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Abstract
In this note we show some formulas related with the constant pi

Resumen
En esta nota mostramos una coleccién de formulas relacionadas con la constante pi:
m = 3.14159265358979 ....

Keywords: numero pi,series,productos infinitos,radicales continuos,funcién zeta de
Riemann,fracciones continuas,funciones hipergeométricas.

I. Introduccion
Notacion:
N =1{123,..},N, = NU {0}
n n! n nn—-1)..n—k+1)
(k):k!(n—k)!:(n—k): k!
(a),=ala+1)(a+2)..(a+n—-1),neN; (a) =1

n

1
e = lim (1 + ;) = 2.71828 ...

n—00

Foip =F,;1 +F,,FfL =F, =1 ,Sucesion de Fibonacci

{(x) = Z n~* ,x>1,funcién zeta de Riemann

n=1
[ee]

a),(b
F(a,b;c;x) = Z Mx" ,—1 < x <1, funcién hipergeométrica de gauss

c), n!
po ()n

_{11115}, o Bermoull
n — 6°30°42°30°66" " ,ynumeros ae bernoutlt

2n 1 k k
B, = (—1)*1 Z— Z (-1)m ( )mZ’l ,nEN
k=0k + 1m:0 m

{Ey:k € Ny} = {1,1,5,61,1385, ...} ,nimeros de Euler

n

1

y = lim ( - — lnn) = 0.57721 ...
e k=1k



n
H, = Z K
k=1

r'x) = f t*le~tdt ,x >0 ,funcién gamma
0

* x

1 x\~1 1
r(x)_;n(ug) (”E) x>0
k=1
[o/e) Zn
®(z,s,v) = Zm Jz| > 1,5 >0,v+0,—-1,-2,.., funcion de Lerch
(a)g - Z
Fa;'; ,bl,-, yZ Z _l|Z|<1
(a1, 10y 07) = (b .- n!
Recordamos algunas férmulas clasicas:
m_, 1,11
4 35 7
m_,, 1,12 1-2:3
2 3 3.5 3:5.7
[¢] Bk—
nzz ¢+ 1)
k=1

=4t _1(1)+4t _1<l>+4t *(1)

T = an > an 5 dan 3
n=22‘4k( 4 3 2 ~ 1 3 1 )
8¢+1 8k+4 8k+5 8k+6

1~ 2k\3 (42k + 5)
=2 (&) Zmm

P
Il
o

k=0
3 o~ (k)2
T=;<2knk



Il1. Férmulas

B & sin(nam)
M an = ;n 2" (cos(am))™ olal>1/3
@ z sin((Zn — 1)an) el > 12
n=1(2n—1) (cos(an) + \/1 + (cos(am))? )
(3) ar
_, i (-1 cos((2n — Dan) < sin(amr) >2n_1
- ~ 2n—1 (cos(am))? + +/(cos(am))* + (sin(an))?
la]l < 1/2
Ejemplos:

@ _42 1( 8 4 8 N 4 2 2 1 )
= 116" 8n—7 8n—-6 8n—-5 8n—-3 8n—-2 8n-1
n=

) W3 i 5817 .\ 5815 x 813 x8n-1 ~ N
"= \8n—7 8n—5 81-3 8n-1)"" 113
n:
it 5615 x6n—3 K6n—1 243
6 =6 Z -t + + =
©) & 1( ) (2(671—5) 6n—3 2(6n—1)> 1+ Vi3
n=
7) e e ﬁ 14 (2% 4+ 1+ n2k+1)2\ " CeN
en2* Tl 4 gmm2Th ol ! 14 (2k — 1 + n2k+1)2 ’
n=
donde

(8) T, = 2—J2+/2+---+\/E , k€N

k—radicales

T 1
9 exp(ﬁ)=Rk— 1 ,k €N
R —————
Rk - Rk —_

donde
(10) R, = ﬁ 142" 4140282\

K=p -1k 1+ (2k — 1 + n2k+1)2

= (4x? —1

)
donde



(12)
3
X, 33|x, 33[x,
(13) Xp 41 2 4\/4+4 4+ , n €N
(14) xn—cos(3n+1) 0<x,<x,4,1<1,m€EN
k—1
1 2k -1 1
2
(15) n <g T T o2k+2 > = Z
n=1
(k—n)—radicales
1 nm
=4 Zﬁcos(zkﬂ) ,k €N
nea
donde
(16) A={2"(2m+ 1) : n,m € N} = {6,10,12,14,18, ...}
EjempIOS'
a7 == 42 1+4(1+1 LR )
48 cos 6 "\122 7202 242 " 282 T 362
neA
(18) n2+1 1_421 (nﬂ)_4< 1 1 1 )
192724 27 " 4w Ug) T e Tz T 142
n
(19) 8372 N 1 1 1 4 Z
768 T96 |z |27 cos
neA
20) T ’ ur—1—p 3,11/2,11—1+u
3u?—1 \/ﬁ -1 2\/;1 —14/3u2 -
i | 1 s 1
= n
5 2n+1
=2 \(n+2),, 2(55).,
donde




(21)

(22)

(23)

(24)

(25)

(26)
(27)

(28)

(29)

(30)

(31)

(32)

%(s(n) cos(ar) — c(n) sin(an)) = (

11 1 (23 *l1 1 (23 3 3 s
= |—4+= |— ——— == |1 14+ V1+--
K \/2+6 3T 12763 Ty VL

w—p—1=0

1 1+3 25 1 23+3 25 1 |23
u 3 54 6.3 54 6.3
_3z Z (=1/3)2n <§>”
(2 )N o\27
11 102/3 o (=1/3), (621)"
M 3 3 . (2n)! \625
n=
m=4tan '(u™1) + 4tan"t(u7)
1
—z(c(n) — c(m))
had (Zn + 2m)2 (Zn _ 2m)2
(22m - 22n> 1_[ T 92n+2m+4 |2 1- 22n+2m+4 |2
k=1
nmeNn>m

1 3 - 9
;s(n)(l +2c(n—1)) = St 1_[ (1 - W) ,n €N — {1}

—(s(n) cos(am) + c(n) sin(an)) = (“ + 2n1+1) ﬁ (1 B k_12(a + 2n—1+1)2>
k=1

neEN,a€eR

1 = 1/ 1 2
)| | (1 -G

k=1

neN,aeR

NI
VS
—_

1
+ 2—n> (1—-s(n))

- (8k(4"(2k — 1) — 1))’
= B (2k — 1)2(4n+2k2 — (27 + 1)2)(4"*+1(2k — 1)2 — (2" — 1)2)
neN

%(1 - 2%) (1+s(n))

_ (8k(4"(2k — 1) — 1))’
= B (Zk _ 1)2(4n+2k2 — (2" — 1)2)(4n+1(2k — 1)2 — (2” + 1)2)
n€N

5



En las formulas (27),(28),(29),(30),(31),(32), se tiene:

(33) c(n) =
(34) 1-
donde
(35) p(n) = l_[ (1 - 24n+6k2) (1 - 24n+4(k — 1)2)
3 3 *® (p—n—l v

_8., % -
(36) m=zt3ge +8 Z(4n+1)(4n+3)(4n+5)(4n+7)
donde

1++5

B7) 9= vs U = 2(160% +32n + 19)F, + (4n + 1)(4n + 3)F, 44

2
donde F, es la sucesion de Fibonacci.

2 had 24n+8 | 4
e™ — e — 2¢(n) = a(n) B 24n+8 |oh | p2n¥5 (22042 _ 1)k2 4 (227+2 4 1)2

donde c(n) se define por (33) , y a(n) se define por:

(38)

26n+10
(39) a(n) = (22042 1 1)2(9 - 22042 | 1) 4 22n+6(24n+4 _ 1)
26n+10
= (22n+2 + 1)(22n+4 + 22n+2 + 2n+3 _ 1)(22n+4 + 22n+2 _ 2n+3 + 1)
Ejemplo:
T2 222 ad 216 |4
(40)

~65-289-353 | 1216 % 12926 — Dz + (26 + 1)2
w_gm_p |t 1|1 k=2
e —e 27242



(41) i
4ac — b?
~ 1 i - \/E 2k+1 N 1 i B \/E_F —(2k+1)
T c 2k+1 a € a 2k+1 a €
k=0 k=0
L1 . 1<2\/E+2ag+b> . _1<2\/E—2as+b>>
—_— — tan
Vadac — b? Vaac — b? Vadac — b?
L1 (t <2\/_+2a8— ) _1<2\/a_—2a8—b>>
—_— an
Vadac — b? Vaac — b? Vadac — b?
donde
C
(42) a>0,c>0,4ac—b2>o,beR,o<g<\E
b a
(43) an+2=—z an+1—z ay a9 =1,a; =—=b/c
b c
(44) Prniz = 2 Pn+1 3 Bn ,Bo=1,p1=—-b/a
T a
(45) NEs )
Sin b
n 1
(bk)? a\2\""2 /bn + a\*/?
[ Tom - (et ewbtasmon
donde
(46) abeEN,0<a<b,neN,n>1
(47) (a,b,n,0) = o’ LG —a) oy
Y& oM, __6(b2n3—-a2n) 60(b2n3 — a’n)? ’
Ejemplo:
(48) i
3(V6 —2)
1
n n+=
(12k)? 1\2\ 2 /120 + 1\ /12
- L—1 Az 1|\l ™~ (ﬁ) (12n - 1) exp(y(1,12,n,6))
1 0(432n% — 1)
49 1,12,1n,0) = —1<6<1
(49) YL121,0) = o — T s0(iaan® —n)? <U<
1
n n+=
T (6k)? 1\2\ 2 /6m+ 1)\/°
(50) 3" [ (6k)Z — 1] <1 B (&) <6n - 1) exp(y(1.6,m,0)
k=1
1 6(108n% — 1
(51) y(1,6,1,6) = L2008 —1) gy

6(36n3 —n) 60(36n3 —n)? "’

1/12

n+i
o [ 1)) () ewpaanoy




(53)

(54)

donde
(55)

(56)
(57)
donde
(58)
(59)
donde
(60)
(61)
donde
(62)
(63)

donde
(64)

(65)

(66)

(1,4,n,6) = ! +9M&¥—D 1<6<1
YALBLE) = gden® —n) * 60(16n° —n)?

d (_1)na2n+1
m=38 E ——————cosh((2n + 1)x)
e 2n+1

0<a<V2—-1,x>0,0<a<e™

1—a?
coshx = T a =+/1+ (coshx)? — coshx

1—a? —2acoshx 1 (—1)ng2nt
T = 4tan~! ( > Z ( ) cosh((2n + Dx)

1 —a? + 2acoshx

1—a?
0<a<\/§—1,0<x<cosh_1( 5 >

_ n Zn 1
m=2tan"! (1—a> z Lcosh((Zn + Dx)

2a cosh x

1—a?

