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The aim of this paper is to extend the concept of cubic sets to the neutrosophic sets.
The notions of truth-internal (indeterminacy-internal, falsity-internal) neutrosophic cu-
bic sets and truth-external (indeterminacy-external, falsity-external) neutrosophic cubic
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1. Introduction

Fuzzy sets, which were introduced by Zadeh®, deal with possibilistic uncertainty,
connected with imprecision of states, perceptions and preferences. Based on the
(interval-valued) fuzzy sets, Jun et al.! introduced the notion of (internal, exter-
nal) cubic sets, and investigated several properties. Jun et al. applied the notion
of cubic sets to BCK/BCl-algebras. They introduced the notions of cubic subalge-
bras/ideals, cubic o-subalgebras and closed cubic ideals in BCK/BClI-algebras, and
then they investigated several properties (see Jun et al.?, Jun et al.?, Jun et al.%
and Jun et al.?). The concept of neutrosophic set (NS) developed by Smarandache®
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and Smarandache” is a more general platform which extends the concepts of the
classic set and fuzzy set, intuitionistic fuzzy set and interval valued intuitionis-
tic fuzzy set. Neutrosophic set theory is applied to various part (refer to the site
http://fs.gallup.unm.edu/neutrosophy.htm).

In this paper, we extend the concept of cubic sets to the neutrosophic sets. We in-
troduce the notions of truth-internal (indeterminacy-internal, falsity-internal) neu-
trosophic cubic sets and truth-external (indeterminacy-external, falsity-external)
neutrosophic cubic sets, and investigate related properties. We show that the
P-union and the P-intersection of truth-internal (indeterminacy-internal, falsity-
internal) neutrosophic cubic sets are also truth-internal (indeter-minacy-internal,
falsity-internal) neutrosophic cubic sets We provide examples to show that the
P-union and the P-intersection of truth-external (indeterminacy-external, falsity-
external) neutrosophic cubic sets may not be truth-external (indeterminacy-
external, falsity-external) neutrosophic cubic sets, and the R-union and the R-
intersection of truth-internal (indeterminacy-internal, falsity-internal) neutrosophic
cubic sets may not be truth-internal (indeterminacy-internal, falsity-internal) neu-
trosophic cubic sets. We provide conditions for the R-union of two T-internal (resp.
I-internal and F-internal) neutrosophic cubic sets to be a T-internal (resp. I-internal
and F-internal) neutrosophic cubic set.

2. Preliminaries

A fuzzy set in a set X is defined to be a function A : X — [0, 1]. Denote by [0, 1]%
the collection of all fuzzy sets in a set X. Define a relation < on [0, 1]X as follows:

(VA p e [0,1%X) (A < = (Vo € X)(A@) < p(x)).

The join (V) and meet (A) of X and p are defined by

AV p)(z) = max{A(z), u(2)},

(AA p)(2) = min{A(z), ()},
respectively, for all x € X. The complement of A\, denoted by A\, is defined by

(Vx € X) (A(x) =1 — A(x)).
For a family {\; | © € A} of fuzzy sets in X, we define the join (V) and meet (A)
operations as follows:

(V&) (@) = supfau(e) |i € A},

ISHN
(A X)(@) =inf{x(2) | i €A},
ieA
respectively, for all x € X.

By an interval number we mean a closed subinterval a = [a™,a™] of [0, 1], where
0 < a~ < at < 1. The interval number @ = [a~,a™] with a~ = a™ is denoted by
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a. Denote by [[0,1]] the set of all interval numbers. Let us define what is known
as refined minimum (briefly, rmin) of two elements in [[0, 1]]. We also define the
symbols “»7, “<” “=” in case of two elements in [[0,1]]. Consider two interval
numbers a; 1= [al_,aﬂ and Gy := [a3,a3 | . Then

rmin {ay, a2} = [min {a;,a; } ,min{ai,a3}],
a1 > ap if and only if a; > a; and af > a;,
and similarly we may have a; < @ and a; = ao. To say a1 > as (resp. a1 < as)

we mean a; = dg and @ # ag (resp. a; < ag and a; # ag). Let a; € [[0,1]] where
i € A. We define

rinf a; = |inf a; , inf a;" and rsupa; = |supa; ,sup aj' .
€A €A €A i€A i€A i€A

For any a € [[0, 1]], its complement, denoted by a¢, is defined be the interval number
@ =[1-a"1-a.

