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Abstract. Focusing on a fractal geometric ghost dark energy, we reconstruct the Dirac-Born-Infeld(DBI)-
essence type scalar field and find exact solutions of the potential and warped brane tension. We also discuss
statefinders for the selected dark energy description to make it distinguishable among others.

PACS. 04.50.Kd Modified theories of gravity — 95.35.4-d Dark Matter — 98.80.-k Cosmology

1 Introduction

The mysteries of our universe always remain very attractive issue in literature. Recent data observed and collected by
Supernova Search Team[1], Boomerang Collaboration[2], Supernovae Cosmology Project Collaboration[3,4], Wmap
Collaboration[5,6] and Planck collaboration|[7] have shown that the Universe has an accelerated expansion. The speedy
expansion of our Universe is due to an antigravity force which is drawing galaxies apart from each other, dubbed
as exotic dark content. Since the advent of Einstein’s general relativity theory several significant issues like the
cosmological missing matter problem in curved spacetime have been investigated and many of them have non-specific
solutions and are still in doubt. The observations mentioned above have indicated that the Universe is ruled by galactic
dark energy having large negative pressure and occupying 68.3 percent|7] density of the Universe. The remaining part
is occupied by 26.8 percent dark matter and 4.9 percent other cosmic ordinary matters|7].

The cosmological parameter is the most suitable theoretical candidate of accelerated expansionary behavior, but it
yields some problematic cases like the cosmic-coincidence puzzle[8] and fine-tuning[9]. The scalar field desctiptions[10-
12,43,14], extra dimensions[15,16], modified theories of gravitation[17,18] and reconstruction in modified gravity|[19]
are other possible theoretical suggestions to get complete information about the speedy expansion of our Universe.

Scalar fields can describe effectively the galactic dark energy effect and they naturally arise in the M/String-theory
and super-symmetric theories. Therefore, scalar field definitions of the dark effect are expected to reveal the dynamical
mechanism of accelerated expansion. Fundamental gravitation theories suggest several scalar field formulations, but
they cannot give a unique potential definiton. On the other hand, it can be established a connection between dark
energy formulations (ghost[20], holographic[21], newagegrapgic[22], pilgrim[23], Chaplygin gas[24], Polytropic gas[25])
and scalar field models to obtain an exact definition for the scalar field potential. Here, we use the ghost energy
description effectively in a fractal geometry to investigate dynamics of DBI-essence type scalar field.

In this study, we reestablish the dynamics of DBI-essence scalar field model by considering the fractal version of
ghost energy. We briefly introduce the fractal theory in the next section, and we construct a fractal connection between
the DBI-essence and ghost energy in the third section. Next, we calculate the deceleration and statefinder diagnostic
parameters exactly in the fourth section. In the final section, we share our conclusions.

2 Ghost dark effect scenario in fractal theory

It is further assumed that the exotic dark contents are embedded in a flat Friedmann-Robertson-Walker(FRW) type
background which is compatible with the recent cosmological data[5,6,26,27]

ds* = a®(t) [dr® + r*(d6? + sin® 0d¢?)] — dt?, (1)

where a(t) denotes the scale term which determines the expansion rate.
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The four-dimensional time-like fractal theory is described by the following action[28,29]:
S =S¢+ Sm, (2)

where

1
ﬁ/dx\/—g[R—vﬁuna“n], Sim z/dX\/—g,L’m. (3)

Here x2 = 87G where G shows the gravitational parameter. Additionally, g, R, v, n and £,, denote the determinant of
metric tensor, Ricci scalar, fractal parameter, fractal function and the lagrangian density of matter part, respectively.
It is significant that dy(z) defines the Lebesgue-Stieltjes measure extending d*z which is known as the standard
measure and [x] = —Do is the dimension of x with a positive o constant.

The fractal gravitation theory is Lorentz invariant, power-counting renormalizable and also free from the ultraviolet
divergence[30]. Recently, Calcagni[28,29] has studied the quantum theory of cosmology in a fractal geometric model.
Making use of a time-like case n =t~ where the fractal paremeter @ = 4(1 — o) describes the dimension, Calcagni[29]

recovered that

UO&2

1
2 -1, v L
H aHt™ + G20t D) SMZ?

(pD + Pm), (4)

where M, = (SWG)’%, H = %, pp and p,, show the Planck mass, Hubble parameter and the densities of dark
quantities, respectively. We further consider a pressureless dark matter condition, i.e. p,, = 0. Next, it is known also
that o = 0 implies the infra-red divide while av = 2 describes the ultra-violet territory[29].

