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Abstract

The properties of what we call inverse-symmetric-matrices have helped
us for constructing a basis of C**® which satisfy four properties of the
Kronecker generalized Pauli matrices. In using some properties of the
Kronecker commutation matrices, bases of C°*® and C®*® which share
the same properties has also constructed. The Pauli groups of these bases
have been defined.
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1 Introduction

In a few words this paper tries to solve a problem evoked in [1], of searching
nine 3 x 3-matrices satisfied a relation with the 3 ® 3 Kronecker commutation
matrix.

The usefulness of the Kronecker permutation matrices, particularly the Kro-
necker commutation matrices (KCMs) in mathematical physics can be seen in
2], [3], [4], [5]. In these papers the 2® 2-Kronecker commutation matrix is writ-
ten in terms of the Pauli matrices, which are 2 x 2 matrices, by the following
way

3
1
Koga = 52 0; ® 0; (1)
=0
The generalization of this formula in terms of generalized Gell-Mann matrices,
which are a generalization of the Pauli matrices, is the topic of [6]. But there
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are other generalization of the Pauli matrices in other sense than the general-
ized Gell-Mann matrices, among others the Kibler matrices [7], the Kronecker
generalization of the Pauli matrices, see for example [8]. The more generalized
relation giving the 2*¥ @ 2¥-Kronecker commutation matrix in terms of this last
can be seen in [1]. That makes us still to search for the generalization of the
Pauli matrices in this sense, like the generalization of the Gell-Mann matrices to
the rectangle Gell-Mann matrices in [9] where the n®@n-KCM K, is expressed
in terms of the n x n-Gell-Mann matrices, for generalizing it to the expression
of n ® p-KCM we have introduced the n x p-Gell-Mann matrices. That is we
search for 3 x 3 matrices which have got some properties of the Kronecker gen-
eralization of the Pauli matrices, which are 2¥ x 2%-matrices. We will call these
matrices 3 x 3-Kronecker Pauli matrices (KPMs).

These properties of n x n-KPM (X;)g<;<(2)2_1, with n = 2% are

e i) (Xi)o<i<n2—1 is a basis of C"*™;

. ii) .
Kngn = rlzi: R .

i=1
o iii) E;f =%, (hermiticity) (3)
* W) %7 =1, (Square root of unity) (4)
° v Tr(% %)) = ndji, (Orthogonality) )
o vi) Tr(%;) = 0 (Tracelessness) (6)

However, there is no 3 x 3 matrix, formed by zeros in the diagonal which satisfy
both the relations (3) and (4) [1]. Thus, at a first time for the 3 x 3-KPMs we
do not demand tracelessness. We would like to take this opportunity to point
out that the last sentence in [1] is wrong and beg the reader to not regard it.
For the 2* ® 2¥-Kronecker matrices or Kronecker generalized Pauli matrices, we
give this calling by the fact that they are obtained by Kronecker product of the
Pauli Matrices. That is why we will call 3 x 3-Kronecker Pauli matrices (KPMs)
the set of 3 x 3-matrices which satisfy the five properties above, tracelessness
moved apart.

Thus, in this paper we will talk at first about Kronecker commutation matrices,
in the next section we will talk about what we call inverse-symmetric matrices.
These matrices have got interesting properties for constructing the 3 x 3-KPMs.
After, we will give the set of 3 x 3-KPMs, which are inverse-symmetric matrices,
and some of their properties. Finally, some way to the generalization will be
discussed.



We know that the set of Kronecker generalized Pauli matrices is a group for the
usual matrix product. So, we will try to define the Pauli group of the 3 x 3-
KPMs.

Some calculations such as the expression of 3 x 3-KCMs request calculations
with software. We have used SCILAB for those calculations.

2 Kronecker Commutation matrices

The Kronecker product of matrices is not commutative, but there is a permu-
tation matrix which, in multiplying to the product, commutes the product. We
call such matrix Kronecker commutation matriz.

