Rotations of Vectors
via Geometric Algebra:

Explanation, and Usage in Solving
Classic Geometric ” Construction” Problems

q is the
circumcenter.




Geometric-Algebra Formulas
for Plane (2D) Geometry

The Geometric Product, and Relations Derived from It

For any two vectors a and b,
a-b=b-a

bhNa=—-aANb
ab=a-b+aAb
ba=b-a+bha=a-b—aAnd

ab+ba=2a-b
ab—ba=2aNb
ab=2a-b+ba
ab=2a Nb—ba

Definitions of Inner and Outer Products (Macdonald A. 2010 p. 101.)

The inner product

The inner product of a j-vector A and a k-vector B is

A- B = (AB)j_;. Note that if >k, then the inner product doesn’t exist.
However, in such a case B- A = (BA);_ does exist.

The outer product
The outer product of a j-vector A and a k-vector B is

Relations Involving the Outer Product and the Unit Bivector, i.

For any two vectors a and b,
ta = —at

aANb=[(ai) - bli=—[a-(bi)]i=—bAa

Equality of Multivectors

For any two multivectors M and N/,
M = N if and only if for all k, (M) = (N).

Formulas Derived from Projections of Vectors
and Equality of Multivectors

)

Any two vectors a and b can be written in the form of ”Fourier expansions’
with respect to a third vector, v:
a=(a-0)v+]a-(vi)]viand b= (b-0)0 + [b- (Vi) vi.
Using these expansions,

ab={(a-9)0+[a- (95)] 05} {(b-9)o + [b- (93)] bi}

Equating the scalar parts of both sides of that equation,



a-b=[a-9|[b-0]+[a- (0i)][b- (v3)], and
anb={la-0][b-(0i)] —[a- (09)][b- (¥3)]} 4.

Also, a® = [a - 9> + [a - (99)]%, and b2 = [b- 0])° + [b- (03)]°.

Reflections of Vectors, Geometric Products, and Rotation operators
For any vector a, the product vav is the reflection of @ with respect to the
direction v.

For any two vectors a and b, vabd = ba, and vabv = v?ba.

Therefore, ve?*t = e~% and ve’ v = vZe~ .



The trouble with the very notion of ’application’ [of mathematics
to science, or of one branch of mathematics to another/ is that it is
a one-way concept: we apply A to B. To counter this I have invented
the word ’interapplicability’. Mathematicians who work in these do-
mains more often speak of correspondence, which is a symmetric no-
tion. Although I began this discussion [of Descartes’s contributions/
in terms of application, we might better have spoken of Descartes
establishing a correspondence between arithmetic and geometry. I
once in conversation spoke of Descartes arithmetizing geometry; the
person with whom I was speaking, having in mind the way algebraic
problems of the day could now be solved geometrically, observed that
Descartes had geometrized algebra. Ezxactly soEI

Hacking, Tan. 2014. Why is there Philosophy of Mathematics at All?. pp. 20-21.
Cambridge University Press, New York. I am grateful to “Lorena”, a student in philosophy
of Mathematics at La Universidad Nacional Auténoma de Mézico, for introducing me to this
book.
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1 Introduction

{Author’s note, 27 January 2016:

This document, in all of its versions, has been prepared for two very different
audiences: for my fellow students of GA, and for experts who are preparing ma-
terials for us, and need to know which GA concepts we understand and apply
readily, and which ones we do mot. This new version should be useful to both
audiences. It presents a much easier way to find the circumcenter of a triangle
(pp. @ﬁ‘), but preserves the previous solution as Appendiz A so that my ear-
lier oversights will be clear to readers. As a plus, that solution makes useful,
time-saving observations on inverses of multivectors, and on transformations of
vector expressions. [}

{Author’s note, 27 January 2016:

I hope that the new material in this version will help students avoid forming
one of my own bad habits when using GA: the tendency to believe that GA can’t
possibly be as convenient as is claimed! That tendency can cause unnecessary
work by leading us to translate geometric products into quantities that are more
familiar, but much less efficient. In[{.3, we’ll learn time-saving maneuvers that
are available to us if we accept that GA’s theorems mean what they say.

A new section () provides background that will help us to formulate key aspects
of geometry problems in ways that can be manipulated via GA to find solutions.
The first three problems in this new version were added after I learned of the
solutions posted on line by |Professor Ramon Gonzalez Calvet, for the incenter
and circumcenter of a triangle. Professor Gonzdlez’s solutions do not use rota-
tions; the contrast between his insights and the ones used here is instructive.

A wuseful resource not mentioned in the previous version is “Find tangents to
a circle from a point, using Geometric Algebra” (as GeoGebra worksheet, as
YouTube video). The present version solves that problem using rotations. O }

{Introduction to the version of 31 December 2015:}

This document is part of a series of resources that I am preparing in support
of Professor David Hestenes’s goal of using Geometric Algebra (GA) to inte-
grate high-school algebra, geometry, trigonometry, and physics into a coherent
curriculum.

I will be grateful for any comments, suggestions, and corrections.
One important piece of advice before we start:

Don’t let yourself be intimidated by the equations that arise in
problems like these!

We'll learn to recognize patterns (for example, products of four vectors that
represent a simple rotation) that will help us simplify complicated equations
readily. Also, I've presented more than one way to solve each problem. In addi-


http://www.xtec.cat/~rgonzal1/examples.htm
http://www.xtec.cat/~rgonzal1/cgga.htm
http://www.xtec.cat/~rgonzal1/incentre.htm
http://www.xtec.cat/~rgonzal1/circumc.htm
http://tube.geogebra.org/material/simple/id/1510715
https://www.youtube.com/watch?v=GdIbJ0EQZqo
https://www.youtube.com/watch?v=GdIbJ0EQZqo

tion to the way that appeared most reasonable and efficient, I've also included
at least one way ”sub-optimal” way, so that students can see that they needn’t
worry about having to find ”the way” to get the job done.

An additional benefit of presenting those sub-optimal ways (some of which,
like border on the absurd) is that they help demonstrate the coherence
and flexibility of GA’s capacities for expressing and manipulating rotations.

Readers are encouraged to study the following GeoGebra worksheets and
videos before beginning:

” Answering Two Common Objections to Geometric Algebra”
As GeoGebra worksheet;
As YouTube videol

”Geometric Algebra: Find unknown vector from two dot products”
As GeoGebra worksheet
As YouTube video

For an more-complete treatment of rotations in plane geometry, be sure to
read Hestenes D. 1999, pp. 78-92. His section on circles (pp. 87-89) is especially
relevant to the present document. Macdonald A. 2010 is invaluable in many
respects, and Gonzalez Calvet R. 2001, [Treatise of Plane Geometry through
Geometric Algebralis a must-read.

What we’ll see in this document ...

e Rotations of vectors as a natural development of the inner, outer, and
geometric products

e How ”construction” problems of classical geometry can be formulated in
terms of rotations and dilations of vectors, then solved by

— recognizing the geometric content of equations that arise; and

— making use of postulates about equality of multivectors.

e How Professor Alan Macdonald’s definitions of the inner and outer prod-
ucts simplify the solution process.

e How to simplify complicated products by

— using basic identities; and

— recognizing products that represent rotations and reflections

e Most importantly: That all this stuff about angles, exponents, and
geometric products really is coherent, and terms like e’® really do follow
the rules of exponents.

The author may be contacted at QueLaMateNoTeMate.webs.com.


http://tube.geogebra.org/m/1565271
https://www.youtube.com/watch?v=oB0DZiF86Ns
http://tube.geogebra.org/material/simple/id/1481375
https://www.youtube.com/watch?v=2cqDVtHcCoE
89.218.153.154:280/CDO/BOOKS/Matem/Calvet.Treatise.pdf
89.218.153.154:280/CDO/BOOKS/Matem/Calvet.Treatise.pdf
http://quelamatenotemate.webs.com/

2 Important Facts about Tangents, Chords, and
Angles

This information provided in this section will help us to formulate problems in
symbolic terms that can be manipulated via GA to find solutions. Some of the
relationships listed here are provided for completeness, and are not used in this
document.

1. The mediatrix (perpendicular bisector) of a chord of a circle passes through
the circle’s center.

This important result from classical geometry can be proven simply via
GA. Using the circle’s center as the origin, the chord AB becomes the
vector a — b, and the vector from the center of the circle to the midpoint
of AB is %(a—i—b) .

According to the postulates of GA, two vectors are perpendicular if and
only if their dot product is zero, so let’s find (a — b) - (a + b). The vectors
a and b are radii of the same circle, so |a| = |b|. Therefore,

(a—b)-(a+b)=a-a—a-b—b-a+b-b .
The symbol "[0” is an

=a? - b’ alternative to "QED": both are
=0. O used to show that the proof has
been completed.
This result shows that the line that passes through the circle’s center and
the chord’s midpoint is perpendicular to the chord. Therefore, that line
is the chord’s mediatrix.



2. Two consequences of the perpendicularity between any chord and the
radius drawn to its midpoint are

(a) that the line connecting the centers of two intersecting circles is per-
pendicular to their common chord;

and

(b) that the line line connecting the centers of two tangent circles passes
through the point of tangency.

3. The two tangents drawn to a circle from an external point are of equal
length: NS = N F.

S
F
N
4. A tangent to a circle is perpendicular to the line that passes through the
circle’s center and the point of tangency.

10
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For a GA proof of this relationship, see "Find tangents to a circle from
a point, using Geometric Algebra” (as GeoGebra worksheet, as YouTube
video)).

5. An angle inscribed in a circle is equal to half the central angle that sub-
tends the same arc. For example, all of the purple angles—including the

angle formed by the segment BA and the ray subtend the same arc
(ABD). For details, see Hestenes D. 1999, p. 89. Therefore, all are equal
to each other, and measure %ADC’A.

6. The measure of an angle whose vertex lies outside a circle is equal to half
the difference between the measures of the central angles that subtend
the arcs cut by the rays that form the angle’s sides. For example, § =

5@,

11


http://tube.geogebra.org/material/simple/id/1510715
https://www.youtube.com/watch?v=GdIbJ0EQZqo
https://www.youtube.com/watch?v=GdIbJ0EQZqo

(Note that GA’s sign convention for angles is that counter-clockwise ro-
tations are positive.) A special case of this relationship is the angle
between the tangents drawn to a circle from an external point: 6 =

slem—8) gl =m—p.

7. The measure of an angle whose vertex lies inside a circle is equal to half
the sum the measures of the central angles that subtend the arcs cut by
the lines that form the angle’s sides. For example, 6 = % (a+ B).

3 The Relationship between the Geometric Prod-
uct and Rotations

Let’s begin by reviewing a variation on a sequence of operations that we saw in
the worksheet and video, ” Answering Two Common Objections to Geometric
Algebra”:

12



https://www.youtube.com/watch?v=0B0DZiF86Ns
http://tube.geogebra.org/material /simple/id /1565271.

Given any two vectors a and b, we can express b as the vector sum of
its projections upon a and at, where ¢ is the unit bivector of the plane that
contains a and b. (Please recall that ai is the 90° counter-clockwise rotation
of a.)