2a

O0<a<l,x>0,0<a<e™,coshx >

—122( !

V6 —+2 1+ a?

O<a<—,0<a<e™,sinhx =
2 2av/3

1+ a® — 2asinhx o (—1)"g2n+
m=4tan"! ( ) +8 Z %Smh((zn + Dx)

)n 2n+1
sinh((2n + Dx)

1+ a? + 2asinhx

O0<a<l,x>0,0<a<e™
sin(ﬂ)
- c
cos (?) + cos (an)
- (2n + 1)%c? — (a? — b?)

:““CZ&@n+n%2—m+byx@n+n%2—m—by)
c > |al + |b]

1
3=24E

V3 19C2n + 1) -
n:




c (8n +4)% +3
(67) m=16 ; (Bn+4)?—-9)((Bn+4)2—1)
r(m)

" VZ + s(m)

(68)

_ gmi3 Z 2°2m2(2n +1)2 +22m2 —1
- 4 (22m+2(2n + 1)2 _ (zm—l + 1)2)(22m+2(2n + 1)2 _ (Zm—l _ 1)2)
n=

donde

(69) mEN,r(m)=j2—j2+ /2+---+\/§ ,S(m)=\/2+\/2+ f2+---+\/§

m—radicales m—radicales

(70) sin (n /\/§2— 1) sinh (n \/§2+ 1) =12 H(l +n2—n"%)

T \? A T \2 T\* = B
(71) (smh ﬁ) + <sm ﬁ) = (cosh —2> — (cos ﬁ) = m? B(l +n™)
3\ LT
(72) (cosh %) = 12 B(l +n2+n?)
(73) sin (n \/§2+ 1) sinh| & \/32— 1) = m? H(l —n?—-n%
_hnz _n32_ hnz n32_200 5 4
(74) (sm E) + (smT> = (cos E) — (cos T) =7 71:1(1 —n“4+n%)
73 sin (621—7;) - 3 -3
(75) T ( am\ V3 = Z [((Zn +Db—a) —((2n+1)b+a) ]
()
0<a<b
Ejemplo:
3 [ee]
(76) % - ;[(471 +1)73 — (4n +3)73]
m N -3 _ -3
77) = ;[(m +2)73 — (61 +4)7%]



-3

3
(78) zzc+1\/2—,/2+"'+\/§ J2+ 2442

k—radicales k—radicales

[ In+2k — DB -2 n+2¥+1)3] ,keN

Ms

=0
o T1(14n)*((14n)2 —4) X _3 .
(79) — H e BIL _ZO[(14n+5) — (14n + 9)3]
1 @m+1)2m?
(©0) == g ()
24%2 om + 1\ 1
= z(m—3)
(81) & m+ 1( m ) ¢
donde
o1
(82) 2(m) = — Z s ®(L2k,m + 1)
2k—2n+2m+2)"" <O (2k + 2m) 22k
83) z(m) = — Z & ( n+2m+2)" =_Z ( m)
n n—k+1
k=1n= n=1k=1
®(x,y, w) Lerch Function
©4) ™ i (1/2)P" ap z z (1/2)%,(1/2)p_ma™
2 L (nhat? (mH4* I (n—m)!' 2n+ 1)
donde
(85) p<q+1,la|<1,Sip=q+ 1lentonces|al <1
n (] n
ny2 (1/2), ny (=2a)" (1 +a®)" ™1+ (=1D™)
2k
(86) 7Tz:(k) @ = k! z(m) 2k+m+1
k=0 k=0 m=0
donde
(87) 0<a<1l,m€eN,
Ejemplo:
2N (o) n
2N 1/2 2N\ (2a)?™(1 4 q?)2N—2m
88) ”Z( )a2k=2 (/)kZ( )(a) (1+a%)
k k! 2m 2k+2m+1
k=0 k=0 m=0
0<a<1,N€N,
2N+1 2 s n 2m 2\2N-2m+1
89) z (ZN + 1) ok ZZ (1/2); z (ZN + 1) Ra)™(1+a*)
LNk )Y T LT AN am 2k + 2m + 1

0<a<1,Ne€eN,

® m m
(90) T=A Z(_l)n Zb_k Zc—k
azn 2n+2k—1

n=0 k=1 k=1

10



donde
91) meN;A a, by, c, ER
Ejemplos:
A a b
m=1eo4 4 1 1 1
2vV3 V3 1

m=2
A a; | a, by b, cq Cy
1 2 3 9 —4 6 1
9
1 3 7 49 -9 357 13
4410
81 7 79 | 6241 | —49 | 241661 | 263
443423050 31 9 9 | 3
V2 V2 (242 4 -1 5 1
6
V3 3v3|4v3| 16 | =9 | 198 | 5
756
A= 1 =2 =5 =8
s ~ 960 a, = a; = as =
80 256
b1=7 b2=—q b3=E cq =352 ;=50 c3=1

2 2
(= _ =53 q. = 4443

A (1648353) @ =7 a %
m=3 o1 18483453147 322424067 137641

1718160984000 2 18158444800 3  389621013088000
c; = 2147047364973 ¢, = 4901346394 ¢; = 9133

S
n=0

=5 20 G5 e )
T=9 . 220 32 )\on+1 " 2n+3
n=

11



(94)

(95)

(96)

(97)

(98)

(99)

— Z(_ » (80/7_256/91+5/13>< 352 50 1

22n 2n 82n

nx—2Inx  w+2xInx = 4 >0
20+x) 20+ LI2mdTsmy + iy i
n=
nx—Zlnx+,7r+2xlnx_ = 4 >0
2(1 + x2) ' 2(14+x2) 2+x2_n(s(n)—ir(n)) x
n(l—t) l_[
2+ s(n) +ir(n)
77.'(1+l) 4
2 + s(n) —ir(n)

mx —2Inx 1—[ 4 + 4
1+x2 1 2+ x27"(s(n) +ir(n)) 1 2+x27"(s(n) —ir(n)) o
n= n=

2n+1 2n+3 2n+5

En las formulas (95)-(99), s(n), r(n) ,se definen como en (69).

(100)

(101)

(102)

(103)

(104)

(105)

donde

(106)

(107)

X1:

Xy 3 = 1 (3)2
T 14 14n

X3 5 1 (5)2
T 14 14n

= ( D"Q2n + 1)
__1962(14 +7)2—16

~ 1965: (-D"(2n+ 1)
X, (14n + 7)2 — 64
n=0

T 1965: (-1)"(2n + 1)
X3 s (14n + 7)2 — 144
n=

1 13 3

—g+€j7+21\/7+213\/7+---
Xy= -2ty i L3 o2
27 4 27174 1 2x,

12

)

>0



(108)

(109)

(110)

(111)

(112)

(113)

(114)

donde

(115)

(116)

donde

(117)

(118)

donde

(119)

(120)

donde

(121)

1 1. 1 3
Yo =—g-3%-7 B+aN-op

1_ 4,12 1 2+1<2+ f3
X; 3 3|3 84\3 84\3
L, 2 54— _6X
X, 2X; X3 3
L o L s+t _ex
X, 2X; X3 3

1+2J%+m¢7+my7+ 9 2 2
N @1_[<1 (14n> )

24+ |7+2147+ 2037 £ n=1

1

3

-5 110~ G)) (- ) )

m=4tan"! (%) +4tan (1 +x)(2 — x))

3 3
=J3+2h+@¥?¥7

5

14n

=t (B st (1) G- )

1
=§jm+3 M+3VM+H-

T =4tan" ( >+4tan {B+x)(4—-x)

3 3
==j13+12J13+12V13+-~

1 11 14
T = 4tan"! (—) + 4tan~?! <— + x) (— —x
X 3 3

13 3
X = § \/489 + 154\/489 + 1543\/4-89 + .-

13

)

2

)



(122)

donde

(123)

(124)

donde

(125)

(126)

donde

(127)

(128)

m=4tan '(x) + 4tan"' | (1 +x) (x +

VT§—1><x_vT§+1>

6 6
2
X =
U12+10V12+10V12+~-
7 = 4tan"! (%)
-1
+4tan~! <3\’/E—\/1_36_ 1)(% \/_+1>(\/§—1)

4 5(4 54 303\
* = §+§<§+§(§+“‘) )

1 1
7 =4tan"! (—) + 4tan~! < )
Vx Vi+x

2 13
x=z+3 J359+12v”‘+ J359_12v7§

3
E—Zx —Z;—wZ
n=1 n=1 n=1k
3
4

© n
__+Z ( 1)n+12n —k+1 ]T{l —k+3
=1k=1

n

Sw

(_z)n—k+1xlr€1;£<+3
1

n
donde la sucesion x,,,n € N, se define por:

(129)

(130)

(131)

(132)

donde

I = 1 1 1 4_3 1 1 11
= i 16 2702 " |4n2 16 27n2

1
X, = — J4n+4v4n+
2n2 n?

0<x 1 <x,<xy,m=22,limx, =0

n—-oo

T2 2 Y (m) = Z {Rk+1){(2m—2k+1) +zzn2m+1 ,m €N
k=1 n=1



(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)
donde

(o] n

1
((s)zZn‘S,Re(s)>1, H, = T ,h €N
n=1 k=1
N By B +1
4 =22m2 k7m - meN
(m) 2 Cm—2k+2)1 "

m 2" Zm—2k+2 i (—1)r+sy2k g2m—2k-+2

v =oriny Z ZZ<>(£>_(i+;)(;+1)

=0 r=0s=0
v( )_{1 1 1 1 691 1 }
m)= 36°270°2100°17010°98232750° 1216215

In (g) =2 i tanh™! (8 21_ 1)

n_

1N
Inm = 2tanh 1§ Z tanh~ <8n2—1)
1(7m ) t h? 0<x<1/2
n sin(mx) an 2n2 x%]’ x /
3
2— 1+3 14331+ 1—[<2n_1) (18n)% -1
o= ~ 324 4(9n — 5)(9n — 4)

