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Resumen-Abstract

En esta nota mostramos una coleccion de formulas del tipo Machin:
n

r=Y atan'(x) ,aeQ x eRneN
k=1

donde

0

T=4 _Q

—=2n+1

—~

=3.1415926535...

1. Introduccidn

Recordamos algunas formulas tipicas del tipo Machin:

r=4tan™ (lj +4tan™" [1) Q)
2 3
1 4(1-X
7 =4tan” x+4tan (—) ,0<x<1 (2
1+X
r=16tan™" (lj —4tan™" (i) (3)
5 239
7 =20tan™" (EJ +8tan™ (7—9j (4)
7 3
7 =8tan" (EJ +4tant (Ej (5)
3 7
r=16tan" (lj —4tan™ (ij +4tan™ (ij (6)
5 70 99



7 =24tan™t (E] +8tan™ (ij +4tan™t (LJ
8 57 239
7 =48tan™ (ij +32tan! (i) —20tan™ (i]
18 57 239

La funcion tan™ (x) se define por:

2. Formulas
2.1.Sea neN ,sean p,,q, € N , definidas como sigue:
pn+l: pn+2qn ! qn+l: pn+qn ’p1:31q1:2

{(p,0,):neN}={(32).,(7.5),(17,12),(41,29),...|

Se tiene;

= 4tan‘1(—p” —% ]+4tan‘l{—2q” — p”j ,neN
N Py

Ejemplos:

n=1: z=A4tan™ 1 +4tan™ 1
2 3

n=2; m=4tan™ 2 +4tan™ Ej
5 7

n=3: zw=4tan™ k) +4tant —j
12

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)



n=4;, rz=4tan™’ (£j+ 4tan! (Ej
29 41

2.2. Algunas férmulas equivalentes a (14):

r=4tan™" (&}Man‘l (—p“” — Py J ,neN
pn+1 pn+l + pn

Pz =2Pps+ P, P =3P, =7

7 =4tan™ (q—”J+4tan‘1 (Mj ,neN
qn+l qn+l + qn

qn+2 =2qn+1+qn 1ql = 2|q2 =5

z=4tan™t (&} 4tant (i) ,neN
pn+1 qn+l

2.3. Propiedad de la formula (14):

lim pn_qn = lim 2qn_ pn :\/E—l

n—oo qn n—oo pn

7 =8tan™ (\/5—1)

2.4. Otras formulas relacionadas con las sucesiones p,,q, :

7z:8tan‘1{ﬁJ+4(—1)" tan‘{ 1 nJ neN

2 pn pn+1 + (_1)

7r=8tan1(q—”j—4(—1)” tanl[ ! . ] neN

4qnqn+1 + (_1)” '
Observacion: 2p,p,., +(-1)" =4q,d,, +(-1)" ,neN .

Ejemplos:

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)



r :8tan1( j+4tanl(iJ (29)
17 239

r=8tan™" (Ej —4tan™ (Lj (30)
1 1393
r=8tan™* (ﬂj +4tan™ (LJ (31)
9 8119
7 =8tan™ (ﬂj —4tan™ (Lj (32)
39 47321
7 =8tan™" (@j +4tan ‘1( L J (33)
577 275807
7 =8tan™ (gj +4tan™ (i) (34)
5 41
7 =8tan™" (3] —4tan™ (LJ (35)
12 239
7 =8tan™" (E +4tan™ i) (36)
29 1393
7 =8tan™ (ﬁ —4tan™ Lj (37)
70 8119
7 =8tan™" (E +4tan™ Lj (38)
169 47321
7 =8tan™" 1693 4tan” L (39)
408 275807

P, p 5p; —q}

r=4tan™ (&j +2tan™t [Zq—”] + 2(—1)IH tan™ [(Z—D”)J ,neN (40)
n qn

Ejemplos:

r=4tan™ 2 +2tan”" 1 +2tan™" 3 (41)
3 3 41
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r=atan( 3]sz (2 |-zt L)
r=aten’( 12 ez 2 o2 T

7 =4tan™ (ﬁj +2tan™t (gj— 2tan1( 41 j
41 82 109678

7 =4tan™ (m] +2tan™ (ﬁj + 2tan‘1( % j
99 99 1543675

7r:4tan‘1( Py ]+4tan‘1[hj+4(—l)" tan‘l( 1 j neN
pn+l pn+2 p2n+3

Ejemplos:
7 =4tan™ (§J+4tanl [lj—manl 1
7 17 99
7 =4tan™ (lJ +4tan™ (QJ +4tan™ (Lj
17 41 577
7 =4tan™ (Ej +4tan™ (ﬂj —4tant (LJ
41 99 3363
7=4tan™ { Gn j+4tan (q“” )+4(—1)nl tan‘l{ 1 J neN
qn+1 qn+2 p2n+3
Ejemplos:

7=4tan™ (E]+4tanl [£J+4tanl (i
5 12 99
7=4tan™ (ij +4tan™t (Ej —4tan! (i)
12 29 577

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)



7 =4tan™ (Ej +4tan (gj +4tan™ (L)
29 70 3363

2.5.Sea p, , lasucesion definida por:
Pns2 :4pn+1_ P Py =3, P, =12
{p,:neN}={312,45,168,627,2340,...|

