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Abstract - We seek a solution attempt for the system of Navier-Stokes equations
for spatial dimensions n = 2 and n = 3. This solution has the most objective to
provide a better numerical evaluation of the exact analytical solution, thus
contributing to the solution not only from a theoretical mathematical problem, but
from a practical problem worldwide.
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1 - Introduction

The reading the last pages of chapter 10 of the book by lan Stewart,
"Seventeen Equations that Changed the World" [1], reminded me once again of the
importance of the Navier-Stokes equations, especially of its solutions. A sense of
urgency proved necessary for this issue. It is not equal to seek proof of the
Riemann hypothesis, which although it is one of the most difficult problems of
mathematics does not seem to bring greater immediate consequences to the world.

The problem of the Navier-Stokes equations described in the Millennium
problems!(?] is solved by the case (C), the breakdown of the solutions[3l [4], although
I recognize that the cases more interesting and useful to solve would be the cases
(A) and (B), the proof of existence and smoothness of their solutions for all initial
velocity u°(x) obeying determinate conditions.

The world is running a serious heating problem, either by natural or human
causes. The more likely they are combined causes, of course. The northern
hemisphere is heating up more (much more...) that the southern hemisphere, so
we cannot rule out the human influence in this heat. Evidently the northern
hemisphere is the most industrialized hemisphere of the world, which produces
more heat due to their machines, and thus would be more likely to contribute to
this warming.

The problem of global warming is not only the increase in temperature, the
feeling of discomfort, but also in the disasters that it is able to produce, as the
melting ice of the poles, the corresponding increase in sea levels, as well as
torrential rains, storms, fires and the most destructive hurricanes.

According Ian Stewart in the mencioned book, two climate vital aspects are
the atmosphere and the oceans. Both are fluid, and both can be treated using the
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Navier-Stokes equation. The secrets of the climate system are closed in the Navier-
Stokes equation. He said, referring to a research council document in physical
sciences and engineering (EPSRC - Engineering & Physical Sciences Research
Council, from United Kingdom), published in 2010: "The secrets of the climate
system are closed in the Navier-Stokes equation, but it is too complex to be solved
directly". Instead, researchers of climate models are using numerical methods to
calculate the fluid flow at the point of a three-dimensional grid covering the globe
from the depths of the oceans to the highest points of the atmosphere. The
horizontal grid spacing is 100 km; anything less makes your computation
impractical. Faster computers will not serve much, then the best way forward is to
think harder. Mathematicians are developing more efficient means to numerically
solve the Navier-Stokes equation.

Then that's it. The purpose of this paper is to find a solution to the system of
Navier-Stokes equations, given the initial condition u(x,0) = u°(x), x € R*,n = 2
and n =3, for both the cases that must be obeyed the equation of
incompressibility, V- u = V- u® = 0, as also for the general case, any values of V- u
and V- u°. Obviously this method can be used for the numerical solution of that
equations, which I hope to have your accuracy greatly increased (1 m or less
instead of 100 km would be excellent). A grid with width cell 100 km is absolutely
unreliable.

2 - Solution forn = 2

The system of Navier-Stokes equations in spatial dimensionn = 2 is

£+%+ a”1+ g=vV2u1+f1
(2.1) ou 6
9p _2 “2 duz _ g2
ay P+24y ~ tu ay =vWu, + f
or in vectorial form
au 2
(2.2) Vp+5+(u-V)u=vV u+f,

where u(x,y,t) = (ul(x, y,t), uy(x,y, t)), u:R? x [0,0) - R?, is the velocity of
the fluid, of components u;,u,, p is the pressure, p:R? x [0,0) - R, and
fo,y,t) = (filxy,0), f2(x,y,1), f:R? X [0,00) > R?, is the density of external
force applied in the fluid in point (x,y) and at the instant of time ¢, for example,
gravity force per mass unity, with x,y,t € R, t = 0. The coefficient v=> 0 is the
viscosity coefficient, and in the special case that v= 0 we have the Euler equations.

