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PREFACE

In this book authors for the first time define a special type
of fixed points using MOD rectangular matrices as operators. In
this case the special fixed points or limit cycles are pairs which
is arrived after a finite number of iterations. Such study is both
new and innovative for it can find lots of applications in
mathematical modeling.

Since all these Z, or Z! or (Z, U g) or (Z, U g); or C(Z,) or
C'(Z,) are all of finite order we are sure to arrive at a MOD fixed
point pair or a MOD limit cycle pair after a finite number of
iterations.

It is important to mention for each on state of the node the
MOD resultant will give node values from Z, or ZL or C(Z,) or
C'(Z,) and so on where the MOD directed bipartite graph takes

its values from Z, or Zf] or C(Z,) or C(Z,) and so on. Such

study is new innovative and certainly lead to several special



important applications in the field of science, engineering,
technology medicine and social issues. These models are
discussed and defined in the forth coming book. This book
gives lots of illustrative examples to make it easy for a non
mathematician.

Several problems are suggested about MOD special fixed
point pairs and MOD limit cycle pairs for the interested reader.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this

book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this chapter authors define, develop and describe a
special type of fixed point theory in case MOD-matrix operators.
Throughout this book by MOD-matrix operators we mean square
matrices which take entries from Z, or (Z, U D),
P=lor(Z,ug)g=00rC(Z,); ii=n-1;0r(Z,uh),h*=h
or (Z,uk); k*=(n- Dk.

These MOD matrix operators, operates on row vectors or
column vectors and after a finite number of iterations gives a
fixed point pair (fixed row vector or column vector) or a limit
cycle pair.

Thus using these MOD matrix operators we develop a new
view to the fixed point theory in general. We see in our study
also the domain and range space are the same viz. they are
either collection of all row vectors or collection of all column
vectors with entries from Z,, (Z, U 1) and so on.

Such study is new and innovative. We are sure to arrive at a
realized fixed point pair or a limit cycle pair as the number of
elements is finite. That is why modulo numbers are used. For
MOD theory refer [20-6].
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However if Z, is replaced by Z or R or C or Q we see in
general such study of arriving realized a fixed point pair or a
limit cycle pair is NP hard problem.

For more about the notion of neutrosophic element I refer
[3-4].

To arrive more properties about C(Z,) refer [11]. For the
notion of dual numbers and their properties refer [12].

For the concept of special dual like number refer [12].

The notion of special quasi dual numbers can be had from
[14].

Finally we get using these MOD rectangular matrix operators
always arrive at a classical fixed point pair or a realized fixed
point pair or a realized fixed cycle.

Several interesting open conjectures are proposed for the
reader.

Questions like the behavior of a MOD operator on two
elements and their sum.

Further functioning of two distinct MOD operators on a
single element and study for problem relations is left as an open
problem.

Further the study of interrelation between the number of
iterations needed and the type of MOD-matrix operator is also a
open conjecture.

Finally the study of the row vector x and x' the column
vectors behavior relative a MOD-matrix problem.

Thus this books has many innovative ideas and a new
perspective to the notion of fixed point theory.



Chapter Two

MOD FIxeDp POINT PAIRS OF MOD-
RECTANGULAR REAL MATRIX
OPERATORS

In this chapter for the first time authors define, develop and
describe the new notion of MOD rectangular real matrix
operators built using Z,, 2 < n < o. These operators are not
studied in general. However one can realize the parity check
matrix and the generator matrix of an algebraic code to be a
MOD - rectangular real matrix operator. Further they generate
or give code words.

We cannot define using them the notion of fixed point in the
classical sense or a realized fixed point or a realized limit cycle.

The venture of studying the above said fixed points happens
to be innovative and challenging. Since we are in the finite
collection of state row vectors we are guaranteed that after a
finite set of iterations we will arrive at a realized fixed point pair
or a realized limit cycle.

We will illustrate these situations by some examples for the
better understanding of this notion.



10 | Special Type of Fixed Point Pairs using MOD ...

Example 2.1: Let A =

S b~ O W

—_— O A =

S = O N

w o W O

S D O W

with entries from Z.

We call these matrices as MOD rectangular real matrix

operator.

LetD = {(Xl, X2, X3, X4) [ X; € Z6, 1<1 S4} and

R = {(y1, Y2, V3, V4 ¥5) | yi € Zs, 1 <1 < 5} the row state
vectors. These are defined as the related pair of state vectors.

Clearly if x € D then xA =y € Rand

Ay' = x" € D or we may use yA' € D we make it clear at
this juncture that both the techniques will explained and yield a

same fixed point pair.

Example 2.2: Let

S N O = O W o

A O N O 0 O N

S L O N O =

— O N O N O W

be the MOD real rectangular matrix operator with entries from

Zy.

D={(x, Xy ...X7)|Xj€ Zyg,1<1<7} and



MoD Fixed Point Pairs of MOD Rectangular Real ... | 11

R = {(y1, Y2, ¥3, Ya) | i € Zo, 1 £1 <4} be the domain and
range state vectors respectively associated with S the MOD
rectangular operator matrix.

Now we proceed onto make the definition.

DEFINITION 2.1: Let

a, 4y a,
S — a.21 a.22 a2n
aml am2 oo amn

be the MOD-rectangular m X n real matrix operator with
entries from Z, 2 <s < oo,

LetD = {(a;, ay, ..., a,) | a; € Z,, 1 <i <m} and

R ={(b, by, ..., y,) | b; € Z, 1 <i <n} be the associated
pair of Domain and Range state vectors with entries from S.

Many a times S will also be called as MOD-rectangular
dynamical system or in short MOD-dynamical system or MOD-
matrix operator.

When x € D and x xS is obtained it will also be termed as
effect of x on S.

The working of this MOD dynamical rectangular system
will be explained by an example or two.
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Example 2.3: Let

A O N O U O W

S A O WO = N
N O A O W o~

be the MOD rectangular real matrix operator with entries from

Zs.

Let D = {(x1, Xy, ..

state vector associated with S.

., X7) I x; € Zg, 1 £1 <7} be the domain

R = {(xy, x5, x3) | X; € Zg, 1 <1 < 3} be the range state
vectors associated with S.

Letx=(0,1,0,2,0,0,4) e D.

The effect of x on the MOD-dynamical operator S.

xS=(4,0,2)=y;
xS=2,4,4) =y
x2S =(4,2,4)=ys;
x35=(4,2,0) =y
xS=(0,0,2)=ys;
x5S =(2,4,0) =y

X3 =(0,0,4) =y

viS'=(2,0,2,0,4,0,2) =xy;
v2S'=1(0,4,4,0,2,4,4)=xy;
v38'=(2,2,2,0,0,2,0) =x3;
viS'=(4,2,2,0,2,2,4)=xy
ysS'=(2,0,0,0,2,0,4) =xs;
VeS'=(2,4,4,0,4,4,2) =X

y78'=(4,0,0,0,4,0,2) =xy;



MoD Fixed Point Pairs of MOD Rectangular Real ... | 13

x9=(4,2,0=y3(=ys)
¥aS'=(4,2,2,0,2,2,4) = xg (=Xy).

Thus we see the effect of x on the MOD matrix operator is a
realized limit cycle pair given by {(4, 2, 2,0, 2,2, 4), (4,2, 0)}.

Lety=(0,1,0) e R.

To find the effect of y on S.

yS$'=(2,1,0,3,0,4,0) =x;; x15=(0,0,2) =yy;
viS'=(2,0,0,0,2,0,4) =xy; x2S =(0,4,0) =y
v2S'=(2,4,0,0,0,2,0) =x3; x33 =(0,4,2) =ys;
v3S'=(4,4,0,0,2,4,4)=xy XS =(2,4,2) =y4
viS'=(4,4,4,0,0,4,0) =xs; XsS=(2,4,4)=Yys;

y5S'=(0,4,4,0,2,4,4) =x¢;
XS =(4,2,4) =y6 (=Y3) ;
YGS = (29 27 27 07 07 27 0) = X7 (=X3)'

Thus the resultant of y on the MOD matrix operator S is a
realized limit cycle pair given by {(2, 2, 2,0, 0, 2, 0), (4, 2,4)}.

This is the way operations are performed using the MOD
rectangular matrix operator S.

Letxq=(1,0,0,0,0,0,0)e D.
To find the effect of x, on S.

XOS = (37 27 1) = yl
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viS'=(2,2,0,0,4,2,2)=xy; x1S=4,2,4) =y
v28'=(2,2,2,0,0,2,0)=xy; xS =(4,2,2) =ys;
y3S'=(0,2,2,0,4,2,2)=x3; x33=(2,0,2) =y4
y4St =(2,0,4,0,0,0,0) =x4; xS=2,4,2)=ys;
ysS=(4,4,4,4,0,4,0) =xs; XsS =(2,4,4) =ys;

¥6S =(0,4,4,0,2,4,4) =Xq;
XeS =(4,2,4) =y7 (=y2);
Y7S = (29 27 27 07 07 27 0)

Thus the resultant in this case is also a realized limit cycle
pair.

Now we leave it as an exercise for the reader to find those x
in D or y in R which are classical fixed point pair other than the
pair {(0,0, 0,0, 0,0, 0), (0,0, 0)}.

Now we find will the sum of the resultant pair yield the
resultant sum.

Consider

x=(0,1,0,2,0,0,4) and
x0=(1,0,0,0,0,0,0) € D.
x+x=(1,1,0,2,0,0,4) € D.

We first find the effect of x + xo on S.
x+x%x9)S=(1,3,3)=yy;

yiS' =(0,3,2,0,3,2,0,4) = x;; x8=(0,0,2)=yx
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v28'=(2,0,0,0,2,0,4)=xy; xS =(2,4,0)=ys;
v3S'=(2,4,4,4,4,4,2) =x3; x33=1(0,0,4) =y
y4$t =(4,0,0,0,4,0,2)=x4 x,S=04,2,4)=ys;
ysS'=(2,2,2,0,0,2,0) =xs; X3 =(4,2,2) =y
v6S'=1(0,2,2,0,4,2,4) =X XeS = (4,4,0) =y

¥2S'=(2,4,2,0,2,4,4) =xy;
x75=(0,0,4) =ys (=y4) ;
ysS' =(4,0,0,0,4,0,2)=xg (=x4).

Thus the resultant of x+x, on the MOD rectangular matrix
operator is a realized limit point pair given by

{(4,0,0,0,4,0,2),(0,0,4}.

The realized limit point pair of x is
{(4’ 27 27 O’ 2’ 2’ 4)’ (4’ 2’ 0)}'

The realized limit point pair of xg is
{(2,2,2,0,0,2,0), (4,2, 4}

The sum of xS and x,S is {(0, 4, 4,0, 2, 4, 4), (2, 4, 4)}.

Sum of the resultant of Xy, + x is not the resultant sum of x,
and that of x.

Example 2.4: Let

(6026464
100406 0 40
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be the MOD real rectangular matrix operator with entries from
Zlo.

Let D = {(a, b) | a, b € Zo} be the domain of state vectors
associated with M.

R={(aj, ay ..., a7) l a; € Zjp; 1 £1 <7} be the range of state
vectors associated with M.

Letx=(5,3) e D.

To find the effect of x on M.
xM=(0,2,0,8,0,2,0)=y;; yiM'= (0, 4) = xy;
xiM=(0,6,0,4,0,6,0) =y, yaM' = (0, 0) = xy;
xM=(0,0,0,0,0,0,0) =ys;
ysM' = (0, 0) = x3 (=x2).

Thus the resultant of x = (5, 3) € D is a realized fixed point
pair given by

{(0,0),(0,0,0,0,0,0,0}.
Considery =(1,2,3,0,5,0,7) € R.

To find the effect of y on M.

yM'= (0, 8) = xy;
XIM = (07 27 07 07 89 07 27 0) = YI; YIMI = (07 4) = XZ;
xxM = (0, 6,0,4,0,6,0) =y y2M' = (0, 0) = x5

xsM=(0,0,0,0,0,0,0) =ys;

}’3MI = (0, 0) = x4 (=x3).
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Thus we see the resultant of y on the MOD rectangular
operator M is the realized fixed point pair
{(0,0),(0,0,0,0,0,0,0)}.

Now consider another MOD rectangular matrix operator N
of order 2 x 7 with entries from Z,,.

fo24006038
1200 406 0

} be the MOD rectangular

matrix operator with entries from Z,.
Now we find the effect of the same
x=(5,3)e DonN.
XN = (67 07 Ov 27 Ov 87 0) = yl; lel = (07 8) = Xl;
xiN=(6,0,0,2,0,8,0) =y yN'= (0, 8) = x5 (=xy).
Thus the resultant of x on N is a realized fixed point pair
given by
{(0,8),(6,0,0,2,0,8,0)}.

Let us find the effect of the same y = (1, 2,3,0,5,0,7) € R
on the MOD rectangular matrix operator N'.

yN'=(2,0) =x;
xiN=(0,4,8,0,2,0,6) =yy; }’1Nl =(0,0) = x»;
x2N=(0,0,0,0,0,0,0) =ys; yaN'= (0, 0) = x5 (=x»).

Thus the resultant of y on N'is a realized fixed point pair
given by {(0, 0), (0,0,0,0,0,0,0)}.
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Now we find M + N the sum of the MOD rectangular
matrix operators.

M+ N

[a)
N
S N
(@)
(e}
(e}

60 6464_+0240608
- 2004060

(@)}
\®)
(o)}
(o)}
(@)
(@)}

2
= :w‘
2 00

~
(a]
(a]
[en)

To find the effect of the same x = (5, 3) € D on the MOD
rectangular matrix operator W.

xW =(6,2,0,0,0,0,0)=y;; yiW' = (0, 0) = x5;

xxW =(0,0,0,0,0,0,0) =y ¥2W' = (0, 0) = x5 (=x2).

Thus the resultant of x on the MOD rectangular matrix
operator is a realized fixed point pair given by

{(0,0),(0,0,0,0,0,0,0)}.

We find the effect of the same y = (1, 2, 3,0,5,0,7) € Ron

the MOD rectangular matrix operator W which is the sum of the
MOD rectangular matrix operator M and N.

yW'=(2,0) =x;

xW=(2,4,2,2,0,2,4)=yy; yiW' =4, 0) = x,;
xxW=(4,8,4,4,0,4,8) =y yaW'= (8, 0) = xy;
xW=(,6,8,8,0,8,6)=y;; ysW'= (6, 0) = x3;

x3sW =(6,2,6,6,0,6,2) =y,

}’4Wt =(2,0) = x4 (=x)).
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xsW=(2,4,2,2,0,2,4)=ys (=y1).

Thus the resultant of y on W is a realized limit cycle pair
given by

{(2,0),(2,4,2,2,0,2,4)} I

The resultant of x on M is {(0, 0), (0,0,0,0,0,0,0)} 1II

The resultant of y on M is {(0, 0), (0,0,0,0,0,0,0)} 1III

The resultant of x = (5, 3) on N is
{(0,8),(6,0,0,2,0,8,0)} v

The resultant of y = (1, 2, 3,0, 5, 0, 7) on N is
{(0,0),(0,0,0,0,0,0,0)} Vv

Resultant of x =(5,3) on W =M + N is
{(0,0),(0,0,0,0,0,0,0)}.
The resultant of y =(1,2,3,0,5,0,7)on M+ N=Wis I

But sum of resultant of x on M and N is
{(0,8),(6,0,0,2,0,8,0)}.

The sum of resultant of y on M and N is
{(0,0),(0,0,0,0,0,0,0)}.

But resultant of on W is
{(2,0),(2,4,2,2,0,2,4)}.
From these examples we enlist some of the result as

theorems.

Now one more examples to this effect is given.
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Example 2.5: Let

S NV O W

A~ O =~ O

S W O A

be the MOD rectangular real matrix operator with entires from

Zs.

Let D = {(x1, X2, X3, X4) | X; € Zs, 1 <1 <4} be the domain

state row vectors associated with M.

Let R = {(y1, y2, y3) | yi € Zs, 1 <1 < 3} be the range space
of state vectors associated with the MOD rectangular matrix

rectangular matrix operator M.

Letx=(3,0,2,0) e D.

To find the effect of x on M is as follows:

M=(3,0,3)=y;

xiM'=(3,0,4)=y,;
xM=(,0,4)=ys;
xsM=(0,0,3) =y
xM=(4,0,0)=ys;
xsM=(2,0,2) =yg
xeM =(2,0,1)=ys;
xM=(4,0,1)=ys;

xsM = (0, 0, 2) = yq;

yiM'=(1,0,0,0)=x;
y-M'=(0, 0, 3, 0) = x;
ysM' = (4,0, 4, 0) = x3;
yaM'=(2,0,4,0) = x4
ysM'= (2,0, 3, 0) = xs;
yeM' = (4,0, 0, 0) = xg;
y:M'=(0, 0, 2, 0) = x7;
ysM'=(1,0, 1, 0) = xg;

ngl =(3,0,1,0) =Xo;
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xoM = (1, 0, 0) = yio; wat =(3,0,2,0) =x9 (=x).

Thus the resultant is a realized limit cycle pair given by
{(3,0,2,0) (1,0,0)}. I

Lety=(,1,1) e R.

To find the effect of y on the MOD-rectangular matrix
operator on M.

yM'= (2, 1,0,4) = x,:
yiM'=(0,2,1,3) =xy;
yM'=(3,4,3,1)=x3;
yaM' = (4, 3,3,2) = x4
yaM'=(4,1,1,4) =xs;
ysM'=(3,2,0, 3) = Xg;
yeM'=(0, 4,4, 1) = x7;
y:M'=(0, 3, 4, 2) = xg;
ysM'=(2, 1,2, 4) = Xo;
yoM'=(1, 2,2, 3) = x0;
yioM'=(1,4,4, 1) = xy;;
yuM'=(1,3,3,2) = x2;
yuM'=(1,1,0,4) =x;3;

}’13Mt =(0,2,3,3)=x4

xiM'=(1,2,3)=yy;
XM =(2,4,3) =y
xsM=(0,3,1)=ys;
xM=(3, 1,0) =y
xsM=(4,2,4)=ys;
xeM = (4, 4, 2) = yg;
xM=(4,3,2)=ys;
xsM=(3,1,2)=ys;
xoM = (0, 2, 4) = yo;
x1oM = (2, 4, 0) = yi05
xuM = (1,3,2) =y
xeM =3, 1,3) =y
xsM=(3,2,4)=y3;

xuM=(1,4,4) =y
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}’14Mt =4,4,4,1)=xs; x;sM=(0, 3,3)=yis;
}’15Mt =(2,3,4,2) =X xicM=(4,1,0) =y
}’161\/[t =(2,1,3,4) =xy73; xM=(2,2,2) =y3;
}’171\/[t =(4,2,0,3) =x5; xisM=(2,4, 1) =y0;
}’19Mt =(0,4,2,1)=xy9; XM = (4,3, 1) =y
Y20Mt=(1,3, 1, 2) = Xy0; XM = (0, 1, 2) = yay;
y21Mt=(3, 1, 1,4) =Xy xoM=(1,2,0) =yxn;
Yzth =(3,2,2,3)=x»; XM = (3,4, 3) = y3;
}’23Mt =(1,4,0, 1) = xy3; xosM = (3,3, 4) =y

yuM'= (0, 3, 3,2) = x5y and so on.

However as the number of elements in D and R is finite we
will arrive at a realized fixed point or a realized limit cycle afer
a finite number of iterations.

In view of these we have the following results.

THEOREM 2.1: Let

al 1 al 2 al n
M= ay a‘zz ay,
aml amZ amn

be the Mod rectangular matrix real operator with entries from
Zy 2 <5< oo
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Let D = {(ay, as, ..., a,) | a; € Z;; 1 <i <nj} be the domain
state vector associated with M.
Let R = {(b;, by, ..., b,) | bj € Zy; 1 <i < m} be the
collection of range of state vectors associated with the MOD

rectangular matrix M.

(i) For x;, x, € D if {a, b;} and {a;, b,} are the resultant
pair of x; and x; respectively using M.

If x; + x, € D and if {c, d} be the resultant pair using M.

In general {a;, b;} and {a,, by} are not in any way related
with {c, d).

(ii) y;, v € D and {c;, d;} and {c,, d,} are the resultant
pairs of y; and y; respectively using M.

If {x, y} be the resultant of y; + y, using M. Then in general
{ci, d;} and {c,, do} are not related with {x, y}.

Proof is direct from the examples given in this chapter.

THEOREM 2.2: Let

a, dp a,,
M= a?l a.22 a.z n
aml am2 amn

be the m xn MOD real rectangular matrix operator with entries
fromZ, 2 <s > oo

Let
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b, b, .. b,
N = b21 b22 b2n
bml bm2 mn

be the m xn MOD real rectangular matrix operator with entries
fromZs 2 <s < oo

Let D = {(x}, x5, ..., x) | x;, € Z,, 1 <i <m} be the domain
row vector associated M and N.

Let R = {(y1, ..., vi) | yi € Z,, 1 i <n} be the range space
associated with M and N.

If x € D has {a, b} to be the resultant pair on M, {c, d} be
the resultant pair on N and {t, u} be the resultant pair of x using
the MOD rectangular matrix operator M + N. Then in general
{a, b} {c, d} and {t, u} are in no way related.

Similar result is true for y € R.

Proof is evident from the examples proved.

Next we proceed onto define the develop some more
restricted properties on D and R and the mode of operating on

the MOD-rectangular real matrix operators.

Example 2.6: Let

S O W O NN O
A O = W O

S N O = O W
W O B~ O = N
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be a 6 X 4 MOD-rectangular real matrix operator with entries
from Zs.

Let DS = {(Xl, X2y veey X6) [ X; € {O, 1}, 1<1< 6, X; = 0
implies the off state and x; = 1 denotes the on state} and

Rs={(y1. ¥2,¥3, ¥4 ¥5) l yi € {0, 1}, I i< 4 y; =0 implies
the off state and y; = 1 the on state} be the domain and range
space of state vectors associated with Mod matrix operator M.

We will show how the elements of Dg and Rg function on M
in the following.

Letx=(1,0,0,0,0,0) e Ds.
To find the effect of x on M.

xM = (3, 2, 0, 4) after updating and thresholding xM we get
xM=@3,2,0,4)— (1, 1,0, 1) =y, say;

ylMl =4,1,4,0,2,2)>(1,1,1,0,1, 1) =x;
xM=(0,1,2,1) > (0,1, 1, 1) = y,;

szl= (1,3,3,3,0,2) > (1,1,1, 1,0, 1) = xy;
xM=(4,0,0,2) > (1,0,0, 1) = y3;

y3Ml =2,0,4,1,2,4)—>(1,0,1,1,1, 1) = x3;
xM=(1,4,3,2) > (,1,1,1) =yy

y4Ml =4,3,4,3,2,2)—>(1,1,1,1,1, 1) = x4;
XM= (1,0,0,2) = (1,0,0, 1) = ys (=y5) ;

ysM'=(2,0,4,1,2,4) = (1,0, 1, 1, 1, 1) = x5 (=x3).
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Thus a new type of situation is faced by us there are two
realized limit cycles pairs given by

{(1,0,1,1,1,1),(1,0,0, 1)}.

{(1,1,1,1, 1), (1, 1, 1, 1)} is the MOD realized limit cycle.

Lety=(0,0,0,1) € Rs.

To find the resultant of y on the MOD operator M.

yM'=4,0,3,1,0,4) — (1,0, 1,1,0, 1) =x;;

xM=4,4,3,2)—>(1,1,1,1) =yy;

yM'=4,3,4,3,2,2) > (1,1, 1, 1,1, 1) = xy;

xM=(1,0,0,2) > (1,0,0, 1) =y,;

yM'=(2,0,4,1,2,4) = (1,0, 1, 1,1, 1) = x3;

xsM=(1,4,3,2) > (1,1, 1, 1) =y; (=y)).

Next consider x = (0,0, 1, 1, 0, 0) € Ds.

To find the effect of x on M.

M=(1,4,3,4)>(,1,1,1)=y;

yM'=(4,3,4,3,2,2) > (1,1, 1, 1,1, 1) = xy;

xM=(1,0,0,2) > (1,0,0, 1) =y

yM'=(2,0,4,1,2,4) = (1,0, 1, 1,1, 1) = x3;

xM=(1,4,3,2) > (1,1,1,1) =y; (=y)).

Thus we will in this case also go on getting the same type
of realized limit cycle as resultant.
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Hence we leave it as an exercise to the reader the work of
finding any x € Dg and y € Ry which may yield realized fixed
point.

However we consider another MOD 6 X 4 rectangular
matrix operator N with entries from Zs.

1 2 1 2]
3 4 3 4
01 2 3
N = )
1 230
4 3 2 4
1 0 4 0

We find the effect of only those state vectors for which we
have already found the resultant using M now using the MOD
operator N.

Letx=(1,0,0,0,0,0) € Ds.

LetxN=(1,2,1,2) > (1,1, 1, ) =yy;

yN'=2,4,1,1, 3,00 > (1, 1,1, 1, 1,0) = x;3

xiN=(4,2,1,3) > (1, L1, D=y (=y1);

yN'=(2,4,1,1,3,00 5 (1, 1, 1,1, 1,0) = x, (= x)).

Thus we using this MOD -real rectangular matrix operator
obtain a realized fixed point just after one pair of iterations
given by

{(1,1,1,1,1,0) (1, 1, 1, D}.

Lety=(0, 0,0, 1) € Ry to find the effect of y on the MOD
real rectangular matrix operator N
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yN'=(2,4,3,0,4,0)— (1,1, 1,0,1,0) = x;;
xN=@3,0,3,3) = (1,0,1,1)=yy;
yiN'=(4,0,0,4,0,0) = (1,0,0, 1,0, 0) = xy;
N=2,4,4,2)—> 1, 1,1, 1) =y
yoN'=(1,4,1,1,3,00 > (1,1, 1, 1, 1, 0) = x3;
xN=4,2,1,3)>,1,1,1) =y; (=y2).
Thus the resultant of y = (0, 0, 0, 1) on N is a realized limit
cycle pair after three pair of iterations given by
{(1,1,1,1,1,0), (1, 1, 1, 1) }.
Letx=(0,0,1,1,0,0)e Ds.
To find the effect of x on N.
xN=(1,3,0,3)—>(1,1,0, 1) =yy;
yiN'=(0,1,4,3,1,1)—>(0,1,1,1,1, 1) = x;;
xIN=(4,0,4,0)— (1,0, 1, 0) = y;
yoN'=(2,1,2,4,1,00 > (1,1, 1, 1, 1, 0) = x5;
xN=4,2,1,3) >, 1,1, 1)=y3;
y:N'=(1,0,1,1,3,0) > (1,0, 1, 1, 1, 0) = x3;
xsN=(,3,3,4)—>1,1,1,1) =y, (=y3).

Thus the resultant of x = (0, 0, 1, 1, 0, 0) € Dg is a realized
fixed point pair given by {(1,0, 1,1, 1, 0), (1, 1, 1, 1)}.
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We realize the resultant happens to depends mainly on the
MOD real rectangular matrix operator. This is very much
evident from the above example.

Next we find some other type of MOD-real rectangular
operators using the modulo integers Z,.

Example 2.7: Let

52103
04321
1023 4

vo|5 6010
1110 1
02222
33303
050 5 5]

be MOD real rectangular matrix with entries from Zs.
LetD = {(Xl, X2y vuny Xg) | X; € Zg, 1<i< 8} and

R = {(y1, Y2 ¥3, Y4 ¥5) | yi € Zg; 1 <1 <5} be the domain
and range space of state vectors associated with M.

Let Dg = {(x1, X2, ..., Xg) I X;€ {0,1},1<1<8} and

Rs = {(y1, ¥2, ¥3, ¥4 ¥5) | yi € {0, 1}; 1 <1 <5} be the
special domain and range state vectors which depict the on or
off state of the elements in the state vector spaces Dg and Rg.

Now we will work with these four types of state vectors.
Clearly Ds € D and Rg < R but when operations are performed
on x in Dg it is distinctly different from the operations
performed with x is in D (for the same x is in Ds).

This will be illustrated here by this example.
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Letx=(1,1,0,0,0,0,1, 1) e D.

To find the effect of x on M.

xM=(0,6,7,7,4)=y,€ R;

yM'=(7,7,3,3,1,0,3,5) =x;

xM=(6,7,2,3,3)=ya

yM'=(7,3,7,3,2,6,6,1)=xy;

xM=(5,1,6,7,1)=ys;

ysM'=4,5,2,6,5,6,7,5) =x3;

xsM=(6,7,5,5,0)=y4

yM'=(1,5,7,6,2,2,6,4)=xy;

xM=(4,6,6,50)=ys;

ysM'=(6,4,7,5,0,2,0,7) = xs;

xsM=(6,1,4,1,1) =yg;

yeM'=(7,3,5,5,4,6,4,7) = X;

xM=(5,5,6,1,3)=ys;

y7Ml =(2,3,0,0,3,6,1,5)=x¢ and so on.

Even after 7 pair of iterations we are yet to arrive at a
realized fixed point pair or a realized limit cycle pair. However

. 8 . . .
we are sure with 8 — 1 iterations we arrive at the result.

Now we find the effect of x = (1,1, 0,0,0,0, 1, 1) as a
point of Ds.
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xM=(0,6,7,7,4) —>(0,1,1,1, 1) =yy;
yM'=(6,0,1,7,3,0,4,7) = (1,1,1,1,1,0, 1, 1) =xy;
xM=(7,5,2,3,1)>(1,1,1,1,1) =yy;

YzM‘: 3,2,2,5,4,0,4,7)—>(1,1,1,1,1,0, 1, 1) =x,
(=x1);

xM=(7,52,3, ) -0, L1 11)=ys(=y.

Thus with in a pair of two iteration we arrive at a realized
fixed point pair given by

{1,L,1,1,1,0,1, 1), (1, I, 1, I, D}.

Now it is important to note the following facts and keep
them on record. In the first place if D and R are used we can
only after a maximum number of 8 — 1 iterations arrive at a
resultant however in case of Dg and Rg we arrive at a resultant
after 8° — 1 iterations.

Lety=(1,0,0,0,0) e R.

To find the effect of y on M.

yMl = (59 07 19 57 17 07 37 O) =X15

xiM=(5,7,1,0,5) =yy;

YIMI = (77 47 37 37 27 49 67 4) = XZ;

xM=(1,2,5,3,5) =y

y2M'=(5,2,0,4,5,6,7,2) = Xs;

xsM=(1,1,1,6, 1) =ys;

yasM'=(3,4,1,1,4,4,4,0) = x;

| 31
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xM=(5,4,1,2,1)=yy
yM'=(5,0,1,3,3,0,1,3) =xs;
xsM=(7,1,5,6,1)=ys;
ysM'=(5,0,1,7,6,2,7,0) =X
xeM = (0, 4, 6, 6, 2) = yg;
yeM'=(4,0,6,6,4,4,4,4) =x7;
xM=(0,0,0,4,0)=yy;
y:M'=(0,0,4,4,0,0,0,4) =xs;
xsM =(0,4,0,4,4) =ys;
ysM'=(4,4,4,4,0,0,0, 4) = Xo;
xgM =(4,4,0,4,4) =y
yoM'=(0,4,0,0,4,0,4,4) =x;
x1oM = (0, 4,4, 4, 0) =y
yioM'=(4,4,4,4,0,0,0,0) =x,;;
xuM=(4,0,0,0,0)=y;
yuM'= (4,0, 4,4,4,0,4,0) = x;2;
x2M=(4,0,4,0,4) =y
yM'=(4,0,4,4,4,0,4,4) = x;3;

X13M = (47 07 49 49 0) = YIS;
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yisM'=(0,4,0,0,0,0,0,4) =x4
xiM =1(0,4,4,4,0)=y4
yuM'=(4,4,4,4,4,0,0,0) = x5
x1sM=1(0,4,4,0,4)=y;s;
yisM'=(0, 0,0, 0,4, 0, 4, 0) = x;
x16M = (0,0, 0, 0, 0) = yi6;
YieM'=(00000000) =x7;
XM =(00000)=y7 (=yi6)-

Thus the resultant is a realized fixed point pair given by
{(07 07 07 O’ O’ O’ 07 0)’ (O’ 0’ O’ O’ O)} - I

Lety=(1,0,0,0,0) € Rg

To find the resultant of on M.

yM'=(5,0,1,5,1,0,3,0) = (1,0,1,1, 1,0, 1,0) = x;
xM=(7,4,7,4,3)>{1,1,1,1,1)=yy;
yM'=(3,2,2,4,4,0,4,7)—>(1,1,1,1,1,0, 1, 1) = xy;
xM=(7,52,4,1)—>1,1,1,1,1) =y,

yM'=(3,2,2,4,4,0,4,7)—(1,1,1,1,1,0,1, 1) =x;
(=x2).

