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Abstract. In this paper we use the general steerable two-sided Clifford
Fourier transform (CFT), and relate the classical convolution of Clifford
algebra-valued signals over R”? with the (equally steerable) Mustard
convolution. A Mustard convolution can be expressed in the spectral
domain as the point wise product of the CFT's of the factor functions. In
full generality do we express the classical convolution of Clifford algebra
signals in terms of finite linear combinations of Mustard convolutions,
and vice versa the Mustard convolution of Clifford algebra signals in
terms of finite linear combinations of classical convolutions.
Mathematics Subject Classification (2010). Primary 44A35; Secondary
11E88,15A66,43A32,30G35.

Keywords. Convolution, Mustard convolution, two-sided Clifford Fourier
transform, Clifford algebra signals, spatial domain, frequency domain.

1. Introduction

The steerable two-sided Clifford Fourier transformation (CFT) was intro-
duced in [23]. Tt generalizes related transforms, like the two-sided quaternion
Fourier transform [12], and the space-time Fourier transform [25] to higher
dimensions. The classical complex Fourier transform needs only one kernel
factor, due to the commutativity of complex numbers. To have different ker-
nel factors under the transform integral on both sides of the signal function
is meaningful due to the inherent non-commutativity in Clifford algebras.

A key strength of the classical complex Fourier transform is its easy
and fast application to filtering problems. The convolution of a signal with
its filter function becomes in the spectral domain a point wise product of the
respective Fourier transformations. This is not the case for the convolution
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of two Clifford algebra-valued signals (Clifford signals) over R?:¢; due to Clif-
ford algebra non-commutativity. Yet it is possible to define from the point
wise product of the CFTs of two Clifford signals a new type of steerable con-
volution, called Mustard convolution [29]. This Mustard convolution can be
expressed in terms of sums of classical convolutions and vice versa. For the
left-sided QFT this has recently been carried out in [7], for two-sided QFT
in [24] and for the space-time Fourier transform in [25]. Here we extend this
approach in full generality to the steerable two-sided CFT for signal functions
which map non-degenerate quadratic form vector spaces to Clifford algebras
in all dimensions.

This paper is organized as follows. Section 2 introduces Clifford alge-
bra, multivector signal functions, and the continuous manifolds of multivector
square roots of —1. Next, Section 3 briefly reviews an important decomposi-
tion (split) of multivectors with respect to a pair of multivector square roots of
—1. Then, Section 4 gives some background on the steerable two-sided CFT
and newly defines two related (steerable) exponential-sine Clifford Fourier
transforms. Finally, Section 5 defines the classical convolution of two Clifford
signal functions, as well as two types of steerable Mustard convolutions. The
rest of the section is devoted to representing the classical convolution in terms
of finite sums of Mustard convolutions. First is the general case in terms of
the two types of Mustard convolutions in Theorem 5.4. Second, Corollary 5.6
expresses for a commuting pair of square roots of —1 in the CFT, the con-
volution in terms of the standard Mustard convolution. Third, Theorem 5.7
generally expresses the classical convolution in terms of the standard Mustard
convolution. Fourth, for a pair of anticommuting square roots of —1 in the
CFT, Theorem 5.8 gives the classical convolution in terms of standard Mus-
tard convolutions. At the end, Theorem 5.9 states the Mustard convolution
in terms of classical convolutions.

2. Clifford’s geometric algebra

Definition 2.1 (Clifford’s geometric algebra [9, 27, 11, 18]). Let {ej, e, ...,
€py €pily-- Ent, Withn =p+gq, €2 = Q(ex)l =¢ex, e, = +1fork=1,...,p,
ex =—1for k=p+1,...,n, be an orthonormal base of the non-degenerate
inner product vector space (R, Q), @ the non-degenerate quadratic form,
with a geometric product according to the multiplication rules

epe; + eep = 25k5k,la kil=1,...n, (2.1)

where dy, ; is the Kronecker symbol with §;; = 1 for k = [, and 3, = 0 for k #
[. This non-commutative product and the additional axiom of associativity
generate the 2"-dimensional Clifford geometric algebra Cl(p, q) = CI(RP+?) =
Cly,q = Gpg = R, 4 over R. For Euclidean vector spaces (n = p) we use
R" = R™0 and Ci(n) = Cl(n,0). The set {ea : A C {1,...,n}} with e4 =
€h1Chy - --Chy, L < hy < ... < hy < n, eg = 1, the unity in the Clifford
algebra, forms a graded (blade) basis of Cl(p, ¢). The grades k range from 0 for
scalars, 1 for vectors, 2 for bivectors, s for s-vectors, up to n for pseudoscalars.
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The quadratic space (RP*?,Q) is embedded into C¥, , as a subspace, which
is identified with the subspace of 1-vectors. All linear combinations of basis
elements of grade k, 0 < k < n, form the subspace Cﬁ’liq C Ct,, 4 of k-vectors.
The general elements of Cl(p, q) are real linear combinations of basis blades
e 4, called Clifford numbers, multivectors or hypercomplex numbers.

In general (A); denotes the grade k part of A € Cl(p, q). Following [11],
the parts of grade 0 and k + s, respectively, of the geometric product of a
k-vector Ay € Cl(p,q) with an s-vector By € Cl(p, q)

Ap x By := <AkBS>0, Ap N\ By := <AkBs>k+37 (2.2)

are called scalar product and outer product, respectively. They are bilinear
products mapping a pair of multivectors to a resulting product multivector
in the same algebra. The outer product is also associative, the scalar product
not.

Every k-vector B that can be written as the outer product B = by A
bo A ... A by of k vectors by, by, ..., b, € RPY is called a simple k-vector or
blade.