= i i 2 _ —_ - = i 1
V= (ax’ay) is the nabla operator and V- =V -V = 6x2 + = A is the Laplacian
operator.



If u; and u, are solutions of system (1) then are valid the following

equalities:
dp , duq Jduq
VV2u1+f1— —+—+u1— ou
(2.3) U, = (gjj ot ""),if L~ 0,
U1 dy
ay
and
dp , duy ouy
szuz +f2—(—+—+ 2—)
_ ay " ot ay) .. 0u
(2.4) U = 7 Jif 2 # 0.
X

The equation (2.3) says that u, is a function of u,, as well as the equation
(2.4) says that u, is a function of u,. Therefore, if we have the correct value of u,
we can get the value of u,, and vice versa, need for this too that the pressure can be
obtained. The equations (2.3) and (2.4) can not contradict each other, i.e, the
obtaining u, given u; in (2.3) must be verified next by the use of the equation
(2.4), confirming it, and vice versa. If the pressure p is not a given function for the
problem, both equations (2.3) and (2.4) need be solved to the complete

obtainment of p. Thus, in principle, the velocity and pressure can be obtained
Uuq auZ

d
completely following this method, since that —= —= # 0. In this case, the systems
dy O0x

(2.3)-(2.4) and (2.1) are equivalent.

The solutions (2.3) and (2.4) are valid for all ¢t > 0 on condition that
du,; 0
aiyl %rﬁ 0, and in this case, in t =0, defining f(x,v,0)=f°x7y) and

p(x,y,0) = p°(x,y), we come to

0 au?
vw2ul + 0 - <6L +M|t=0 +u? i) 910
(2.5) ud = ox ot ) it ZL 20
2 oug ey T
oy
and
apY | du ou
vW2ud + 9 - (aL-I_a_tzlf—o +ug— ) 910
(2.6) ul = 2 YLif—2#0
! oug o T
dx

ie, u? and ud are related by (2.5) and (2.6), beyond the incompressibility
condition, V- u® = 0, if this is a condition imposed.

a
The equations (2.5) and (2.6) can be used to calculate %h:o and
ouy
at
provided at least at time t = 0.

|t=0, supposing that the pressure or its respective spatial derivatives are
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For other values of t,t > 0, through the value of 6_1;’ held fixed position
(x,y), it is possible to calculate the value of u(x, y, t), obviously by integrating with

. . odu .
respect to time the local acceleration P ie.,

(2.7) u= f%dt + v(x,y),

where v(x, y) may be encountered by given initial conditions.

Numerically, we have

a
(2.8) uT+AT = T 4 a—? |e=7 AT,

where u” is the fluid velocity in the position (x,y) at time t = T. AT is a positive
not null small constant, the increment in time to each step calculation for u”.

Using (2.1) in (2.8) comes

T T T
THAT = T 2uT T_90p _ ToU1 _ Taul)

(29) “ up + (VV u; + fi ox Uy ox uz oy AT,
apT oul ouT

@0 T =g+ (v 7 -2 o 2 %)

where fT and p” are the external force and pressure, respectively, in the position
(x,y) at time t=T, supposing given p’ =p(x,y,T). Numerically and
algorithmically, we need to use the approximations (among other that knows in
the literature about numerical methods!®])

oul _ ul(x+AxyT) —ul (xy,T)

2.11 =~ :
( ) ox Ax

oul _ ul(xy+ay,T) —ul(x,y,T)

(2.12) ~ :
dy Ay

oul ul (e+Ax,y,T) — ul (x,y,1)

(2.13) =~ ,
ox Ax

' dy Ay !

T T T
uy (x+2Ax,y,T)—2uq (x+Ax,y,T)+u; (x,y,T

(Ax)?

u{(x,y+2Ay,T)—2u{(x,y+Ay,T)+uF{(x,y,T)
(Ay)? ’

_|_



(2.14) V2l ~ “5(’“2“'%”—Zui%:Ax,yr)+u£(x,y,r) N

ul (e, y+24y,1)—2ul (x,y +Ay,T)+ul (x,y,T)
+ (Ay)? ’

where Ax X Ay is the grid cell size.