Definition 1 The permutation matriz K,g, such that for any matrices a €
(cnxl be (Cpxl
Kogpa®@b)=b®a

18 called n ® p Kronecker commutation matriz.
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Proposition 2 Suppose K,gm = Z A ® Bj and Kpgq = Z CrL ® Dy.
ij=1 k=1

Then, Knpomg = Y Y Ai®Cy @ B; @ Dy.

ij=1k,i=1

Proof. Let (aq), (cs), (by) and (ds) be, respectively, bases of C"*! CP*!,
C™*! and C?*!. Then, (a, ® cg @by, ® ds) is a basis of C"P™4*! 1t is enough to

S T
prove that Z Z A;RCL®B;@Di(aa®cg®by®@ds) = by @ds @aq®cg. We
i,j=1k,l=1

S T S
use the proposition 10. Z A;®Bj(aq®by) = by®ag. Thus, Z Z Aian®

i,7=1 k,l=14,5=1

Crep @ Biby@Dids = by ®@Crep @aq @ Dids = by @ Y Crcy @aa @ Dyds.

k=1 k=1
However, Z Creg ® aq ® Dids = ds ® aq ® cg. Hence Z Z A, RCL®
k=1 i,j=1k,l=1

B; @ Di(aa ® cg @by @ds) =by @ds Q an ® cg



3 Inverse-symmetric matrices

In this section we introduce what we call inverse-symmetric matrices. We think
that this term will be useful for the continuation.

Definition 3 Let us call inverse-symmetric matriz an invertible complex matriz
A = (A?) such that A] = Aiz if A% 40,

That is, in difference with an antisymmetric matrix, for the non-zero element
of the matrix its symmetric with respect to the diagonal is its inverse.

1 0

0 1

0201 0=07i ozl 0 are inverse-s tre tre
1 1 0 ) 2 1 0 y 03 O _1 ymme T1C Matrices.

Proposition 5 Let A = (A%) and B = (B}) be inverse-symmetric matrices.
Then A ® B is an inverse-symmetric matrix.

Example 4 The 2 X 2 unit matrix Iy = 09 = and the Pauli matrices

Proof. A® B is an invertible matrix. If A} # 0 and BF £0, (A® B);’f =
AéB{C # 0 is a non zero element of A ® B, its symmetric with respect to the

diagonal (A ® B)/}, = AJBL = L L =

11— 1 g
Al Bf (A®B) -

Proposition 6 For any n ® n-inverse-symmetric matriz A with only n non
zero elements, A% = 1T,,.

Proof. Let A = (Aé‘)lgi,jgn and then A2 = (Z AiA?)lSingn. In order that
k=1

A is invertible there must be only a non zero element in each row and in each
column. Let A!, be the non zero element in the row i and Af the non zero

element in the column j, (A%)! = Z AL AY = AL AT + AP A
k=1

If i # j, A7 = 2 # 0 thus A™ = 0. A # 0 thus A} = 0. Hence, (42)} = 0
for i # j
Ifi=j, (A% => AAF=ALA" =1 m
k=1
Therefore, let us take some inverse-symmetric matrices formed by only three

non zero elements for the nine 3 x 3 matrices we would like to search for, in
order that (4) is satisfied.



4 Kronecker generalization of the Pauli matri-
ces

The Kronecker generalization of the Pauli matrices are the matrices (o; ®
aj)o<ij<s [10]; [11] (0 @05 @ 0k)o<i jk<s, (0iy @00, @ . @0, J0<inin,....in<3 [8]
obtained by Kronecker product of the Pauli matrices and the 2 x 2 unit matrix.
According to the propositions above, They are inverse-symmetric matrices and
share many of the properties of the Pauli matrices: basis of C**™, (2), (3), (4),
(5) and (6), for n = 2* [8]. Denote the set of (0;, @ i, ® ... ® 04, )0<iy in.....in <3
by K.

]Cn == {0'0,01702,03}@” == {0'1'1 ®Ji2 ®~~~®0in \0 S il,ig,...,’in S 3} (7)

The set

gn = ’CrL®{_17+17_Zv+Z} (8)
is a group called the Pauli group of (0, ® 04, @ ... ® 04, )0<iyig,....in<3 [3]-
3
We can check easily, in using the relation ojor = 0,00 + izﬁjkth for
=1

J, k € {1, 2, 3} that G, is equal to the set of the products of two elements of
K., up to multiplicative phases, which are elements of {—1,+41, —i, +i}

= K2 @ {—1,+1, —i, +i} = K, @ {1, +1, —i, +i} (9)

where ;1 is the Kronecker symbol, €;; is totally antisymmetric, €103 = +1
€213 = — L.