Let X be a nonempty set. A function A : X — [[0,1]] is called an interval-valued
fuzzy set (briefly, an IVF set) in X. Let IV F(X) stand for the set of all IVF sets in
X. For every A € IVF(X) and z € X, A(z) = [A™(z), AT (z)] is called the degree
of membership of an element x to A, where A= : X — I and AT : X — I are
fuzzy sets in X which are called a lower fuzzy set and an upper fuzzy set in X,
respectively. For simplicity, we denote A = [A~, AT]. For every A, B € IVF(X),
we define

ACB & A(z) < B(z) for all z € X,
and
A=B & A(z) = B(z) for all z € X.

The complement A° of A € IVF(X) is defined as follows: A°(x) = A(z)¢ for all
r € X, that is,

Ac(z) = [1 — AT (z),1— A~ (2)] for all = € X

For a family {A; | i € A} of IVF sets in X where A is an index set, the union

G = |J A; and the intersection F' = () A; are defined as follows:
i€ i€

6 = (Y A) @) =rsmp Ao
and

F(z) = (m AZ-) () = rinf A;(x)

€A
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for all x € X, respectively.
Let X be a non-empty set. A neutrosophic set (NS) in X (see Smarandache®)
is a structure of the form:

A= {{z; Ar(2), A1(2), Ap(2)) | 2 € X}

where Ay : X — [0,1] is a truth membership function, Ay : X — [0,1] is an
indeterminate membership function, and A : X — [0,1] is a false membership
function.

Let X be a non-empty set. An interval neutrosophic set (INS) in X (see Wang
et al.8) is a structure of the form:

A = {(; Ar(2), A1(z), Ap()) | 2 € X}

where Ar, Ay and Ap are interval-valued fuzzy sets in X, which are called an
interval truth membership function, an interval indeterminacy membership function
and an interval falsity membership function, respectively.

3. Neutrosophic cubic sets
Jun et al.! have defined the cubic set as follows:
Let X be a non-empty set. A cubic set in X is a structure of the form:

C = {(z, A(2),\(2)) | = € X}

where A is an interval-valued fuzzy set in X and A is a fuzzy set in X.
We consider the notion of neutrosophic cubic sets as an extension of cubic sets.

Definition 3.1. Let X be a non-empty set. A neutrosophic cubic set (NCS) in X is
a pair & = (A, A) where A := {(z; Ar(x), A;(x),Ar(x)) | z € X} is an interval
neutrosophic set in X and A := {(z; A\r(z), \;(z), A\r(x)) | z € X} is a neutrosophic
set in X.

Example 3.1. For X = {a,b, c}, the pair &/ = (A, A) with the tabular representa-
tion in Table 1 is a neutrosophic cubic set in X.

Table 1. Tabular representation of & = (A, A)

X A(x) A(z)
a ([0.2,0.3], [0.3,0.5], [0.3,0.5]) (0.1,0.2,0.3)
([0.4,0.7], [0.1,0.4], [0.2,0.4]) (0.3,0.2,0.7)

(0.6,0.9],[0.0,0.2],[0.3,0.4]) (0.5,0.2,0.3)
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Example 3.2. For a non-empty set X and any INS
A= {(z; Ap(2), A (2), Ap(2)) |z € X}
in X, we know that € = (C,®); := (A,A;) and € = (C,®)y := (A, Ag) are
neutrosophic cubic sets in X where A; := {(x;1,1,1) | « € X} and Ay :=
- + - +
{{2;0,0,0) | x € X} in X. If we take A\p(x) = w, Ar(x) = M

=(x + xr . . . .
and A\p(z) = %, then &/ = (A, A) is a neutrosophic cubic set in X

)