Multivectors M € Cl(p, q) have k-vector parts (0 < k < n): scalar part
Sc(M) = (M) = (M)y = My € R, vector part (M); € RP?, bi-vector part
(M)3 € AN*RP4, ..., and pseudoscalar part (M), € A" RP4

M=) Maes=(M)+ (M) +(M)y+...+(M),. (2.3)
A
The principal reverse of M € Cl(p, q) defined as

M= Z )y A, (2.4)

often replaces complex conjugation and quaternion conjugation. Taking the
reverse is equivalent to reversing the order of products of basis vectors in the
basis blades e 4. The operation M means to change in the basis decomposition
of M the sign of every vector of negative square €4 = €p,€h,En,€hy - - - Ehy Chy s
1 < hy < ... < hy < n. Reversion, M, and principal reversion are all
involutions. In Cl(n) the principal reverse and the reverse are identical.

For M,N € Cli(p,q) we get M x N = > 4 MaN4. Two multivectors
M, N € Cli(p,q) are orthogonal if and only if M x N = 0. The modulus | M|
of a multivector M € Cl(p, q) is defined as

M| =M*M="> Mj. (2.5)
A

2.1. Multivector signal functions

A multivector valued function h : R?»? — Cl(p/,q’), has 2" blade compo-
nents, n’ =p' + ¢ (hy : RP? = R)

)= ZhA(ac)eA. (2.6)
A
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We define the inner product of two functions h,m : R»? — Cl(p’,q’) by
(h,m) :/ h(z)m(z) d"z = ZeAég/ ha(z)mp(z) dz,  (2.7)
Re-e A,B

with the symmetric scalar part

(h,m) = /]R hz) xm(z) d"z =Y [ ha@ma@) d'z,(28)
P,q A p.q

and the L2(RP%;Cl(p’,q"))-norm

2=y = [ h@Pre=Y [ e de  (29)
A

RP:q RP:a
L2(RP; Ol , ) = {h: RP9 = Cl(p',¢) | |h]l < oo} (2.10)

Notation 2.2 (Argument reflection). For a function h : R?? — Cl(p’,q') and
a multi-index ¢ = (¢1, p2) with ¢1,¢2 € {0,1} we set

he = B9 (@) = h(—1)" @x, (1) "2 (0 ), (2.11)

where T = T1€1 + ... + Tpek, Tn_p) = T — T, 1 < k < n, for arbitrary but
fized k.

2.2. Square roots of —1 in Clifford algebras

Every Clifford algebra Cl(p,q), ss = (p — ¢) mod 8, is isomorphic to one
of the following (square) matrix algebras! M(2d,R), M(d, H), M(2d,R?),
M(d,H?) or M(2d, C). The first argument of M is the dimension, the second
the associated ring? R for sg = 0,2, R? for s = 1, C for sg = 3,7, H for
ss = 4,6, and H? for sg = 5. For even n: d = 2("=2/2 for odd n: d = 2(»=3)/2,

It has been shown [17, 22] that Sc(f) = 0 for every square root of —1 in
every matrix algebra A isomorphic to Cl(p, q). One can distinguish ordinary
square roots of —1, and exceptional ones. All square roots of —1 in Cl(p, q)
can be computed using the package CLIFFORD for Maple [2, 3, 19, 28].

In all cases the ordinary square roots f of —1 constitute a unique conju-
gacy class of dimension dim(.A)/2, which has as many connected components
as the group G(A) of invertible elements in A. Furthermore, for ordinary
square roots of —1 we always have Spec(f) = 0 (zero pseudoscalar part) if
the associated ring is R?, H?, or C. The exceptional square roots of —1 only
exist if A = M(2d,C).

For A = M(2d,R), the centralizer (set of all elements in Cl(p,q) com-
muting with f) and the conjugacy class of a square root f of —1 both have
R-dimension 2d? with two connected components. For the simplest case d = 1
we have the algebra C1(2,0) isomorphic to M(2,R), see the left side of Fig.
1.

LCompare chapter 16 on matriz representations and periodicity of 8, as well as Table 1 on
p. 217 of [27].

2 Associated ring means, that the matrix elements are from the respective ring R, R?, C,
H or H2.
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FIGURE 1. Manifolds of square roots f of —1 in Ci(2,0)
(left), C1(1,1) (center), and C1(0,2) = H (right). The square
roots are f = a + bie; + boey + Bers, with «, by, be, 8 € R,
a =0, and % = b3e3 + b3e? + eFe3.

For A = M(2d,R?) = M(2d,R)x M(2d,R), the square roots of (—1, —1)
are pairs of two square roots of —1 in M(2d,R). They constitute a unique
conjugacy class with four connected components, each of dimension 4d?. Re-
garding the four connected components, the group of inner automorphisms
Inn(A) induces the permutations of the Klein group, whereas the quotient
group Aut(A)/Inn(A) is isomorphic to the group of isometries of a Euclidean
square in 2D. The simplest example with d = 1 is CI(2,1) isomorphic to
M(2,R?) = M(2,R) x M(2,R).

For A = M(d,H), the submanifold of the square roots f of —1 is a single
connected conjugacy class of R-dimension 2d? equal to the R-dimension of
the centralizer of every f. The easiest example for d = 1 is H, isomorphic to
C1(0,2), see the right side of Fig. 1.

For A = M(d,H?) = M(d,H) x M(d,H), the square roots of (—1,—1)
are pairs of two square roots (f,f’) of —1 in M(d,H) and constitute a
unique connected conjugacy class of R-dimension 4d?. The group Aut(A)
has two connected components: the neutral component Inn(A) connected to
the identity and the second component containing the swap automorphism
(f, f") = (f', f). The simplest case for d = 1 is H? isomorphic to C1(0, 3).

For A = M(2d,C), the square roots of —1 are in bijection to the idem-
potents [1]. First, the ordinary square roots of —1 (with k = 0) constitute a
conjugacy class of R-dimension 4d? of a single connected component which
is invariant under Aut(A). Second, there are 2d conjugacy classes of excep-
tional square roots of —1, each composed of a single connected component,
characterized by the equality Spec(f) = k/d (the pseudoscalar coefficient)
with +k € {1,2,...,d}, and their R-dimensions are 4(d? — k?). The group
Aut(A) includes conjugation of the pseudoscalar w + —w which maps the
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conjugacy class associated with k to the class associated with —k. The sim-
plest case for d = 1 is the Pauli matrix algebra isomorphic to the geometric
algebra C1(3,0) of 3D Euclidean space R3, and to complex biquaternions [30].