Se tiene:

z:12tanl(ﬁj+4tanl[ Pr —3PnaPy — 3P Pa + pi} HeN
Py Py +3P;,.P, =3P, Py — Py

Una forma equivalente de (56) es:

r=12tan* (ﬁj+4tan‘1 (u—”j neN

Pnia Vi
donde
u,,=4u,.,-u. ,u =5u,=19
v,,=956v,,,—210v ,+56v , -V,
v, =99,v, =5291,v, = 275561,v, =14325849
Ejemplos:

r=12tan* 3 +4tan™ S
12 99
7=12tan™ 12 +4tanl(£j
45 5291
7r:12tanl(£ +4tan™t 1
168 275561
7=12tan* @j+4tanl _ 265
627 14325849

7=12tan* 621 +4tanl(&
2340 744675931

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)



2.6. Sea p, , la sucesion definida por:
pn+2:4pn+1_pn 'p1:2' p2:7

{p,:neN}={2,7,.}

Se tiene:

z:lztanl(&jwtanl[ Pr —3PnaPy — 3Py Pa + pﬁ} HeN
P pg +3pr?+l Py _3pn+1 pr? - pg

Una forma equivalente de (67) es:

r=12tan* (pp—“J—Man‘l [u—“j .neN
n+l Vn

donde
u,,=4u,.,-u, ,u =27,u,=99
v,,, =956V, ,—-210v, ,+56v, , -V,
v, =545,v, = 27607,v, =1432283,v, = 74440885
Ejemplos:

7=12tan 2\ 4tant 27
7 545
7=12tan™* 7 —4tan™ 99
26 27607
r=12tan™* (E]—Manl[ 369 j
97 1432283
r=12tan™* (9—7) —4Atan™ (ﬂj
362 74440885

r=12tan™ (—362 j —4tan™ (—5139 j
1351 3869455577

2.7.Sean p,,q,,u,,Vv, ,definidas por:

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)



pn+1:_pn+3qn ) qn+l:_pn+7qn ’pl:l’ql:3

u,,=3u,+v, , v ,=3u +4v, ,u =2,v,=5

Se tiene:

7 =4tan™ [&j +4tant (u—“] +4tan
a, \

n

Ejemplos:

—

—1((qn_pn)vn_ qn+pn)un] neN
(qn+pn)vn+(qn_pn)un '

7 =4tan™ (%}Atanl (@}%tanl 361 ]

Observacion: limPr=4-13 | lim< -

n—oo q n—o \/
n n

La formula (78) se puede escribir como:

r=4tan™t (&]+4tanl(
ay

donde
Xn+2 = 4X

n+1

Ynia = 21yn+3 -50 Yni2 -189 Yna _81yn

2.8. Sea p, definida por:

u \/ﬁ—l
6

u—”j+4tanl (ﬁj neN
Vn yn

+9x, X =1X%,=1

Y, =12,y, =215y, =3741,y, = 65462

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)



Prsa :4pn+3 +6pn+2 _4pn+l_ P, B :1’ P, = 41 p3 = 22’ P, =108

Se tiene:
r=16tan™ [&j+4tan1( f (ﬁn ,neN
pn+1 pn+l

donde

1-4x—6X° +4x° + x*

(x): 2 3 o4

1+4X—6X"—4xX° +X

Ejemplos:

r=16tan™ 1J—4tanl [7—9
4 401

r=16tan™* (3 +4tant ﬂj
11 22049

2.9.Sean p,,q, €N definidas por:
pn+1= pn+3qn ! qn+1: pn+qn ! p1=5’q1:3
{(p,.G,):neN}={(53),(14,8),(38,22),(104,60),(284,164),...

Se tiene:

2 2
7z=4tan1(q—”j+4tanl(M)+4tanl[ p”_B?” 2] ,neN
Pn an 4pnqn — Py 0,

Ejemplos:

7 =4tan™ (Ej +4tan (lj —4tan™* (ij
5 3 13

7 =4tan™ (ij +4tant (lj +4tan™t (i]
7 4 47

7=4tan™ 11 +4tan™t 3 —4tant 1
19 11 177

(87)

(88)

(89)

(90)

(91)

(92)

(93)

(94)

(95)

(96)

(97)



7 =4tan™ ) +4tan™ 4 +4tan™ L (98)
26 15 659

7 =4tan™ (ﬂj +4tan™ (Ej —4tan™ (ij (99)
71 41 2461
2.10. Sea F, € N definida por:
F..=F.,+F F=1F=1 (100)
(F,:neN}={112,35813,..} (101)

Se tiene:

w= 4tan1( FF” ]+ 4tan™ (@j +4(-1)" tan™ (i] ,neN (102)

n+l n+l I:2n
Observacion: F, =2F,F ,-F*=u, ,u.,=3u,,-U ,u =Lu,=3.
Ejemplos:
r=4tan™ (gj 4tan™ (lj —4tan™ (lj (103)
3 3 8
r=4tan™ (Ej +4tan™ (Ej +4tan™ (ij (104)
5 5 21
r=4tan™ (EJ 4tan! (lj —4tan™ (i] (105)
8 4 55
r=4tan™ (Ej +4tan™ i] +4tan™ (ij (106)
13 13 144
z=dtan 2 )4 atan | 2 ) atan | L (107)
21 21 377

2.11. Sea F, € N definida por (100) , se tiene:

10



7 =4tan™ Ry +4tant R
Fn+1 + I:n 2Fn+l - Fn

n 1
4(-1) tan™
+()an[F

n+l n+l" n

Observacion: u, =F?, +2F ,F -F?,u, ,=2u, ,+2u ,—U U =2U, =7,u, =17

n+l n+l" n n ! >n+3

Ejemplos:

2.12. Sean p,,q, € N definidas por:
P =2P,+60, , 0, =P, +20, ,p,=50,=2
{(p,0a,)neN}={(5,2),(22,9),(98,40),(436,178),...

Se tiene:

5q,

+4tan™t 60, — P neN
7p,0, — P -79;

7 =4tan™ (pn——anj +4tan™ {—2 P, =30, j
el

Observacion:

+36u,,—8u, ,

n+2

602 - p2 =(-1)"2"",u, =7p,q, - p> - 792, u,,, =18u
u, =17,u, = 335,u, = 6636

11

2 | oF F—FZJ el

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)



Ejemplos:

m=4tan™ (lj +4tan™ (E —4tan™ (i] (117)
2 5 17
r=4tan™ (ij +4tan™ (E +4tan™ (LJ (118)
9 45 335
7 =4tan™ (ij +4tan™ (E —4tan™ (Lj (119)
20 50 1659
r=4tan™ (—j +4tan™ [—j +4tan™ (Lj (120)
8 445 32843
r=4tan™" (ﬁj+4tan‘l (@J—Man‘l( L j (121)
198 495 162557
2.13. Sean p,,q, € N definidas por:
Prs =3P, +0, » Gy, =10p,+3q, ,p =10, =3 (122)

{(p,.G,):neN}={(1,3),(6,19),(37,117),(228,721),(1405,4443),...} (123

Se tiene:

7=4tan™ (&}%tan‘l [—Mpn — 20, j

9
a, P, (124)
+4(-1)"tan™ 1 —— | .neN
11pnqn - pn _qn

Observacion:
un :11pnqn - pr? _qrf ) un+3 = 37un-¢-2 +37un+1 _un
u, =23,u, =857,u, = 32561
Ejemplos:

r=4tan™" (lj +4tan™ (Ej —4tan™ [ij (125)

3 9 23

12



7 =4tan™ (1 j+4tan 1(
7=4tan™ 87 +4tan™
117

7 =4tan™ 228 +4tan™
721

7 =4tan™ %
4443

2.14. Sean p,,q, € N definidas por:

pn+1

P, +24,

o e

qn+l

N |
NS

| 5

w
w

3

1026

o )
)

533 j+4tan (

1
325

i

1236443]

4tan”
j (46952291)

Py + 4,

,p1:31q1:2

{(p,.0,):neN}={(3,2),(7,5),(17,12),(41,29),(99,70)....}

Se tiene;

Ejemplos:

m=4tan™ (—p” %
2q

n

+4tan‘1[

+4tan™ 20, — P +4tan™ 219, -6p,
29, 41q,

3p; + p;q, —6p,0; —29;

")

-3p; +40piq,

~105p,q? +206q°

7[:8ta.n_1 l +4tan_l E +4tan_1 11
4 41 1027
r=4tan™ (lj +4tan™ (i] +4tan™ (ﬁ) —4tan™ (i]
5 10 205 621

7 =4tan™ (ij +4tan™ [lj +4tan™ (E) +4tan™ (
24 24 82

7=4tan™ (Ej +4tant (ﬂj +4tant (ﬁj —4tant [
29 58 1189

2.15. Sean p,,q, € N definidas por:

pn+l = 2

P, +74,

qn+1

13

P, +24,

21
74303
76
1573413

,p1:8,q1:

} ,neN

)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)



{(p,.0,):neN}={(8,3),(37,14),(172,65),(799,302),...| (138)

Se tiene:
7 =4tan™ (Mj +4tan™ [M) neN (139)
qn 2 pn - an
T :4tan‘1(wj+4tan [ p;, q”j
an qn2 . (140)
+4tan™| —; Py —22, ~| .neN
2p, —15p,q, +29q;
Ejemplos:
7 =4tan” (Ej +4tan™ ij (141)
3 2
2
7 =4tan” ( j +4tan™ Ej (142)
r=4tan™! ( j+4tan Ej (143)
46
r=4tan™" (1J+4tanl( > j+4tanl (ij (144)
3 12 29
r=4tan™ (3j+4tan (23) 4tan” (ij (145)
7 56 326
=4tan™ (ﬂj +4tan™ (ﬂj +4tan™ (iJ (146)
65 60 13993
r=4tan™ (Ej+4tan‘ ( 497 j 4tan‘1( 2 ] (147)
151 1208 151124
2.16. Sean p,,q,.r,,S, € N definidas por:
pn+1 pn +3qn ’ qn+1 pn + qn ’ pl = 5’ ql = 3 (148)
r.,=2r,+3s, , S,,=r+2s, ,n=7:=4 (149)

14



{(p,.q,):neN}={(53),(14,8),(38,22),...} (150)

{(r,.s,):neN}={(7,4),(26,15),(97,56)....| (151)
Se tiene:
7=4tan™ (—an P j+4tan‘1[23” —lh j
a, Sh
(152)
L Atan -p,r, +3q,r, +3p,S, —79,S, neN
P, (Sn _rn)+qn(sn +rn)
Ejemplos:
r=4tan™" (lj +4tan™ (l +4tan™ (gj (153)
3 4 9
r=4tan™ (1j+4tanl 4 +4tan™ 2 (154)
4 15 87
r=4tan™ ij+4tan1 =l +4tan™ (gj (155)
11 56 452
2.17. Una férmula de Euler:
7 =20tan™" (%)+8tanl (7—;) (156)

Dos transformaciones de la féormula anterior son:

r=20tan™ (ij +8tan™* (iJ +4tan™ (LJ +4tan™ (;J (157)
7 27 534 609094818

7 =20tan™ 1 +8tan™ 1 —4tan 1
7 26 1028

(158)
+4tan’1 _— —4tan’1 L
2115626 4601197828405182

2.18. Sea F, € N definida por (100) , se tiene:

n:4tan-1(%]—4tan-l[@j+4(—1)” tan‘l[ L j neN  (159)
n 2n-1

n

15



Ejemplos:

7 =4tan™ (%) —4tan™ [%j (160)
7 =4tan™ (gj —4tan™ Gj +4tan™ (%j (161)
7 =4tan™ (gj —4tan™ (%} —4tan™ (3%) (162)

+4tan™ i} (163)

7 =4tan™ (f—;j —4tant (ij —4tant

1
3 —j (164)

2.19.