Definition 3.2. Let X be a non-empty set. A neutrosophic cubic set & = (A, A) in
X is said to be

e truth-internal (briefly, T-internal) if the following inequality is valid

(Vx € X) (A;(m) < Ap(z) < A;(x)) , (3.1)
e indeterminacy-internal (briefly, I-internal) if the following inequality is valid

(Vo € X) (Af () < Mi(x) < A7 (2)) (3.2)
o falsity-internal (briefly, F-internal) if the following inequality is valid

(Vo € X) (Ap(z) < Ar(2) < AF (). (3.3)

If a neutrosophic cubic set &/ = (A, A) in X satisfies (3.1), (3.2) and (3.3), we
say that & = (A, A) is an internal neutrosophic cubic in X.

Example 3.3. For X = {a,b, ¢}, the pair & = (A, A) with the tabular representa-
tion in Table 2 is an internal neutrosophic cubic set in X.

Table 2. Tabular representation of & = (A, A)

X A(z) A(z)
([0.2,0.3],[0.3,0.5], 0.3, 0.5]) (0.25,0.35,0.40)
([0.4,0.7],10.1,0.4], [0.2,0.4]) (0.50,0.30,0.30)

c ([0.6,0.9],[0.0,0.2], [0.3,0.4]) (0.70,0.10,0.35)

Definition 3.3. Let X be a non-empty set. A neutrosophic cubic set &/ = (A, A) in
X is said to be

e truth-external (briefly, T-external) if the following inequality is valid
(Vo € X) (Ar(2) ¢ (Ap(2), A7(2))) (34)
e indeterminacy-external (briefly, I-external) if the following inequality is valid

(Vo € X) (Ar(2) £ (A7 (2), AF (2))) , (3.5)
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o falsity-external (briefly, F-external) if the following inequality is valid
(Vz € X) (Ar(2) ¢ (Ap(2), Ap(2))) . (3.6)

If a neutrosophic cubic set &/ = (A, A) in X satisfies (3.4), (3.5) and (3.6), we
say that & = (A, A) is an external neutrosophic cubic in X.

Proposition 3.1. Let &/ = (A, A) be a neutrosophic cubic set in a non-empty set X
which is not external. Then there exists # € X such that A\p(z) € (A5 (x), AL (z)),
Ar(z) € (A7 (2), A (2), or Ap(2) € (Ap(2), Ap()).

Proof. Straightforward. O

Proposition 3.2. Let &/ = (A, A) be a neutrosophic cubic set in a non-empty set
X. If & = (A, A) is both T-internal and T-external, then

(Vz € X) (Ar(z) € {A7(z) |z € X} U{Af(z) |z € X}). (3.7)

Proof. Two conditions (3.1) and (3.4) imply that A7 (z) < Ap(z) < Af(z) and
Ar(z) ¢ (A (z), AL (2)) for all € X. It follows that Ar(z) = AL (z) or Ar(z) =
At (z), and so that Ar(z) € {A7(z) |z € X}U{AL(2) |z € X}. |

Similarly, we have the following propositions.

Proposition 3.3. Let &/ = (A, A) be a neutrosophic cubic set in a non-empty set
X. If & = (A, A) is both I-internal and I-external, then

(va € X) (Ar(z) € {A7 () |z € X} U{Af (2) |2 € X}). (3.8)

Proposition 3.4. Let &/ = (A, A) be a neutrosophic cubic set in a non-empty set
X. If & = (A, A) is both F-internal and F-external, then

(Ve € X) (Ar(z) € {Ap(z) |z € X}U{AL(z) |z € X}). (3.9)

Definition 3.4. Let &/ = (A,A) and # = (B, ¥) be neutrosophic cubic sets in a
non-empty set X where
A= {(; Ar(2), Ar(z), Ap(2)) | z € X},
{(@; Ar(2), A1(2), Ap(2)) | © € X},
%éw i Br(z), Bi(z), Br(z)) | v € X},

w3 ¢r(2), ¥1(2), ¥r(z)) | o € X}
Then we define the equality, P-order and R-order as follows:

e W=
i

(a) (Equality) & =% < A=Band A=10.
(b) (P-order) & Cp B < A CBand A<V.
(b) (R-order) & CR # & A CBand A>V.
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We now define the P-union, P-intersection, R-union and R-intersection of neu-
trosophic cubic sets as follows:

Definition 3.5. For any neutrosophic cubic sets o = (A;,A;) in a non-empty set
X where

A; = {{z; Air(x), Air(x), Aip(x)) |z € X},

A= {{x; i (2), Air(2), AMip(2)) | € X}
for ¢ € J and J is any index set, we define

() Upet = (ZLEJJ ALY Ai) (P-union)
®) Ny (LQJAi,ié\JAi) (P-intersection)
(©) Upert = (U A A ) (R-union)
(@) Ny (ZQJAz,iyJA> (R-intersection)
Whi;JAz ~{(#(Uar) @, (Uas) . (Ui ) @) 10e x}.
(e (o) (g (o) ) ).
A=l () e () e (gar) ) 1= xp
A= () @ () i (e ) 1<}

The complement of &/ = (A, A) is defined to be the neutrosophic cubic set
¢ = (A° A°) where A° := {(x; AC F(x), A5(x), A% (z)) | * € X} is an interval neu-
trosophic set in X and A® := {(z; A\7(z), (), A\ (x)) | = € X} is a neutrosophic
set in X.

ObVi0u81Y7 (JZ{C)C = JZ{? <UPLQ%Z> = mP%C7 <ﬂpm> = UPbQ{ica

ieJ ieJ ieJ icJ

(UR%> = pe’, and (ﬂRszf/;> =Upe’.
ieJ ieJ i€J i€J
The following proposition is clear.

Proposition 3.5. For any neutrosophic cubic sets &/ = (A,A), & = (B,¥), € =
®), and 2 = (D, Q) in a non-empty set X, we have

)if o Cp # and B Cp € then o Cp 6.

) if @ Cp % then B° Cp o/°.

3) if  Cp B and o Cp € then o Cp BNpE.
) if & Cp A and € Cp B then o Up € Cp A.
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(5) fa/ CpABand € Cp Pthen F Up € Cp BUp D and & NpE Cp BNp D
(6) if @ Cr % and B Cr € then o7 Cgr €.

(7) if o Cr % then B° Cgr °.

(8) if o Cr %P and of Cgr € then &/ Cp BNR €.

(9) if o Cr P and € Cr X then & Ur € Cr AB.

(10) if & Cr B and € Cr 2 then o/ UR € Cr BUr P and &/ NR € Cr BNgr .

Theorem 3.1. Let & = (A, A) be a neutrosophic cubic set in a non-empty set X.
If o = (A, A) is I-internal (resp. I-external), then the complement o/¢ = (A€, A¢)
of & = (A, A) is an I-internal (resp. I-external) neutrosophic cubic set in X.

Proof. If & = (A, A) is an I-internal (resp. I-external) neutrosophic cubic set in
a non-empty set X, then A7 (z) < A\(x) < Af (z) (vesp., A\r(z) & (A (z), Af (2)))
for all x € X. It follows that 1 — Af (z) < 1— )\I( ) <1—A7 (z) (resp., 1 —Ar(x) ¢
(1—Af(z),1— A7 (z))). Therefore &/¢ = (A, A°) is an I-internal (resp. I-external)
neutrosophic cubic set in X. O

Similarly, we have the following theorems.

Theorem 3.2. Let &/ = (A, A) be a neutrosophic cubic set in a non-empty set X. If
of = (A, A) is T-internal (resp. T-external), then the complement &7/¢ = (A°, A°)
of @ = (A, A) is a T-internal (resp. T-external) neutrosophic cubic set in X.

Theorem 3.3. Let &/ = (A, A) be a neutrosophic cubic set in a non-empty set X. If
of = (A, A) is F-internal (resp. F-external), then the complement o/¢ = (A°, A°)
of @ = (A, A) is an F-internal (resp. F-external) neutrosophic cubic set in X.