Looking now at our diagram, we can see that b-a = cosf and b - (ajz) =

sin 6.

Therefore, we can write that last result as
b= Ua (cos + sin03) ,

one geometrical interpretation of which is that b is obtained by rotating a
counterclockwise through the angle 6, and dilating it by the factor 18l/|al. (Or
by dilating, then rotating; the operations commute.)

Now, we write cos @ + sin #4 in exponential form, as e?*, to obtain

b X
b= uae(h.
|al

Before we proceed, we should do a few trial calculations to assure ourselves
that the preceding formulas work, and that we understand them. For example,
we know that if we rotate the vector a clockwise by 90° (7/2 radians), then
dilate it by a factor of 2, we obtain the vector 2az. Let’s see whether that’s the

13


https://www.youtube.com/watch?v=oB0DZiF86Ns
https://http://tube.geogebra.org/material/simple/id/1565271

result that we obtain from our formulas:

2
1@ (cosg + sin gz) =2a (04 13) = 2at.v’

We also know that if we rotate a through the angle 6, then rotate the
resulting vector through the angle ¢, the result should be the vector a rotated
through the angle 6 + ¢. Is that what the formulas tell us? Using the symbol
a’ to represent the vector that’s obtained by the rotation through 6, we have

a’ = a(cosf +sinbi).
The rotation of that vector (a’) through the angle ¢ is then

a” = a’ (cos ¢ + sin ¢1)

= [a (cos 8 + sin 6)] (cos ¢ + sin ¢i)

=a [cos 0 cos ¢ + sin @ sin ¢i> + (cos @ sin ¢ + sin O cos @) z]
= a[(cosfcos ¢ — sinfsin @) + (cos b sin ¢ + sin 6 cos ¢) 1]
=acos (0 + ¢) +sin (6 + ¢) 4],

which is a rotated through the angle 6 4+ ¢. We could have obtained that same
result using the exponential form:

— gelfto)

=alcos (04 ¢) +sin (6 + ¢) 1] .

These encouraging results should help us see that the formulas that we’ve
developed thus far really do provide convenient ways of expressing and manip-
ulating rotations of vectors symbolically. But now, we’ll do something that at

b .
first sight seems pointless, even if correct. Starting from our result b = uae“,

|al

where 6 is the angle from a to b, we can see that

b .,
ab = auaeez

|a

So, the geometric product ab is equal to |a| |b| e??. This result, too, deserves
some discussion before we continue. Let’s start by considering what happens to

14



some third vector v, coplanar with a and b, when we right-multiply that vector
by ab :

v (ab) = v [|al |b| eei] = |a] |b] [veei] ,
meaning that when right-multiplied by ab, the vector v is dilated by the scalar
factor |a| |b|, then rotated through the angle 6. Hildebrand and Oldenburg
2015 were referring to this property of the geometric property when they said

that geometric products are used for handling transformations. We should
also note that both e and |a||b|e?® have the form of the product of (1) a

la]
scalar dilation factor; and (2) an operator that rotates by an angle equal to that

between a and b. Incidentally, this result also shows that the product of any
three coplanar vectors is a vector. We’ll make use of that important fact later.

Of course we should also note that because ab = |a| |b| €%,

ab 0
.
la|[b]

When we need to rotate vectors to solve ”construction” problems later in this
video, we’ll use that equivalence as a convenient way to obtain an expression
for e?%.
Those of you who’ve studied rotations may be be objecting that the way
0.
to rotate a vector v through the angle 0 is to multiply v on the left by 67517
6

and on the right by 2"

0. 0.
—=1 =1
e 2 ve2 = v, rotated ccw by 6.

That’s true: it’s the form used in 3-D (and higher), with ¢ being the unit
0. 6.
bivector for the plane of rotation. But in 2-D, e 2‘ve2" reduces to e*, as we’ll

e (1l ) ()
[ () - () )1
Jo - f(2) e ()
[ @) =) )

(@) (2):

<
o ()

(AR
= ve2 e2

bty
=pel2 2

01

= ve

15

More generally, the product of
any two vectors evaluates to the
sum of a scalar and a bivector,
so in plane (2-D) geometry, the
product of any even number of
vectors must also evaluate to
the sum of a scalar and a
bivector, while the product of
any odd number of vectors
evaluates to a vector. This fact
will be important to us later.
For example, see the margin
note " A word about what we're
working toward here” (p. ).

This is a very brief —and not
entirely satisfactory —
explanation of what ¢ represents
in 3-D rotations. For details,
see Macdonald 2010, pp. 89-91
and 125-127.



Before we leave the subject of rotations, we should treat the square root of
a rotation operator, such as the square root of the operator e®* that rotates
into v in the following figure.

o

There are times when we might wish to express the square root of that
operator in terms of & and ©. For example, knowing that the central angle
formed by vectors a and b in the following figure is 20 (page ,

Direction
(b—a)i

4

1
1
1

how could we express the operator that rotates b—« into a —x? That operator
involves a dilation as well as a rotation (except when |b — x| = |a — x|), so let’s

01

see first how we’d express the pure rotation e’ in terms of a and b.

Let’s address that question by adding a few elements to our diagram in
which the operator e** rotated @ into .

16



(i — )4

Two rotations Note how the familiar scalar
identity (p™)" = p™" applies to
rotation operators as well:

We see that the unit vector that bisects « 1is
2(1—u-v)

through the angle @/2 produce a rotation through «, so

Veri = ¢ et — [
= cither of @ [(“”)’} and [W”)l} o, _ oo

= 621.

both of which reduce to

—i 17— uvt

V20 —4a-0)

Therefore, in the case of our diagram with the circle that passes through
the points a. b, and x,

Direction
(b—a)i

4
1
1
1

Origin

.,
we multiply the rotation operator e2 by the dilation factor I‘Z _;‘, and find

17



that

Now that we know how to find the square root of an operator that produces
a pure rotation, how can we find the square root of an operator of the form Aef?
(with scalar \), which combines a dilation and a rotation? The exponents in
rotation operators obey all of the usual rules about exponents, so

Vet = VAVt
0.
=ve2".

4 Using Exponential Expressions of Rotations
to Solve Geometry Problems

In this section, we’ll see that GA’s ability to manipulate rotations algebraically
enables us to solve a given problem in many different ways. We’ll make extensive

use of our results b = %aeei, ab = |a| b e?®, and v (ab) = v [|al |b| ?].

One important piece of advice before we start:

Don’t let yourself be intimidated by the equations
that arise in problems like these!

We'll learn to recognize patterns (for example, products of four vectors that
represent a simple rotation) that will help us simplify complicated equations
readily.

18



4.1 Problem 1

Derive equations for the tangents to a circle from a point outside it.

Identifying Potentially Useful Elements of the Problem We’ll begin by
identifying elements of the problem that might be sufficient to provide sufficient
information for constructing one of the two tangents. The point £ is a point
of tangency. In deriving our solution, we’ll used the same symbol —that is, t
—to denote both the point of tangency and the vector to that point from the
external point p. We'll rely upon context to tell the reader whether ¢ is being
used to refer to the point, or to the vector.

Radius =r

We can solve the problem if we can identify either of the angles # and «,
or either of the vectors t and t. What elements of the problem might help us
identify 0, a, ¢, and £ , and how are all of those quantities related?

Firstly, because ptc is a right triangle, t> = ¢ — r2. From Section , we
find that 6 = % [(m —a) —a] = 7 — a. Therefore, § + o = g Finally, e?* = ét,

t—c (—&) = (c—t)e )

and et =
[t — ¢ r

Formulating a Strategy Now, let’s combine that information in a way that
might lead us to a a solution. A reasonable way to begin is by noting that

19
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The symbol "=" is used to
communicate that the
quantities uvwu and wlwwv are
"equivalent”, or "identical”:
they're equal for any three
coplanar vectors, not just for
some three particular vectors of
interest.

because 0 + a = g, we can write

™.
i —i
e(9+a)7, =e2",

][] =4

2] -

To put that result in a more-convenient form, we’ll multiply both sides by
¢2r |t| (which is also |e|* 7 [t|) to obtain

ct(c—t)c=crlt|i.

As shown in the Appendix (7.3) , for any three coplanar vectors w, v and ,
w, uvwu = u?wv. (Note the reversal of the order of v and w.) That identity
enables us to make the following simplifications:

ct(c—t)c=crlt]i,
clt(c—t)c=c*rlt|i,
& (et — %) = Prt| 4,

ct —t* =r|t|i.

Solving the Equation That last result is quite concise, but is it useful to

us? Yes: to obtain ¢ from ct, we just left-multiply by ¢~1. The other quantities

in the result that we just obtained are already known to us: t2 = ¢ — 72, so

|t| = V¢ — r2. The rest is straightforward:

ct —t*> = r|t|1,
ct:cz—r2—|—r[\/c2—r2} 1,
clet = <£2) {c2 —r? 47 [\/02— 2} i},
NI

)] [ ]

We’ve now identified one of the points of tangency. Finding the other (¢3) turns

out to be easier.

20



t [

é(C*tQ)

. Using those

In this case, e* = t¢, and e* = (—¢) t27ci| =
expressions in our equation [eGi] [eo‘i] =1,
;s é(cftz)} .
[th] {77“ =1,

i2éé (C — tg)
T

=3

toc — toty = r,

toc — toto = 1|ty 4,
toc —t3 = r|to] 1,

toc = t3 + 1 [to] 4,

cte=c —r?4r [\/c2 —7“2] 7.

Comparing that equation to the analogous one that we obtained when
finding t,

ct:027r2+r[\/0277"2 1,

we see the right-hand sides are identical, but the order of the multiplication on
the left-hand side is inverted. To solve for ¢, we left-multiplied by ¢~ !, but we’ll
right-multiply by ¢~! to solve for t,. What difference will that make? Let’s

see. . .
ty = {02 —r24r [\/02 — 7“2} z} (%)

\c,_/

—c-1

r\? r r\?
=|1-— () c+ | —4/1— () iC,
|| [ ||

(@) e [ - (R) |

Right-multiplying by ¢~
than left-multiplying, has

Remember: ¢¢ = 1, and for any
vector v, v0 = Vv = |v|.

L rather

inverted the sign of the ci term.



As a contrast that might prove useful, this problem is solved without using
rotations in ”Find tangents to a circle from a point, using Geometric Algebra”
(as GeoGebra worksheet) as YouTube video).

4.2 Problem 2

Derive an equation for the position of the circumcenter of a triangle with respect
to one of its vertices.

Identifying Potentially Useful Elements of the Problem This problem
can be solved in several different ways. For example, because the mediatrix
of any chord in a circle passes through the circle’s center (1), we can find the
circumcenter of our triangle by finding the point at which the mediatrices of
any two sides of the triangle intersect. We can also find the circumcenter via
simple trigonometry.