2+\/1+3\/1+3 V1+ -
Z 7.l.Zn Z (22k _ 1)(22n—2k _ 1)Ban—k
0= in | — |
P 3 ] (2k)!' (2n — 2k)!
By, , numeros de Bernoulli

=-1 +i_1 ;((%isy + (9ni4)2)

81 1
T ;;(‘M—5)(9k—4)(9n—9k—5)(9n—9k—4)
1

o=
3
11+2\/296+84i/296+843\/296+---
3063 -2706°4+330—-1=0
13 3
= 3sin~! E\/2x+3\/2x+33\/2x+--- —sin'x ,0<x<1

7 =4sin"lr—2sin"1s

15
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(148)

(149)

(150)
donde

(151)

(152)

(153)
donde

(154)

(155)

(156)

(157)

(158)

(159)

(160)
(161)

(162)

~ 3 14 3 14 / VT
B 8 2 8 ~ 2

1
s=§-Q+J2+ﬁE+VZ

+j4—2i/§—i/1—4\/2+zi/§+ i/Z+2\/16+6§/§+6i/Z

7 =5sin"lr—sin"ls

= %(ijm +3V78 + 3\/27 — 3\/7_8>

10 1/s3 3 1/3 3
s=?—g<\/27+3x/ﬁ+\/27—3x/%>—§<\/53+6\/%+\/53—6x/%>

7 =2sin"lr+2sints

5
r=\/a+b5/a+bm

\

(1 5=V7\ . [1[5-+7
T = 5sin > + sin 2

8 [ [3+V6 2_ﬂ<w
T = 3Sll’l 6 3Sln 3

— 3sin-1 (22) _sin-l ( 1342 )
m=3si si 15625

—BSin‘l(g)—sin‘1<27)
= 10 125

1 7
m = 8sin~ 1(§ + 2sin7! <—>

16



2n+1 2

(163) = 1sin_l(R(n,x)) T 1sin‘lx
donde
1
(164) R(n,x)=z\/2+\/2+---+v2+2x ,0<x<1,n€eN

n—radicales

5 1\ 1 16 20 5 5 5
(165) n:—sin—1<—)+—sin—1(—+————16) r= (14 /1+5\/1+---
2 r 2 r* 3 r

(166) T = sin™! (%) + sin™! <@>

(167) m=sin"! (@) —sin™! (@)

(168) m=3sin"1(V3 —V2) + 3sin—1<“ 6v6 - 122_\/§+ﬁ>
(169) m=3sin"! (\E 2 +2' 66 - 12) —3sin7}(vV3-+2)
(170) T = g(sin‘1 r +sin7ls)

donde

(171)
(172)
8 *B3n+1 2n(n+1 2 1
(173) = §sin‘1 \/ o + Eln ) —§sin‘1 (E) ,nEN
V3

(174) m=3sin"!x — sin"1(4x3 — 3x) 5 <x< 1

8 2 2++2
(175) T= §sin‘1 X — §sin‘1(8x4 —-8x%2+1) , ——<x< 1
(176) m=>5sin"!z+sin"1((16 — x)z°)
donde

17



10 —+/100 — 5x
0<x<20,z=

(177)
X
Ejemplos:
10 — 3v10
(178) x=2,z=/——7?——,n=55m*z+sm404f)
10 — V65
(179) x=7,z= — = 5sin~! z + sin™1(9z°)
5—-+15
(180) x=8,z= 7= 5sin~! z + sin~1(8z°)
1
(181) x=15,z= Nkl 5sin~! z + sin71(z°)
m? — 20 ’ 5
— Cain-1 -1 5 _
(182) T =5sin"" z + sin <( z )Z) ,0<m<10,z 0Fm
19 5
(183) m = 5sin"1(z) — sin! <?ZS> 2= |1
5 1 z° 10n +/n(20n + 5)
= —gj -1, _Zsin~1(=— =
(184) T 2sm Z 2sm <n> , neN,z J Ten—1
(o] _1\yn—1
(185) =2 I_I tanh(nw)) 0> 0ur ="
= 1 tanh(nu) u v U= 4
n=
® 2
ue? 1 + coth(4nv m?
(186) m= l—l(tanh(nu))2 ( (4nv) ) 2 u>0,v>0,uy = —
2 11 1+ coth((4n — 2)v) 4
o 2
1 + coth(nu
(187) T =1vel VN6 1_[ —() u>0,v>0uv =m?
1 1 + coth(nv)
n=

(188)

7 ((@E+1) (3B v
12v3 50

B © (_1)n 2+\/§ 3n+1 3+\/§ 3n+1
S L3+l ( 4 > +< 6 )

18



(189)

(190)

(191)

(192)

(193)

(194)

(195)

(196)

(197)

donde
(198)

$+m<<“ ) )=
( Ve

0.0 (5 (052}
7

1/3 AN 3n+1 3n+1
e GER O R EDYE = (H IO
(%)3n+14-(£%>3n+1__<§;>3n+1)
Y@ 6

((2 13)

(18\/_+1) (57\/_ )\ (ovE+ 1)t
325 3250 57122
(-1 18 +3 57 +v3\
Z 125 ) o)
: 239+\/— 3n+1>
- ( 478 )

2\ 1/3 ® . a\n 3n+1 3n+1
enl(=6)) )-2ente+07)

5:26-65

B ) (_1)n 2+\/§ 3n+1 5+\/§ 3n+1 8+\/§ 3n+1
_Z3n+1< 4 ) +< 10 ) +< 16 )

e l(((Z\/_+1) (5v3+1) (8\/_+1)> )
4

2\ 2/3 2, —1/6 2\ 1/6
ur (5v3+1) (703 + 1) (99v3 +1)
23" 26 2901 9802

B o) (_1)n , 5 n \/§ 3n+1 70 4+ \/§ 3n+1 N 99 4+ \/§ 3n+1
B —3n+1 10 140 198
% (_1)n 1+ m2n+1 + m4n+2

— 2n+1
T=22 et < 22nmn 2 >
n=0

meN-{1},x = (1 + m)? — /(1 + m)* — 4m?2

19



(199)

(200)

(201)

(202)

donde

(203)

(204)

donde

(205)

(206)

(207)

(208)

a,b €

[0e]

=Zz(:r)1

n (9 _\/E)Zn+l<

1 + 22n+1 + 24n+2
26n+1 )

n=0
1 tan(1) — 1\\"
lnn=21n2—2— tan~! &
4 tan(1) + 1
n:

_b(l 1 2 4 1-3 3 )
T=a\2°7 24 "2 2.6¢
1_1(2a) a(l 1 4 1-3 ) )
T b) " b\2722°72.2.6°

a
N,0<-<0.131848...,c =

b

8a§:(4bn+a+b 4bn+3b—a>
i\ (4n+1)2 (4n + 3)?

7

h2 — g2 ©
(5]
& )

1
0< <bhb<-—
@ 2’

oA
+

ol X

S

p 33/p 3
4 4

4
(a + b)? (a — b)?
<1" 36n2 ><1" 36n2 )

,cos(am) = p ,cos(bm) = q

ztan ( - )

i (4 _ 2\/—)4n+1 N (4 _ 2\/§)4n+3 )

(4n+ 141 —1)  (4n+3)(24*+3 - 1)

=0

S

:§3 <2"w[_

)

U=y
éal -

n=0

[u=N

n=

> 24n+1 24n+3
=5, <32n(4n+1)(24n+1 —1) T3+ e —-1))

+ Z tan™! (—\/3_52;23\@)

>

S
o

(\/3_—3\/5)471-'—1 (@_3@)4—714-3
Gn+ D —1) | Gn+3)(@73 —1)

20



(209)

donde
(210)

donde

(211)

(212)

(213)

(214)

donde

(215)

(216)

(217)

(218)

(219)

(220)
donde
(221)

T=4 Z (—D"Fzn41 < 2a >2n+1
45" (2n+1) \\V4a? +5++5

. ( 2(1 _ a) >2n+1>
VA1 —a)? +5(1 +a)? + (1 + a)V5

E, es la sucesion de Fibonacci.

1 1 (—1)"

——+—1nP + -1 — 3n+1 3n+1 d3n+1_ 3n+1

a3 TeinP+gne Z3n+1( + )
n=

1+b\[fa“—a+1 1+d\[c“—c+1
(1+a)Qﬂ b+1>’Q=<1+c>Qﬂ—d+1>
23 -1 b_2+(2\/§—1)a
2V3+1'  (2V3+1)-2a
3v3-1 d_z+(&@—1y
3V3+1° (3V3+1)-2c

+ - (1nP+an +1InR)

—1<c<

v_
_ Z a3l _ gIntl 4 p3ntl | p3ntl g (3ndl _ (3ntly
1+a2 a?—a; +1 2v/3 -1 2+(2V3-1)g

) 5 ,—1 < a < ,aAy =
1+a1 az—a2+1 2v3+1 2V3+1-2aq
1+m><f— ) 5v3 -1 2+ (5V3-1)b,
,Qy =
1+m b2 5v3+1  ° 5V3+1-2b
1+Q ¢t —c+1 8v3—1 2+ (8V3—1)c;
) 7 ,—1 < C1 < ,Cp =
1+q c2—c,+1 8V3 +1 8vV3+1—2c

a>1

B (az _ 1) > 220+ (p1)2(g2n+1 — 1)
7 tan =

. (az + 2a — 1)
mtan ! ————

2a | ~ 2n+ 1! (n+1)(a? + 1)r+t ’
1+ 2a — a?
22n+2(n!)2

a2 n+1 (1 _ a)z n+1
B ﬂ(bv+DKn+1)<1+aJ _<u1+a%>

m=4tan 1 b + 4tan"1(e2%)

,0<ax<1

a>0,0<b<1,b=tanh(ab)

21



(222)
(223)
(224)
donde

(225)

(226)
donde

(227)

(228)

donde

(229)

(230)

donde
(231)

(232)
donde

(233)

(234)

(235)

(236)

X\ 2
_ -1 -1 o
T = 4tan ( )+4tan ((tanhz) ) x>0

cosh x
m = 4tan~!(tanh x) + 4 tan~'(cosh(2x) — sinh(2x)) ,x >0
1 _1( cosha
m=4tan" " a + 4tan (—)
2+ cosha
! 1 0.47304015
=— a= =0.
1+ cosha 1 + cosh 1
1 + cosh 1T
m=4tan b+ 4tan?! (ﬂ)
B 2 + sinh b
= ! b= 1 = 0.60763540
1+ sinhb 1+ sinh 1
1+ sinh—— T
1 1 tanhc
m=4tan " ¢ + 4 tan (—)
2 + tanhc
! ! 0.63923227
= ,C= = V.
1 + tanhc 1 + tanh 1
1 + tanhT

= 2 cosh™ i/y(a) + i/y(a) +Vy(@) + -

oo

1 [ 4a?
(a)"ZII_I< (2n=+1) ) 1:1(1-+(2n-+])2>

n

,a>0

m=4tan ! x + 4tan!(tanh x)

—2e=2.
x=e 2" " =04263027 ...