3. The + split with respect to two square roots of —1

With respect to any square root f € Cl(p,q) of —1, f2 = —1, every multivec-
tor A € Cl(p, q) can be split into commuting and anticommuting parts [22].

Lemma 3.1. Every multivector A € Cl(p, q) has, with respect to a square oot
f €Cl(p,q) of =1, i.e., f~1 = —f, the unique decomposition

1 _ 1 _
Ag= (At [TA), A= (A-[7Af)
A=Ay + Ay, Ay f=fAyy, A f=—-fAy, (3.1)
AL ¢ € centralizer(f,Clpq).

Furthermore, for f,g € Cl(p,q) an arbitrary pair of square roots of —1,
f? = g> = —1, the map f()g is an involution, because f?zg? = (—1)%x =
x,Vx € Cl(p,q). In [12] a split of quaternions by means of the pure unit
quaternion basis elements 2,7 € H was introduced, and generalized to a
general pair of pure unit quaternions in [15, 21]. This can be generalized to a
split of Cl(p, q), see [23].

Definition 3.2 (& split with respect to two square roots of —1 [23]). Let f,g
€ Cl(p, q) be an arbitrary pair of square roots of —1, f2 = g> = —1, including
the cases f = £g. The general £ split is then defined with respect to the two
square roots f,g of —1 as

vi= ek frg),  VaeClpag) (3.2)

Note that the split of Lemma 3.1 is a special case of Definition 3.2 with
g=—F.

We observe from (3.2), that fzg = x4 — z_, i.e. under the map f()g
the x4 part is invariant, but the x_ part changes sign

frag= 3 (frg% fag) = (frg+2) = %5 (a % frg) = +rs.  (33)

The two parts 1+ can be represented with Lemma 3.1 as linear combi-
nations of 1y and z_y, or of ;4 and x_, see [23],

1+ 1 1+ 1
e =y fg | s 1 fg _1+/fyg ey + 1 F fg . (3.4)
2 2 2 2
There is the following important general identity [23],
e aeP9 = 3 eBFNI = (eFBf 5 (3.5)

For Cl(p, q) = M(2d,C) or M(d,H) or M(d,H?), or for both f, g being
blades in Cl(p,q) = M(2d,R) or M(2d,R?), we have f = —f, g = —g. We
therefore obtain the following lemma.
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Lemma 3.3 (Orthogonality of two =+ split parts [23]). Assume in Cl(p,q) two
square roots f,g of —1 with f = —f, g = —g. Given any two multivectors
x,y € Cl(p,q) and applying the + split (3.2) with respect to f,g we get zero
for the scalar part of the mixed products

Se(zyy—) =0, Se(z_yy) =0. (3.6)

4. General steerable two-sided Clifford Fourier transforms

The general steerable two-sided Clifford Fourier transform (CFT) [23], can
both be understood as a generalization of known one-sided CFTs [13, 20], or
of the two-sided quaternion Fourier transformation (QFT) [12, 15], or two-
sided space-time Fourier transform [12, 15, 25] to a general Clifford algebra
setting. Most known CFTs (prior to [23]) used in their kernels specific square
roots of —1, like bivectors, pseudoscalars, unit pure quaternions, or sets of
coorthogonal blades (commuting or anticommuting blades) [5]. All those re-
strictions on the square roots of —1 used in a CFT do not apply in our
definition below. Note that if the left or right phase angle is identical to zero,
we get one-sided right or left sided CFTs, respectively.

Definition 4.1 (Steerable CFT with respect to two square roots of —1 [23]).
Let f,g € Cl(p',q'), f> = g> = —1, be any two square roots of —1. The
general steerable two-sided Clifford Fourier transform® (CFT) of h € L*(RPY;
Cl(p',q")), with respect to f,g is

F{h}(w) = F/9{h}(w) = / e fU@W)p(g) em9v(@W) g (4.1)

RP:q
where d"x = dz; ...dz,, T,w € RP? and u,v : RP? x RP9 — R,

Remark 4.2. In order to avoid clutter we often drop the upper indexes f, g as
in F{h} = FF9{n}, but in principle the two-sided CFT always depends on
the particular choice f, g of the two square roots of —1. Since square roots of
=1 in ClU(p',q") populate continuous submanifolds in Cl(p',q'), the CFT of
Definition 4.1 is generically steerable within these submanifolds. In Definition
4.1, the two square roots f,g € Cl(p',q') of —1, may be from the same (or
different) conjugacy class and component, respectively.

Linearity of the CFT integral (4.1) allows us to use the + split h =
h_ + hy of Definition 3.2 to obtain, see [23],

FIo{h}(w) = FH9{h_}(w) + FH9{hy }(w)
= FI9n}(w) + FL9{n}(w), (4.2)

since by their construction the operators of the Clifford Fourier transforma-
tion F/9, and of the =+ split with respect to f, g commute. From (3.5) follows
the next theorem.

3The image Clifford algebra Cl(p’,q’) can be identical to Cl(p, q) over the domain vector
space RP?, but this is not necessary, and completely depends on the application context.
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Theorem 4.3 (CFT of hy, [23]). The CFT of the + split parts hy , with
respect to two square roots f,g € Cl(p',q") of =1, of a Clifford function h €
LY (RP4; Cl(p',q")) have the quasi-complex forms

FLo{ny = Fho{hy} (4.3)

_ [ hy e s@@)Fu@w) gy - / e~ fu@W)Fo@@)p, gy
R

RP:aq P.q

Remark 4.4. Theorem 4.3 establishes in combination with (4.2) a general
method for how to compute a two-sided CFT in terms of two one-sided CFTs*.
For special relations of two-sided and one-sided quaternionic Fourier trans-
forms see [12, 14, 15, 21].

Remark 4.5. The quasi-complex forms in Theorem 4.3 allow to establish dis-
cretized and fast versions of the general two-sided CFT of Definition 4.1 as
sums of complex discretized and fast Fourier transformations (FFT), respec-
tively.