Additionally, the fractal continuity relation[29] is given as

p— (S —3H)(p+p) =0, (5)

where p and p represent the pressure and total energy density, respectively. Nonetheless, the fractal form of gravitational
constraint[29] is

. v\ aH oala+1l) va2a+1)
2 —
H+3H" + (2 + t2"> T g perz = 0. (6)

Note that, in the infra-red sector, equation (4) can be reduced to the corresponding relation of general relativity.
Therefore, the gravitational constraint in the ultra-violet territory becomes

H—|—3H2—|—<2+3U> 2H 6 10v

w) e w0 )

After solving this equation, it is obtained that[29]

1 11 13 3v
3 — . .
a (t) - tGQ( 4 ) 4 ) 2t4)7 (8)
2 220 O(13; 17, 3u)
H _ _Z 47 42t
O e Y

were O is the first kind confluent hypergeometric function:

O(a;b;x) = @ i —n (10)

n:O

Defining some new dimensionless densities,

PD

_ _ Pm _ o« E, (e}
.QD - 3H2ME7 Qm* 3H2M‘37 »Qf - H2 (t 6t2(a+1)>7 (11)

the new version of fractal Friedmann equation may be given in another form as

Qp+ 2 + 027 =1. (12)
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The Veneziano ghost model of the exotic dark energy effect is one of the most noteworthy formulations[20,31-33].
It was introduced mainly to study the U(1)A puzzle in quantum chromodynamics[34-36], but the model is decoupled
from the physical territory[37,38]. The ghost dark energy definition seems to be a meaningless model in the quantum
mechanical field theory in the Minkowski universe, but it also emcees a very significant non-trivial physical efficacy
in an expanding spacetime and defines a vacuum energy density pp ~ (1073eV)*[39]. As a result of this, the ghost
energy gets rid of the well-known fine-tuning puzzle[31,32].

Ghost model’s energy density is related with the Hubble parameter[40]

pp = pc = 7H, (13)
where 7 is a constant. So, the fractal conservation equations read as

pin + (3H %) o = 0, (14)

po + (3H— %) (1 +wa)pe = 0. (15)

Here wg = pgpal is the ghost equation-of-state parameter. Time derivative of the definition (13) and the fractal
Friedmann equation (4) give

v {an(aJrl) e

a
3203 42 302 (3H*;)(1+wa+g) , (16)

where
-1
0= PmPg - (17)
Making use of the above result with the fractal continuity relation and dimensionless density parameters one can find

1)(12(a+1) o «
wG:_1+W_W_(?’H_?)(l_gc_gf)

(3 - %) (% —2-%)

. (18)

It can be seen easily here that we have wg = ﬁ in the infra-red fractal sector. At early times, i.e. ¢ — 0, we find

¢ < 1 and wg = —%. On the other hand, at later times, i.e. ¢ — 0o, we have 26 — 1 and wg = —1 which means

the fractal ghost energy has a cosmological constant behavior. Besides, it is calculated in the ultra-violet era that

i — e~ (3H —3) (1 26 — 24
GH-D(2-2-3)

wg =-—-1+ (19)

where

2 (H v
uv __
‘%—Hﬂt‘w) (20)

3 Ghost reconstruction of DBIl-essence

The corresponding action of DBI-essence scalar field model is given as

Ty _
s=- [dzy=g |10 [ |1 - vl (21)

where V' (¢) denotes self-interacting potential while 7'(¢) represents warped brane tension[41]. Next, the corresponding
energy and pressure densities of the DBI-essence are given by the following definitions[41,42]:

pper = (A= 1)T(¢) + V(8), (22)

PDBI = [/\ - /1\} T(¢) = V(). (23)
where .
N O

‘=117 (24)
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The above equation indicates that we always have T'(¢) > ¢ and A > 1. Besides, equations (22) and (23) give that
PDBI +PDBI = ()\ - %) T'(¢) have positive values[42].