3 65: x™ (nn) (-1t (2x - 1>2n_1 0<r<1
= n s 3 2n—1 V3 ’ x

n=1
® n n—1 —
n=3z<%sin(%) - 1) (Zx—\/_)zn 1) \/§2 1<x<1

[0¢] n 1
1nn::1+Z((1—2—"-1)c(n+2)—(1—2—71)((n+1))ZE:—1
n=1 k=1

22



(237)
donde

(238)

(239)

(240)

(241)

(242)

(243)

(244)

(245)

(246)

Z 1)n 2n+1(1+a2n+1)

1 3 3
a=§<—1+\/3x/§+ 17—\/3@—17)

1 4/1 4,1 3\°
aslariaa))

27 3n+1 3n+2
=E;<9(3n+1)2—1_9(3n+2)2—1)

- _. [ x(tanh(n + 1) — tanh(n))
= 42 tan™ (1 + x%2tanh(n + 1) tanh(n)>

B (1 — x?)(tanh(n + 1) — tanh(n))
+ 42 tan™ ((1 + x)? + (1 — x)? tanh(n + 1) tanh(n)

0<x<1

)
LT \
MLJZ_m k“ hishal JJ

n—radicales

n—radicales
. / \
exp — = lim
n—>0o
2+ 42
n—radicales
sin(x) n 2 4
O] a(m () + E(an(E)) e
n=1
1 nl 6
_52 2n+ 11 ¢V

e(n) — Z( 1)m 62n 2m(22m+1 + 32m+1)v(n m)

2271

2 Onl 5537
T=7553 s @n+ D! e(n)
n=

23



n
(247)  e(n) = Z (—1)m (:1) 5532n-2m (5. 792m+1 4 5. 212m+L)p(n )
m=0
1 <& nl 40720
(248) T = 20 (2 D e(n)

(249) e(n) — z (_1)m (:l) 402n—2m (202m+1 + 82m+1 + 52m+1)v(n, m)

m=0

1 ~onl 4-2n5-2n397-2n
(250) T =2570 z e(n)
£

(2n + 1)!
(251) e(n)

Z( 1)m (4 5. 397)2n 2m(3 52m+1 3972m+1+3972m+1

+ 42m+1)v(n, m)
En las formulas (245),(247),(249),(251), se tiene:

n

B _ (@n+1)! B
(252) v(n,m) = Q(Zk +1) = gty M= 012,.m
k+m
2m+1
(253) vinm+1) = Zm 3 v(n,m) |, v(n,m) €N
ol m—1/2y (=¥
— 24n+1 _
(254 m=2 (n) kZ_g( k )2k+2n+1 € No
(255) 2 = gumn <3n)‘1 S 12 D"
V3 n — k 3k+3n+1
3yl m—2/3\  (=1F
— 23n+1 -
=3 (n) kzo( k >3k+3n+2 1 €No
(256) Tgen ()Y (R C)
NG} L 4k + 4n + 1

a7l o m—3/4 (1)K
o (] i e
2n) L\ k Jaktan+3 "
2ny /3m\ 7t semy ! o n—1/6 (—1)*
257 w=3432(U)(0) () 200 )arrant
@257) m n)\2n) \3n k Jek+en+1

3. a3m <2n) (311)_1 <6n)_1 i (n — 5/6) (—=1)* e N
B n/\2n 3n k 6k +6n+5 " "0

24



(258)

(259)

(260)

(261)

(262)

(263)

(264)
(265)
(266)
(267)
(268)
(269)
(270)
(271)

(272)

(273)

k m
> () gy e

m=0
nl NPT 4Gk + D2
7T=24"+2( )1_[ _( ) ,n €N,
(2n+ 1)! 11 k2n=1(2k + 2n + 1)2
0 33n+2 | = 9(k + 1)2+1
T _ eN
V3 2@n+DIGn+2) L Lk TG@k+3n+ DBk +3n+2) &R0
T 2" (m) T 16(k + 1)>"*1 .
V2 Gn+ D! Gn+3) ] LTk an+ D@k + 4n+3) = No
_18(2n)!(3n)1432" T 36(k + 1)2"+1 .
“nl(en+ D! (6n+5) L LT (6k +6n+ 16k +6n+5) 1= o
had -1 —1)m
w0 L_k.zznlz Y
(Zn + Do (Zm + D2
k'(k+2)z8n+k+5
(4n+ 1y a
F011k+32+k Q k€N
~k+ 1)(k +2) 2 2’ ’ 0
1 20k +2) 20k + 1)
Ik +2) = + Ik+1) ——=——21(k),keN
( ) (k +2)(k + 3) (k+3)( ) (k + 3) () 0
I(O)—n In2
42
1 In2
I =3-5
1(2)_5 T In2
6 6 3
5 @
=51
1) 23 n+21n2
~60 5 5
15 - 79, 2In2
180 © 3
16 - 134 2n_F41n2
105 7
109 =
=gty

- ; ;; (2k +(I)1()1:— k)!

25



(274)

(275)

(276)

(277)

(278)

(279)

(280)

(281)

(282)

(283)

(284)

(285)

(286)

[oe]

il A D" - n sin x
Z=Z (2n+3)(2n—2k+1)'+2)( 1)j e

k=0
T i (=" N if cosx
2e s (2n +1)(2n — 2k)! s 4
1

n=0k=0 n=0

[e'e) \/n—m-l-l n—m
Z D" N\n—m+2 \n-m+1
- 2m+1 1
= + n— m+2

4 _ lim 1+ 3712k — D! (2K)

7 noe (2n+ DI+ N, (CDF@n+ DID/2k + 1

T _ lim 4430 _(2m+ 1D(2m + 3) [T ,(2k)?

2" nbe 3+ 2 2Qm + D — D [, (4k2 — 1)
22(n+1)(3n+2)

2m+1

3
II

m = lim 3
n-oo Z=0(2kk) (42k+ 5)22(n+1)(3n+2)—12k

cosh((m + 1)11) 1 4 e—2(m+Dm
=In —In{————] m>0

cosh(mm) 1 4 e—2mn

8m+ 4 1 4 e~ 2m+Dm
! <1 ) —In|——F—7—) m>0
ntr (2n —1)% + 4m? n( 1 4 e—2mn > m

f: (=) 8m + 4 n—k+1 1 4 e—2(m+Dr
-1 — ) ,m>3
k+1<(2k+1)2+4m2) n( 1 + e—2mm ) m

n=0 k=0

inh +1 1 — g~2(m+Drm
=mcm(@1 )ﬂ>—m<—il———>,m>o

sinh(mm) 1 — e—2mn

1 & 2m+1 1 — g~ 2(m+Dr
n=1n<1+a>+21n<1+—n2+m2)—ln<w) ,m>0

—1 @.+1>+j§ \ 04T“k< 2m+1 )W*H
T e sk + 1\(k + D7 + m?

n— =
1 _ e—Z(m+1)7‘r

2V3 +4_Z(2k) +(2n+2>_1F<1 Lo +3_1> e N
27737 k n+1 T anToiy) el

mT =

3ﬁM8
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(287)

(288)

(289)

(290)

(291)

(292)

(293)

(294)

(295)

donde

2n+42\1 31
( +1) F<1n+2n+2n+1n+2 4> ,n €N,

2k 1 2n + 2\ 31
( ) +(n+1)‘1<n+1) F<1,n+1;n+§;z) ,n €N

2n+ 2\ ! 31
+(n+1)2( ) F(1n+2n+2n+2n+1n+1n+2 4)

n+1
ne NO
n -1
Ny
k

k=1
+(+4y4€n+34F(1 +1L,n+1L;n+2, +3]> EN
n I n n n n o N 0

tanh 1
7 =4tan"! <t ) 4Ztan_1(tan(2 ") tanh(27))

= stant () 4 g z tan~ (tan(z) tanh (2 )

tan 1 V3
m=8tan! <%) +8 Z tan™! (tan(Z ") tanh <\/§2_ 1))
m=3tan! <tatn}:l\1/§> +3 Z tan™! <tan(2‘”) tanh <§)>

n=1

\/_ 3+tanl -
T =6tan"! -6 z tan~!(r(n) tan(27))
— tan 1 ~

27



(296)

(297)

donde

(298)

(299)

(300)

(301)

(302)

(303)

(304)

:m(m+2)zJ(2k+1)2+1

(\/§ + tan 1)2_n — (\/§ — tan 1)2_n

(V3+tan1)” +(V3—tan1)"
ae® +1)—(e?-1)
(e2+1)—a(e? - 1))

r(n) =

T=2+2 tanh_l(

_ | = Q2n+ 14
B O (PR Ve Ve

Z(k D tan (k4 1)+ — L Z(k + 1)~

m(m + 3) m(m + 3) Lo 2n+1 ]

meN

m( — Z(Zk +1)tan~1(2k + 1)

_)n
2k+1)2"  ,meN
+m(m+2) \2n +1Z( +1° m

1
2n\ 272 o (k+1?% \"*2
m(m+3) ()2n+1z(k+1)<(k+1)2+1>
m(m+3)22_) Z("“) ~* .meN

1
2n\ 272 o k+1)?2 \'"?
m(m+2) ( )2n+12<2"+1><(2k+ 12 +1>

(=)™
+m(m+2) 2 +1

Z(2k+1) 2 meN

B (k+1)2 113 (k + 1)
‘m(m+3)2m <2'§'§'(k+1)2+1>

(-1
m(m+3) 2 +1

(2k+1)2 A(L13 (2k + 1)?
2'2'2"2k+1)2+1

Z(k+1) -2t meN

_)nm —-2n
m(m+2) 2+1Z(2k+1) ymeN

28



(305) @ =3+ sin(3) + sin(3 + sin(3)) + sin(3 + sin(3) + sin(3 + sin(3))) + -
(306) m =3 —tan(3) —tan(3 —tan(3)) — tan(3 — tan(3) — tan(3 — tan(3))) — ---
(307) w

= 4(\/5 cos(l))(\/i cos(\/f cos(1))) (\/E cos ((\/E cos(l))(\/i cos(\/i cos(l)))))
(308) g = ; + cot (;) + cot (; + cot (%)) + cot @ + cot (%) + cot (; + cot <;))) + -

@09) 5 =3+ cos{g) # cos g+ cos(5)) # cos (5 cosg) # cos (5 os(3)
) —2 CoS 2 CoS 2 Cos ) CosS ) CoS ) CoS CosS

(22k -2 _ _) (1 — 31-2k)

- 1/2 1/2 1 1/2 1/2
Z ((6n TDF  (n+2)%  n+ ) (Gn+ D | (6n+ 5%

—_— ,k €N
(6n+6)2k)

donde By, son los nimeros de Bernoulli.