Thus the resultant after a pair of iterations is a realized fixed
point pair given by

{1,1,1,1,1,0,1, 1), (1, 1, 1, 1)} --- II

From I and II it is clear that after 16 pair of iterations we
arrive as a resultant the pair zero state vectors where as from II
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we see in case of (1, 0, 0, 0, 0) in Rg the resultant is a pair which
has all elements to be ones in both the state vectors except in
one place.

Consider x = (0,0, 0,0, 0,0, 0, 1) € D. To find the effect
of x on M.

xM=(0,5,0,5,5 =y;
yM'=(1,1,3,3,2,6,6,3) =xy;
xM=(@3,7,2,0,7) =y
yM'=(4,1,6,3,3,0,1,6) =xy;
xM=(7,2,1,5,1)=ys;
ysM'=(3,6,3,1,3,2,1,0) = x3;
xsM=(7,6,5,2,5) =ys;
ysM'=(3,0,3,1,7,4,5, 1) = xy;
xM=(5,7,7,7,0) =y
yM'=(6,7,1,2,3,2,1,6) =xs;
xsM=(7,4,7,5,5)=ys;
ysM'=(1,4,0,0,7,2,5,6) = Xg;
xeM=(3,2,7,4,7) =ys;
yM'=(7,4,1,7,3,0, 1, 1) =x;
xM=(,3,3,1,0)=yy;

yiM'=(2,7,6,4,3,6,1,2) = xg;
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xsM=(2,4,5,2,7)=ys;
ysM'=(4,2,6,4,3,6,1,2) =X
and so on. However after 8® — 1 number of iterations certainly
we will arrive at a realized fixed point pair or a realized limit
cycle pair. Now we work withy = (1,0, 0, 0, 0) € Rs on M.
yM'=(5,0,1,5,1,0,3,0) = (1,0,1,1, 1,0, 1,0) = x;;
xM=(7,4,7,4,3)>(1,1,1,1, 1) =yy;
yiM'=(@3,2,2,4,4,0,4,7)— (1,1,1,1,1,0,1, 1) = x5;
xM=(7,52,31)—->1,1,1,1,1) =y,
ywM=(3,2,2,4,4,0,4,7)—>(1,1,1,1,1,0, 1, 1) =x;3 (=Xp).

Thus after just two iterations we arrive at a realized fixed
point pair {(1,1,1,1,1,0,1, 1), (1,1, 1, 1, )}.

Letx=1(0,0,0,1,0,0,0, 1) € D. The effect of x on M is as
follows:

xM=(53,0,6,5)=y;; yM'=(6,5,3,1,5,4,7,6) =x;;
xiM = (0,6, 5,2,3) =y y2M'= (2,6, 4,6,6,0,0,6) =x,;
xM=(2,4,44,0)=ys; ysM'=(6,4,4,6,2,0,6,0) =xs;
xsM = (4,4, 6,24) =y, yM' = (6,2,6,6,2,0,6,2) =x;
XM =(6,6,4,62)=ys;ysM'=(4,2,0,0,2,4,6,4) =xs;
xsM = (0, 0, 6,0, 6) = ys; yeM' = (0,0, 4, 0,4, 0, 4, 6) = x¢;
xeM=(4,6,0,2,6)=y;; ysM' =(2,2,2,2,0,4,0,6) =xy;

X7M = (67 67 07 67 6) = YS;
ngl = (47 27 07 07 29 49 69 2) = X3,
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xsM = (0, 6, 6, 6, 6) = yq;
yoM'=(4,4,6,2,2,0,6,2) = xo;
xgM = (0, 4, 0,4, 6) =y0;
yioM'=(2,6,4,4,2, 4,6, 6) =x;
x;o0M =(6,6,6,2,6)=y;
yuM'=(2,4,0,4,0,0,0, 6) = x,;;
xum=(6,2,6,2,0)=yp;
yom'=(0,6,0,4,6,4,2,4) =x5;
xiom = (0,4, 6,4, 2) =y3;
ym'=(4,4,0,4,4,0,4,2) =x3;
xiam = (0,4, 0, 6,2) =y
yuum'=(6,6,2,6,6,0,2,4) = x4
xum=(2,0,0,4,0)=ys;
yism'=(4,0,6,6,2,0,6,2)=xs;
xism=(6,2,4,2,2) =y

yiem' = (4,2,4,4,6,4,0,6) =X
xiem=(2,4,0,2,2)=yy7

and so on certainly after a finite number of iterations we will
arrive at a realized fixed point pair or a realized limit cycle pair.
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Now take the same
x=(0,0,0,1,0,0,0, 1) as an element of Ds.
M=(53,0,6,5 —>(1,1,0,1, 1) =yy;
yM'=(2,7,0,4,3,6,1,7) > (1,1,0, 1,1, 1, 1, 1) = x;;
xM=(6,7,2,2,7)—>{,1,1,1,1) =yy;
yM'=(1,2,2,4,4,0,4,7) = (1,1,1,1,1,0, 1, 1) = xy;
xM=(7,5231)—>0,1,1,1,1)=y;(=y2) ;

yM'=(1,2,2,4,4,0,4,7)—(1,1,1,1,1,0,1, 1) =x;
(= x2).

Thus the resultant is a realized limit point pair given by
{1, 1,1, 1,1, 1,0, 1, ), (1, 1, I, 1, D}.

Hence the same state vector has different resultants on M.

Example 2.8: Let

)
S O v O O O O O W
A O O ©O O O = O O
O O O O O NN O O O
S O O N o o o o o
S O O O WO o O O
S O O O O O o o O

be the MOD rectangular real matrix operator with entries from
Zyp.
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Let D = {(aj, a, ..., a9) | a; € Z1p, 1 <1 £9} be the domain
space of state vectors.

Let R = {(b;, by, ..., be) I b € Zjp, 1 <1< 6} be the range
space of state vectors.

Ds = {(a}, a5, ..., a9) l ;€ {0, 1}, 1 £i <9} be the domain
space of special state vectors.

Rg = {(by, by, ..., bg) I b; e {0, 1}, 1 <i <6} be the range
space of special state vectors.

We study of effectof x =(1, 1,0, 0,0, 0, 0, 0, 0) € D on the
MOD rectangular operator M.

xM=(3,0,0,0,0,6)=y;
yiM'=(9,8,0,0,0,0,4,4,0) =x;
xM=(8,0,0,0,0,4) =y,
yaM'=(4,4,0,0,0,0,4,6,0) =x,;
xM=(4,0,0,0,0,8) =ys;
ysM'=(2,8,0,0,0,0,2,6,0) =x;;
xsM=(2,0,0,0,0,2) =y
yaM'=(6,2,0,0,0,0,6,8,0) =x;
xsM =(6,0,0,0,0,4) =ys;
ysM'=(8,4,0,0,0,0,8,6,0) =xs;
xsM=(8,0,0,0,0, 8) =y

y6Ml = (4’ 8’ 0’ 0’ O’ O’ 4’ 2’ O) = X6;
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xeM=(4,0,0,0,0,6) =y
yM'=(2,6,0,0,0,0,2,4,0) =xs;
xM=(2,0,0,0,0,2) =ys(=ya);
ngI =yM=(6,2,0,0,0,0,6,8,0)=x5 (=Xq).
Thus the resultant of x = (1, 1, 0, 0, 0, 0, 0, 0, 0) is a
realized limit cycle pair given by

{(6,2,0,0,0,0,6,8,0),(2,0,0,0,0,2)}.

Consider the same x = (1, 1, 0, 0, 0, 0, 0, 0, 0) to be an
element of Dg.

The effect of x on M.
xM=(3,0,0,0,0,6) - (1,0,0,0,0, 1) =yy;

YIM[ = (3’ 6’ 0’ 0’ 07 07 89 9’ O) - (19 19 0’ 0’ 0’ O’ 1’ 1’ 0)

= X15
XIM = (la Oa Oa 07 07 5) I (17 07 07 07 Oa 1) =YY (= YI)«

Thus the resultant is a realized fixed point pair just after one
iteration given by {(1,1,0,0,0,0, 1, 1, 0), (1,0,0, 0,0, 1)}.

Hence we see that in general a state vector in D M Dg
realized as a state vector of D gives a realized limit cycle pair
where as the same state vector in Dg M D realized as a state
vector in Dg results in a realized fixed point pair just after one
iterations.

So a researcher can work with the element in D or as in Dg
as per need.

This is one of the flexibilities enjoyed in the MOD-real
rectangular matrix operators. Further this cannot be achieved in
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general if we take a usual matrix operators from the integers Z
or rationals Q or reals R or C the complex numbers.

Thus using MOD real rectangular matrix operators happens
to be an interesting and innovative work which can be used in
mathematical models by researchers.

Lety=(1,0,0,1,0,0) e RN Rgto find the effect of y on
M realized as a state vector from R.

yM'=(3,0,0,0,0,7,8,0,0) =x;;
xM=(@3,0,0,9,0,0)=yy;
yiM'=(9,0,0,0,0,3,4,0,0) =x,;
xxM=(9,0,0,1,0,0) =y
y_M'=(7,0,0,0,0,7,8,0,0) =x;
xsM=(5,0,0,9,0,0) =yy;
yaM'=(5,0,0,0,0,3,0,0,0) =x;
xsM=(5,0,0,1,0,0) =ys;
ysM'=(5,0,0,0,0,7,0,0,0) =xs;
xsM=(5,0,0,9,0,0) =y
yaM'=(5,0,0,0,0, 3,0,0,0) = x;
xeM=(5,0,0,1,0,0) =ys;

ysM'=(5,0,0,0,0,7,0,0,0) = x7 (=xs).
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Thus the resultant a pair is a realized limit cycle pair given
by

{(5,0,0,0,0,7,0,0,0),(5,0,0,9,0,0)} and

{(5’ 0’ 0’ O’ O’ 3’ 0’ 0’ 0)’ (5’ O’ O’ ]" O’ 0)}'

Now we find the effect of y = (1, 0, 0, 1, 0, 0) realized as a
vector from Rg on M.

yMt = (3’ O’ O’ 0’ 0’ 7’ 8’ O’ 0) % (1’ 0’ O’ O’ O’ 1’ 1’ 0’ O)

= X1
XIM = (1’ 0’ 0’ 19 07 O) = YI (= Y)

Thus the resultant is a classical fixed pair. Hence the
difference between the states vectors behavior when realized as
element of Dy and Rg and that of elements in R and S is
distinctly different.

We give some more examples before we proceed work in a
different angle.

Example 2.9: Let

320000
160000
M=[0 0150 0
002300
0000 1 2]

be the MOD matrix rectangular matrix with entries from Zs.
R = {(x1, X, X3, X4, X5, Xg) Where X; € Zg, 1 <1< 6} and
D={(y1,y2 ¥3 yYs ¥s) | yi€ Zg, 1 <i<5}

Rs={(a;, ay, ....,a¢) la;€ {0,1},1<i1<6} and
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Ds = {(by, by, ..., bs) | b € {0, 1}, 1 £1 £ 5} be the
collection of all state vectors associated with M.
Letx=(3,1,2,0,0) e D.

To find the effect of x on M.

xM=(2,4,2,2,0,0)=yy;

xM=(4,0,0,2,0,0) =y
x2M=(0,0,0,6,0,0) =ys;
xsM=(0,0,2,2,0,0)=y4
xaM =1(0,0,4,0,0,0) =ys;
xsM =(0,0,4,4,0,0) =y
xeM =1(0,0,0,4,0,0) =ys;

x;sM = (0,0, 2,6,0,0) =ys;

yiM'=(6,2,4,2,0)=x;
yaM'= (4,4, 4,6,0) =x;
ysM'=(0, 0, 6, 2, 0) = x3;
yaM'= (0,0, 4, 4,0) = x;
ysM'=(0, 0, 4, 0, 0) = xs;
yeM' = (0, 0, 0, 4, 0) = Xg;
y:M'= (0, 0, 2, 4, 0) = x7;

ysM' = (0, 0, 0, 2, 0) = xg;

xsM=(0,0,4,6,0,0)= Yo, }’9Ml =(0,0, 2,2, 0) =xq;

xoM =(0,0,6,0,0,0)=y0;  yioM'=(0,0,4,2,0)=x;
xioM =(0,0,0,2,0,0)=y;;;  yuM'=(0,0,2,6,0) =x;;
xyM =(0,0,6,4,0,0)=y1; yM'=(0,0,6,0,0)=x;
xpM=(0,0,4,6,0,0)=y13 =ys;

yoM' = (0, 0, 2, 2, 0) = X3 (= Xo).

Thus we see the resultant is a realized limit cycle pair given
by {(07 07 27 27 0)7 (07 07 67 O’ O’ O)}'
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Next we consider the effect of y = (0, 1,2, 0, 0, 0) € R on

yM'=(2,6,2,4,0) =x; xM=4,0,2,6,0,0)=y;
yiM'=(4,4,0,6,0) =xy; xxM =(0,0,4,2,0,0) =y
yaM'=(0, 0, 6, 6, 0) = x3; xsM=(0,0,4,0,0,0) =ys;
y3Ml =(0,0,4,6,0) =xy4; xM=(0,0,0,6,0,0) =y

Y4Ml = (0’ 0’ 4’ 4’ O) = X5,
xsM = (0, 0,4,0,0,0) =ys (=y3).

Hence the resultant is a realized limit cycle pair given by
{(0,0,4,6,0),(0,0,4,0,0,0)}.

Now we find the effect of x = (1, 1, 1, 0, 0) € Dg on the
MOD rectangular matrix operator M.

xM=4,0,1,5,0,0)—>(1,0,1,1,0,0) =yy;
yM'=(3,1,6,5,00—>(1,1,1,1,0) =x;;
x1M=4,0,3,0,0,0)—(1,0,1,0,0,0) =yz;
yM'=3,1,1,2,00 = (1,1, 1, 1,0) = x, (= x)).

Thus the resultant is a realized fixed point pair given by
{(1,1,1,1,0) (1,0, 1,0,0,0)}.

Consider x = (1, 1,0, 0, 0) € Dg
To find the effect of x on M is as follows:
xM=(4,0,0,0,0,0)— (1,0,0,0,0,0) =yy;

yM'=(3,1,0,0,0) = (1,1,0,0,0) = x5
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xM=(4,0,0,0,0,0)—(1,0,0,0,0,0)
YZMl = (37 17 07 07 O) — (17 19 07 07 O) = (Xl)'

Thus the resultant is a realized fixed point pair given by
{(17 1’ 07 O’ O) (]" O’ 07 07 0’ 0)}'

Lety=(0,0,1,0,0,0) e Rs.

To find the effect of y on M is as follows:
yM'=(0,0,1,2,0)— (0,0, 1, 1,0) = x;;
xM=(0,0,3,0,0,0) = (0,0,1,0,0,0)=y; (=y).

Thus the resultant is the classical fixed point given by
{(07 07 1’ O’ O’ 0)’ (O’ O’ ]" ]" O)} Or
{(07 07 1’ ]" 0)’ (07 O’ ]" O’ 0’ O)}'

Now having seen various types of MOD rectangular matrix
operators we see we can have different type of operations on
them which will developed and described in the following.

All matrices used in this chapter are MOD real matrix
operators.

In order to develop the notion of face value ordering on
MOD-integers we need the following.

We know face value ordering notion is used in pack of
cards. We give the face value in case of modulo integers {0, 1,
2,3,4,...,n-1} =7Z,. The face value ordering is carried out in
this manner. Let 2, 3 € Z, we know 3 is bigger than 2. Thus
the face value of 3 is bigger than that of 2.

So we can for any X, y € Z, we can say bigger of {x, y} and
similarly smaller of {x,y}.
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However in case of Zs = {0, 1, 2, 3, 4} the face value
ordering of Zsis0<1<2<3 <4.

But certainly this face value ordering is not compatible with
respect to the algebraic operations of + and X.

So the ordering cannot be done hence we are forced to give
the face value ordering as in case of cards.

Now to make the face value ordering more technical we can
define the bigger of two elements by max and smaller of two
elements by min. At this juncture we wish to keep on record
that the face value order in Z, can never be compatible with
respect to the usual operations of + and X.

Further it is not the usual order. We can call this face value
order also as label value order, so in this book we call it is face
value order or label value order synonymously.

Further the term bigger as maximum and smaller as
minimum respectively.

We will illustrate this by some examples.

Example 2.10: Let Z, = {0, 1, 2, ..., 11} be the modulo 12
integers.

bigger {7,3} =max {7,3} =7,
smaller {7, 3} =min {7, 3} =3,
bigger {4,4} = max {4, 4} =4,
and smaller {4,4} = min {4, 4} =4.

This under face value ordering is denoted by 7 > 3, 7 is
bigger than 3.

3<7,3isless than 7
4 =4 is equal to 4.

So bigger {4, 4} =4 and smaller {4, 4} = 4.
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Certainly the face value ordering is not compatible with
respect to + and X. For 7 > 3 is the face value ordering.

Add5toboth7+5>3+5=12> 8§ that is 0 > 8 which will
imply bigger of 0 and 8 is zero an absurdity.

Hence we see the face value ordering is not in general
compatible with respect to +.

Consider 7 > 3 multiply by two 7 X2 >3 x 2 thatis 2 > 6
(7x2=2 (mod 12). This is not possible.

So in general the face value order is not compatible with
respect to X also.

That is why we made it very clear that we gave a new type
of ordering called face value ordering on MOD integers.

Example 2.11: Let Z9 be the integers modulo 19. Z; = {0, 1,
2,..,18}18>17>16>....>2>1>0and0<1<2<3<...
< 17 < 18 . Thus we have only face ordering on Zs.

Clearly one cannot have usual ordering.
Letx,y € Zjg. X<y (y>X).

Take {10,6} € Z19; 10> 6 or 6 < 10.
Clearlyis 10+ 10>6 + 6
20 (mod 19) > 12
1 > 12 which is an impossibility so even addition of a > b
with itself is not compatible.

Consider fora>b
axXa>bxb gives
10x10>6x%x6

100 (mod 19) > 36 (mod 19);

5 > 17 which is again an impossibility.
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Thus both + and X are in general not compatible with face
value ordering.

We will be using the notion of face value ordering define
max (bigger) and min (smaller) operations on Z,.

Suppose we have two MOD rectangular real matrices MOD
n with entries from Z,; where M is a MOD m X t matrix and N
is a MOD t X n matrix we get the resultant MOD m X n real
matrix by the following method.

Further we can get MOD m X n real rectangular matrix.

Example 2.12: Let

320

1 57 301 71 4
A=|0 2 3|andB=|7 1 2 0 2 O

4 0 6 3206 31

530

be any two MOD rectangular real matrices with entries from Z8.

3x6

320

1 57 301 71 4
AxB=]0 2 3 x |71 2 0 20

4 0 6 3206 31

530
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727574
533103
=|704253
6 4 406 6
43333 2|,

is again a MOD rectangular real matrix with entries from Zs.

Thus we can use this technique in the application of
mathematical models.

Further we can define for two compatible MOD real
rectangular matrices the notion of (max-min) composition.

We define P o Q.
(3 2 0]
1 5 7 301 71 4
=/0 2 3lo0o|7 1 2 0 2 0
4 0 6 3206 31
15 3 0]

=max min {p;; o gj] by the following way.

PoQ =

W W W W W
Ll ST S B (S R
NSRS RN SR 8]
L N W &N W
W W O W N

A b~ = =W

=R #PXxQ where P=A and Q = B.
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On similar lines we can find [ry] = min {max (pj, qi) }.

We find min {max (pj;, gjc)} for this P and Q.

(3 2 0]

1 5 7 301 71 4
PoQ=|0 2 3|[0|7 1 2 0 2 0

4 0 6 3206 31

5 3 0]

= min {max (pj, qu) } = [ri]

3 2. 0 2 2 1]

311 51 4
PoQ=(3 0 1 2 1 2.

41 2020

320 3 3 1|

Clearly this P o Q operator using min-max is different from
max-min and the usual product.

We see all the three operations yield different values.
However here we cannot talk of fixed points our only
motivation is to show that such type operations on MOD real

matrix operator can yield different MOD matrix operators.

We will illustrate this situation by more examples.
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Example 2.13: Let

- - 2 01 2

321056
31 01

4 09 2 01
4 0 9 8

M=|3 1 01 2 0O0|andN=

57 01

01 5071
6 0 2 0

200 400
- - 71 0 5

be two MOD rectangular matrix operators with entries from Z,,.

To find S =M X N, min-max of M o N and max-min
Mo N.

Consider

_ 2 01 2]

321 05 6
31 01

4 0 9 2 01
4 0 9 8

S={3 1 01 2 0
5 7 01

01 5 0 71
6 0 2 0

20 0400
- 171 0 5]

(8 8 2 6]

1 55 7

=16 8 3 8

2 2 91

_4826_5X4

is a 5 X 4 MOD-rectangular real matrix operator with entries
from Z,.

Now we use min-max operation on M and N is as
following.
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_ - [2 01 2
321056
31 01
4 0 9 2 01
4 0 9 8
MoN=[3 1 01 2 0|o
57 01
01 50 71
6 0 2 0
200 400
- - 71 0 5
(3 1 0 1]
3001
=3 0 0 1
2.0 01
2 0 0 1],

is a MOD matrix rectangular operator with entries from Z,q.

Let us now use the max-min operation to find M o N.

~ (201 2
321056
31 01
4 0 9 2 01
4 0 9 8
MoN=1{3 1 01 2 0fo
57 01
01 50 71
6 0 2 0
200 400
- - 71 0 5]
(6 1 2 5]
4 2 9 8
=21 2 2
6 555
4 4 1 2]

is the MOD rectangular matrix operator. All these three MOD
matrices are distinct.
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Now we instead of using two MOD matrices we make use
of column state vector and the MOD-rectangular matrices.

Next we proceed onto give operations on MOD-rectangular
matrices in a different way.

Let
mll mln
M= m21 m2n
mml mmn

be a m X n rectangular MOD real matrix operator with entries
from Zg; 2 < s < oo,

al
a, .
LetD=<]|. a,€ Zs; 1 <i1<n} and
an
bl
R= : bje Zg; 1 <j<mj}
b

be the associated column vectors of the MOD operator matrix
M.

Let X € Dthen MX =Y € R.
Consider M'Y =X, € D

Find MX, =Y, and so on.
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We proceed onto work till we arrive at a realized fixed point
or a limit cycle.

Certainly we will arrive at a realized fixed point or a
realized limit cycle after a finite number of iterations as both the
sets R and D are of finite cardinality.

We will describe this situation by some examples.

Example 2.14: 1et

W O oo
o = O = W =
N O W o O
S o O = O W

be the MOD matrix operator with entries from Zj.

R= |l ae Zy 1<i<6) and

D= *||ae Zy1<i<4)

be the range vectors associated with M.
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Let

e D.

S = O W

To find the effect of X on M.

(2 1 0 3] 2]
0 310 3 1
1 1 01 0 3
MX = = =y;eR
2 0 3 0 1 1
01 0 2 0 il 0
13 0 2 0_6X4 _3_
We find
"]
201 2 0 3|1 0
. 1 31 01 0]|3 0
MY1 = = = Xl e D.
01 0 3 0 2|1 2
301 0 2 01]0 1
3




MX] =

MX2 =

MX4 =
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3
0
:}72ER; MIyZ— 0 =X26D
2
0
1
=Yys3 € R; Mly3= 0 = Xs;
1
2
. 2
=Y4 My, = =Xy
3
0
2
— v 1\/[l — 3 =X«
—YS, YS— O - 55
2
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MX5 =

MXG =

MX7 =

= Ys>

=¥7

=Yyss

=Yos

Mly6 =

MlY7 =

MlYg =

NS TR e B ]

NS e 8]

S W NN

N O W O

= XGe;

=X7;

= Xg;

= Xo;
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1
1 3
1 l 0
MX, = 0 = Yio, My = 1 = Xio;
3 2
_O_
0]
1 0
1 [ 0
MXo = 1 =Y My = 2 =X
0 3
_3_
5]
2 3
3 [ 1
MX,; = > =Y My = 0 =X
2 1
_0_
5]
3 2
1 [ 3
MX,, = > =VYi3 Myis = 3 = Xi3;
3 1
_3_
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2
0 0
2 l 3
MX;; = =Y My, = = X3
1 3
3 2
_O_
R
1
1
MX,4 = 1 =VYis.
3
_2_

We are sure after a finite number of iterations certainly we
will arrive at a realized fixed pont or a realized limit cycle.

o0
1
LetY = 8 € R; to find the effect of Y on M.
0
_0_
3]
0 2
M'Y = 3 =x; € D; Mx, = > =Yy
1 3
0 3
_2_
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1
MY, = 3 = Xy;
3
2
1
MlY2= 0 = X35
3
3
1
MlY3= 2 = X45
1
1
3
MY, = 0 =Xy
0
1

Mxlz =

MX3 =

MX4 =

MX4 =

=Ys;

| 59
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=Ys;

=Yy

=Ys;

T 1
_013213_

T 1
_232212_

T 1
_023112_

MX5

MX6

= X65

N N AN -

M'Y,

MX7

= X7,

S — on A

M'Y,

=Yo;,

T 1
_332103_

MXg

= Xg;

N AN - =

M'Yy
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0
3 2
MY, = 2 = Xo; Mxy = 0 = Yo
0 2
3 0
_1 .
0
3 0
MY = 2 = X105 Mxo = : =Y
2 0
0 2
_1 .
]
0 3
MY, = ) = Xi1s Mx,, = 0 =Y
2 2
1 1
_0_
0
0 1
[ 0 0
MY, = = X125 Mxy; = =Y3;
1 3
0 0
_2_

| 61
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0

. 3
MY,;= ) = X135 Mx;3 =

0

1

. 2
MY, = 1 = X145 Mx 4 =

2

2

. 1
MY,s= 0 = X155 Mx;s =

3

0

. 0
MY = 3 = X165 Mx 6 =

2

=Y

=Yis;

=Y

=Y



MIY17 =

MIYlg =

MlYlg =

Mle() =

N W N W S N = O

=R S R \S)

S b o =
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= X175

= X185

= X195

= X205

MX17 =

MXlg =

MX19 =

MX20 =

=Yis;

=Y,

=Yo;

=Y>;

| 63
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0

. 1
MY, = = Xa15 Mx,, =

0

3

0

. 2
MYy, = 3 = X2, Mxy, =

0

2

. 1
MYy = 0 = X235 Mxy3 =

0

=Y,



M'Y,,

M'Y,s

M'Y

S W NN W

Ll \S IR \S N S

S D=
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= X4,

= Xas,

= X265

Mxy4 =

MX25 =

MX26 =

=Y>s;

= Yo,

| 65
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2
0 1
MYy, = ! = X275 Mxy; = 0 =Yg,
2 2
3 3
_0_
0
0 3
l 0 0
MYy = = X285 Mxyg = = Yoo,
3 1
0 0
_2_
0
. 1
MYy = ) = X9 (=X17)-
0

Thus we see the resultant is a realized limit cycle point is a
pair given by

S b = O

O =N = = =
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0
1
0 ) ) .
Thus we see the resultant of 0 € Ris arealized limit
0
_0_
cycle pair.
0
0 .
Letx = 0 e D. To find the effect of x on M.
1
3]
0 3
M ! R M 2
X = = (S ; = =X ;
0 Y1 Y1 0 1
2 2
_0_
]
2 2
M 3 M 3
X1 = = ; = =X ;
1 ) Y2 Y2 5 2
2 1
- 1 -
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2
3 0
2 . 2
Mx, = > =Ys; MYy; = 1 = X35
1 2
_2_
0
3 0
Mx; = 0 =Ys; M[Y3 = 2 = X45
3 0
3 0
_2_
5]
2 2
Mx, = > =Ya4 My, = 5 = Xs;
0 2
2 0
_0_
0
2 0
Mxs = e Ysi M'ys = 0| - X6}
2 0
0 2
_2_



MX6 =

MX7 =

MXg =
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= Ys>

=¥7

=Yyss

=Yos

Mly6 =

MlY7 =

MlYg =

MtY9 =

S O DO

N O DO S O O P

S N O O

= X7

= X3,

= Xo;

=Xj0 (=X4).
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Thus the resultant is a realized limit cycle pair given by

S O NN O
S N O NN

Now having seen the example of column state vectors
associated with MOD real rectangular matrices using the usual
product X.

We use the min-max and max-min operations and arrive at a
result.

We will illustrate this situation by some examples.

Example 2.15: Let

S = O W
wn O =
S N N O
—_— N O =
~N O WA
S = O W
W O N =

be the MOD rectangular real matrix operator with entries.

D= . a, € Zg; 1 <i<7} and
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biE Zg,lS1S4}

w

~
Il

o o o <o
[\S]

N

be the domain and column matrix with entries from Zg
associated with M.

2
0
0
Letx=|0]| € D.
0
0
_0_
To find the effect of x on M.
4]
4
6
4
0 t
MX: 2 :yl; MY1= 2 = X1,
0
0
0
_6_
4]
6
4
4
6 t
Mx, = 0 =y My, =4 |=x;
0
0
4
_6_
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6
0
6
0
0 t
Mx, = 0 =ys3; Mys;=|2]=x3
4
4
6
_6_
o7
6
0
4
6 t
Mx; = 0 = Y4 My,=|0| =x4
4
0
0
_4_
o7
4
0
4
6 t
Mx, = Nt Mys=16| =xs;
4
6
0
_4_




MX6 =

MX7 =

S &~ ~ & [N N

A O O B
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= Ys>

=¥

=Yss

MlY7 =

MlYg =

= Xé6»

= X7,

= Xg,
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= Xo.

0
— 0 — . I —
MX8 - = Yo, M Yo =
0
0

S O O O o © O

Thus the resultant of X = is the realized fixed point

S O O O O O ™

pair given by

oS O o O
S O O O o o o
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0
0
0
Lety=|0| € R. To find the effect of y on M is as follows.
0
0
_1_
3]
1
1
6
. 7
My = 0 =X; Mx,=|4]| =y
6
3
5
_3_
5]
6
3
0
. 4
My, = 4 = X2; Mx,=|7| =y
4
4
3
_3_
5
M !
= =X3.
Y2 6 3
2
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Mx; and so on. Certain the resultant will be a realized fixed
point pair or a realized limit cycle pair.