However, we wish to solve this problem by using rotations, so let’s begin by
asking, ”Is the circumcenter involved in the rotation of any identifiable vectors?”
As soon as we add the circumcenter to our previous diagram, and draw vectors
from the circumcenter to any two of the given triangle’s vertices,

22


http://tube.geogebra.org/material/simple/id/1510715
https://www.youtube.com/watch?v=GdIbJ0EQZqo

q is the
circumcenter.

a
(Origin)

we can see that the required circle converts the given triangle into ”three in-
scribed angles” (5]). Therefore, we can choose any of the triangle’s vertices the

origin (we’ve chosen a), and write a = 26, from which e%¢e = ¢20%,

Formulating a Strategy One strategy is to express the equality of angles
that we’ve just identified in terms of products of vectors, in order to obtain an
equation involving q:

e [eei] [eei}
I

Then, we’d expand both sides of the equation that we’ve just obtained, after
which we’d use other manipulations to identify q.

We'll use that strategy in later problems, but before we dive into it here,
we should also note that ¢ — q is a pure rotation of b — q because both are radii
of the same circle:

from which

23

Two methods of solving
problems via rotations:

e Equate two expressions
for the same angle (in
this case, «); and

e Write one vector as a
"rotation + dilation” of
the other. In this case,

c — q is a pure rotation
of b — q because both are
radii of the same circle.

Quite often, the equation
obtained via one of these
methods is much easier to solve
than that obtained via the
other.



Is that result helpful? Yes, because 1 — bebe has a multiplicative inverse in

Appendix A (p. solves for ¢ GA. Therefore, we can write the following in a purely formal way, then identify
in this way. Although it's more

complicated than the ways that
we'll see here shortly, it's
recommended (along with the
comments thereon) for its
time-saving pointers regarding
inverses of multivectors, and for

what that inverse is, precisely:
n n —1 N —1
q (1 - bébé) (1 - bébé) = (c - &be) (1 - bébé)
n o~ —1
-.q=(c— &be) (1 - bébé) .

its observations on geometric

interpretation of results and However, is there an even-easier way? Let’s add a few more elements to

transformations of vectors. . .. .
our diagram, then examine it again:

Unit vector in the
direction (b — c) i

q is the
circumcenter.

a
(Origin)

We see now that a rotation through our angle 6, in combination with a dilation

by the scalar factor ‘Iz:;ll" will transform the vector b — q into d — q:
|d —q 0i
d—q= b—q)e”
b —q (6-9)
|d—gq| "
= b—q)bc.
1b—q (b-9)
Determining the value of l‘(;: ZI‘ is easy enough: d — q is the projection of b—q

The next few paragraphs upon (b — ¢) i, so
indicate how we'd use ordinary

. N |d—q| =|b—q|cosf
trigonometry to identify the

position of the incenter with =|b—q| b ¢
respect to the midpoint of |d — q| .
segment be. Note also that b q| =b-c

[b—e =|b—d| ' . .

2 Putting these observations and results together, our equation
= b—q| [(bi) -]
b—c |d — q\ s .
b gl = 12=CL d-g=1 (b—q)be
2 (bi) e b—gq|
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becomes
d—q= (B-a) (b — q) be.

To solve that equation for g, we rearrange it as

q{(é-&)i)é—l} - (B-é)f)é—d,

R . -1
then right-multiply both sides by [(b . é) bc — 1} .

That task promises to be somewhat easier than finding g via the equation
that we obtained previously, which was

q=(c—ebe) (1- 13&13&)_1.

Still, we can do even better. Let’s recall the first strategy that we identified for

204 a5 the product of the unit

finding q: that of writing the rotation operator e
vector in the direction b—q and the unit vector in the direction c—gq. Combining
that idea with the experience we’ve gained subsequently from formulating two

alternative strategies, we can see potential benefit in writing

The unit vector in the direction (b — ¢)1 is the rotation, through the angle
0, of the unit vector in the direction b — q.

That is,

(b—c)i [b—Q]eai

b—c ~ |Ib—d

from which

b—q| : "
b ¢ (b—c)i=(b—q)be, and From our previous work, we can
derive that
be = bbe — | (=9 LA
1 L(i)i)-é b=l 2(bi)-e

-we- 7%

That equation is the one that we shall now solve.

Solving the Equation In the equation

gbé = [b] & — [(”‘C)’},

2(bi) -
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Appendix A (p. discusses in
detail many aspects of finding
inverses of multivectors. Onie1
quick way to see that (5&) is
ebis by noting that be = %,
the multiplicative inverse of
which is e, which in turn, as
we can deduce from our
diagrams, is eb.

q is right-multiplied by bée . We can undo those operations by right-multiplying
R N1
by ¢b, which of course happens to be (bé) :

c|l§+b|&2(f)-&)b:|i

I 2(bi) e

This answer is satisfactory for computing g, but we can transform it into a
version that’s more useful and informative.

Interpreting the Solution, and Transforming It into a More-Useful
Form Readers are encouraged to review the extensive treatment that this
subject is given in Appendix A (p. , for the version of the solution obtained
by solving the equation

q=(c—abe) (1- 6&6&)71.

Here, we’ll transform the solution that we just obtained into a form that shows
that q lies along the mediatrix of segment be. We begin the transformation by
going back a few steps to
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then continuing

q:

b+

b+

b+

b+

b+

—c&IBb(QI;-éBé>}i
I Q(in')-e
_céEerB&Q(l;-é)b}i
I 2(131')-&

—c<é-i)+é/\i1)+b(ir&+5/\é>2(E-é)b}i

As we knew from the classical solution and from trigonometry, q lies along the
mediatrix of segment be.

4.3 Problem 3

Derive an equation for the position of the incenter of a triangle with respect to

one of its vertices.
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Identifying Potentially Useful Elements of the Problem Although the
problem is posed as one of finding the incenter, we can see that each of the
triangle’s vertices is a point from which tangents are drawn to the required
circle. Thus, we have three cases of Problem 1 . So, let’s choose one of the
vertices as the origin, then identify elements that might be useful.

One key fact is that from Problem 1, we know that the incenter must lie
along the bisector of the angle formed by the tangents drawn to the circle. Thus

the incenter lies along the direction % A second is that the radii from the
incenter to the points of tangency are perpendicular to the triangle’s sides. A
third is that the lengths of the tangents from each vertex are equal. From the
latter, we can deduce that the length of the segment ¢b is equal to the sum of
the lengths of segments €g and bf.

We can also see several rotations that we might be able to formulate via
GA and use to find the answer, so let’s add a few more elements to our figure
so that we can treat those rotations more precisely.
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Although we drew this diagram in order to examine rotations, we can see that
it also helps us refine our initial observations about lengths of segments. Why
not do so now, before moving on to the rotations?

We noted that the sides of the triangle are perpendicular to the radii drawn
from the incenter, so we know that vector f is g’s projection upon b:

f:(q-t})i).

Because the two tangents drawn to a circle from a given point are equal in
length, we know that |g| = | f|. Therefore,

g:(q.i))é.

Our initial observation that the length of segment be is the sum of the
lengths of segments ¢g and bf can also be translated into a ”GA-friendly”
vector equation:

le—b|=|g—c|+|f D
= le[ — lg| + [b] — [ f|
=le|]—q-b+|b|—q-b.
Therefore,

bl + Iel — e — b]

.i):
9 2

That result is sure to be important; we could solve for q immediately if
we knew the geometric product qI;, and all we need to do in order to form
that product is to determine the outer product g A b. That outer product will
probably arise somewhere in the expressions for rotations that we intend to
examine, so let’s turn to those now.
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One of those rotations is that of vector f through the angle 6 to give vector

We express the vector h in two ways: as q plus the rotation of f — g through
the angle 3,

h=q+(f—qe™
and as the vector b plus the rotation of f — b through the angle :
h=0b+(f—b)e?t.
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The rotation operator e¥? can be written as the geometric product (—5) {

|b] — be
o[
of an angle drawn from a point exterior to a circle (p. . The angles 5 and

To derive an expression for (3, we use the theorem about the measure

0 are shown as negative (clockwise) angles in our diagram, so 5+ 0 = —2m.
Therefore,

p=75|8-(2m-5)|,
———
=4
=B+

from which 8 = ¢ — 7 (which is clearly a negative angle).

These observations appear to have provided enough information —and in
”GA-friendly form”—to solve the problem, so let’s formulate a strategy.

Formulating a Strategy Our observations have suggested two strategies:

1. Identify q from the known value of q - b and from the value of q- I;, which
is still unknown, but which we should be able to determine by analyzing
rotations; and

2. Equate the two expressions that we obtained for the vector h:
h=b+(f—b)e’".
and

h=q+(f—q)e

N - b —le—5bl1 -
withf<q~b>b{||+|c|2 =011 4 and
Bt — —m)i _ i ()i i M.
N~ |C— b‘

=1
We'll use the first strategy because it appears to be simpler. However,
this is a good moment to note that neither of the strategies makes use of an
important observation that we made earlier: the point g lies along the direction

b+ e .
21€ We can express that observation in terms such as

qA(13+é) =0,and gAb+qAe=0.

Let’s summarize the information that we’ve identified as relevant to the
strategy we’ve chosen:
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c—b
lc — bl

}:

Although the solution via the
second strategy is not presented
in this document, that strategy
does work. Equating the two
expressions for h gives

g+ (f-q@ e =b+(f-b)e’,
a+(g—fe” =b+(f-b)e’,
and

q(1+b)e?  =b(1—e") +2fe".
From there, we'd right-multiply
both sides by (1 + e’/’i)_l to
solve for ¢ . See Appendix A (p.

for the method.

An important piece of
information that neither of our
strategies uses.



6] + |e| — e — b
A~ 2 ~
A (b + é) =0, or equivalently, g Ab+gA ¢ =0.

-

q
q

Having formed g A (I; + é) so easily, and recognizing that we’d need to work a
bit to find gA¢, we might ask now whether we’d be better off finding q- (I; + é) ,

so that we can then find g from the geometric product g (lA) + é) This moment
in our solution process is where our initial exploration of lengths of segments

. b —le—b
pays off: we found that |g| = |f| =q-b= bl + \c|2 e | That additional

information makes the route clear to us:
q- (l;+é) :q~l;+q-é:|b\+|c\f|cfb|;
qn (B+é) = 0;
q(6+a) —q-btq-e=b+c|—|c—b|.

We'll find g by solving that equation.

Solving the Equation Our equation is
q<13+é> —q-b+q-&=|b/+|c|—|e—b],

which we solve via

ab+e) (6+&)_1 — [Ib] + |¢| ¢ — b]] (i)+e)_1

b+ e

q=1[b]+]c]—[c—b|] |— 5
(b+é)
[ bte |

= [[b] + |e] — |e = b]] —
_2—|—2b c|

16+ el —le—b]] |b+e

1+b-¢ 2

Interpreting the Solution The incenter lies along the bisector of the angle
formed by sides b and ¢, at a distance from point a equal to {W

+0b-c
b+e

times the length of 5

Because the assumptions that we made about the vertex a apply to all three
vertices of any triangle, our solution is valid for all vertices of every triangle.
Therefore, the incenter is the point of intersection of the bisectors of the three
angles formed by the sides of the triangle. This result is the same as that
obtained via classical geometry.
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4.4 Problem 4

Given two circles, and a point p on one of them, construct the circles that are
tangent to both of the given circles, with p being one of the points of tangency.

