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abstract

In this note we show some formulas related with the constant Pi
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Resumen. En esta nota mostramos una coleccién de formulas que involucran a la
constante Pi:

- 45: —U" 3.141592
T = 021’1 n 1 = D.
n=

Notacion:
(@), =a(a+1(a+2)..(a+n—-1),(a)g=1,neEN,aeC

Re(x+iy)=x,Im(x+iy)=y,x,yER,i=v-1

Formulas

= 1\" b,/ 1\"
1 T =6e"1/V3 z a (—) = 6e"1/V3 Z—"(—)
( ) n=1 " \/§ n=1 n \/§

& n — b, n
(2) 7w=8e (V2 1) Z a,(V2-1) =8e (Vz-1) ZH(\E -1)

c n — b, n
3) m=120"0) Z;an (2-v3)" = 12¢-(~3) ZE(Z ~V3)

n

4) T = 6el/V3 Z(_l)n_lan (%)" — 6el/V3 Z(—Dn—l%(%)

(5) m=8eVZl Z(—l)"‘lan (VZ-1)" = ge¥? 2(—1)71—1%(& —1)"
n=1 n=1
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(6) mw=12e*V3 Z(—l)"_lan (2-+3)" = 12623 Z(—1)"—1%(2 ~v3)"
n=1 n=1 '

En las formulas (1)-(6) , se tiene:

1 1
a"+3_(n+1)! n+3

(@, —(n+ Day1 + agy2) mEN

byiz=1+Mm+1)(n+2)(b, —byyq) + bpyz , mEN,

( }_{111 1 3 11 }
I =108 T 680072
(b} = {1,2,1,-4,9,110, ...}

b, =nla, ,n€N

OO(_l)n—l" .
7 m=4 2n+1 4 (2k)'+4z( D

n_

donde
I, =sinl+ 2ncos1—-2n(2n—1)I,,_;,lp =sin1,n €N
I, =p,sinl+gq,cosl,n€eNU{0}
p,=1-2n2n—Dp,_1,po=1,n€EN

g, =2n—2n(2n—1)q,—1,90 =0,n €N

® =23YC D7 nZ(Zk)'+6Z( ",
n=1

donde

L, = (_1)" ( ' —1 + 2vV3 —1 ) —2n(2n— 1)1 Iy = si —1 €N
sin n cos nzn 1, Sin ,n
" 3 V3 V3 ot V3

1
+ q, cos—

Nk

I, = p, sin n € NuU {0}

V3

1
Pn = (g) - ZTL(ZTL - 1)pn—1 ,Po=1n€EN
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n

1
q, = 2\/§n(§) —2n2n—1)q,—1,90 =0,n €N

[ee]

o0 (—l)n_l(\/i _ 1)2n+1 n 1 )
® ”282 2n+1 Z(Zk)!+82(_1) I
n=1 k=1

n=0

donde
h=(2-1)"" ((VZ-1)sin(vZ ~ 1) + 2ncos(vZ ~ 1)) - 2n(2n — Diy_y . Iy
=sin(v2—1),neN
I, = p,sin(v2 = 1) + g, cos(vV2 — 1) ,n € NU {0}
po=(2-1)" = 2n2n - Dpn_s.,po = Ln €N

2n-1
qn = Zn(\/i —-1) [ 2n(2n —1)q,-1,90 =0,n €N

oo

e _1)n-1(7 — 3 2n+l n 1
(10) n=122( ) 251+1\/_) Z(Zk)!+1zz(—1)"1n
n=1 k=1

n=0

donde

h=(2-v3)"" ((2-3)sin(2 —V3) + 2ncos(2 — V3)) - 2n(2n — Dip_y Iy
= sin(2 —\/§),n EN

I, =p, sin(Z —\/§) + q, cos(Z —\/§) ,n € NU {0}
p, =(2- \/§)2n —2n(2n—1Dp,_1,p0 =1,nEN

2n—1
qn = 2n(2 — \/§) R 2n(2n—1)qu,-1,90=0,n €N

1) [n/2] n—2k
X\ 2n—2k\ m—k (—1)k 1+ x?
= 2 —
(1) m=3y1+x Zo(z) ,Z_O(n_k)( k )2n—4k+1< 8x

4-v15<x<1

. _ 3 5 9
Ejemplos: x == ,x == ,x = —
4 12 40
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o [n/2]
N I G [ty FC )
=% 8 n—k k )2n— 4k + 1\96
n=0 k=0
o [n/2]
39 Z(S)"i(Zn—Zk)(n—k) (—1)k (169)"_2"
=12 24 n—k k )2n— 4k + 1\480
n=0 k=0
o [n/2]
123 2(9) nz(Zn—Zk)( k) (-1 (1681>”‘2"
=20 80 n—k k )2n— 4k + 1\2880
n=0 k=0
o [n/2] n—2k
X\ 2n—2k\ m—k (—1)k 1+ x?
1) w=220+ ) (5) > () ()
az = (1+x%) (2) n—k k Jon—4k+1\ 4x
n=0 k=0
2—-V3<x<1