Now we for the same x find the realized limit cycle pair or a
realized fixed point pair using the operation min-max and max-
min respectively.

2
0
0
Letx=|0| € D. We find using the min-max operation.
0
0
_0_
o0
0
0
0
0 t
Mox= 0 ; My, =|0| =x3;
0
0
0
0

and Mx, =

S O O O
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Thus the resultant is a realized fixed point pair given by

S O O O O o O
S O o O

Now we use the max-min operation for the same x =

S O O O O O P

Mox= =y

S = O N

o
=
Il
_— NN = = NN
|
2
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Mox, = =¥

[N NS R NS R S

Mox,= =y3 (=y2).

[NSREN NS R \S I S

Thus the resultant of x = e D

S O O O O O P

is a realized fixed point pair given by

M'oy,

[SS I NS 'S R N T \S R AT \)

[NS I NS R \S R\

NS NS R (ST (S IR SR S S
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We see all the three resultant for the same x = e Dis

S O O O O O P

distinctly different.

Lety = e R.

S = O O

To find the resultant of y using X, max-min and min-max
operation on M.

3201 451 0
. |01 20 307 0
My = X

1 062010 1

050170 3 0

(3 0 1 0] 1]

21 05 0 0

0260 0 6
=1021><1:2:xl

4 3 0 7 0 0

5010 1

|1 7 0 3] 0]
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0
2
2
4
4 t
Mx, = 5 =Y My, =|6| =Xy
2
2
4
_6_
4]
2
4
4
2 t.
Mx, = 0 =Yy2 My, =|4| =X3;
6
0
4
_2_
6]
4
2
4
2 t.
Mx; = 0 =ys; Mys;=|2| =x4
0
6
2
_2_




MX4 =

MX5 =

MX6 =

N O o ~ ~ O O

A O B~ P
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4
6
4
=V Ml}’4 =14| =Xs;
2
4
_2_
o
6
4
=ys; Mys= |0 | = xg
0
2
_2_

6
4
0
= Ye; Mlys=|6| =x7;
0
4
2
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0
2 t
Mx; = =7 My, =
6
6
2
0 t
Mxg = =Ys; My =
0
2
4
0
4
4
6 t.
Mxo = 0 = Yo Myy= |6
0
2
4
_4_

6
0
0
2| =Xg;
0
6
_0_
6]
4
0
4 | = Xo;
6
2
_0_
= X105

Mx o = =Yio

[N N L)
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and so on.

We are not able to get the resultant even after 10 iterations.
However we will arrive at a realized fixed point pair or a
realized limit cycle pair after a finite number of steps. The

number of steps is less than 8* — 1.

Next we work using min-max operation for the same

e R.

S = O O

MOX]= =V

°
<
Il
©c oo o o o o
|
iy
©c o o o

=Xz (=X1).

o
=
1l
o oo o o o o
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Thus the min-max operation results in a realized fixed pair
given by

S O O O o o O
S O O O

Now we use the max-min operation for finding the resultant
of y on M.

o
0
1
! 1
Moy=|1|=x;; Mox, = 1=y1;
0
1
1
_0_
-
1
1
! 1
Moy =|1|=x;; Mox;= 1=Y2 (=y).
1
1
1
_1_
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Once again the resultant is a realized fixed pair given by

1
1
1
1
1
, |1
1
1
1
1
_1_
0
0
Thus we see the resultant of y = | on M for the three
0

different operations yields three different resultants.

Hence the researcher can choose any of the operations as
per need and work with the model.

Let us now work with MOD-matrix operators using the
domain and range vectors as on and off state vectors.

We will illustrate this by some examples.

Example 2.16: Let

301 2 5 1]
03010 3
2030 40
M:012301
1 006 03
310712
1 06 010
0 6 1 40 7]
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be the MOD real rectangular matrix operator with entries from
Zlo.

LetD=<| || ae {0,1};1<i<6)}

LetRs=<|b; || bie {0,1};1<i<8]}

be the special range space of state vectors.

Let us find the effect of

€ Ds.

S O O O = O
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=y,

_ o = O = O = O

AN ©O = O = O W O

( — the state vector has been updated and thresholded).

2 1
3] 1] 7 1
1 1 9 1
MYy, = o]t =x Mx = ||| =Ya;
5 1 0 1
1 1 4 1
3] |1 8 1
_8_ _1_
o1 ]
0] [0] 7 1
1 1 7 1
My, = oS! =X Mxy= s =y3 = (y2).
3 1 9 |1
1 1 1 1
7] 1] 7 1
_8_ _1_
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Thus we see the resultant is a realized fixed point pair given
by

1
o] |1
1|1
1|1
11
1|1
1] (1
_1_
o
0
0
Next we find the effect of y = 8 € Rs.
1
0
_0_
o =
3] [1] 7 1
1 1 6 1
M'y= 0 - 0 = X3 Mx, = > - ! =y
7 1 0 0
1 1 4 1
12 1] 2 1
_7_ _1_
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1o
9] [1] 7 1
1 1 9 1
Ml}ﬁ = > — ! = Xo; Mx, = ’ - : =y2=(y1)-
7 1 0 0
1 1 4 1
| 4| 1] 8 1
_8_ _1_

Thus the resultant is again a realized fixed point pair given
by

— = e e e

—_ = = O = = = e

This is the way resultant are calculated.

Now if the same x = is taken as element of D we see

S O O o = O
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0
3 [3]
0 7
Mx = ! =y My, = s =X
0 7
1 1
0 |4
_6_
o]
0 [3]
4 8
Mx, = 8 =Y M'y, = 2 = X2;
5 6
4 8
8 El
_6_
6]
9 8]
4 7
3 . 7
Mx, = =vys; My; = = X3 and so on.
8 7
7 6
3 1 6]
_5_

However we are guranteed of a realized fixed point pair or a
realized limit point pair with in the maximum number of
iterations 10°.
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0
0
0
Lety= 0 € Rs.
0
1
0
_0_
To find the effect of y on M.
0]
[3] 6
1 0
My = 0 =Xi3 Mx,; = ! =y
7 0
1 4
2] 4
_8_
My, = =X, and so on.

AN O X O B~

Thus we have to work with finite number of iterations say
10° times.
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Example 2.17: Let

(5 0 2 1 4 3]
0302011
M=[4 0 3 0 5 0
020102
1 0 4 0 3 0]

be the MOD rectangular real matrix operator with entries from
Zs.

LetRs=<la, || ae {0,1};1<i<5}

Ds={|b, || bie {0,1};1<i<6)

be the domain space of state vectors associated with M.

R = X3 X1€Z6,1S1S5}
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be the range state vectors associated with M.

Y

Y2
D= Y5 XIEZ6,1S1S6}

Ys |

be the domain of state vectors associated with M.

1
0
i 0
Now we find the effect of x = 0 on M as element of Dg.
0
_0_
_ o 4] 1]
5 1
0 0
0 0
. 3 1
Mxx=4|=>|1]|=yj; My, = 1 %1 =Xj;
0 0
2 1
1 1
i i 3] 1]
. 0] [O]
3 1
5 1
3 1
. 0 0
Mx;=|0| =|0| =y MYy, = 4 - | = X2;
3 1
1 1
2 1
i i 10 10

| 93
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_ _ 4 1
5 1
5 1
5 1
Y
Mx,=[5| —|1 =Y3; MY3: 4 - 1 = X4,
3 1
0 0
3 1
e - 0 0
Mx, = =y4 (=y3).

N W I W N
—_— = = e

Thus the resultant of x is a realized fixed point pair given by

S VU N 'y

S O = = =

Lety=

- o O O O
m
~
¢

To find the effect of y on M.
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=Y

0—10

MX]

=Y

50 —-]1

MX]

Thus we see the effect of | 0
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is a realized fixed point pair given by

O VU g 'y

S O = = =

We can find the effect of any x € D (or y € R) any one of
the operations X or max-min or min-max on the MOD matrix
operator M.

Clearly it can be easily verified that the resultant of x € D
(or y € R) can be realized fixed point pair or a realized limit
cycle pair depending on that x and M after a finite number of
iterations.

Problems

1. Obtain all special features associated with MOD real
rectangular matrices M with entries from Z, with associated
domain state vectors D and range state vectors R.

2. Find all essential and important properties enjoyed by MOD
real rectangular matrices M with associated from Z, but
with associated domain space of state vectors Dg and range
space of state vectors R.

3. Compare for any M problems (1) and (2).
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30 2 1 5

6 0 8 11
16 0 17 0 5
6 11 0 10 1
4. LetM= be the MOD rectangular

15 0 14 0 12
0 1 0 5 O
7 0 2 0 4
10 16 14 11 12

real matrix operator with entries from Zo.

Let D = {(xy, X3, ..., Xg) | X; € Zj9, 1 £1 <8} and R = {(yj,
V2, Y3, Y4» ¥s5) | Vi € Zy9, 1 <1< 5} be the domain and range
space of state vectors associated with M respectively.

Let Dg = {(x, X2, ..., Xg) | x; € {0, 1}, 1 £1 < 8} and
Rs = {(y1, ..., y5) lyi € {0, 1}, 1 <1 < 5} be the special
domain state vectors and special range state vectors
associated with M respectively.

(i)

(ii)
(iii)
(iv)

v)

(vi)

(vii)

Find all classical fixed points of M for D.

Find all classical fixed points of R associated with M.
Find all realized fixed point pairs of R and D
associated with M.

Find all realized limit cycle pairs of R and D
associated with M.

Find the realized fixed point or the realized limit
cycle point pair which has maximum number of
iterations.

Enumerate all realized fixed point pair and realized
limit cycle pair which has minimum number of
iterations.

Can we say state vectors B and D mentioned in
questions (i) and (ii) are inter related.

(viii) Study questions (i) to (vii) for Dg and Res.
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al a2 al()
a a a
11 12 20 .
5. LCtM1= 31626,1S1S40
a21 a22 a30
a31 a32 a40

be the MOD rectangular real matrix operator with entries
from Z.

Let D, R, Ds and Rg be as in problem 4 with appropriate
changes.

(i)  Study questions (i) to (viii) of problem 4 for this M.
(ii)) Can we say the structure of M; as a matrix contributes
to questions (i) to (viii) of problem 4.

fa, a, 0 0 O O O O]
a, a, 0 0 O O O O
0 0 a a O O O O
0O 0 a, a2 0 O O O
0o 0 0 0 a a, 0 O

6. LetP=
0 0 0 0 a, a, 0 O
0O 0 0 0 O 0 a; a,
0 0 0 0 0 0 ajs ag
a, a, 0 0 O O O O
la, a, 0 0 0 0 0 O]

be the MOD rectangular real matrix operator with entries
froma; € Z43, 1 £1<20.

(i)  Study questions (i) to (vii) of problem 4 for this P
with appropriate changes.
(i) Enumerate all the special features enjoyed by P.
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(ii1) If P, and P, are two distinct matrices of the form P.
Can we say if x is a realized fixed point pair of P, and
P, so will be x on the MOD operator P; + P,?

301240571

070106050
7. LetM=

1 1100044 4

0007 6 5000

be the MOD rectangular real matrix operator with entries
from Zs.

(i)  Study questions (i) to (viii) of problem 4 for this M.
) Ifxy;=(0123)andx,=(1010)e D. Find x;M and
x,M. If x;M and x,M related with (x; + X,)M?

8. LetB= be the MOD rectangular matrix with

— A W W = NN O W
N O O N O =
W O = O W o = O O
A9 O W kA DO N

entries from Z,,.

Study questions (i) to (viii) of problem 4 for this B.
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LetC=

entries from Z.

© O N O B~ O NN O =

S N O LB O W o =

O N O L O W o =

© O N O B~ O N O O

be another MOD real matrix with

i) Ifx=(123000001)e D find the resultant of xB

and xC.
(ii)) Compare it with the resultant of x(B+C).
(iii)) Study questions (i) to (viii) of problem 4 for this B, C

and B + C.

9. LetS, =

~N N L D O~ W

AN O O O O O

W = N O = O B

S = O W N W O

and S, =

S O O O o © O

O WL AN = WO

S O O W O W O

AN O W o O O 3

and

be two MOD rectangular matrix operation with entries from

le.

(i)  Study questions (i) to (viii) of problem 4 for this S,

and S».

(ii)) Compare the resultants of S; and S, with that of S; +

S,.



10.

11.

12.

13.

14.

15.
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(iii)) Ifxandy arein D.
(a) Find the resultant of xS;, yS,, x(S; + S»), ¥
(S1 + Sy), x+y)S1, (x+y)S; and (x+y) Si+S,.
(b)  Are these resultants in any way related?

Does there exist a MOD restangular real matrix operator M
which yields for every x € D and every y € R only classical
fixed point pairs.

Is it possible to find MOD real rectangular matrix operators
M which are such that all resultants of x € Randy € D are
only realized fixed point pairs?

Is it possible to find MOD find rectangular matrix operators
M which are such that all x € D and y € R give the
resultant only as realized limit cycle pairs?

Find those MOD real rectangular matrix operators M for
which y, x € D and xD, yD are resultants then the resultant

sum is the sum of the resultants of x+y on D.

Characterize all those MOD rectangular matrices for which
problem 13 is not true.

LetM =

S L ©O B~ = O W
N O O B~ O = B
S N =R O N N O
L O = O N O
S N O WO

be a MOD rectangular matrix operator with entries from
Zyo.
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al
a2
LetD=<|a, || ai€ Zi, 1 <i<5} be the domain state
a4
L35
_bl _
b2
vectors associated with M and R = <| b, || bie Z,
L bs ]

1 <1 <7} be the range state vectors associated with M.

1) Find all realized fixed point pairs of M.

(i1) Ifx= € D, find the resultant of x on M, that

S D = O W
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(iii) Can M have classical fixed point pairs associated

with it other than

S O o o O
S O O O O o O
;)

@iv) Obtain any other special feature associated with this
type of MOD rectangular matrix operator.

v) Find the resultant of x on M if ‘X’ operation is
replaced by max-min.

(vi) Find the resultant of x on M if ‘X’ operation is
replaced by min-max.

(vii)  Compare the resultants in all the three cases.

(viil)  Suppose we take y = € R. Find the resultant

- O O O O = =

of M' x y, M' 0 y under max-min operation and
min-max operations.

Compare the resultants.
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32105 2 3 4

0406 07 0 2
16. Let M =

6 01 05 010

07 0 3 0405

be the MOD rectangular real matrix operator with entries
from Z;.

Letx = e D;

- O = O O O O W

find M X x, min-max and max-min using M.

(i) Is this a realized fixed point pair or a realized limit
cycle pair.

(i) Letys= eR, find M'oy with max-min and

N O = O

min-max. Find all the resultant M' X y.

(iii) Characterize all realized limit cycle pair associated
with M.

(iv) Characterize all those realized fixed point pairs
associated with M.

(v)  Can M have classical fixed point pair?
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2 11 1]
0 13 0
4 5 9

17. Let W = 10170 be the MOD rectangular matrix

4 8 16
5 17 0
0 19 12

|14 0 0|

operator with entries from Zy.

X
LetD=4|X, || Xi€ Zy; 1 <i<3}and
X3
al
Ds=4|a, || ai€ {0,1}; 1 <i<3} be the domain space of
a3
state vectors and special domain space of state vectors
respectively.
Yi
bp) .
LetR = . Vi€ Zyy; 1 £1< 8} and
Ys
bl
b, .
Rg = . b; € Zyy; 1 <1< 8} be the range space of state
b8

vectors and special range space of state vectors respectively.
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1
(i) Letx= 0] € D find the resultant of x on W.
1

1
(i1) Let x = 0] € Ds find the special resultant of x on W.
1

1
0
0
(iii) Lety= g € R, find the resultant of y on W.
1
0
L 1 _
=
0
0
@iv) Lety= 8 € R find the special resultant of y on W.
1
0
L 1 J

(v) Compare the resultants given in questions (i) and (ii).

(vi) Compare the resultants given in questions (iii) and (iv).



18.

19.
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(vii) Can there be a x € Dg < D which gives same resultant
over W?

(viii) Does there exist a y € Ds € D which gives same
resultant over W realized as an element of Dg and that

of D?

(ix) Study questions (i) to (viii) if X operation is replaced
by min-max and max-min.

Give any applications of the MOD real rectangular
operators built using Z,.

Let X =

w o = O ~ O W
S H O N O = O
W O = O = O =
S H O N O =
W O = O NN O W

be the MOD matrix real operator with entries from Zs.

X, .
LetD = . X € Zs; 1 <15}

be the domain space associated with X.
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Y

LetR=1]"2|| yie Zs: 1<i<7)

Y,

be the range space associated with X.
(i) Find all realized fixed point pairs associated with X.

(i) If Xis realized as a MOD rectangular real matrix W,
with entries from Z¢ compare them as MOD operators.

(iii) Ifa= € Rfind W oaand W'x aand W, o aand

S v = O O W o

W, x a. Compare the resultant.

(iv) What are the advantages or disadvantages of using the
field Z5 instead of the ring Zs?

(v) Letb= e Dfind Wxb,Wob, W,oband

— O O N O

W, x b.
Compare the four resultant appropriately.
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(vi) Obtain any other special feature associated with W
and W,.

20. Let W = be the MOD real rectangular matrix

N L O N O =N W
N O = = O W O = O

operator with entries.
(i)  Study the special features associated with W.
(i) If Z; is replaced by Zg can we say the number of

iterations in case of Z; is more than that of iterations
resulting by using Zs.

3
(i11) For x = L} € D find the resultant on W.

@iv) Fory= € R find the resultant on W.

SO = O O O N = O =
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21.

22.

3
(v) Forx, = [2} € D find the resultant of x; on W.

(vi) Find the resultant of x + x; on W.
(vii) Is resultants in (iii), (iv) and (v) related?
Find all n X m (n # m) MOD matrix operators with entries

from Z, which are such that all element x in D and y in D
are classical fixed point pairs.

LetM= be a MOD rectangular matrix

—_— O O = O =D

S O = O == O
O = O = = = = O

operator with entries from Z,.

0
(1) Letx=|1| e D. Find the resultant of x on M.
0



23.

24.
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(i) Lety= € R, find the resultant of y on M.

S =, O O O O = O

(i11) Can M have state vectors in D or R which are classical
fixed point pairs?

1
(iv) Letx;=|0]| € D find the resultant of x; on M.
1
1
(v)  Find the resultant of x; + x; = | 1| on M.
1

(vi) Does there exist a relation between (i), (iv) and (v)?
Give all the probable applications of MOD rectangular real
matrix operators.

Characterize all those MOD matrix operators M which have
every x € D and y € R have only realized fixed point pairs.
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1 0 1 1 1 0 1 1]
01011101
25.LetP={1 0 1 O O 1 O 1] bethe MOD real
01011111
1 111110 0]

matrix operator with entries from Z,.
LetD={(a;,...,ag) laje Z,; 1 <1< 8} =Dgand

R= {(by, by,...., bs) Ibj € Z; 1 <1< 5} =Rg be the special
domain state vectors and special range state vectors.

=
0
1
Ifx = 1 € D; find the realized resultant.
0
1
_0_
=
0
1
Ifxe i € Dq find the realized resultant.
0
1
_0_

Compare the resultants.



Chapter Three

MOD FIXED POINT PAIRS USING MOD
RECTANGULAR MATRIX OPERATORS WITH
ENTRIES FROM (Z,, U |) OR (Z, U g) OR
(Z, U h) OR(Z, U k) OR C(Z,).

In this chapter we study MOD rectangular matrix operators with
entries from various fields or rings (Z, U I) the neutrosophic
ring with I* = I or from dual number MOD ring (Z, U g), g© =0
and so on.

All these situations will be represented by examples and
their properties will be enumerated.

[3+1  2I 1]
0 2+ 31 I

Example 3.1: Let S = 21 0 A+l
0 2 0

31+1 0 2+1

. 0 41+1 2|

be the MOD neutrosophic matrix operator with entries from
(Zsul)={a+bl/a,be Zs, F=1}.
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D={(a;, a,...,a5) laje (Zs U ) 1<i<6} and

R ={(b;, by, b3) I b;e (Zs UI); 1 <£i< 3} be the collection
of domain state of vectors and range space of state vectors
respectively.

Letx=(2,14L0,0,0, 0) € D.

To find the effect of x on S.

xS=1+2L2+22+2]) =yy;

ViS'= (41, 4,2 + 21, 4 + 41, 41, 21 + 1) = x;

x1S=0CL2+2L2[+4) =y,

VoS = QI +4,4+ 21,21 + 4,4 + 41,21 + 3, 2) = x5;

xS=(13,3)=y;;

y3St =3,1+2L,41+3,1,1+ 21,4+ 2I) = x5 and so on.

However after a finite number of iterations we arrive at a
MOD realized fixed point pair or a MOD realized limit cycle pair.

Lety=(1,0,0) € R.

To find the effect of y on M;
yM'=(3+1,0,2L 0,31+ 1,0) = x;;
xM=(,3L31+2)=y;
yM'=(B1+2,0,2, 1,4, T+4)=xy;
xM = (0, 4 + 31, 2I) = yy;

yoM'= (1,3 +41,0,3+1L 1, 4) = x3 and so on.
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However after a finite number of iterations we will arrive at
a realized fixed point pair or a realized limit cycle.

Letx=(1,0,0,0,0,0) e D.

To find the effect of x on M;

xM=@L2L D =y;;

yiM' = (1, 1, 31, 41, 41, 2I) = x;;

xM' = (1, 41, 31) = y;

y.M = (0, 31 21, 31, 3L, I) = x, and so on.

Certainly after a finite number of iterations we will arrive at
a realized fixed point pair or a realized limit cycle pair, however
the pair of state vectors will only be a pure neutrosophic pair of

row vectors.

Example 3.2: Let

0 I 0 3+1 4 3
10 2 0 141 0
“l+1 2 0 4+1 0 4
0 241 1 0 1421 2

be the MOD neutrosophic matrix operator with entries from
(ZeuD={(a+blIP=1a,be Z).

Let D={(aj, a5, a3,a4) laje (Zgu ) 1 <i<4} and
R={(by, by, ..., bs) I bje (Zs U I); 1 <i< 6} be the domain
and range state vectors respectively associated with MOD

operator.

Letx=(1,0,0,1) e D.
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To find the resultant of x on M.

M=(00,2+2LL3+L5+22+3D)=y;;

yM'=(5+41,5+5L0,1)=x;

xM=0G+5L2+4L4+5L,3+3L2+3L31+2)=y,
we can find y,M" and so on.

Certainly as the cardinality of R and D are finite we are sure
to arrive at a resultant as a realized limit cycle pair or a realized
fixed point pair after a finite number of iterations.

Lety=(,0,0,0,0,0) e R.

To find the effect of y on M.

yM'=(0,1,1+1L0) =x;

xM=Q2+L2+22,4, 1+, 4+4]) =y

yiM' = (4,1 +41,2 +41, 5 + 41) = x,;

xM=C@B+2L2+5L2+5L2+2L4+1,0) =y,

However we are guaranteed of arriving at a realized limit
point pair or a realized limit cycle pair after a finite number of
iterations as a resultant of y on M.

Next we proceed on to give another example.
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Example 3.3: Let

3 1+1 ]
21
51+1 0
I 3
S=| 0 41+2
61 I
0 6I+6
4 41
2421 0 |

be the MOD neutrosophic rectangular matrix operator with
entries from (Zg U I).

LetD={(aj, a, ...,a) la;€ (ZguI); 1 <i<9} and

R={(a,b)la,be (Zs UI)} be the domain and range space
of state vectors respectively associated with S.

Letx=(0,0,0,0,0,0,0, 1) e D.

To find the effect of x on S;
xS=2+5L1+D)=y,e R;

viS'= (7 + 21, 41, 2, 3+2I, 2 + 21, 41, 21+6, 41, 4) = x;;
xS =(7+ 51, 6]) =y,

y2S'=(5+3L 4L, 7 +1, 6, 41, 61, 0, 4 + 41, 6 + 4I) = x, and
SO on.

We will arrive after a finite number of iterations the
resultant of X to be a realized fixed point pair or a realized limit
cycle pair.
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Lety=(0, 1). To find the effect of y on S.
yS'=(1+1,2L,0,3,41+2,1,61 + 6, 41, 0) = x;
xS=C3+4L2+4) =yy;
yiS'=(B+6L41,71+3,6+31,4,0,4 +41, 4,6+ 6]) =x,.

We can proceed on to find the resultant. Certainly after a
finite number of iterations we will arrive at a resultant.

Next we give some examples of special type.

Example 3.4: Let

—_— O = W
wn K~ = O
S O N =
—_— W O N
— O = W

be the MOD neutrosophic rectangular operator with entries from

Let D={(aj, a5, a3,a4) la,€ (Zg U I); 1 <i<4} and

R = {(bh bg, b3, b4, bs) | bi € <26 |\ I>, 1<i< 5} be the
neutrosophic initial state vectors.

Letx=(3,0,1,0) e D.
To find the effect of x on P.
XP=(3947 37 37 3)=YI; YIPl=(3, 47 195)=X1;

xP=(0,3,5,2,0)=yy szt =3,1,0,5) =xy;
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XQP = (3a47 Sa Sa 3) = Y3> Y3Pt = (37 27 17 1) = X3;

xsP=1(0,5,1,3,0) =y yiP'=(1,1,54) =xy
xP=(2,53,3,4) =ys ysP'=(5,5,5,4) =xs;
xsP=1(0,3,3,5,4) =ye yeP'= (3, 1, 3, 0) = xg;
xeP=04,1,5,3,4) =y5; yP'=(1,1,1,4) =x;
x7P=(2,1,3,3,4) =ys; ysP'=(5,1,1,2) = xg;

xsP=(0,3,1,1,4) = yo; yoP' = (5, 3, 3,2) = xo;

xP=(2,1,5,3,0) =y
x1P=(2,1,1,5,0)=y;
xP=(2,3,3,1,0) =y
x12P=(2,5,3,1,0) =y3;

X13P = (29 57 17 57 0) = YI4;

yioP'=(5,1,1,4) = xy0;
yiuP'=(5,5,1,0)=x;3;
yiP'=(5,5,3,0)=x3;
yisP'=(5,1,5,4) =x;3;

yiP'=(5,3,5,2) = x4

xiP=(2,3,5,3,0) =yis;
yisP'=(5,3,3,2) = x5 (= Xo) ;
XISP = (29 19 57 37 0) = YIG (=YIO)-
Thus we see the resultant is achieved after 14 pairs of
iterations and is a realized limit cycle pair given by
{(5’ 3’ 3’ 2)7 (27 1’ 5’ 3’ O)}'
It is important to observe that as the MOD-matrix operator

had only real entries and x € D with which we worked with also
happened to be real.
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This is an important observation as far as the MOD
neutrosophic operator matrix is considered.

Lety=(1,0,0, 1, 0) € R; to find the result of y on the MOD
neutrosophic matrix operator P.

yP'=(5,1,3,2)=x;
yiP'=(3,5,5,2)=x;
y.P'=(1,3,5,2) =x3;
ngt =(5,5,3,4) =x4;
y.P'=(3,5,1,2) =xs;
ysP'=(3,5,1,0) = xg;
yeP'=(5,3,3,4) =x;
yP'=(1,3,5,0) = xg;
ysP'=(5, 1, 5,2) = xq;
yoP'=(3,1,1,0) = x0;
yioP' = (1, 5,5,0) =x;;
yuP'=(5,5,1,4) =x5
yiP'=(3,3,5,4) =xy3;
yisP'=(1,3,1,2) = x4
yiuP'=(5,3,1,0) =x;5;
yisP'=(5, 1, 1,2) = x4

YI6PI = (57 37 37 2) = Xl7;

xP=(0,513,4) =y
xP=(4,51,54) =y
xP=(2,3,1,1,4) =y;;
xP=(0,1,3,54) =y
xsP=@4,1,1,5,4) =ys;
xP=(2,3,1,3,2) =yg
xP=(4,55,52)=y5;
xsP=(0,5,3,5,2) =ys;
xP=(0,1,1,3,4) =y,
x10P =(4,5,5,3,4) =yio0;
xuP=(2,1,5,5,4) =yi;
x2P=1(0,5,3,5,4) =y
xP=(4,1,3,1,4) =y
xP=02,1,1,1,4) =y
xisP=(0, 1, 5,5,4) = yis;
x16P=(0,3,1,1,4) =yg;

X17P = (29 19 57 37 0) = YI7;
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}’171)l =(5, 1, L,0)=xys; xisP=(4,5,1,1,2) = yis;

visP'=(1,1,5,2) = x; x10P=(0, 1,3, 1, 2) = yo;

}’19Pl =(3,3, 1,2) =xa0; X20P = (2,5, 3,5, 2) = yao;

yaoP' = (5,3,5,4) = xa1; xP=4,1,5,5,2)=yu;

}’211)l =(1,5, 1,4) =x2;3 x22P =(0,5,5,0,2) =yxn;
and so on.

However we are sure that after a finite number of iterations
we will arrive at a realized limit cycle pair or a realized fixed
point pair.

Example 3.5: Let

301 2
0100
1231

B=
020 1
2010
0 3 0 2]

be the MOD rectangular neutrosophic matrix operator with
entries from (Z, U I).

Let D = {(a}, a5, ..., ag) | € (Z, U I); 1 £1 <6} be the
domain space of neutrosophic state vectors associated with B.

R = {(by, by, b3, by) [ {Zy U I); 1 <i<4} be the range space
of neutrosophic state vectors associated with B.

Letx=(0,1,0,0,0,0) e D; to find the effect of x on B.



xB=(0,1,0,0) =yy;
xB=(2,2,2,2) =y
xB =(2,0,0,0) =y;;
x3B =(0,0,0,2) =ys
xsB=(2,0,2,0)=ys;
xsB =(0, 0, 2, 0) = yg;
x¢B =(0,0,2,2)=y5;
xB=(2,0,0,2)=ys;

xsB=(2,0,2,2) =yy;
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yiB'=(0,1,2,2,0,3)=x;
yv.B'=1(0,2,2,2,2,2) =x;
y;B'=(2,0,2,0,0,0) = x;
vsB'=(0,0,2,2,0,0) = xy;
ysB'=(0, 0,0, 0, 2, 0) = xs;
yeB'=(2,0,2,0,2,0) = xg;
y;B'=(2,0,0,2,2,0)=x;
ysB'=(2,0,0,2,0,0) = xg;

yoB'= (0, 0, 2, 2, 2, 0) = xo;

X9B = (2a Oa 07 0) =Yio (=Y4) 5

YIOBt = (29 07 27 07 07 0) = X10 (=X3)'

Thus the resultant of x = (0, 1, 0, 0, 0, 0) is a realized limit

Lety=(0,0,1,0) e R.

