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§1

The simplest way I see to prove the breakdown solutions of Navier-Stokes
equations, following the described in [1], refers to the condition of bounded
energy, the finiteness of the integral of the squared velocity of the fluid in the
whole space.

We can certainly construct solutions for
du; 3 ou; 2 ap ;
1 — Ui — = vVeu — — ,1<1<3,

that obey the condition of divergence-free to the velocity (continuity equation to
the constant mass density),

. ou;
2) divu=sV-u= ?:16—1; =0, (incompressible fluids)
2

and the initial condition
3)  ulx,0) =u’(x),

where u;, p, f; are functions of the position x € R3 and the time t > 0,t € R. The
constant v>0 is the viscosity coefficient, p represents the pressure and
u = (uq,uy,uz) is the fluid velocity, measured in the position x and time t, with

2
Vi=V-V= 213216%. The function f = (f}, f,, f3) has the dimension as acceleration

or force per mass unit, but we will keep on naming this vector and its components
by the generic name of force, such as used in [1]. It’s the externally applied force to
the fluid, for example, gravity.
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The functions u°(x) and f (x, t) must obey, respectively,
4)  10%u’(x)| € Cpre(1 + |x|) ¥ onR3, forany @ € N3 and K € R,
and

(5) 020" f(x,t)| < Coumr (1 + |x] + £)7% on R3 x [0,0), for any a € N3,
m € Nyand K € R,

with Ny = {0,1,2,3, ...} (derivatives of order zero does not change the value of
function), and a solution (p,u) from (1) to be considered physically reasonable
must be continuous and have all the derivatives, of infinite orders, also continuous
(smooth), i.e,,

(6) p,u€ C®(R®x [0,)).

Given an initial velocity u® of C* class, divergence-free (V- u° = 0) on R3
and an external forces field f also C* class on R3 x [0, ), we want, for that a
solution to be physically reasonable, beyond the validity of (6), that u(x,t) does
not diverge to |x| = oo and satisfy the bounded energy condition, i.e.,

() Jgs lu(x, )]?dx < C, forallt > 0.

We see that every condition above, from (1) to (7), need to be obeyed to get
a solution (p,u) considered physically reasonable, however, to get the breakdown
solutions, (1), (2), (3), (6) or (7) could not be satisfied to some t > 0, in some
position x € R3, still maintaining (4) and (5) validity.

A way to make this situation (breakdown) happens is when (1) have no
possible solution to the pressure p(x,t), when the vector field ¢: R3 x [0, 0) - R3
in

(8) szvVZu—g—ltL—(u-V)u+f=¢

is not gradient, not conservative, in at least one (x,t) € R3 x [0, ®). In this case, to
¢ = (¢4, P2, P3) not to be gradient, it must be
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to some pair (i,j),1<1i,j<3,x€ R3 and time t not negative (for details check,
for example, ApostollZ], chapter 10).

If we admit, however, that (1) has a possible (p,u) solution and this also
obey (2), (3) and (6), the initial condition u°(x) verifies (2) and (4), the external
force f(x,t) verifies (5) and both u°(x) and f(x, t) are C* class, we can try get a



breakdown solutions in t > 0 violating the condition (7) (bounded energy), i.e.,
choosing u°(x) or u(x, t) that also obey to

(10) fR3 lu(x, t)|?dx — oo, for some t > 0.

The official description of the problem to this (C) case of breakdown
solutions is given below:

(C) Breakdown solutions of Navier-Stokes on R3. Take v > 0 and n = 3. Then there
exist a smooth and divergence-free vector field u°(x) on R® and a smooth external
force f(x,t) on R3 x [0, ) satisfying

(4)  |0fu’(x)| < Co(1 + )" on R3, Ve, K,
and
(5) 020 f (x,t)| < Coumx (1 + |x] + £) ¥ on R3 X [0, ), Va, m, K,

for which there exist no solutions (p, ) of (1), (2), (3), (6), (7) on R3 x [0, o).

It’s clear to see that we can solve this problem searching valid velocities
which the integral of its square in all space R3 is infinite, or also, as shown in (8),
searching functions ¢ non gradients, where the pressure p won’t be considered a
potential function to some instant t > 0. We understand that the a, m shown in (4)
and (5) just make sense to |a|,m € {0,1,2,3,4,...} and the negatives K can be
ignored, because it does not limit the value of the functions u°, f and its derivatives
when |x| = o or t = oo, with Cpg, Comrx > 0.