1 =2 [(E G)

(312) m=2

2711

+2 Zz Z"Z V22 — (2k — 2)% + 222" — (2k — 1)?

_ =)

e

Il
[M]s
N| —~
S|
8+5

T
,0<x <=

ZEn x2n+1
314 =
(314) T >

(2n)!

donde E,, son los numeros de Euler.

(315) m=4 5+z @n+3)@n+DEa @+ D@0+ 2)E,
En+2 En+1

, humeros de Euler

~ (n+2)(2n+3)B; 4
(316) =15 n ((n +1)(2n+ 1)B, Bn+z>

29



B,, , numeros de Bernoulli
2n—1

ZZan 2n n 2
(17 T —1+Z(k<k+1)) ” Z( " ")Zkzn T
nEN
(318) n2=9+3 Y (k(k+1)"
_ S /(a—2Dn+b—-1\ < 2 N 1
(319) _Z<(2n+1)(an+b)> " ;(2n+1)(an+b)_n:0(an+b)2
a>0,b>0

(320) % + z ok

=0
N (-1)"
=2
Z \/(Zn + 1)(an + b)

+i( 1)n< (a—2n+b—-1 )2
o (an+b)Vv2n+1+ (2n+ 1)van+b
a>0,b>0
1 ® 4(k + 1)n+m+1
(321) T = —
(1/2)p41(1/2) 41 11 2k +2n+ 1)(2k + 2m + 1)kn*tm-1
n,m €N,
1 had 4k28(n+m+1)/k

322 (n+m+1)y —
(322) re (/21 (/D1 L L @+ 20+ DK+ 2m+ D)

donde n,m € N

(323) Z ! z C Dm :

Vak? —1(V2k =1+ V2k + 1) 4=

(2m)! 1
(324) St = L Z—nmsnsn_l meN
n:
donde
(325) S, = z k=2™ B, : nimeros de Bernoulli
2(2m)! C 1
(326) (22" —1)B,, 2™ , 2n—1)?"5,5,, /m
n=

donde

30



(327)

(328)

(329)
donde

(330)

(331)

(332)

(333)

(334)

(335)

(336)

(337)

(338)

(339)

(340)

S

S, = (Zk —1)7?™ B, : nimeros de Bernoulli

Z 4n—3)(4n—1)5 Sy "_Z(4k—3)(4k—1)

T (b () %2( )l

{(x) es la funcion zeta de Riemann.

2 (2n) 2720 (1 4 x2ntl >0
7T_\/1+952 n/2n+1\(1+x2)" X
Z (Zn) (32"+1 +1)
BT (Zn + 1)40"

, _ (mHZ(m))? > (2n 4+ D @m+ Dp(n+m+ 1),

,n,m € Ny
(1/2)n+m+1 (n+m+ ) (2n+2m + 2), k!

, 5, T n'(@n—1)°+4a?)? 1—[ 0<a<i
R O N O O Z L 1@ﬂ+wy mSa=
n= n=

. (tan(b/2)\ _ = 1 - cos(k(a + b)) sin(k(b - a))
Zln<tan(a/2)>_22n+1<b_a+2 kzzl k

n=0
0<a<b<m
(o] n .
( tan 1 )” _, l_[(el+25n)1/(2n+1) g = Z sin(k) cos(3k)
tan(1/2) 11 ] k
nl(1+ﬂnﬂ__w(—D"ﬁ:@&ﬁ*ﬁﬂk@+b»ﬁdk@—b»
8n 1+ sina/ 2n+1 k
n=0 k=1
0<a<b<m/2
4 L 2 27 276
—=1-2 — ..
T 242 242442

24+ 2+2+V2

sm(an) a )Zk 0 1
ﬂexp Z i) ) 0<es
] 1
= P\ Lo k(@2n = 2k + 2)2%F
n=1 k=1

o n GOk
1 _ a (—l)k ( a )Zk 0 < <1
n 2tan(am/2) I 11 exp kzl k \n—k+1 ’ ¢

n= =
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2n+1

D -t
(341) n=4a+4z( )( ana) 0<a<m/2
n=0

2n+1\1+tana
w eSS 155
(342)  m=7 (16n2—16n+3+a a 16n2—16n+3+a)
n=1m=1 m=1n=1
a>0
512 o 64 — a? m
(343) Z Z
~ 64— a? B32n—-16—-a)(32n—16 + a)
n=1m=1
512 ZZ 64 — a? " V<a<s
T eh-a L L\B2n-16-0)B2n-16+a)) =4
m= =1
o) on— 1 -1
22n 227 (2k + 1) 227 (2k)
(344) n=8) £y -
] 24 + 1 ] 24n + 2k + 1)* 24 + (2k)*
n= =
1 k 1)n- 1 1 k
(345) =4 ZZ( ) Z( ) <ln(1+%))

1 ( D" 1/n
(346) n=4—21n2+21n1_[<1+2n>

k n—1
ST o)

1 1
(347) Mt =6+6 Z(lnn!) <n2 Inn (n+ 1)%In(n + 1))

n=2

o - -0
(349) g‘ <Sm ")

k

n=1

= el

n

< 227 (n1)2 < 1 ;
351 = lim - 1=Ck/n)
351 ,Z;, (2n))*(2n + 1) Z 2nn((n 1)’ Ea nid °

— 12(mn)? — 90
(352) T=m |1— 1—2  m>w
(mn)*
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- (D 2n—1)
Z 32n —21)(32n —11)

I n (—D*(2k + 1)
B Z (k) (32k +11)(32k + 21)

1 2in-1p 1 1 1 1 2 1
o - (1= () ) )

(2n)! 4n on 16" 16" 36" 64"
22n—1Bn had
= eEN

donde

N (n)
C —k n

(355) cmM=1, c¢,(n)=- (k’"+ Dz ME N

=1

En (354) B,, son los nimeros de Bernoulli.
3n+2

[e'e] n
3 3In2 lnS_Z( 1) ny 3k10nk

(356) 104 26 13 3 k)3n—k+2
n=0 k=0
_ s(n)
(357) T=8 ZO G D
n=
donde
(358) s(n+2)=—-6s(n+1)—25s(n),s(0) =2,s(1) = -2

m

(359) %:#B(B(l_<ﬁ)2>> meEN

m _{)k o0 _qyn
k=1 n=0

m € N
1 17 (3" — 1)¢(n + 2)
(361) T 12 ﬂ (1 + Yr_ an—k+1(3k —1)7(k + 1))
{(x) funcion zeta de Riemann
- (n))?

(362) =9 B (1 T ot Dan+ 2)A(n)>
donde

n—1
(363) A@ = (0= 1) + ) (Ue = DY@k + Dy 2

k=1
(364) An+1) = 2n+1D)Cn+2)AM) + (n)? ,4(1) =1

33



= (6/7)k+1 (5/6)"
(365) Z (n (n—k+1)?2 ZZ(n k +1)2

1 (2 (1/2)% T(n, k)
(366) 7 (= D! Ly (n+3k+2)! Gk +2) mEN

donde
(367) T(n, k)
=(m+3k+1)(n+3k+2)Bk+1)Bk+2)

1\2 3\2 1\2
+(n+3k+2)3k +2) (3k +§> + <3k+§) (3k+§>
2" 41 2n — 1\
(368) 7= a(n)z 2(k) (( — ) - (5m1) ) nEN
donde
(369) a(l) =1,a(n+1) =aln) ++1+ (a(n))?
{(x) : function zeta de Riemann
2 Zm(mi)* 17 24 (n + 1) (mn + D,
(370) = (@m+ 1)')2 1_[ nGmn + 2%, ,mE€N
C(-DFT O (- e L
(371) ”e_4zn' 2k 1 +4Z}2n+1k:05
C(-DEL oD L
(372) w3 = 42 (n+ 1%L 2k —1 +4 Lioan+ 143+ 1)
- o ()
(373) n2 =6 Z Z .
k=1n=k
donde
(374) r()=1,0<rn)<1,n=>2
(375) nrmM)"! —(n+ 1)r(n) +1=0 ,neN
1 1
(376) 1 <r(n) < 1 + (r(n — 1) n>2
- 1 a1 ono1 SR
(377) r(n)_n+1+n+1<n+1+n+1<n+1+m> > e
~ *© (—1)n-126n-2(24n-2 _ 1)an_1u4n—2

(378) =) 2n—Dn - 2)!
donde
(379) 0O<u<1,(tanhu)(tanu) = 1,u = 0.9375520343 ...