Corollary 3.1. Let & = (A, A) be a neutrosophic cubic set in a non-empty set X.
If o = (A, A) is internal (resp. external), then the complement /¢ = (A€ A°) of
of = (A, A) is an internal (resp. external) neutrosophic cubic set in X.

Theorem 3.4. If {< = (A;,A;) | ¢ € J} is a family of F-internal neutrosophic
cubic sets in a non-empty set X, then the P-union and the P-intersection of { =
(A;,A;) | i € J} are F-internal neutrosophic cubic sets in X.

Proof. Since o = (A;, A;) is an F-internal neutrosophic cubic set in a non-empty
set X, we have A;.(7) < \jp(z) < Aj(x) for i € J. It follows that

(yme) @< (ypr)ers (yae)

and

(m AZ-F> (2) < (/\ AZ—F) (2) < (m AZ—F>+ (2).

icJ
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Therefore |Jp o = (U ALY Ai) and (po = (ﬂ A A Ai> are F-internal
i€ i€J  iEJd ieJ ieJ  ieJd
neutrosophic cubic sets in X. O

Similarly, we have the following theorems.

Theorem 3.5. If {of = (A;,A;) | ¢ € J} is a family of T-internal neutrosophic
cubic sets in a non-empty set X, then the P-union and the P-intersection of {7 =
(A;,A;) | i € J} are T-internal neutrosophic cubic sets in X.

Theorem 3.6. If {& = (A;,A;) | i € J} is a family of I-internal neutrosophic
cubic sets in a non-empty set X, then the P-union and the P-intersection of {<# =
(A;,A;) | i € J} are I-internal neutrosophic cubic sets in X.

Corollary 3.2. If {4 = (A;,A;) | i € J} is a family of internal neutrosophic cubic
sets in a non-empty set X, then the P-union and the P-intersection of {4 =
(A;,A;) | i € J} are internal neutrosophic cubic sets in X.

The following example shows that P-union and P-intersection of F-external
(resp. I-external and T-external) neutrosophic cubic sets may not be F-external
(resp. I-external and T-external) neutrosophic cubic sets.

Example 3.4. Let o = (A, A), and # = (B, V) be neutrosophic cubic sets in [0, 1]

where
A = {(;]0.2,0.5],[0.5,0.7],[0.3,0.5]) | € [0, 1]},
A ={(x;0.3,04,0.8) | x € [0,1]},
B = {{(z;[0.6,0.8],[0.4,0.7],[0.7,0.9]) | = € [0,1]},
U = {(x;0.7,0.3,0.4) | « € [0,1]}.

Then o/ = (A, A), and B = (B, ¥) are F-external neutrosophic cubic sets in [0, 1],
and & Up = (AUB,AV V) with

A UB = {(;]0.6,0.8],[0.5,0.7],[0.7,0.9]) | z € [0,1]},

AV Y = {(x;0.7,04,0.8) | x € [0,1]}
is not an F-external neutrosophic cubic set in [0, 1] since

(A V op) (z) = 0.8 € (0.7,0.9) = ((Ap U Bp)~(z), (Ap U Bp)* ().

Also o7 Np % = (ANB,AAV) with
ANB = {(x;]0.2,0.5],[0.4,0.7],[0.3,0.5]) | z € [0,1]},
AAY = {(x;0.3,0.3,04) | z € [0,1]}

is not an F-external neutrosophic cubic set in [0, 1] since

(\p Avp) (z) = 0.4 € (0.3,0.5) = (Ap N Bp)~(z), (Ap N Bp)* ().