§2

The inequation (4) brings implicitly that u°(x) must belong to the vectorial
space of rapidly decreasing functions, which tend to zero for |x| — oo, known as
Schwartz space, S (R3), named after the French mathematician Laurent Schwartz
(1915-2002) which studied it [3]. These functions and its derivatives of all orders
are continuous (C*) and decrease faster than the inverse of any polynomial, such
that

(11) limy 50 x1*D%(x) = 0

for all « = (a4, ..., ¢,), @; non negative integer, and all integer k > 0. a is a multi-
index, with the convention

alal
s gmlal=ai+ -+ an,a; €{0,1,2,..}

X1 " Xxn

(12) D* =



DY is the operator identity, D¢ is a differential operator. An example of function of
this space is u(x) = P(x)e_|x|2, where P(x) is a polynomial function.
The following properties are valid [4]:

1) S(R™) is a vector space; it is closed under linear combinations.

2) S(R™) is an algebra; the product of functions in S(R™) also belongs to S(R™)
(this follows from Leibniz’ formula for derivatives of products).

3) S(R™) is closed under multiplication by polinomials, althrough polynomials are
notinS.

4) S(R™) is closed under differentiation.

5) S(R™) is closed under translations and multiplication by complex exponentials
(eix-g‘)_

6) S(R™) functions are integrable: fRn |f(x)|dx < oo for f € S(R™). This follows
from the fact that |[f(x)| <M1+ |x])"™*D and, using polar coordinates,
Jon @+ |x)~*Vdx =C f0°°(1 +7r) ™ 1r"ldr <o, ie, the function |f]

decreases like 72 (and (1 + r)~2) at infinity and a finite integral is produced.

By S(R3) definition and previous properties we see that, as u°(x) € S(R?),
then [0, [u®()ldx < [, M(1+ [x])"*dx < Cfooo(l +7)"2dr <o and squared
[u®(x)| and M(1+ |x])™* we come to the inequality [, |u®(x)|*dx < oo, that

contradicts (10).
Another way to check this is that the set S(R") it is contained in LP (R") for
all p, 1 <p <o ([5]-[9]), and in particular for p =2 and n =3 follows the

finiteness of [, [u®(x)|*dx.

Therefore, if the condition (7) is disobeyed, as we propose in this article,
will be for t > 0, for example, finding some function u(x,t) like u®(x)v(x,t),

v(x,0) =1, or u’(x)+v(xt), v(x,0) =0, with fR3 |[v(x,t)|?dx - oo and

f]RB |u(xr t)lzd'x — 0.

§3

Really, choosing u®(x) € S(R®) and f(x,t) € S(R3 X [0,)), obeying this
way (4) and (5), remembering that we do not need have u,p € S(R3 x [0,%)) as a
solution, but only u,p € C®(R3 X [0, )), then it is possible to build a solution to
the speed like u(x,t) =u’(x)e t+wv(t), with v(0)=0, such that
Jga [u(x,t)|?dx > o, because when [ [|u®(x)[?e™" +2u’(x) - v(t)]dx = 0, for

example, when each component of u°(x) has the same sign of the respective
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component of v(t) or the product between them is zero or ng u%(x) - v(t)dx = 0,

we will have fRS lu(x, t)|?dx > fR3|v(t)|2dx = |v(t)|? fRS dx — oo, with v(t) # 0,
t > 0. We must also choose u,u® suchthat V-u=V-u® =0.
In particular, we choose, for 1 <i < 3,

(13.1) ul(x) = e‘(x%+x§+x§)(x2x3,x1x3, —2X1X3),
(13.2) vi(t) =w() =et(1—eb),
(13.3) w;(x,t) = u) (x)e~t + v;(¢),
_ 6u? 6u? _
(13.4) filx,t) = (—u? +e t Y uf o +X3, v Fr vVZu?> e t,

which results to p(x,t), as the only unknown dependent variable yet to be
determined,

ov _
(14) Vp + == 0,
and then
(15) p(x,t) = —(Z—':/(xl + x, + x3) + 6(0).

The resulting pressure has a general time dependence 6(t), should be class
C”([0,0)) and we can assume limited, and diverges at infinity (|x| = o), but
tends to zero at all space with the increased time (unless possibly 8(t)), due to the
factor et that appears in the derivative of w(t),

(16) C;—Vtv =e t(2e - 1).