For establishing an inversion formula, and other important CFT prop-
erties, certain assumptions about the phase functions u(x,w), v(x,w) need
to be made. One possibility is, e.g. to arbitrarily partition the scalar product

~ n .
cxw =), ;rw =u(x,w)+v(x,w), with

k n
u(e,w) = Zmlwl, v(x,w) = Z Wy, (4.4)
=1

I=k+1

for any arbitrary but fixed 1 < k < n. We could also include any subset
B, C{1,...,n} of coordinates in u(x,w) and the complementary set B, =
{1,...,n}\ By of coordinates in v(x,w), etc. (4.4) will be assumed whenever
the inverse CFT (4.5) is applied. We then get the following inversion theorem.

Theorem 4.6 (CFT inversion [23]). With the assumption (4.4) for u,v, we
get for h € LY(R»%; Cl(p',q")), that

h(z) = F_1{F{h}}(x) = ﬁ /vaqef“(mvw)fﬁg{h}(w) e9v(@W) gy (4.5)

where d"w = dw; ... dw,, x,w € RPY. For the existence of (4.5) we further
need FH9{h} € L*(RP%; Cl(p',q')).

We further define for later use the following two mixed (steerable)
exponential-sine Fourier transforms

FhEs ) (w) = / e Fu@ @ () (£1) sin(—v (@, w) )d"x, (4.6)
RP:aq
FESI(h} (w) = /R M(ﬁ:l) sin(—u(x, w))h(z)e 9 @) qr g, (4.7)

4For a general study of one-sided CFTs see [20].
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With the help of
Sin(_u(maw)) = g(effu(m,(AJ) - eftu(m,u))),
sin(—v(z,w)) = §(e 9V @W) _ egv(@ W)y (4.8)

we can rewrite the above mixed exponential-sine Fourier transforms in terms
of the CFT of Definition 4.1 as

FIE{h} = £3(FH9{hg} — FF=9{hg}), (4.9)
FE9LhY = 23 (FI9{fny — F19{fh}). (4.10)

We further note the following useful relationships using the argument reflec-
tion of Notation 2.2

Flofny = Frofpt0y = p{ptOY - Fhoafpy = F(pOD},  (4.11)
and similarly
Fh=s{p} = FHs(pOV} F==9{n} = Fo9 {10}, (4.12)

The main properties of the CFT of Definition 4.1 have been studied in
detail in [23].

5. Convolution and steerable Mustard convolution
We define the convolution of two Clifford (algebra) signals a,b € L'(RP'Y;
Cl(y',q')) as
(@xb)(@) = [ alwe - vy, (51)
R
provided that the integral exists.
The Mustard convolution [29] of two Clifford signals a,b € L'(RPY;
Cl(p',q")) is defined as
(axy ) (@) = (FH9)~H(F 9 a} FH9{b}), (5.2)
provided that the integral exists.
Remark 5.1. The Mustard convolution has the conceptual and computational
advantage to simply yield as spectrum in the CFT Fourier domain the point
wise product of the CFTs of the two signals, just as for the classical complex
Fourier transform. On the other hand, by its very definition, the Mustard
convolution depends on the choice of the pair f,g, of multivector square Toots

of —1, used in the Definition 4.1 of the CFT. The Mustard convolution (5.2)
is therefore a steerable operator, depending on the choice® of the pair f,g.

We additionally define a further type of (steerable) exponential-sine
Mustard convolution as

(axpns b)(x) = (FI9)"HFH={a}F>9{b}), (5.3)
provided that the integral exists.

5For an example particularly relevant to relativistic physics see (25].
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In the following two Subsections we will express the convolution (5.1)
in terms of the Mustard convolution (5.2) and vice versa.

5.1. Expressing the convolution in terms of the Mustard convolution

In this Subsection we assume the use of the two-sided CFT with two general
multivector square roots of —1, f, g € Cl(p’, ¢"). The definition of the classical
convolution (5.1) is independent of the application of a CFT. The Mustard
convolutions of (5.2) and (5.3) depend on the definition of the CFT and
in particular on the choice of the two multivector square roots of —1, f,g.
Therefore it is meaningful in the following to distinguish® the expression of
the classical convolution in terms of Mustard convolutions for the three cases
of general pairs f, g, of commuting f, g (i.e. [f, g] = 0), and of anticommuting
fyg (.e. fg = —gf), which we consequently state in different theorems and
corollaries.

In [7] Theorem 4.1 on page 584 expresses the classical convolution of two
quaternion functions with the help of the general left-sided QFT as a sum of
40 Mustard convolutions. Corresponding expressions have been established
for the general two-sided QFT in [23], and the space-time Fourier transform in
[25]. In our approach we use Theorem 5.12 on page 327 of [23], which expresses
the convolution of two Clifford signal functions in the Clifford Fourier domain
with the help of the CFT of Definition 4.1. Because of its importance, we
restate this theorem here again.

Theorem 5.2 (CFT of convolution [23]). Assuming a general pair of square
roots of —1, f,g, the general two-sided CFT of the convolution (5.1) of two
functions a,b € L*(RP9; Cl(p',q') can then be expressed as

Fho{axb} = FI9ay }FI9 by g} + FFm9ay  }FH9{b_ g} (5.4)
+ F9{a_ s} F19by g} + FPm e f} F 190}
+ Fay Y f, )P {bag} + FI{ay 3} gl F*9{b_g}
+ Fa g} [f, I F 2 {byg} + F{a_ 3 gl F 5904}

Note that due to the commutation properties of (4.6) and (4.7) we can
place the commutator [f, g] also inside the exponential-sine transform terms
as e.g. in

FI{ar s} [f.g)FH{big} = F*{ars[f, g} F{bsg}
= FP a3 F (£, glbg}- (5:5)

For the special case of a commuting pair of square roots of —1, [f, g] = 0,
we obtain a much simpler equation.