This numerical-algorithmic approach, which resulted in the equations (2.9)
to (2.14), it shows that we can calculate approximately the system solution (2.1)
from t = 0 up to any t = T4, and the same method can be used in n = 3. When
greater T,,,, value, however, the greater the accumulation of numerical errors to
the correct result. It will be very convenient if it is possible to obtain an exact
solution (the great dream) to this problem, at least in certain situations,
eliminating thus to the maximum the occurrence of numerical errors. Our naive
solution, or better, our first naive attempt solution, will be described to follow.

The smaller the value of T, the closest correct value of u are the results
obtained with (2.9) and (2.10). Therefore, considering t a small value, in the first
order approximation in time the solution to the u components will be

— 40 2,,0 _ 9 odul oa_“?)
(2.15) ul—u1+(vV u; +fi x WMo U2, t,
— 3,0 2,0 _ 9 o0duy _ 0%)
(2.16) uz—u2+(vV u; + f, 3y W W2, t,

which shows the possibility of infinite solutions to velocity, given only the initial
velocity, since each different pressure can, in principle, imply a different velocity.
Unfortunately, in general the above solution is not limited to the increased time,
and therefore in general there is not here a case of velocity belonging to Schwartz
space, space of fast decreasing functions. This time t in (2.15) and (2.16)
corresponds exactly to the AT value that appears in (2.9) and (2.10).

Defining x; := x, x, :=y, for an arbitrary value of t, we can try a solution to
the system (2.1) in the form

dp
(2.17) w; = u) + X; (u?,ug,fi,a—xi) T; (1),
with
(2.18) T;(0) =0, T;/(0) =1,
in special
U204 f 9P 00w o g0u]
(2.19) X =vVou; + f; or, W U2



or else, for example,

9
(2.20) w = u) + X;(wd, ude+ [ (ﬁ- — a—f_) dt + v;(x,y),
0 ouf ouf
(2.21) X, = vVl —ud al uga—‘

solutions based on (2.15) and (2.16), with

(2.22) f(ﬁ )dtlt o+ vi(x,y) = 0.

Differentiating (2.20) in relation to time, obviously, we obtain
(2.23) % =X;(ui,ud) + fi — —
or, using (2.21),

ou; _ 2.0 oau_ uf
(2.24) Pyl vVeu; —uy ox

S i~

6xl

To the equation (2.24) to be equivalent to the system (2.1) for all u; we
need to have

20 — gy 2y 2,0 008 00w
(2.25) vVeu, —uy 7 W2 ay vVeu; —ujy — o 25y
therefore
(2.26) u; (%, y,6) = uf (x, ) + w; (£), w;(0) = 0,

and, substituting (2.26) in (2.25), it is necessary that

9 0
(2.27) wy (£) =+

The trivial solutions of (2.27) are w;(t) = w,(t) = 0 and u} = cte. A more
general condition is

wi(t) _  du/dy

(2.28) wy(t)  oud/ax

=cte.,i =1, 2.

Well, the solution (2.26) there is not the same form that (2.20)-(2.21),
except if



([ fi-Z=uky =0
J wi(t) =w,p(t) =t

6u ou?
X;= vV —ud Lt —ud—=
L l 1 dx 2 ay

(2.29)

and, according (2.28),

ouf _ 6u

(2.30) Sy - ox
For this reason, the attempt solution (2.20)-(2.21) correctly solved the
system (2.1) for some initial velocities, in special when (2.29) and (2.30) are
obeyed. Another case of solution when (2.20)-(2.21) is valid, using trivial solution

of (2.27), is

fi— 3t =vi(xy) =0

u = u = cte.