In this example [, u®(x) - v(t)dx = 0,and so [, [u(x, t)|*dx — oo for t > 0,
as we wanted. Simpler it would be to choose u°(x) = 0.

Interesting to note that there is no discontinuity in velocity, no singularity
(divergence: |u| = o0), however diverges the total kinetic energy in the whole
space, fm@ |u|? dx - co. We had as input data u°® € L*(R3), f € L? (IR{3 x [0, 00)), but
the solution u ¢ L?(R3 x [0,)),as p & L?(R® x [0, )).

§4

Our example obey the necessary conditions of divergence-free (V- u° = 0),
smoothness (C*) and partial derivatives of u° and f of Cur(1+ |x|)™¥ and
Comx(1 + |x| + )% order, respectively. We conclude that we must have
u® € S(R3) and f € S(R3 X [0,)). To each possible u(x, t) so that (3) is true, the
external force f(x,t) and the pressure p(x,t) can be fittingly constructed, in C
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class, verifying (8), and in a way to satisfy all the necessary conditions, finding, this
way, a possible solution to (1), (2), (3), (4), (5) and (6), and only (7) wouldn’t be
satisfied, for t > 0, according to (10). We then show one example of breakdown
solutions to case (C) of this millennium problem. This example, however, won’t
take to case (A) from [1], of existing and smoothness of solutions, because it
violates (7) (case (A) also impose a null external force, f = 0).

An overview of the problem’s conditions is listed below (:R3 and
: R3 x [0, ) representing the respective functions domains).

v>0n=3
Jul(x):R3 smooth (C®), divergence-free (V- u° = 0)
3f(x,t):R3 x [0, 00) smooth (C*)

(4) |02u°(x)| < Core(1 + [x)7K:R3, Va,K
(5)  |0%0f(x,t)| < Comx (1 + |x| + ) K:R3 x [0,0), Va,m, K
A(p,w): R® X [0,0) /

aul _ 2 dp , 3
(1) +Z] 1u]a —vVui—§+fl-(x,t),1SLS3(xER,tZO)
2) V-u=0
(3) u(x,0)=u%) (x € R®)

(6)  pu€C?(R®X[0,0))

(7)) Jpelux, O)|?dx < C,vt 20 (bounded energy)

It's important that we also analyse the solution’s uniqueness question. As
u®(x) and f(x, t) are given of C* class, chosen by us, and satisfying (4) and (5), i.e.,
belonging to the Schwartz space, with V-u° = 0, claim that there is no solution
(p,u) to the system (1), (2), (3), (6) and (7) might assume that we explored, or
proved to, the infinite possible combinations of p and u, i.e., of (p,u). So we need
that exists uniqueness of solution for the speed that we build, eliminating other
possible speeds for the same data used, u°(x) and f(x,t), and involving in finite
total kinetic energy.

The uniqueness of the solution (except due the pressure p(x,t) with
constant additional term or time-dependent) comes from classical results already
known, for example described in the mentioned article of Fefferman [1]: the
system of Navier-Stokes equations (1), (2), (3) it has unique solution for allt = 0
or only for a finite time interval [0,T) depending on the initial data, where T is
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called “blowup time’. When there is a solution with finite T then the velocity u
becomes unbounded near the “blowup time”.

We see that the existence of our solution in the given example is guaranteed
by construction and direct substitution. Our velocity has no irregular behavior, any
regularity loss, at no time t, in none position, that becomes unlimited, infinite, even
for t - o or |x| = oo, therefore, there can be no “blowup time"”in the example we
gave, therefore the solution found in the previous case is unique at all times
(unless pressure). But even if there were a finite T (in [10], [11] we see that T >
0), the uniqueness would exist in at least a small interval of time, which is enough
to show that in this time range occurs the breakdown of Navier-Stokes solutions
because it was disobeyed limited kinetic energy condition (7), making the case (C)
true.

Although only exposed one case possible for infinite energy occurring at
t > 0, when the velocity u takes the form u(x,t) = u®(x)e~t + v(t), cases more
generally of velocities v(x, t) dependent explicitly the spatial coordinates x4, x5, x3
probably occur also, with v(x,t) a vector, v(x,0) = 0, as well as the velocities of
the form u(x, t) = u®(x)v(x,t), with v(x,t) a scalar function, v(x,0) = 1, or also
other possible velocities u(x,t). A large and important research in Analysis,
Mathematical Physics and Applied Mathematics (e.g. [1], [10]-[15]).