To find the resultant of y on B.

yB'=(1,0,3,0,1,0)=x;
yiB'=(1,2,2,2,3,0) =xy;
voB'=(3,2,3,2,02) =x3;
y3:B'=(2,2,3,3,0,0) =xy;

yﬁlBt = (27 27 07 27 17 2) = xs;

cycle pair given by {(2, 0, 2, 0, 0, 0), (2,0, 0, 0)}.

x1B=(0,2,3,1)=yy;
x:B=(@3,2,2,2)=yy
x;:B=(0,2,0,3) =ys;
x,B=(1,232)=yy4

xsB=(0,0,3,2) =ys;
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ysB'=(3,0,3,2,3,0) = x; xeB=1(2,2,3,3)=y3;
y;B'=(3,2,2,3,2,0)=x; xB=(3,0,3,3)=ys;
ysB'=(2,0,3,3,1,2) = xg; xsB =(3,2,0,2) =yo;
yoB'=(1,2,1,2,2,2) = Xo; x9B = (0, 2, 2, 3) = yj¢;
yioB'=(0,2,1,1,2,0)=x50; x;0B=(1,2,1,2)=yy;;

YIlBt=(O, 27 27 273 2)=Xll; Xlle(Ov 07 17 0)=y2
=y).
Thus the resultant of y is a realized limit cycle or a pseudo
fixed point as itis y and (1, 0, 3, 0, 1, O) that is
{(1,0,3,0,1,0), (0,0, 1,0)}.

Hence from these examples we arrive at the following
important fact.

THEOREM 3.1: Let

all aln
a,, a,

M= where a; € Z, C (Z; U1); 2 <5 < oo;
aml amn

I <i<mandl <j<n
be the MOD neutrosophic rectangular matrix operator.

D = {(a]) aZ; ey am) | ai € (Zy UI): {a + b[ | a, b S ZS'
F =1}; 1 <i <m} be the domain space of neutrosophic state

vectors and

R ={(b), by ..., b,) | b; € (Z, U1); 1 <i <n} be the range
space of neutrosophic state vectors associated with M.
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Ifx=(ay, ..., a,) € D is such that a; € Z,; 1 <i <m then the
MOD resultant is a MOD realized limit cycle pair or a MOD
realized fixed point pair is always a real pair.

Similarly if y = (by, ..., b,) such that b; € Z;; 1 <i <n then
the MOD resultant is always a MOD realized limit cycle real pair
or a MOD realized fixed point real pair.

Proof follows from the fact as M has all its entries to be
reals so when the x € D has only real entries the resultant is
real as it is impossible to get any neutrosophic term. Similar
argument is true in case of y a real range state vector of R.

Next we give some more special examples.

Example 3.6: Let

(31 0 1
21 21 3I
0 51 0
S:1211
31 0 41
51 0 3I
I 21 3I
|0 1 0]

be a MOD neutrosophic rectangular matrix operator. The entries
of S are from the pure neutrosophic modulo integers

LetD={(a;, ay ...,a3) laje (Zgu ) ={a+blla,be Z},
1<i<8} and

R = {(b, by, b3) I by € (Zg U I); 1 £ i < 3} be the
neutrosophic domain and range space of state vectors
respectively.
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Letx=(1,0,0,0,0,0,0,0) e D.

To find effect of x on S.

xS=0CLO0I)=yy;

yiS'= (41, 51, 51, 61, 31, 0, 2L, 0) = x;;

x1S =L 3L 1) =y

y2S'= (41, 3L, 3L, 41, 1, 0, 0, 3I) = x, and so on.

We see the resultant when x is a pure real number is a
neutrosophic pair.

Let y = (0, 0, 2) € R be the true real range space state
vector.

To find the effect of y on S.
yS'=(2L, 0,0, 2L, 2L, 0, 0, 0) = x;;
xS =(2L,4L 0)=y;;

viS'=(0, 0, 21, 41, 0, 0, 41, 41) = x;
xS = (21, 0, 41) = yy;

yoS'= (41, 41, 0, 0, 41, 41, 21, 0) = x3;
x33 = (0, 0, 2I) = y3;

y3S'=(2L, 0,0, 21, 21, 0, 0, 0) = x,;
X4S = (2L 4L 0) = y4 (= y»).

Thus the MOD resultant is a realized limit cycle pair given
by {(0, 0, 21, 41, 0, 0, 41, 41), (2L, 41, 0)}.
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y = (0, 0, 2) is real however the resultant is a pure
neutrosophic pair.

Letx=(0,2+1,0,0,0,0,0,0) e D.

To find the effect of x on S;

xS=(0,0,3D) =yy;

viS'= (3L, 3L, 0, 31, 0, 31, 31, 0) = x;;

x1S = (0, 0, 3D =y, (=y1).

Thus the MOD resultant is a fixed point pair given by
{@3L, 3L, 0, 31, 0, 31, 31, 0), (0, 0, 3I)} which is also pure
neutrosophic. However x is D is not pure neutrosophic.

Lety=(1+2L0,0) e R.

To find the effect of y on S;

yS'=(31, 0,0, 31, 31, 31, 31, 0) = x;;

XIS = (319 07 O) = YI;

viS'= (31, 0, 0, 31, 31, 31, 31, 0) = x, (=x)).

Thus the resultant is a realized fixed point pair given by
{@3L, 0, 0, 31, 31, 3L, 31, 0), (3L, 0, 0)} which is a pure
neutrosophic pair though y = (1 + 2I, 0, 0) € R is not pure
neutrosophic state vector.

Letx=(,0,0,0,0,0,0,0) € D.

To find the effect of this pure neutrosophic vector x on S.

xS=CGL0,D =y

viS'= L, 3L, 0,4L L, 0, 0, 0) = x;
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x;S = (1, 2L, 31) = y,;

y2S'= (0, 31, 41, 21, 3L, 2L, 2L, 2I) = x,;
x,S = (5L, 0, 5I) = y3;

y3S'= (2L L, 0, 41, 5L, 4L, 41, 0) = x3;
x3S = (3L, 0, 5I) = yy;

viS'=(2L 1,0, 2L 51, 0, 0, 0) = xy4;
xS =(0,3]) =ys;

ysS'= (0, 51, 0, 41, 3L, 21, 41, 0) = xs;
xsS = (I, 21, 1) = yg;

yeS' = (41, 3L, 41, 0, 1, 21, 21, 2I) = Xg;
x6S = (3L, 4L 41) = yy;

y7S'= (I, 2L 2L 3L I, 31, 51, 41) = x4;
x7S = (3L, 41, 2I) = yg;

yeS' = (51, 2L, 2L I, 51, 31, 51, 41) = xg;
xS = (L, 0, 2I) = yo;

yoS' = (51, 51, 0, 31, 5L, 5L L, 0) = xo;
x9S = (31,0, ) = y10 (=y0).

Thus the resultant is a realized limit cycle pair given by
{(41,31,0,4L 10,0, 0), 3L 0,D}.
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We see x = (1, 0, 0, 0, 0, 0, 0, 0) is pure neutrosophic and
the resultant is also pure neutrosophic.
Lety=(0,0,3]) e R.
To find the effect of y on S.
yS'= (3L, 31, 0, 3L, 0, 3L, 31, 0) = x;;
XIS = (07 07 31) = YI (:}’)
Thus the effect of y = (0, 0, 3I) is the classical fixed point
pair given by
{31, 31, 0, 31, 0, 31, 31, 0), (0, 0, 31) }.

We give one more example.

Example 3.7: Let

2 61 O I 2I
41 0 4I 0 6l

be the MOD neutrosophic matrix operator with entries from
(ZsuD={a+blla,be Zg, P =1}.

Let D = {(a, b) l a, b € (Zg U I)} be the domain space of
neutrosophic state vectors

R ={(a}, ay, a3, a4, as) l a; € (Zg U I), 1 <1 <4} be the range
space of neutrosophic state vectors.

Let x = (2, 0) € D. To find the effect of x on M.
M = (41, 41, 0, 21, 4I) = yy;
yiM'= (2L, 0) = x;;

xiM = (41, 41, 0, 2L, 41) =y, (=y1).
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Thus the resultant is a realized fixed point pair given by
{(21, 0), (4L, 41, 0, 21, 4D) }.

We see the resultant is a pure neutrosophic fixed point pair
though x = (2, 0) is just real.

Consider y = (0, 0, 1, 0, 0) be the range space of state
vectors.

To find the effect of y on M is as follows.

yM' = (0, 41) = x;; xiM=(0,0,0,0,0) =y

yiM'= (0, 0) = x5; xM =(0,0,0,0,0) =y (=y).

Thus the resultant is a realized fixed point pair given by
{(0,0),(0,0,0,0,0)}.

Let x = (2 + 31, 0) € D, to find the effect of x on M is as
follows.

M = (2L, 61, 0, 51, 2I) = yy; yMl =, 4D =xy;
xiM = (21, 61, 0, I, 21) = yy; y.M' = (51, 0) = xy;
xM = (2L, 61, 0, 51, 41) = y3; y3M‘ =(5L 0)=x3(=xy).

Thus the resultant is a realized fixed point pair given by
{(51,0), (21, 61, O, 51, 41)}.

Lety =(0,0, 0,0, 2I + 1) € R be the state vector in the
range space.

To find the effect of y on M.
yM' = (6L, 2I) = x;; xM = (41, 41, 0, 61, 0) = yy;

yiM = (61, 0) = x»; xM =41 41, 0, 6L, 41) = y»;
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y2M = (61, 0) = x3 (=x»).

Thus we see the resultant is a realized fixed point given by
the pair {(6, 0), (41, 41, 0, 61, 4I)}.

From these it is observed that using this pure neutrosophic
matrix as the MOD operator we get resultant of every vector
from D or R gives only a pure neutrosophic pair.

This result is given by the following theorem.

THEOREM 3.2: Let

a, 4y a,,
M= a?l a.22 a? n
aml am2 amn

be the pure neutrosophic matrix with entries a; € Z,J < (Z, U1)
=fa+bl/abeZ;F=1};(2Ss<o) ] <Si<mand] <j<
n.

D={(ay ... a,)\a € Z, 1) i=1 2 .. mj be the
domain space of state vectors.

R={(by, ... b))\ bje Z,l);i=1,2,..,n} bethe range
space of state vectors.

Every x € D (or y € R) gives the resultant only as a pure
neutrosophic pair.

Proof: Follows from the fact that if M the MOD neutrosophic
matrix operator has only pure neutrosophic entries then we see
x € D (ory € R) happens to be only a pure neutrosophic pair.

We will give examples by working with on or off of
indeterminate state of domain state vectors and range state
vectors.
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We will illustrate this situation by some examples.

Example 3.8: Let

[3+1 5421 0O
0 71 3I+1
21 0 4
5421 2 0
| 4+1 0 2I+4]

be the MOD neutrosophic rectangular matrix operator with
entries from (Z,o Uy ={a+bl/a,be Z,, F=1}.

Let D= {(a;, a5, a3, a4, a5) la; € {0, 1,1, 1 +1};1<i<5} be
the domain space special state vectors which has entries from

off state on state or I the indeterminate state.

R ={(b;, by, b3) Ibje {0,1, 1 +1I); 1<i<3} be the
range of space of special state vectors.

We follow the following rules.
a+bl=1I ifa<b; at+bl=1ifa>1;
ina+bl=1+Iifa=b

while finding the effect on any state vector x € D (ory € R).
Letx=(1,0,0,0,0) e D;
xM=0CB+L5+2L0)—>(1,1,0)=y;;
yM'=@+3L7L 2L 7+2L4+D) — (I, 1,1)=x;
xM=Q2+6L7+9L4+D) > L1) =y

yM' =1, 1,21+ 4, 9L 71+4) > (I, 1, 1, L, 1) = xy;
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xoM = (8L 2L, 9D = (I, I, 1) = y3 (=y2).

Thus the resultant is a fixed point pair given by
{L L LLD, AL D}

Consider y = (0,0, 1) € R;

To find the effect of y on M.
yM'=(0,31+1,4,0,2I+4) = (0,1,1,0, 1) = x;;
xM=@A+3L9I+56l+8)—>(,L1)=y;

yM =3 +81,1,4+21,7+21,31+8) =
(L L1, 1,1)=xy

X M=0O+9L7+9L5I+5)=0+LL1+D)=yy

yoM'= (3 +21, 1 +41, 4+ 8L 9+ 7L 8 +4I)
- (1L LLIL D) =xs5

xsM=Q2+6L,7+9L6I+4) > LI =y;;
ysM' =L, L6191 — (L LL LI =xy
x,M=Q2L610)— (I1,0)=yy

yM'= (I, 71, 21, 91, 51) = (I L, I, I, I) = x5 (=x4).

Clearly the resultant is realized fixed point pair given by
{(17 I’ I’ I’ I)’ (I’ I’ 0)}'

Let x=(0,0, 0, 0,I) € D to find the effect of x on M.
M =(51,0,60) > (1,0,D) =y

yiM' = (41,41, 61 711) —» (ITT11) = xy;
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xM = BI6141) - (L L 1) = ya;
y2M'=1L6LILTY) - (LLL LI)=x, (=x,).

Thus the effect of x = (0, 0, 0, 0, I) on M gives a fixed point
pair given by

{(LLLLD, (LD}

Lety =(0, I, 0) € R; to find the effect of y on M.

yM'= (7L, 7L 0, 2L, 0) — (I, 1, 0, I, 0) = x;;

xM=(,6L0)—=>{1L0)=yy;

yiM'=(1, 71, 2L, 9L, 5I) » (L L L, L, I) = x;

xM = (8L, 61,0) = (I, L, 0) = yz;

yM'= (I, 71, 21, 91, 51) — (L, L, I, I, T) = x3.

Thus the resultant is a fixed point pair given by
{(LLLLD,(LLO)}

Letx=(0,1+1,0,0,0) € D.

xM=(0,8I7I+1)—=>(0,L ) =y;

yiM'= (71, 1, 4L 2L, 61) > (L L L L, I) = x;;

xiM = (6I614]) = (L L I) =y,

yM' =1 L6LILD — (LLLLI=x,.

Thus the resultant is a realized fixed point pair given by
{LLLLD,(LLD}.
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Example 3.9: Let

.
W = O W
S = O = O
S = N O =
— O N N

be the neutrosophic rectangular MOD matrix operator with
elements from (Z¢ U I).

Let D={(a;, a5, a3, a4,a5) la;€ {0, 1,1, 1 +1}; 1<i<5} be
the domain special space of state vectors.

R ={(by, by, b3, by Ibje {1,0,1, 1 +1}; 1<1i<4} be the
range space of special state of vectors.

Letx=(1,0,0,0,1) e D.
xM=(2,0,1,3) > (1,0,1, 1) =yy;
yM'=(2,5,5,5,4)—>(1,1,1,1,1) =x;
xM=(1,2,4,4)—>(1,1,1, )=y,
yM'=(2,0,5,0,4) = (1,0,1,0 1) = x5;
xM=3,0,3,5—=>10011)=y;(=y.

Thus the resultant is a realized fixed point pair given by
{1, 1, 1,1, 1),(1,0, 1, D}.

Lety=(0110)e R.
To find the effect of y on M.

yM'=(1,1,2,2,0) = (1, 1, 1, 1,0) = x;;
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xM=(4,2,4,9—->1,1,1,)=y;
yiM'=(2,0,5,0,4) — (1,0, 1,0, 1) = x5;
xM=(@3,0,3,5—>(1,0,1, 1) =y,
yM'=(2,5,554)—>,1,1,1,1) =x3;
xsM=(1244)—->0111)=y;(=y).

Thus the resultant is a realized fixed point pair given by
{(1,0,1,0,1),(1, 1, I, D}.

Letx=(,1,000) e D.

To find the effect of x on M.

M=0GL 1, L2I+5 >, 1, )=y

yiM' = (6142, 6, 31+2, 51+1, 31+1) = (I 1, L L, ) = x;
xM=I,1+L4LS5S+5) > @ 1+L L1+ =y
yM'=2+21,0,51+2,1,41+1) > (1 +L0,L 1, 1) = xy;
xM=GB+3L1,2+3L5I+2)>A+L 1, D=y

yM'=(5+2L 1 +5L 1 +3L51+5,2[+1) -
(LLL1+L1I=x3

xsM=C+2L1+2L2+3L2+D)—> (1, LL1)=ys;

y4M‘=(1+I,5+I,3+2L4+2I,4)%(1+I, 1,1,1,1)
= X4,

xaM=051+2,2,3+L3+2) > (L 1,1,1) =ys;



136 | Special Type of Fixed Point Pairs using MOD ...

ysM'=(51+3,0,4+L4I+2,31+1)— (1,0, I, L, 1) = x5;

xsM=(,L1+2L2+3D) > (,LLI)=ys

yeM'=(5+31,0,41+ 1,4+ 2L 3+D) — (1,0,L 1, 1) = xg;

xsM=0+L1,2+2L3+2D > 1,1 +L 1) =yz;

yM'=(3,0,4+3L2+5L31+1)—> (1,0, 1,1, 1) =x5;

xM=LL2+L4+D)—>{L1,1)=ys

ysM'—= (1, 1,1, L 1) = xg;

xsM — (1, 1+ 1, 1+ 1 I) and so on.

However after a finite number of iterations certainly we will
arrive at a realized fixed point pair or a realized limit cycle pair
which will be mixed neutrosophic as we have started with a

neutrosophic element. It may be possible we get pure real or
pure neutrosophic or zero also.

Example 3.10: Let

"
O A = O = O W
_—_ 0 N o O =
—_ O L O = o O

be the MOD neutrosophic matrix operator with entries from
Z,;c (Z;uD={a+blla,be Z;, *=1}.

D={(x,Xy...x)Ixe {0,1,,1+1},1<1<7} and
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R={(a,b,c)la,b,ce {0,1,1, 1 +1}} be the domain and
range space of special state vectors respectively.

Letx=(1,0,0,0,0, 0, 0) be a real state vectors in D.

To find the effect of x on M;

M=@3,1,0) > (1,1,0) =yy;

yM'=(4,6,1,2,1,5, )= (1,1,1,1,1,1, 1) =x; ;
xM=2,4,6)> (1,1, 1) =y
yM'=(4,5,2,2,6,5,2)— (1,1,1,1,1, 1, 1) = x5 (=x)).

Thus the resultant is a realized fixed point pair given by
{(L,1L, L, L1, 10,1 D}

Let y = (0, 0, 1) € R be the real initial state vector. The
effect of y on M is as follows.

yM'=(0,6,1,0,5,0,1)—(0,1,1,0,1,0, 1) =x;;
xM=(2,0,6)—=>(,0,1)=yy;
yM'=@3,6,2,0,6,4,1)— (1,1,1,0,1, 1, 1) = xy;
xM=(2,2,6) > (1,1,1) =y
yaM'=(4,5,2,2,6,5,2) > (1,1,1, 1,1, 1, 1) = x3;
xsM=(2,4,6) > (1,1, 1) =y; (=y2).

Thus the resultant is a realized fixed point pair given by
{(L,1L, 1L, L1, 1,01 D}

Letx=(0,0,0,0,0,1,0) e D.
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A pure neutrosophic number. To find the effect of x on M;
xM=(@LL0)—>@L0)=yi;

yM'=@L6IL2ILSLD —» (LLLLLLI)=x;
xM=Q2L4L 6D —» (I, L 1) =y,

szl =@L 5L 2L 2L 6L SL2D) - (LL L LI, L D)
=X (=X1).

The resultant is a realized fixed point pair given by
{(LLLLLLD,dI D} which is pure neutrosophic.

Letx=(0,1+1,0,0,0,0,0) € D.

Clearly x is mixed neutrosophic.

To find the effect of x on M.

M=06+6I,6+6) > 0,1+ 1+ =y

yM' =1 +1,5+5L1+1,2+2,6+61,5+51,2+2I)—
1I+L1+L1+L1+L1+L1+L1+D=xy;

xM=Q2+2L4+4L6+6) > (1 +L1+L1+D=yy;

YoM = (4 +41,5+51,2+ 21,2+ 21,6 + 61,5+ 51, 2 + 2I)
> 0+L1+L1+L1+L1+L1+1 1+10).

Thus the resultant is a realized fixed point pair given by
{(A+L1+L1+L1+L1+L1+D,(A+L1+1L1+D}.

We see if M the MOD neutrosophic operator is real then real
domain state vector gives real resultant pair, pure neutrosophic
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state vector gives pure neutrosophic resultant pair and a mixed
domain state vector results in mixed resultant pair.

This is true in case of range space state vectors also. In view
of this we prove the following theorem.

THEOREM 3.3: Let

all a12 aln
a a e a
21 22 2n
M= . . . . ai; Z, C (Zx UI)
aml amZ amn

=fa+bl/abeZ,F=12<s<o);]1<i<Mandl <j<n

be the MOD neutrosophic real matrix operator with entries from

(Z, 1)

Let Dy = {(a;, ay, ..., ay)/a; € {0, 1,1, 1 +1}; 1 <i <m)
and

Ry={(b), by ....b,)/b; € {0, 1,1 1+1}; 1=<j<n}bethe
space initial state vectors associated with M.

i) If x € D (ory € R) is real state vector then the resultant
pair is also real.

ii) Ifx € D (ory € R) is a pure neutrosophic state vector then
the resultant pair is also pure neutrosophic.

iii) If x € D (or y € R) is a mixed initial state vector then so is
the resultant pair.

Proof is direct and hence left as an exercise to the reader.
It is important to record that M can also be equal to n and

we can use the MOD-neutrosophic matrix operator with domain
and range space.
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To this effect we give some examples.

Example 3.11: Let

0 2+1 0 241

1 0 3+I O
2431 O 4 0 I

3
0
S = 1 0 31 0 1+1
I
+

be the MOD neutrosophic matrix operator with entries from
(Z¢uD={a+blla,be Zs, P =1}.

D ={(a}, ay, a3, a4,a5) laj€ (ZguU D), 1<i1<5} and

R={(b, by, ...,bs5)Ibje (ZsuI);1<i<5} be the domain
and range space of state vectors respectively associated with S.

Letx=(1,0,0,0, 0) e D to find the effect of x on S;
x5=3,0,1,1,2+3D) =yy;

0 2+1 0 2+TI]

3
0
viS'=(3,0,1,1,2 + 3 1 0 31 0 1+1
I
+

2

=2+4L 12,41, 1 + 3]) =x;
xS =(0,4L 345L 4 + 3,4 + 4D =yy;
yviS'=(5+ 21,4 +51,41+4,0,3 +3)) = x;;

xS=(5+4L4+3L3+2L4,51+2)=y,.
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We work with y;S' and so on.

However after a finite number of steps we arrive at a
realized fixed point pair or a realized limit cycle point pair.

Lety=(1,0,0,0,0) e R.

To find the effect of y on S.
yS$'=(3,0,2+L0,2+ 1) =x;;
xS=@41+5,0,53L1+2)=y;
viS'= (2L 3L 0, 0, 3 + 51) = x;

xS = (0, 0, 3 + 31, 51, 0) = y,; and so on we arrive at a
realized fixed point pair or a realized limit cycle pair.

Let us give one more example before we make conclusions.

Example 3.12: Let

3+1 21 0 4431
0 1+1 1 0
0 0 4I+1 3
0 2 0 1+1

P=

be the MOD neutrosophic matrix operator with entries from

Let D=R ={(a;, a», a3, a4) la; € (ZguI)={a+bl;a,be
Ze. P = I} 1 <1< 4} be the state vectors.

Ds=Rs={(aj, ay, a3, a4) la;€ {0, 1, 1+1};1<i<4} be
the special class of state vectors.

Letx=(1,0,0,0) e D.
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xP=GB+12L0,4+3D =y
yiP'=(1+2L41,2,4+20) =x;;
xP=GB+32,2,1+2)=yy;

yoP' = (21 + 5,4 + 21, 2 + 5L, 4]) = x,.

and so on; we will get a realized fixed point pair or a realized
limit cycle pair.

Let us consider x = (1, 0 0 0) € Dg;
xP=3+12,0,4+3D=(1,1,0,1)=yy;

yiP'—= (1,L 1,D) =x; xiP—=(1,LL1)=y,;
y.P'—= (1,LL D) =xy; xP— (1,L 1L 1) =y; (=y,).

Thus the resultant is a realized fixed point pair or a realized
limit cycle pair.

Clearly there is a difference between the resultant of
x =(1, 0, 0, 0) realized as an element of D and as an element of
Ds.

So there is a difference in the resultant for the same x.

Lety=(1,0,0,0) € R. The effect of y on P.

yP'=(3+10,0,0) =x; xP=@+12L0,40D) =y

yiP'= (0,41, 0, 0) = x5; xoP = (0, 21, 21, 4]) = x3;

x;P = (41, 21, 0, 0) = y, and so on.

Now lety = (1, 0, 0, 0) € Rg;

yP' = (1,0,0,0) = x;; xiP—=(L,LO, )=y
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yiP' = (1,1, 1,1) =xy; P = (I,LLI) =y

y.P'—= (LL LI =x3; xsP — (1,0,0,0) = y3;
ysP' = (1, 0, 0, 0) = x4; P— (LLO, D)=y
v,P' = I LLI=xs; xsP—(1, 0, 0, 0) = ys (=y3).

Thus we see the resultant is a realized limit cycle pair given
by
{@1,0,0,0),0,0,0)}.

We see the resultant of y in R is different from the resultant
of y in Rs.

Now we proceed onto describe the MOD finite complex
integer matrix operators.

all a12 aln
Let M = 21 a22 2n CZ
etM = . a € C(Zy),
aml am2 amn

2<s<o0,1<i<m,1<j<n;

be the MOD-finite complex modulo integer matrix operator
where

C(Z)={a+bigliz=(s—1);a,be Z].

There is no problem even if m = n happens still we call it
the rectangular matrix MOD operators only.

We will first illustrate this situation by some examples.
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Example 3.13: Let

3, 2+i, 0

oo 2
1+4i, 0 1+i,
0 3 4,

be the MOD complex modulo integer rectangular matrix operator
with entries from C(Zs) = {(a + big | if: =4;a,be Zs}.

Let D ={(ay, a5, a3, a4) l a; € C(Zs); 1 £1<4} and

R = {(by, by, b3) I b; € C(Zs); 1 <1 < 3} be the domain and
range space of state vectors respectively associated with the
MOD complex number rectangular operator S.

Let x =(3i;, 0,1,0) € D;

To find the effect of x on S.

XS=(2+4iF, i]:+2, 1 +ip)=yl;

ylSl = (1, 311: + 4, 1+ 21F, 2+ 211:) = X1,

X]S = (3 + 4i]:, 2, 41]:) =Y.

We work for the resultant and after a finite number of
iterations we arrive at a realized fixed point pair or a realized
limit cycle pair.

Lety=(0,0,1) € R.

To find the effect of y on S;

yS'=(0, 1, 1 +1ip, 4ip) = x;3 X1S = (2, 4ip, 2ip) = yy;

yiS'= (1 +4ip, 1,0, 2 + 2ip) = xo.
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Here also we are guaranteed that after a finite number of
iterations we will arrive at a realized limit cycle pair or a
realized fixed point pair.

We are sure for every x € D (or R) we will arrive at a
realized fixed point pair or a realized limit cycle pair after a
finite number of iterations.

Consider yet another example.

Example 3.14: Let

I}
—_— NN = O O W
S WO = N

be the MOD complex integer rectangular operator with entries
from C(Zg) = {a + bip) | iéz 5,a,be Zg}.

D = {(xy, X, ..., X7) | x; € C(Zg); 1 £1 < 7} be the domain
space of state vectors associated with M.

R={x y)Ix,ye C(Zy)} be the range space of state
vectors associated with M.

Letx=(1,0,0,0,0,0,0) e D.
To find the effect of x on M.
M=G,1)=y;; Y1M[=(4, 2,5,1,3,3,3)=xy;

XIM = (27 1) =y2; YZMI = (17 27 17 17 27 19 2) =X2;
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xM=(1,2)=y;; ysM=(5,4,2,2,1,2,1)=x3;
xM=(,1)=yy yM'=(4,2,1,1,5,1,5) = x4
XM =(4,5)=ys; ysM'=(5,4,5,5,4,5,4) =xs;
xsM = (5,0) = yg; yeM'=(3,0,2,0,5,4,5) =Xxq;
xM=(5,1)=ys; yM'=(4,1,1,1,5,1,5) =x5;
xM = (4,3) =ys; ysM'=(3,0,1,3,4,5,4) =xg;
xsM = (1, 2) = yq; yoM'=(5,4,2,2,1,2, 1) = Xo;
and so on.

It is important to note that if the entries of the MOD finite
complex number matrix operator has only real and the state
vectors taken from the domain space is also real the resultant is
a realized fixed point pair or a limit cycle pair which will
always be a real pair of vectors.

Consider y= (0, 1) € R to find the effect of y on M.

yMl=(19 27 57 17 07 37 0)=Xl; X1M=(57 4)=YI;

yiM=(1,2,4,4,5,4,5) =xy; XM = (1, 5) = ya;

)’2Ml =(2,4,5,5,1,5, 1) =x3; xsM = (2, 2) =ys;

}’3Ml =(2,4,0,2,2,4,2) =xy; xsM = (0, 0) =ys;

yaM' = (0,0, 0,0,0,0,0) =xs; xsM = (0, 0) = ys (=ya).

Thus the resultant is a realized fixed point pair given by
{(0,0,0,0,0,0,0),(0,0)}.
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Letx=(0, 0,0, ig, 0, 0, 0) € D find the effect of on M.
M = (0, ip) = y1;

yiM' = (ig, 2ig, Sig, ip, 0, 3ig, 0) = x;;
XiM = (Sig, 4ig) = y2;

yoM' = (ig, 2ig, 4ip, 4ig, Sig, 2ip, Sip) = Xa;
XsM = (Big, Sig) = y3;

ysM' = (2ig, 4ig, i, Sig, 3ig, 3ip, 3ip) = X33
x3M = (Sig, Sig) = y4;

ysM' = (2i, 4ig, 3ig, 5if, Sif, i, SiF) = X4
xM = (0, 3ip) = ys;

ysM' = (Big, 0, 3i, 3ig, 0, 3ig, 0) = xs;
xsM = (3i, 0) = ys;

yeM' = (Big, 0, 0, 0, 3i, 0, 3if) = X¢;

XeM = (3ig, 3ig) = y7;

y:M' = (0, 0, 3ig, 3ig, 3ip, 3ip, 3ip) = X7;
XM = (0, 3ip) = ys (=ys).

Thus we see the resultant is a realized limit cycle pair given
by {(31F7 07 3iFa 3iF, 07 3iF7 O)a (07 31F)}

Lety = (ir, 0) € R. To find the effect of y on M.

yMt = (31F’ 0’ 41F9 07 iF’ 21F’ IF) =X15
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XiM = (ig, Sip) = y1;

yiM' = (2ig, 4iF, 5iF, Sig, ip, Sip, i) = X2;

XM = (2ig, ip) = y23

y2M' = (i, 2ip, if, ip, 2iF, if, 2iF) = X3}

x3sM = (ig, ip) = Y35

ysM' = (dig, 2ig, 3ig, ip, Sip, iF) = X4;

x;M = (0, 3ip) = y4

yM' = Big, 0, 3i, 3ig, 0, 3ig, 0) = xs;

xsM = (3ig, 0) = ys;

ysM' = (3ig, 0, 0, 0, 3ig, 0, 3ig) = Xg;

XeM = (3ig, 3ig) = Y6,

yeM' = (0, 0, 3i, 3iF, 3if, 3ip, 3iF) = X7;

x7M = (0, 3ip) = y7 (=Y4).

Thus the resultant is a realized limit cycle pair given by

{(3ig, 0, 3ig, 3ig, 0, 3ig, 0), (0, 3ip)}.

Thus it is important to keep on record that if we use pure
complex number as the state vectors from domain space or
range space the resultant will only be a pure complex number

provided the matrix operator is a real matrix operator.

In view of this the following result is proved.
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THEOREM 3.4: Let

a,  ap a,,
M= ay a.zz a,,
aml amZ amn

be the MOD complex rectangular matrix operator with entries
fromZ, cC(Z,) (2 Ss < oo); ir =5 1.