It is normal to think that there should be nine 3 x 3 matrices which share many
of the properties of the Kronecker generalization of the Pauli matrices, which
are 2% x 2% matrices.

5 3 x 3-Kronecker-Pauli Matrices

Now, we are going to construct the nine 3 x 3-matrices which satisfy the six
properties cited in the introduction, tracelessness moved apart. As we have said
above these matrices should be among the inverse-symmetric matrices formed
by only three non zero elements. In order that the hermiticity (3) to be verified,
let us take the 3 x 3-inverse-symmetric matrices formed by the cubic roots of
unit, 1, j = e’ and j% = e™5". Our choice of the cubic roots of unit have been
inspired by [7], [12].

100 1 0 0 10 0
n=(0 0 1], m=[0 0 j|, m=[0 0 ;2
01 0 0 42 0 0 j 0
00 1 0 0 j 0 0 ;2
n=(0 1 0], =0 1 0], %=[0 1 0
1 00 2 0 0 i 0 0



01 0 i 0 0 0
=100, m=(j" 0 0, =(7 0 0
0 0 1 1 0 0 1

The set K3 of them is a basis of C3*3. We can check easily that these
matrices satisfy the two other properties, orthogonality (5) and (2), for n = 3.
In contrast with the Kronecker generalized Pauli matrices the 3 x 3-KPMs are
not traceless, but according to the orthogonality (5) and hermiticity (3) any
product of two different 3 x 3-KPMs is traceless. Thus K3 up to multiplicative
phases can not be a group. However, according to the relation (9), for defining
the Pauli group Gs of the 3 x 3-KPMs we suggest to take the set of the products
of two elements of the 3 x 3-KPMs up to multiplicative phases. We have got
the following relations between these products

2 . , 2 . 2
TeTy = J ToTo = JT8T1L = TeTy = jTsT8 = J TaTo = jT3T6 = j ToT4 = 7175 (10)

11
12
13

.2 . . .2 . .2
T7Te =) T8T5 = JT9T4 = T¢T3 = JTaT2 = ] Ts5T1 = JT2T9 = ] T17T8 = T3T7
-2 . . -2 . -2
T8T3 = ] TaTg = JTrT2 = T9T1 = JT5T7 = ] T3T4 = JT1Te = ] T2T5 = TeT9

2 . . .2 . 2
T9T3 = ) T8T2 = JT7T1 = TsT9 = JT4T7r =] Te¢Tg = JT1T4 = ] T2Te = T37T5

15
16
17

(11)
(12)
(13)
T8Te = J ToTs = JTrTa = ToTy = jTaTi = j 7573 = jTiTr = j°7379 = 7672 (14)
ToTe = J T7Ts = JT8Ta = T6TL = jTaTs = j 7572 = jTa78 = joT2mr = T1T9 (15)
ToTr = jPT3TL = jTeTs = TeTo = jT5T4 = j ToTg = jTaTe = j 1172 = 7778 (16)
ToTs = j TeTa = JjT3Ta = TsTr = jToT1 = j 7576 = jTi73 = j°TaTs = 7779 (17)

Therefore we can check easily that
Gs = K5 ® {1, j, j°} = KsKs @ {1, j. 5%} (18)

is a group, the Pauli group of the 3 x 3-KPMs.

6 Roads to generalization

We talk here two roads to generalization, the first one is by Kronecker product,
which do not include the case of prime number, thus the second one is the case
of prime number.

6.1 Kronecker generalization

In this subsection, we give two examples of 6 x 6-KPMs, obtained by Kronecker
product. The first one is (7; ® ok)i1<j<9,0<k<3 and the second one is (o; ®
Tk )0<j<3,1<k<9