X = center of circle

Given

This problem has two solutions (i.e., the red and magenta circles). We’ll
find them in four ways, using two different concepts.

4.4.1 Solution Concept 1

In this first solution, we won’t think about the problem in terms of rotating
vectors; instead, we’ll use the expressions that we’ve developed as a means of
expressing angles between pairs of vectors in a convenient way. From there,
we’ll go on to solve for the vectors from the origin to the points of tangency
between the given circles and the ones that we’re asked to construct. Please
note that the solution presented here, although it uses the same ideas as the one
presented in ” Answering Two Common Objections to Geometric Algebra” (on
YouTube, on GeoGebraTube), is considerably ”cleaner” because we’re using
the starting point of the vectors t; and ¢, is used as the origin, rather than the
center of the circle on which p is located.
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The angle between the directions of vectors t; and p—t; is 6, in the positive
(i.e., ccw) direction. Because the triangle ptico is isosceles, the angle between
the directions of t; —p and p—c5 is 0 as well. Also, [t1] = r1, and |p — c2| = r2.

Therefore,
ti(p—t1) = [t:| [p — t:] €”
Additional details on the =r|p—t |66i‘
maneuvers needed here can be ! ! ’
found in Appendix C (page [74]) and

and in " Answering Two
Common Objections to 04
Geometric Algebra”: (t1 —p) (p—c2) = [taf [p — €2 e.
On YouTube =ry|p—tq] 691,
On_GeoGebraTube.

, . from which
In those sources, you'll also find

T2
other ways to solve such (ti —p)(p—c2) = rtl (p—t1).
equations. !

Expanding both sides, recognizing that ¢2 = r?, and rearranging, we obtain

r
S
1

Now, we right-multiply both sides by the inverse of {(h — 1) p+ CQ:| to
1
solve for ¢;. (Recall that the inverse of a vector v is v/ |v|>.) After rearranging

the right-hand side, we arrive at

[r%—hrz-i-cg— (?—1)192—&-2(7“2—1)17-02]194- [7”1T2—:2PQ] C2

1 T1 1
r 2 r
<2—1> p2+c§+2<2—1)p-02
T1 1

To find to, we recognize that the angles ¢ are equal.

t) =
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p—t

Using the same ideas as in the solution for ¢;, we write

—ty (p— t2) = |—to| |p — ta| e?*
=71 |p— ta| e?;

and

(t2—p) (p— c2) = [to| Ip — €2 e?*
=T2 |p - t1| 6¢ia

which leads to

’
12 [(: —|—1>p—C2] = 7179 — pCy + P2,
1

and
r r r
{r§+r1r2+c§+<2+1>;ﬂ22<2+1>p'02}p+ {21727"17"2} e
r1 1 ™
2
(7“2+1) p2+c§—2<r2+1>P'C2
1 ™

You've probably been thinking that the problem asks us to do more than
find ¢; and to: we're required to identify (that is, to give equations for) the
tangent circles. So, now that we’ve found the points of tangency, how do we
proceed?

ty =
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One possibility is given in Hestenes D. 1999, pp. 88-89. We’ll use the
magenta circle as our example. Knowing t5, we can determine the angle a.
Thus, we know that every point  on the magenta circle satisfies the condition
expressed by the equation

o,
=1 .
We can also express e2 " directly

in terms of the vectors ca — p
and tz. See page[I9)].

[e%

(p—@) " (tr — @) = de2,

where § is a scalar, —oo < § < oo . To each finite value of d, there corresponds
a unique point x; the absolute value of ¢ increases without limit (”goes to
infinity”) as  approaches p.

4.4.2 Solution Concept 2

In our second Solution Concept, we makes life more difficult for ourselves—deliberately—in
order to demonstrate ideas that will prove helpful in more-difficult problems

later on. We begin by re-examining our figure, and noting from plane geome-

try, the angle between the vectors p — c3 and t; — c3 is 2%.
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Thus

eV,

t1—c3=(p—c3)

To obtain an expression for e¥?, we can use either

[~ (p—c2)i](t: — p) . (p—t1)tsd
|(=p — e2| i][t1 — p| Ip — t1] |t13]

We'll opt for the latter, because it promises to be simpler to use. From the A word about what we're
preceding, we can see that we can obtain the vector ¢; — ¢ by rotating the  Working toward here: We're

vector p — cg counterclockwise through the angle 9 twice: going to try to form an equation

in which one side is a product of
(p _ 63) eVttt — t; — cs. vectors, and the other is either a
pure scalar or a pure bivector.
Then, we'll use postulates about
That information doesn’t appear useful until we recognize that p — ¢3 =  the equality of multivectors to
s (p—c2),and t; —c3 = —:—3t1. Making these substitutions, and using the = obtain an equation that we can

"2 wil . . solve simply for ;.
expression that we chose for e¥*, the previous equation becomes

7ﬂg(pcz){(p_tl)tﬂl {(P_tl)tli} r3

- —| = ——11.
T2 |p —t1] [t17] |p — t1] [t17] 1 " Switching places of i's and
=p—cs vectors” is a common and

important maneuver that we'll

We can simplify that result, using |¢1¢| = 1, thereby finding that use many times in this
. ) 9 document. You'll learn to
(p—ec)(p—t)tai(p—t)tii =rira[p— "ty simplify it quite soon: just

examine the term on which

Next, we eliminate the two factors ¢ on the left-hand side by ”bringing you're working, and count the

them together”. To do so, we just make a series of ”switches” of place between
one of the ¢’s and an adjacent vector. We use the identify v = —wvi to keep
track of sign changes:

number of "switches” that will
be needed to bring the i's
together within that term to
make a "-1". That is, an "42".

) If that number is even, then the
(p - 02) (P - tl) tii (p - tl) tit =rire |p - t1| ti, sign of the term inverts; if odd,

Repeating the previous equation the sign remains unchanged. In
the present example, we made

37 two switches, so the sign
inverted.



The key equation for Concept 2

Now we see why we wanted (p.
an equation in which one
side was either a pure scalar or
a pure bivector: The left-hand
side of our key equation is the
product of an even number of
vectors, so it must evaluate to a
multivector that's the sum of a
scalar and a bivector. Because
the right-hand side is a pure
scalar, the bivector part of the
left-hand side must be zero.

—p-c)(p—t)ti(p—t)itii=rralp -t t,
[\

1st switch

.. 2
—c —t)t —t1) tit 1 =nrir —t1| ty,
(p 2) (P 1)t (p 1) t1 172 | 17t
2nd

(p—ca)(p—t1)t1 (p—t1) t1i° =rira|p — t1|2t1,
(p—c2)(P—t)tsi(p—t1) (—1) = rira|p — ta] 1,

P—c)(p—ti)ti(p—t1) =—rir2|p— t1|2 t.
Right-multiplying now by t; ~!, we obtain the key equation for Concept 2:

(P—c)(p—t))ti(p—t1) = —mra|p—ta[°.
The right-hand side is a scalar. That result deserves several comments. The
first is that as we saw earlier, the geometric product of any three coplanar
vectors is another vector in the same plane. Therefore, the geometric product
of any four coplanar vectors is the sum of a scalar and a bivector, only. More to
the point, because (p — ¢2) (p — t1) t1 (p — t1) evaluates to a scalar, its bivector
part is zero:

(p—c2)(p—ti)ti(p—t1)), =0.

We'll see, shortly, how to make use of that fact, but first let’s note an-
other important aspect of our key equation: it contains the sequence of factors
(p—t1)t1 (p — t1), which is of the form wvu. That’s noteworthy because for
any two vectors v and u, the product wva is the reflection of v with respect
to @. Hence, (p — t1)t1 (p — t1) is the reflection of ¢; with respect to (p — t1),
and multiplied by the factor |p — ¢4 |2. Based upon those observations, and upon

|p — 2| = 2 and £ = r1, we can see that the equation
(P—c)(p—t)ts (p—t1) = —rira|p— 1|

tells us that (p — 1) (p—t1) is equal to |p — ¢1|*¢; in magnitude, and is
parallel to p — co, but opposite in direction.

Now that we’ve discussed some of the geometric significance of the equation

(Pp—c2)(p—t1)t1 (p—t1) = —mra|p — ],

we’ll solve that equation in three ways.

Concept 2, Solution Method 1 As noted above, the right-hand side of our
key equation (Page

(p—c)(p—t)ti(p—t1) = —rira|p— t:]?

is a scalar. Therefore,

(p—c2)(p—t1))ti(p—1t1)), =0.
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To use that fact, we’ll begin by expanding the left-hand side, then simpli-
fying. (Again, t2 = r2.)

(p—c2)(p—t1)t1 (p—t1) = pptip — pptit1 — ptitip + ptitit, — coptip
+eopt ity + cotitip — cotytity
= p*tip — 2r1%p* + r1°pt1 — copt1p + 271 °cap

71"12021:1.

Now, we need to identify the bivector part of the simplified expansion. The
bivector part of a sum of terms is the sum of the terms’ respective bivector
parts. (Note that ry2p? is a scalar, so its bivector part is zero.) The only term
whose bivector part might cause us some trouble is coptip. What is (coptp)2?

Several different ways of identifying it are presented in the Appendix ([7.2)).
The most straightforward way uses the identity that for any two vectors u and
v, uv = 2u - v — vu. Therefore,

(coptip)2 = (co (2p - t1 — 1) P)2 An imr_)ortant. identity .that’s
9 useful in solving equations that
= (2(p-t1) cap —p eata)s arise when working with
=2(p-t1))ca Ap—pica Aty. rotations:

uAv=[(ui)- vl
Using this expression, and our identity that for any two vectors w and v, ~[u- (wi)]s
u Av = [(ui) - v]4, we arrive at
(P—ec)p—t)ti(p—t1))2=(p* —1*) 2 nts — (0* —11*) p Aty
(p tl) 2/\p+27”1 coAD
(p —7‘12)[(6 tl 'I,—(p —Tl)[(pl)tl]@
)

2(p-t1)[(c2i) - p] i+ 2r1? [(cad) - p]d.

Now, we can make use of the fact that ((p—c2)(p—t1)t1 (p—t1))2 is
Z€TO:

(p* —11%) [(e28) - ta) i — (p* — 12) [(pd) - t1] 3 — 2(p - t1) [(cad) - P + 22 [(€28) - p] i = 0,

which (after eliminating the factor ¢) we can rearrange as follows :

{[2(c28) - plp+ (p* — 17) (Pi — 20) } -t1 = 2r] (c2i) - p.

We'll call this vector ”z”

Therefore,
t1-z2= 727% (e2) 'p'
||
That result is useful to us because we also know that ¢; = (¢;-2) 2 +

[t1 - (24)] 23, and t3 = r?. From those facts, we can show that



But which root is correct: the positive, or the negative? To answer that ques-
tion, let’s attempt to identify the vector ts.

