F<§) pE'Pp

And in view of (7):
S
/ (=
[ CON (g)
¢ (s) 21 (_>
Let’s note that from the equality of

1 1 1
DB e R Dl R D (12

pEP (1—p)eP

+[7>(S) . (11)

follows that:

Ip(1—s) = =1Ip(s), Ip\(g(1 = 5) = —Ip\1—q3(s), Re(s) > 0.

Besides

Ip\(qy(s) = Ip(s) — Sk(_q)q

and Ip\ (g (s) is limited in the area of s € Q(R) as a result of absence of its
poles in this area as well as its differentiability in each point of this area.
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From (1) follows:

0 ca-s 1) 1“(1;8)

(s T oy :_5r(§) —§F<1;8) +Inm, Re(s) > 0. (13)

Let’s examine a circle with the center in a point ¢ and radius r < R, laying
in the area of Q(R):

Im(s) |

ty | 5.

ol (D)

5y. .................... ; ................................................................. ‘

0 4, Tu, 0 : 1 ftels)

Fig. 2.
For s = o +1y, ¢ = o, + 11,

k k k(q)(t, — t, —
§—q iy —o,—ity  (x—0y)”+ (y —ty) r

On each of the semicircles: on the left - {s : [[s —¢|| =7, 0y —r <z < 04}

and on the right - {s: [|s —¢|| =r, 0, <z < 0,4 r} function Imsk(_Q)q is
continuous and takes values from _kEﬂq) to k:(rq), r >0 and k(q) > 1 as
the multiplicity of the root.
From (11) function
SO0 1 (5)
Im<<5) — ]ms — Im —5@ + Ip\ (g1 (8)



in the area of Q(R) is limited so 3H(R) > 0, H1(R) € R:

¢’ (s) k(q)
C(s) fm q

< H(R), VseQ(R). (14)

Im

From the characteristics of continuous functions on the interval to take
all intermediate values between its extremes, it follows that dR; > 0 :

k
Ry <R MO Hi(R)
Ry

and Vr > 0, r < Ry there is a point on the left semicircle w, e Ty, + W,
such that:

!/
S ) o ke k(9) |
¢ (wy) w, —q w, — q
le. ¢ (w,)
w
Im =0, Vr>0,r<R. 15
¢ (wr) : (15)
And from (7), (10) follows:
w
I (=
ty — Yu, 1
k(@) = —Im | —5 g+ g (w) | (16)
' r(3)

for Vr > 0, r < Ry.

Let’s note the real function:

(s
a@wﬁymi%g+mm@

2

Note that the function a(s) and its derivative are limited Vs € Q(Ry).



Le. at 7 — 0, since ||g — w,|| = r*:

tq — Yuw, :a(wr)TQ
{ Ty, — 04 =r(1 — O(r?)). (17)

For definiteness let’s consider, that w, we set on the left semicircle as on
the right semicircle a point with the same - (15) characteristics does exist.

e Suppose that:

| (3
_ 2
a(q) = —w[m —§W + Ipg(q) | #0. (18)

Then, according to the theorem on the preservation of the sign of the
continuous real function of two variables a(x+iy) there exists a surrounding
of ¢ in which this function does not come to 0 and has the same sign.

[e.dRy € R,O<R2<R1:

VseQ(Rs) als)#0, sign(a(s)) = const. (19)

From this point and from (17) follows, that V s € Q(R3), Vr1 > 0, 79 > 0,
T1<RQ, re < Ro :

(tg — ywrl)(tq - ywrz) > 0, (20)
i.e. points w,, and w,, lay at the same time or in the top semicircle, not
including the piece of a circle laying on a straight line y = ¢,, or in bottom.
Let for definiteness it be - the bottom semicircle, i.e. a(q) > 0.



Given (17) to point w,, s = = + iy, consider the partial derivative:

2 _ljmrl <§> + ImlIp }(S) + k(Q)(tq — ywr) _
or\ 2 r () W @ =0 + (g, — 1)
o (1 T'(5)
= 8_x —§]mF(f) -I—Imlp\{q}(s) +
2 s=w,
2k(q) (Y, — 1) (Tw, — 04) _
(2w, = 09)% + (Y, — t4)?)?
_ 2k(q)a(w,)(1 = O(r*)r50)
— 0(1)T—>0 + T’((l — O(T2)r_>0)2 T a(wr)2r2)2'
I.e.3R3ER,O<R3<R2:VO<T<R3:
S
(=
91 1 (2 k(@) (g — Yu,)
— | —5Im + Iml s) + - 0.
ox 2 T <§> P\{Q}( ) (ZE _ 0_q)2 n (ywr _ tq)2 7é