Corollary 5.3 (CFT of convolution with commuting f, g: fg = gf). Assuming
a commuting pair of square roots of —1, [f,g] = 0, the general two-sided

6This distinction is a direct consequence of the steerability of the Mustard convolutions
(5.2) and (5.3) inherited from the two-sided CFT of Definition 4.1.
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CFT of the convolution (5.1) of two functions a,b € L*(RP9;Cl(p',q’)) can
be expressed as

FIo{axby = Fro{ap )70 begh+ F o as FI0{by)
£ FIa JF 9 {bygh+ FI o JF ) (56)

We can now easily express the convolution of two quaternion signals
F19{axb}(w) in terms of only eight Mustard convolutions (5.2) and (5.3).

Theorem 5.4 (Convolution in terms of two types of Mustard convolution).
Assuming a general pair of square roots of —1, f, g, the convolution (5.1) of
two Clifford functions a,b € L*(RP9;Cl(p’,q’)) can be expressed in terms of
four Mustard convolutions (5.2) and four exponential-sine Mustard convolu-
tions (5.3) as

(0,1) (_0}1) *ur b(_léo)

a*bfa+j*Mb+g+a *Mb, +a— f*]\/jb( 0)

+aH*MAﬁ]my+&’>m“wgwﬂ (5.7)
+a_f*ns [f,9]b +1g0) (O Y s [fs ]b(150)~

Remark 5.5. We use the convention, that terms such as ay ¢ *ns [f, glbyg,
should be understood with brackets a4 ¢ s ([f, glb4g), which are omitted to
avoid clutter.

Assuming commutation, [f,g] = 0, the standard Mustard convolution
is sufficient to express the classical convolution.

Corollary 5.6 (Convolution in terms of Mustard convolution with commut-
ing f,g). Assuming a commuting pair of square roots of —1, [f,g] = 0, the
convolution (5.1) of two Clifford functions a,b € L*(RP9;CIl(p',q')) can be
expressed in terms of four Mustard convolutions (5.2) as

a*b—aﬂc*MbJrf—I—a(’)*Mb sta_ f*Mbsrf)—i—a(Ol) b(j}o) (5.8)

Furthermore, applying (4.9) and (4.10), we can expand the terms in
(5.4) with exponential-sine transforms into sums of products of CFTs. For
example, the first term gives

FI{as g} f. gl F>9{bsg}
= i (F{arrgt = FImarrg}) (FPI1 glbrg} — F~H9{IS glbsg})

= 1 (Flassad FUIF glbro) — Flassad UL o)
~Flal Y F UL gt + FEPAFUL DY) (5.9)

For the important special case of anticommuting square roots of —1, fg =
—gf, e.g. in quaternion algebra f =14, g = k [8, 12, 14], or in the generaliza-
tion to space-time f =e4 = €;, g = e1eges3 = i3 in CI1(3,1) [12, 14], equation
(5.9) can be further simplified. Assuming fg = —gf, we have

[f.9l=2fg  flf.9l=2ffg9=—2g, (5.10)



12 Eckhard Hitzer
and we can simplify (5.9) to
Fro{ay i} f, g)FH{byg} = 2F (a1} FgF*9{b1g}
2
= 5 (Flar g} Fl(=)bss} — Flargh F{(—g)b,"}
~Fla ) F{(=9)bsg} + FlalPghF U= l")

B % (f{aﬂ}f{bgrléo)} = Flap s} F{beg}

FlaOFEL" ) + Flal P Fbe}) (5.11)
because
Flar s} F{(=9)bsg} = Flars}o(-9) F1)"} = Flar 3 F (007},
ete. (5.12)
where we applied for the first equality that for fg = —gf,
g =ge . (5.13)

In general equation (5.9) allows us in turn to express the quaternion signal
convolution purely in terms of standard Mustard convolutions.

Theorem 5.7 (Convolution in terms of Mustard convolution). Assuming a
general pair of multivector square roots of —1, f, g, the convolution (5.1) of
two quaternion functions a,b € L*(RP9;Cl(p’,q')) can be expressed in terms
of twenty standard Mustard convolutions (5.2) as

(0.1) * M b_g +a_f*xnm b(l’o) (0}1) b(LO) (5 14)
+ilaysgrnfebyg—ayrgrm be(+150 —G(ﬂr g xar f0b+q+a(

(0,1)
tayy

axb=ays*rbig+ai;

g*Mfcb (1.0)

g*m feb_y —affl)g* fcb(,1 —a+fg*Mfcb, +a+fg*Mfcb(,£’,)
©, g* fcb+g —|—a(_f)g*Mfcb+g
+a " gxar feby” —a Vg ks feb_g—a_pgrar fb' va_ pgxar febyg)

Cr g feb) g *n fe a_ygxar feb)” +a_pgxnr feb_y),
with the abbreviation ¢ = [f, g].

+a_yg *Mfcb(jé —a_yg*p fcbyg —a’

Assuming anticommutation, fg = —gf, we can eliminate in Theorem 5.7
the commutators ¢ = [f, g] with the help of (5.11), which after cancellations
leaves only sixteen terms.

axb= (5.15)

%(a_;,_f *M bE:;]O)—l- Ay f *)\f b+g— ag?}l) *Mbg_l’o)—F ag?fl) *Mb+g

+a(01 Mb(_l’o) ffl) *M b_g—a+f *M b(_’ +ayfxn b_g
+a_ f*M b+q+a f*M b(l 0) (Ofl) *Mb (i)}l) *M bE:éO)
+a(01)* b_ +a( )* b( )—a,f*Mb,g—&-a,f*Mb(jst)).