. L5
Ejemplo: x = >

w B B Y n—2k
T 3O

n=0

(13) T

S0 Z<2"‘2">< e ()

—\7
3

<x<1

. .. _ 8
Ejemplo: x = "

)

a _ _ n—2k
2SS e e

n=

(14) VE=2 i " (Dm0 h? i (k> (2n — 2k)™

k! m/2k—m+1

o

o

n=0k= m=0

as)  ToqoyEDTE, 3“"(”+1)_<—1>"
23 n(2n+1) 2n+5 k /n—k+2

n=1
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_ 2n+1
_\/— - Z( Di(V2-1)

(16) 8 n(2n +1)
(V2-1)" T omt 1y (DX
Z 2n+5 Z( k )n—k+2
~ ( 1)71—1 (2 _ \/§)2n+1
an  =2-¥3- Z "G D

—_1)k
S ()

En las férmulas (18)-(74) , aparece la funcion hypergeométrica de Gauss:

- (@), (b), x™

F(a,b;c;x) ZHZOWH
n(3+v§) In3 \/_ln(2+\/_) o (—1)n2n 51
(18) 24 8 12 L gn+1 F( Lian+gs E)
19 V_(3+f) V_lnB V2v3 In(2 +v3)
(19 8 12
= (-prz - 5 1
L e+l (2”+Z’ PRELY E)
n(3+\/§) In3 \/_ln(2+\/_) o (—=1)"27" _ _
20) 28 16 T 24 L B+ F(”+Z'1’2"+Z'_1)
(21) — - :l):_ 1—n (n+11 2n+i ;)

n=0

PN (s )
8n+7 "t
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(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

V2
2v/3
-y C_DnZQnF<2 L P 1)
T L 8+ RTINS
n=
R % (—1)"2—2'1F(2 PPt 1)
22 L Bn+7 T TP T
n=
LN (_1)n2_nF< 2ot 1)
3 Ly 8n+1 Tty
+ ) (_1)n2_nF( Lt 2 1)
L Bn+7 Ty AT
n=
T _i(—l)"Z‘"F( _4n+9_1)
VB 4 A+ nTLLTgTY
n=
+§:(—1)n2—nF< 1_4n+15_1>
a7 nrLETTgTTY
n=
T o (=Dr2n (—4n+1 LAnt9 1)
243 4n +1 g8 ' 8 '’
o (—1)"2" (—4n+7 LAt 15 1)
s An+7 g ' 8
n=
T e (=1r2-tntn/s <4n+1 —4n+1_4n+9_1)
2V3 L 4n + 1 8 * 8 ' 8 ’2
4 i (—1)n2-Un+7/8 v <4n +7 —4n+7 4n+15 1>
dn+7 8 '~ 8 ' 8 '2
n=
7T—3F(114 1>+3F(125 1)
V3 2 3’3’ 4 3’3’
7T—3F(114 1>+3F(115 1)
V3 4 '"™3’2) 8 3’2
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T 3 (=1)"2" n+3 1
(30) —=EZLF(71+1,1;—-—>

3 n+1 2 2
n=0
m 3 (=1)n2" n—-1 n+3
Gy Loz yE2? (— 1; ;—1)
V3 n+1 2 2
n=0
T (—Dn2~+D/2 41 n—-1n+31
(32) — Z F( ,— ; ;—)
3 n+1 2 2 2 2
33) = 35: ( PR LY 1)
N A " 2 2

n—1 n+3
()

T 300
(34) TZEZ 2 72

(35) n_3z 1)/ (n+1 n—1_n+3_1)
24 n+1 2 ' 2 2 2

] n
21 ny (—1)k27k-1 1
@0 55722 () et Flnrnekrzg)

n=0
oo n
21 ny (—1)k2-2k-1 1
37) ﬁ_z(:)kzo(k)—n+k+1 F(n+k+1,k+1,n+k+2,§>
n=0k=

2T (—1)k2k
(38) _—Z (k)m Ftk+1,1;n+k+2;,-1)