(2.31)

The dependence of f in relation to p, related in (2.29) and (2.31), or

(2.32) Vp = f,

shows that it’s necessary f be a gradient function, and p is a potential function for
f (see, for example, [5]). An example for f is a constant gravity acceleration, like
f = (0,—g), assuming a two-dimensional world, and in this case we have p = —gy.

For more generic initial velocity, the form given by (2.26) is our next
attempt solution,

(2.33) w;(x,y,t) = ud(x,y) + w;(t), w;(0) = 0.
Applying (2.33) in (2.1) comes

Oau oau

(2.34) 7 +— Wl(t) +ud —L +ud=—t = vVi)] + f,

using x; :=x, X, =Y.

A consistent initial velocity also needs to be (2.1) solution, for ¢ = 0. In
t = 0 the equation (2.34) is equivalent to

(2.35) — + w;’

au Ou
0 + 0 vVZu? + in’
dy

SO



0 6u9 0 6 0

o vVl = f0 — - —w;'(0),

the superior symbol 0 meaning the respective function value at time t = 0.

Substituting (2.36) in (2.34) we obtain

@3 (2= T)+ (W) —wi(0) = iy, = £ 7),

a beautiful equality that allow us to solve the system (2.1) in many situations, for
any u° (or better, Yu® € C(R?)), according (2.33). But for this reason we cannot to
accept any external force and pressure in the system, or model, except when (2.37)
is true and the pressure can be calculated.

The next and last attempt solution is
(2.38) w; (x,y,t) = ud (x, y) wy(t), w;(0) =1,
where u;: R? X [0,00) - R, ul: R? > R, w;:[0,0) > R.
Repeating the steps from (2.33) to (2.37) with (2.38), applying (2.38) in

(2.1) comes

au(-’

0 0u
(2.39) — + ul It Wl + Wlwlu1 ox + szlu2 3y =

0
/ 0 0u; 00 i] 2..0
——+u-w-+w~ wiu; — + wou, —| = vw;Veu; + f;.
6xi 1" l[llax zzay 1 i fl

As we have said, a consistent initial velocity also needs to be (2.1) solution,
fort = 0.Int = 0 the equation (2.39) is equivalent to

op° 0,,.70 0. 0,00u 0. 0,00u
2.40 —+u’w; Wi Wr Ui — + w, wy u;, — =
( ) axi+ l l + 1 l 1 ax + 2 L 2 ay

2 0
= vwVu) + £,
.. 10 dWl
defining w;"° = |t oandw = w;(0) =1,s0
0.0, 00U 0.0, 00U 0w2.,0

(2.41) WiW; Uy —= + wow; (U2 vw; Veu; =

_[,,00w oau 2..0] _

_[ula +u 27, — vV ui]—

_ 0 __ap° 0,,,/0

=f; T ok WiWi

Supposing w; = w, = w and therefore wl =wd=w’=1, wj =w, =w/,
wi® = w,? = w'?, we have from (2.39) and (2.41), respectively,



(2.42) +u w + w? [uoau + Oau]— vwV2u) + f;

and
(2.43) [ ] = vV2u) + f° — W0 0yy10

' 2 9y t L ox; t )

0 6u° 0 6u°
Taking the factor [ul a—xl + u, a—yl] in (2.43) and leading it in (2.42) we
obtain
op op°\ _ 2.0 _ 0\ (1! 0 0

(2.44) (a—xi—aaxi)—(vv u) —ud)w' —aw’®) + (f; — afP?),

with @ = w? # 0. This relation (2.44) shows us that there are many possibilities
to solve the system of Navier-Stokes equations, for an infinite set of initial
velocities, external forces and pressure.

The integration of (2.44), again a beautiful equality, like (2.37), is

(2.45) p—ap’ = [ [(vV2u) —u))(w' —aw’®) + (f; — af?)| - dl

where L is any path linking a point (xg, yy) to (x, y), supposing that the integrand is
a gradient field[], without singularities.