This, in turn, by the implicit function theorem, means that for s = x+1y €
Q(Rs3), t,—y = a(w,)r?*, x—o,=r(1—0(r?)), there exists a continuous
function x = W (y):

=0 o a=W(). (21)

le.Vy:t,—y <a(wg,)R3, 30<r<Ry:
Tw, = W(y). (22)

Based on the (21) and (22) let’s choose 1, 19, Bz > 0, satisfying the
conditions: (w,)
a(wy,

B, ). (23)

ri=r, 19 Ty, = WY, +



Le.

a(wy, a(wy,
rz\/<w<ywrl+ Slrt) = 00+t =, — g

Let’s join the points w,, and w,, by the curve described by a function
that has a derivative at each interior point of the segment.
Let’s designate: f. (1) = fo(1) +if,(7):

Im(s) 1 -
@
P WU
5y .......................... i ...........................................................
0 4, o, : 1 ftels)

Fig. 3.

According to construction let’s designate 7, and 7,, such, that:

Jrir (7r,) = Wy, fﬁﬂ“z(Trz) = Wp,.

¢'(s)
¢ (s)

therefore the function I'm

is meromorphic as a division of two holomorphic functions,

¢'(s)

S

Function

is differentiable and so is continuous and

¢ (frira(T))
C(frim(T)) .

[t means that continuous on a segment and differentiated on an internal
interval of this segment the real function according to (15) takes identical
values on its ends:

CI (fﬁ,?b (7_7”1)) I C/ (fﬁ,?b (7_7”2))

Im =

C (fﬁ,TQ (7-7”1)) " C (fﬁ,TQ (7-7”2))

differentiable by 7 function I'm

= 0.
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By Rolle’s theorem on the extremum of a differentiable function on the
interval we have:

. mcl (frl,Tz(T)) / —
an € (1, Tpy) - (I —C (frl7r2<7_))> 0. (24)

T=—T1

[.e. on a curve described by function f,, ,,(7), 7 € (7, 7s,), there is a point
Op = Ou(r1,72) = fr, . (11) for which it is true (24).

As the curve which connect points w,, and w;,, let’s examine the following
variant of the line.

I'm(s) } 1 /

Yw,,
YD "

Yu,

xwm xwrz xEl "L‘E2 xD. 0-;1 RG(S)

Fig. 4.

The curve connecting w,, and w,,, consists of seven sections: Gy M7, M Ny,
NlFl, FlFQ, FQNQ, NQMQ, MQGQ. Where G1 18 Wy, G2 = Wy, GlMl, GQMQ,
N1Fy, NoFy - the segments laying on straight lines, MyNy, MyNsy, FiF)
- arches of the circles, touching the corresponding straight lines in points
My, Ny, Fi, Fy, Ny, M.

Segments G1F| and FyG5 are parallel to the real axis and lay on the straight
lines y = yu, and y = yu,, -

11



Let’s choose a point D = (zp, yp) as follows:
Y

Ywry = YD ger Yuw,, + ADYuw,,

Yp — ywrl ap sy YD 1 T ap ) ( )
ty—y)2 ty—yp)?
Gy) “ o, — Mj vp = Glyp) = oy — M. (26)
a(q) a(q)

Le. let’s choose yp so that this number lays strictly between numbers y,,
and Y, , and fix a proportion in which the length ‘wa — ywﬁ’ shares on
‘wa —yD‘ > (0 and }yp—ywrl‘ >0forVO<ry<r < Rjs.

The point D is an intersection of a straight lays y = yp and a curve
z = G(y).

The point D for V 0 < ry < r; < Ry lays between the straight line z = o,
. . . (s .
and the straight line that goes from point ¢ under angle 1 to the real axis,

in accordance with (t, —yp) < R3 < R < L.

Let’s draw straight lines DFE; and DFE, so that their points of intersection
with straight lines G E; and GoFs - E7 and E5 accordingly, lay on a straight

s
line that goesfrom point ¢ under angle 1 to real axis.

Points F} and F3 are the points of tangency of the circle of radius r;,
centered at Jy and straight lines 4D and F,;D. These lines have an angle
of inclination to the real axis f1 and —f2 respectively.