Let D = {(a;, ay, ..., a,) | a; € C(Z,); 1 <i<m}and

R ={(b, by, ..., b,) | b; € C(Z,) ; 1 <i <n} be the domain
and range spaces of state vectors respectively associated with
M the MOD-complex operator.

Every x = (x;, ..., xy) and y = (y1, ¥, ..., yu); where x;, y; €
Zir={air/a € Z;}, 1 <i <m; 1 <j <n have the resultant to be
always a pure complex number pair.

Proof follows from the fact that since M the MOD complex
operator is real when a pure complex number state vector acts
on it the resultant is also a pure complex number. Hence the
claim.

Example 3.15: Let

301250
M=|01 01 0 2
6 07010

be MOD complex matrix operator with entries from
C(Zg) = {a + blF | a, be Zg, 1}2: = 7}

Let D ={(a;, a, a3) la; € C(Zg); 1 <i<3} and
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R = {(by, by, ..., bg) I bj € C(Zg); 1 <i< 6} be the domain
and range space of state vectors respectively associated with M
respectively.

Letx=(1+1ig 0,0) € D.

To find the effect of x on M.

xM =3 +3ig, 0, 1 +if, 2 + 2ig, 5 + Sip, 0) = yy;

ylMl = (7 + 711:, 2 + 21F, 6 + 611:) = X»,

X2M=(1 +ip,2+2ip, 1 +i]:, 0, 1 +ip,4+4ip)=yZ;

szl = (1 + i]:, 2+ 2i]:, 6+ 61]:) = X3,

xsM' = (7 + Tig, 2 + 2ig 3 + 3ip, 4 + 4ig, 3 + 3ip, 4 + 4ip) = y3;

Y3Ml = (7 + 7i]:, 2+ 2ip, 2+ 21]:) = Xy,

X4M = (1 + iF, 2+ 211:, 5+ 311:, 0, 5+ SIF, 4 + 411:) = Va4,

Y4Ml = (1 + i]:, 2+ 2if, 6+ 61]:) = X5 (=X3).

Thus the resultant is a realized limit cycle pair given by
{(1+ ig, 2 + 2ig, 6 + 6ip), (7 + Tig, 2 + 2ip, 3 + 3ip 4 + 4ip, 3 +
3ip, 4 + 4ip) }.

Thus the resultant of a mixed complex number is also a
mixed complex number.

Lety=1(0,0,0,0,0,1+ir) € R. To find the effect of y on
M.

yMt =(0, 2 + 2i, 0) = xy;
x M = (0, 2 + 2ig, 0, 2 + 2iE, 0, 4 + 4ig) = yy;

ylMl = (4+4iF, 4+4iF, 0) = X»,
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XoM = (444ig, 4 + 4ig, 4 + 4ip, 4 + 4ig, 4 + 4ip, 0) = yo;

yoM' = (4+4iE, 0, 0) = x3;

xsM = (44+4ig, 0, 4 + 4ig, 0, 4 + 4ig, 0) = y3;

ysM' = (4 + 4ig, 0, 0) = x4 (=x3).

Thus we see the resultant is a realized fixed point pair given
{(4 +4ip, 0,0), (4 +4ig, 0,4 + 4if, 0, 4 + 4i, 0)}.

We see the resultant is also a mixed complex number state
vector pair.

Next we give an example of a pure complex MOD matrix
operator and show how it functions.

Example 3.16: Let
(3, i, 0]
0 2i; i
M=|i. 0 2i
0 2. O
1 2ip 0 g |

be the pure complex number MOD matrix operator with entries
from C(Z,) = {a +bigla, be Z,, i;=3}.

Let D = {(ay, a,, a3, a4, as) | a; € C(Zy); 1 £1 <5} be the
domain state vector associated with M.

R ={(a;, a5, a3) | a; € C(Zy); 1 <1 < 3} be the range state of
vectors associated with M.

Letx = (1,0, 0,0,0) e D.
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To find the effect of x on M.

XM = Big, i, 0) = y; yM'=(2,2,1,2,2)=x;;
M = (Big, 2ig, 0) = y; yiM'=(1,0,1,0,2) =xy;
M = (0, ig, 0) = yo; y.M'=(3,2,0,2,0)=x3;
x3M = (ig, 3ip, 2ip) = y3; ysM'=(2,0, 3,2,0) = xy;
XM = (ip, 2ip, 2ip) = y4; y4MI =(@3,2,3,0,0) =xs;
xsM = (0, 3ig, 0) = ys; ysM'=(1, 2,0, 2,0) = xg;
xeM = (3i, if, 2ip) = ¥, yeM'= (2,0, 1,2, 0) = x7;
x7;M = (3i, 2iE, 2ip) = y7; yM'=(1,2,1,0,0) = xg;

xsM = (0, i, 0) = yg (= y2).
The resultant of x = (1, 0, 0, 0, 0) € D is a realized limit
cycle point pair given by {(3, 2, 0, 2, 0), (0, i, 0)} we see one of

the state vector is real where as other is a pure complex.

It is a very unique property enjoyed by MOD complex
matrix operators enjoyed by C(Zy); 2 <'s < oo.

Lety=(0, 1, 0) € R. To find the effect of y on M.

YM' = (i, 2ir, 0, 2if, 0) = x;;

XIM = (17 37 2) = YI; YIMI = (21F7 07 iF7 21F7 0) = X2;
sz = (la 2a 2) = y29 sz[ = (iF7 2iFa iFa Oa 0) = X3;
X3M = (07 37 0) = YS; YSMI = (3iF7 21F7 07 2iF9 O) = X35

xsM=(@3,1,2)=ys }’4Ml = (2ip, 0, 3ip, 2ip, 0) = X4;
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xaM=(@3,2,2)=ys; ysM' = (3ig, 2ig, 3ip, 0, 0) = xs;

xsM = (0, 1,0) = ys (= ).

Thus the resultant is a realized limit cycle point pair given
» {(F, 2ip, 0, 2if, 0), (0, 1, 0)}.

Clearly the range is a real state vector so is the resultant,
however the domain space state vector is a pure complex
number.

Thus if real state vector from range space is taken; it gives
the domain state vector resultant to be a pure complex state
vector.

Now ifx=(0,2 +ig, 0,0,0) € D.
To find the effect of x on M.

M =(0,2,2g+3)=y;;

yiM' = (2ig, 3ig + 2, 2ip, 0, 2 + 3ig) = x;;
xiM=(2,0,2) =y

yoM' = (i, 2ig, 2ig, 0, 2ip) = X2
xoM = (0, 2,0) =y3;

ysM' = (2ig, 0, 0, 0, 0) = x3;
xsM=(2,2,0) =y

y.M' = (0, 0, 2ig, 0, 0) = x4;
xM=(2,0,0) =y

Y4Ml = (2iF7 07 21F7 07 0) = Xs;



154 | Special Type of Fixed Point Pairs using MOD ...

XSM = (07 27 0) = YS ( = YS)

Thus the resultant is a realized limit cycle pair given by
{(21F9 07 07 07 0)7 (07 27 O)}

Even if x is a mixed complex number we can get the
resultant y to be real.

Lety=(0,0,2+1ip) € R.

To find the effect of y on M.

yM'= (0,0, 2ig + 3,2, 0, 2ig + 3) = x;
xM=(@G0+2,0,2+ip) =y;;

yiM' = (1 + 2ig, 2ip+ 3, 2ip+ 1, 0, 2ip + 1) = x;
xoM = (2ig, 243iF, 2ip) = y2;

yoM' = (2ig, 0, 2, 2, 0) = x3;

xsM = (2 + 2if, 2, 2ip) = y3;

ysM'= (2, 2,2 + 2ig, 0, 2) = xy4;

XM = (2, 2ip, 0) = y3;

ysM' = (2ig, 0, 2ip, 0, 0) = xs;

xsM =(0,2,0) =y

ysM'= (2ig, 0, 0, 0, 0) = xg;

xeM =(2,2,0) =ys;

ysM'= (0, 0, 2ig, 0, 0) = x;

X7M = (27 07 0) = Y6;



MoD Fixed Point Pairs of MOD Rectangular Real ... | 155

yﬁMl = (2iF7 07 21F7 07 0) =Xz ( = XS)‘

Thus the resultant is a realized fixed point pair given by
{(2iF9 07 21F7 07 0)7 (07 27 O)}

Though we have taken the range state vector to be a mixed
complex number yet the resultant of the range space is real
where as that of the domain space is pure complex. Thus they
behave in a very different way.

Next we proceed onto describe special type of domain space
of state vectors and range space of state vectors for the same
MOD finite complex modulo number matrix operator by
examples.

Example 3.17: Let

[3+i, 2 1+42i, |
0 1+45, 0
p_ | 4 0 5
I+i,  3i; 0
0  5+2i, i
|1 0  3+4i,

be the MOD finite complex modulo integer matrix operator with

entries from C(Ze) = {(a + bir where a, b € Z; iy = 5}.

Let DS = {(al, Az, ..., a6) [ a; € {1, 0, i]:, 1+ iF), 1<i< 6,
ir=5}and Rs = {(a;, ay, a3) la; € {0, 1,ip, 1 +i}; if =5; 1 <i
< 3} be the collection of special state vectors of domain and
range spaces respectively.

Clearly Dg € D and Rg c R.
Now we work with elements of Dg and Rg for effect on P.

Letx=(1,0,0,0,0,0) € Ds. To find the effect of x on P.
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xP=0C+ir 2, 1+2ip) = (1, 1,ip) =y5;

yiP'= (3 + 2ip, 1+ Sip, 3ip, 1+ 4ip, 4 + 2ip, 4 + 4ip) —
(17 iFa iF7 iF7 17 1+ IF) = X1

X1P = (1 + 311:, 5+ 31F, 311:) —> (IF, 1, IF) =Yy,

yoP' = (5 + 4ig, 1 + 5ig, 2 + Sig, 5 + 4ip, 4 + 2ip, 2 + 4ip) —
(17 iFa iF7 17 17 IF) = X33

XoP = (3ig, 2, 3 + 5ip) = (ip, 1, 1p) = y3 (= y2).

Thus the resultant is a realized fixed point pair given by
{(1a iF7 iFa la la iF)a (iFa la iF)}‘

Let us find the effect of x = (1, 0, 0, 0, 0, 0) realized as a
vector of D on P.

XP=(3+ip 2, | +2ip) = y;;

yiP'= (3 + dig, 2 + dig, 1 + i, 2 + 4ig, 2 + Sip, 4 + 5ip) = X3
xP=(3,3ig ig+5) =y

yoP' = (2ip, 3ip + 3, Sig + 1, 3ig, 5 + 2ip, 2 + 5ip) = Xp;
xP=(1,0,3 +ip) =y3;

y3P' = (4 + 2ig, 0, 3 + 3ig, 1 +ip, 3ip + 5, 3ip) = x3;

X3P = (4 + 3ig, 2iE, 3ip) = y4;

y4P' = (2ip + 3, 2 + 2i, i, 1 + ip, 5 + 4ig, 4) = x4 and so on.

We will arrive at a resultant which will be a realized fixed
point or a realized limit cycle point pair.

Now we see if x € Dg c D; the effect of x in Dg can give a
realized limit cycle or realized fixed point with lesser number of
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terms and if the same x € D then the number of iterations is
more when X is realized as an element of D but when the same x
is in Dy the realized limit cycle or realized fixed point is reached
by a finite number of iterations.

Lety = (0, 0, 1) € Rs we find the effect of y on P in the
following

yPl = (1 + 21F9 07 57 07 iF7 3 + 41F) - (1F7 07 17 07 iFa IF) = X15
X1P = (31]: + 4, i]: + 4, 41]: + 4) =Vi;
ylpl = (1 + 311:, 31F, 2, 4+ iF, 2+ 511:, 4+ 311:) = X3 and so on.

We see the effect of y = (0, 0, 1) in R has several iterations
to go how ever it will finite.

We will arrive at a realized fixed point pair or the realized
limit cycle pair only.

Now we will take y = (0, 0, 1) as an element of Rg and find
the resultant on P.

yPl =(1+2ig 0, 5,0, ig, 3+4ig) — (ig, 0, 1, 0, if, i) = X1;
X1P= (311: + 4, iF+ 4, 41F + 4) - (1, 1, 1+ IF) =Yy

yiP'= (4 + 4ip, 1 + 5ig 5+ 3ip, 1 + 4ip 4 + 3ig, ip) =
(1 + iF’ iFa la iF7 17 IF) = X2,

XoP = (1 + 4ig, 5 + Si, ip) = (ip, 1 +ip, 1p) = y2;

yoP' = (5,2, 4 + 5ip, 4ip + 2, 2 + ip, 4ip + 2) —
(17 17 iF7 iF7 17 IF) = X3;

X3P = (4 + 3i]:, 5+ i]:, 3+ 51]:) — (1, 1, IF) =Ys;

ysP' = (3 + 2ip, 1 + Sig, 3ig, 1 + 4ig, 4 + 2ig, 3 + 3ip) —
19 iF7 iFa iFa 19 1 + IF) = X4
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x4P = (5 + 3ip, 3 + 5if, 3ip) = (1, ip, 1p) = y4

y4Pt = (1 + 4i]:, 1+ i]:, 3i]:, 4+ i]:, 3+ Sip, 3+ 31]:) —>
(ip, 1 +1ip, ip, 1,1p, 1 +1p) = X553

XsP = (3 + Sig, 4ip, 2 + 3ip) = (p, i, i) = Ys;

ysP'= (3, ig+ 1, 2 + 5ip, ip + 2, Sip + 3, 4ip + 2) —
(1,1 +1ip, i, 1, ip, 1) = Xe;

x6P = (3if, 4i, 2 + 4ip) — (ip, i, 1p) = Y6 (=s).

Thus the resultant is a realized fixed point pair given by
{17 1+ iFa iF7 17 IF7 lF)a (iFa iF7 IF)}

However when we work with elements of Dg or Ry we
arrive at a resultant with a fewer number of iterations than when
the elements are from D and R.

Example 3.18: Let

S = N O O
W = N O DO

wn W o~ O N
S W O = W O
A O N = ==

be the MOD finite complex modulo integer operator with entries
from C(Zs) = {a + birla, b € Z, iy = 5}.

LetD={(a;,a,...,a¢) laj€ C(Zg); 1 <1< 6} and

R = {(ay, a,, a3, a4, as) | a; € C(Zg); 1 <1< 5} be the domain
and range space of state vectors respectively associated with S.

Letx=(5+2i0,0,0,0,0) € D.
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To find the effect of x on S.

xS =4 +4ig, 0,5 2ip, 2 + 3ip, 0) = yy;

yiSt = (3 + 4ig, 5 + 2iF, 3, 2 + 4i, 2 + 3if, 0) = x3;

x1S = (3 + Sig, 4 + ig, 5 + 2i, 0, 4 + 3ip) = y, and so on.

From the trend of results we realized the resultant would be
a realized limit cycle pair or a realized fixed point pair which
are also mixed finite complex numbers.
Consider y = (0,0, 0,0, 2 +ig) € R.

To find the effect of y on S;

yS'=(0, 4 + 2ig, 0, 4 + 2ig, 2 + ig, 3ip) = X);

x1S = (0, 2 +ip, 0, 4 + 5ig, 0) = yy;

ViS'= (4 + 2ip, 4 + Sip, 2 + i, 2 + 4ip, 4 + 2ip, 0) = x5

XS = (4 + Sig, 4 +2ig, 2 + 2ig, 0, 2 + 4ip) =y

v2S'= (4, 2 + 2ig, 2+ 3ig, 2, 3ip, 4 + 3ip) = X3;

X3S = (3ip, 4ig, 4 + Sif, 4 + 3ip, 2 + 4ip) = y3;

y3S' = (2 + Sip, 3ip + 2, 4, 2, 4ip, 4 + 3ip) = x4;

X4S = (4 + i, 3ig + 2, 2if, 0, 4 + 3ip) = y4;

V4S'= (2 + dip, 2 +ip, 0, 2 + 4ig, 1, 4ip+ 2) = xs;

XsS = (5+4ip, 1 4+ 5ig, S +1ip, 1, 2 + 4ip) = ys5;

ysS' = (4 + 4ip, 4 + 5ig, 2 + ip, 2 + 4ig, 4 + 2ig, 0) = Xg;
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XeS = (4 + 3ip, 4 + 2iF, 2ip, 2ip, 4 + 2i) = Ye;

VeS' = (4 + 4ip, 4 + 4i, 2 + ip, 4, 4 + ip, 4 + ip) = X7;

x7S = (Sip, 4,4 +ip, 4 + 2ip, 2) = y7;

y7S'= (2 +ig, 4 + ig, 2, 2, 5ig, Sip + 4) = xg;

XgS = (2, 4 + 4ip, 4 + 4iF, 3ig, 4ip) = ys;

ysS' = (2 + 4if, 2ip, 4 + 2ip, 4 + 2i, ig, 2 + 4ig) = Xo;

XoS = (2 + 3ip, 4 + 3ip, 4 + 4iF, 0, 2 + 3ip) = yo;

¥oS' = (2 + 4ip, 4 + ip, 4 + 4ip, 2ip, 2 + 3ip, 2 + 4ip) = X0;

we find x,0S and so on until we arrive at a realized fixed point
pair or a realized limit cycle pair.

Certainly this will be achieved after a finite number of
iterations.

Letx=(1,0,0,0,0, 0) e D to find the effect of x on S.
xS=(2,0,1,4,00 > (1,0,1,1,0) =yy;
viS'=(1,1,2,4,4,3) > (1,1,1,1,1, 1) = x;;
x5=(5,3,3,1,2) > (1, 1,1, 1, 1) =yy;
v2$8'=(1,2,3,0,2,0)— (1,1,1,0,1,0) = x5;
x5=(00,3,3,5,3) > (0,1, 1,1, 1) =ys3;
v39'=(5,2,2,0,5,1) > (1,1,1,0, 1, 1) = x3;
x39=(5,3,1,5,00—>(1,1,1,1,0) = ys

yaS'=(1,0,3,4,1,3) > (1,0, 1, 1, I, 1) = xy;
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x5=(5,4,2,1,0) > (1,1, 1, 1, 0) = y5 (= y4).

Thus the resultant is a realized fixed point pair given by
{(1,0, 1,1, 1, 1),, 1, 1, 1, 0)}.

We see x is real and the resultant is also a real pair.
Lety=(0,1,0,0,0) € Rs.
To find the effect of y on S;
yS'=(0,5,1,0,3,0)— (0,1,1,0,1,0) = x;;
x5=4,3,2,1,3)>(,1,1,1, )=y
viS'=(1,2,3,0,2,0)— (1,1,1,0, 1,0) = x5;
x5=(0,3,3,5,3) > (0,1, 1, 1, ) =y
v2$8'=(5,2,2,0,5,1)—(1,1,1,0,1, 1) = x3;
x33=(53,1,50->,1,1,1,0)=ys;
v3S$'=(1,0,3,4,1,3) > (1,0,1,1,1, 1) = x4;
xs5=(5,4,2,1,0) > (1,1, 1, 1, 0) = y4 (=y3).
Thus the resultant of y is a realized fixed pair of real vectors
given by
{(1,0,1,1,1,1),(1,1,1,1,0)}.
Let x =(0,1r, 000 0) € Ds. To find the effect of x on S.
xS = (0, 5ip, ip, 0, 2i) — (0, ip, i, 0, ip) = y;;
y1S' = (ir, 2iF, 2i, 4iF, 4if, i) = (. iF, iF i i6 1) = X0

x1S = (5if, 3if, 3if, ig, 2ip) = (F, 1, 1F, i, 1) = Y2;
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v2S' = (ip, 2ip, 3ip, 0, 2if, 0) = (g, ip, ip, 0, ip, 0) = Xx2;

x2S = (0, 3iF, 3i, Sip, 3ip) = (0, i, ip, iR, i) = ¥3;

y3S' = (Sip, 2ip, 2ip, 0, 5i, i) = (ip, ir, ip, 0, iF, ip) = X33

X3S = (Sip, 3ip, i, Sip, 0) = (F, iR ip ip 0) = Y4

¥4S' = (ip, 0, 3ip, 4ip, ip, 3ip) = (ip, ip, ip ip ip iF) = X4 (= X)).

Thus the resultant is a realized limit cycle pair given by
{(va iF7 iF7 iF7 iFa 1F)7 (1F7 iF7 iFa iFa IF)}

Thus if x € Dg is a pure complex number so as the resultant
pair.

Lety=(0,0,ig 0, 0) € Rs.

To find the effect of y on S;

yS' = (ip, ip, ip, 2ip, 0, 4ig) = (ip, ip, ip, ip, 0, ip) = X3
x1S = (2i, 0, 3ig, 0, ip) = (i, 0, i, 0, ip) = y1;

y1S' = (3ig, 0, 3ip, 2ip, ig, 5ip) = (ig, 0, ip, ip, ig, ip) = X2;
x5S = (Sip, 4ig, 2iE, ig, 0) = (ip, ig, ip, i 0) = Y23

v2S' = (ip, 0, 3ig, 4i, ip, 3ip) = (ig, 0, ip, ip, ip, ip) = X3;
X3S = (Sip, 4if, 2iR, i, 0) = (F, i, ip, ip, 0) = y3 (=Y2).

The resultant of y is a realized fixed point pair given by
{(iFv 07 iF7 iF7 iFa iF)7 (1F7 iF7 iF7 iF7 0)}

This is also a pure complex pair.

Let us consider x = (0, 1 +1ig, 0, 0, 0, 0) € Ds.
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To find the effect of x on S.

xS =(0,5+ 51, 1 +1if, 0, 2 + 2ip) —
(0,1+ip,1+ip,0,1+ip)=yl;

viS'= (1 +ig, 2 + 2ip, 2 + 2ip, 4 + 4ig 4 + 4ig, g + 1) >
(1 +ig 1 +ig, 1 +ip, 1 +1ip, 1 +1ig, 1 +1ip) = xy;

XS = (5 + 5ig, 3ip + 3, 3 + 3ip, ip + 1, 2+ 2ip) —
(1+ip 1 +ip 1 +ip, 1 +ig, 1 +1ip) = yo5

y2S'= (i + 1, 2 + 2ig, 3 + 3ip, 0, 2 + 2ip, 0) —
(1+iF,1+iF,1+iF,0,1+iF,O)=X2;

xS = (0, 3 + 3ig, 3 + 3ig, 5+ S i, 3 + 3ip) —
(0,1+i]:,1+ip,l+1ip,1+ip)=Y3;

y3S' = (5 + Sip, 2 + 2ip, 2 + 2ip, 0, 5 + Sip, 1 +ip) —
(1+iF,1+iF,1+iF,0,1+iF,1+iF)=X3;

X3S = (4 + 4ig, 3 + 3ig, 4 + 4ig, 5 + Sig, 0) —
(1+ip 1=ip 1 +1ip 1 +1ip, 0) = y4;

yaS'= (1 +ir, 0, 3 + 3ip, 4 + 4ip, 1 +ip, 3 + 3ip) —
(1+iF,0,1+iF,1+iF,1+iF,l+iF)=X4;

X4S = (5 + 5ip, 4 + 4ig, 2 + 2ig, 1 + 1, 0) —

(1 +ig, I +ig, 1 +ip, 1 +ip, 0) = ys (=ya).

The resultant of x on S is a realized fixed point pair given
by {(1 +ir, 0, I +1ip, 1 +1ip, 1 +1ip, 1 +1ip), (1 +1ip, 1 +ip, | + i,
1+ip 0)}.

The resultant is also mixed as x is mixed.

Next we proceed onto study the MOD dual number operator
using (Z, U g)={a+bgla,be Z, g =0}.
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We will illustrate them by examples.

Example 3.19: Let

[3+g  1+g |
2g 0
S=|3g+2 4+¢g

0 3+2¢g
|4+2¢  3g |

be the MOD dual number matrix operator with entries from
(Zsug) ={a+bgla,be Zs, g =0}.

Let D = {(a, a5, a3, a4, as) l a; € (Zsw g); 1 <i<5} and

R = {(by, by) I by, by € (Zs U g)} be the domain and range
state vector spaces respectively related with S.

Now let x = (0, 1, 0, 0, 0) € D to find the effect of x on S.

xS =(2g,0)=y; yiS'= (g, 0,4g,0,3g) = x;
xiS = (3g, 2g) =y y28'= (g, 0, 4g, g 2g) = X33
XS = (4g, 0) = y3; ysS'=(2¢g,0,3¢g, 0, g) = x3;
X3S = (g,32) = ya; yaS'= (g, 0, 4g, 4g, 42) = xy;
XaS = (2g, 42) = ys; ysS' = (0,0, 3g, 2g, 3g) = xs;
xsS = (3g, 3g) = y&; yeS' = (2g, 0, 3g, 4g, 28) = X¢;
x6S = (0, 2) =y y7S'= (g, 0, 4g, 3g, 0) = x3;

x7S =(g, g) = Vs; yeS' = (4g, 0, g, 3g, 4g) = xg;
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xgS = (0, 2) = yo; yoS'=(2g, 0, 3g, g, 0) = xy;
xoS = (2g, 28) = y10; yi0S'= (3, 0, 2g, g, 3g) = Xu0;
x10S = (0, 4g) = yu1; ynS'=(4g, 0, g 2g,0) = xu;;
xS = (4g, 4g) = yi; yiS'= (g, 0, 4g, 2g, g) = Xiz;
x12S = (0, 3g) = yi3; yisS' = (3g, 0, 2g, 4g, 0) = xy3;

X138 = (38, 38) = ¥14 (=Ye).

Thus the resultant of x = (0, 1, 0, 0, 0) is a realized limit
point pair given by {(2g, 0, 3g, 4g, 2g), (3g, 32)}.

Though x is real the resultant pair is a pure dual number

Lety=(g,0)e R.

To find the effect of y on S.

yS'=(3g,0,2g, 0, 42) = x; XS =(4g, 2) =yi;
viS'=(3g, 0, 2g, 3g, g) = X; XS =(2g, 0) = y2;
y.S' = (g, 0, 4¢g, 0, 3g) = x3; X3S = (3g, 2g) = y3;
y3S'= (g, 0, 4g, g, 2¢) = x4; XS = (4g, 3g) = y4;
yaS'= (0,0, 0, 4g, 42) = x; XsS = (4g, 2g) = ys;
ysS'=(4g,0, g, g, 2) = X, XS = (38, 8) = Ys;
¥6S' = (0, 0, 0, 3g, 28) = x7; x7S = (38, 4g) =y
y-S'= (3g, 0, 2g, 2g, 22) = Xg; XsS = (g, 2g) = ys;

ygst =(0,0,0, g, 4g) = Xo; XoS = (g, 3g) = Yo,
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yoS' = (g, 0, 4g, 4g, 4¢) = Xu; X108 = (2g, 4g) = y1o;
y10S'= (0,0, 0, 2g, 3g) = x1;
xS = (3g, 42) =yu = y7)-
Thus the resultant of y = (g, 0) is realized limit cycle pair given
by {(3g, 0, 2g, 2g, 2g), (3g, 4g)} which is also a pure dual
number.
Let y = (0, 1) to find the effect of y on S.
yS'=(1+g,0,4+g,3+2g 32) =x;;
xiS=(1,1+2g)=yy;
viS'=(4+4g,2g,2g+1,3+3g,4)=xy;
XS =(g,2g+2) =yx
y2S'=(2g+2,0,3+2g,1,0)) =x3;
35=(g+2,2+22) =y,
and so on we may arrive at a resultant which may be a realized
limit cycle pair or a realized fixed point pair with mixed dual

numbers in general.

Example 3.20: Let

21 01 45

032010
B=

4 0310 2

510020

be the MOD dual number matrix operator with entries from

(ZsU g)={a+bgla be Zs, g =0}.
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D={(a;, as a3, a) laje ZguU g); 1 <i<4} and

R={(b, by, ..., be) Ibje (Zsg U g); 1 <1< 6} be the domain
and range space of state vectors of dual numbers respectively
associated with B.

Letx=(0,1,0,0) € D.

To find the effect of x on B.

xB=(0,3,2,0,1,0)=y; yB'=(1,2,0,5)=x;

x1B=G,1,4,1,4,5) =ys; yiB'=(1,3,40)=xy;

x:B=(0,4,0,5,1,1) =y, y:B'=(0, 1, 1, 0) = x3;

x;B=(4,3,5,1,1,2)=y3; ysB'=(2,2,01) =xy;

xsB=(1,3,4,2,0,4) =y4 v.B'=(3,5,2,2) =xs;

xsB=(0,4,4,3,3,1)=ys; ysB'=(0, 5,5, 4) = xg;

xeB=4,1,1,5,1,4) =yg; yeB'=(2,0,0,4) =x7;

xB=1(0,0,0,2,4,4) =y y:B'=(4,4,4,2) =xg;

xsB=(4,0,2,2,0,4) =ys; ysB'= (0, 4, 0, 2) = xo;

xB=(4,2,2,0,2,0)=yy and so on.

However from the trend it clearly follows that the resultant
of a real state vector from the domain or range space always
yields a real realized resultant pair.

Lety=1(0,0,0,0,1,0) e R. To find the effect of y on B.

yB'=(4,1,0,2)=x; xB=(0,3,2,4,3,4) =y;;
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yiB'=(3,4,0,3)=xy x:B=(3,0,2,3,0,3) =y,
y2B'=(0, 4, 3, 3) = x3; xsB=(3,3,5,3,40)=ys;
y3Bt =(4,5,0,2) =x4; x,B=(0,3,4,4,1,2)=yy;
y4Bt =@3,0,2,5 =xs; xsB=(3,2,0,5,4,1)=ys;
y5Bt =4,4,1,3) =X xB=@3,1,5,5,2,4) =y

y¢B'= (4,3, 4,2) =x; and so on.

The resultant will be only a real pair of vectors.
Letx=(0,g,0,0) e D.

To find the effect of x on B.

xB = (0,3g,2¢,0,g,0)=y; yiB'= (g, 2¢, 0, 5g) = x;;
xiB=(3g 0,4g g 42 50) =y  y:B'=(4g0,5g 59 =x,
and so on.

It is clear from the trend we get only a pure dual number as
a resultant pair if we started to work with a pure dual number

state vector either from the range space of a domain space.

However if we take a mixed dual number state vector say
x=(3+2g,0,0,0) e D; to find its effect on B.

xB=(4g,3+2g,0,3+2¢g,2¢,3+4g)=y;
yiB' =3 +2g,1+2g 3+2g, 3+2g) =xy;

x,B = will also be a mixed dual number.



MoD Fixed Point Pairs of MOD Rectangular Real ... | 169

Infact we see the resultant pair will be a realized fixed pair
or a realized limit cycle pair given by the mixed dual number
pair.

In view of all these we have the following theorem.

THEOREM 3.5: Let

al 1 al 2 al n
M= ay a?z a,,
aml am2 amn

be the MOD dual number matrix operator with entries from
Z,c(Z,ug)={a+bgla beZ;g =0};2<s< oo(a;€Zy;
1 <i<m, 1 <j<n).

D={(a,ay ..,a,) ) a; € Z;,g) I <i<m}and

R=1{(b;, by, ..., b,) | b € (Z; U g); I <i <nj} be the domain
and range space state vectors respectively associated with M.