Looking again at our diagram, we find that

2¢1 — t2 — C4.

(p—ca)e

Proceeding now in the same way that we did to find ¢,

-] | B [ | = e

—e¥i
T
(p—c2)(p—to) b2 (p—ta) ta = = |p— ol [ta]” t2
1

Therefore,
(p—c2)(p—ta)ta(p—ta) =rir2|p— o

Let’s compare that equation to the corresponding one that we obtained for
t, (Page [33):
(p—c)(p—t)ti(p—t1) =—rir2lp— |
The right-hand sides of the two equations have opposite algebraic signs. Those
signs, plus the fact that the right-hand sides are scalars, tell us that the vector
(p — t2) ta (p — t2) is parallel to p — ¢z, while the vector (p —t1) ¢ (p — 1) is
anti-parallel to it. Therefore, t; and ty are not the same vector.

Nevertheless, both of those vectors have the same length (= r1), and
both have the same projection upon z, as we can show by recognizing that
((p—c2)(p—ta)ta (p—t2))2 = 0, then proceeding as we did for ¢;. In this
way we arrive at

{[2(c28) - plp+ (p° — 1) (PP — €2) } t2 = 217 (€28) - p,

This is the same vector ”z” as for t; =t1-z
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Their components perpendicular to z are of equal length (: r? — (t - 2)2) ,

but are oppositely directed. (That’s why the vectors (p —t2)t; (p —t1) and
(p —t2) t2 (p — t2) are oppositely directed.) Therefore, the solution obtained
by using the present method is

£ |2

where

z=[2(coi) - plp+ (p* —17) (PP — c20) .

69

t2

That form of the solution is satisfactory for computing ¢; if we wished,
we could transform it into another form by using ideas presented in the work-
sheet and video, ”Find unknown vector from two dot products” (as GeoGebra
worksheet|, |as YouTube video).

Concept 2, Solution Method 2 We’ll start from our key equation for this
concept (Page [38):

(p—c)(P—t)ti(p—t1) = —rira|p—t:]°.

In Solution Method 1 for this concept, we used the fact that the left-
hand side evaluates to a scalar, and thereby arrived at an equation for the dot
product ¢, - z. However, we made no use of the fact the left-hand side evaluates
to the specific scalar —riry |p — t1|2 . In the present Method, we’ll use that
information to find ¢,’s dot product with a second vector, which we’ll call ;.
Knowing t;’s dot products with those two vectors, we’ll be able to find £; using
methods developed in the worksheet and video, ”Find unknown vector from two
dot products” (As GeoGebra worksheet|, As YouTube video)k
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From Method 1, we also know that (p — ¢2) (p — t1) 1 (p — t1) can be ex-
panded as

p—c)(p—-ti)ti(p—t1) = p2tip + r12pty — ety + 2r12cap — 2r %p?
—2(p-t1) cop — pPeaty .

=capt1p

Because |p — t1|° is (p — 1),

p*tip + ri°pty — ri%caty + 2r1%cop — 2r1%p? — 2(p - t1) cop — pPeaty = —riry (p° — 2p -ty +117)
[ S —
=(p—t1)°.
Equating the scalar parts of the two sides, and rearranging, we obtain

{[p2 +71% = 2(rirg + ¢ p)] p+ (p2 - 7"12) 02} =2 (p2 € 'p)

We'll call this w1 .

—rirs (P2 + 7”12) .
Similarly, starting from
(p—c2) (p—ta)ta (p—ta) = rira |p — taf*,

we find that

{[p2 +7r12 +2(rre — 2 p)p+ (p2 - 7"12) ca} ity = 2ry? (p2 — ¢ p)

We'll call this ws.

+rire (p2 + 7“12) .

We now have a pair of ”dot-product” equations for each of the vectors t;
and to:

z - tl = 27“% (CQi) - D,
wy -ty =2r1% (p> —c2 - p) — iz (p? +11?).

z -ty = 2r} (c2i) - p,
wy -ty =212 (p? — ¢z - p) + 112 (P +717) .

In the worksheet and video ” Find unknown vector from two dot products”,
we learned that given the dot products of an unknown vector & with two known
vectors a and b, we can find x by writing it as a linear combination of @ and b,

x = aa + (b,
from which we can then form the pair of linear equations

a-x=oaa’+Ba-b,

b-x=oaa-b+ B>
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Solving those equations for o and /3, we obtain

ba-x—(a-b)(b-x)
a-b)’

)

a?b? — (a - b)
_a*b-xz—(a-b)(a-x)
= a2b? — (a - b)? .

Making use of that solution, we find that

t, = cqwy + iz,

where
2wyt — (wy-2) (2 )
ay] = 2 ’
w1222 — (wy - 2)
ﬂ _ w12z . tl — ('w1 . Z) (w1 tl)

w1222 — (wy - 2)°
wi = [p*+r?—2(rre+c2-p)|p+ (p* —11?) e,
wy = [pP*+ 12 +2(rre—c2-p)| p+ (p* —r1?) ca,
z=[2(c29) - plp + (p* — 1) (Pi — €2i),

wy -ty =2r% (p® — c2 - p) —rir2 (P2 +112),

wy -ty =2r1% (p® — c2 - p) + 112 (p? +11?),

z-t) =2z ty =2r} (cot) - p.

Concept 2, Solution Method 3 Anyone who’s studied Geometric Alge-
bra—even casually—knows that the method usually prescribed for solving for
an unknown vector « in a given problem is to find &’s inner and outer products
with a known vector b, then proceed as follows:

z-b+xANb=zxb
x = (xb)b!

Very antiseptic-looking! However, in this section, we’ll learn that «-b and £ A b
can take quite-complicated forms.

As we did in previous sections, we’ll start with our key equation:
P—c)(p—ti)ti(p—t1) =—rirz2|p— t1|2 .

Again, we’ll expand the left-hand side. But this time, we’ll maintain p —cs
intact, as a single factor:

(p—c2) (ptap — 2ri°p +11%t1) = —rira [p— 1.

=(p—t1)t1(p—t1)
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Examining the left-hand side, we see an interesting possibility: if we left-
multiply by (p — 02)71, and right-multiply by p, we’ll obtain a sum of three
terms: a scalar, and two terms that are scalar multiples of geometric products
of p and t;. On the right-hand side, we’ll obtain a scalar multiple of the product

(p—c2)p:

(p—c2) ' [(p—e2) (ptip —2r%p +71%t1) | p= (P —c2) " [—7"17“2 lp— tlﬂ P
_Tir lp— t1|2
(p— 02)2

)p = Tire |p — t1|2

)
(p—c2)’ (e2p = r).

p*pti + ri?tip — 2r%p? = (p—

Now, we can develop expressions for t; - p and t; A p. Equating the scalar
parts of both sides, and solving for ¢; - p, we find that

_ 2r1%p? (p — 62)2 —rira (P +112) (p* —c2- p)

t1-p
(P2 +712) (p— €2)° — 2r172 (p* — €2 - p)

Equating the bivector parts of both sides, we obtain

rira (p* — 2ty - p+11?)

t1 Ap=
(P —712) (p—¢2)”

[(p?) - co] 3.
———

=pAc2

Note that our expression for £; A p contains the quantity ¢; - p. That’s fine,
because the expression for t; - p allows us to calculate the value of ¢, - p directly
from known quantities (r1, ro, p, and ¢2), after which we’d use that value to
calculate t; A p. If we wished, we could also do the work symbolically. That
is, we could substitute our expression for ¢; - p into our expression for t; A p,
then do the algebra to obtain an expression for ¢t; A p in terms of the known
quantities.

Having obtained these expressions for ¢; - p and ¢; A p, how do we use
them to determine ¢,? This is where we need to understand the meaning of the
symbol ”+” in the ”antiseptic” version of the solution

ti-pttiAp=1tip
t1 = (tip)p "

We'll see a brief explanation here; more details are given in the worksheet
and video ” Answering Two Common Objections to Geometric Algebra” (As
GeoGebra worksheet , |As YouTube video). To solve for ¢, starting from the
preceding equations, we write

ti=ti-p+tinp)p !
—_——

=t1p
=t -p)p '+t Ap)P”

_|ti-p tiAp
T PP U SR
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http://tube.geogebra.org/m/1565271
http://tube.geogebra.org/m/1565271
https://www.youtube.com/watch?v=oB0DZiF86Ns

Every exterior product (including ¢; A p) is a scalar multiple of the unit
bivector 4. Therefore, the second term on the right-hand side of the above
equation is a scalar multiple of ¢p, which is a vector. For that reason, the
second term is also a scalar multiple of —pi, where pi is the 90° counter-
clockwise rotation of p.

ty - t1 A
Therefore, the solution t; = [ ! QP} P+ { ! 3 p}p
p p

expresses t; as a linear combination of the vectors p and pz.

The analysis that we’ve just seen shows why we can view the operation
represented by the symbol ”+” in the definition @ - b+ & A p = b as a "latent
vector addition” that becomes ”activated” when right-multiplied by a vector.
When multiplied by the vector b, the result is .

With that understanding, we can see how to put the product (t; A p)p~!

into a form that’s useful to us:

nre(p? =2 ptr®) L e
ity P } P

-1

(tiAp)p ' = {

[(pi) - e } pt.

_ (p2 — 2t -p+ 7“12)
P2 (02 +712) (p — 2)°

Therefore, the solution given by the present method is

2r12p (p — €2)” — r1m2 (p* +r?) (p* —c2- p)
P [(PQ +112) (p—¢2)” = 2r1ra (P2 — ¢ 'p)}

=(t1-p)/p?

L (p* = 2t1-p+11?)
P (P +112) (p — e2)?

[(p2) - ¢2] } pi.

Again, this solution could be simplified algebraically. (We’ll omit the solu-
tion for ¢5.)

4.5 Problem 5

Given a circle and two points outside of it, identify the circles that are tangent
to the given one, and that pass through both of the given points.
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We'll see three ways to arrive at equations that can be solved for the points
of tangency by using Method 1 from Problem 4, Concept 2 (4.4.2]).

4.5.1 Solution Concept 1

How would we proceed after This way is the simplest: we’ll begin by identifying the elements shown in
identifying the points of the following figure:
tangency?

As is known from classical
geometry, we can construct a
circle if we know any three
points that lie on it. One of the
GA expressions of that truth is
that if ¢, d, and e are three
known points on a circle, then
every other point « on that

circle must satisfy the condition ty
expressed by the " cross-ratio”
equation

(c—2) ' (d—a)
(c—e) (d—e)
For details, see Hestenes D.
1999, p. 89.

= a scalar.

In our case, for the circle that
contains t1, the known points

would be a, b, and 1, so one Now, we obtain two expressions for e??, and equate them to each other.