We are now in a position to construct a fractal relation between the DBI-essence field and ghost dark energy models.
Thence, we assume that the DBI-essence model is the underlying theory for the galactic dark effect. Therefore, one
can easily see that equation-of-state parameter of the DBI-essence can be given as

X7 (g) — V(9)

PP NOT(6) + V(9) (25)
From equations (22), (23) and (24) we have[42]
¢*(ppsI1 +PpBI)*
T(6) = . 26
(#) (ppBI +PDBI)? — 9* (26)
V(g) = $*ppBI — poBi1(pPDBI +pDBI) (27)

¢2 + ppBI + PDBI

In order to construct a relation between the DBI-essence field and ghost energy, it is identified here that ppp; = pg
and wppr = wg. Hence, we can focus on two special cases[42]: A = constant and A # constant.
Case (i): If one assumes that A\ = constant, it can be easily seen that

o PG T pa PG
= '~ _ 1 re
¢ \ (1+we) h
a?(a+1)
_ 3HZt?oF3 Ht2 (3H — *) (10— Qf) (28)

AYH)"1(3H — %) (26 —2—2)

Therefore, we also obtain that

v 2( +1) « «
T(¢) = sirpes — g — (3H = §) (1 - 26 — O) (29)
(N —1)(MH)! (3H — %) (QG - 2-— %)
vallatl) oo (3H — 2) (1— 0 — 2f)
V(¢) =~vH — 3H2t20¥3 — Hie? t G f) (30)
(1+NOWH)"L (3H — 2) (26 — 2 - 2)
Making use of equation (28) it is found
. %%%%—ﬁﬁf@H—fﬂLﬁk—ng o
AYH)=' (3H — %) (26 —2— %)
Additionally, we introduce a new variable which helps us to rewrite the above relation in a very useful form:
z=Ina. (32)
So, considering this new variable, it can be written that
d d
—~ —H= 33
dzx dt’ (33)
and we obtain )
$=Hgy'. (34)

Here, the derivative with respect to z is denoted by a prime. We further consider the fractal cases. Thence, in the
infra-red fractal sector, integrating equation (31) yields

br(@) = Drmlao) / da\/ M20c(1 - Qq) (35)

\2—Q2¢)
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where ag denotes present value of the scale term. We also have

BAM206(1 — 26)
TIR(¢) |(/\=constant): (/\2 i 1)(2 — QG’) ) (36)

BAM206(1 — 26)

‘/}R(d)) ‘(A:constant): vH + (1 T A)(QG — 2) . (37)
Hence, it is found that
202 — 3\ — )Tr
mo _ . , 38
WpBI |(/\—constant) =+ 2)\()\ — ]-)TIR T ANH ( )

In Figures 1 and 2, we plot evolution of the warped brane tension, self-interacting potential and equation-of-state
quantity of ghost DBI-essence for the infra-red fractal profile.
Furthermore, making use of the ultra-violet fractal case we get

o dl 3H — 2) (1= N~ — UV
sovtt) = oovto + [ W | o el (39

Tov(6) | B )L B (40)
uv (A=constant) ()\2 — 1)(A’YH) (3H — 7) (QG _9_ 7)
dv_ —(SH—f)(—Q —QUV)
Vi =constant) = H— Az th 41
O [omeonstenty = =N O (3 — ) (2 —2- ) w
where
(T p(lly gt re+m) (5)"
- 22 (T XonZo Tt )
= T e ()
() r() T e )
Besides, we also have
uv A-1
WpBI |(>\=00nstant): -1+ NH Tyy. (43)

In Figures 3 and 4, we analyze numerically the evolution of warped brane tension, self-interacting potential and
equation-of-state parameter of the reconstructed DBI-essence scalar field for the ultra-violet fractal case. The Figure 3
implies that the warped brane tension and potential of fractal DBI-essence increase during evolution of the Universe.
Next, the Figure 4 shows that the ultra-violet equation-of-state parameter at late times ¢t — oo goes to —0.6 which
behaves like the quintessence model[43].

Case (ii): Assuming A = ¢! # constant[42] gives

B = (b +pa)? = (1 wapb =6 (@4
1 1

O —1+ & (45)

Vg = S2EVEZD, (40

where 2
va®(a+1
g(t):ﬁ_HtQ_(SH—f)(I_QG_Qf).
(YH)~L(3H — 9) (2 —2— 2)
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Using the new variable x = Ina to integrate equation (44) for @ = 0 profile yields

¢1r(a) = ¢rr(ao) / da ;:rgif)
| (20— 2)

=Ry constant)= —1 + ———>—,
Tin@) om0 = =1 S0 = 0)