\_/

(39) m=4 i n (Z) Cfa" 1 +ay F(n +1,1;n+k+2; _*

n+k+1 1+a
n=0 k=0
a>0
(e ] n
ny (=D*a* k(1 4+ @)™ *1
40 :42 F k+1,k+1Ln+k
(40) m (k) | (n+ +1L,k+1;n+
n=0 k=0
+ '1+a)

a>0
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(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

o) n
n (D a" k(1 +a)™
7T=4Z ()( Y ) ikt 2—a)

k n+k+1
n=0 k=0
a>0
4 F<11_3_ 2)+4(1—a)F 11_3_ (1—a)2
rEraE by e 1+a 2’2 " \U+a
0<axl1
_ 4a v 11_3_ a? +2(1—a2)F 11_3_(1—61)2
T i+ "\ 211 a2 1+ a? 2201 + a?)
0<ax<l1
_ 4a ; 113 a? +2\/§(1—u)F 113 (1-a)
Tt iy \22721+a?)” Vizaez  \2'2'2°2(1+a®)
0<axl1
13 ) 2i1-a) 1-a
7T=4aF<1,—;—;—a)——,F(l,l;z;— )
22 a—i a—i
2i(1 —a) 1—a
+—,F<1,1;2;— )
a+i a+i
0<a<1l,i=+v-1
T 11 2443
4 F _1_)11
23/3 22 4

A1 1y, e15

T (2’2' ’2)_ (4’2’4’ )

F<1 1_1_1)_4 (1 3_5 1)

222 TR ey
11 1 1 51

nF(33107) = 22F (3.1553)
11 1 3 5

nF(3303) = 2F (3171
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(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

11 (V3+1)
T[F(E,E,].,T>

_z‘i/_(\/_—1)F(%%§;—(\/' 1))+2V§%F<%%g—a>
. 123
fﬂF(zgil—a>
0<ax<1
11 (V3-1)"\_ -, 117 (V3-1\
”F<§'E’1’ 5 >_2\/§ 3 \/§—1F<§,g,g,< z ))
11 (V3-1)_ 2 7 (V3-1Y
nF(E,E,l,T>—3\/2(\/5—1)F<§,1,g,< - >>
11 (V3-1)7\_ |2 (1 7 2v3-3
"F<§'E'1’ z >—4£F<z' i )
11 (V3-1)7\_ i 127 2V3-3
”F(E‘E’l’ 5 >_2\/§\/§ \/§—1F<g§g,— 5 )

n/4in+ 3 4 4

N 2m 272 gn An+3 4n+7
n=84\/a32( ) F(l, : ;—a)
n=0

27" —-a)"” (1 2n+1 2n+3 1 )
) 1—a

+2'1_aZ) n+1 2 T
n=

0<ax1

(—pr7 1 4n+3 6
n—8(\/_—1)z yo—— F<n+1,1,—2 ,5)

+8(V2 + 1)2 (_4)n+3 F<n+ 1,1;4n2+5;§)

VZ—1x (=1)r7-2 F<2n+1 4n+1_4n+3_6>
J7 3 in+1 2 T2 T2 7
L

x/_+1 (—1)n7-2n-1 (2n+3 4n+3_4n+5_6)
7 4n+3 2 ' 2 7’ 2 7

n=0
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(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

~ o (1/v2)" 2n+3 3
”‘Z(ﬁ‘”;m""(n“'l' )

_ (1/v2)" (1 2n+1 2n+3 3
m=4(V2- 1)Zz+1 (E’ 2 2 ’Z)

1F(1371)—3F<1111> 3F<1111)
m \4'4’4'2) 24%n2 2'2°7°2) 4% \2°2" 72

C 31
T =23 Z(—1)n3—" F(l,n+ 1;5;5)

1 2n—-13 1
m=3V2 ) (-1 2 2 2’3

n=0
- n—13 1
— _1)yn—n _ P
T 3\/52( 1)"3 F(l, 55 2)
n=0
- 1 3 1
— —1\no—n _ O
T 3\/§Z( "2 F(z,n+1,2, 2)
n=0
— (=1)"15~""1 4n+3 14
m=12(2- \/_) 4—HF(n+1,1,T 15)
— (—1)"15"1 n+5 14
+12(2+\/_) WF(n 1, ’T’Ts)

=12

2 -3 (-1)"1572" <2n+1 An+1 4n+3 14)
Vs & dn+l 2 '~ 2 T2 '15

n=

+ 12

2 + V3 (=1)"15-2n-1 <2n+3 4n+3_4n+5_14>
Vis 4 4n+3 2 '~ 2 '~ 2 15
n=

n—4Z( 1)n< _1> F<%,n+1;;;—\/§2_1>

7T=4Z(—1)"(\/§—1)2nF<1,— 2_;2;— >
n=0

10
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(70)

(71)

n—82( r(V2-1)"" F (1 n+1— (\/_—1))

7T—4\/_/ —12( 1)"< _1> F(%,—an_l;;;(\/?—l)z)