VerSio_n of the cross--ratio We'll use the fact that [t13] = [t1] = 7:
equation for that circle would be

(aim)_l (b—=) = ascalar. (a—b) (tl _b) (a_tl)tli
(a—t)" (b—t1) la—b|[ti —b]  Ja—ti [t

Other versions can be obtained

Both sides are expressions for et

by interchanging a, b, and t;.

Next, we form an equation in which one side is a product of the vectors
that are involved, and the other side is either a scalar or a bivector:
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(a — tl) tli

(a—b)(t1—b)
‘CL — t1| ‘tl’L‘

la—bl[t, —b|
(a —tl) (a — b) (tl — b) tl’l:(—i) = |a —t1| Itl — b| (a—tl)r(—i)
(a—tl)(a—b) (tl 7b)t1 = —|a—t1| |t1 7b‘ (Cllftl)’f‘i.

(a—tl) tl’l:: (a—tl) tli

The right-hand side is a bivector, so ((@ —t1) (a — b) (t; —b) t1)g = 0. A
convenient way to expand (a —t1) (a — b) (t; — b) t; is via

[CL2 — ab — tla + tlb] [t12 + tlb]7
which works out to
(b2 - r2) at, — (a2 — 7“2) bty + 2 (a2 — b2) —1r2ab + t;abt;.

Therefore,
((b2 — 7"2) at; — (a2 - r2) bt +r? (a2 — 62) —r2ab + tiabt,)g = 0.

The term t,abt, is interesting. At the beginning of [f:4.2] we saw that the
product wvw evaluates to a vector: specifically, the reflection of v with respect
to w. Similarly, the product wvww is the reflection of the geometric product
vw. But let’s see exactly why that is, and what it means. We’ll discover that
the scalar part of vw: is unaffected by the reflection, but the bivector part is
reversed, so that avwu = wwv:

Another interesting aspect of the product wvwua is that the reflection of the
exterior product of v and w is equal to the exterior product of the two vectors’
reflections:

That observation provides a geometric interpretation of why reflecting a bivector
changes its sign: the direction of the turn from v to w reverses.
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w [ The turn from
v to w is ccw.

.
'
s
d
-

rd
.

v _+" The turn from

i dvii to Gwii is
/ clockwise.
.7 u P —
L awii

avi

Returning now to t;abt,, we see that
tlabtl = |t1| ilab |t1 | il

= |t1|2 ilabil

= r2ba.

We derived that equivalence so we could deal with the term ti;abt; in the
equation

<(b2 — r2) at] — (a2 — r2) bt + 12 (a2 — b2) —7r2ab + tiabt)y = 0.
Making that substitution, and taking the scalar part of each term,

(b —=r?)a -ty — (a*> =) b -ty +r? (a> = b*) —r?a-b+r%a-b=0,
(0 )0 (2 r2) b} -t =2 (1 a2)

We can solve that equation as we did in Problem 4, Concept 2, Method
1. Rather that do so immediately, we’ll first derive it starting from a different
concept, which will help show that all this stuff about angles, exponents, and
geometric products really is coherent, and that terms like e?* really do follow
the rules of exponents.

4.5.2 Solution Concept 2

This is one of the ”sub-optimal” (to the point of absurdity!) solution strate-
gies, referred to in the Introduction, that help demonstrate the coherence and
flexibility of GA’s capacities for expressing and manipulating rotations.

By adding the mediatrix of the segment ab to our previous diagram, and
analyzing a bit,
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we can show, using plane geometry or Hestenes 1999 pp. 87-90, that
1][} =a+ 67

where the algebraic signs of o and g follow GA’s usual right-hand convention.
Therefore, ¥t = e(@Th)i — ¢aighi which we’ll express as

o] = ] el

—evi —eai eBi

Now, using manipulations that we’ve seen previously,

o [l et [t

(b—a)i _ (a—tl)tl(b—tl)

b_al  rla_t]|b_t|
(b—a)i (a—t1)t1 (b—ty)
(b @\bfm = (b a)TM—th—h

b—al®’i  (b—a)(a—t)t (b—t)
b— al rla—ti]|b—t|

we arrive at
(b—a)(a—t1))t1(b—t;) =r|b—al|la—t1||b— t1]s.
For t5, the corresponding equation is
(b—a)(a—ta)ta(b—1t2) =r|b—al|la—ta] |b— ta] 3.

49



The right-hand sides of each of those equations is a bivector. Therefore (in
the case of t1),

<(b — a) (0, — tl) t1 (b — t1)>0 =0.

Expanding the left-hand side, we obtain

bat;b — r?ba — r2b% + r2bt, — a®t1b + r2a? + r2ba — r2at;.

From the work that we did earlier in this problem, on the product t;abt;, we
know that (tyabt;)o = b%a - t,. Using that result, we find that

(b—a)(a—t))t (b—t1))o = b?at;—r*b>+r?bt;—a’t-b+r2a®—r?a-ty,

which we set equal to zero, then rearrange as

{(b2—r2)a— (a2—r2) b} =72 (b2—a2).

This is the same equation at which we arrived in From [4.4.2|, we know
that there are two solutions, which turn out to be

4.5.3 Solution Concept 3

This concept serves to demonstrate the coherence and flexibility of GA’s capac-
ities for expressing and manipulating rotations without being quite as ”absurd”
as the previous. Actually, it’s quite practical. Here, we’ll treat only the solution
for t;.
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Radius = r

From classical plane geometry, we know that 6 = %(a — f3), where the

positive direction of each angle is given by GA’s usual right-hand rule. Using

ideas that we’ve seen several times now, we write

a B\,
i = o\z73)°

=[] ]
et ~ (ot | e o)
= ey

(b—a)(b—tl)tli(a—tl):r1|b—a||b—t1|\a—t1|
(b—a)(b—tl)tl(a—tl)i:—r1|b—a|\b—t1||a—t1|
(b—a)(b—tl)tl(a—tl):r1|b—a|\b—t1||a—t1|i

A bivector

<(b — a) (b — tl) t1 (a — t1)>0 =0.

Now, we proceed as we did in Concept 1 and Concept 2 for this problem. Again,

we’d arrive at equation

{(berz)af (a27r2) b} b =12 (bzfaz),

from which we’d find t; and ¢ as before.
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Having found the point of
tangency for one of the required
circles, we'd give the equation
for that circle in the form of a

cross ratio. (See p. [46].)

4.6 Problem 6

Given two points on the same side of a given line, find the circles tangent to
the given line. and that pass through the given points.

o =

The term ”a given line” needs some explanation in the context of a problem
like this one. In classical geometry, the line and points would be presented to
us on a sheet of paper: we wouldn’t need to do anything to characterize their
positions before getting down to work with a ruler, a compass, and a good,
sharp pencil. However, to solve the problem via GA, someone needs to specify
the location and orientation of the line for us in terms of quantities that GA
can manipulate.

A reasonable way to do so (we’ll see another one in [4.6.4)) is by using some
convenient point g on the line as our origin, and specifying direction via the
vector g:

Then, we can solve for the two points of tangency using either of the meth-
ods that we saw in Problem 5.
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4.6.1 Solution Concept 1

In our first solution for the present problem, the vector g plays the same role
that t;¢ did in Problem 5:

To solve this problem, we equate two expressions for e’*, then proceed to
obtain an equation in which one side is either a scalar (only) or a bivector(only):

gb-t) (t1—a)(b—a)

|b—t1] a [ty —al|b—al|’
gb-Ng) (Mg-a)(b—a)
|b—A1g| |\g —allb—al’

(b-29)g (Mg —a)(b—a)=|b—all\g—allb- gl

The right-hand side is a scalar, so the bivector part of the left-hand side is equal
to zero. The expansion of the left-hand side is

Ab2 — A\iba — bgab + a?bg — \12gb + \12ga + A\ab — \a?.

From our work in Problem 5, Solution Concept 2, we know that bgab = —b?ga.
Using that fact, the bivector part of the left-hand side is

2MaAb+b2gAa—alg Ab— A\ gAb+ A%g Aa.
Setting it equal to zero, we arrive (after some rearranging) at

M*[GAa—gAbl+ M [2anb] + [b?gAa—a?g Ab] =0,
and
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M2 [(g3) - a— (g3) - b + A1 [2(ad) - b] + [b% (gi) - @ — a® (g3) - b] = 0.

The solutions to that quadratic are

—(ai) b+ \/[(ai) b+ (a® +82) [(99) - a] [(97) - b] — a2 [(91) - B]” — 12 [(94) - a]®

_ )
A= @)-a—(@) b

4.6.2 Solution Concept 2

We could have derived the same quadratic using the method that we saw in
Problem 5, Solution Concept 2. The vector gi plays (in some respects) the
same role that ¢; did in Problem 5, Solution Concept 2:

As in Problem 5, ¢ = a4+ 3, where the algebraic signs of « and g follow GA’s
usual right-hand convention. Therefore,

61/11' — e(a+ﬂ)i _ 6aieﬁi’

which we’ll express as

ng[f(bb—f)i” N Lfn( ﬁz—ttll) ] [|ggi:|(|bb—t;) ]

—eti =eai efi

From there,

[Qi[(b—a)i] ] _ Léi(a—tl)] [|§’i(b—t1)])

92| |(b— a)il gilla —t1[] ||gi[ b —ti]
—e¥i —eai eBi

(b-a)i _(a—t)gi(b—t)

b—al la—ti|[b—ti] ~
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(b—a)i (a—t)g(b—t)s

b—al  Ja—ti|b—t]
(a—t)gb—-t;)  (b-a)

la—t]|b—t] b—a|’
(b—a)(a—t1)g(b—t1) =—|b—alla—ti|[b—1ty]

Here’s the expansion of the left-hand side:
bagb — bagtl - btlgb + btlgtl — aQQb + a2gt1 + atlgb — atlgtl.

From our work in we know that bagb = b2ga. Using that fact, and making
the substitution t; = A\1g, the left-hand side becomes

b2ga — A\ba — \1b? + A\2bg — a?gb + \1a® + \iab — \2ag.

Setting the bivector part of that expression equal to zero, we obtain the same
quadratic that we solved at the end of Solution Concept 1.

4.6.3 Solution Concept 3

As mentioned at the beginning of this problem, the location and orientation of
the given line need to be specified in terms of quantities that GA can manipulate.
In this third Solution Concept, we specify the line’s orientation via the unit
vector of the line’s direction, and the line’s position via the vector h. We also
take the unusual step of using a as the origin, thereby simplifying the solution
process.

Equating two expressions for e/, we have
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g(b—s) sb

[b—s| — |s|[b]’

from which we then obtain

53 (b—s)b=|s|[b—s| [b]:
—_———

scalar

Now, as in previous solutions of our three problems, we expand the left-hand
side, then find its bivector part , and set it equal to zero:

(b?sg — (25 - g — gs) sb)s = 0,
(125§ — (25 §) sb— s%gb)> =0,

V’sAg—(2s5-g)sAb—s?gAb)y=0.

From our diagram, s = h++vg. Making this substitution, the preceding equation
becomes (after some manipulation)

[(3) - b] 42 + 2 [(hi) - b]y + (g0) - (bR — h2b).