6.2 prime number X prime number-KPMs

The case of 3 x 3-KPMs suggests us how to construct a 5 x 5-KPMs.
For starting, let us take 5 x 5 ones matrices, all elements are equals to +1.
Decompose this matrices as a sum of five inverse-symmetric matrices the only
five non zero elements are equals to +1,
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For each of these five inverse-symmetric matrices replace the +1s by the five

fifth roots of unity 1, u, u

2 3

, u®, u®. But we arrange them in order that the

orthogonality (5) is satisfied and they are inverse-symmetric matrices. Then, we
have got the following twenty five inverse-symmetric matrices, which are 5 x 5-
KPMs. That is they share also the five properties of the Kronecker generalized
Pauli matrices.
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00001 0 0 0 0 w 0 0 0 0
00010 0 0 0 > 0 0 0 0 u?
@Q11=]0 01 0 0/],Q2=]0 0 1 0 0,Qi3=]0 0 1 0
01000 0« 0 0 0 0 w0 0
1 0000 vt 0 0 0 0 ut 0 0 0
0 00 0 u? 0 0 0 0 u*
0 0 0 u* 0 0 0 0 ¥ 0
Qu=|[0 01 0 0/[,Qis=(0 0 1 0 0
0w 0 0 0 0 w2 0 0 0
w0 0 0 0 w 0 0 0 0
01000 0w 0 0 0 0« 0 0
1 0000 vt 0 0 0 0 w2 0 0 0
Q=10 0 0 0 1],Qz=(0 0 0 0 «?|[,Qs=|0 0 0 0
00010 0 0 0 1 0 0 0 0 1
00100 0 0« 0 0 0 0 w0
0 w2 0 0 0 0wt 0 0 0
wb 0 0 0 0 w 0 0 0 0
Q19:OOOOU4,Q20:OOOOU3
0 0 01 0 00 0 1 0
0 0 w 0 0 0 0 w» 0 0
00010 0 0 0 u 0 0 0 0 wu?
00100 0 0 w* 0 0 0 0 u* 0
Q=101 00 0],Qu=]0 «* 0 0 0f[,Qus=[0 « 0 0
1 00 00 vt 0 0 0 0 w0 0 0
00001 0 0 0 01 00 0 0
0 0 0 u 0 0 0 0 u* o
0 0 u 0 0 0 0 « 0 0
Qu=|0 u* 0 0 0f[,Qps=[0 «2 0 0 o0
w? 0 0 0 0 w 0 0 0 0
0 0 0 0 1 00 0 0 1

The decomposition of 5 x 5 ones matrices as a sum of five inverse-symmetric
matrices the only five non zero elements are equals to 41 is not unique, thus we
can construct other 5 x 5-KPMs than above.

Conclusion

For concluding, we think having given solution to the problem evoked of search-
ing 3 x 3 matrices sharing five properties of the Kronecker generalized Pauli
matrices, tracelessness moved apart. We call these matrices 3 x 3-Kronecker-
Pauli matrices. For the definition of the Pauli group we would prefer to call
Pauli group of the generalized Pauli matrices the group of the set of the prod-
ucts of two elements up to multiplicative phases in order that it can be extended
to the 3 x 3-KPMs.

The 3 x 3-KPMs we have obtained suggest us how to construct 5 x 5-KPMs.
We have introduced what we call inverse-symmetric matrices. Their properties

oo OO cocoooe

— o O OO



and those of Kronecker matrices have made more obvious the construction of
the 3 x 3-KPMs and some ways to generalization.
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A Kronecker Product
eC™r, B = (Bi) e

Definition 7 For any matrices A = (Az)

C™*% the Kronecker product of the matriz A by the matriz B is the matrix
A® B e Crm*pe

XN, 10>

AlB AlB ... A'B
AB AB - AB
A®QB = . . .
ATB APB ... ATB

Properties 8 .

e i) ® is associative.
e i) ® is distributive with respect to the addition.

e iii) For any matrices A, B, C and D

(A® B)(C® D)= AC ® BD

e ) For any invertible matrices A and B

(Ao B)'=A"1te B!

[ ] ’U)
(A Byt = At @ B*

i Tr(A® B) =Tr(A)Tr(B)

Proposition 9 Let (A;)i<i<np and (Bj)i<j<mq Tespectively be some bases of
C"*P and C™*%. Then, (A; ® Bj)1<i<np,1<j<mgq 5 @ basis of C""*P1,

Proposition 10 .
m

IFY Mj® Nj=Y A;® B then, » Mj® K® Nj=Y A;® K® B,
j=1 i=1 j=1 i=1
for any matriz K.
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