Convolution and Mustard convolution for two-sided CFT 13

Furthermore, we can combine by Definition 3.2 four pairs of + split terms,
e.g.,

g rarbpgFarprpmb_g=arpxmb, etc. (5.16)
Assuming fg = —gf, this leaves only twelve terms for expressing a classical
convolution in terms of a Mustard convolution,

axb=1 (a+f*Mb+g +ayprxmb— affl)* blo) a % sy

(01) ) (1,0)

—l—a *Mb(jé —a+f*Mb7g

+ a*f *M b+g + a*f *M b(l,o) — a(_o}l) * M b+g + a(_o"fl) *M b(l,O)
+a " s bog—apxarby). (5.17)

Moreover, we can combine with the help of the involution f()g of (3.3) four
pairs of terms like

Ay f *M bg_l;]O) Ay f*M b( 0) =ayf M [b(1 0) b(l 0)]
=aypx (F) + b“ Dg) = aypxn 510, (5.18)

where in the final result we omit the round brackets, i.e. we understand
agf > o0 g = Qg f *M (fb(19g). This in turn leaves only eight terms
for expressing a classical convolution in terms of a Mustard convolution,
assuming fg = —gf.

axb=3(arsxn FOIOg+aypxpb— a( ’ )* £ foh O)g+a(0 R

+a_pxu fog+a_p*y p(1-0) _ a(_oj’c ) *ur fbg + a_J} b xpy b0 ). (5.19)

Finally, we note, that (5.19) contains pairs of functions a4 with unreflected
and reflected second argument. Adding these pairs leads to even @ or odd ©
symmetry in the second argument. That is we combine

0,1 1
aff:%(aﬂr—i—as_f)L a?f—f(aﬂc—ag_f)), etc. (5.20)
This allows us for fg = —gf, to write the classical convolution in terms of
just four Mustard convolutions.

Theorem 5.8 (Convolution in terms of Mustard convolution with anticom-
muting f,g). Assuming an anticommuting pair f,g, of multivector square
roots of —1, with fg = —gf, the convolution (5.1) of two Clifford functions
a,b e LYRP;CIl(p',q")) can be expressed in terms of four standard Mustard
convolutions (5.2) as

axb=23(al; xu oIV g+ al, xpb+aS xar fog +a xar b)) (5.21)

5.2. Expressing the Mustard convolution in terms of the convolution

Now we will simply write out the Mustard convolution (5.2) and simplify
it until only standard convolutions (5.1) remain. In this Subsection we will
use the general £ split of Definition 3.2. Our result should be compared, e.g,
in the special case of the left-sided QFT with the Theorem 2.5 on page 584
of [7] with 32 classical convolutions for expressing the Mustard convolution
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of quaternion functions. Similar results to ours can be found in [23] for the
two-sided QFT, and in [25] for the space-time Fourier transform.

We begin by writing the Mustard convolution (5.2) of two quaternion
functions a,b € L2(RP”%; Cl(p',q))

axy b(x) = ﬁ/ﬂg @9 Fla} (w) F{b} (w)ed®W) dnw
= e / o ful@w) / ¢~ FUB@) 4 (gy) e~ 0.@) gy
RP:a R2
/ e—fu(z,w)b(z)e—gv(z,w)d2zegv(w,w)dnw
RPp:a

—ae [ [ ] el e ) +a e o)
Rpr.qa JRP:9 JRP:q
e TUED) (b (2) + b_(2))e?"EED) (P yd" zd w. (5.22)

Next, we use the identities (3.5) in order to shift the inner factor e=9"¥%) to
the left and e=/*(=%) to the right, respectively. We abbreviate [g, , fer.a Jar.a

to [fJ-

@ blz) = (5.23)
= ﬁ /// ef“(m_y’w)ef”(y’w)a+(y)b+(z)eg"(z’w)egv(m_sz)d"yd"zdnw
+ ﬁ /// efu(mfy,w)efv(y,w)a+(y)b_(z)efgu(z,w)egv(mfz,w)dnydnzdnw
+ ﬁ /// ef“(m*y,W)e*fv(y,W)a_(y)b+(z)egu(z,QJ)egv(wfz,w)dnydnzdnw

+ (271;)”/\//efu(w7y,w)eff'u(y,w’)a_ (y)b_ (z)efgu(z,u.))egv(wfz,W)dnydnzdnw

Furthermore, we abbreviate the inner function products as abiy(y, z) :=
a4+ (y)bs(2z), and apply the general + split of Definition 3.2 once again to ob-
tain aby 4 (y, 2) = [abrx (Y, 2)]++[abrs(y, 2)|- = absrs(y, z)++abrs(y,z)—.
We omit the square brackets and use the convention that the final £ split
indicated by the final & index should be performed last. This allows to apply
(3.5) again in order to shift the factors e*9%(=W)edv(@=2.W) {4 the left. We
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end up with the following eight terms

a*y b(x) = (5.24)
= ﬁ///efu(m_y_z’w) Tol=@=2)@)ap, | (y, 2)d"yd" zd"w

+ ﬁ /// efu@—ytz W) folyt@=2) W) (y 2)_d yd"zd"w

+ ﬁ /// efu@—ytz W) foly=(@=2)W) 4, (y 2) d"yd"zd"w

+ ﬁ /// ef“(mfyfz’w)efv(yﬂw*z)’w)alu__(y,z)_d"yd”zd"w

+ ﬁ/// ef“(“’_y_z’w)e-f”(_y_(m_z)’w)ab,Jr(y,z)+d"yd"zd"w

+ @ /// ef“(w_’”'z’w)ef”(_y+(m_z)’w)ab,+(y,z),d”yd"zd"w

+ ﬁ /// ef“(w_y+z’w)ef“(_y_(m_z)’w)ab,,(y,z)+d"yd"zd"w
+W/// Jul—y=2W)Jr-yt@=2)W)op  (y 2)_d"yd"zd"w

We now only show explicitly how to simplify the second triple integral, the
others follow the same pattern.

e [[[ v rer e @, b, (2)) gzt

(z z 5 (Ym+(Tm—2m))wm
-[[& / I ST ()b (2)]) - wd"yd 2

o[t ot o (b () dd s

p,ql=1 m=k+1

= [ [ B8 =+ ) 11 80m + (o~ 2 ()b (21 20000)) -y

= [ @b (@n v @iy + v )

= [ o) = .~ — v )

= /RM[a+(y)b5r1’1)(:c,C Y~ ) — Y)Y

= Jay x bV (@h, —2 0 iy)] (5.25)

Note that ai * bsrl’l)(mk, —(,—)) means to first apply the convolution to
the pair of functions a4 and bg’l), and only then to evaluate them with

the argument (—xx,x(,—x)). So in general a * b(j’l)(mk, —L(p_p)) F Qg *
by (=g, T (n_p)). Simplifying the other seven triple integrals similarly we
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finally obtain the desired decomposition of the Mustard convolution (5.2) in
terms of the classical convolution.