7r:28tan‘1(lj+4tan‘1(ij—4tan‘l( 1 )
9 463 908170

67 (165)
+ 4tan‘1( j
185573929350115
2.20. Sean p,,q,,u,,v, € N definidas por:
Pra=2P,+30, Oy =P, +20, ,p=30=2 (166)
{(p,.0,):neN}={(32),(12,7),(45,26),(168,97)...| (167)
Vv, = +
n pn pn+l qnqn+1 (168)
Vv, =15 ,+15v -V, ,v, =50,v, =722,v, =10082
u,=p,+9, , U,,=4u.,-u U =5u,=19 (169)
Se tiene:
r=3tan™" (g} +3> tan™ (;J -
n= n Mn+ + n™in+
1 Pn Pria + UG (170)

3 ® 3 3 © 3
=3tan?*| = [+3) tant| = |=3tant| = |+3 ) tan!
(ZJ le [Vj (ZJ le (ZUZJ

n

16



2.21. Sean p,,q,,u, € N definidas por:
pn+l = pn +3qn ' qu—l = pn +qn ’ pl = 3’ ql = 2
{(p,0,):neN}={(32),(9,5),(24,14),(66,38)....

un = 2_n+l( pn pn+l + qnqn+1)
U,.;=3u,,+3U,,,—U, U =

n+l n ?

N3 a2 37,u, =143,u, =529

Se tiene;

© n-1
7 =3tan™ [gj+32(—1)“_1 tan™* (—3'2 ):
n=1

pn pn+l + qnqn+l

=3tan [EJ +3 i (—1)”_1 tan™ (ij
2 o u

n

2.22. Sean p,,q, € N definidas por:

pn+1: pn+3qn ! qn+l: pn+qn ! p1:31ql:2

Se tiene:

342 4 5
7z=3tanl[&]+tanl[2p”q” + 3Py - p”J neN

d, 2pZq +3p,q, —a;

Ejemplos:

7 =3tan? 3 +tan™ 9
2 46
7 =3tan? 9 —tan™ 2r
5 545
7 =3tan? 12 +tan™ 36
7 2681

7 =3tan? (ﬁj —tan (ij
19 27607

2.23. Sean p,,q, € N definidas por:

pn+1:2pn+qn ’ qn+l:3pn+2qn lplz:I"Ql:2

17

(171)

(172)

(173)

(174)

(175)

(176)

77

(178)

(179)

(180)

(181)



{(p,,0,):neN}={(1,2),(4,7).(15,26),(56,97),... (182)

Se tiene:

7 =3tan" [2”]+3taﬂ ((pf+qrf)\/§—4pnqn):

(183)
:3tan’1(( p? +q§)\/§+4pnqn)—3tanl[%J neN

Observacion: g2 —3p; =

Ejemplos:

7z=3tan‘l[%j+3tan‘l(5\/§—8)=3tan‘1(5\/§+8)—3tan‘l(%j (184)
44 -1 -1 (4
7 =3tan [7j+3tan (65\/5—112)=3tan (65\/§+112)—3tan (ﬂ (185)

7 =3tan™ (%) +3tan™ (901\@ —1560) -

15 (186)
= 3tan " (9014/3 +1560) - 3tan1( )
26
2.24. Sea ne N | se tiene:
r=4tan™" (\/_j 4tan” (n— n’ — J (187)
n’ -1
r=4tan™ - +4tan” [n— n® — j (188)
r=4tan™" n +4tan” ( n’+1-n j (189)
n®+1
n®+1
r=4tan™" —4tan” [ n®+1- n j (190)
n

2.25.Sea ne N | se tiene:

18



7= 4tan‘1(((n +1)(n +2))]/2 _(n(n+1))1/2)

—Atan™

Ejemplos:

7= 4tan’1(2\@—\/6)—4tan’l(35+ 2442 - 20@-14\@)
7 =4tan™ (2x/§—2\/§)—4tan’l (63—36J§—28J§ +16\/1_5)

3+4n(n+2)-(6+4n)(n(n+1))"
—(2+4n)((n+1)(n+2))* +4(n+1)(n(n+2))"”

7z=4tan‘1(\/6—ﬁ)—4tan‘1(15—10\/§+8\@—6\/6)

2.26. Sean p,,q, €N, u,,v definidas por:

{(py0,):neN}={(11),(3.2).(7.5).(17.12),(41,29),...}

u,=-1-p, +qn\E ,

Se tiene;

Ejemplos:

pn+l = pn + an ' qn+l| = pn +qn ! pl =1’ ql =1

zm=4tan(u,, ,)+4tan"(v,,,) ,neN

7= 4tan‘1(2\/§+1)—4tan‘1(2—\/§)

7 =4tan™ (13+1O\/§)—4tan‘1(8—5\/§)

ﬂzgtanl(7+4\/§)+%tan1(4—2\/5)

7= %tan‘1(35+ 24\/§)+%tan‘1 (18—12\/5)

19

v, =(-1)" (-1 - 2p, ~20,42)

(191)

(192)

(193)

(194)

(195)

(196)

(197)

(198)

(199)

(200)

(201)

(202)

(203)



Observacion: p?-2q7 =(-1)" .