T - H <\/7 e - 1)
VIR(¢) |()\;£constant): 5

H(1-Qc)
1+ 0 279GG

in addition to this, for o = 2, we also obtain

duv (t) = guv(to) +/ C(t)dt

1 1
T constan :_1“!‘*,
Tyv(¢) lxconstant) ¢?
(P —yH(C—1
VUV(¢) |()\7éconstant): H(C),
where
e — 2 — (BH - 2) (1 - ¢ — QYY)
C(t) = | T e i o=
(vH)™' (3H — 2) (¢ —2—3)
Ergo, one can find
-y
IR .
WpBI |()\7$constant)— -1+ v(1—5) N A=)’
1+y 1+/y
wuv | _ 14+¢
DBI |(A#constant) CQ n ’YH(l — C) — Cg(l n C)’
where
_2H(A - 06)
Y=o "o,

(50)

(57)

Taking v = 1, f2¢ = 0.72[44] and X = i # constant[42] in two fractal sectors, the numerical results obtained for

warped brane tension, self-interacting potential and equation-of-state parameter of the reconstructed DBI-essence are

plotted in Figures 5, 6, 7 and 8.

4 Statefinder Diagnostics

There are many dark energy candidates given in literature and it can be seen that some of them have been analyzed by
introducing statefinder diagnostic parameters[45]. These dimensionless parameters give an opportunity to characterize
properties of the selected dark energy model in a model independent manner([42]. The set of these parameters is given

as[42,45]
_a
- aH¥
r—1

§=—7,
3¢—3

(58)

(59)
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where
q=——"7 (60)

is the deceleration parameter. It is known that the deceleration parameter ¢ must be negative to define an accelerated
behavior for the Universe. The infra-red fractal profile gives the general theory of relativity and there is no fractal
contribution in this limit. In addition to this, in the ultra-violet fractal region, we have the following relation

)
)

a(t) =

m=0 F(13+m) m! 4
7 (61)

3’1

1 [r(
|:Z+oo (i n) (%)

33 | I(

al2lele

]2 Z-‘,—oo r(3+m) (4m+6) (2 )m

n=0 1 ( 13+n n!

Thence, we get

4 Z+oo r(+m) (am+e) (2z)™
[F({T?’) 3 42 —1 Lem=0 r(LB1m) M\
e dt? | 3t3 3n \nT 2
4 Z+oc F(%+n) (2%1) 3
n=0 F(14—3+n) n!
r = ( - )n 3 (62)
(L8 +n) £
po iyl oo (4 2t
i/l Z+Oo (i +4n) (71) 9 221 GG )Zn 0TI tn)
36 ? -3 5 3 ™
t n=0 I'(L+n) n! t 13t F(E)F(Q)ZJFOO r(LL4m) (2;)
4 4 m=0 r(f+m) ™ |
3 -3 |
n 3
d +oo I'(Y+n) (ﬁ) Z+oo I'(i+m) (4m+6) (777)
t 3t7 t6 n=0 I'(E+n) n! m=0 I"(L+m) m! 2t
q = — 5 2— b (63)
3 nl—6
+oo I(F+n) (ﬁ) Z+oo (4 +m) (4m+6) (ﬂ)m
3t7 t6 n=0 ( 75 n) n! m=0 F(%-{-m) m! 2t4
w2
a2 ZJroc r(id+4n) (2t4) Z+:>o r(il+m) (4m+6)( 37 )m
2 dt2 3f7 t6 n 0F(13+n) n! m=0 r(L4m) ™! 2¢4
[‘(ﬁ) 3
1T s o3 — 1
F(T) n\" p(ﬂ)p(g)z+w F(lsz-Fn) (2t‘ll)
i/l +oo I'(il+n) (7) 5 22g 4 4 n=0 r(if4n) !
6 Lun=0 F(13+n) nl Tt 13¢5 11 37\
raprap Y, fe (i)
m=0 I'(13+m) ! 64
s = 5 ) ) ( )
n\n g
a4 | 21| 1 oo TCEE4D) (2,,411) E+oo r(it+m) (47n+6)(7n)m
dt | +7 | ¢6 n=0 r(L34n) 7! m=0 r(Lf+m) m! 4
{F(E) ’ 3
4 _ 3
) .

—1
} 3n\n 7]~ 8
Z+°° (i +n) (2Tn4) Z+oo Lt +m) (am6) (ﬂ)m
317 16 n=0 r(LZ4n) ! m=0 r(P+m) m! 2¢4

To investigate evolutionary nature of the model, we first need to know the time evolution of scale term and Hubble
parameter. The deceleration parameter and statefinders versus time are plotted in Figures 9 and 10. The Figure 9
shows that the deceleration parameter shows a cosmic acceleration during history of the Universe which is compatible
with the recent observations[1-7]. This result shows that our research fits into the existing body of knowledge.