Theorem 5.9 (Mustard convolution in terms of standard convolution).
The Mustard convolution (5.2) of two quaternion functions a,b € L'(RPY;
Cl(p',q")) can be expressed in terms of eight standard convolutions (5.1) as

a*p b(x) =

= Jay % by (@)]4 + fag 08 (w1, —22)] -
+lag + b0 @)1 + oy #0O (1, —2)] -
+la- # b (@1, )]y + fam +00 (@)]

+lae xb8Y (@y, —29)]4 + [a *b_(z)] . (5.26)

Remark 5.10. If we would explicitly insert according Definition 3.2 ay =
%(a + fag) and by = 3(b=+ fbg), and similarly explicitly insert the second
level + split [...]+, we would obtain up to a mazimum of 64 terms. It is
therefore obvious how significant and efficient the use of the general £+ split
is in this context.

6. Conclusion

In this paper we have briefly reviewed non-degenerate Clifford algebras, their
manifolds of multivector square roots of —1, Clifford algebra decomposition
with respect to a pair of square roots of —1, the general steerable two-sided
Clifford Fourier transform, and introduced a pair of related steerable mixed
exponential-sine Clifford Fourier transforms. We defined the notions of (clas-
sical non-steerable) convolution of two Clifford algebra valued functions over
RP 4 the steerable Mustard convolution (with its CFT as the point wise
product of the CFTs of the factor functions), and a special steerable Mus-
tard convolution involving the point wise products of mixed exponential-sine
CFTs.

The main results are: An efficient decomposition of the classical con-
volution of Clifford algebra signals in terms of eight Mustard type convolu-
tions. For the special cases of two commuting (or anticommuting) multivector
square roots of —1 axis in the CFT, only four terms of the standard Mustard
convolution prove to be sufficient. Even in the case of two general multi-
vector square roots of —1 axis in the CFT, the classical convolution of two
Clifford algebra signals can always be fully expanded in terms of standard
Mustard convolutions. Finally we showed how to fully generally expand the
Mustard convolution of two Clifford algebra signals in terms of eight classical
convolutions.

In view of the many potential applications of the CFT [4], including al-
ready its lower-dimensional realizations as QFT [24, introduction], and space-
time FT [25, introduction], we expect our new results to be of great interest
in physics, pure and applied mathematics, and engineering, e.g., for filter
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design and feature extraction in multi-dimensional signal and (color) image
processing. Finally, the CFT and all convolutions described above can be im-
plemented for simulations and real data applications in the recently released
Clifford Multivector Toolbox (for MATLAB) [31].

Acknowledgments

The author wishes to thank God: In the beginning God created the heav-
ens and the earth [10]. To calm objections to this, here a quote from John
Lennox: ...t is important to say that sauce for the goose is sauce for the
gander. Many of those who accuse Christians of God-of-the-gaps thinking are
themselves guilty of the very same thing. ... Evolution is also a notorious gap
filler [26]. The author further thanks his family for their kind support, Hi-
roshi Suzuki for his gift of friendship. He further thanks Dietmar Hildenbrand
for co-organizing the GACSE workshop, and George Papagiannakis and his
dedicated team for organizing CGI 2016.

References

[1] R. Abtamowicz, B. Fauser, K. Podlaski, J. Rembieliriski, Idempotents of Clifford
Algebras. Czechoslovak Journal of Physics, 53 (11) (2003), pp. 949-954.

[2] R. Ablamowicz, Computations with Clifford and Grassmann Algebras, Adv.
Appl. Clifford Algebras 19, No. 3—4 (2009), pp. 499-545.

[3] R. Ablamowicz and B. Fauser, CLIFFORD with Bigebra — A Maple
Package for Computations with Clifford and Grassmann Algebras,
http://math.tntech.edu/rafal/ (©1996-2012).

[4] F. Brackx, E. Hitzer, S. Sangwine, History of Quaternion and Clifford-
Fourier Transforms, in: E. Hitzer, S.J. Sangwine (eds.), Quaternion and Clif-
ford Fourier Transforms and Wavelets, Trends in Mathematics (TIM) 27,
Birkh&auser, Basel, 2013, pp. xi-xxvii. Free online text: http://link.springer.
com/content/pdf/bfm\%34978-3-0348-0603-9\%2F1.pdf

[5] R. Bujack, G. Scheuermann, E. Hitzer, A General Geometric Fourier Trans-
form, In: E. Hitzer, S.J. Sangwine (eds.), Quaternion and Clifford Fourier
Transforms and Wavelets, Trends in Mathematics (TIM) 27, Birkhauser, Basel,
2013, pp. 155-176. Available as preprint: http://arxiv.org/abs/1306.2184

[6] CitizenGo NGO, Pétition a lattention de: The EU and the UN. You Must
Recognise the Crime of Genocide Against Christians in Iraq - # CallltGenocide.
http://wuw.citizengo.org/en/node/32625, accessed 4th Feb. 2016.

[7] H. De Bie, N. De Schepper, T.A. Ell, K. Rubrecht and S.J. Sangwine, Con-
necting spatial and frequency domains for the quaternion Fourier transform,
Applied Mathematics and Computation, Vol. 271, (2015) pp. 581-593.

[8] T.A. Ell, Quaternionic-Fourier Transform for Analysis of Two-dimensional
Linear Time-Invariant Partial Differential Systems. in Proceedings of the 32nd
IEEE Conference on Decision and Control, December 15-17, 2 (1993), pp. 1830—
1841.



18 Eckhard Hitzer

[9] M.L. Falcao, H.R. Malonek, Generalized Ezponentials through Appell sets in
R"*! and Bessel functions, AIP Conference Proceedings, 936, (2007) pp. 738
741.

[10] Genesis chapter 1 verse 1, in The Holy Bible, English Standard Version, Cross-
way Bibles, Good News Publishers, Wheaton, Illinois, 2001.

[11] D. Hestenes, and G. Sobezyk, Clifford Algebra to Geometric Calculus: A Unified
Language for Mathematics and Physics, Springer, Heidelberg, 1984.