2.21.

7r:4tan‘l( 4—2x/§)—4tan‘l

7z:4tan‘1( 2\@—2)+4tan‘1

= 4tanl( 4+2\/§)—4tan1
= 4tanl(\/m)—4tan1
7= 4tan‘1(\/\/§7—1)+4tan‘1
= 4tan‘1( 3+\@)—4tan‘1
7= 4tan1(\/10—74\/§)—4tan1
7 =4tan™ (\/4\/57—8)+4tan‘1

7r=4tan‘1( 10+4£)—4tan-1

(1—\/4—2\/5)2(3+2J§)
(1—\/2ﬁ—2)2(3+2ﬁ)

oo a2z (s-242)
15 5) (2+-3)
[1- 1) (2448)
155 (2-8)
[1-h0=45 (0+445)
1o (04445)
10238 ] (o-245)

Observacion: (\/E il)2 =3+242 | (\/512)2 =9+445 .

2.28.

7r:4tan‘l( 8—5x/§)+4tan‘1((l—\/8—5ﬁ)2(7+5ﬁ)j

7z=4tanl( 5\/5—6)—4tan1((1—\/5ﬁ—6)2(7+5\/§)J

20

(204)

(205)

(206)

(207)

(208)

(209)

(210)

(211)

(212)

(213)

(214)



7r=4tan‘1( 8+5\/§)+4tan‘1((1—\/8+5\/§)2(7—5\5)]

2.29. Sean p,,q, € N definidas por:
P =5(2n+3) p,, +(5n+1)(5n+9) p, , p, =4, p, =60

0., =5(2n+3)q,,, +(5n+1)(5n+9)q, ,0,=5,q,=84

Se tiene:
m :5tan‘1(&j+5tan‘l 4,V5-2V5 —p, neN
q, pn\/5—2\/§+qn
2.30.

7=20tan" (%j —~20tan™ [MJ

4/5-24/5 +5

7 =20tan"" (%] _20tan™ [MJ

5 5—2\E+7
r=20tan™ 1 +2tan™ S
7 72

—20tan‘1[ 1 j—ZOtan‘l 70y5-24/5 -51
514/5—2+/5 + 70

31182

r=20tan™" [lj—zo tan™" (LJ— 20tan™ 11y5-2V5 -8
6 117

8y/5-25 +11
7 =20tan (Ej —20tan™ (i)
6 124

+20tanl(—2 J—ZOtanl 117y5-275 -85
77133 855245 +117

2.31. Sea p, € N definida por:

21

(215)

(216)

(217)

(218)

(219)

(220)

(221)

(222)

(223)



Se tiene;

Ejemplo:

2.32.

2.33.

Prsa :8pn+3 _zpn+2 _8pn+l_ [V :1’ P, :8’ pS = 62' P, =472

{p, :neN} ={1,8,62,472,3587,27248,206972,...

7 =24tan™! (ﬁ}r 24 tan™t

pn+1

Pt Py (VB-V3+42-2)

V6 -/3++/2+6

7 =24tan™ (%j+24tan1[8\/5—8\/§+8\/§_17J _

—24tan™ (%) +24tan™ £3055¢€ —4225./3+513512 — 7426

4 :8ta”1(6—4\/§)+8tan1(
9
4 =8taﬂ'1(6\/§—8)—8tan‘l(

7r:8tan1(6+6ﬁ)_8tan1(

193

7+;\/§j

1
3512 —49)

7r=8tanl(2_\/§)_8tan1( 1 j

3+3/2

7z:8tan‘l(3x/§—4)+8tan‘l( 1 j

5+/2

”=8tan_l(3\/§+2)—8tan‘1( 1 j

7r=4tan1(

19-132

L j+4tanl(;j

22

pn+1(\/€_\/§+\/§—2)_pn] .

|

(224)

(225)

(226)

(227)

(228)

(229)

(230)

(231)

(232)

(233)

(234)



1
r=4tan™ —4tan™ 235
2\2-2 42 +5 (239)
r=4tan™! L +4tan™ L (236)
4-22 7+42
r=4tan™ L —4tan™ L (237)
42 -5 242 +2
2.34. Sea p, €N definida por:
Pris =4Pns +14p,,, +4P, - P, . P, =1p, =4, p; =30, p, =180 (238)
{p,:neN}=1{1,4,30,180,1155,7256,45884,... (239)
Se tiene:
( D ] pn+1(1+\/§—x/5+2\/§)—
7 =20tan| —— [+ 20tan™ ,neN (240)
P P, (1+\@—\/5+2\@)+ P
2.35.
7 =8tan"(7+5v2)-8tan™(2) (241)
7 =stan-l(\E—l)—Stan-l(5+5ﬁ—4ﬁ—2J6) (242)
= §tan (19+8\/_ ) + 2 tan- (10—4J§) (243)
z=2ant (17+6ﬁ)+ftan-l(9—3ﬁ) (244)
3 3
P =%tan-1(21+ 6\/ﬁ)+%tan‘l (11—3\/ﬁ) (245)
7z:4tan‘1(x@—\/?)+4tan‘1(\/2—\@) (246)
7 =4tan™! (\/5)—4tan‘l((ﬁ—l)2) (247)