”_‘/_Z(_ "3~ ( +1;2n+3_3>

2n+1 2 '3

n=0
i( 1)n3~" (1 2n4+1 2n+3 2)
L 2n+ 1 2 ' 2 '3

11 a’
r1+a (-5,

"14a?

n 21\n
:2\/52( 1"(—1/2),(a"b) F(l 2n+1.2n+3;b)

2n+ Dn! 27 2 2

(0] . 2 . n
_I_mez(( 1/2), <a ¢! b)> F(1’2n+1_2n+3;1_b>

(75)

(76)

(77)

(78)

(79)

T =

L (2n+ Dnt\ 1+ a2 2’ 2 ' 2

0<a<1,0<b<1

(n)?

iNs

1N @ n

~2 L. 2n+1)4n
n=0

T =

% (( ~V2+i(svz-4) (2 —ﬁ—i(3ﬁ—4))">

3 (nt)® Im <(2 —v3

+i(9-4v3)) (2-V3-i(7- 4x/§))n)

22k = 2%kn(n + 1)
— 1]
2k —1 'k [2%kn(n+ 1) +2F -1
n=

11
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donde

(80)

(81)

(82)

donde

(83)

(84)

donde

(85)

7 = 6(3V2 + 4) <ln <2 * ‘/_> z (2") ?z;:g:z . B)
™= 3(%><—m<(2—«/§) <2 +\/T\/§>>
" Z (zn ) : 4"(211)—(2(2 ey )"))

i (_1)k(1_ )k+1 n—k
m=4 Z (Z) 2k :-l 1 -

B 1+317+1 11+317 1 (11
=737 277337 27733

_ 8a? ii( (=1)* a?\" "/ 242 \F
R Ll 2k+1 1+a2 1+ a?

n

0<ax1

= 3\/1’+\/64(ln2)6+r2+3 r—/64(In2)6 + r2

—-2n
r=24 Z (Zn) (2121 +1)3

B © N (1)k3k 3\,/—_1 —k 4—Wk+1
_Z‘EZ 2k+1< 3 ) < 3 )

n=0k=0

12
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B © n n (_1)1{(\/5_ 1)2k+1(1 _ a)k+1an_k
(86) ”_8;k:0(k) 2k + 1

donde

_ 1+353—36\/§+ 283—200\/§+353—36«/E 283 — 2002
“T73 27 27 27 27

B © n n (_1)k(2 _ \/§)2k+1(1 _ a)k+1an_k
m=12 Z (k) 2k + 1

_ 1+3125 8\/§+, 4643 2411+3125 8V3  [464V3 2411
=737 27 73 Tt o 27 27 3 'y 9 27

B 1+3 250 — 144v3 | 12V3 - 20 *1250 ~ 1443
“T73 27 3 27

- (D"
(88) m=2+4 ) Bt Dt
n=0

donde
a=1+ Z n+1
n=0
k , k .
(=1)Y " capz; (=1Y " cap—zj 41
C0—1,C2k_1—z (2]_1)' ,C2k—Z (2]_1)| ,kEN
j=1 =1
oo n
(89) _af4 Z Z (Zn — 2m> (Zm) 273n-1
T= n—m m/)(2n+3)2m+1)
n=0m=0
oo n
2n —2m\ /2m 274n=2
=23(1-2 > () ()
(90) T \/§< 4 4a\ m—m m/(2n+3)2m+1)
n=0m=

13
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(91)

(92)

(93)

(94)

(95)

(96)

(97)

(98)

donde

(99)

donde

(100)

© _ —2n n+1
~a3(1-3 ) (72 () )

7=0 m=0
© 7 _ —4n-2(p _ /3 n
7 =12(2-+3) (1 — ;m=0 <ZZ 3 fnm) <21;n> 2(2n + (32)(2m3-2 1) )
© n _ —4n-2(p _.\[2 n
m=8(2-1) (1 _ ;mzo (ZZ - 72nm> (27;’1) Z(Zn n (sz)(zmzz 1) >

3V3In3 2/3
™= \/_n j3(1n3)2—1zz vgsr/wznz)z

3V3In3 3 3
T=— \/_n j3(l 3)2+1ZZ |E3£+)"1)2

2n—2k

LSS w3 ()
Z k/ (2n —(;I?-lli 1)2k

n=4Z( 1)n(§> 2,
minz = ZZ( +2)2nzn—cl§+1

n+1

€ = 2(Ck—1 — Ck—2) , o = 1,¢; = 2

L, 32NN i
TETY L LGkt Dn— k+ 237

n=0 k=

Ck =2Ck—1 —5¢C,_p,co=1,¢c, =2

V5 11/(2n = 5)(12n — D(12n + 1)(12n + 5)
6 ﬂ (12n)?

14
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Nota. Todas las formulas se han tomado de la referencia (5).
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