En (378) B, son los nimeros de Bernoulli.
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4 < LU 2/7
(380) ’T:_U;Czlni1 cov=(1+ 1+ +-)7) T =1262..
6 a, v"
(381) ”:\/_E;Zn+1 ’
/7
v=<\/_ V3(V3+V3(3+-)7) ) = 1.524
8 - a, v"
(382) n:\/_EZOZn+1 ’
" 2/7
v=<(1+ )+(1+\/§)((1+\/_)+ ) ) = 1.710
12 <« a, v™"
(383) ”:\/_E;Zn+1 ’
2/7
((2+\/_)+(2+x/_)((2+\/_)+ ) 7) = 1.992..
B o0 an(x_n—1/2+y—n—1/2)
(384) ”_4; 2n+ 1
donde
(385) x=2+22+-)) 1y =B+3@+-)27)

En las formulas (380)-(383), a,, ,se define por:

(386) a,y7 =—(ap4r+2a,41+a,) ,a0=0a;=0,a,=5,a3=7,a4 =as =ag =0
387 4 3 5 7 9
(387) T 2:..3, 35 .35 7
545 7—o—2~ 945
2 2 3 2 3 3 5
5+5 5457 —5——5
2 2 2 3
5+5
(388) 4 3 5 7 9
T 3—u1 5+u2 7—11.3 9+u4
donde
3 5 7 2n+1)
389 =—- . ,n=1
(389) Ut = S T it D+ (=D,
(390) n(e—e Z S (-DFT oD e 1
(2n+1)' 2k—1 i 2n + 144 (2K + 1)!
(391) ”(9+e Z ( DO (=D e L
(Zn)' 2k -1 —~ 2n+1 &~ (2k)!
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(392)

(393)

(394)
(395)

(396)

_ Ton+1(x)
msin~lx = 4Z(Zn+1)2
T2n11(1/2) Tons1(1/N2) N Tyn+1(V3/2)
242 (2n + 1)2 162 2n+1)2 12n 4 (2n + 1)2

n+1(x) =2xT,(x) =T—1(x) ,To(x) =1, T1(x) =x

T()—F( _1_1—x)
nx - n; nlzl 2

721) x"2(1—x%) + (Z) "1 = x%)?% — -

T,(x) = x™ — (

T,,(x) polinomios de Chebyshev , F(a, b; c; x) funcidn hipergeometrica de Gauss.

(397)

(398)

(399)

(400)
donde

(401)

(402)

(403)

(404)

= p2k=1p, 2k L3 - 1 .
—_—=n —_— -—_— ,Nn
| 2 _ 2n ’
kZl (2k)! 4 kZZ (k2 — Dk

By, nimeros de Bernoulli

Sint1 o 2n—2k+1) (— (n + %))
k

(CMen+ 1) ¢ k!'(2n + 2k + 1)

[ee]

e

_n—

__822((71 K?2+3m—k+1)

4k — 1
n 1k
(kZ +k+ 1) (4n—4k+3)
M)
4 4n —4k + 3

e RO

k=1 =1n=1
—(2n+1) m 1+e—k/m 1/m
— 82(2 12 +4ln<n111£rgoﬂ<—1_e_k/m> )
2 _ iz-lZ"Z( ) (2"_2k)3 (42K + 5)(42n — 42k + 5)
w2 k) \n—k n
n=0 k=0
l_i+22< 2k(2n — 1) )3 21-2¢@2n—1) +5
T 16 L L 2k1(2n - 1) 22K+ (6n—3)+4
=1l n=

an? o ()t o @m? o (-1’
7_2((271_'_1)!)24_ (2n+1)'z 2k - 1)!

n=0

T = ,n €N

(4k-1)
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(00}

(405) = =ioi 2-12n(_ 1)n( )(8n+1) iz 212k (_ 1)k( )(Zn—l)
wo -3

n=

2n+1
( ) ((as)2n+1 +(b$)2n+1 +(CS)2n+1)

(=)

donde
(407) 0<s<1,a>0,b>0,c>0,
(408) aJ1—s2<b< o ,c=\/a2+b2—2ab 1—s2
— S
© 1 3n k+1 _ 1
(409) = qn—Kk+1 jn—k+2
n=1k=1
8 O O O (1/4)F 3B/
SRR
n=1k=1m=1
— -n—1 n ( 1)k
(411) m 3+;2 ; o) (k+1)(k+2)(2k+3)
(412) 9801vZ < A+ Bn <O (1/4),(1/2),(3/4);
40 Lu 994nt4 (kD3
n=0 k=0
donde
(413) A =10595371241 ,B = 253501284400
5415 O/ 4 (1/6)1.(1/2),(5/6),
(414) 66w Z.) (125) (121n + 7)2 (kD3
36 /2y - (1/3)(1/2), (2/3)1
(415) 20m 2 <27> (75n +4) L (kD3

1 (1/2)?2 <« (1/2)
(416) 7 (=1 (n+k)fk! meN
k=0

417) n= i (ZHT) 2-2m <2m2+ N + i (2:) (_1)(k1];!231/sz+n—k> nEN

k=0

2
- 2n+5 - 2n+5
(418) T :z;(—n ( 2n+1—1>+nzo(—1) </2n+1—1>

© 2(n+1)(n+2)-1
(419) =4 z t Z (-1*
= (2n + 1)2 2k + 1

k=2n(n+1)+1
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(420)

(421)
donde

(422)

(423)

(424)

o 2n+1)(n+2)-1
—1+ [1-8 (-1
= 2k + 1
n=0 k=2n(n+1)+1

T Z a(o

k
B 1 2n—-2)na(k —n)
a(0) =1 ,a(k) = E;ﬁn_z((n ey 2

1 n!
T=n@ -2Vt 5 Y

33x+45 = 9(k + 1)3(k + 3x + 1)

- 2(x+1)Bx+2)(3x+4)(3x +5) 11 k(k+x+1)3k+3x+4)(3k+3x+5)

(425)

(426)

(427)

(428)

(429)

(430)

(431)

x>0

21 = (6n + 7)(21n + 5)(84n? + 156n + 73)
-2 ) eEy:

n=1

2 o (1/2),(-1/2),

T L (n!)?

B = sin(k/n)
m=4 kZl k(cos(1/n) + sin(1/n))k ’ neN

24 18% (=1)"(36n2 — 24n — 13)
5 (6n —1)(6n+ 1)(6n + 5)(6n+ 7)

.7
3 = n(n+1) —k?
B Z 2n+2 Z 2 + k2)((n + 1)? + k?)

- \/(n+1)2 kZ Vn? — k2
Zk: (n+1)2  n2

=3
T +5

on?/12 I_H_[((n + 1Y @HAD =1/ 1/ () (4 1))

n=1 k=

1_[ (n + 1)H2n+17Hni1ppHn=Hon Hkl/(n+k)(n+k+1)>

n=1 1

donde H, =XY}_1k™
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9 a
432 — = / .
( ) 2T a—1

(433) 5“ 5~

1
2

donde ¢ = ﬂ

s X 1x (=1)"E,x2n+
(434) —=tan"1(e*) —=—= CD7E, x| < m/2

4 2 244 (n+D)!

n=
donde E,, son los numeros de Euler.

il (—1)”En(ln 3)2n+1
(435) m=3In3+3 4 Znt Di22

E, , nimeros de Euler

T 1 c c
— . —2n 4n  “4n+2
(436) 2—21n2+1n3_3tan<¢§z_;3 (4n+1 12n+9)>
donde
(437) c0=1,cn=1—zc’lk"‘ n€EN
k=1
1 1 (r/s\ 9 (1/2 1/2 1/4
(438) E‘E(r@m)) “20f 2 9/4 1
1 1/r(/s»\ 9 _(1/2 1/2 1/4
(439) ?1(@) 5Pl 1 o |1
donde F es la funcion hipergeométrica generalizada.
(440) n _1( 1 )+11 ( 2 )1 2(2m* +2m +1)
27 um+ ) T N\ 02 T m )2
N Hy — Hyp — 1/(20) X TN
B Zl n(m + 1)2n Z(_l) (Zk)m ymeN
2 1 [(2(v3-1)
TR A R R
N Hy — Hap — 1/(20) X ) 2%
- Z n 3" kZ<— ) (2k>(\/§_ )
n= =
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2
(442) 2—4 + %ln(S —4+/3)1n(16 — 8V3)

- P S )

=
(443 ) T
(444) %ﬁ = 22271 (n'()zzr(l:n +2)

; -
(445) (;;\1/133\)/)— - i/_(ii Y Z 27 (n!)Z(B(jr-:-)!l)(Sn +2)
(446) Z Z (Zk) (Zn _ Zk) Gl + 1)(311 —3k+2)

(147 4—V2-V6 ¢ (1)n 4—+2 - \/‘>"
4+V2++6 L2nt1 4+\/_+\/_
_ 4—+2-+/6 (-D" (a, — b,V2 + c,V3 —d,V6
(448) n_24wl4+\/§+\/€ <1+n=12n+1<an+bnx/§+cn\/§+dn\/€>>

donde

a,+1 = 4a, + 2b, + 6d,
b,,1 = a, +4b, + 3¢,
(449) Cpy1 = 2b, + 4c, + 2d,
dyi1 =a, +c, +4d,
a,=4,by=1,c,=0,d; =1

2 (4 —\2-6\"
(450) T=6 /2 ‘/_Z(z(n21)l< ‘/; \/_>
B (nD2(a, — byV2 + c,V3 — d,V6)
=6(2-V3 (”Z "2+ 1)! )
/ (n)?  [4+VZ+V6\
(451) 2= \/_Z(z +1)'< 2 )

6 (nH%(a, + byV2 + c,V3 + d,V/6)
=742 \/_(1+Z )

2n(2n + 1)!
En (450),(451), a,, b,,, c,, d,, se definen por (449).

/4 ~V2-V6 (22" - 1){(2n)
(452) L ey ; J6n—432n-1
40




/4 +vV2+V6 {(2n)
(4‘53) 4 — \/— \/— 26n 432n-1

{(x) funcién zeta de Rlemann

3 hod (_1)n 22n(n!)2a2n
(454) T=a ; ((Zn D Gn+ DI+ a2)n+1> azl

(455) m=A(p)+ B(p) , p € {2,4,6,8,...} ,p nimero par
donde
4
(456) AQ) = .
p+ 7
3p% + 5
5+ 16
7p* + 9F ...
4(p—-1)
457 B =
#57 ®)=—" CERCEE
priT ) i — 1
3p+ 1)+ 9 =172
5+ —7
7(p + 1)? + 282 =17

. \/\/§+.+i/\/§_.2"+1 65 ® n/3  2n+1
(458) 7= z Z ( ) 2n +L 1)(%)14:24 - zi/; ; (2:) (226) zpn +1
donde

(459) J +L+\/\/_—L_2%/_2( 1)n< )3'1_2\/_;)

2n+1
(460) V5 =2 (zn) (27 +1)

n/20"(2n+ 1)

[\/j8

n

0
o PR

ﬁ

(462) VT=2v3 [2-V3 1+ Z (7 - 4\/§)n)
(463) Vi =2[2(v2-1) ( a, (3 - 26)”)
2 *2,
donde
n—1
=Dt 1 D" ™ @Bm—-n)a,
(464) T ant2 2n 2n—2m+ 1 neN

m=1
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(465)

(466)

(467)

(468)

(469)

(470)

(471)

(472)

(473)

(474)

(475)

(476)

(477)

(478)

_Zi Z ( 1)k32n -2k
75 4 2k + 1

n=0
i (16n2 +16n—3) w1

(16n2%2 —9)(16n% — 1) k
13~ (1/2)2 (1/9),@n + 1)

T En:o (9/4), n! (n + 1)!