5 Discussions

It is known that scalar field descriptions[10-12,43,14] can be taken into account as an effective theory to work out the
nature of dark energy dominated universe and the ghost model has also been used recently to investigate the galactic
dark energy effect[20,31-33]. Besides, the reconstruction of scalar fields based on some well known dark energy models
can produce important conclusions and this idea motivated us to reestablish the DBI-essence scalar field model having
a non-canonical kinetic term. It is important to mention here that the new model with the redefined potential and
warped brane tension is a unique single-scalar description that can explain the evolution of universe. In addition to
this, scalar field models have very exciting feature of understanding the phantom crossing and the redefined form of
their potentials also give noteworthy physical implications in cosmology. On this purpose, we have mainly established
a relation between the DBI-essence and ghost models of galactic dark effect in a fractal universe.
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We have also analyzed graphically evolutions of the reconstructed warped brane tensions, potentials and the
equation-of-state parameters for both the infra-red and ultra-violet fractal profiles. As we have mentioned before, the
infra-red fractal profile, i.e. & = 0, gives corresponding relations of General Relativity. Figures 1, 2, 5 and 6 show
the evolutionary nature of infra-red quantities for A = constant and A # constant cases. However, it is better to be
focused on the ultra-violet fractal profile to get meaningful new conclusions. For the ultra-violet fractal regime, i.e.
« = 2, our calculations develop new knowledge that goes beyond the existing research and literature. For A = constant
case, the Figure 3 shows that the potential and warped brane tension of fractal DBI-essence increase during evolution
of the Universe. On the other hand, for A # constant case, the Figure 7 implies that the potential and warped brane
tension of ghost DBI-essence increase during the evolution of fractal universe. It is known that the cosmic inflation
and accelerated expansion of our Universe is identified by the equation-of-state parameter. For a constant A, it can
be seen from the Figure 4 that the ultra-violet equation-of-state parameter at late times ¢ — oo goes to —0.6 which
behaves like the quintessence model. Furthermore, for A # constant condition, we have seen from the Figure 8 that the
ultra-violet equation-of-state parameter acts like the ACDM model, i.e. w¥Y%, — —1. Besides, we have also discussed
the fractal deceleration and statefinder parameters. These parameters have been calculated to make our fractal model
distinguishable among many dark energy candidates. Our results give a deceleration parameter definition showing a
cosmic acceleration during history of the Universe which is compatible with the recent observations[1-7].

Additionally, the problem considered here can also be extended to the anisotropic case in order to investigate dark
energy with generalized equations of state[46]. Making use of an anisotropic spacetime model including three different
scale factors and a generalized energy-momentum description showing anisotropic dark energy interacting with dark
matter and dark radiation, one can arrive more general equations of state. After calculating the corresponding fractal
field equations and using an anisotropic energy-momentum definition, a generalized reconstruction can be performed.
Actually, the extended problem may be considered in another work.
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Fig. 1. Evolution of the warped brane tention and the self-interacting potential of fractal ghost DBI-essence in the infra-red
regime for v = M, =1 and A = 1.5.
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Fig. 2. Evolution of the equation-of-state parameter of the ghost DBI-essence in the fractal infra-red regime for v = M, =1
and A = 1.5.
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Fig. 3. Time evolution of the warped brane tension and the self-interacting potential of fractal ghost DBI-essence in the
ultra-violet regime for v =y = M, =1 and A = 1.5.
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Fig. 4. Time evolution of the equation-of-state parameter of the ghost DBI-essence in the fractal ultra-violet regime for
v=7y=M,=1and A =1.5.
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Fig. 5. Evolution of the warped brane tention and self-interacting potential of the ghost DBI-essence field in the fractal infra-red
regime for the case vy =1, 2¢ = 0.72 and A = ¢ # constant.
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Fig. 6. Evolution of equation-of-state parameter of the ghost DBI-essence dark energy for the infra-red fractal profile for the
case v =1, 2 = 0.72 and A\ = ¢ # constant.
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Fig. 7. Time evolution of the warped brane tention and self-interacting potential of the ghost DBI-essence in the ultra-violet
fractal sector for the case v =1, 2¢ = 0.72 and \ = ¢ # constant.
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Fig. 8. Time evolution of equation-of-state parameter of the ghost DBI-essence in the ultra-violet fractal territory for the case
v=1, 2¢ =0.72 and X\ = ¢ # constant.
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Fig. 9. Time evolution of the fractal deceleration parameter.
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Fig. 10. Time evolution of the fractal statefinder parameters: the upper and bottom graphics are plotted for r and s, respectively.