Grateful to Professor Ricardo Rosa of the UFR] University, mathematical
expert on the Navier-Stokes equations, who explained to me about the case « = 0
and its nature of multi-index.

[]

References

[1] Fefferman, Charles L., Existence and Smoothness of the Navier-Stokes Equation,
in http://www.claymath.org/sites /default/files /navierstokes.pdf (2000).

[2] Apostol, Tom M., Calculus, vol. Il. New York: John Wiley & Sons (1969).

[3] Schwartz, Laurent, Théorie des Distributions. Paris: Hermann, Editeurs des
Sciences et des Arts (1966).

[4] Strichartz, Robert, A Guide to Distribution Theory and Fourier Transforms.
Florida: CRC Press Inc. (1994).

[5] https://en.wikipedia.org/wiki/Schwartz space (acessed in 01-28-2016).

[6] http://mathworld.wolfram.com/SchwartzSpace.html (acessed in 01-28-2016).

[7] http://www.math.washington.edu/~hart/m526 /Lecture3.pdf (01-28-2016).



http://www.claymath.org/sites/default/files/navierstokes.pdf
https://en.wikipedia.org/wiki/Schwartz_space
http://mathworld.wolfram.com/SchwartzSpace.html
http://www.math.washington.edu/~hart/m526/Lecture3.pdf

[8] Gjestland, Frederik Joachim, Distributions, Schwartz Space and Fractional
Sobolev Spaces, Master’s Thesis of Science in Physics and Mathematics, Norwegian
University of Science and Technology, Department of Mathematical Sciences, in
http://www.diva-portal.org/smash/get/diva2:664088 /FULLTEXTO01.pdf (2013).

[9] Kinani, Abdellah El, and Oudadess, Mohamed, Distribution Theory and
Applications. Singapore: World Scientific (2010).

[10] Kreiss, Heinz-Otto, and Lorenz, Jens, /nitial-Boundary Value Problems and the
Navier-Stokes Equations. San Diego: Academic Press Inc. (1989).

[11] Leray, Jean, Aspects de la mécanique théorique des fluides, La Vie des Sciences
11, 287-290 (1994). See https://www.tmna.ncu.pl/static/files/v12n2-01.pdf

[12] Leray, Jean, Sur Le Mouvement d’un Liquide Visqueux Emplissant L’Espace,
Acta Mathematica, 63, 193-248 (1934).

[13] Ladyzhenskaya, Olga A., The Mathematical Theory of Viscous Incompressible
Flow. New York: Gordon and Breach Science Publishers (1969).

[14] Smale, Steve, Mathematical Problems for the Next Century, Mathematical
Intelligencer 20 (2): 7-15 (1998).

[15] Constantin, Peter, Some open problems and research directions in the
mathematical study of fluid dynamics, Mathematics Unlimited - 2001 and Beyond,
353-360. Berlin: Springer-Verlag (2001).


http://www.diva-portal.org/smash/get/diva2:664088/FULLTEXT01.pdf
https://www.tmna.ncu.pl/static/files/v12n2-01.pdf

Breakdown of Navier-Stokes Solutions - Unbounded Energy fort > 0
Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Abstract - A solution to the 6th millenium problem, respect to breakdown of
Navier-Stokes solutions and the bounded energy. We have proved that there are
initial velocities u°(x) and forces f (x, t) such that there is no physically reasonable
solution to the Navier-Stokes equations for t > 0, which corresponds to the case
(C) of the problem relating to Navier-Stokes equations available on the website of
the Clay Institute.

Keywords - Navier-Stokes equations, continuity equation, breakdown, existence,
smoothness, physically reasonable solutions, gradient field, conservative field,
velocity, pressure, external force, bounded energy, millenium problem.

§1

A maneira mais simples que vejo para se provar a quebra de solugdes
(breakdown solutions) das equacgdes de Navier-Stokes, seguindo o descrito em [1],
refere-se a condicao de energia limitada (bounded energy), a finitude da integral
do quadrado da velocidade do fluido em todo o espaco.