Example 3.5. For X = {a,b,c}, let & = (A, A), and B = (B, ¥) be neutrosophic
cubic sets in X with the tabular representations in Tables 3 and 4, respectively.
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Table 3. Tabular representation of & = (A, A)

X A(z) A(z)

a ([0.2,0.3],[0.3,0.5], 0.3, 0.5]) (0.35,0.25,0.40)
([0.4,0.7],10.1,0.4], [0.2,0.4]) (0.35,0.50, 0.30)
([0.6,0.9],[0.0,0.2], [0.3, 0.4]) (0.50, 0.60, 0.55)

Table 4. Tabular representation of 4 = (B, ¥)

X B(z) V()

a ([0.3,0.7], [0.3,0.5], [0.1,0.5)) (0.25,0.25, 0.60)
([0.5,0.8], [0.5, 0.6], [0.2,0.5]) (0.45,0.30, 0.30)

¢ ([0.4,0.9], [0.4,0.7), [0.3,0.5]) (0.35,0.10, 0.45)

Table 5. Tabular representation of & Up Z = (AUB,AV )

X (A UB)(z) (AV 0)(z)

a ([0.3,0.7],[0.3,0.5],]0.3,0.5]) (0.35,0.25, 0.60)
([0.5,0.8],[0.5,0.6],[0.2,0.5]) (0.45,0.50, 0.30)

c ([0.6,0.9],0.4,0.7],]0.3,0.5]) (0.50, 0.60, 0.55)

Table 6. Tabular representation of & Np Z=(ANB,AAT)

X (ANB)(z) (AAT)(z)

a ([0.2,0.3],[0.3,0.5],[0.1,0.5]) (0.25,0.25,0.40)
([0.4,0.7],[0.1,0.4], (0.2, 0.4]) (0.35,0.30, 0.30)
([0.4,0.9],0.0,0.2],0.3,0.4]) (0.35,0.10, 0.45)

Then & = (A, A), and & = (B, ¥) are both T-external and I-external neutrosophic
cubic sets in X. Note that the tabular representation of & Up Z = (AUB,AV ¥)
and & Np B =(ANB,AAV) are given by Tables 5 and 6, respectively.

Then & Up # = (A UB, AV U) is neither an I-external neutrosophic cubic set nor
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a T-external neutrosophic cubic set in X since

(ArVer) (¢) = 0.60 € (0.4,0.7) = ((Ar U Br)~(c), (A1 U By) T (c))
and

(Ar V ¢or) (@) = 0.35 € (0.3,0.7) = ((Ar U Br)~(a), (Ar U By)*(a)).

Also & Np = (ANB,AAU) is neither an I-external neutrosophic cubic set nor
a T-external neutrosophic cubic set in X since

()\1 A 1/)]) (b) =0.30 € (01,04) = ((A] n B])f(b), (AI n B[)Jr(b))
and
(v A tir) (a) = 0.25 € (0.2,0.3) = ((Az N Br)~(a), (Ar 0 Br)*(a)).

We know that R-union and R-intersection of T-internal (resp. I-internal and
F-internal) neutrosophic cubic sets may not be T-internal (resp. I-internal and F-
internal) neutrosophic cubic sets as seen in the following examples.

Example 3.6. Let & = (A, A) and & = (B, V) be neutrosophic cubic sets in [0, 1]

where
A = {(;]0.3,0.5],[0.5,0.7],[0.3,0.5]) | « € [0, 1]},
A ={(x;0.4,04,0.8) | x € [0,1]},
B = {{(;[0.7,0.9],[0.4,0.7],[0.7,0.9]) | = € [0,1]},
U = {(x;0.8,0.3,0.8) | « € [0,1]}.

Then & = (A, A) and # = (B, ¥) are T-internal neutrosophic cubic sets in [0, 1].
The R-union & Ugp Z = (AUB,AAT) of & = (A,A) and & = (B, U) is given as
follows:

AUB = {{(2;[0.7,0.9],[0.5,0.7],[0.7,0.9]) | = € [0,1]} ,

AAT = {(2;0.4,0.3,0.8) | z € [0,1]} .
Note that (A7 A ¢¥r)(xz) =04 < 0.7 = (A7 U By)~ (z) and (A7 A ¢p)(z) = 0.3 <
0.5 = (Ar U By) (x). Hence & Ur B = (AUB,AAT) is neither a T-internal
neutrosophic cubic set nor an I-internal neutrosophic cubic set in [0,1]. But, we
know that & Ur# = (A UB, A A ¥) is an F-internal neutrosophic cubic set in [0, 1].
Also, the R-intersection & Ng B = (ANB,AV U) of & = (A,A) and Z = (B, ¥)
is given as follows:

ANB = {(x;[0.3,0.5],[0.4,0.7],[0.3,0.5]) | € [0,1]},

AV T = {(2;0.8,0.4,0.8) | z € [0,1]} .
Since (A; N Br)~(z) < (ArVr)(z) < (AN Bp)t(z) for all z € [0,1], & Ngp B =
(ANB,AV7T) is an I-internal neutrosophic cubic set in [0,1]. But it is neither a
T-internal neutrosophic cubic set nor an F-internal neutrosophic cubic set in [0, 1].