23



7= 6tan‘1(7+3\@)—6tan‘1 (17\@ —28) (248)

7=ctan (17J§ + 28) +otan (7 = 3J§) (249)
7Z'=3tan_1(9\/§ +16)—3tan-1(4—2J§) (250)
7= 3tan‘1<4+ 24/3)-3tan™! (16—9\@) (251)
2.36.
ﬂ:4tan‘l( /ﬁ}%tan‘l((\/nﬂ—\/ﬁ)z) neN (252)
+
2.37. Sea p, € N definida por:
pn+2 =10 pn+1 _Spn ' pl :1’ p2 =10 (253)
{p, :neN}={1210,95,900,8525,... (254)
Se tiene:
> \/g pn+ R, pn pn+
7 =5tan (ij +5 tan™ (P ) (255)
2 n=1 5\/ pn pn+l +\/pn+l pn+2
2.38.
8.
7= tan (\E +1) (256)
n=4tan-1(ﬁ+1)—4tan-1(ﬁ—1) (257)
7= tan 1 (258)
3 J2-14+4-242
72' :%tanl(\/ﬁ—H \/4—2\/5) (259)

24



”:8ta”l(\/§—1+m)—8tan{ 1 ]

ﬂzﬁt
5

V214422

an

1
[2—\/§+\/8—4\/§]

:—tanl(z \/§+W)

”:12tan1(2_\/§+‘/8—4\/§)—12tan1( 1 J

2.39. Sean p,,q, € N definidas por:

Se tiene:

Ejemplos:

pn+l pn + an

{(pn,qn):ne

ﬂ:4tan1(

2.40. Sea ne N | se tiene:

Ejemplos:

2-/3++/8-44/3
—Etanl[—mJ
3 5

' qn+1 pn+qn ' p1=3,q1:2

N}={(3,2),(7,5).(17.12),...

! —4tan™ S +4tan™ 1
5 29 179

ﬁ:4tan‘1( n+2+vn+1++/n

+1)—4tan‘1( n+2vn+1 —\/n+1)

25

(260)

(261)

(262)

(263)

(264)

(265)

(266)

(267)

(268)

(269)

(270)



= 4tan1(\/1+ 22 +\/§)—4tanl(\/1+ 22 —\/5)

7= 4tan1(\/2+2\/§ +«/§)—4tan1(\/2+2\/§ —J§)

2.41.Sea neN | se tiene:

7r=6tan1(\/n+2\/3n+3 +\/n+1)—6tan1(\/n+2\/3n+3 —n +1)

Ejemplos:

7= 6tan‘1(\/l+ 2.6 +\/§)—4tan‘1(\/l+ 26 —JE)

7r:6tan’l(\/§+\/§)—6tan’l(\/§—\/§)

2.42.Sea ne N , se tiene:

7= 2n+l tan—l [&j n 2n+1 tan -1 ( 0,5, — PG, J
d, 9.C, + P.S,

donde

S, =\/2—\/2+\/2+...+\/§

n—radicales

cn:\/2+\/2+\/2+...+\/§

n—radicales

P, . ., . S,
— es una aproximacion racional de -
a, C,

Para n=1 se tiene el caso trivial 7 =4tan™ (1) .

. . S
Algunas aproximaciones racionales para > son:
c

n

n=252_ Z—ﬁ’&:{l 2 5 12 29 70

26

}

(271)

(272)

(273)

(274)

(275)

(276)

(277)

(278)

(279)



C, 21212 % 5 181 186 367 920 1287

L_aS_N2-y2+\2 &_{gﬁ 37 73 183 256 } (280)

n_4s_4_\/2—\/2+\/2+\/§ p4_{1 6 7 13 111 457 } (281)
‘e, "q, |10'61'71'132'1127 4640
G \/2+\/2+\/2+\/§ q4
Ejemplos:
;z:16tan-l(3j+1(5tan-l SV2- 2+ 2 24242 (282)
S 5\2142142 +2-2+ 2

7r:32tan‘l(£j S 61\/2—\/2+\/2+JE —6\/2+\/2+\/2+\/§ (283)
o1 61\/2+\/2+\/2+\/§ +6\/2—\/2+\/2+\/§

2.43.Sea ne N  se tiene:

/1 :4tan‘l(\/n +1«/ﬁ)+4tan{\/WJ (284)
2.44. Sean p,,q, € N definidas por:
Pha=30, , O =P,*+6q, ,p=10 =2 (289)
{(p,.0,):neN}={(1,2),(6,13),(39,84),(252,543),...| (286)
Se tiene:
z=6tant| —Po_ |1 6tan w neN (287)
d,/3 P, +30,
Ejemplos:
1 V3
=6tan'| —= [+6tan”"| — 288
" (2\/§j ( 7 ] (288)

27



7r:6tan‘l[ 6 J+6tan‘l @
1343 45

= 6tan‘l( 39 j+6tan‘1 (@J

2.45. Sean p,,q, € N definidas por:

Se tiene:

Ejemplos:

2.46.

pn+l = 2QH

{(py.0,):neN}={(12),(4.7),(14,24),(48,82),(164,280),...}

7z=4tan‘1(

Py

q,2

84+/3

291

Oy =—P,+40, ,p=10=2

j+4tan‘1

(92— p.)