Podemos certamente construir solucdes de

ou; 3 ou; 2 dp .
1 — i Ui— = vVeu; — — b, 1<i<3,
M et Ljmlg, = vVl — g T il st
que obedecam a condicao de divergente nulo para a velocidade (equagdo da
continuidade para densidade de massa constante),

3 0y
t=1 axi

2) divu=sV-u= =0, (fluidos incompressiveis)

e a condigdo inicial
(3)  ulx,0) =u’(x),

onde u;, p, f; sdo funcdes da posicdo x € R® e do tempo t > 0,t € R. A constante
v = 0 é o coeficiente de viscosidade, p representa a pressdo e u = (uy,uy, uz) € a

3 &
i=1 axl-z'

velocidade do fluido, medidas na posicdo x e tempo t, com V2=V V=) A

funcao f = (f1, f2, f3) tem dimensao de aceleracdo ou forg¢a por unidade de massa,
mas seguiremos denominando este vetor e suas componentes pelo nome genérico
de forca, tal como adotado em [1]. E a forca externa aplicada ao fluido, por
exemplo, gravidade.

As fungdes u®(x) e f(x, t) devem obedecer, respectivamente,
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4)  10%u’(x)| < Cyre(1 + |x|) ¥ sobre R3, para quaisquer @ € N3 e K € R,
e

(5) 0% f(x,t)| < Comu (L + |x| + )™  sobre R3x[0,00), para
quaisquer a € N3, m € Ny e K € R,

com N, = {0,1,2,3, ...} (derivadas de ordem zero ndo alteram o valor da fungido), e
uma solucao (p,u) de (1) para que seja considerada fisicamente razoavel deve ser
continua e ter todas as derivadas, de infinitas ordens, também continuas (smooth),
i.e.,

(6) pu€ecC”® (R3 x [0, ).

Dada uma velocidade inicial u° de classe C* com divergente nulo
(divergence-free, V - u® = 0) sobre R3 e um campo de forcas externo f também de
classe C® sobre R3 X [0,), quer-se, para que uma solucdo seja fisicamente
razoavel, além da validade de (6), que u(x,t) ndo divirja para |x| = oo e seja
satisfeita a condi¢ao de energia limitada (bounded energy), i.e.,

(7) fR3 lu(x, t)|?dx < C, paratodo t = 0.

Vemos que todas as condi¢des acima, de (1) a (7), precisam ser obedecidas
para se obter uma solugdo (p,u) considerada fisicamente razoavel, contudo, para
se obter uma quebra de solugdes, (1), (2), (3), (6) ou (7) poderiam ndo ser
satisfeitas para algum t > 0, em alguma posicio x € R3, mantendo-se ainda a
validade de (4) e (5).

Uma maneira de fazer com que esta situagdo (breakdown) ocorra é quando
(1) ndo tem solucao possivel para a pressao p(x,t), quando o campo vetorial
¢:R3 x [0,0) - R3 em

(8) Vp=vV2u—Z—1:—(u-V)u+f=qb

é ndo gradiente, nido conservativo, em ao menos um (x,t) € R3 x [0, ). Nesse
caso, para ¢ = (¢4, ¢, , ¢p3) ser ndo gradiente deve valer

29,
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para algum par (i,j),1<i,j <3, x €R? e tempo t ndo negativo (para mais
detalhes veja, por exemplo, Apostoll?], cap. 10).

Se admitirmos, entretanto, que (1) tem solucdo (p,u) possivel e esta
também obedece (2), (3) e (6), a condicio inicial u°(x) verifica (2) e (4), a forca
externa f (x, t) verifica (5) e u®(x) e f(x, t) sdo de classe C*, podemos tentar obter
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a condicdo de quebra de solugdes em t > 0 violando-se a condi¢do (7) de energia
limitada (bounded energy), i.e., escolhendo-se u°(x) ou u(x,t) que também
obedecam a

(10) u(x, t)|?dx - oo, paraalgumt > 0.
]R3

A descricao oficial do problema para este caso (C) de quebra de solugdes é
dada a seguir:

(C) Quebra das solugdes da Equagdo de Navier-Stokes sobre R3. Para v>0 e
dimensdo espacial n = 3 existem um campo vetorial suave e com divergéncia nula
u%(x) sobre R3 e uma forc¢a externa suave f(x, t) sobre R3 X [0, o) satisfazendo

(4)  |10%u(x)| < Co (1 + |x|)~¥ sobre R3, Va, K,
e
(5)  |10%0"f(x,t)| < Comr (1 + |x| + t) ™K sobre R3 x [0, ©), Va, m, K,

tais que ndo existe solu¢do (p,u) sobre R3 x [0, ) satisfazendo (1), (2), (3), (6) e

(7).