Example 3.7. Let & = (A, A) and & = (B, V) be neutrosophic cubic sets in [0, 1]
where
A = {(x;[0.1,0.3],[0.5,0.7],[0.3,0.5]) | = € [0,1]},
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= {(2;0.4,0.6,0.8) | z € |
= {(;]0.7,0.9],[0.4,0.5],

0,1},
[
= {(x;0.5,0.45,0.2) | z € [0,

7,0.9]) | 2 € [0,1]},

1},
Then &/ = (A,A) and B = (B, ¥) are I-internal neutrosophic cubic sets in [0, 1].
The R-union &7 Ug Z = (AUB,AATY) of &/ = (A,A) and & =
follows:

(B, ¥) is given as
AUB = {(x;

;[0.7,0.9],[0.5,0.7],[0.7,0.9]) | « € [0,1]},

ANT = {(x;0.4,0.45,0.2) | x € [0,1]}
Since (Ar A ¢r)(z) = 0.45 < 0.5 = (A; U By) (), we know that &/ Ur £ is not
an I-internal neutrosophic cubic set in [0,1]. Also, the R-intersection & Nr B =
(ANB,AVU)of & =(A,A) and # = (B, ¥) is given as follows:

ANB = {(x;]0.1,0.3],[0.4,0.5],[0.3,0.5]) | € [0,1]},

AV = {(2;0.5,0.6,0.8) | x € [0,1]},
and it is not an I-internal neutrosophic cubic set in [0, 1]

Example 3.8. Let &7 = (

A) and B =
Where

(B, ¥) be neutrosophic cubic sets in [0, 1]

(x;]0.1,0.3],[0.5,0.7],[0.3,0.8)) | = € [0, 1]},
(7;0.4,0.6,0.4) | z € [0,1]},

=1

{
{(x;[0.4,0.7],[0.4,0.7],[0.5,0.8]) | = € [0, 1]}
=1

(3

(x;0.5,0.3,0.6) | = € [0, 1]},
Then o/ = (A,A) and # = (B, ¥) are F-internal neutrosophic cubic sets in [0, 1]
The R-union & Ug Z = (AUB,AAY) of & = (A,A) and & =
follows:
AUB = {(x;]0.4,0.7],[0.5,0.7],[0.5,0.8]) | = € [0,1]}
ANT = {(2;0.4,0.3,04) | x € [0,1]}
which is not an F-internal neutrosophic cubic set in [0,1]. If &/ = (A,A) and
% = (B, ¥) are neutrosophic cubic sets in # with
{{x;[0.2,0.6],[0.3,0.7],[0.7,0.8]) | x € Z}
{(2;0.7,0.6,0.75) | x € Z},
{(z;]0.3,0.7],]0.6,0.7],[0.2,0.6]) | x € Z}
= {(x;0.5,0.3,0.5) | z € #},
then o = (A, A) and # = (B, V) are F-internal neutrosophic cubic sets in # and
the R-intersection # N # = (ANB,AV ¥) of & = (A, A) and # = (B, ¥) which
is given as follows:
ANB = {(x]0.2,0.6],[0.3,0.7],[0.2,0.6]) | z € Z}
AV U = {(x;0.7,0.6,0.75) | = € Z}

is not an F-internal neutrosophic cubic set in [0, 1]

(B, ) is given as

A
A=
B

We provide conditions for the R-union of two T-internal (resp. I-internal and F-
internal) neutrosophic cubic sets to be a T-internal (resp. I-internal and F-internal)
neutrosophic cubic set