The solutions to that quadratic are

— (ha) b £ \/[(hi) - B ~ [(§0) - B][(§0) - (%R — h*b)]
(G9)-b |

’y:

4.6.4 Solution Concept 4

This concept is closely related to the previous one, and very much in the spirit
of GA: Since we're expressing the position of the line by means of a vector (h)
that’s perpendicular to the line, why use a separate vector (§) to express the
line’s direction? Instead, we can use the vector hi:
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Equating two expressions for e’?, we have

hi(b—s)  sb

b—s| — |s|[b]’

from which we then obtain

bshi (b—s) = |s||b— s| |b|,
N————
scalar
bsh (s —b)i=|s||b— s||b],
bsh (s —b) = —|s| |b— s| |b| 1,
N——
bivector

bshs — bshb = —|s||b— s| |b|,
~——

=b2hs

bs [23 8 — sﬁ} —b2hs = — |s||b — s||b| 4,
=hs

2 (ﬁ : s) bs — s2bh — b2hs = — |s||b — s| |b| .

The right-hand side is a bivector, so the scalar part of the left-hand side is
Z€ro:

From our diagram, s = h + vyhi. Therefore, h-s = h-h = |h|, and
52 = h? 4+ 2. Making those substitutions,
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2|h| [b.hﬂb- (hz)} — (h2++2)b-h—b?|h| =0,

h-bl 7> — |2|h|b- (hi)|~+b?|h|+ h*b-h —2|h|b-h =0,
78] = [21m1b- (Re)) ok

=|h|?b-h

{ﬁ~b}727[2(hi)~b]7+b2|h|f\h|h~b:0

The solutions to that quadratic are

(hi) - b+ \/[(hi)-b]2+[h~b]2—b2[h~b]
v= 3 :

>

We can simplify that equation by recalling that the vector b is the vector
sum of its projections upon the directions h and hz:

b— (b-ﬁ)ﬁ+ [b- (hz)}hz

from which (b : ﬁ) h+ [b. (hz)} hi = |h|b. Therefore, [(hi) - b]> + [h - b]* =
b2h?%. Using that substitution, the solutions to our quadratic become
B b2h? — b2 [h - b]
K h-b
_ (hi)-b=£|b|\/h? —[h - b]

h-b

Comparing that version of the solution to the following, which we obtained
by using g to give the direction of the line,

— (ha) b \/[(hi) - b” ~ [(91) - b] [(30) - (2R — h20)
7= — )
(gi)- b

we can see that the "k version” is much ” cleaner”, although I must point out
that we could also have cleaned-up the g version with a bit of effort.
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6 Appendix A: Finding the Circumcenter Using
the Inverse of a Multivector

This Appendix presents a solution method that takes considerably more work
than that given in the main text (pp. ff), but which has useful, time-saving
pointers and observations about inverses of multivectors and transformations of
expressions. We begin with the following diagram:

Unit vector in the
direction (b — c)i

q is the
circumcenter.

a
(Origin)

In the main text , we noted that the angle between the vectors b—q and ¢ — q
is 26, and therefore that

[b-gle**=c—q
b — g [eei] [eei] —c—gq
[b—q] [i)é} [l;é} =c—gq.
Because ¢ — q and b — q are radii of the same circle, ¢ — q is a pure rotation
(that is, without any dilation) of b — q. Therefore,

from which
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Is that result helpful? Yes, because 1 — bebe has a multiplicative inverse in
GA. Therefore, we can write the following in a purely formal way, then identify
what that inverse is, precisely:

-1

q (1 - 5&5&) (1 - i)ai)&) T (c—ebe) (1 - 6&6&)

g =(c— &be) (1 - Eéf)é) -

Now here is where we can cause ourselves much unnecessary work if we
don’t familiarize ourselves with GA’s theorems about inverses of multivectors.
Based upon those theorems (Hestenes D. pp. 37, 45-46), the multiplicative
inverse M ™! of a multivector M is

-1 _ M
M= (MTM)o°

where M is the "reverse” of M. GA’s theorems also tell us that the reverse of
the sum of two multivectors A and B is

(A+B) = A"+ B
Every scalar is a multivector, and so is the product bebe. Therefore,

1 bebe) =17 — (bebe) .
(1 bebe)

Next, we use the fact that the reverse of a scalar is that same scalar, and
that the reverse of a geometric product of vectors is that same product written
in reverse order:

=1-—cbeb
Now we can write
(1 B Béi)é)fl _ (1 - BéEé)T
((1- Beé&)T (1 - bebe))o
1— ¢beb

a (1 ebeb) (1-bebe))o

We'll leave the numerator as-is, but we’ll expand and simplify the denominator.
First, we’ll see an efficient procedure for effecting the expansion and simplifi-
cation, after which we’ll se my original, less-inspired way, so that students can
see that they needn’t find "the” way to get the job done.

The efficient procedure begins by expanding (1 — él;él;) (1 — 5&5&) as the

product of two binomials:

61

| wasted a great deal of time in
my original solution because |
thought —mistakenly—that |
needed to identify the scalar
and bivector parts of bebe
explicitly in order to find the
inverse of 1 — bebe.



beb evaluates to a vector

(page[15) .

Two indispensable identities:
uv = 2u - v — vu
and uv = 2u A v + vu.

For any two vectors u and v,
u=(u-9)0+[u-(0i)]i.

Therefore, for the unit vector u,

Wt =1=[@ 0+ [u-(93)].

(1 - éi)éi)) (1 - 6&13&) — 1 — ébéb — bebe + (&Bei)) (i)ei)e).
Simplifies to 1

Next, we write ebeb as & (lA)élA)), and bebeé as (lA)élA)) C.

(1 - éi)éi)) (1 - 6&5&) —2-¢ (13&13) - (13&6) é.

Now, we recall that the denominator is <(1 — él;él;) (1 — 565&))0 rather than
(1 — éi)éi)) (1 — lA)élA)é) itself, so the bivector terms —, that is, the terms ¢ A
(5&5) and (6&6) A¢ —in the geometric products ¢ (Eéf}), and bebeé as (5&5) ¢
don’t concern us:

<(1 - éBéB) (1 - 6&6&)>0 =2 ¢. (6&6) - (6&6) e
The two dot products are equal, so we write
<(1 . éééé) (1 - 6&6&))0 —2-2 {c (6&6)} .

Finally, we expand béb, (for example, as 2¢ - b— Eé) then simplify:

<(1-él§éi)) (1—Babc)0 22 {(21) &— cb) }}

{e
Al

. N2
My less-efficient procedure, mentioned earlier, expresses bebe as (bé) ,

which then becomes
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Similarly,

D
0“
v g
—
A
\_/
Q~>
=
&
o ——
[N}

Because [(éz) : I;} = — Kin) ~é}7 The bivector terms have
canceled out, but they would
not have entered into

<(1 - ai)at}) (1 - 13&13&))0
anyway.

ebeb + bebe = 2{[&-6}2 - [(éi).i)r}.

We'll use that result in our expansion of (1 — 6565) (1 — I;él;é), then sim-
plify:

(1 - éEéB) (1 - 6&6&) — 1 — ébeb — bebe + (éi)éb) (Béi,é)

=2-2 cbcb + bcbc)

. AT AT T AT A A~ . ~12 7. A 2
Having shown th&it f(l jlcbcb) (1 - bcbc)}o =4 [(cz) . b} =4 sz) . c} ,
we can identify (1 — bébé) explicitly:

s\ 1 — ¢béb
(1 - bec) a (1 ebeb) (1 bebe))o
1 — ébéb

CEN
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Now we're ready to solve for the circumcenter, q, via
RN
q = (c— ébe) (1 - bébé)
1 — ebeb

o) o

c—beb+b— ébe

) o

CERCER

We'll transform that result after examining it a bit. The vector beb is the
reflection of ¢ with respect to the direction of b . Similarly, ¢be is the
reflection of b with respect to the direction of ¢ (page [73]). Thus, the vectors
¢ — beb and b — ébé are as shown:

= (c — ¢be)

The perpendicularities shown here can be demonstrated in several ways. One
of the easiest is by using the definition of the dot product given on p. 51 of
Macdonald A. 2010. For example,

(c - Bcé) -b= ((c - Bcl;) b)o
= (cb — bebb),
cb—bc=2cANb. = {eb — be)o
=0.

Therefore, our result
¢ —beb L _b-ebe
ICERICES
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is as illustrated below:

Interpreting the Solution, and Transforming It into a More-Useful
Form We shouldn’t be surprised to find that the vector q is the sum of vectors
that are perpendicular to the triangle’s sides, because we know that every vector
v can be written as a linear combination of any two non-parallel vectors that
are coplanar with it. The sides of a triangle cannot be parallel to each other;
therefore, neither can the vectors that are perpendicular to them. Hence, the
vector g is guaranteed to be some linear combination of the vectors that are
perpendicular to the triangle’s sides.

However, that rather dismissive analysis cannot have told us the whole
story about the vector g, because the point g is the point of intersection of the
mediatrices of the triangle’s sides. Therefore, we must be able to write q as
q = A[(b— c¢)i], where X is some scalar:

Al(b —c)i]
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So, what is the value of A7 To determine it, let’s go back to our equation

¢ —beb+ b — ébe

q= R D)
4 [(bi) -a}
The transformations that we'll That equation doesn’t mention bz or ct explicitly, but we can introduce
use to introduce bz and ct are them in at least two ways. One is to recognize that b can be written as

useful in other contexts as well.

For example, the projection of a ) )

vector u upon a vector v is b= [b . é] ¢+ [b- (éz)} ci.
[(u- (D)]®. If we need to

express that projection in terms

of @ and @i, we can do so via Using that substitution, we can transform the vector beb into a linear combi-
either of the transformations nation of ¢ and ei:

given here. However, those may

not be the most-efficient beb = { {i, . c] &+ {(3. (éi)] c@} c { [i, . c} &+ [i,. (éi)] c@}

methods.

= (after simplifying) { [5 . é} . [E) (éz)} 2} c+2 { [6 . é} [E) (éz)} } ct.

Therefore,
c—bcb_c—{[i).a} 2}0 c} [E-(éi)]}ci

- 1—[b é] cz c—2 .aHb.(éi)Hci

After expanding and simplifying, we obtain

b ébe =2 {c (i)i)rbﬂ{[é.i)} [c (Bi)”bi
—2 [6- (éi)} b+2{[6.a] [E- (ei)}}bi.
Using these transformations of ¢ — beb and b — ébe,
c—behb+b—ebe=2 [b (ci)]2(b+c) +2{{6.a} [b~ (éi)”[(b—c)i].
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Now we can put our expression for q in the desired form:

c—beb+ b — ébe

q= R )
4 Kbi) -é}
~ 2 ~ ~
2 [b : (éi)] (b+c)+2 [b : a} [b (ci)} } [(b—c)i]
= N 2
1] (i) -]
_b+ec b-¢ [(b—c)z]
2 b-(é) 2
A second way of transforming beb and ebe provides a surprising example | confess that when | first saw
of GA’s flexibility. Treating beb first, this possibility, | had a hard
time believing that it could be
” A s . legitimate.
beb=>b(|c|e)b
= (|¢|) beb
= (c¢) beb

We saw this expansion earlier.