1) If x = (ay, ..., a,) where all a;’s are real a; € Z,; 1 <i <m
then the resultant of x on M is a realized pair of state
vectors which are all real.

iit) Ify= (b, ..., by, bje Z, 1 <i <n are real then the
effect of y on M is also a real pair of state vectors.

iii) Ifx=1(a g ..., a,g) where a,e€ Z; 1 <i <m (ory = (b,g,
b,g, ..., b,g) where by € Z,; 1 <i <n) be the pure dual
number state vectors then the resultant is also a pure dual
number pair.

iv) Ifx e D (ory € R) are mixed dual number state vectors
so is the resultant pair is general.

Proof. Follows from the fact that all entries of the MOD dual
number operator matrix M are real so if a real vector is
multiplied the resultant pair will be real so (i) and (ii) are true.
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Further if the initial state vector x is a pure dual number
then when it is multiplied b y a real number the resultant will be
only a pure dual number pair.

Hence (iii) is true.

Finally if x is a mixed dual number state vector then the
resultant will be a mixed dual number as the MOD matrix
operator has only real entries, hence (iv) is true.

Now we give different type of examples.

Example 3.21: Let

2g 4g og]
0 6g O
B=(3g 0 5¢g
0 g 2¢g
|4g Sg 0]

be the MOD dual number matrix operator with entries from
(Zg L g). All entries of B are pure dual numbers.

Let D={(aj, a, ...,as) la;e (Zgu g)={a+bgla,be Zg,
g8=0};1<i<5}and

R = {(by, by, b3) I bj € (Zg U g); 1 <1< 3} be the domain and
range space of state vectors respectively associated with B.

Letx=(1,0,0,0,0) e D.
To find the effect of x on B.
XB = (2g7 4g9 6g) = y; yB[ = (07 07 07 07 0) =X15

x;B =(0, 0, 0).
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Thus the resultant pair is a realized fixed point pair given by
{(0,0,0,0,0),(0,0,0)}.

Lety=1(0,0,3)e R.

To find the effect of y on B;

yB'=(2g.0, 7g, 6g, 0) = x;; xB=(0,0,0)=y;;
yiB'=(0,0, 0,0, 0) = x,.

Thus the realized resultant is a fixed point pair given by
{(0,0,0,0,0),(0,0,0)}

Let us consider x = (2g, 0, 0, g, 0) € D.
To find the effect of x on B.
xB=(0,0,0)=y;;

yiB'=(0,0,0,0,0) = x;.

Thus the resultant is a realized fixed point pair given by
{(07 07 07 O’ 0)’ (07 O’ O)}’

Lety=(0, 2g, 3g) € R.

To find the effect of y on B.
yB'=(0,0,0,0,0)=x;;
xB=(0,0,0)=y,.

Thus the resultant is a realized fixed point pair given by
{(0,0,0,0,0),(0,0,0)}.

From this it is observed if the MOD matrix operator is a pure
dual number matrix then the resultant of pure dual number state
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vectors and real number state vectors are only pair of zero
vectors.

Letx=(2+g,3+2¢g,0,0,0) e D.

To find the effect of x on B.

xB = (5g,2g, 4g) = yi; yiB'=(0,0,0,0,0) =x;

x:B=(0,0,0).

Thus again the resultant pair is a zero pair.

In view of this we make the following conditions.

If we take or consider those MOD dual number matrices if
the entries are pure dual numbers than we see the resultant is
always the zero pair given by {(0, 0,..., 0), (0,0, ...., 0)}.

Thus there is no use of working with MOD dual number
matrix operators which has pure dual number entries. However
if we have MOD dual number matrix operator to have real or
mixed dual number entries certainly we will have non zero

resultants.

To this end we will give one more example of a MOD dual
number matrix operator.

Example 3.22: Let

3g+1 2¢g+3 0 2g 1
M=|6+5¢g 0 44g 0 ¢
2¢+4 4g+1 2g¢ 4 2

be the MOD dual number matrix operator with entries from
(Ziyug)={a+bglg’=0,a,be Zj}.

Let D ={(aj, a,a3) laj € (Zpu g), 1 £i<3} and



MoD Fixed Point Pairs of MOD Rectangular Real ... | 173

R = {(by, by, b3, by, bs, bg) I b € (Zp U g); 1 <1< 6} be the
state vectors of the domain and range spaces respectively.

Let Dg = {(aj, ay, a3) la; € {0, 1, g, 1 +g)}; 1 <i<3} and
Rs={(by, by, ..., be) Ibje {0,1,g, 1+ g}; 1 <i<6} be the
special state vectors of domain and range space respectively.

Let x =(1,00) € D. We find the effect of x on M.

xM=03g+1,2g+3,0,2g, 1) =y;

yM'= (8g+ 1,4g+ 6,62 +9) =x,;

xM=B3+7g,82g+2,8+2g,6+6g 6g+9)=yy;

yiM" and so on we will after a finite number of iterations arrive
at a realized fixed point pair or a limit cycle pair.

Suppose the same x = (1, 0, 0) is taken as an element of Dg
we find the effect of x on M as a special state vector of Ds.

M — (g, 1,0,g, 1) =yy; yM'— (1,g, 1) =x;;
xM—=(1,g.¢e1,1)=yy M = (g, 1, g) = x5
xM— (1, g 1,8 8=y ysM' = (g, g 1) = x4
xM—(g g gl )=y Yam' = (2 & ) = Xs;

xsM = (g, 8. 8. & 8) =5 ysM' = (g, 0, 2) = Xg;

XM — (g, 8,0,8,8) =y yM — (g, 0, g) =X7 (= Xo).
Thus the resultant as an element of Dg is a realized fixed
point pair given by
{(g0,2),(g0,¢g9}

Next let us consider y = (0, 0, 0, 1, 0) € R.
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To find the effect of y on M.

yM'= (0,4 +g,2g) = x;;

xiM = (4, 2g, 6 + 8g, 8g, 8g) =yi;

yiM' = (4 + 62,8 + 8g, 6) = x;

xM=(06+g,8 2+2g,4+8g, 6+4g) =y

yaM'= (6 + 4g, 4 + 4g, 0) = x3;

x;sM = (6g, 2 +4g, 6, 2g, 6 + 8g) = y; and so on.

Thus we will after a finite number of steps or iterations we
wi.ll arrive at a realized limit cycle pair or a realized fixed point
pair.

Now we will work with the same y = (0, 0, 0, 1, 0) realized
as a special state vector of Rg.

yM'— (g,0,1)=x;; xM—=(1,g,¢g 1, 1)=y;
yiM' = (g, 1, g) = xz; xsM = (1, g, 1, g 8) =y
yoM — (g, 8, 1) =X3; xsM—=(g g8 1,1)=ys;

yiM' = (g, g, 1) = x4 (= x3).

Thus the resultant is a realized fixed point pair given by
{(g.g D (ggegl D}

Let x = (0, g, 0) € D. To find the effect of x on M.
xM = (6g, 0, 4g,0,0) = y;; yiM' = (8¢, 6g, 82) = xy;
xM = (6g, 2g, 4g, 2g, 4g) = y»; y.M' = (6g, 2g, 2g) = X2;

XM = (6g, 8¢, 82, 82, 0) =y3; ysM'= (0, 8g, 4g) = x3;
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XM = (4g, 4g, 2g, 6g, 82) = yu; yaM' = (4g, 2g, 0) = x4;
XM = (6g, 2g, 8g,0,4¢) =ys; ysM' = (6g, 8g, 6g) = xs;
xsM = (8g, 4g, 2g, 4g, 8g) = y;
yeM' = (8g, 6g, 82) = X¢ (= X))

Thus the resultant is a realized limit cycle pair given by
{(8g, 6g, 82), (6g, 2g, 4, 2g, 42)}.

Now we study the effect of x = (0, g, 0) as a special state
vector of Ds on M.

xM =(6g,0,4g,0,0) > (g,0,g,0,0)=y;;
yM' = (g,0,2) =x;; xM = (g, g0,¢g 8 =y

YZMl - (g7 07 g) = X2 (= Xl)'

Thus we see the resultant is a realized fixed point pair given
after just one iteration {(g, 0, g), (g, g,0, g, 2)}.

Now we see special state vectors in Dg and Rg behave in a
very different way from that of the state vectors in D and R.

Next we proceed onto work with the MOD special dual like
number matrix operators.

Example 3.23: Let

h 0 3h+2]

0 4h+1 O
4h+1 0 3h

0 2h  h+l
3h+3 0 2

4 3 0
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be the MOD special dual like number matrix operator with
entries from (Zs W h)={a+bhla,be Zs, h’= h}.

D = {(a}, @y, a3, a4, as, ag) | a; € (Zs U h); 1 <1< 6} and

R = {(b;, by, b3) Ib; € (Zs U h) 1 <i< 3} be the state vector
related with the domain and range spaces respectively
associated with the MOD operator M.

Letx=(1,0,0,0,0,0) e D.

To find the effect of x on M.

xM=(h,0,3h+2)=y;

yiM'= (4 +2h, 0, 0, 3h + 2, 4 + 2h, 4h) = x;;

M = (2, 2h, 4h + 3) = y,;

yoM'= (1 +h,0,4h+2,3,2+4h, h+3) =xy;

xoM = (4h, 4h+4, 2h + 4) = y3;

y3M‘=(h+3,4+h, 3h,4 + 4h, h + 3 3h + 2) and so on.

We see the resultant of x will be a realized limit cycle pair
or a realized fixed point pair.

Lety=1(0,0, 1) € R, to find the effect of y on M.
yM'=(3h+2,0,3h,h+1,2,0)=x;
xM=(1+h,4h,3h+4)=y;
yM'=(@h+3,0,1,3h+41,4+h)=x,

and so on.
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Thus we see the resultant is a realized limit cycle pair or a
realized fixed point pair.

Let x =(0, 0, h, 0, 0) € D to find the effect of x on M.
xM = (0, 0, 3h) = yy; yiM'= (0, 0, 4h, h, h, 0) = x;;
X;M = (h, 2h, h) = y,; y2M' = (h, 0, 3h, h, 3h, 0) = x,;
X,M = (4h, 2h, 2h) =y5;  ysM"'=(4h,0,h,3h, 3h, 2h)=x3;
xsM = (0, 2h, 0) = yy; y.M"'= (0, 0, 0, 4h, 0 h) = x4;
X4M = (4h, h, 3h) = ys; ysM' = (4h,0,4h,3h,0,4h)= x;;
xsM = (0, 3h, 3h) = y; yeM' = (0,0,4h,2h,h,4h) = x;
XM = (2h, 0, 3h) = y; y;M' = (2h, 0, 4h, h, 3h,3h)=x7;
XM = (2h, h, 0) = yg; ysM' = (2h, 0, 0, 2h, 4h, h)= xg;
xgM = (0, 2h, 2h) = yo; yoM' = (0, 0, h, 3h, 4h, h) = Xo;

XoM = (3h, 4h, 4h) = y,;

y1oM' = (3h, 0, 2h, h, h, 4h) = x,¢;

x10M = (0,0, 0) = yy5;

yuM'= (0, 0,0, 0, 0, 0).

Thus the resultant is a realized fixed point pair given by
{(0,0,0,0,0,0), (0,0,0)}.

Thus the resultant can be a zero pair.
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Example 3.24: Let

be the MOD special dual
entries from (Z; U h) = {a +

irs using MOD ...

3h h 0]
0 2h h
2h 0 3h
0 3h 0
h 0 2h
0 h 0]

like number matrix operator with
bhlh’=h,a,be Z,}.

D={(a;,a, ...,a5) la;e (ZyUh); 1<i<6}and

R = {(by, by, b3) I b; € {(Z, U h), 1 <1 < 3} be the domain
space of state vector and range space of state vectors

respectively related with the

MOD matrix operator M.

Letx=(0,0,0, 1,0, 0) € D; to find the effect of x on M.

xM =(0, 3h,0)=y;;
x;M = (h, 3h, 2h) = y»;
x;M = (3h, 0, 2h) =y3;
x3M = (2h, h, 0) = y,;
x4M = (3h, h, 2h) = ys;
xsM = (h, 0, 2h) = y;

XM = (2h, 3h, 0) = y7;

yiM' = (3h, 2h, 0, h, 0 3h) = x;;
y-M' = (2h, 0, 0, h, h, 3h) = x5;
ysM' = (h, 2h, 0, 0, 3h, 0) = x3;
ysM' = (3h, 2h, 0, 3h, 2h, h) = xg;
ysM' = (2h, 0, 0, 3h, 3h, h) = xs;
yeM' = (3h, 2h, 0, 0, h, 0) = xg;

y;M' = (h, 2h, 0, h, 2h, 3h) = x;

XM = (h, 3h, 2h) = yg (=y,).
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Thus the resultant is a realized limit cycle pair given by
{(2h, 0, 0, h, h, 3h), (h, 3h, 2h)}.

However the x € D was real.

Lety=(0,0, 1) € R, to find the effect of y on M.

yMt =(0, h, 3h, 0, 2h, 0) = x;; M = (0, 2h, 2h) = y;
yiM' = (2h, 2h, 2h, 2h, 0, 2h) = x,; x,M = (2h, 2h, 0) = y,;
y-M' = (0, 0, 0, 2h, 2h, 2h) = x3; xsM = (2h, 0, 0) = y3;
ysM' = (2h, 0, 0, 0, 2h, 0)= x4; xsM = (0, 2h, 0) = y4;
ysM' = (2h, 0, 0, 2h, 0, 2h) = xs; xsM=(2h,2h,0)=ys(=y,)

Thus the resultant is a realized limit cycle pair given by
{(0, 0, 0, 2h, 2h, 2h), (2h, 2h, 0)}.

Letx=(2+h,0,0,0,0,0) e D.

To find the effect of x on M.

xM = (h, 3h,0) =y;;  y;M'=(2h, 2h, 2h, 2h, 2h, 3h) = x;;
xiM = (0, 3h,0) =y,; y,M' =(3h, 2h, 0, h, 0 3h) = x,;
x;M = (h, h, 2h) =y3;  ysM'=(0, 0, 0, 3h, h, h) = x3;

xsM = (h, 2h, 2h) =y,; y4M'=(h, 2h, 0, 2h, h, 2h) = x4;
xsM=(0,h,0)=ys; ysM'=(h2h03h,0,h)=xs

xsM' = (3h, 3h, 2h) = ys; yeM' = (0, 0, 0, h, 3h, 3h) = x;
x¢M = (3h, 2h, 2h) =y;; y;M'= (3h, 2h, 0, 2h, 3h, 2h) = x5;

X7M = (07 3h7 0) = Y8 (= yz)
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Thus the resultant is a realized limit cycle pair given by
{(3h, 2h, 0, h, 0, 3h), (0, 3h, 0)}.

Hence from this study we make the following observations.
If the MOD special dual like number matrix operator M has all
its entries from Z;h = {ah | ae Z,, h? = h} then certainly the
resultant of every state vector from the domain space of state
vectors as well as from the range space of state vectors is
always a pair {(a, ..., ay), (b, ..., b)} where a;, b;e Z;h, 1 <i
<kand 1 £j <t for any k X t MOD special dual like number
matrix operator with entries from Z,h.

In view of this we have the following theorem.

THEOREM 3.6: Let

a, dp a,,
M= a?l a.22 a? n
aml am2 amn

be the MOD special quasi dual number matrix operator with
entries from Zh = {ah | a € Z,, b’ = h).

D = {(a; a5, ..., an) | a; € (Z, Uh)={a + bh | a, b € Z,
W =nh} 1 <i<m}and R = {(by, ..., by) | b € (Z, U h);
1 <i < n} be the domain and range space of state vectors
associated with M.

Every x € D (or R) is such that its resultant is always a
realized fixed point pair or a realized limit cycle pair which

have only pure special dual number entries from Zh.

Proof is direct and hence left as an exercise to the reader.
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Example 3.25: Let

S = = O O W

W O NN A=
A O LK O O W
S DO N O

be the MOD special dual like number matrix operator with
entries from Z;y c (Z;o U g) = {a + bg | g2 =g,a, be Zp}.

Let D= {(aj, ay, ..., a¢) laje (Zjpu g); 1 <i<6}and

T = {(b,, by, bs, by I b e (Z,uU gy 1 <i<4} be the
domain and range space of state vectors respectively associated
with the MOD matrix operator S.

Letx=1(0,0,1,0,0,0)e D to find the effect of x on S.

XS = (49 67 07 7) = YI; YISt = (49 49 97 49 07 2) = X15

xS =(2,0,2,5) =y YZSt =(4,4,3,4,0,4) =xy

xM=(4,4,0,3)=ys; }’3Ml =(4,4,1,2,0,2) =x3;

xsM =(6,0,2,9) =y

ysM'=(4,8,7,2,8,6)=x, and so on.

From the trend it is very clear after a finite number of
iterations we will arrive at a realized limit cycle or a realized
fixed point pair which will have its entries to be only from Z,,
that is they will be real pair of state vectors if the state vector we

took was also real.

Lety=(0,0,0,1)e R.
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To find the effect of y on S.

yS'=(8,0,7,0,2,0)=xy; x5=(4,8,0,7) =y

viS'=(8,4,3,6,2,2) =x; x2S =(0,0,2,9) =y

v28'=(2,2,3,0,8, 8)=x3 and so on.

We are sure to arrive after a finite number of iterations to
arrive at a realized limit cycle pair or a realized fixed point pair
which will be only real entries from Zq.

Letx=(2g,0,0,0,0,0) e D.

To find the effect of x on S.

xS = (4g, 6g, 0, 6g) = yi;

yiS' = (4g. 4g. 4g. 4g, 62, 2g) = x:;
xiS = (2g, 6g, 2g, 2g) = y»;

y2S' = (8g, 4g, 8¢, 0,0, 4g) = x»;
x2S = (4g, 2g,0,0) = y3;

ysS' = (4g, 4g, 8g. 0, 2g, 2g) = x3;
X3S = (2g, 2¢g, 2g, 2g) = ya;

ysS' = (4g, 4g, 4g. 6g, 6g, 4g) = x;
XsS = (2g, 8g, 0, 2g) = ys;

ysS'= (4g. 2g. 0, 2¢, 2g, 6g) = Xs;

XsS = (2g, 6g, 6g, 62) = Ys;
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v6S' = (0, 8g, 6g, 0, 8g, 0) = X¢;

XeS = (2g, 4g, 8g, 8g) = y7;

ysS'= (0,0, 8g, 8g, 4g. 8g) = x7;

7S = (2g, 0, 2g, 4g) = ys;

ysS' = (6g, 4g, 6g. 4g. 8g, 4g) = xs;

xS = (0, 6g, 0, 62) = yo;

yoS' = (6g, 0, 8g, 6g, 82, 0) = x¢ and so on.

We see of the initial state vector is a pure special dual like
number so is the resultant pair when the MOD matrix used is
real.

Lety=(0,2+3g,0,0) e R.

To find the effect of y on S.

yS'=(5g,2+8¢g,0,5¢g,0,8+2g) =x;;

x;S=(6+4g,5g,4+6g,0)=y,.

We see if the y € R (or x € D) happens to be a mixed
special dual like number so will be the resultant pair.

In view of all these we have the following theorem to be
true.

THEOREM 3.7: Let

a, dp a,,
M= a?l a.22 a? .
aml am2 amn
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be the MOD special dual like number matrix operator with real
entries from Z; ¢ (Z; U h) = {a + bh | W="mnhabe Z}
(2 <s < )

Let D = {(a;, a, ..., a,) | a; € (Z; Uh);1 <i <m} and

R={(b;, by, ..., b)) | bi € (Z; Uh) 1 <i<nj} be the domain
and range space of state vectors respectively associated with M.

i) Every x € D (or y € R) such that all entries from them
are from Z, then certainly in the resultant pair all
entries are from Z,.

ii) If x € D (or y € R) take its entries from Zh then the

resultant pair will have its entries from Zh.

iii) If x € D (or y € R) takes its entries from {(Z, U h) |

{Z; U Zh} then its entries are from (Z; Uh).
Proof is direct and hence left as an exercise to the reader.
Next we work with special state vector model.

Example 3.26: Let

[ 3h 0 4h+1 2h |
0 2h+l1 0 3
M=| 4 0 2h+3 0
5h+1 2 0 5+h
| 2h 0 2+h 0 |

be the MOD special dual like number matrix operator with
entries from (Zs W h) = {a+bhla, b e Zg, h’= h}.

Let D = {(a, a5, a3, a4, a5) | a; € (Z¢ U h), {(ay, ay, a3, a4, as) |
a,€ (Zguh),1<i<5} and
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R = {(a}, a5, a3, a4) | a;€ (Zg U h) 1 <i < 4} be the state
vectors of the domain and range space associated with M
respectively.

Let Ds = {(a;, a5,...,as) la; € {0,1,h,1+h}; 1<i<5} and
Rs = {(a;, a5, a3, a4) la; € {0, 1, h, 1 + h} 1 <1 <4} be the
special state vectors of the domain and range space respectively
associated with M.

Letx=(1,0,0,0,0) e D.

The effect of x on M is as follows.

xM =(3h, 0,4h + 1, 2h) =yy;

yM'=(h+1,0,3 +4h,0,h+2)=x;;

xiM = (2h, 3,2 + 4h, 4h) = y;;

YIMI = (27 37 2h7 07 4) = X2;

xoM = (4h, 3, 4h, 3 + 4h) = y,;

yaM' = (4h, 0, 0, 3 + 3h, 2h) = x3;

x;M = (h, 0, 2h, 3 + 5h) =y; and so on.

Clearly the resultant of x = (1, 0, 0, 0, 0) € D will be a pair
which is a mixed special dual number pair.

Letx=(1,0,0,0,0) € Ds.

We find the resultant of x as a special state vector of Dg
XM = (3h, 0,4h + 1, 2h) — (h, 0, h, h) = y;;

yiM' = (1, h, h, h, h) = x;;

XIM - (h9 hv 17 h) = yz;
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szI — (1,h,h,h,h) =x, (=x)).

Thus the resultant is a realized fixed pair given by
{(1,h, h, h, h), (h,h, I, h)}.

Let us consider a= (0, h, 0, 0, 0) € D.

Clearly the resultant will be a realized pure special dual
like number pair.

However a realized as a special state vector of Dg will also
yield only a resultant pair which will be a special dual like
number pair

Now lety = (0, 0, 1, 0) € R; to find the effect of y on M.

yM'=(4h+1,0,2h+3,0,2+h)=xy;

x;M = (5h, 0, 2 + 3h, 4h) = yy;

yiM' = (4h + 2, 0, 3h, 0, 4 + 3h) = X, and so on.

Thus the resultant in this case will also be a mixed special
dual like number pair.

Lety = (0, 0, 1, 0) € R, that is y is realized as a special
state vector from Rg.

The effect of y on Rs.
yM'=(4h+1,0,2h+3,0,2+h) = (h,0, 1,0, 1) =x;;

x M —(h,1,1,h)=y;; yiM' = (h, h, 1, 1, h) = xy;
xM — (1,h, 1, 1) =yy; y_M'— (h, h+ 1, h, h, h) = x3

and so on.
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We will after a finite number of iterations arrive at a
realized fixed point pair or a realized limit cycle.
In view of all these we have the following theorem.

THEOREM 3.8: Let

al 1 al 2 al n
M= ay a?z a,,
aml am2 amn

be the MOD special dual like number matrix operator with
entries from (Z; Uh)={a+bh/h =h a beZ)};2<s< o
and

D={(a, ay ..., a,) a; € (Z;, Uh); ] <i <m} and

R={(b, b, ..., b,) | bj € (Z; Uh); 1 <j <n} be the domain
and range space of vectors.

If x € R (or D) is a pure special dual like number state
vector then so will be the resultant of x on M.

Proof is direct and hence left as an exercise to the reader.

Next we proceed on to study the MOD special quasi dual
number matrix operators.

Let(Z,uk)={a+bkla, be Z,kK*=(s— 1)k} be the ring
of special quasi dual numbers.

We will use (Z; U k) to build the matrix which we call as
the MOD special quasi dual number matrix operators.
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Example 3.27: Let

[3k+2 1+k|
0 2k
M=|1+2k 0
2 3+k
143k 2

be the MOD special quasi dual number matrix operator with
entries from (Z, Uk) = {a+bk la,be Z, k’=3k}.

Let D ={(ay, a5, a3, a4, as) la; € (Zy, U k)1 <i<4} and

R = {(b}, by) I by, by € (Z4, U k)} be the special quasi dual
number state vectors respectively associated with M.

Letx=(1,0,0,0,0) e D. To find the effect of x on M.
xM=0Ck+2,1+k)=y;;
yM'=(1,0,k+2,3+k, 2) =x;;

xiM = (0, 2 + 2k) = y»;

yaM'= (2 +2k 0,0, 2 + 2k, 0) = x;

xM = (0,3 +3k) =y,

yaM'= (3 + 3k, 0, 0, 1 + 3k, 2 + 2k) = x3;
M =2+ 2k 2 +2k)=y;3;

ysM'= (0, 0, 2 + 2k, 2 + 2k, 0) = xy;

XM = (2 +2k, 2 + 21() =Y4 (= Y3)
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Thus the resultant is a realized fixed point pair given by
{(0,0,2+2k, 2 +2k, 0), (2+2k, 2 +2k)}.

Lety=(0, 1) € R, to find the effect of y on M.

yM'=(1+k, 2k, 0,3 +k, 2) =x;

xM=2+2k2+2k)=y;;

yiM'= (0,0, 2 + 2k, 2 + 2k, 0) = x;

M= (2 + 2k, 2 + 2k) =y, (=y)).

Thus the resultant is a realized fixed point pair given by
{(0,0,2+2k, 2 + 2k, 0), (2 + 2k, 2 + 2k) }.

Letx=(0,k,0,0,0) e D.

xM = (0, 2k) = yy; yiM'=(0, 0,0, 0,0) =x;;

xM = (0, 0) =y,.

Thus the resultant is a fixed point pair given by
{(0,0,0,0,0),(0,0)}.

Lety=(2k,0) e R.

To find the effect of y on M.

yM' = (2k, 0, 2k, 0, 0) = x;; xiM=(0,0)=yi;
yiM'=(0, 0, 0, 0, 0) = x,.

Thus the resultant is once again a realized fixed point pair

given by
{(0,0,0,0,0),(0,0)}.
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Example 3.28: Let

2k+3 3k 0 1 4+k
M=| 0 1+2k 2k 3k O
k+2 0 1+k 0 2+k

be the MOD special quasi dual number matrix operator with
entries from (Zg U k) = {a+ bk la, b e Zg, K= 5k}.

Let D= {(a;,a, a3) laje (Zguk),i=1,2,3} and
R = {(a}, a5, a3, a4, a5) | a; € (Zg U k) 1 <1i <5} be the
special quasi dual number initial state vectors of domain and

range space respectively associated with M.

Let x = (1, 0, 0) € D, to find the effect of x on M is as
follows.

xM=02k+3,3k,0,1,4+k)=y;;
yM'=(2,0,0) =x;

xM=(4k, 0,0,2,2+2k)=y»;
yaM'= (4,0, 4 + 4k) = x,;
XxM=(4k+2,0,4+4k, 4,0)=ys;
yaM' = (24 4k, 0, 2 + 2K) = xs;
xsM=(4,0,2+2k, 2 +4k,0) =y
vM = (2,0, 4) = x4
xM=2+2k 0,4 +4k, 2,4) =ys;

ysM' = (4k, 0, 4k) = xs;
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xsM = (2k, 2k, 0, 4k, 4k) = ys;
yeM' = (0, 4k, 0) = xg;

xeM = (0, 4k, 4k, 0, 0) = yo:
y:M'= (0, 0, 0) = x5;
xM=(0,0,0,0,0) =ys.

Thus the resultant is a realized fixed point pair given by
{(0,0,0),(0,0,0,0,0)}.

Lety=1(0,0,0,1,0) € R, to find the effect of y on M.
yM'=(1, 3k, 0) = x;;
xM=2k+3,0,0,1+ 3k, 3k) =y;;
ylMI =3+ 2k, 0, 2k) = x,;
xoM = (4k + 3, 3k, 0, 3 + 2Kk, 2k) = y,;
y.M'= (3 + 3k, 0, 3k) = x3;
xsM =(3,0,0,3 + 3k, 3k) = ys;
y3Ml =(0,3 + 3k, 0) = xy4;
xsM = (0,3 + 3k, 0,3 + 3k, 0) =y
yM'= (3 + 3k, 3 + 3k, 0) = xs;
xsM=(3+3k 0,0,3+3k, 0)=ys;
ysM'= (0, 0, 0) = xg;

XM = (0, 0, 0, 0, 0).
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Thus the resultant is a realized fixed point pair given by
{(0,0,0),(0,0,0,0,0)}.

Example 3.29: Let

52 3
40 6
M=0 8 0
123
0 1 0]

be the MOD special quasi dual number matrix operator with real
entries from Z,y < (Z;o U k) = {a +bk | a, b € Z;o, k* = 9k}.

LetD={(aj, as, ...,as) laje (Z;puUKk); 1<i<5} and

R = {(a;, a5, a3) l a; € (Z1p U k); 1 £1i < 3} be the domain
and range space of state vectors respectively associated with the
MOD special quasi dual number matrix operator M.

Letx=(0,1,0,0,0) e D.

To find the effect of x on M.

xM=(4,0,6)=y; yiM'=8,2,0,2,0)=x;

xM = (0, 0,2) =y, yaM'= (6, 2, 0, 6, 0) = xy;
xoM = (4, 4,8) = y3; ysM'=(2,4,2,6,4) =x3;
xsM'=(2,6,8) =y yM'=(2,6,8,8,6)=xy
xsM =(2,6,6)=ys; ysM'=(0, 4, 8,2, 6) = xs;
xsM = (8, 4, 0) =y yeM'=(8,2,2,6,4) =xs;

xsM=(4,8,8) =y }’7Ml =(0,4,4,4,8) =xs;
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xeM = (0 8 6) = yg; ysM'= (4, 6, 4, 4, 8) = x7;
xM = (8, 6,0) =yy; yoM'= (2,2, 8,0, 6) = xg;
xsM = (8, 4, 8) = yj0; yioM'= (2,0, 2,0, 4) = xo;
xoM = (0, 4, 6) = y11; yuM'=(6, 6, 2, 6, 4) = x;
xioM = (0,4, 2) =y yM'=(4,2,2,4,4) =x;
xiM = (2, 6, 6) = y3; yisM'= (0,4, 8,2,6) =x;

X12M = (8’ 49 O) = Y14 (=Y6)

Thus the resultant is a realized limit cycle pair given by
{(8,2,2,6,4),(8,4,0)}.

Lety=(0,0, 1) € R. To find the effect of y on M.

yM'=(3,6,0,3,0) =x;; xM=(2,2,4) =y
yiM'= (6,4, 6,8,2)=xy; xM = (4, 8,6) = y»;
yM'= (4,2, 4,8, 8) =x3; xsM = (6,4, 8)=y;;
ysM'=(2,2,2,8,4) =xy; XM =(6,0,2) =y,
yM' = (6, 6,02 0) = xs; xsM = (6, 6, 0) =ys;
ysM' = (2,4, 8,6 6) = X, xeM = (2, 6, 8) = ys;
yeM' = (6, 6, 8, 8, 6) = x7; xsM=(2,8,8)=ys;
yM' = (0,4, 4,2, 8) =xg; xsM = (8, 2, 0) = ys;
ysM'= (42,6, 2, 2) =X, xoM = (0, 2, 0) = yo;

yoM' = (4,0, 6, 4, 2) = X0; xioM =(4,6,4) =y0;
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yioM'=(4,0, 8, 8, 6) = X3 xM=(8,4,6)=y;
yuM'=(6, 8, 2,0, 4) = x; XM =(2,2,6) =y
yM' =(2,4,6,4,2)=x3; xsM =(0,2,2) =y3;
yisM'=(0, 2, 6,0, 2) = x4 x M =(8, 0, 2) = yu;
yiuM' = (6, 4, 0, 4, 0) = x;5; x;sM =(0,0,4) =ys;
yisM'=(2,4,0, 6,0) =Xy, x1sM = (0, 6, 8) = yi¢;
yieM' = (6, 8, 8, 0, 6) = x;7; xiM =(2,2,6) =y
(=y12)-

Thus the resultant is a realized limit cycle given by the pair
{(2,4,6,4,2),(2,2,0)}.