At such construction of the circle, touching the specified straight lines -
DE, and G1E,, DEs and GoFE5 in points My, Ny and Ms, Ns, with the
centers in points J; and .J5 respectively, can have as small radiuses as posible
rs, > 0 and r5, > 0.

I.e. the points of a curve which are set on arches M;N; and MsN,, can
be as much as closely located to a straight line that goes from point ¢ under

angle % to real axis, for VO < ry < r < Rs.

12



o Let’s suppose that the point ©,, lays on the segment of the N1 F; or NoF5.

Let’s take Re(s) =z as T, then:
folz) =,
for the segment Ny Fy, N, o (TN, YN,
y = fy() =y~ +tg(B)(@ — an,), y(n) = tg(B),
def

for the segment NoFy, No = (xn,,Yn,)

y=Ffy(x) = yn, +tg(=F2)(z — zx,), y(n)" = —tg(f).

From (23), (26), for r; — 0:

[\GI[9N)

Yw,, T ADYuw,,
a—xp(tqu)g<tq_ l+ap ) _
' a(q) a(q)

(tq — Yu,, T ap(ty — ywrl))3
B 1+ap B
- a(q) 3 -

(oz(wrl)(r% — Bﬁ_lr?’) + aDoz(w,al)ﬁ) 2

1+ap
- a(g) -
(a(w,) (= (1+ap) ' Byr)):
- a(g) -
=y ) 2 (1t ap) B L) =
a(q) v

= a(w,,)r} (1 + ( ao(;(‘g)l) _ 1)) (1—(1+ aD)AB?Tl)g _

13



In view from the (23), (27), setting point Fy : 0y —zp, = t;—Yu, , 11 — O:

ta(By) = Yo = Ywr, _ YD = Yuw,, _ YD = Yuw,, _
Tp — g, 0g— g+ (Tp—0y)  lg— Yw,, — (0 — zp)
Ywry = Yu,, a(wy, )1y
_ 1+ap B Bs(1+ap) B
g = Yu, — (0g—xp)  alw)ri —alw,)r? +o(r})
= Mm +0(r}). (28)

Similarly, for the point of Ey : 0y — 2g, =ty — Yu,,, in view of (23) and
T — 0:

Yw,y, — YD Yw,, — YD Yw,, — YD
Tp—TE, Oq—TE+(Tp—04) 1 Yw,, (04 — D)
ap (ywrz - ?/wrl) aDO‘(wm)Ti)’
_ 1+ap _ Bﬁ(l + CLD) _
ty = Yu,, — (0g —2p)  a(w,)r} — By'a(w,)r{ — alw,)r} + o(r})
ap 9
=———1r1 +0(ry). 29
Bﬁ<1 + aD) 1 ( 1) ( )

And for the s = x + iy equation (24) at the point ©,, = (71, y(71)) can be
written as follows:

y(n) (y(m1) — tq)2 — (11 — Uq)2 2(m1 — o) (ty — y(m))

((m—=0y)* +(y(n) =1)*)* (11— 0y)* + (y(11) —1,)*)*

(30)

/

= o+ iy(@))—r, +y(r)a( + ()

For convenience let’s designate:
def
A, =  o,—T,

9(1) = alr +iy(@))y + y(1) a(z + iy(@))) ),

14



for the case when the point ©,, lays on the segment Ny Fi:

B =31,

for Ny Fy:
B = —pB2.

From inequalities on the segments NiF} and NoFb, in view of (23):

0<o,—1 < (t; — ywrl) = oz(wﬁ)r%
and
tg—yn < (tg— ywr1> = O‘(wm)"”%: (31)
tg—yn > (tg — waQ) = a(wn)(T% - Bﬁ_lr?) (32)
follows:

(11 = 0¢)” + (y(1) = t,)*)* = O(aw,,)'15)r 0.
Where the symbol © means that 30 < Ry < R3, k1 >0, ko > 0 :
VO<r; < Ry:

kra(w, )75 < (11— 0,2 + (y(11) — 1)°)? < kaa(uw,, ).

In view of limitedness of partial derivatives of the function a(s) for V s €
Q(R) and (28), (29) we have:

g(Tl) - 0(1)7“1%0 + O(T1>r1—>0 = 0(1)r1—>0-

Let’s rewrite (30) in new designations at r; — 0:

t8(B)(A7, — (y(m1) —14)*) — 247 (ty — y(n)) =
(33)
= —0()e(a(w,)"r}).

15



In view of the inequalities (31) and (32) at r; — 0:
(y(11) —t,)* = a(wy,)*ry + O(rY).