- {[l}-ér— {i)-(ai)r}cm [b-¢] [b- (@) e,

which is the result that we obtained by substituting [5 . é} ¢+ [l; (cz)} ci
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for b in beb. Applying the same ideas to ebe,
ebe =& (|b| B) é
= (|b]) ebe
— (bb) cbe
=b (6&6&)
—o{[e0]" [ten 8]+ 2[e-8] [(34) -¢] i
We saw this expansion earlicr.

- {[B.ar_ [6-(&1)}2}17—2 [b-¢] [b- (@) i,

Again, this is the result that we obtained earlier.
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7 Appendix B: Useful Transformations of Prod-
ucts of Three and Four vectors

Readers may wish to consult Macdonald A. 2010’s definitions of the dot and
wedge products (p. 101) regarding some steps in the transformations. Those
definitions can be invaluable as sources for ideas about transformations.

Note that some of this material is taken directly from the main text, with-
out modification.

7.1 Transforming Products of the Form uwvu

As noted in for any two vectors @ and v, the product wvw (which evaluates
to a vector) is the reflection of v with respect to @. Therefore,

vt = v — 2 ['U : (uz)} .

We also note that because u = |u| @,

wovu = u? (i) = v?v — 2 [v - (ui)] ui.
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7.2 Useful Transformations of (c,pt,p)-

In 4.4.2 , we used the identity uv = 2u - v — vu to derive an expression for
(copt1p)s as follows:

(c2(2p-t1 —t1p) P)2

= (2(p-t1) cop — pcaty)o

2(p-ti)ea Ap—piea Aty
2(pi-t1)[(c2i) - pli — p? [(coi) - ta] 4.

(coptip)2 =

In this section, we’ll derive other expressions that are equivalent to (coptip)e.
For convenience, we’ll omit the subscripts from ¢y and ;.
Version 1
This version may be the simplest. In the main text, we saw that we wish to
obtain equivalents that contain only two types of terms: products of the known
vectors ¢ and p, and products of ¢t with those known vectors. We can do so as
follows:

cptp =c(pt)p
cp-t+pAt)p

=(p-t)ep+c(pAt)p
(p-t)ep+cl(pi)-tlip

=pAt
= (p-t)cp+[(pi) - t] cip
=(p-t)cp+[(pi) -t c(—pi)
= (p-t)cp — [(pi) - t] cpi.

We need to find the bivector part of that result:

(eptp)s = ((t-p)cp — [t - (pi)] cpi)2

=t-plcp)2 — [t- (pi)] (cpi)2

=(t-p)lci-(p)i—[t-(pi)]{(c-p+cADp)i)
N——

=cA\p

=(t-p)lci-(p)li—[t- (pi)][((c-p)i)2 + ((cAPp)i)a].
——

=cAp

Now, we note that (¢ A p)i is a scalar, so ((c Ap)i)2 =0:

(cAp)i=]|ci-p|ii
—(ct) - p.

Therefore,
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(eptp)2 = (t-p)[ci- (p)]i—[t- (pi)](c-p)i.

Version 2

cptp =cp{(t-p)p+ [t (pi)| pi}
=c{ (t-p) ppp +[t- (pi)] ppip
~~
=|p|®p
=c{(t-p)p— [t (pi) pppi}
=c{(t-p)p—[t-(pi)pi}
= (t-p)cp — [t (pi)] cpi.

We arrived at that same expression in Version 1, then proceeded from there to
obtain

(eptp)2 = (t-p)[ci- (p)]i—[t- (pi)](c-p)1,

Version 3
In the main text, we used the identity ab = 2a - b — 2ba to find an equivalent
for (cptp)s. Now, we'll use the identity ab = 2a A b + 2ba.

cptp = c(pt)p

=c[2pAt+tp|p
= 2[(pi) - t] cip + p*cp.

Now, using ideas that we saw in Versions 1 and 2, we find that

(cptp)2 = p*[(ci) - t]i — 2¢ - p[(pi) - t] 4.

Version 4
Asnoted in for any two vectors @ and v, the product wvw (which evaluates
to a vector) is the reflection of v with respect to &. Therefore,

v = v — 2 [v : (uz)} wi.
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We also note that because u = |u| @,
wvu = u? (i) = u?v — 2 [v - (ui)] ui.

From that result, we can see that

eptp = pe {t —2 [t : (ﬁz’)] ;iz'}

= p’ct — 2[t - (pi)] cps.

We want to find the bivector part:

(cptp)s = pPc At — 2]t - (pi)] (cpi)s
=p*[ci-t]i—2[t- (pi)] (c-p)i.

See Version 1 for details on handling of (cpi)s.

Version 5

The method we’ll use for our last version is nothing fancy: just ”brute force
and ignorance”. But for that same reason, the method is useful when dealing
with products of four distinct vectors, in which cases there are no symmetries,
etc. of which we can take advantage:

cptp = {cp) {tp}
= c-p+|[(ci)-plip St -p+[(ti) - pli
—— ——

=cAp =tAp

The expansion of that product will produce three types of terms: scalars with
scalars; bivectors with bivectors; and scalars with bivectors. Only the last of
these evaluate to bivectors, so
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(cptp)2 = (c-p)[(ti) - pli + [(ci) - pi(t- p).

As noted earlier in this Appendix, we want an equivalent of (e¢ptp)2 that con-
tains only two types of products: those of known vectors ¢ and p, and those of
t with ¢ and p. For that reason, we transform (¢Z) - p into — () - pi, to give us

(cptp)2 = [(ci) - p] (t-p)i — (c-p)[(pi) - t] 4.

7.3 Transformations of Products of the Form vwvwu

At the beginning of we saw that the product wvt evaluates to a vector:
specifically, the reflection of v with respect to @. Similarly, the product wvwu
is the reflection of the geometric product vw. But let’s see exactly why that is,
and what it means. We’ll discover that the scalar part of vw: is unaffected by
the reflection, bu the bivector part is reversed, so that wvwu = wv:

wowt =u(v-w+vAw)u

|
g

(v-w)a+a(vAw)d
:ﬁz(v~w)+ﬂ[

vi) - w] it
=v-w+ul 7

(
(wi)] (—)
)

=v-w+ 4 [(wi)-v]i

Another interesting aspect of the product “vww is that the reflection of the
exterior product of v and w is equal to the exterior product of the two vectors’
reflections:

wvwt = wv (4) wi

= (wvw) (bwa) .

That observation provides a geometric interpretation of why reflecting a bivector
changes its sign: the direction of the turn from v to w reverses.

w [ The turn from
v to w is ccw.

.
s
”
'
’

”
s

v _+" The turn from

P v toawiis
/ clockwise.
4 u PPN ——
L awii

avi
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8 Appendix C: Another Derivation of the Rela-
tionship between Points of Tangency among
Circles

In this Appendix, we’ll encounter a potential difficulty that can arise when
solving problems involving tangency, after which we’ll deal with that difficulty
via a maneuver that is often available to us. The problem that we’ll solve is

Using the information shown for the situation in the following diagram,
derive an equation for to in terms of t1, co, 71, and rs.

Radius =

Radius = ry

We'll begin by equating two expressions for the rotation operator e*:

[’l, (tg — Cg)} (tl — tg) (t2 — tl) tl’L

to — el [t1 —ta| [tz —ta][ta]
Making the substitutions [t;| = r1 and [tz — ca| = ro, and switching places
between vectors and the bivector ¢ while changing algebraic signs accordingly
NOTE: t12 = 2, but (page [37)), we obtain
t22 75 7”22.
to —co)(ty —ta) 1 to —t1)t12
(b2 —co) (b1 —ta)i (b2 1)1,then
2 [t — o [ta — 1|1
r
(ta —c2) (t1 —t2) = <2> (t2 —t1) t1, and finally
1
T2 2
<1 — ) tgtl + CQt2 — t2 = Cgtl — T17ra2.
1
This is the maneuver mentioned The terms cots and o2 are troublesome. What might we do about them?
in the introduction to this There should be some relationship between those terms and ro because
Appendix.
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(t2 — 02)2 = ’1"222

(ts — c2)? = 15°
t22 — 2'[32 - Co + 622 = 7”22

2122 s Coy — t22 = 022 — T22.

Does that result help us to deal with the troublesome combination ”coty —t927?

Since the relationship we’ve just found between ¢z, ts, and 79 involves ts - ¢o
rather than tscs, let’s write cots — o2 as

coty — t22 =cy -ty +co Nty — t22.
We see now that there might be a role here for the relationship 2¢5-co —t52 =
2

22 — 192 that we found between cs, to, and 7.

62t27t22:()2't2+02/\t27t22
:202't2—t22—02't2+02/\t2

2622—T22—Cg~t2+62/\t2.

With this substitution, our earlier equation

<1 — 7’2) tgtl + CQtQ — t22 = Cgtl — 1172
1

becomes

T2 2 2
<1 ) t2t1+62 — 79" — C2 't2+02/\t2 :Cgtl — Trira.
1

This is a good time to pause and recall that we want to derive an equation
for t5. From experience, we know that to do so, we’ll want to transform the
equation we just obtained into one that has the form

A product of ts and some known vector = Some known multivector,

where the "known vector” may be a linear combination of known vectors. For
example, of t; —which we’re treating as known—and c5. Similarly, the known
multivector may be the sum of known scalars, known bivectors, and products
of known vectors. As a first step in writing an equation of that form, let’s move
all terms that don’t involve £ to the right-hand side:

T2 2 2
(1—) toti —co-to +Cco ANty =1r9° —1rirg — 2 + coty.
1

(6]



The tot, term is a right-multiplication of t5 by the known vector t;. Now,
if we can transform —cs -t + ¢o A to into a right-multiplication of o, we’ll have
a left-hand side of the form that we desire. You've probably seen already what
we need to do:

r
<1 — 2) tot) —cp -to + o Aty =102 — iy — 22 + ety
1

T
(1 - 2) tot1 —Cco -ty —ta Ny = 7“22 —Trire — 022 + coty
1

r
(1 - 2) tot; —toco = 7'22 —rire — 622 + oty
T1

tQ |:(]. — T2> tl — CQ:| = 7’22 —T1ro — 022 +02t1.
1

Now, we solve for t5 via

—1
t2 = [’1"22 — Tr1ro — 622 =+ Cgtl] |:<1 - :2) tl — 62:| .
1

To effect the operations on the right-hand side, we may choose to write et as
co -ty + [(ea1) - t1] i. If we do so, then the expression for o becomes

3
2t = (2 -2) et = 2t 4 (7 2 = ) a4 2 )t
1 1

2+ (1 —12)? — {2 (1 - 73) CQ} 4

1

to =

How would the equation for t3 in the following situation differ from the
equation for to that we just derived?

Radius = ro
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