[12] E. Hitzer, Quaternion Fourier Transform on Quaternion Fields and General-
izations, Adv. in App. Cliff. Alg., 17 (2007), pp. 497-517. DOI: 10.1007/s00006-
007-0037-8 . Available as preprint: http://arxiv.org/abs/1306.1023 .

[13] E. Hitzer, B. Mawardi, Clifford Fourier Transform on Multivector Fields and
Uncertainty Principles for Dimensions n = 2 (mod 4) andn = 3 (mod 4). Adv.
Appl. Clifford Algebras, 18 (3-4), (2008) pp. 715-736. Available as preprint:
http://vixra.org/abs/1306.0127 .

[14] E. Hitzer, Directional Uncertainty Principle for Quaternion Fourier Trans-
forms, Adv. in App. CIlff. Alg., 20(2) (2010), pp. 271-284. DOLIL
10.1007/s00006-009-0175-2 . Available as preprint: http://arxiv.org/abs/
1306.1276 .

15

E. Hitzer, OPS-QFTs: A new type of quaternion Fourier transforms based on
the orthogonal planes split with one or two general pure quaternions. In Nu-
merical Analysis and Applied Mathematics ICNAAM 2011, AIP Conf. Proc.
1389, pp. 280-283 (2011); DOI: 10.1063/1.3636721 . Available as preprint:
http://arxiv.org/abs/1306.1650 .

[16] E. Hitzer, Creative Peace License, http://gaupdate.wordpress.com/2011/
12/14/the-creative-peace-license-14-dec-2011/

[17] E. Hitzer, R. Ablamowicz, Geometric Roots of —1 in Clifford Algebras Cl(p,q)
with p + ¢ < 4. Adv. Appl. Clifford Algebras, 21(1), (2011) pp. 121-144,
DOI: 10.1007/s00006-010-0240-x. Available as preprint: http://arxiv.org/
abs/0905.3019 .

[18] E. Hitzer, Introduction to Clifford’s Geometric Algebra, Journal of the Society
of Instrument and Control Engineers, Vol. 51, No. 4, pp. 338-350, (April 2012).
Available as preprint: http://arxiv.org/abs/1306.1660v1 .

[19] E. Hitzer, J. Helmstetter, and R. Ablamowicz, Maple worksheets created with
CLIFFORD for a verification of results in [22], http://math.tntech.edu/rafal/
publications.html ((©2012).

[20] E. Hitzer, The Clifford Fourier transform in real Clifford algebras, in E.
Hitzer, K. Tachibana (eds.), ”Session on Geometric Algebra and Applica-
tions, IKM 2012”7, Special Issue of Clifford Analysis, Clifford Algebras and
their Applications, 2(3), pp. 227-240, (2013). Available as preprint: http:
//vixra.org/abs/1306.0130 .

[21] E. Hitzer and S.J. Sangwine, The orthogonal 2D planes split of quater-
nions and steerable quaternion Fourier transformations, in: E. Hitzer and S.J.
Sangwine (Eds.), Quaternion and Clifford Fourier Transforms and Wavelets,
Trends in Mathematics (TIM) 27, Birkhauser, 2013, pp. 15-40. DOI: 10.1007/
978-3-0348-0603-9_2 . Available as preprint: http://arxiv.org/abs/1306.
2157 .



Convolution and Mustard convolution for two-sided CFT 19

[22] E. Hitzer, J. Helmstetter and R. Ablamowicz, Square Roots of —1 in Real
Clifford Algebras, in: E. Hitzer and S.J. Sangwine (Eds.), Quaternion and
Clifford Fourier Transforms and Wavelets, Trends in Mathematics (TIM) 27,
Birkhauser, 2013, pp. 123-153, DOI: 10.1007/978-3-0348-0603-9_7 . Avail-
able as preprint: http://arxiv.org/abs/1204.4576 .

[23] E. Hitzer, Two-Sided Clifford Fourier Transform with Two Square Roots of
—1 in Cl(p,q) Adv. Appl. Clifford Algebras, 24 (2014), pp. 313-332, DOLI:
10.1007/s00006-014-0441-9 . Available as preprint: http://arxiv.org/abs/
1306.2092 .

[24] E. Hitzer, General two-sided quaternion Fourier transform, convolution and
Mustard convolution, in preparation. Available as preprint: http://vixra.org/
abs/1601.0165 .

[25] E. Hitzer, Space-Time Fourier Transform, Convolution and Mustard Convo-
lution, in preparation. Avalailable as preprint: http://vixra.org/abs/1601.
0283

[26] J.C. Lennox, Seven days that divide the world - the beginning according to
Genesis and science, Zondervan, Grand Rapids, Michigan, 2011.

[27] P. Lounesto, Clifford Algebras and Spinors, CUP, Cambridge (UK), 2001.

[28] Waterloo Maple Incorporated, Maple, a general purpose computer algebra sys-
tem. Waterloo, http://www.maplesoft.com ((©2012).

[29] D. Mustard, Fractional convolution, J. Aust. Math. Soc. Ser. B 40 (1998), pp.
257-265.

[30] S. J. Sangwine, Biquaternion (Complezified Quaternion) Roots of —1. Adv.
Appl. Clifford Algebras, 16(1) (2006) pp. 63—68.

[31] S. J. Sangwine, E. Hitzer, Clifford Multivector Toolboz (for MATLAB), 2015—
2016, Software library available at: http://clifford-multivector-toolbox.
sourceforge.net/

Eckhard Hitzer

Osawa 3-10-4,

House M 472, 181-0015 Mitaka, Tokyo, Japan.
e-mail: hitzer@icu.ac.jp

E. Hitzer, General two-sided Clifford Fourier transform,
convolution and Mustard convolution,
submitted to Adv. in Appl. Cliff. Algs, 04 Feb. 2016.


Hitzer
E. Hitzer, General two-sided Clifford Fourier transform,
convolution and Mustard convolution,
submitted to Adv. in Appl. Cliff. Algs, 04 Feb. 2016. 