And then (33) can be written:
t8(8)A7, — 2(t — y(1)Ar = tg(B)a(w,)’ri + Otg(B)r])

If this quadratic equation with regards the variable A, has roots A;, ; and
A, 2, then they are:
A’7'171,2 —
2(t, — y(n)) £ Aty — y(m))* + 4tg(8)*a(wr,)*r{ + Otg(8)*})
2tg(8) '

Let’s note, that 3 0 < Ry < Ry : V 0 < r; < Ry the discriminant of the
equation (33) is positive, i.e. at the equation analyzed has two real roots.

For the case when the point ©, allegedly lays on the segment N;F; we
have: § = 1 > 0 and tg(S) > 0, then the first root of the equation (33) is
negative:
ATl,l —
_ 2t —y(m)) — VAt — y(1))* + 4 tg(B1)*a(wy, )*ri + O(tg(1)*r7)
2tg(51)

Le.

it’s impossible according to construction of the curve where the whole curve
segment Ny F lays to the left of a straight line x = o,

The second root at r; — 0:
ATl,Q -

2ty —y(m)) + /4ty — y(n))? + 4tg(61)2a(w,,)?rt + O(tg(Br)*r?)
2tg(51) .

16



Let’s give estimation A, 5 at the bottom at r; — 0:

Aty —y(m)) _ 2(tg — Yu,,) _

A,
27 T otg(By) tg(B1)
2 _ p-1.3
_ 205(“17‘1)(7“1 BIB le _ 235(1 + a/D>a(wT1)’r‘1 —|— O(T%)
mﬁ +O(r7)

Then at r; — 0:

V

A7'1,2 - (Jq - le) > A7'1,2 - (Uq - xwrl)
> 2Bs(1 + ap)a(w,,)r + O(r%) — a(wrl)r% =
= a(w,,)(2Bs(1 +ap) — ri)r1 + O(rf).

Therefore 30 < Rg < R5: VO <17 < R :
A o— (o, —2N,) =2aN, — T > 0.

Le.
Tr < TNy,

which is impossible because of the assumption that the point ©,, lays on
the segment Ny F}.

Thus, none of the roots of the equation (33) approach this segment, hence
the assumption that the point ©,, lays on the segment Ny F7 is false.

17



For the case when the point O, allegedly lays on the segment NjFj:
f = —F2 <0 and tg(5) < 0, then the first root of the equation (33):

-
—2(t; — y(n)) + VA4lg — y(1))* + 4 tg(B) a(wr,)*ry + O(tg(52)*r7) _
2tg(f2)
4tg(B2)*a(wr,)’r] + O(tg(B2)*r?) _ te(Bo)a(wy,)’ri + O(tg(B2)r7)
2tg(F2)(4(tg —y(11))) 2ty —y(n))

ap
te(B)a(un)’ri + Oltg(B)rf) _ Bl +ap) *1r) 1+ 00D
2(tg — yU)rg) N 204(“%)(7“% _ Bglr%)
apa(wy,) 5

_ 1
=3B, aD)Tl + O(r7).

<

From (27) at r; — 0:

g, —Tp = a(wrl)ri’ + 0(7“3).

Therefore 30 < Ry < Rg: VO <1 <Ry, Bg>0:

A7'171 - (Uq - 'TD) — (Oq - le) - (Oq - .'IfD) =Tp — Tn <

3 ap 3
—1 )
< &(le)r1<235(1+aD) )+ o(r]) <0

The last inequality is satisfied, provided:

ap ap
<l & ————
2Bs(1 + ap) 2(1 + ap)

< Bﬁ. (34)

Ie.
Ty > Tp,

it’s impossible to build a curve where the whole curve segment NoFy lays
to the left of the point D.

18



Let’s examine the second root of the equation (33):

Aﬁ,Q =
_ 2t —y(m)) — VAt — y(11)* + 4tg(Be)*a(wy, )*ri + O(tg(52)*r7)
2tg(Be)

Obviously V0 < r; < Ry :

AL2<0 & 2, >0,>7p > P,

It’s impossible because of the assumption that the point ©,, lays on the
segment Ny Fb.

Thus, none of the roots of the equation (33) approach this segment, hence
the assumption that the point ©,, lays on the segment NoF; is false.

So, from a certain moment at r; — 0, the point ©, can not lay on the
segments N1 Fy and NoFs.
Similar considerations apply to the top semicircle, when a(q) < 0. In all
four cases, we can find such value of 0 < Ry < R: V0 < r; < R;: that
roots of the equation (33) will either be negative or be out of ordinates of
the corresponding segments.