We see the resultant is real if the MOD special quasi dual
number matrix is real.

Letx=(0,k,0,0,0) e D.

To find the effect of x on M.

xM = (4k, 0, 6k) = yy; yiM' = (8k, 2k, 0, 2k, 0) = x;;
xiM = (0, 0, 6k) = y»; y2M' = (8k, 6k, 0, 8k, 0) = x»;
xM = (2K, 2k, 4k) = y3; ysM' =(6k, 2k, 6k, 8k, 2k) = x3;
xsM = (6k, 8k, 4k) = ya; yaM' = (8K, 8k, 4k, 4k,8k) = x,;
xsM = (6k, 4k, 4k) =ys; ysM' = (0, 8k, 2k, 6k, 4k) = xs;
xsM = (8k, 2k, 6k) = yg; yeM' = (8K, 8k, 6k, 0, 2k) = Xg;

xeM = (2K, 6k, 2k) = y7; y7;M' = (8k, 0, 8k, 4k, 6k) = x;
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x7M = (4k, 4k, 6k) = ys;
xsM = (8k, 2k, 0) = yq;
x1oM = (0, 2k, 0) = y0;
x1M = (4k, 6k, 4k) = yi2;
x12M = (8Kk, 4k, 6k) = y3;
x13M = (6k, 0, 8k) = y4;
x1sM = (8k, 8k, 4k) = yis;

and so on.

ysM' = (6K, 2k, 2k, 0, 4K) = xg;
yoM'= (4K, 2Kk, 6k, 2k, 2K)=X,0;
y1oM' = (4K, 0, 6k, 4k, 2K)=x,;
yiuM' = (4k, 0, 8k, 8k, 6k)=x,;
yisM' = (6k,8k,2k,4k,4K)= x;3;
yuuM' = (4k, 2k, 0, 0, 0) = xy4;

yisM' = (8k,8k,4k,6k,8k) = x5

However after a finite number of iterations we will arrive at
a realized fixed point pair or a realized limit cycle pair which
will certainly be a pure special quasi dual number state vectors.

In view of this we prove the following theorem.

THEOREM 3.9: Let

m2 b amn

be a MOD special quasi dual number matrix operator with real
entries from Z, © (Z, Uk)=fa + bk/a, b € Z, K’ = (s— 1) k}.

D= {(ab ay,

R ={(a;a, ..

wvay)la; e (Z; Uk)I <i <m} and

ap)la € (Z; Uk); 1 <i <nj be the domain

and range state vectors respectively associated with M.
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i) Every x € D (or y € R) where all entries of x (or y) are
real is such that the resultant pair of x on M is also a
real pair.

ii) If x € D (ory € R) is such that the entries of x are in

Zk that is pure special quasi dual numbers then the
resultant pair given by x on M is also a pure special
quasi dual number pair.

Proof is direct and hence left as an exercise to the reader.

We now work with pure special quasi dual number MOD
matrix operator M.

Example 3.30: Let

3k 2k k
M=|0 k 2k
2k 0 Kk

be the MOD special quasi dual number matrix operator with
entries from Z,;k ¢ (Z, uk)={a+Dbkla,be Z, K= 3k}.

Let D = {(x, X5, X3) | X;€ (Z; Uk); 1 £1i<3} and

R ={(y1, ¥y, y3) | yi € (Zy U k); 1 <1 <3} be the domain
and range space of state vectors respectively associated with M.

Letx=(1,0,0) e D.

To find the effect of x on M.

xM = (3k7 2k7 k) =Y, YIMI = (2k7 07 k) =X15
xiM = (0, 0, k) =y»; szl = (3k, 2Kk, 3k) = x»;
XM = (k, 0, 2k) = y3; ysM' = (3k, 0, 0) = x3;

xsM = (3k, 2k, k) = y4 (= y»).
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Thus the resultant is a realized limit cycle pair given by
{(2k,0, k), (3k, 2k, k)} though the initial state vector
x=(1,0,0) e D.

Now lety = (1, 0, 0) € R to find the effect of y on M.

yMt =k, 0, 2k) = x;; M = (3k, 2k, k) = y;
yiM' = (2k, 0, k) = x; xM = (0, 0, k) = y»;
sz‘ = (3k, 2k, 3k) = x3; x;M = (k, 0, 2k) = y3;
ngI =3k, 0,0) = x4; xM = (3k, 2k, k) = yi(=y1).

Thus the resultant is a realize limit cycle pair given by
{(2k, 0, k), (3k, 2k, k) }.

If x=(0, 0, k) € D to find the effect of x on M.

XM = (2k, 0, 3k) = y;; yiM' = 3k, 2k, k) = x;;
xM =(k, 0,0) =y, yM' = (k, 0, 2k) = xy;
xM = (k, 2k, k) = y3; ysM' = (0, 0, k) = x3(=x,).

Thus the resultant is a realized limit cycle pair given by
{(0,0, k), (2k, 0, 3k)}.

Lety = (0, 0, k) € R. To find the effect of y on M.

yMt = (3k, 2k, 3k) = xy; x M =(k, 0, 2k) = y;;
YIMI = (3k7 07 O) = X2; XZM = (3k9 2k7 k) = y2;
y.M' = (2k, 0, k) = x3; xM = (0, 0, k) = ys (=y)).

Thus the resultant is a realized limit cycle pair given by
{(3k, 2k, 3k), (0, 0, k) }.
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In view of this we make the following observation.

THEOREM 3.10: Let

al 1 al 2 al n
M= ay a.zz a?n
aml amZ amn

be the MOD special quasi dual number matrix operator with
entries from Zk = {ak / a € Z,, K= (s—1)k} cZ, Uk)={a+
bk/a,beZ, K =(s—1)k};2 <5< e

Let D ={(a,, a5, .. a,)| a; € (Z, Uk); 1 <i <m} and

R={(b, b,, ..., b,) | b; € (Z; Uk); 1 <i <m]} be the domain
and range space of state vectors respectively associated with M.

Every x € D (ory € R) has its resultant pair to be a pure
special quasi dual number that is every element of the resultant
is from Zk.

Proof is direct and hence left as an exercise to the reader.

Example 3.31: Let

[2k+2 6k |
0 442k
M = 6+2k 0
2k 4+6k
0 4k
| 6k 0 |

be the MOD special quasi dual number matrix operator with
entries from (Zguk)={a+bkla, be Zs, K= 7k}.
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D={(aj,a,...,a5)/a;€ {(ZgUk); 1 <i<6} and

R = {(b;, b))/ b;e (Zg U k), 1 <i<2} be the domain and
range space of state vectors respectively associated with M.

Let D; = {(aj, a, ..., a9) la; € {0,1,k,1+k}1<i<6}and

Rs={(b;, by) I b;, by e {0, 1,k 1 +k}} be the domain and
range space of special state vectors associated with M.

Letx=(1,0,0,0,0,0) e D.

To find the effect of x on M;

xM = (2k + 2, 6k) = y;;

yiM' = (4, 4k 4+ 4k, 4k, 0, 0) = x;
xM=(0,0) =y

y_M'=(0, 0,0, 0,0, 0).

Thus the resultant is a realized fixed point pair given by
{(0,0,0,0,0,0),(0,0)}.

Letx = (1,0, 0, 0, 0, 0) € Ds be realized as a special state
vector from Dg.

To find the effect of x on M.
M — (k+1,k)=y;

yM' = (k. k, 1 +k k k, 0) =x;;
x M — (1, 1 +k)=yy;

yM' = (1+k,1+k, 1, k,0,k) =xy;
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XM = (k, 1) =y3;

ysM' = (k, 1, k, 1 +k, k, k) =x3;

xsM = (6k, 4k) = (k, k) ;

yaM' = (k, k, k, k, k, k) = xy;

xsM — (k, k).

Thus the resultant is a realized fixed point pair given by
{(k, k, k, k, k, k), (k, k)}. When x = (1, 0, 0, 0, 0, 0) is realized
as a special state vector of Ds.

Lety=(0, 1) € Rg to find the effect of y on M.

yM' = (k, 1,0, k, k, 0) = x; xiM = (k, k) = yy;

yiM' = (k, k, k, k, k, k) = x5; xM — (k, k).

Thus y = (0, 1) realized as a special state vector yields in a
realized fixed point pair given by {(k, k, k, k, k, k), (k, k)}.

Lety=(0, 1) € R. To find the effect of y on M.
yM' = (6k, 4 + 2k, 0, 4 + 6k, 4k, 0) = x;;

xiM = (0, 4k) = ya;

yaM'=(0, 0, 0, 0, 0, 0) = x,;

x;M = (0, 0) =ys.

Thus the resultant is a realized fixed point pair resulting in
{(0,0,0,0,0,0),(0,0)}.

We see there is a different between the resultant of
y = (0, 1) realized as a state vector of R and secondly when
realized initial special sate vector of Rg.
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Now we make the following conclusions for this chapter.
The MOD operators are matrices with entries from (Z, U I) or
(Z, U g) (g8 =0)or (Z, Uh) (h’ =h) or (Z, Uk) (K = (n— Dk
or C(Z,); if:= n — 1. It is clearly seen when the elements are

from different MOD operators the resultants are also different.
Our main motivation at this juncture is to show that there are
special MOD fixed point pairs which are termed as realized fixed
points. Here it is pertinent to keep on record that these realized
fixed points are not classical fixed points like the ones
appearing from projection of a space to a subspace and so on
but fixed point in the natural sense for these points after a few
iterations give a particular fixed value.

Clearly matrix operator operates from (D, R) — (D, R) with
appropriate dimensions and notations given earlier.

This MOD matrix operator acts

[ ]m><n : ( [ ]l><m7 [ ]lxm) g ([ ]l><ma [ ]lxn) as a SPeCial type of
map functioning in a very different way. Special properties
related with them are discussed in this chapter.

Further it is important to observe always the resultant may
not be a realized fixed point pair but it may be a realized limit
cycle pair.

However as the entries are always from a finite set Z,; 2 <n
< oo we are always guaranteed of a realized fixed point pair or a
realized limit cycle pair.

If Z, is replaced by Zor Cor Qor Ror (R U I) or (R U g)
or (R U k) or (R U h) the resultant or to be more specific
arriving at a resultant is a NP hard problem.

Further we do another technique of working using this MOD
operator, namely this operator works on the special state vectors
as the domain and range space, on this situation also as we use
Z, we will arrive at a realized fixed point pair.
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But we wish to keep on record the most important fact we
want to express is that we can take any matrix as a operator with
entries from Z or Q or R or C or (Q U g) or (R U I) or so on.

But for us to arrive a realized fixed point or a limit cycle is
possible provided we use the state vectors of domain and range
space from {0, 1} or {0, LI+ 1,1} or {1,g, 1+g,0}, {0, L1+
I, 1} and so on.

We will illustrate these situations by some examples.

Example 3.32: Let

(3 1 0
7 0 9
M=[12 10 0
0 15 0
21 0 18]

matrix operator from Z.
Let D ={(aj, a5, a3, a4, as) la; € {0,1}; 1 <1<5} and

R = {(a;, a», a3) l a; € {0, 1}; 1 <i < 3} be the state vectors
associated with M.

We use the operations of thresholding and updating the state
vectors at each stage of working.

Letx=(1,0,0,0,0) e D;
To find the resultant of x on M;
xM = (3’ 1’ O) — (17 1, 0) = yl;

YIMI - (19 19 19 17 1)=Xl;
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xM—=(1,1,1)=yy
v - (1,1,1,1, 1) =x (=x).

So the resultant is a fixed point pair given by
{0, L1, 1,1),3d,1, D}

Example 3.33: Let

5 -2 0
-3 0 -1
M=|-2 0 1
0 1 0
-4 0 0|

be the matrix operator.
Let D ={(ay, a5, a3, a4, as) la; € {0,1}; 1 <1<5} and

R = {(a;, a5, a3) l a; € {0, 1}; 1 <1< 3} be the domain and
range space of state vectors respectively associated with M.

Letx=(0,0,1,0,0) e D;
To find the resultant of x on M;
M —(0,01)=yy; yiM' = (0,0, 1, 0, 0) = x; (=X).

So the resultant is a realized classical fixed point given by
{(0,0,1,0,0) (0,0, D}.

Thus we will arrive at a realized fixed point or a classical
fixed point or a limit cycle pair.
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However this topic is not within the purview of this book
but it is pertinent to keep on record realized fixed points and
limit cycle can exist for any matrix operator.

Example 3.34: Let

3 3 2 0
-5 0 -3 0
M=
2 -1 0 1
0 0 1 -l

be the matrix operator.

S ={(ay, a5, a3, a4) l a; € {0, 1}; 1 <1< 4} be the initial state
of vectors related with the matrix operator M.

Let x € S; to find the effect of x = (1, 0, 0, 0) on M.
xM=(3,-3,2,0)—>(1,0,1,0) =xy;

xM—(1,0,1, 1) =x,;

xM— (1,0, 1,0) = x5 = (x)).

Thus the resultant is a limit cycle {(1, 0, 1, 0), (1,0, 1, 1)}.
Letx=(0,0,0, 1) € S to find the effect of x on M.

M — (0,0,1,1)=xy; xM — (1,0, 1, 1) =xy;
M — (1,0, 1, 1) = x5 (=Xy).

Thus the resultant is a realized fixed point given by
{(1,0, 1, D}.

We suggest a set of problems for the reader as an exercise.
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Problems:

1.

Obtain all special features enjoyed by MOD
neutrosophic rectangular operators.

(3421 5I+1 61 2
0 4I1+9 2+41 O
TI+31 0 0 41+5
0 9I+1 8I+3 0
31 0 2 5471
0 81 0 31

LetM =

be the MOD neutrosophic matrix operator with entries
from(ZouIl ={a+bllab € Z; F=1}.

D={(aj,a, ..., a5 laje Zpul); 1<i<6} and

R = {(by, by, b3, by) I bie (ZyUI), 1 <1<4} be the
domain and range space of state vectors associated with
M.

i. Can M have classical fixed point?

. Ifxe {(a;, a, ...,a6) /a;€ Zyp}; 1 <1<6  D;
what is the special feature associated with x?

iii. If ye {(dy,dy, d3,ds)/die Zygl; 1 <i<4} cR;
what is the special feature enjoyed by y?

iv. Letx;=3I+1,00000)and x,=(0,00,21+7,
0,0) e D.

(a) Find the resultant of x; and x, on M.
(b) Let x = x; + X, € D, find the resultant of x on

(c) Compare (b) with sum of the resultants of x;
and X, on M mentioned in (a).
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v. Characterize all those state vectors in D and R
which give only realized fixed points.

vi. Characterize all those state vectors in R and D
which yield as resultant realized limit cycle pair.

vii. Obtain any other interesting feature enjoyed by this

MOD neutrosophic operators.

3. Study problem (2) using the same MOD matrix but
entries instead taken from (Z;; U D).

What are the differences between the resultants when
(Z11 U I) is used instead of (Z;y U I)?

4. LetS =

[31+2
0

41+7
0

T1+8
0

| 4+91

41+7
81+10
0
91
3
3+21
0

31 ]

2
51+1
81+1

4

0

0

MOD neutrosophic

matrix operator with entries from (Z;; U I) = {a + bl

where a, b € Z5, = I}.

Let D and R the appropriate state vectors associated

with S.

Study questions (i) to (vii) of problem 2 for this S with
appropriate changes.



MoD Fixed Point Pairs of MOD Rectangular Real ... | 207

3+i, 0 Tip+1 2+3i; 4

Sip 0 8 3+8ip
LetS = ) ] )
4431, 6ip+1 T+3i; 0 0
0 0 4 241 1+ig

be the MOD finite complex modulo integer matrix
operator with entries from C(Z).

D = {(ay, a5, a3, a4) | a; € C(Zy) = {a + bipr where a, b €
Zo, iy =8}; 1<i<4} and

R = {(a}, a5, a3, a4, a5) | a; € C(Zy); 1 <1 < 5} be the
domain and range space of state vectors respectively
associated with S.

i) Characterize all classical fixed points of S.
ii) Characterize all realized fixed point pairs of S.

iii) Characterize all realized limit cycle pair of S.
iv) Let x = (3 + 4if, 0, 0, 2) and
y=Mig+1,03i5 0) e D.
a) Find the resultant of x on S.
b) Find the resultant of y on S.
¢) Find the resultant of x + y on S.
d) Does there exist any relation between the
resultants in (a), (b) and (c)?
e) Obtain all special features enjoyed by MOD
complex number matrix operators.
f) Compare MOD complex number matrix
operators with MOD neutrosophic number
matrix operators.
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6. LetM =

241 4+3i; 0 7+51 4 2i, +3
0 I+ig 8 0  4+3i; 0
7+ 51 0 3+51, 4 0 3

F

be the MOD complex integer matrix operator with
entries from C(Zy).

i) Study questions (i) to (iv) of problem (5) for this M.

i) If Dg={(aj, a5, a3) la; e {0, 1,1, 1 +i} 1 <1 <3}
and Rg = {(by, by, ..., be)} bi € {0, 1, ip, 1 + ig},
1 £1i <6} be the domain and range space of special
state vectors respectively.

Study questions (i) to (iv) of problem 5 for this Dg
and Rg

ii1) Compare the resultants of those common in D and
R with Dg and Rg using both type of operations.

2304581
012030 4
7. LetN=[5 07 9 0 1 2
1506100
6 0300 4 0]

be the MOD neutrosophic matrix operators with entries
from Zyy = (ZiyuD ={a+bl}la,be Z,, F=1}.

Study all the special features associated with N.
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[31

0
71
0

I
31
0
41

21
51

41

61

A1

0
21
31
0
21
0

31

be the MOD pure

neutrosophic matrix operator with entries from
Zilc(Zsul)={a+blla, be Zs, I =1}.

i.  Study all special features enjoyed by Z.

ii. Compare problems (7) and (8).

LetM =

~N o0 O W

o O W =

S W =N

e =

DD O W

be the MOD

w S W N
S i AN
S N N

.. | 209

complex integer matrix operator with real entries from
Zi,cC(Zp)={a+bipla,be Zp; iz =11}.

F

Study all special features enjoyed by the MOD operator.
M and their resultants.
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10.

11.

2i, 0 4, i, 3ip, 0 2i
LetP=| 0 3. O 5 O iz O |bethe
4, 0 2, 0 3ip 0 4,

MOD pure complex modulo integer matrix operator with
entries from Zgip = {aig/ a € 6; i;i =5} cCZs)={a+
bip/a,b e Zg, ir=5}.

Study all special features enjoy by the resultant state
vectors associated with P.

3+g 2g+1 0 5g+2 6g

0 7g  3g+1 0 I+g
LetM= be
2+2¢g 0 4+¢ 3g 0
g 4 0 3+2¢g 7

the MOD dual number matrix operator with entries from
(Zsug)={a+bg/g"=0,abe Zs}.

D={(a,a,a3a4)/a,€ (Zgug) 1<i<4}and
R = {(by, by, b3, by, bs) / b; € (Zgu g) 1 <i <5} be the

domain and range space of state vectors respectively
associated with M.

Let Ds={(a;, a5, a3, a4) /a;€ {0, 1,g, 1 +g;1<1<4}
and RS = {(bh b27 b37 b47 bS) / bi € {09 19 gv 1 + g};
1 €1 <5} be the domain and range space special state

vectors associated with M.

i) Obtain all classical fixed points of M associated
with D and R.



12.
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ii) Obtain all classical fixed points of M associated
with Dg and Rg.

iii) Compare the resultants in (i) and (ii).

iv) Characterize all realized fixed points of M
associated with R and D.

v) Characterize all realized limit cycles of M
associated with D and R.

vi) Study questions (iv) and (v) in case of Dg and Rg.
vii) Let x = (1, 0, 0, 0) € D find its resultant.

viii)  For same x = (1, 0, 0, 0) € Ds find its resultant.
ix) Compare the resultants in (vii) and (viii).

x) Characterize those x in Dg € D and y on Rg € R

have same resultants when treated as elements as
Dg as well as element of D.

LetM= be the

AN = O W
AN S N =
S NN O N
- o O O
S W O B
w O B~ W
S A O
- O o0 O
S wn O
N O = ©

MOD dual number matrix operator with entries from
Zoc{(Zoug)={a+bg/abe Zo, g’ =g}

1) Show all x € {(a;, a», a3, a4) with a; € Zy, 1 <i <4}
and all y € {(x, X2, ..., X10) / Xi € Zo; 1 £1 <10}
give the resultant pairs which are real, that is then
entries are in Zo.
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13.

i) Ifx € {(ag, ag, asg, a4g) l aj € Zog; 1 <1< 4} and
y = {(a1g, axg, ..., a10g) l a; € Zo; 1 <1 <10} then all
their resultants pairs are also pure dual number state
vg:ctors with entries from Zog = {ag / a € Zo,
g =0}.

ii1) Obtain all special features enjoyed by this M.

3g 4g 0 5g
0 6g 7g O
9¢ 0 11g 12g
LetM=| 0 15g O g | be the MOD pure
19¢ 0 8 O
0 14g 0 13g
g 0 7g O

dual number matrix operator with entries from
Zyg = {aglae Zy, g2=0} S(Znpu g)
={a+bgla,be Zy, g’=0}.

i) Study all special features associated with resultant

of Ml-

ii) Compare the MOD operator M of problem (12) with
this Ml-
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14.  LetS=
3h+1 2h+5 3h 0 4+2h 6
0 4h  Sh+1 6h 0 7h
6h+5 0 6 3+4h 6h 1+h
0 5 0 3 0 8h+l
4 3+42h 7+h 0 1+h 0
h 0 I+h  5h 0 7+h
'3+4h  7+h 0 7+2h h 0 |

be the MOD special dual like number matrix operator
with entries from (ZgU h) = {a+bh/a, b e Zy, h* = h}.

Let D= {(a, a5, ..., a7)/aj€ (Zouh); 1 <i<7} and
R={(b, by, ..., bs) / bje {0, {0, I, h, 1 +h}; 1 <1< 7}
be the domain and range space of specials state of
vectors respectively associated with S.

i) Obtain all special features associated with S.

1) Letx=(1,0,...,0) e D. Find its resultant on S.

1) Letx=(1,0, ..., 0) € Ds. Find its resultant on S.
iv) Compare the resultants given in (ii) and (iii).

v) Characterize all those state vectors in D or Dg or R
or Rg which are classical fixed points.

vi) Characterize those state vectors in D, Dg, R and Rg
which give (a) realized fixed point pair. (b) realized
limit cycle pair.
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2 34 0 5 6 7 8

01 0 3 05 0 2

701 0 6 0 9 0
15. LetV =

57 02 0 4 0 6

02406 0 8 0

130507 2 0 1}

be the MOD special dual like number matrix operator

with entries from Z;g c {(Zicwh)={a+bhla,be Z
h?*=h}.

Study all special features associated with V.

[3h 5h 4h O 2h h 7h]
4h 6h 8 O 4h O 6h
9h 0 1lh 0 3h O h

16. LeteW=|{ 0 h 0 3h 0 2h O

8h 0 Sh 0 10h O 11h

4h 0 5h 0O 6h O 7h

be the MOD special dual like number from Z;;h = {ah | a
€ Z, W =h} c{(Z,uUh) ={a+bh/a be Zp,,
h?’=h}.



17.

[3+k 2+4k 0 5K= 3  l+k]
0 k  1+5k 0 1+2k 0
M=|6+7k 0 kK 8 9 4+3k
0 543k 3 1+k 0 2
442k 0 143k 0 7+k 0 |
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i) Study all special features enjoyed by the resultant
vectors acting on W.

ii) Compare the two operators V of problem (15) with
this W.

Let

be the MOD special quasi dual number matrix operator
with entries from (Z;, U k) = {a + bk / a, b € Z,,,
k* = 9k}.

LetD={(aj, as, ...,as) laje (Z;puUKk),1 <i<5} and

R = {(bla bg, ceey b6) I b_] € <ZIO |\ k>, 1 S_] < 6} be the
domain and range state of vectors respectively
associated with the MOD special quasi dual number
matrix operator M.

Let Ds = {(a;, a5, ..., a5) /a;€ {0,1,k, 1 +k}, 1 <i<
S}and Rg = {(b;, by, ..., bs) /bje {1,k, 0,1 +k}; 1<]
< 6} be the domain and range space of special state
vectors associated with M.

i) Obtain all classical fixed points contributed by
Dg, D, Rs and R by acting on M.
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iii)

V)

v)

vi)

vii)

viii)

Characterize all realized fixed point pairs
associated with M.

Characterize all those realized limit cycle pairs
associated with M.

Let x=(0,0, 1, 00) € D find the resultant of x on
M.

Letx =(0,0, 1, 0, 0) € Dg find the resultant of x
on M.

Compare the resultants of x on (iv) and (v).

Letx=1(0,0,0,0, k, 0) € R find the resultant of x
on M.

Let x = (0, 0,0, 0, k, 0) € Rg; find the resultant
of x on M.

Compare the resultants of x in (vii) and (viii).

Find all vectors in D and Dg (R and Rg) which
yield the same resultant on M.

Study all special features associated with this M.



18.

19.
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920 6 1 8 9 7
0120 4 06 0
6 04 2 0 50 8
1 230 0 4 5 6
Lap_|0 07 8 0 0095
1102 010 7 0 11
0123 4 560
7 8910 0 11 0 1
111 2 1 310
0503 0 7 0 5]

be the MOD special quasi dual number matrix operator
with entries from

ZiuC{(ZisUK)={a+bkla be Z, k*=13k}.

i) Study all the special features associated with this B.

ii) Enumerate any property which is distinctly different
from other MOD operators.

3k 2k 0 4k 0 5k]|
7k 0 6k 0

o
=

Let W= 5k 0 0 9% O
2k k 0 k
2k 3k 4k 5k 6k

3k 0 6k 0 9k

o o =~
=)
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20.

21.

22.

23.

24.

25.

26.

27.

be the MOD special quasi dual number matrix operator
with entries from Z;k = {ak la € Z;o} < (Zi o U k) =
{a+bkla, be Z;k*=9k}.

i) Study all special features associated with this W.

ii) Compare the state vectors resultants in case of
W and B.

Specify any applications of these MOD matrix operators.

Compare the MOD dual number matrix operator with
MOD special quasi dual number matrix operators.

Which of the MOD matrix operators will be the power
tool to give classical fixed point pairs?

Does there exist a MOD dual which gives all state
vectors in R and D as classical fixed points?

Characterize all those MOD complex number matrix
operators which has no classical fixed point pair
associated with it.

Study any other special feature associated with MOD
neutrosophic matrix operator.

Does there exist two MOD matrix dual number operators
A and B of same order with entries from same set (Z,

U gy such that the resultant sum of x on A and B is the
same resultant of x on the sum A + B?

Let M be the finite complex MOD matrix operator M
characterize those M such that the sum of the resultant
of x and y on M is the same as the resultant of x + y on
M.
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28. Study the special features associated with MOD special
quasi dual number matrix operators M which are such
that they have all resultants to be only realized limit
cycle pairs.

8 3 6 0 0 0]

4 2 10 0 0

5 6 7 0 0 0

0 0 0 k 2k 7k

29. LetM| 0 0 0 S5k 4k k
0 0 0 2k 3k 6k

1+k 243k I1+4k 0 0 0

24k 34k 44k 0 0 0

5+k 5k+2 3k+1 0 0 0|

be the MOD special quasi dual number matrix operator
with entries from

(Zouky={a+bkla,be Zo, k¥ =8k}.

Study the special features enjoyed by this M.
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[0 0 0
0O 0 O
0O 0 O
g 28 3¢g
4g Sg og

30. LetV = eoe 2 be the MOD dual number
0O 0 O
0O 0 O
0O 0 O
1 2 3
4 5 6
17 8 9]

matrix operator with entries from (Z,p U g) = {a + bg |
a,be Z, g2 =0}.

Study all special features enjoyed by this V.



Chapter Four

MOD MATRIX OPERATORS USING MOD
INTERVAL [0, n)

In this chapter we for the first time give face value ordering
to the interval [0, n). Using this we can use min or max
operations on interval MOD matrix operators or MOD matrix
operators built on using the MOD interval [0, n); 2 < n < oo.

We also show these MOD matrix operators can yield realized
fixed point pair or realized limit cycle pair.

We will describe all these situations by some examples.
Example 4.1: Let

03 29 4
1.5 0 21
0 42 0
2.1 5.1 0.1

be the MOD interval matrix operator with entries from [0,6).

LetD={(a, a5, a3,a4) lae {0,1},1<i<4} and
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R = {(by, by, b3) Ib; € {0, 1}; 1 £j <3} be the domain and
range space of state vectors respectively associated with M.

Letx=(1,0,0,0) e D;

M =(0.3,2.9,4)=(x;, Xz, X3) > (0, 1, 1) = yy;

if 0 < x; < 1 replace it by 0 if x; > 1 replace it by 1.
yM' = (1,1, 1, 1) =xy; xM — (1,0, 0) = yy;
yM'— (1, 1,0, 1) = x5; M — (1, 1,0) = y3;
ysM' = (1, 1, 1, 1) = x3 (= x)).

Thus the resultant is a realized limit cycle pair given by
{(1, 1,1, 1), {1,0,0)}.

Lety=(0,1,0) e R.

To find the effect of y on M.

yM' = (1,0, 1, 1) =x;; xM— (1,1, 1) =y;;

yiM— (1,1,1, 1) =xy; xM—=(1,1,0) =y

yM'—= (1, 1,1, 1) = x,.

Thus the resultant is again a realized limit cycle given by
{(1,1,1,1),(1,1,0)}.

We will certainly arrive at a realized fixed point pair or a
realized limit cycle pair as D and R are of finite cardinality.

222
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Example 4.2: Let

[0.03 0.1 0.11]
31 35 0
0 30 1.01
21 0 21
200 0 0
13.02 0.11 2.01]

be the MOD interval matrix operator with entries from [0, 4).
LetD={(aj,a,...,a¢) la;je {0,1}; 1<i<6}and

R = {(by, by, b3) I bj € {0, 1}; 1 <j <3} be the domain and
range space of special state vectors respectively.

Letx=(0,0,0,0,0,1) e D.
To find the effect of x on P.

xP =(3.02,0.11,2.01) = (1,0, 1) = y;;

YIPl% (O, 1, O, 1, 1, 1):)(1; X]P - (0, 1, 1) =y
Y2P‘% (0, 1, 1, 1, 0, 1) = Xo, X2P - (O, 0’ 1)=y3;
y3Pl%(0, 0, 0, 1,0, 1):)(3; X3P—>(1,0’ 1)=y4;

y4Pl% (07 17 07 17 19 1) = X4 (ZXI).

Thus the resultant is a realized limit cycle pair given by
{(0,1,0,1,1, 1), (1,0, D}.