7 =4tan™ (L)+ 4tan™

22

7 =4tan™ (i]+ 4tant

7r:6tan‘1(

7z=6tan‘1(

7z:6tan‘1(

3

2

-

&

-

&

N
RN

&

72

j+6tan‘1£
5
j+6tan‘l(

j+6tan‘1(

28

AN
[N

3

-

&

-

&

&

Oz,
(224

(1v2-4)

j+ 6tan™ (&]
j+ 6tan™ (ﬁ]

j+ 6tan™ [ﬁ}

,neN

(289)

(290)

(291)

(292)

(293)

(294)

(295)

(296)

(297)

(298)



2 2 7
r=6tan'| — |+6tan!| — |-6tan| ——
33 5.3 573
2 2 1
r=6tan| — |+6tan!| —= |—-6tant| —=
33 73 79V3
2 3 9
7=6tan| —= |+6tan!| —= |+6tant| —=
73 73 443

247
7 =4tan™ [%((17+3\/£)]/3 ~2(17+3433) " —1))
+4tan™ (%((2(1%3@))”3 ~4-2%3(13+3433) —1)]

2.48. Sean p,,q, € N definidas por:
Pris = Priat Poa + Py P =Lp,=2,p,=4
{p,:neN}={1,2,4,7,1324,44,81,..}
Onss = 30,2 +0ps + 0y »0,=1,0,=3,0,=10

{q,:neN} ={1,310,34,115,389,1316,4452,...

Se tiene:
r=4tan™ (ﬁj+4tanl [iJ
pn+1 qn+1
+4tan_1[(pn+1_pn)qn+1_(pn+1+pn)qn] neN
( Praa t+ pn)qml +( Pria— pn)qn
Ejemplos:

29

(299)

(300)

(301)

(302)

(303)

(304)

(305)
(306)
(307)

(308)

(309)



2.49.

2.50.

Ejemplo:

2.51.

Ejemplo:

N| -

7z:4tanl(

] +4tan™t (ij +4tan™ (iJ
10 33

7 =4tan™ (ij +4tan™ (ij —4tan™t (ij
7 17 101

7=4tan™ (lj +4tan™ (ﬁl +4tan™t (LJ
13 115 1252

r=4tan™ (%) +2tan™ (%}

N

= 4tan‘1(Q/E—l)+4tan‘1 (\”/2”‘1 —1) ,neN

7 =4tan™ (%/E—l)+4tan‘1(§/1—l)

30

(310)

(311)

(312)

(313)

(314)

(315)

(316)

(317)

(318)

(319)

(320)



2.52.

_ 3/ o3[2
7z:4tan‘1(%j+4tan‘l[n 1+2\/ﬁl 2\/n—J neN
n n+

Ejemplos:

_n3 3
r=4tan™t (ij +4tant [@]

/9

n:4tanl(
314 15

344 _ 93
1 J+4tan1(13+2*/f4 2J19_6J

2.53.Sean 0<q< p , se tiene:

r=8tant| —P —4tan1( p—qj
JpP+09° +q p+q

Ejemplos:

7 =8tan" 3 —4tan™ (lj
V13 +2 5

2.54. Sean 0< p<q , Se tiene:

;z:4tan‘1(£]+4tan‘l[ qu 2j+4tan‘l[—q_p]
2q p+2q q+p

7z:4tan1( P J+4tan1[—p(p+q) ]+4tanl[—q_

q+p

p+2q p®+ pq+2qg°

|

7r=4tan‘l[ﬁj+4tan‘l[ b(p+29) ]+4tan‘1(—q_ pJ
q+p

P+4q 2p* +pq+4q°

(321)

(322)

(323)

(324)

(325)

(326)

(327)

(328)

(329)

(330)



Ejemplos:

2.55.

2.56.

Ejemplos:

2.57.

7 =8tan™* [ij +4tant

7 =4tan™ L +4tan™ 2 +4tan™ 1
4 9 3
7 =4tan™ (3] +4tant (ij +4tant (Ej
5 11 3
ﬁ:4tan‘1(—

2\ atant[ 2 )+ atan[ L
7 25 5

7 :8tanl[\/§_1J+8tanl(3\/7 1]

N—

2_
2 17

2—

+12tan™ ﬁ
2 33

7= 5tanl[ V5_zx/g]+5tan1 [—“ 65;92\@}

}L3tan‘1 (EJ
5

2
(n—1—2\/ﬁ)2

n>—6n+1

&

7=12tan!

NG

7r=3tan‘1[

,neN

Jn

7z=8tan‘1[

)+4tan‘l((5—2\@)2)

s

(7]

T =8tan‘l( j+4tan‘1

B

32

(331)

(332)

(333)

(334)

(335)

(336)

(337)

(338)

(339)

(340)



Ejemplo

2.58.

2.59.

2.60.

7=12tan* (ij +4tan™

(n(n—3)—(3n—1)\/ﬁ)2

Jn

r=12tan* [LJ +4tan™

N7

7r:4tan‘1[

7r:4tan‘1( 53442

1
7=20tant| —— +4tanl(
(3+\/11j

= 24tanl(

10\/§ + 5\/5

T = 4tan’1 M
85 +5v/2

7 =4tan™ —3\/§+3\/§
95 +5v3

1
r=16tan™ (— +4tan™
\/26j [

2\/§+4\/§
7J3+742

n(n-1)(n®-14n+1)

(15441414 )2

J+4tan‘1(

182

5\/§+3\/§]