Let’s assume that the point ©,, lays on the circle with center at J, =
(27,,ys,) and the radius rs, > 0.

Let’s take Im(s) = y as 7, then:

fw) =y, &= fuly) = 04 = \/7“?0 = (Y= yn)*

19



Then, for s = = + iy the equation (24) in the point ©,, = (z(71), 1) can be
written as follows:

(1 = tg)* = (z(1) — 0g)” i 20 —x(n))({ty = 1)
((z(11) = 04)* + (1 = 19)*)* ((#(m1) = 04)? + (11 = 14)?)°
= a(z(y) + iy)y—r, + (1) A(z(y) + iy)oms(r,): (35)

+ .1'(’7'1)

On construction x(7)" on an arch F}F, can take values:

Partial derivatives of the function a(s) are also limited for Vs € Q(R).

At rs, = 0
z(m) — zp.

Based on (17), (23), (27) the equation (35) can be written as follows:

a(wy,)’r] + O(r?) — O«(wm)%“? +o(r7)
(a(wy, )9 4 o(rf) + a(w,,)?rf + O(r?))?
ta(r )/ 2(04(107«1)7“1 o(r i)’))(a(wm)h +0(r)) _
(a(wr, )?r (7“1) +a(w,,)r] + O(r7))?

1 n 2 L0 1
= _ gj T _— _ =
le 7”:1)) 1 a(wT1)2Ti)’ T%

———7§<i+aaﬁf>+owﬁ):

a(wy,)?r] \r1
= a(z(y) + )y, + (1) a(@(y) + 1),y = O ). (36)

[e.atr;y = 0:

%+2ﬂﬁy:0uy (37)

20



The equation (37) can be executed only if for the value of ()’ is negative.
This derivative takes its maximal on the module negative value on an arch
F1 Fy in the point 77 = F; and it’s equal in view of (28):
) ——— 1 _ Bllran) 4 o)
tg(ﬁl) ;T 4+ O(TQ) (A
Bs(1+ap) ' !

This means that if:
235(1 +ap) < 1, (38)

then the equation (37), from a certain moment, is not executed for any point
Al from FlFQ.

[e. A0< Rgs< R7: VO<r; < Rg:

1

= +20(n) = 067) £ 0(1)

1
Inequalities (34) and (38) limit the possible values of Bg:

ap 1

— < Bg<—,

2(1+ap) "7 201 +ap)
therefore:

ap < 1,

1
and for example for ap = 3

1 1
— < Bg < -,
6 "3
i.e. there are such ap and Bg, for example:

1 1
Z. By=-
9 TP Ty

that the point ©,, will not lay on the constructed curve between points NV,
and Ny for VO < r; < Rg.

ap —
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Let’s assume, that the point ©, lays on arches: M{N; or NoMs of the
circles with the centers in points J, = (2, y7,), Jo = (2, y7,) and radiuses
rs, > 0 and 75, > 0 accordingly.

Let’s take Re(s) = z as T, then:

fx(ﬁlf) = Z,
for the arc My Ny, M, = (Tpy, Ynr,)

Y= fy(@) = yan + /13 = (= )%
max (|y(x)']) = [tg(B)] = O(r),

@wEMlNl

for the arc NoMs, M, o (s, Ynsy)
Yy = fy(x) = YmMm, — \/T§2 - (x - yJ2)27

max (|y(z)']) = |tg(B)] = O(r1).

O.,ENs My

At r5, — 0, 75, — 0 the point ©,, will be approaching a straight line that

. m .
goes from point g under angle 1 to real axis.

And for s = x + iy equation (24) at the point ©,, = (71,y(71)) can be
written similarly (30):

, (y(m) — tq)2 — (11 — Uq)2 2(m1 — o) (ty — y(m))

M P wlm) ) (0 — 0 + () — 1))

/

= a(z +iy(@))er, +y(n)ale +iy(@))y_ym)-
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Near by the straight line that goes from point ¢ under angle % to real
axis:
(y(r1) — tq)2 ~ (11— Uq)27
and in view of limitation y(7)" = O(r1), the first member of the sum of the
left part of last equality can be reduced up to limited value in case when
the corresponding radiuses are approaching the zero,
ie.Vry>0,e>0, Ars, =rs(r1) >0, 15, =1s,(r1) > 0:

y(Tl)l (y(Tl) B tq)Q - (Tl - O—q)2

(1 — g + (y(m) — )22 = ©

And 30 < Ry < Rg: V 0 < 1 < Ry the equation (24) in a point
Oy = (11,y(m)) will look as follows:

200 =)t —y(n)  _
(o + i) — 7P ) )

?) =01
e~ W

which is impossible with the radius r; — 0.
Thus, 30 < Ryp < Ry : V0 <1 < Ry the equation (39) is incorrect and,
accordingly, and the assumption that the point ©,, lays on the arcs M;N;

or NoMs is not true.