Vé-se claramente que podemos resolver este problema buscando
velocidades validas cuja integral do seu quadrado em todo o espaco R3 é infinito,
ou também, conforme indicamos em (8), buscando fun¢des ¢ ndo gradientes, onde
a pressao p ndo podera ser considerada uma fungao potencial, para algum instante
t > 0. Entendemos que os a,m indicados em (4) e (5) s6 fazem sentido para
la|,m € {0,1,2,3,4, ...} e os K negativos podem ser desprezados, pois nao limitam
o valor das func¢des u® f e suas derivadas quando |x] - o ou t — o, com
CaK' CamK > 0.

§2

A inequacdo (4) traz implicitamente que u°(x) deve pertencer ao espaco
vetorial das fun¢des de rapido decrescimento, que tendem a zero em |x| — oo,
conhecido como espaco de Schwartz, S(R3), em homenagem ao matematico
francés Laurent Schwartz (1915-2002) que o estudou [3]. Estas fungdes e suas
infinitas derivadas sdo continuas (C™) e decaem mais rapido que o inverso de
qualquer polinoémio, tais que

(11) lim o0 |x|* D% (x) = 0

para todo a = (a4, ..., ¢,), @; inteiro ndo negativo, e todo inteiro k = 0. @ é um
multi-indice, com a convengdo
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||
(12) DY = la| = a; + -+ apa; € {0,1,2,...).

aq an
FREC

D é o operador identidade, D% um operador diferencial. Um exemplo de fung¢io
deste espaco é u(x) = P(x)e_|x|2, onde P(x) é uma fun¢do polinomial.
Valem as seguintes propriedades [4]:

1) S(R™) é um espaco vetorial; ele é fechado sobre combinagdes lineares.

2) S(R™) é uma algebra; o produto de fungdes em S(R™) também pertence a
S(R™).

3) S(R™) é fechado sobre multiplicacdao por polindmios.
4) S(R™) é fechado sobre diferenciagao.

5) S(R™) é fechado sobre translagcdes e multiplicagdo por exponenciais complexos
(eix-f).

6) funcdes de S(R™) sdo integraveis: fRn |f(x)]dx < oo para f € S(R"). Isto segue
do fato de que |[f(x)|<M(1+|x])~ ™D e, usando coordenadas polares,
Jon (4 1x)~*Vdx = € fooo(l + 1)1 r"ldr < o, i, o integrando decresce

como 2 (e (1 + r)™2) no infinito e produz uma integral finita.

Da definicio de S(R3) e propriedades anteriores vemos que, como
u®(x) € S(R?), entdo [o, [u®(x)|dx < [, M(1+ |x|)"*dx < C fooo(l +7)72dr < o
e quadrando [u°(x)| e M(1 + |x[)™* chegamos a desigualdade [, [u®(x)|*dx < oo,
que contradiz (10).

Outra forma de verificar isso é que o conjunto S(R") esta contido em
LP(R™) paratodop, 1 <p < oo ([5]-[9]), e em particular parap = 2 e n = 3 segue
a finitude de [, [u®(x)|*dx.

Portanto, se a condicdo (7) for desobedecida, conforme propomos neste
artigo, sera para t > 0, por exemplo, encontrando alguma funcao u(x,t) da forma

u()v(x,t), v(x,0) =1, ouu®(x) + v(x,t), v(x,0) =0, com fR3 |[v(x, t)|>dx - o

e Jps [u(x, t)|?dx — oo,

§3

De fato, escolhendo u°(x) € S(R3) e f(x,t) € S(R3 x [0, »)), obedecendo-
se assim (4) e (5), lembrando-se que ndo precisamos ter u,p € S(R3 X [0, o))
como solucdo, apenas u,p € C*(R3 X [0,»)), entdo é possivel construir uma
solucio para a velocidade da forma u(x,t) = u®(x)e~* + v(t), com v(0) = 0, tal
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que [p; [u(x, t)|?dx — oo, pois, quando [.[|u’(x)[*e™" + 2u’(x) - v(t)]dx > 0, por
exemplo, quando cada componente de u°(x) tem o mesmo sinal da respectiva
componente de v(t) ou o produto entre elas é zero ou [, u(x) - v(t)dx = 0,
teremos [oo [u(x, t)|?dx = [o;|v(t)|?dx = [v(t)|? [z dx — o0, com v(t) # 0,t > 0.