Lety =(0, 1, 0) € R; to find the effect of y on P.

yP'—>(01,1,0,0,0)=x; xiP— (1, 1,0 =y

223
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Y1Pt—> 0,0,1,1,1,1) = xz; xP—=>(1,1,1)=yy;
yoP' = (0,0, 1, 1, 1, 1) = X3 (=x).

Thus the resultant is a realized limit cycle pair given by
{(0,0,1, 1, 1, I), (1, 1, D}.

Letx=(0,0,1,0,0,0) € E.

To find x on P.

xP— (0,1,0)=vy;; yiP'—(0,1,1,0,0,0)=x;
xP—(1,0,0) =y, y.P'—(0,1,0,1,1, 1) =xy;
P —(1,1,1)=ys; ysP'—=(0,1,1,1,0, 1) = x3;
3P — (1,0, 1) =yy4 y4Pt—> 0,1,0,1,1, 1) = x4

xP — (0, 1, 1) = y5 (=y3).

Thus the resultant is a realized limit cycle point pair
{(0,1,0,1,1, 1), (0, 1, D}.

Letx=(0,1,0,0,0,0) e D.

XP% (19 19 O) =Y1; YIPl% (07 17 17 17 19 1) =Xl;
xiP— (1,0, 1) =y 2P =0, 1,1, 1,1, 1) =x,
(=x1).

The resultant is a realized limit cycle given by
{(0, 1,1, 1,1, 1), (1,0, D}.

224
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Example 4.3: Let

03 06 12 02 14
51 1.2 0 0 42
12 0 51 02 21
0.1 03 01 02 1.1

be the MOD rectangular matrix operator with entries from
[0, 6).

Let D = {(xy, X5, X3, X4) | X; € {0,1}; 1<i1<4} and

R={(y;, y2, ..., ¥5) l yi € {0, 1}; 1 <1< 5} be the domain
and range space of special row vectors associated with M.

Letx = (1,0, 0, 0) € D, to find the effect of x on M.
xP=(1,0,0, 0) € D; to find the effect of x on M.

xM —(0,0,1,0,1)=yy; yM' = (1,1, 1, 1) =xy;
xM—(0,1,0,0, 1) =yy; yM' = (1,1, 1, 1) = xy;
xM —(0,1,0,0, 1) =y3 (=y2).

Thus the resultant of x on M is a realized limit cycle pair
given by {(1,1,1,1),(0,1,0,0, 1)}

Letx=(0,0, 1,00) € R, to find the effect of x on M.
xM'— (1,0, 1,0) =y;; yM—=(1,01,0,1)=x;;
xiM' = (1,1, 1, 1) = yy; yvM —(0,1,1,0, 1) = x5;
xM' = (1,1, 1, 1) = y3;

ysM — (0, 1, 1, 0, 1) = X3 (=X2).

225
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Thus the resultant is a realized limit cycle given by
{1, 1, 1,1, (0,1, 1,0, D}.

Example 4.4: Let

03 1 4  0.01 0.02]
001 0 01 0.1 001
0.03 4 1 005 4.1

P=| 0 0 0 003 LI
31 001 0 0 00l
0 004 004 001 0

20 0 016 0 O |

be the MOD interval matrix operator with entries from [0, 5)
D={(aj,a,...,a7)la;e {0,1},1<i<7}and
R = {(by, by, ..., bs) where b; € {0, 1}; 1 <1 <5} be the
special state vectors of domain and range space respectively
associated with P.
Letx=(0,1, ...,0) € D. To find the effect of x on P.
xP — (09 19 19 07 0) = YI;
YIPt - (17 07 07 07 07 07 O) =X (ZX)

Thus the resultant of x is a classical fixed point pair given
by {(1’ 0’ 0’ 0’ 0’ O’ O)’ (0’ ]" ]" O’ O)}'

Letx=(0,0,0,1,0,0,0)=D.
To find the effect of x on P.

x—1(0,0,0,0,0)=y;;

226
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YIPt g (07 07 07 17 07 07 O) =X1 (ZX)
Thus the resultant of x is once again a classical fixed point
pair given by {(0, 0, 0, 1, 0, 0, 0), (0, 0, 0, 0, 0)}.
Letx=(0,0,0,0,0,0,1) e D.
xP—(1,0,0,0,0) =y
yiP'=(0,0,0,0, 1,0, 1)) =x;;
XIP - (09 07 07 07 O) = y2;
y.P—(0,0,0,0,0,0, 1).
Thus the resultant is a realized limit cycle pair given by
{(0’ 07 07 O’ ]" O’ ]‘)’ (O’ O’ 0’ O’ O)} Or
{(0,0,0,0,0,0,1),(1,0,0,0,0)}.

Thus we get these four sets of pairs given in the following
form

0,0,0,0,0,0,1) = (1,0,0,0,0) —(0,0,0,0,1,0,1)
—(0,0,0,0,0)—(0,0,0,0,0,0, 1) and so on.
Letx=(1,0,1,0,0,0,1) e D.

xP—(1,0,0,01)=yy; yiPP—= (1,01,1,1,0, 1) =x;;
xP—(0,0,0,0,0)=y, y,P'—(1,0,1,0,0,0,1)

and so on leading to a realized limit cycle pairs.

227
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Example 4.5: Let

3101 2
05120
10420

7 =
3000 2
00110
000 0 2

be the MOD interval matrix operator with entries from [0, 6).
Let D = {(xy, X3, ..., Xg) | Xj € {0,1};1 <1<6} and
R = {(y1, y2,--» ¥s) l'y; € {0, 1}, 1 <1 < 6} be the special
domain and range space of state vectors respectively associated
with Z.
Letx=(1,0,0,0,00) € D.
To find the effect of x on Z.
xZ—(1,1,0,1, ) =y;; yiZ'—=(,1,1,1,1, 1) =x;;
xiZ—(1,0,0,0,0)=y:; y,Z'—(1,0,1,1,0,0)=x,;
x2Z—((1,1,1,1, ) =ys; ysZ'=(1,1,1,1,1, 1) =x3;
x3Z —(1,0,0,0,0) =y,
yiZ' = (1,0, 1, 1,0, 0) = x4 (= Xp);
xZ— (1,1, 1,1, 1) =ys (=y3) ;
ysZ' = (1,1,1,1,1, 1) = x5 (=x3) and so on.

The resultant of x is a realized limit cycles.

228
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Lety=(0,0,1,0,0) e R,

yZ'— (0,1,1,0,1,0) = x;; xZ—(1,1,0,1,1)=yy;

viz'— (1,1, 1,1,1,1)=x3; xZ—(1,0,0,0,0) =y,

voZ' = (1,0,1,1,0,0)=x3;,  x3Z—>(1,1,1,1,1)=y3;

ysZ' = (1,1, 1,1, 1, 1) = x4 (=X,) and so on.

Thus the resultant is a realized limit cycle pairs.

Now having seen examples of MOD interval real matrix
operator we proceed on to describe MOD interval neutrosophic

matrix by some examples.

Example 4.6: Let

31 0.71 I ]
0 0.021  0.31
M=| 41 0 51
031  0.0I I
10.0021 0.002I 0

be the MOD interval neutrosophic matrix operator with entries
from [0, 7)1.

Let D ={(ay, a5, a3, a4, as) la; € {0,1}; 1 £i<5} and

R ={(y1, y2, y3) l yi € {0, 1}; 1 <1< 3} be the special set of
domain and range space state vectors respectively related with
M.

Letx=(,0,0,0,0) e D.

M= (L0, D=y yM' = (1,0, 1, 1,0) =x;
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xM — (0,0, 0) =yy; yM'— (1,0, 0, 0, 0);

so the resultant is a realized limit cycle pair.
Lety=(0,0,I) e R.

yM'— (1,0, L, 1,0) = xy; xiM = (0,0, 1) =y, (=y)).

Thus the resultant of this y is a classical fixed point pair
given by {(I, 0, L, L, 0), (0, 0, D}.

This is the way MOD interval neutrosophic matrix operators
functions. Interested reader can construct more such models.

Now we proceed onto describe the MOD interval complex
matrix operator built using [0, n) i, ié =n-1.

Example 4.7: Let

3, 020, 2i,

0 12, 0
M=| 2i, 38 i,
0 0 i

10.03i, 0.12i, i |

be the MOD interval complex matrix operator with entries from
[0,5)ir = {air | a€ [0,5); = i =4]}.

Let D = {(ay, a,, a3, a4, as) l a; € {0, 1i}. 1 <1< 5} and

R = {(by, by, b3) I b; € {0, ir}; 1 <£i <3} be the special state
vectors of the domain and range space respectively associated
with M realized maximum using the condition if air = ipif a > 1

and air=0ifa< 1.

Letx = (i, 0,0, 0, 0) ;
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X o M = (ig, Ip, 1) = y1;

t . . . . . .
yiM = (ip, Ip, ip, Ip, 1p) = X5
x;M and so on.

However it is important to note that working with [0, m)I or
[0, m)ig or [0, m)g, or [0, m)h or [0, m)k does not yield
interesting results so we study only using Rfl (m) (m) or R? (m)

or Rg (m) or RE (m) or C,(m) and not intervals and accordingly

the special state vectors would be taking values from {0, I, 1, 1
+Dor{0,g1+g 1} or{0,h, 1,1 +h}or {0,k 1,1 +Kk} or
{0, i, 1, 1 + ig} respectively.

We give one example of each and leave the rest of the work
to the reader as it is a matter of routine.

Example 4.8: Let

2+1 0.31 0.
: 0.3 0 2+1
10331 0.1+0.21 0

2141 0.31+0.0041 1+2I

be the MOD neutrosophic matrix operator with entries from
R!(3)={a+blla,be [0,3), =1}

Let D={(aj, a5, a3,a4) la;e {0,1,1,1+1};1<i<4}and

R={(by, by by)Ibe {01, 1+1I};1<i<3} be the
domain and range space of special row vectors respectively
associated with the MOD neutrosophic matrix operator M.

Letx=(1,0,0,0) e D.

To find the effect of x on M.
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M —=(1,0,0)=y;; %Ml%(l,o’ 0,D =xy;
xM —(1,0,0) =y YZM[%(LO, 0,D =x, (=x)).

Thus the resultant is a realized fixed point pair given by
{(1,0,0,1),(1,0,0)}.

Letx=(0,0,01) € D.
To find the effect of x on M.
M — (Oa Oa 0) =Y Y1Ml I (07 07 07 I)'

Thus x = (0, 0, 0 I) is a classical fixed point pair given by
{(0,0,0,1),(0,0,0)}.

Lety=(0,1,0) e R.
To find the effect of y on M.
yMl — (07 07 07 O) = Xl; XIM — (09 L 0) = YI (:}’)

Thus y is a classical fixed point pair given by
{(0,0,0,0), (0,1, 0)}.

Lety=(0,0,1) € R.
To find the effect of yon M ;
yMl%(()’ 17 07 I)=Xl; XIM%(()’ 07 1):}’1 (= Y)

The resultant is again a classical fixed point pair given by
{(0,1,0,1), (0,0, 1)}.

Next we give an example of MOD interval complex matrix
operator).
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Example 4.9: Let
3+i; 0 0.4i,
0 1+3i, 0.5
1+3i, 0 3+ig
0 3+ig 0
0.3i, 0 0.51,
| 0.08 0.11 0.32

be the MOD complex matrix operator with entries from
C.(4)= {a+big/a,be [04), i; =3].

LetD={(aj,a,...,a) laje {0, 1,ip, 1 +1ig}; 1 £i< 6} and
R ={(by, by, b3) Ibje {0, 1,ir 1 +ig}; 1 £i< 3} be the
special state of domain and range space vector respectively
associated with P.
Letx=(1,0,0,0,0,0) e D. To find the effect of x on P.
xP— (1,0,0)=y;; yiP'— (1, 0,ig, 0,0, 0) = x;;
XiP—= (g 0, 1 +ip) =yy;  y,P'—= (1,1, 1,0, 1,0) = xy;
P — (0, ik 1) =y3; ysP' = (1, 1, 1, 1+ig, 1, 0) = x3;
xs3P— (0,1 +ig, D) =yy;  yP' = (1,1, 1,1,0,0) = x4
xM — (0,0, 1) =ys; ysM' — (1,0, 1,0, 0, 0) = xs;
xsM — (0,0, 1) = yg;
yeM' — (1,0, 1, 0, 0 0) = X4 (=xs).

Thus the resultant is a realized fixed point pair given by
{(1,0,1,0,0,0), (0,0, 1)}.
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Next we proceed onto describe MOD dual number matrix
operator on R? (m).

Example 4.10: Let

[2+g 03+2g  0.6g
07 242¢ 03g+0.7
P=|2+3g 0.2g 0.05¢g
0.8g 0 0.003g
| 0.04 0.03g 0

be the MOD interval dual number matrix operator with entries
from RE (4).

LetD:{(ahaZ’ a39a47a5)|ai€ {09 17g71+g} ;ISISS}
and

R = {(b, by, by) I bje {0, 1, g 1+g); 1<i< 3} be the
special state row vectors of the domain and range spaces
associated with P.

Letx=(1,0,0,0,0) e D. To find the effect of x on P.

xP—(1,g,0)=y;; yiP'—=(1,g,g0,0) =x;

xiP—(0,0,0) =y, szt —(1,0,0,0,0) =x,.

Thus the resultant is a realized fixed point pair given by
{(1,0,0,0,0),(0,0,0)}.

In fact this pair is also nothing but the classical point pair.
Letx=(0,0,g,1,0) e D.
To find the effect of x on P.

XP%(gv 07 O)=YI; YIPt%(g, 07 g7 17 0)=X1;
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XIP - (09 07 0) = yz; szt - (07 07 gv 19 O) = X2(=X)'

Thus once again the resultant is a classical fixed point pair
given by {(0, 0, g, 1, 0), (0, 0, 0)}.

Letx=(1,1,0,0,1) e D.

To find the effect of x on P.

xP— (1,1,0)=y;; yiP'—=(1,1,g0,1)=x;
xiP— (g, 1,0) =y y.P'—= (1,1, g,0,1) =x,(=x)).

Thus the resultant is again a realized fixed point pair given
by {(1, 1, g0, 1), (g, 1, 0)}.

Lety=(0,0, 1) € R; to find the effect of y on P.
yP' = (0,0, 0, 0, 0).

Thus the resultant of y is the classical fixed point pair
{(07 07 07 O’ 0)’ (07 O’ 1)}'

Lety=(0, g, 0) € R. To find the effect of y on P.
YPI - (09 g7 07 07 0) = X15 XIP - (09 gv O) = YI (:}’)

Thus once again the resultant is the classical fixed point pair
given by {(0, g, 0, 0, 0), (0, g, 0)}.

The reader is requested to work with more models.

Now we proceed onto give an example of a MOD special
dual like number matrix operator built using

R!(m)={a+bh/a,be [0, m); h® = h}.
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Example 4.11: Let

[ 2+h 0.3 0.52h

0.07h 0 1+4h
0 1+2h 0
M = 0.005 0 4+0.02
0 4+h 0

3+4h  2h  h+0.03
0 0007h 0
1052h 0 0.3h+0.1]

be the MOD special dual like number matrix operator with
entries from R" (5) = {a+bhla, be [0,5), h>=h}.

LetD={(a;, ay,...,a3)/a;€ {0,1,h,1+h}; 1<i<8} and
R ={(by, by, b3) /b;e {0,h,1,1+h};1<1i<3} bethe domain
and range space of special vectors respectively associated with
MOD matrix operator M.

Letx=(1,0,0,0,0,1,0,0) e D.

To find the effect of x on M.

XM = (0,h,h)=y;  yM'— (1,0,h,h, h, 1,0,0) = x;

XM = (0,0,h)=y,;  y,M' —(1,0,0,h,0,1,0,0) =x,;

XZM%(()’ h7 0)=y3’ }%Ml%(l, 07 h7 Oa Oa la 07 0)=X3;

xsM = (0, 0, h) =y, (=y»).

Thus the resultant is a realized limit cycle pair given by
{(1’ 07 07 O’ O’ ]" 07 0)’ (O’ 0’ h)}'

Lety =(0, 1, 0) € R. To find the effect of y on M.
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yM'—(0,0,h,0,1,h,00)=x;; x;M— (h,1,h)=y;
yiM' = (h,0,h,h,1,0,0,0)=x5; x;M — (h, 1, 1) = yy;
y_M'— (h,h, h, 1, 1,0, 0, 0) = x3;

xsM = (h, 1, 1) = y3 (y2).

Thus the resultant is a realized limit cycle pair given by
{(h’ h’ h’ ]" ]" O’ 07 0)’ (h’ ]" 1)}'

Next we proceed onto describe by examples the MOD
special quasi dual number matrix operators built using

R (m)={a+bkla, be [0,m), k*=(m-1)k}.
Example 4.12: Let

3k+0.21 0 4k +3 0.003k 0 4+0.03k
B= 0 1+4k 0.033k 3+2k k+3  0.002k
4k +0.31 3k+6 3k+4 4+5k 6k+4 3+0.2k

be the 3 X 6 MOD special quasi dual number matrix operator
with entries from Rﬁ 7).

Let x=(1,0,0) e D. To find the effect of x on B.
xB—-(k 0,k 0,0,1)=yy; Y1Bt—>(1,0, k) =x;
xiB =k, k, k, k, k, k) =y»; YZBt — (1, 0,k) =x; (=x)).

Thus the resultant is a realized fixed pair given by
{(1,0,k), (k k k k, k, 0)}.

Lety=(1,0,0,0,0,0) e R.

To find the effect of y on B.
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yBl — (k, 0, k) =x;
xB— 1,k kkk, 0)=y;
let — (k, 0, k) = x,.

Thus the resultant of y is a realized fixed point pair given by

{(k,0,k), (1,k, k, k, k, 0)}.

We leave it as an exercise for the reader to work with more

problems using R (m).

We suggest some problems for the reader.

Problems

1.

Show face value ordering can be done on [0, m),
2<m< oo,

Show by examples that by implementing face value
ordering in Ry(m) we can use them in MOD matrix
operators.

Obtain any other special feature that can be associated
with face value ordering on [0, m).

3.001 2.01 0.523 1.112 0.72
LetM=| 073 5.02 0 5315 7.08 | bethe
1.142 0.11 4.02 0 1.009

MOD matrix interval operator with entries from [0,8).

Let D={(a,b,c)la,b,ce {0,1}} and R = {(a;, a,, a3,
a4, as) la; e {0, 1}; 1 £1 <5} be the special state vectors
of the domain and range space respectively associated in
M.
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i)  Characterized all classical fixed point pairs of M.

1)  Characterize all those realized fixed point pairs of
M.

iii)  Characterize all those realized limit cycle pairs of
M.

iv) Letx=(0, 1, 0) € D find the resultant of x on M.

V) Lety=(0, 1, 0, 1, 0) € R find the resultant of y on
M.

[0.312 603 123 0 152 0 |
1 302 0 1631 0 3.12
0 123 15 0 431 0

LotP = 6312 0 25 15 0 177 be the

777 122 0 0 055 0
0 0 27 43 03 1

431 377 0 0 431 0

0 0 153 142 0 3.11]

MOD real interval matrix operator built using elements
from [0, 9).

i) Does this MOD matrix operator have special state
vectors from D (or R) which are classical fixed
points?

i) Find all realized fixed point pairs associated with P.

i) Letx=(1,0,0,0,0, 1,0, 0) € D; find the resultant of
x on P.

iv) Lety=(0,0, 1,0, 0, 1) € R find the resultant of y on
P.

v) Letx,=(0,0,0,0,0,0,0,1)and x,=(0,1,0,0,0,0,
0,0) e D.

a.Find the effect of x; on P.

b.Find the effect of x, on P.
c.Find the resultant of x; + x, on P.
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d. Are these three resultants given in (a), (b) and (c)
related in way?

vi) Lety; =(1,0,0,0,0,1)e Randy,=(0,0, 1, 1, 0, 0)
€ R.

a.Find the effect of y, on P.

b.Find the effect of y, on P.

c.Find the effect of y, + y, on P.

d. Are these resultants in (a), (b) and (c) are in any
way related?

vii) Find the maximum number of iterations that is
needed to get the resultant.

viii)) Will x € D in general has more number of iterations
to arrive at the resultant or will y € R in general has
more number of iterations to arrive at a resultant?
Justice your answer!

6. Prove all MOD interval real matrix operators built on

[0, n) includes all real matrix operators with elements
from Z,,.

[0.3+2i, 2+0.03i, 4i.+3

4+0.02i, 0 i, +0.004
7. LetM= 0 2i, +0.007 0 be the
142i, 0 2i, +0.03

| 1+2i0, 4+4i,  3+0.033i, |

MOD interval complex matrix operator built using
elements from C,(6) = {a + bir/ a, b € Zg; i; =5}.

D = {(aj, a5, a3, a4, as) l a; € {0, 1,1ip, 1 +1ig}; 1 £1 <5}
and R = {(b;, by, b3) Ib; e {0, 1,1, 1 + i}, 1 £1< 3} be
the special domain and range space of state vectors
respectively associated with M.
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1) LetI=(1,0,0,0ig) € D; find the resultant of X on M.
ii) Lety=(00ig) € R find the resultant of y on M.

1ii) Find all classical fixed point pairs associated in M.

iv) Characterize all realized fixed point pair of D and R

on M.

v) Characterize all realized limit point pairs of D and R

on M.

vi) Find all special features enjoyed by M.

LetP =
[0.31i, 5i. +0.003 0 0.4005
0 44+0.03i, 0432 0
3+4i, 0 0 0.007i, and
242, 2i,+0.003 0.00i, 0
| 2+i;  3+0.0002i 0 0.003 +0.00064i, |

0.04  0.03+0.005i, 3i, 2+4i, ]
0.6+3i, 0 24051,  2+3i,
0 0.7 +3i, 3i, +1 0
1+4i, 0 2+4i,  1+0.06i,
| 6+0.0003i, 0 3+0.00021  0.03 |

be two MOD interval complex matrix operators both
getting then entries from C,(7).

i)

Letx=(1,0,0,0,0)e D

a.Find the resultant of x using P.

b.Find the resultant of x using Q.

c.Find the resultant of x using P + Q.
d.Compare the resultants in (a), (b) and (c).
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ii) Find all classical fixed points of P and Q.

a. Will they be different or the same?

b.If x is a classical fixed point of P and y the classical
fixed point of Q will y + x be the classical fixed
point of P + Q.

i) Letx,=(00010)e Dand x,=(0 000ig) € D.

a.Find the resultant of x; and X, on P and Q.

b.Find the resultant of x; and X, on P + Q.

c.Find the resultant of x; + X, on P, Q and P + Q.

d.Compare (a), (b) and (c) with each other. Are they
related in any manner.

9.  Enumerate all special features enjoyed MOD complex
modulo integer matrix operators.

3+0.0I 41+0.3 T1+5 0

41+0.32 21+3 0 41+2

0 0 0.31 0.71
21+3 0.3I+4 2+0.3141 0

10. LetW= 0 0 0 4431 | be

4+03151 0.6I+3 3+21 0
31+0.310 2I+0.31 1+1 31

0.7321 4.312 0.734 4+21
10.731+0.42  31+2.3 0 0

the MOD neutrosophic interval matrix operator with
entries from R (10) = {a+bl/a, b € [0, 10), F=1J.

Let D ={(ay, ay, ..

sag)/ae {0,1,L1+1},1<i<9}

and R ={(aj, ay, a3,a4)/a;e€ {0,1,L 1 +1};1<i<4} be
the special state vectors of the domain and range space

242



MOD Matrix Operators using MOD interval ... | 243

respectively associated with the MOD neutrosophic
interval matrix operator W.

1) Letx=(010000010)e D.
Find the resultant of x on W.

i1) Let x;, X, € D find the resultants of x;, on W, x, on W
and x; + x, on W.
Compare the 3 resultants?

iii) Letyy, y» € R; find the resultants of y; on W, y, on W
and y; + y, on W and compare them.

iv) If x € D is a classical fixed point pair given by (a, b)
should be b € R be a zero state vector of R?

v) Characterize all classical fixed point pairs of W.
vi) Characterize all realized limit cycles of W.

vii) If the resultant of x, is a realized fixed point pair and
that of x, is the realized limit cycle pair what will be
the resultant of x; + X, on W?

viii) Let y;, y, € R are if the resultant of y; and y, are
realized fixed point pairs; will the resultant of y; + y,
€ R be also a realized fixed point pair?

Justify you claim!

ix) Obtain any other special and important features

enjoyed by the MOD interval neutrosophic matrix
operators.
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11.

12.

[0.31 21 41

2 1 3
451 0 1.231

LetS = 402 315 0
0 41 3.2I
7.02 0 0.331

6I 251 O

1452 0 723

0.31121
0
6.0021
7
0
4.005
3.7121
0

7.321 |
4.002
1.31
5.12
4.71
0
0.351

6.31 |

be the

MOD interval neutrosophic matrix operator with entries
from R} (11)={a+bl/a,be [0, 11), =1}

Let D = {(ay, a,, ..

and R = {(bl, b2

9 oo

sag)/ae {0, 1,1+ 1};1<i<8}
. bs)/bje {0, 1,1+11};1<j<5}
be the special set of domain and range state vectors

respectively associated with MOD neutrosophic operator

S.

i) Study questions (ii) to (ix) of problem 10 for this MOD

interval neutrosophic matrix operator S.

ii) Compare S with a MOD interval complex modulo

integer operator.

[ 0.3g
0

0

1.5g+4

LetV=|3+25¢

0
8+3g

10.311g
| 2+10g

2g+5
0.335¢g
0
2+5g
0
0.3315
11.4¢g
0
3+5¢g
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0.725
0
4+3.2g
0
7+2.5¢g
0
12.5+¢
12.3777
0

0
1+3.2¢g
0
44 3g
0
0.775¢g
0
5g
6+4g

43+¢g|

0
7+4g
0
0.33g
0
3g
0

g
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be the MOD interval dual number matrix operator with
entries from R® (13) = {a + bg/a, b e [0, 13); g =0},

LetD = {(a, a, ...,a9) /a;€ {0, g, 1, I+g} 1<1<9} and
R ={(by, by, b3, by, bs) /by e {0,1,g, 1+g}; 1 <i<5} be
the special state vectors of the domain and range space
respectively associated with the MOD matrix operator V.

i) Study questions (i) to (ix) of problem (10) for this V.

i) Compare this MOD interval dual number matrix
operator with MOD interval neutrosophic matrix
operator.

1ii) Compare this MOD interval dual number matrix

operator with MOD interval complex modulo integer
matrix operator.

LetL =

3g+1 0.332¢ 4g+3 2g+1 0
0.331 6+2g 05321g O 0.37¢g
0 5+2.002¢g 0 3.88g 0
4.32g+2 0 7+03g 0  4+32¢g

the MOD interval dual number matrix operator with entries
from R%(8)={a+bg/a,be [0,8); g"=0}.

i) Study questions (ii) to (ix) of problem (10) for this L

1)  Find all special features associated with L.
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14.

[ 3h+2 0.334h 0.752 0

0 4+5h 0 3+h
0.7742 0 Sh+1 0.53
LetB = 0 4.2315¢g 0 0.92g | be the

1+3.75h 0 3+0.74h 0
0 2+0.33h 1+4.05h 2h
7.21h 0 4.23 0

MOD interval special dual like number matrix operator
with entries from R"(9) = {a+bh/a,be [0,9), h*=h}.

LetD={(a;, a5, ..., a7;) 1a;€{0,1,h, 1 +h}; 1 <1 <7}

and R = {(b;, by, b3, by) Ibje {0, 1,h, 1 +h} 1<j<4}
be the special state vectors of the domain and range space
respectively associated with the MOD interval matrix
operator B.

i)  Study questions (ii) to (ix) problem (10) for this B.

i) Compare the MOD interval matrix special dual like
number operators with the MOD interval dual number
matrix operators.

iii) Compare the MOD interval matrix special dual like

number operator with the MOD interval complex finite
modulo integer matrix operator.
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[372h 0 4.325h |
0.775 42 0.7531
2h 6h 0.1115h
0 7.23 4
LetA=]6375h O 4.367h |be the MOD interval
832 5.77 0
723h  6.2h  10.3h
0 0 7.24
14372h 3.7h  5.5h

special dual like number matrix operator with entries
from R"(11)={a+bh/a,be [0, 11],h*=h}.

i)  Study questions (i) to (ix) of problem (10) for this A.

i) Obtain any other special use of these MOD operators.

[0.33k+0.5 0.789+6.2k |

0 8+2k
19+4k 14+21.3k
LetD, = 22.43k 16.749 be the MOD
0 10+5k

4+12.312k  19.3115k
| 21.0315k 21.0125

interval special quasi dual number matrix operator with
entries from R‘; (23)=[a+bk/a,be [023),k*= 22k}.

Let D= {(aj;, a5 ..., a7) la;e {0,k, 1,1 +k}<1<i<7}
be the special domain space of state vectors associated
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17.

Let R={(a,b)la,be {0, 1, k 1+ k} be the special
range space of state vectors associated with the MOD
matrix operator D;.

1) Study questions (ii) to (ix) of problem (10) for this
D;.

i1)  What the distinct features between the MOD interval
dual number matrix operators and the MOD interval
special quasi dual number matrix operators?

iii)  Bring out the similarities and differences between
the MOD interval special dual like number matrix
operators and MOD interval special quasi dual
number matrix operators.

iv) Compare and contrast the MOD interval complex
modulo integer matrix operators with MOD interval
special quasi dual number matrix operators.

[34k+2 375 0 0 |
532k 1+4.2k 0 0
0 0 37k 43
0 0 1+5k 243k
7.52k 1.53k 0 0
7+3.2k 6434k 0 0
L 0 0 4k 2k
t =
tQ 0 0 434 52 |bethe
7.3 4.5 0 0
0.3k 6.8k 0 0
0 0 6 2
0 0 3.7 4.2
Tk 2k 0 0
| 4.31k 5.2k 0 0 |
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MOD interval special quasi dual number matrix operator
with entries from Rl; (10).

1) Study question (ii) to (ix) of problem (10) for this Q.
ii)  Study questions (ii) to (iv) of problem 16 for this Q.

1ii)  Can we find any special feature enjoyed by this Q
as it elements are blocks of zeros and so on?

18. Can we have 2 MOD interval neutrosophic matrix
operators A and B of same order with elements from the

same set Rfl (24) such that A # B but they have same set
of classical fixed point pairs.

i) Will there be changes for 2A and 2B.

ii) Find all realized fixed points pairs of A and B in D
and R.

ii1) Can a resultant of x which is realized fixed point
pair related to A be a realized limit cycle pair of B
and vice versa for all x € D [x € R) for any two

MOD interval matrix operator in Rfl (24)?

19. Show these have lots of applications in mathematical
modeling.
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20.

(531 2.7 545 0 |

0 1 2 345
LetA=|2.11 0 3.12 0 | beaMOD interval real
0 25 0 1.2
1.4 2 3 0

matrix operator with entries from R,(16).
Let D=R ={(aj, a5, a3, a4) /a;€ [0,6); 1 <i<4}.

i) Find all x € D and x € R which give the same
resultant.

ii) Characterize all these x € D and x € R which gives
different sets of resultants.
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In this book authors for the first

time define a special type of fixed
points using MOD rectangular
matrices as operators. In this case

the special fixed points or limit cycles
are pairs which is arrived after a finite
number of iterations. Such study is
both new and innovative for it can
find lots of applications in
mathematical modeling,
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