1 1 (1/2)2 (1602 + 36n + 11)

T 8 Ly n! (n+1)!(4n+1)(4n +5)

1 3% (1/2)2 2n + 1)
T EZO n! (n+ 1)!'(4n+ 1)(4n +5)

1 <o (1/2%@6n+1)
T £ (n)?(4n + D(4n +5)

971 n(4n+ 3)? 9 < (1/2)2 (1/4),
E 4 1_[ n+D@n+1)?2 5 Li (9/9), (n))?

9 n(4n + 3)2 9« (1/2)2 (1/4),
E L+ DWn+ 1)2 40 i (9/9), n! (n+ 1!

1
s

[oe]

Z ( ( )) 12 Z Z Z nk (n +(1)1’3]:Lm(k +m)

n=1k=1m=1
T B - (4n—1)%\°
(['(3/4))4 B H 871(271 — 1))

T iﬁ ((411 —3)(4n + 1))2
(ra/s)* 16 8n(2n — 1)

n=1

I’ (x) funcion gamma
L(2-VV5-2) (D! 4n-2
7 =4tan"! (2 N \/7> Z 26n-5(2n — 1) (Zn — 1)
m = 4tan”! ve- i - <4n _ 2)
N \/i 24n—432n-1(2n — 1) \2n — 1

(V217 -8 V1T +4 i (-1t <4n —2
T = 4tan +
2\/2\/17—8+\/17—4 26n=e(2n - \2n -1

n=1
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(479)

(480)

(481)

donde

(482)
(483)

(484)

(485)

(486)

(487)

(488)

(489)

(490)

donde
(491)

n+4ln<2—\/§+2 /2—\/§>

4t . 2 — / 2—12n+12 (811 _ 6)
- xhan 2_|_/ (4n—3) 4n -3

n—4ln<2—\/§+2 /2—\/5)

- (2—\/\/3—2) N <8n—2>
=4tan” | ————| —
2+/\/§_2 n=1(4n_1) 4n—1

96 = a,
il 4
i (@n=-D") +a,

1 = 2n+3)*H(@2n— D) + 2n + 3)*a, ,a; = 3*
2n-1)"=1-3:5-7-..(2n—1) ,n€EN

96 3 2-5%-41 7° - 7333
F_((1)4+34><(1 3)4+2-54. 41><(1 3-5)4+75. 7333)
nln(4 2\/_) . 1

(VZ - ) ‘82( D (*F_l) Z(2k+1)(n—k+1)

1
T2 1n(5/4) ZO (_ Z) kZO Qk+Dn—k+1)
i 2 (-5) 1
27In(10/9) L\ 9/ L2k + D —k+1)

2 _ii (—1)n+m <1/3 LAas 29 1/21)
16 i £ (2n+1)(2m + 1) \9m4m © 49n4m T gnim T 4gngm
n? i i (—1rm ( L S V2 )
16 (2n+ 1) (2m + 1) \4nim+1 gnmA1 T gngm

i ( 1)n+m 25 4 9 n+m+1
16 L L (2n+1D(2m + 1) \49mm+ (6241)
LI : ) () )
*553\6241) \29

V"
m = 4tan"(a(r,m)) + 4

| S

_1)nr2n+1(1 _ r(2n+1)m)
(2n + 1)(1 — r2n+l)

a(rrm)eQreQ,0<r<1,meN
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(492) (1 1)_1 (1 2)_1 <1 3)_ 1 (1 4)_ 37 (1 5)
W2rt) T3 %e) T304 0) T T M%) T T35 4\

1519
10683
(493) (1 1) _ 1 (1 2) _ 7 <1 3) _ 17 (1 4) _ 1325
W37)72°%3%) T 19°%3°) T52°4\3"%) T 4220
(494) (1 1) _3 (1 2) _43 <1 3)_ 157 (1 4)_39877
7)) 752 c) Te3\w?) T 315 *\@ %) T 80797
(495) (1 1) _2 (1 2) _47 (1 3)_223
W57)=3%5%) T 77°%\5°) T 372
3
1 2m)! P(m
(496) 1_ z 2m) (m)
T m!(m+ 1)!) 212m+13
m par
(497) P(m) = 21840m* + 67952m3 + 73008m? + 29508m + 2607 ,m € {0,2,4, ...}
3
1 (2m —2)! Q(m)
(498) T Z ((m—l)!m!) 212m+1
m impar

(499)  Q(m) = 21840m* — 19408m3 + 192m? — 12m — 5 ,m € {1,3,5,7, ...}
(500) P(m+8) =4P(m+6) — 6P(m + 4) + 4P(m + 2) — P(m) + 8386560 ,m

=2k, kEN
(501) Q(m+8)=4Q0(m+6)—6Q(m+4)+4Q(m+2) — Q(m) + 8386560 ,m
=2k+1,keN
(502) P2k) =QR2k+1) ,k=0,1,23,..
5 /3-11-79\ /5%-17-8377
n+1
(503) A 16“(212"“261 ) 16( 29.5 )( 212.11-79 )

donde

2n + 2\°
(504)  a,,q = 21¥n*12g 4 26n(+D) ( 1 ) (42n+47) ,n=0,1,2,3, ...

(505) n=;ln<aF(aF(aF(a...)))> ,a = ’5+2\/§+1+2\/§

donde

1
(506) F(u) = 5

u

1 +T

5—4/5 5—-1

(507) T=5 1n<bG(b G(bG(b ...)))) b= / 2‘/_+\/_2
donde
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1

(508) G(u) = L Py
u—lO
I=-17=
(509) : ii ! meN
= i LG —Dm+4k—3)@En - Dm+4k—1)
n= =
{\E Vv3-1 (V3-1 w
(510) —Bln\ 2 2 H z H( z > /
donde
ud —ub
(511) Hw =1- T
HW
T\ 243 - 3201 o, (26V3 3675
(512) g+tan 1(;)2211:31’1 < 34 1 1 —32 an~ 312n——6+1
n=
donde
513 iy = 1
( ) x+ly_ 1+ aq
b, + %,
1+ 3
b +L
2 14+---
(514) ay,—q; = (D" 13"V3i—-3,a,, = (-1)"3" +1,b, =3*" ,neN
1
515 x+iy=
(515) Y 1+ 3v3i — 3
32 — 2
[ _3%V3i+3
gt 4 10
1+ -
® (@mn)? +1) (m(2n - 1))" - 1)
(516) 7 =4tan"! 1_[

Aot (@mm)? = 1) ((m2n - )" +1)

+4j§t ‘1< L
an
2m?n?
n=1

_ V3+1+(¥3-1)tan4 B c
(517) n_31n<\/§_1+(\/§+1)tanA> ,A_Ztan (18112)

) ,m €N

n=1
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(518)

(519)

(520)

(521)

(522)

(523)

(524)

(525)

(526)

(527)

(528)

_ V2+(2-+v2)tanB B C (1
m=4In (2 \/_+\/_tanB> ,B—Ztanl(m)

el (3 \/_+(\/_—1)tanC> Ztan (

V3 1+(3 \/_)tanC

1
(4n +1)(4n + 3)

BB (f ) o 3

— T +—
6 V3+1

(4n +1)(4n + 3)

72n2)

22y (f_+> n(VZ 1) = 2(4 (Z-»"

16 n+ 1)(4n + 3)
3 2= —4n +3—4n—1
r—In2—>In3=
gt~ eyt s (an+ DEn +3)
n=

% + tan~! (%) = Z(:) T(n)
T(n)

= tan™1(3710n-11/2) 4 tan=1(3710n~13/2) 4 tan—1(3710n~17/2)
+ tan~1(3710n19/2) — tan~1(37107-3/2) — tan~1(3-10n-7/2)

_ tan‘1(3‘10"‘9/2) _ tan—1(3—10n—21/2)
1
1+ ”/51
3 —
iv3
1
iVv3

33_—

1—--
In2 In3 3V7  3V7 _ﬂ<3—v7>
an

x+iy=

1-—
32 +

- 3+7

2 7 112" 2t
1
n »—2n—-2
Z( 1)* 2~ Z( )3n+2 k

\/— V7 —V7 © 3n+2
lr;z+?1)12”_3287tan_1<§+\/;>:Z(_%) ()
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(5209) 2 In5 In7 3v7_  3V7 ., (V7-1
8 4 '8 ‘112" 28 " \y7+1
© 1 Sn+4 M n 2k
=Z(—z) Z(k)3n+2—k
n=0 =
(s30) _n2_In3 i3 3 3t_ﬂc>_§:(1fﬁ4"(w 2ksn-k
13 13 " 26 104" 26" \5)7 2 L\ 3+ 2k
n= =
In2 In5 In7 3 3 N - N2 Gy oy 2nk
s Bt e () S () S Qs
G3D) T3 +56 " 13 102" 2@ 3 0( A\ (k)3n-+2-—k
n= =
In2 In7 9VF_' _9v3l 5 S 1N e oy 2k15nk
- I E R =
56 56 @ 1736 868 V31 2 LN/ 3+ 2~k
n= =
In5 In2 9«"‘ C VBT (7-V31
(533) + tan~?!
56 14 ' 3472 868 7 ++/31
®© 1 2n+2 1 n 6n—k
j— _ ni|_ I
'-§§< 1)(5) Ez(k)&1+z-k
n= =
In2 In3 In7 931 9V31 _ [9-+31
(534) — + + m— tan™!
28 14 ' 56 ' 3472 868 9 ++31
1 2n+2 n n Sn—k
n -
Z( 1) () z(k)3n+2—k
n=0 k=0
13In3 In2 v’hlJ‘—1 v’
(535) ( ) _
2"
® 4n+4 k (_1)m 23k—2m had o
Z() ZZ < >5n+4—3k+m= s (n+ B2+
n=0 =
donde
(536) Cnts5 = 2Cp43 — Cpyz T 26, ,NE N,
(537) co=1¢=0,¢c,=2,c3=—1,¢c, =4,¢cs =—-2,c =9
3 o0 0
r4/3 3 5/632n+1) 1 1/2),(5/6
iy 3 (O mo 3N GO 190 /D, (5/6),
rG/6) 6Ly~ 27(4/3); 344 (4/3),(7/6),
n= n=
(539) 23¥+12(1 + 2x)% T n3(2n + 2x + 1)?
m(1l - 2x) ~ (Zn +1)(2n—-2x+1)(n + x)3
w - 1\2
IS 1)n(x-+ ) (6n+6x+1) 14,2 $ (x+32)
- 3 3 — 3
! 23n(x + 1); 1 an=O 2 (x + 1), (? _ x)n

