Uncountable Sums in R ?
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Abstract

It is shown that infinite series of strictly positive numbers cannot con-
verge to a positive number, unless the series has at most a countable
number of terms.

Given an arbitrary infinite set I and a mapping f : I — (0, 00), we
say that the series

1) e F)

converges to a certain s € R, if and only if

Ve>0 :
%) 3 J cC I, J finite :
( V K C I, K finite :

JCK = |s=,cxf(i)[<e

in which case we write

B i fl)=s



We note that the above definition in (2) of a convergent series clearly
seems to be by far the most natural one, and not only in case of real
valued terms f(7), but as well in the case of values in arbitrary metric
spaces. Also, and as such, this definition is well known in the litera-
ture.

What appears to be less well known, at least as far as the author of
the present paper is concerned, is the

Lemma

The following implication is true :
V [ an infinite set, f: 1 — (0,00), s € (0,00) :

(4)
( 27;61 f(i)=s) = I countable

Proof

Obviously, (4) is equivalent with
V [ infinite, f: 1 — (0,00) :

(5)
( e fi)=1) = I countable

Let us assume that (5) does not hold. Then

3 I uncountable, f: I — (0,00) :

Eie[ fi)=1

(6)

(7) dng>2 : I,={i€l]|1/ny < f(i) } uncountable
since otherwise, I = J,,5, I, is countable.

Thus



(8) Ing © Ingt1 € - ..

are all uncountable.

Now let € = 1, then (2) gives a finite subset J; C I, such that

(9) VJclI, Jfinite, 7 ©J 1 s—=1<) ., f(i))<s+1

In view of (8), for every m > 1, we can take a finite subset .J,,, C I,

with m elements which is disjoint from J. Then J* = JJ J,, will be
finite, further, we shall have J; C J*, and

(10) ZieJ* f(i) = Zie] f@) + Zie[no f@@) > Zie]* f(@) +m/ng

and since m is arbitrary, the relations (9) and (10) obviously conflict.