3 - Solution forn = 3

Similar to what we saw in section 2 for n = 2, now we solve the Navier-
Stokes equations for spatial dimension n = 3. As we know, it can be put in the form
of a system of three nonlinear partial differential equations, as follows:

u ou u ouq
£+_1+ o tu 261+ 35 =vWiu +fi
) a
(3.1) —y+ﬁ+ Ztu 26 2t u ai_vvzuzﬂf2
op % 6u3 au3 L 2
6z+ +u ax+ +u 5y = vVu; + f3

where u(x,y,zt) = (ul(x,y, z,t),u,(x,y,2z,t),u3;(x,y, z, t)), u:R3 x [0,0) - R3,
is the velocity of the fluid, of components u;,u,, uz, p is the pressure, p: R3 X
[0,0) >R, and f(xy,2t) = (1,20 £ y21),f:(xy20), f:R®x
[0,00) - R3, is the density of external force applied in the fluid in point (x,y, z)
and at the instant of time ¢, for example, gravity force per mass unity, with
x,y,z,t ER, t 2 0. The coefficient v> 0 is the viscosity coefficient, and in the



. . a 9 9.
special case that v= 0 we have the Euler equations. V= (E’E’E) is the nabla
d v2 O + 2 1+ 2 = Ais the Laplaci
operatorand V¥ = V-V = —— + 52 + 5,z = Alis the Laplacian operator.

Writing u; as a function of u, and u; we have by the system (3.1) above,

2 —(%p 4 2v2 4, Oz ., OUz
3.2 u _VV u2+f2 (6y+ 3t +uZay+U3aZ) ] au2¢0
(3.2) 1= duz » 1 ox ’
dx
2 op  dug dug Juz
33 u _Wu3+f3_(az+at+uzay+”3az) .f6u3¢0
(3.3) 1= dug » 1 0x ’
dax
ouq ouq ouq ouq 2 dp
4 — = S
(3.4) 6t+u1 ax+uzay+113 5y vwWeu, + f; P
Ju, du
therefore valid system when 6_x2 a—x3 # 0.

Similarly to u;, we obtain the following equations for u, and us, in index
notation, defining x; = x, x, ==y, x3 := z,and index 4 = index 1, index 5 = index
2,with1<j <3,

) ou; ou; ou;
vVZuj4-fj—-<—ll+-——i-+tq+1 J +u; ——;f—

ax; ot 9xi4q 2042 ouj
3.5 u; = / , if — # 0,
(3:5) l 9uj Ox; 7
ax;

du; u; ou; u; 2 dp
3.6 —tu—tu,—t+uz—=vWu+f—-——
(3.6) ot 1 ax 2 9y 3 9z i /i ax;

. OUjt1 OUijyo .
therefore valid systems when —————=# 0, for 1 <i < 3.

6xi 6xi

All solutions obtained in (3.5) can not contradict each other, as well as (3.6)
must be true for each i.
i i s OUjy1 OUiyp
The solutions (3.5) are valid for all ¢ > 0 on condition that or Om * 0,
i i
for 1 <i <3, and in this case, in t =0, defining f(x,v,2z,0) = f°(x,y,z) and
p(x,y,2,0) = po(x, y,z) and using index notation, we come to

0

0 Jduj ou; au?
2,0 0 _[9p J 0 J 0 J
o VAU +fj <axj +—7le=0 + Uit15 - +Uiy axi+2)
(3.7) uy =

l ou

y1<j<3,
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where the superior index 0 means the respective value function at time t = 0. The

ap° ou;
equation (3.7) shows that the sum % + ] |t o cannot have any arbitrary
J

value, independently of u} relation (3.7), contradicting it.

Numerically we can solve (3.1) through following iteration algorithm, just
like we do forn = 2, foreach naturaliin1 <i < 3:

T+AT _ T 2, T n 1%
(3.8) Uu; —ui+(Vu + T —=—- =1l 5 )AT
where u”, fT and pT are the velocity, external force and pressure, respectively, in
the position (x,y,z) at time t = T, supposing given p” = p(x,y,2z,T). AT is a
positive not null small constant, the increment in time to each step calculation for

ut.