0<x<1/2
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8

(540) m/_ln_: Z( ) (2k+1)(il k+1)

1 e +1 2k—2 - 21:111 - 311:— -
(541) ; = 2(6” — 1) 4(6” — 1) Z 2” Z ( ) — 23(2_1_) + 3(2_1-) )

oo 2n
(542) 7= 2v3 - T\/_ Z 2 Z A(n, )
n=0 k=1
donde
(543) A(n, k)
1 2
- 2 2
1+ (2§n+12) + (2§n+12) 1+ (2§n+11) + (2§n+11)

_I_
1+ (Zgﬁl) + (Ziﬁl)
sin(xm) T~ L x? 2x°
(544) tan~ (M) Z+nzl<tan 1 <ﬁ> — tan~ <(2 — 1)2>> ,x €ER

m—radicales
/ I m\

(545) 2 sinh(m2—m-1)

— n N 1 -1 1

2 Z (tan (22"+3n2) tan (22m+1(2n — 1)2>> ymEN

n=1
1 a
546 =8 2 ( L )
(546) & 2n—1\1 + a2
n=1
donde
2a. + (1 —a?a

(547) Ay = — 4 - afa, ,nEN ,a € (0,0)

1—(1% 2(11 n
©

(548) 7I2<——a+a) z C;Zé)

donde
+a,
(549) 0<a<1,a =tan(an) ,an+1=u ,n €N
1-aa,
Casos particulares:
1 11 1 1 5
(550) {(al al)} - {<E’ 2 — \/§) ) (g!ﬁ) ) (Z; 1) ) (g; \/§> ) (E; 2 + \/§>}
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(551)

donde

(552)

(553)

donde

(554)

(555)

(556)

donde

(557)

(558)

(559)

donde

(560)

(561)

n=1
1+ 2a, 1
Ay = °—a , a4y E ,n €N
n
3 22k+2 22k+2n(n+1) L eN
=2 % A2Fen -1
V2 1
a1:7 y A1 = §+§ak ,kEN
0% 1 101 101 1)1 V2 ISI 4096n(n + 1)
T1023 2720272 (272427 & LlT02an -2 -1
\ "
o - 2%kn(n + 1) e
Tk % [2%nm+ D +2F -1
n=
11 -
a;=1,a,41 = 573 1—a; ,kEN
1024 |1 111 1 1+J§fj 1024n(n + 1)
TTT31 2720272427 [1024n(n + 1) +31
n:

0 k
1 1 171990k + 20433
T 216 :E: 212k :E:

49



V3 1

5 3 ) -

(562) Eln2—51n3+<?_1)n_Zl(Zn—l)(3n—1)(4n_1)
_100<6 8+3)(+2)
24 —\2n 3" 4”“1

{(x) funcion zeta de Riemann

i %tan_l (f) O (=D (20 + 2)

= <
(563) 2, - ., T Jxl <1
Casos particulares:
T o1 1\ < (-D"¢2n+2)
- Ztan-1(=) =
(564) 4 + Z; ntan (n) Z; 2n+1
T w1 1 1 o (-1)"¢(2n + 2)
565 S+ > —tan! (—) -
(565) 6 Ln nv3 \/§n=0 (2n+1)3"

ol (VZ-1) e -Dr(VZ-1)" e+ 2)
(566) gt Zﬁtan 1<—n >_;

2n+1
n=2
T e 2-v3\ w02 -v3)""¢@n +2)
(567) —+ Z—tan‘1 = Z
12 n n 2n+1
n=2 n=0
(=1 1g
(568) xnzzz()—n Jxl <1
n=1 n
donde
(569) a, = sin(xm),b; = cos(xm)
(570) An41 = blan + albn ) bn+1 = —aq1a, + blbn ,nE N
a
(571) n=4z T 0<x<1
2n—1
n=1
donde
(572) a, =x ,by =1 —x?
(573)  ay,41 = (A —2a?)a, +2a1b1b, ,b,41 = —2a,bia, + (1 —2a?)b, ,n €N
(574) =2 452 bn 0<x<1
AT = @n-DCn+1D x=
n=
na
575 Ji- 2=82 n O<x<1
(575) VLT . @n—Dn+ 1) <X
n:

En formulas (574),(575) se tiene:
(576) a; = 2xJ1—x2 b, =1 — 2x?
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(577)

(578)
(579)

(580)

(581)

(582)

(583)

(584)

(585)

(586)

(587)

(588)

(589)

) bn+1 = —aq1a, + blbn ,nE N

/i
g (tan—l —) + 2 (tan_

14° 2
+3 (tan_1 —) -2 (tan_1 —)
2v2 5v2

2

1,2 1
1 §) - (tan_1 ;)

2

71T_ = Z (tan‘1 (%)) (tan‘l (2(:2(1:-4;1)12) j— 11))

n=1
= > (i () (7 ()
16 . M+ L VY R
n:
2t _1< X ) 2v1—x2
T = 2tan
V1 —x2
1 x |1 11 x |1 1|1 1|1 x
2t2 [2t242t2 |2tz 2zt
0<x<1

n=1
x>0,y>0
1 e ™ sin(an) b (n ~ i 2
\/_<§ + Z an ) B E(Z + Z tan (b2n2>>
n=1 n=1
a>0b>0ab=2m

\/_ o X i\n
%zzZmzo(zm)!(n—m)!<2n+1)+2( rlz;!F<"+%’1>

—1)k-1q2k-2

2k —1
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donde

< (-1 1-a?\*\ T
(590) b(k) =1— _ (1 —< — > ) 1__[1((2k— 12— 2m—1)2) ,k =2

L 2n)!
oo bz
4 (1+b-z(1-b)\ tan” (1575)
(591)  —tan (1—b+z(1+b>>_nzo<tan—1 (e R)
0<z<b<1
(592)  Ctan? <1+b\/§_2(\/§_b)>_ m / T (%) \
—tan \/§—b+z(1+b\/§) _n=0\t _1<1+b\/§—Z(\/§—b)>)
an \/g_b+z(]_+b\/§)
0<z<b<+3
® n (1) kek’ 1 < n—k 2k
(593) \/Fz;k:o (=)l (2"‘2"+1+;( " >2n_2k_m+1)

2n—1

— -n/2 —
(594) m=1+2 z 2 z <(1 +CCm-1D2"")W2m—-1 (1+ mz—n+1)\/ﬂ>

n=1 m=1
(595) " =2 Z( 1)k( + ! )
.(2m+1 = an onk +2m+1 " 2nk+2n—2m—1
Sin 27’1 7T) k=0
O<m<n
1+x 1—x o _1\n
_F(z)r(z)‘_’ x 2\
(596) = . . 1-(—5) 0<x<1
TP
1 2
r( ;x) o x 20D
(597) 7= . (1+n+1) x>-1
I—'(1+7) =0
(1/2)e(1/Dpsr TT/m+ 2k + 20"
= e eN
(598) (k)2 ..O.(n+2k+1> k€ No
n=
%) 2n
2n\ (—D*(6n —2k + 3 1
(599) n=22—2" Z( )( At ) _
k)Qk+1D@2n—k+1) 4n+3
n=0 k=0
%) 2n
2n+ 1\ (=Dk(6n -2k + 3 1
(600) n=Z —2n ( )( ) )
k Qk+1D(2n+1) 4n+3
n=0 k=0
c n+1/2y"0 2n+3/2y7"
— —2n
(601) "‘Z}Z <2< 2n ) +<2n+1>
n=
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(n+k)—radicales

+\/2+ 2+ +2

1 = jz
= 1_[ keN
n=1
2k 2—J2+ 2+ +12

k—radicale s
3

(603) 8J(2 _3712 ) - 2( (16n> > ﬁ<1 (16n) )

Q-

(602)

8J(2+— 24—%7)3 iil nz;
(604) . 'y (1 (16n) >+5B< (16n) )

(605) dx ,0<a<b

ZIJQ—ww—w

w0 ey (o) (VGRS coc

b—c
B c 1
(©on T 1(\Jm)+ I NeEnICEr

0<a<bhO0<c<(b—-a)2

1
_ , a 1
(608) n=4mn1<1+a>+ J@+axl+a—@dx’a>0

(609) m=4tan! + 2 Z ( )2 —2n z (k) (1-a® - bZ);;k_beZkﬂ _a

0<a<bﬂ<aﬁ+w<1

b—c
_ c 1
(10 T 1(\jm)+_f+ JGrat-—n

0<b<a,a’?+b*><6ab,0<c<(a+bh)/2

[o%) b—c n
_ L[ ¢ 1 (2n> o f (a — b)x + x?
(611) m =4tan < - c) + N 2\ 2 —p dx

—a+c

2k+1)

donde
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(612)

(613)

(614)

donde

(615)

(616)

(617)

(618)

b—c _ o\
f ((a ba);c+x> "

1 i (n) (a— b)n—k (b — C)n+k+1 —(—a+ C)n+k+1)

GO n+k+1
0<b<aa?+hb?<6ab,0<c<(a+b)/2
32
1+y
1
m=4tan"ly+ dx ,0<y<1
) \/(x—l)(3—x)

— 4tan™? A - i (Zn) 2-2n(
= b—a—-c) P n "
n=0
b—c

P2 — (x —a)(b - x)
Qn:f< xPZa x)

a+c

S

S5 () ) ) e
(b — )+l _ (g 4 ¢)k+m+1
k+m+1
(b ; D ps(b—a)2V3

D(k,m) =

0<a<bO<c<

3
n+ n+1

T3 f dx dx
\/(x—n)(n+2—x) \/(x—n)(n+2—x)

n+2 n+4

dx dx
\/(x—n)(n+4—x) \/(x—n)(n+8—x)
ne]R
1 - et <J(n+k)(3n—k+1)—J(3n—k)(n+k—1))
&= \/(3n—k)(3n—k+1)+\/(n+k)(n+k—1)
neN

n+1

to be continued
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