Theorem 3.7. Let &/ = (A,A) and & =

(B, ¥) be T-internal neutrosophic cubic
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sets in a non-empty set X such that

(Vz € X) (max{A7(z), By (z)} < (A\r Avr)(2)) . (3.10)
Then the R-union of &/ = (A,A) and # = (B, ¥) is a T-internal neutrosophic
cubic set in X.
Proof. Let &/ = (A,A) and & = (B, ¥) be T-internal neutrosophic cubic sets in
a non-empty set X which satisfy the condition (3.10). Then

Ar(@) < Ar(x) < Ap(2) and By () < ¢r(z) < By (),
and so (A7 A 7)(z) < (Ar U Br)t(z). It follows from (3.10) that

(Ar U Br)~ (z) = max{Ap(x), By (2)} < (Ar A ¢r)(2) < (Ar U Br)* (2).

Hence & Ur & = (A UB, A A U) is a T-internal neutrosophic cubic set in X. O

Similarly, we have the following theorems.

Theorem 3.8. Let &/ = (A,A) and B = (B, V) be I-internal neutrosophic cubic
sets in a non-empty set X such that

(Vz € X) (max{A] (z), By (z)} < (A\r Ar)(2)) . (3.11)
Then the R-union of &/ = (A,A) and & = (B, V) is an I-internal neutrosophic

cubic set in X.

Theorem 3.9. Let & = (A,A) and Z = (B, ¥) be F-internal neutrosophic cubic
sets in a non-empty set X such that
(Vo € X) (max{An(z), Bp(2)} < (Ap AYF)(2)). (3.12)

Then the R-union of & = (A,A) and # = (B, ¥) is an F-internal neutrosophic
cubic set in X.

Corollary 3.3. If two internal neutrosophic cubic sets &7 = (A, A) and & = (
satisfy conditions (3.10), (3.11) and (3.12), then the R-union of & = (A, A
% = (B, ¥) is an internal neutrosophic cubic set in X.

B, ")
) and

We provide conditions for the R-intersection of two T-internal (resp. I-internal
and F-internal) neutrosophic cubic sets to be a T-internal (resp. I-internal and
F-internal) neutrosophic cubic set.

Theorem 3.10. Let &7 = (A,A) and # = (B, ¥) be I-internal neutrosophic cubic
sets in a non-empty set X such that

(Vo € X) (A1 Vr)(z) < min{A] (z), Bf (z)}) . (3.13)

Then the R-intersection of & = (A, A) and # = (B, V) is an I-internal neutrosophic
cubic set in X.
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Proof. Assume that the condition (3.13) is valid. Then
Ap(z) < Mi(w) < A7 (z) and By (z) < ¢y(2) < B[ (x)
for all x € X. It follows from (3.13) that
(AN Br)~(x) < (A V¢r)(z) < min{A} (z), Bf (2)} = (A1 N Br)* (z)

for all + € X. Therefore & Np # = (ANB,AV ¥) is an I-internal neutrosophic
cubic set in X. |

Similarly, we have the following theorems.

Theorem 3.11. Let &/ = (A, A) and & = (B, ¥) be T-internal neutrosophic cubic
sets in a non-empty set X such that

(va € X) (M Vbr)(z) < min{Af(z), Bf (2)}) (3.14)

Then the R-intersection of &7 = (A, A) and # = (B, ¥) is a T-internal neutrosophic
cubic set in X.

Theorem 3.12. Let o/ = (A, A) and # = (B, V) be F-internal neutrosophic cubic
sets in a non-empty set X such that

(Vz € X) (A\p V¥r)(z) < min{A}(z), Bf (z)}) . (3.15)

Then the R-intersection of &7 = (A, A) and # = (B, ¥) is an F-internal neutro-
sophic cubic set in X.

Corollary 3.4. If two internal neutrosophic cubic sets & = (A,A) and B = (B, ¥)
satisfy conditions (3.13), (3.14) and (3.15), then the R-intersection of &/ = (A, A)
and # = (B, V) is an internal neutrosophic cubic set in X.
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