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Abstract
Infinite products,Constants classic,Riemann zeta
function,Radicals,...
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En esta nota mostramos algunos productos infinitos que involucran constantes clésicas:
n=3.1415...,e=2.7182...,y=0.5772...,0=1.6180..., A=1.2824..., G=0.9159..., In 2=0.6931...,
Esta nota esta inspirada en las referencias (4) y (6).
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Introduccion
Esta nota mostramos una coleccion de productos infinitos que involucran constantes clasicas, como
son:

m La constante Pi: r=35, &

1

m La constantee =377, -,

m La constante gamma de Euler-mascheroni: y=lim,,_,, (1 + é + é + ot % - ln(n)) ,

m La constante ¢ , Golden Ratio, ¢ = Vs

2 2

16203 n
m La constante de Glaisher-Kinkelin: A=lim,, ., ——r"—

m La constante de Catalan: G=}}_, (2(;1:1)2 ,

(G Vi

m La constante In(2)=37", —;

Algunos productos infinitos clasicos son :

2 11335577

2 22 32 52 72 112

221 32-1 52-1 72-1 11°-1

Productos Infinitos
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00 )\ ner
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e =2 ﬁ[ Tak+ 1)(_1)k[k]]m - [1]
k=1

n=1 5




4 | Productos Infinitos.nb

2T

Y
S |w
—

A=
—

4r(‘) n=0 1? %5 1?.5%

r(i) oG _ H[H(2k+1) )k[k]]z(ﬁ)(i]f’

1-5

=

[ pee R 2

eyl el

S f[(ﬁ(k ¥ 1)(1)“](2]]"2" - (E]i (2_] [23_4]3

. .3
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o [ n (7)1«”"‘7 L 1ot [ a2.7.192\ =
e e ey sy 16)
n=0| oo\ 10k +3 3) \3-17) \1-17°-23
F( ) o (n ke 2™
= n[l—[(k +x)( ! (k] ,X>0 (17)
\/? F( 1+X) n=0{j-0
2
1 1 1+14/3 1-14/3 1.2 1 (18)
S R . _ (1 _ )
Ve 4 2 2 9 n=1 81n?
Vo -vV2 1 ﬁ[ 1 ] (19)
= — 1-—
n 3 =1 144 n®
\/?+x/?_5ﬁ[1 25 ] (20)
n 3 h=1 144 n®
CovE (21
b ¢ =
2
y/(1-¢") _ glan+bn)/(1-¢7) ﬁn . m=1,2,3, (22)
donde a,=["e*Inx)dx, by =y e [je™In(1+ %) dx
- (ﬁ _(_l)n/(n,(nﬂ)z)] [ﬁﬁﬁ( P —k)( Er enmmzk)] (23)
e’ = e ) n-K+1+mz2
n=0 n=1p_, m=1
(24)
9 (25)
oan
~ = (Coth(1) - 1) ]—[Cosh( ] (26)
n=1
(27)

1+«/_ nF W Frio _( )(E][E]

= Tl+1

22 32
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—”V——ﬁF s Fyoyanse _[ ][g](54298] (28)
n=1 Fn 241 Fn2+2 n+1 3 34 54 285
En las formulas (27) y (28), Fio = Fpyy + Fy, Fi=F, =1
m (m-n+1 _pye M= S (29)
eV = ]_[ [T TT @@ansa@neiks™an+ nan+3+ks=m) (")
m=0n=0 k=0
/ npnﬂ g [63](138 199555793407] (30)
2 + = —_—
n=1 Pn 64 )\138538 465099 776
,23n+1 ‘L Snos - 38"-10 3(8"+6)
donde py; =27 + 82 p+2 ER p—52 7oph+2 % ph-ph, pi=2
72/12 | Polylog 2,-e7!) ﬁ[2"1 —k2m\(= 1)"“]2)1 (31)
€ 1+e
n=1\ j—;
/ oo 2"-1 . / (32)
e = 1+ ko™ k
il
0o 2'-1 2 (-1t
2ln(2) — ﬂ n(l + k2_n) P (33)
n=1 k=1
S _ /3 ﬂﬂ[ 2k~ 2]—2 Y (1 . 2k~ 1]—k (1 . 2k ]—k (34)
Tl+l 2ﬂ+1 2n+1
n=0 f—y
e 22 = i ﬁrﬁ (1+k222 n)(—l)k“]Qn (35)
=18 =1

o-n-1

o= [T (N () - (5 3

37

\3/1 +y1+Vi+.. =va2 yol4o82 \/ (1+27) " 4 (14 272) 732 \/((1 (127 (1 (1 27V R L

/ (38)
\/ 14+]14V1+... =+v2 Jotl+a24s \5/(1 +2Y5) 7 (14 2% (14 (1 4+ 25) ) (14 (14 2‘/5)1/5)’4/5) ~1/5) ...