Again, we need to use the approximations (among other that knows in the
literature containing numerical methods!®])

auI - (x+Ax,y z,T) —uj T(x,y,2,T)

2

(3.9)

ox Ax !

oul  ul(xy+ay.zT) —ul (x,y,2T)
(3.10) =~ ;

dy Ay

ouT x,y,Z2+Az,T) — uy (x,y,2,T
(3.11) 1 ul (x,y, ) —ul (xy, )’

0z Az

oul ul x+Ax,y,z,T —ul x,v,z,T
(3.11) 2 o 2( Yy ) 2(xy ),

ox Ax

oul _ ul(xy+Ay,zT) —ul(x,y,2T)
(3.12) =~ ;

oy Ay

oul ul x,y,Z+0Az,T —ul x,9,Z,T
(3.13) 2 o 2(x,y ) 2(xy )’

0z Az

oul x+Ax,y,z,T) — uz(x,y,z,T
(3.14) 3 ul( y.2T) —ul (x,y, ),

ox Ax

au;r ug(x,y+Ay,z,T) - ug(x,y,z,T)
(3.15) =~ ,

oy Ay

oul ul x,y,Z+Az,T —uf x,9,Z,T
(3.16) 3~ 3(xy ) 3(xy )’

0z Az

u; (x+2Ax,y,z,T)-2uy (x+Ax,y,z,T)+u; (x,y,z,T

(3.17) VZUI ~ 1( ¥,2,T)— 1( Y,2,T) 1( Y, )+

(Ax)?

11



ul (x,y+28y,2,7)—2ul (x,y+4y,2T)+ul (x,y,2,T)
+ (Ay)? +

u{(x,y,z+2Az,T)—2u{(x,y,z+Az,T) +u{(x,y,z,T)

+ (Az)? ’

ug(x+2Ax,y,z,T)—2u£(x+Ax,y,z,T)+u£(x,y,z,T)

(Ax)2 +

(3.18) Viul ~

ug(x,y+2Ay,z,T)—2u£(x,y+Ay,z,T)+u£(x,y,z,T)

(Ay)? +

_l_

ug (x,y,z+2Az,T)—2u%w (x,y,z+Az,T) +u;r (x,y,2,T)

+ (4z)? ’

T T T
us (x+2Ax,y,z,T)—-2uz (x+Ax,y,z,T)+us (x,y,z,T

ul (e, y+24y,2,T)—2ul (x,y+Ay,z T)+ul (x,y,2,T)

(Ay)? +

_l_

ug (x,y,z+2Az,T)—2u£ (x,y,z+Az,T) +u§ (x,y,2,T)

+ (Az)? ’

where Ax X Ay X Az is the three-dimensional grid cell size.

The greater the value of T, the greater the number of times that need to
iterate the solution given in (3.8), more numeric errors are added to the correct
solution of system (3.1), is therefore highly desirable to find an exact solution for
(3.1).

All attempt solutions seen for the case n = 2 can be used for n = 3, with
obviously adaptations. The simplest (and naive) of these solutions is the similar

one to (2.33), with w; (t) = w(t),

(3.20) u;(x,y,z,t) =ul (x,v,z) + w(t), w(0) =0,
or
(3.21) u(x,y,z,t) =u(x,y,z) + wt)l, w(0) =0, I =(1,1,1),

whose direct application in (3.1) and more the correspondent use for t = 0 leads
to the similar condition (2.37) seen previously, i.e.,

32 (-L)+ (W® - W) = fi(x7,2,) — [2(x,,2)

As we have said for two dimensions, this equality allow us to solve the system
(3.1) in many situations, for any u° (say, vu® € C(R?)), according (3.20). For this

12



reason we cannot to accept any external force and pressure in the system, or
model, except when (3.22) is true and the pressure can be calculated.