0V3 +114/2

+4tan‘l{ 53+ 42

+4tant

+4tan™t

15\/5 + 6\/5

2.5+ 242
65 +3v/2

35 +/3

|

6\/§+4\/§

521-100~/26
521+100~/26

7 =20tan™* (\/170—3)—4tan’l [&g_?gj

8870 —51304/3 — 2155417 +1242+/51

7

9963+ 3002411

)

neN

;)+4tanl
23+17

8870 +5130+/3 + 2155417 +1242+/51

33

|

(341)

(342)

(343)

(344)

(345)

(346)

(347)

(348)

(349)

(350)



r=28tan™ (\/1_7_ 4)—4tan‘l [4913\/;—50—820047J

7 =4tan™ (6\/5—13)+4tan‘1(

V5-1
3

(TJ(TJ[ s

af 1) _1 2
r=12tan (mj 12tan {(5+3\@)2J

2.61.
7z:6tan‘1((\/§—1)2)+6tan‘1(16+19\/§j
7r:6tan1((\/5—1)3)+6tan1(40+1119\/§j
7r:6tan‘1((\/§—1)4)+6tan‘1(16+77\/§j
2.62.
7r:4tan‘1((\/§—1)3)+4tan‘1(4\/§_3J
= 4tan1((ﬁ— 2)2)+4tan1 (%}
n4tan1((\/273—4)4)+4tan1{w1
2.63.

34

|

(351)

(352)

(353)

(354)

(355)

(356)

(357)

(358)

(359)

(360)



3 23
r :8tan‘1( J3-1 )+8tan‘1( j 361
( ) 319+ 2032 +168v/3 +132./6 (361)

7z:8tan‘1((ﬁ —2)2)—8tan‘1( L ] (362)
105 + 75+/2 + 404/7 + 2814
2.64.
7 =8tan™ [iz] +8tan™ (izj +4tan™ (%) +4tan™ (%) —4tan™ (ij (363)
2 3 2 3 37649
2.65.
o aatan ( is J 12tan 466647286+/3 —803317073 (364)
3 803317073/3 + 466647286
a8t [ % j 8t 15798015+/2 — 22007647 (365)
2 6209632+/2 + 9588383
2.66.
7=12tan™* iz +4tan™ i] =
2 99
=12tan™" iz +4tant iz +4tan™ 18 ) (366)
2 5 1240
=12tan™ iz +4tan™ iz +4tan™t iz +4tan™ 60
2 5 10 124013
2.67.

e a5 . 1
7 =24tan (5 NP J§+J€)+24tan (14+9J§_3J§_3JE] (367)

(i, B . 1
7 =24tan (4 32 +3V3-216)+24tan (4+\E+3«@+\@) (368)

L A . 1
7 =24tan (3+7ﬁ 63 \/6)+24tan (6+ 2+5\/§_£J (369)

23
7 =24tan™(2+ 742 -43-26 +24tanl[ ) 370
( ) 290 -57+/2 +163v3 - 416 (370)

35



47
7=24tan(9+5V2-5J3-3/6 +24tan‘1( j 371
( ) 174+139/2 +103/3 +556 (371)

(e el . 1
7 = 24tan (6 52 5@+4£)+24tan (7\5_@”\@] (372)
2.68.
;z:6tan‘l( n\/g}LGtan‘l( 3 j ,neNU{0} (373)
3n+1 12n+3
7z=6tan‘1( ny3 J+6tan‘l( E J ,neNu{0} (374)
3n+2 6n+3
2.69.
7 =16tan" ((JE —1)2 ) +8tan™ {#} (375)
a1 3 (2
T =24tan ((\/E—l) )+8tan (E]:
3 (376)
:24tan‘l((\/§—1) )+8tan‘1(%j+8tan‘1(éj
2.70.
ﬂzman{ (n+3)(3n+21)(n+1)\/§]
(377)
+6tanl( (n+3)(3n+1)(n+1)\/§} e
2n
Ejemplos:
ﬂ:6tan‘1[\/_5 \/§]+6tan‘{\/—5 3\/§J (378)
7r:6tan‘1(\/ﬁ—2x/§)+6tan‘l[\/1_5;2\/5] (379)

36



r=6tan™*

(—M;S\@}Lman‘l (—\/9_1;5\@}

2.71.
Ll Vn*+14n+1-n-1 Ll Vn*+14n+1-n-1
7 =3tan + 3tan ,neN
243 2n/3
Ejemplos:
7 =3tan! V333 +3tan! V33-3
243 43
7=3tan! V132 +3tan! V132
V3 33
2.72.
o J2(n+1)° V2 +3(n+1)° +4n —(n+1)y2-n-1
=8tan
" 2
o J2(n+1)° V2 +3(n+1)° +4n —(n+1)y2 -n-1
+8tan
2n
Ejemplo:

2 4

”Btanl[\/lsﬁws3@3}8@”1[\/18\/%353@3

Comentario final: mostraremos mas férmulas en un proximo preprint.
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(380)

(381)

(382)

(383)
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(385)



Referencias

[1] Abramowitz, M., and Stegun, I.A.: Handbook of Mathematical Functions. Nueva York:
Dover , 1965.

[2] Boros, G., Moll, V.: Irresistible Integrals.Cambridge University Press,2004.

[3] Gradshteyn, 1.S., and Ryzhik, I.M.: Table of Integrals,Series and Products. 5" ed.ed.
Alan Jeffrey. Academic Press, 1994.

[4] Spiegel,M.R.: Mathematical Handbook, McGraw-Hill Book Company , New York ,
1968.

[5] Valdebenito, E.:, Pi Handbook , manuscript , unpublished , 1989 , (20000 formulas).

38



	pi for part 7
	Doc-1-julio-2015-sumas-arcotan-pdf