e () W) )

n=1
2

2n 2n+2 2n
dondeamz:(( n )+( ))anﬂ_( ) ap, a;=1,0a,=3
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n o (-0 (2n-1!!
o, (Hi] (40)
3 n=1 an
dondeamz_%am+3(2n+1)(2n+5)an,a1:9,a2:120;(2n—1)!!:1-3~5~~~(2n—1)
o (-0 (2n-1!!
r=8(V2 -1) ﬂ(1+ 7) (41)
n=1 an
8+(4n+6) V2 | (2n+5)
dondeamz:(MHHm+ 2)ens G+ 2n+1D@2n+5(3+2V2)a,, 4, =9+6V2,a,=240+170 V2

2n+3

V7 = l—la"“ (42)

n=1 3 @
donde ap,, =2a3,, +27a8 ay,, - 544, a,=1,a, = 4
1> a 1( 3° 122 462
T LR e 3
3 nt Gn Anio 3 1:12)\3-46 )\ 12:177
dondean+3:3an+2+3an+1+an; a,=1,0a,=3,a3 =12
4 1 1-45)(9-168) (45531
[ o) e
9 -1+9 I_In an Apyo 92 452 1682

donde Anig = 9anig — 36 Apiy + 87 any6 — 144 Apis + 171 Anig — 141 apig + 72 Qpia — 18 Api + 20y,
a;=1,0,=9,03=45,0,4 = 168, as; =531, ap = 1521, a; = 4107, ag = 10710, Ay = 27414

N __(3+\/;+\/7 \/E)_q_lanam: [1-30)(6-1520][30-755]“. (45)

V5 -1 a, 6> 30 150*

donde a4 = 6 Apig — 6 Apso + 6 Apyy — A, a3 = 1,0, = 6, a5 = 30, a, = 150

N L o B e P e e 6

521 QnGnie 5 11-26) 15136 ) 26-711

donde a5 =5 anio + Aniy + An, Q3 =1,05 = 5,05 = 26

l_i‘/? 1/1 . 1/3 " )
v el ) -

1 1(1 1(1 1(1 333 1 = ai,, 1(3° 9° 26>
e I
3 33 313 313 3 =1 Gnln 311:9)(3-26)19-75

donde ayi3 =3 anso —an, G1=1,0,=3,a3=9

(47)
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N l—Ianﬂb (3)(2-7](547] (48)
20 @n by 35)\7:12)
donde ay40 =2 Apiy + An, Ao =1, =3; Dpyo =2bpiy + by, bo=1,b,=2
\/7 \/—_ l—lan+1b n Cns1 dn (49)
nlanbnﬂcndnﬂ
donde @pio =2apu + An, Ao =1,0, =35 by =2byyy + by, bo=1,b,=2; Cpyy=cCu+4dy, dpy=2¢,+9d,, ¢, =1,d, =2
n=13;
2-11\( 3%-7-37 \ (255371 113-103 993 (50)
7,15,1,292,1,1,1,2,1,3,1,14,2,1,1,2, 2, ..] =3[—]( ][ ][ ]
3.7 )\22-11-53 )\ 3%-37-113 )\ 2-3%-5-71-613
16 © QpQnye 16 (11-21\(16-22)/21-27 (51)
J1+41+vV1i+... =— :—( ][ ]( )
111:1[ a,, 1\ 16° 217 22°
donde a4 = Aniy + Ay, @ =11, a5, =16, ag = 21, a4 = 22
1 1
y:ﬁ L -In(1+ ) (52)
n=1 n_ln(n)
donde H, = 3}_, i
{(2) =
In(2) = — 1_1(1 +iM+2)/(2"(2) + 2" (3) + ... + 2L (N + 1)) (53)
n=1
donde }}° k™ ={(n), n> 1, funcién zeta de Riemann.
E:ﬁ(i . L] :(i+1][i+[3]2][i+[f]2] (54)
n=i\2 Gy 2 2 (3) )2 \17
dondeqn+1=§qn+i,ql=1
vz =[] =(i)( : ]( ! ] (55)
a2+ qn  \2+1/(2+(4/3)%)\ 2 +(48/34)°
donde gney = %, g1 =1
e Pt R el PR =) 0
2 = —— =@ =|-ll--—-|- —— = ..
etz 4 ) a2 4lg) ) 2 4(256

N |

Gn= 5B =1

donde g4
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I P I o (S S (57)
¢—ﬂ[1+ ¢2"“—¢] _H(H Fap+ (Fane— 1

donde F,, , se define como en (28).