Making p(x,y,zt) =q®)(x+y +2),p°(x,v,z) = q(0)(x +y+2z) and
supposing that f is only a time function, no spatial dependence, all its three
components equals each other, f;(t) = g(t) and f° = £;(0) = g° is a constant, as
well as q(0) is a constant, then from (3.22), we obtain

(3.23) q(t) —q(0) + (w'(t) —w'(0)) = g(t) — ¢°
and so

(3.24) p(x,y,2t) =q)(x +y+2),

with

(3.25) q(t) = q(0) — (w'(t) —w'(0)) + (g(t) — g°).

The solution (3.21)-(3.24) is not unique, due to infinities different
possibilities of construct w(t),w(0) = 0. Beyond this, the pressure may be

unlimited, due linear term (x + y + z), although we can choose u°(x) and w(t)
that limit the velocity.

Fortunately, instead of this being a naive solution, this is really a wonderful,
unforgettable and memorable solution, because when u°(x) € S(R3), the 3-D
functions Schwartz space, we choose w(t) € C*([0 X o), a continuous function
infinitely differentiable as continuous in all derivative orders, w(t) finite for all
t = 0, and the external force is null by definition, f = 0, then we come to the case
(A) of the said Millenium Probleml!?l. The demonstration is very easy, practically
immediate. Based on our surprising discovery, the third example given in [4] needs
correction (today's date is 05-Apr-2016), although the first and second examples
keeps. Thus, both cases (A) and (C) in [2] are true: (A) when f = 0 and (C) when
f # 0 and are obeyed some appropriate conditions. Cases spatial periodicity (B)
and (D) have not been studied in depth due to possible discontinuities of solutions
and derivatives in the boundary regions x = 1,y = 1,z = 1 and integer periods.

4 - Conclusion

To initiate this paper, really, we don’t thinking to achieve to the case (A) of
the Millenium Problem relative to Navier-Stokes equations. Initially wanted a
much more modest solution, in the first order of approximation or numerical. The
possibility of infinite solutions, however, even for cases in which all terms are
present, leads us to conclude on the need to provide more equations to models that
claim to accurately simulate the atmospheric or general fluid conditions, cases
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simplest to the most complex one, or else build more complete Navier-Stokes
equations, containing more variable, initial and boundary conditions.

[ think that, in practical terms, the external force can act as a pressure or
velocity controller, since it is not only due to the uncontrollable nature, but can
also be conveniently constructed by engineering. This is a clear example of Applied
Mathematical.

To world stability...

January 2016 L-OTI(*C) Anomaly vs 1951-1980 1.13

— | | |

| T — ] J— |
-41-40-20-10~-05-0.2 0.2 05 10 2.0 4.0 129

Note: Gray areas signify missing data
Note: Ocean data are not used over land nor wathin 100km of a reporting land station

References

[1] Stewart, lan, Seventeen Equations that Changed the World. London: Profile
Books Ltd (2012).

[2] Fefferman, Charles L., Existence and Smoothness of the Navier-Stokes Equation,
in http://www.claymath.org/sites /default/files/navierstokes.pdf (2000).

[3] Godoi, Valdir M. S., Breakdown of Navier-Stokes Solutions - Unbounded Fnergy
for t > 0, available in http://www.vixra.org/abs/1601.0312 (2016).

[4] Godoi, Valdir M. S., Three Examples of Unbounded Energy for t > 0, available
in http://www.vixra.org/abs/1602.0246 (2016).

[5] Apostol, Tom M., Calculus, vol. Il. New York: John Wiley & Sons (1969).

[6] Johnson, Claes, Numerical Solution of Partial Differential Equations by the
Finite Element Method. New York: Dover Publications (2009).

14


http://www.claymath.org/sites/default/files/navierstokes.pdf
http://www.vixra.org/abs/1601.0312
http://www.vixra.org/abs/1602.0246