This means that V 0 < r; < Rjo the point ©,, lays on the segments:
G1M; or NoGo, or the assumption that a(q) # 0 is not true.
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Let’s assume that the point ©,, lays on the segments: G1 M7 or NoGs.

Let’s take Re(s) =z as T, then:

fao(z) = x,
for the segment G M;
y = fy(T) = Yu,,;
for the segment NoGo
Yy = fy(x) = Yuw,, -

And for s = x + iy the equation (24) in the point ©,, = (71, y(m)) in view
of that y(m)" = 0, from (30):

2)2 = (@ + ()=, (40)

Note that for the segment G M:
O<tq—y(7'1) <O'q—7'1 <7,
for the segment Ms>Go:

0<t,—y(n) <o,—m <.

It means, that at r; — 0:

(1 = 0g)" + (y(m) = 1,)*)* = O((0g — )").

And (40) can be written:

200 —m)(ty —y(n))
(o, — )" =0(1). (41)
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l.e. at r1 — 0 for the segment G1Mj:

lg — Yuw,, = tqg — y(Tl) - ®((0q - 7_1)3) = O(T?)

and
a(w,)r =ty — yu,, = O(r}),

for the segment MyG:
tg = Yuw,, = tg — y(m1) = O((og — 71)3) = 0(7’3) = 0(7”:1)’)

and
a(w,,)(r} = By'r}) =ty — yu,, = O(17}).

l.e. mpu r;y — 0:
a(w,,) = O(r). (42)
And then:

That contradicts our assumption (18), i.e.:

(4
alq) = —%q)]m ;zg;; + Ipyir(q) | = 0. (43)

The equation (43) is closely connected with random matrices.

Similarly, examine the function ¢ (1 — s).

Let’s designate:
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1—s
P/
1 1<2>

afs)- = —@[m —§W = Ip\()(s)

Let’s examine the same point ¢ € P; U Ps.

Let’s note that the area where the line is considered GG;G5 localized around
a single point, so there is no need to analyze the ambiguity of the imaginary
part of the logarithm, and it is not required to build the Riemann surface,
especially since the logarithm of the function ¢ (s) itself is not considered,
but only its derivative’s (equal for all surfaces of multi-valued logarithm)
imaginary part is analyzed.

Let’s have the similar reasonig on ¢ (s)_ in the area Q(R).

The result of these reasoning is the following equation, similar to (43):
l—gq
I ——
1 1 ( 2 >

@)= = —prytm _5@ —Ipvigy(a) | =0. (44)
2

Thus, from the (43) and (44) we have V ¢ € P; U Ps:

1 (3) 1@ —0. (45)

—k(q)(alq) + alg)-) = Im _Er(g) 2F<1_q)
2 2

From (6) the equality (45) can be written as follows:

oo
> (@rorsa mTonpea) =
\@ntog)? 7 (2n+1—0y)*+ 13
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Le.

tq((Qn +1 - Uq)2 — (2n + Jq)2) o
(2n+ 0 +2)((2n+1—0y)> +12)
ty(1 —20,)(4n+1) B
(2n+0)? +12)((2n+1—0,)> +12)

NE

0

n

1 [M]2

O

n=

= ty(4n +1
I_QO-QZ Q(n+) —0

(2n +0,)2 +12)((2n + 1 — 04)% 4 t2)

n=

Sum

i (4n+1)
(2n 40,2 +2)((2n + 1 — 04)% + t2)

n:0

exists and is not equal to 0 when ¢, # 0 so the equality (45) is performed
exclusively at

1
O'q:§.

So, assuming that an arbitrary nontrivial root g of zeta functions belongs
to the union P; U Py we found that it belongs only to Ps, i.e. P; =

And according to the fact that ||Ps|| = ||P1]| = 0 we have:

Ps=P, =9, P="7P,,

This proves the basic statement and the assumption which had been made
by Bernhard Riemann about the location of the real parts of the nontrivial
zeros of zeta function.
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