T3 1o L7 G (58)

5 n=1 n Anso

donde a5 = 5 Apay + 10 Apig + 10 Apyo + 5Ansy + Ay, Ay =1, Ay = 5, A3 = 35, Ay = 235, A5 = 1580

©y Aps —i\(28 - 4i\(17+1i
1+v2 +i:(2+2i)l—[ 2:(2+2i)(3 l][ 4l][ 76L] (59)
2 4 25 1

n=1 an+1

donde apo = (2+2i)dpyy +(2-20) Ay, A, =1, =2+ 21

=4 npn = 4 (Cot(1)) (Cot(Cot(1))) (Cot(Cot(1) Cot(Cot(1)))) ... (60)
n=1
donde py., = Cot([T._, pn), p: = Cot(1)
In(2) = npn =(2e ") (2e eﬂ) (2 e 97'7“4) (61)
donde DPn+1=2 eXP(—HZﬂpn) , P1=2 et
~ ﬁ [ ] 1 1 (62)
In@3) | 15(2
- (lng) In 3 S
ln(3)1n(R)
donde py.; = (In([T_,pn)) ™", P1=3
25 gEn an gbr 5+v5 1+45 1= a3, 1 ( 22 ][ 102 ] (63)
T+ 1+ 1+ 14 2 s ollaan, 2(110/l2:30) 7
donde ap.y = 2 Apsg + 6 Ao — 2Anyy — Ay, Q3 = 1,0, =2, dg =10, A, = 30
< T
=V - H(COS( ) + iSin( )) =
net 2H+1
(64)

[\/; i’\/?]\/2+\/? iNo-vz \/2+\/2+x/? i\/z—\/2+\/?
2 2 2

2 2 2
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]JW NaNarve

1 V3 0 V.4 V.4 \/? i\/?
- = H(Cos(—) +1 Sln(—)) =l—+
2 2 nei 227 2 2 2
VER n
—+—=H(COS( )+iSin( ))=
2 2 nei 22n+1 22n+1
(66)
\/2+w/? i\/z—\/? 1 1
+ = |2+ 2+Va2+vVa |[+-i [[2-y2+V2+V2
2 2 2 2
1 5 = (421 + 47)
15 [1+(2“+2)3.7] (67)
716 n+1 4096 a,
dond =4096 +( +2)3(2+ ) =
on ean+1_4 9 an n+1 4 n 47 ,(10—5
1+iy3 (1 .)mumvn (1 J[ 2(-3+31) )((1+4i)(—7—4i)] (68)
— ==+ =[—+i
2 2 n=1 UnUns1 ‘2 A+2)1+40))\(-3+3D(-7+410)
donde up, =1+ i) Uy —VUp, Uppr =Up +iUp, Uy =1+20,0,=2
(69)

1

- Anit 1 4
7 = 3.1415926535 ...:alﬂ — | =31+ —||1+ — |1+ —] ..
nei 10(a; a, as ... ay) 30 310 3140

(1 +
donde los a, representan los digitos de Pi: a, =3,a,=1,a;=4,a,=1, ..y (a,a, as ...a,) es el nimero entero formado por los digitos

ay, as, Ag, ..., Ap .
[SS] 2m
n +1 o 2 (6]
B Semm@amnamon g (70)
n?Mm-1
n=2
= w U
]_l(l +e™) = e ey 71
n=1
[ee]
00 1
[la-en —e s 72
n=1
n-radicales
0 [} nao—2n ( )
1 a,n" 2 73
l_[1+—- 2—4/2+V2+..V2 :epo—
2 ~o1-2™




Productos Infinitos.nb | 11

n-radicales
plih iy

]_[1‘5' 2—\/2+ 2+..V2 =eXp(Z o

n=1

En las formulas (73) y (74) , se tiene:

1 n=1 227 (221_1) B,
Aon1 = Eny » Qon = ,N=1,2,3, ..,
= 2n)(2n)!
Gl n=2,3, ... (2n)(2n)

{E,:n=1,2, ..}={1,5,61,1385,...} , nimeros de Euler ,

1 1 1 1 , .
{B,: n=1,2, ...}={g, 300 150 30° ...} , nimeros de Bernoulli.
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