Também devemos escolher u, u° taisque V-u = V- u® = 0.
Em especial, escolhamos, paral <i < 3,

(13.1) u0(x) = e~ I+ D) (o, xo %, x5, —2%1X5),
(13.2) v;(t) =w(t) =e t(1—e™),
(13.3) u(x, t) = ud(x)e t + v;(t),
- ous uf
(13.4) fi(x,t)z(—u?+e ‘Yiu 0 ) +Z] 1UJa )e £

o que resulta para p(x, t), como a Unica incégnita ainda a determinar,

ov _
(14) Vp + == 0,
e entdo
(15) p(x,t) = —(Z—':/(xl + x, + x3) + 6(0).

A pressdo obtida tem uma dependéncia temporal genérica 6(t), que deve ser de
classe C*([0,)) e podemos supor limitada, e diverge no infinito (|x| = o0), mas
tendera a zero em todo o espago com o aumento do tempo (a menos
eventualmente de 8(t)), devido ao fator e~¢ que aparece na derivada de w(t),

(16) C;—Vtv =e t(2e ' —1).

Neste exemplo [,

t > 0, como queriamos. Mais simples ainda seria escolher u°(x) = 0.
Interessante observarmos que ndo ocorre nenhuma descontinuidade na
velocidade, nem singularidade (divergéncia: |u| — o), entretanto a energia

;u’(x) - v(t)dx =0, e assim [, |u(x,t)|*dx —» oo para

cinética total em todo o espaco diverge, fR3 |u|? dx — oo, Tivemos como dados de
entrada u® € L?(R®), f € L?(R® x [0,%0)), mas por solugdo u & L?(R3 x [0,)),
assim como p € L?(R3 x [0, ).

§4

Nosso exemplo obedece as condi¢des de divergéncia nula (divergence-free,
V-u® = 0), suavidade (smoothness, C*) e derivadas parciais de u° e f da ordem
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de Cox (1 + |x)7% e Chpmi (1 + |x| + t)7X, respectivamente. Concluimos que deve
ser u® € S(R3®) e f € S(R3 X [0,)). Para cada u(x,t) possivel tal que (3) seja
verdadeira, a forca externa f(x,t) e a pressdo p(x, t) podem ser convenientemente
construidas, na classe C®, verificando (8), e de modo a satisfazerem todas as
condi¢Oes necessarias, encontrando-se assim uma solu¢do possivel para (1), (2),
(3), (4), (5) e (6), e apenas (7) nao seria satisfeita, para t > 0, conforme (10).
Mostramos entdo um exemplo de quebra de solucbes para o caso (C) deste
problema do milénio. Este exemplo, entretanto, ndo leva ao caso (A) de [1], de
existéncia e suavidade das solugdes, justamente por violar (7) (O caso (A) também
impoe que seja nula a for¢a externa, f = 0).

Um resumo das condi¢cdes do problema esta listado abaixo.

v>0n=3
Juo(x):R3 smooth (C®), divergence-free (V- u® = 0)
3f(x,t):R3 x [0, ) smooth (C*)

(4) |0%u°(x)] < Co (1 + |x])7K:R3, Va,K

(5) 020 f(x,t)| < Comx (1 + x| + ) K:R3 X [0,0), Va,m, K
A(p,u): R x [0, ) /

1) H+3i 1uja = szui—j—i+ﬂ(x,t),1 <i<3 (x€R3t=>0)
2) Veu=0

(3)  u(x,0)=u’x) (x € R®)

(6)  pu€C?(R®X[0,00))

(7)  Jpslu(x,)|?dx < C, vt 20 (bounded energy)

E importante analisarmos também a questdo da unicidade das solucées.
Como u°(x) e f(x, t) sdo dados, escolhidos por nos, de classe C* e satisfazendo (4)
e (5), i.e, pertencentes ao espaco de Schwartz, com V- u°® = 0, afirmar que nio
existe solucdo (p,u) para o sistema (1), (2), (3), (6) e (7) pode pressupor que
exploramos, ou provamos para, as infinitas combinag¢des possiveis de p e de u, i.e,,
de (p,u). Sendo assim, precisamos que haja unicidade de solu¢do para cada
velocidade que construimos, o que elimina outras velocidades possiveis para os
mesmos dados utilizados, u°(x) e f(x,t), e que implicassem em energia cinética
total finita.

A unicidade da solucao (a menos da pressao p(x,t) com o termo adicional
constante ou dependente do tempo) vem dos resultados classicos ja conhecidos,
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descritos por exemplo no mencionado artigo de Fefferman [1]: o sistema das
equacdes de Navier-Stokes (1), (2), (3) tem solugdo unica para todo t >0 ou
apenas para um intervalo de tempo [0,T) finito dependente dos dados iniciais,
onde T é chamado de “blowup timée’. Quando hd uma solugdo com T finito entdo a
velocidade u torna-se ilimitada proxima do “blowup time”.

Vemos que a existéncia de nossa solucdo, no exemplo dado, estd garantida
por construcdo e substituicdo direta. Nossa velocidade nao apresenta nenhum
comportamento irregular, em instante t algum, em posicao alguma, que a torne
ilimitada, infinita, nem mesmo para t - o ou |x| = o, sendo assim, ndo pode
haver o “blowup time” no exemplo que demos, portanto a solucdo encontrada no
caso anterior é Unica em todo tempo (a menos da pressdo). Mas ainda que
houvesse um T finito (em [10], [11] vemos que T > 0), a unicidade existiria em
pelo menos um pequeno intervalo de tempo, o que ja é suficiente para mostrar que
neste intervalo ocorre a quebra das solugdes de Navier-Stokes por ser
desobedecida a condi¢do de energia cinética limitada (7), tornando o caso (C)
verdadeiro.

Embora sé tenhamos exposto um caso possivel para ocorréncia de energia
infinita em t > 0, quando a velocidade u toma a forma u(x, t) = u®(x)e™t + v(t),
casos mais gerais de velocidades v(x,t) dependentes explicitamente das
coordenadas espaciais x;, x,, X3 provavelmente ocorram também, v(x, t) um vetor
com v(x,0) = 0, assim como para as velocidades da forma u(x,t) = u®(x)v(x, t),
sendo v(x,t) uma funcdo escalar com v(x,0) =1, ou ainda outras possiveis
velocidades u(x,t). Uma vasta e importante pesquisa em Anadlise, Fisica-
Matematica e Matematica Aplicada (por exemplo, [1], [10]-[15]).

Grato ao professor Ricardo Rosa da UFR], matematico especialista nas
equacdes de Navier-Stokes, que me explicou sobre o caso a = 0 e sua natureza de
multi-indice.

l

Referéncias

[1] Fefferman, Charles L., Existence and Smoothness of the Navier-Stokes Equation,
in http://www.claymath.org/sites/default/files /navierstokes.pdf (2000).

[2] Apostol, Tom M., Calculus, vol. Il. New York: John Wiley & Sons (1969).

[3] Schwartz, Laurent, Théorie des Distributions. Paris: Hermann, Editeurs des
Sciences et des Arts (1966).

[4] Strichartz, Robert, A Guide to Distribution Theory and Fourier Transforms.
Florida: CRC Press Inc. (1994).

15


http://www.claymath.org/sites/default/files/navierstokes.pdf

[5] https://en.wikipedia.org/wiki/Schwartz space (acessed in 01-28-2016).

[6] http://mathworld.wolfram.com/SchwartzSpace.html (acessed in 01-28-2016).

[7] http://www.math.washington.edu/~hart/m526/Lecture3.pdf (01-28-2016).

[8] Gjestland, Frederik Joachim, Distributions, Schwartz Space and Fractional
Sobolev Spaces, Master’s Thesis of Science in Physics and Mathematics, Norwegian
University of Science and Technology, Department of Mathematical Sciences, in
http://www.diva-portal.org/smash/get/diva2:664088 /FULLTEXTO01.pdf (2013).

[9] Kinani, Abdellah El, and Oudadess, Mohamed, Distribution Theory and
Applications. Singapore: World Scientific (2010).

[10] Kreiss, Heinz-Otto, and Lorenz, Jens, /nitial-Boundary Value Problems and the
Navier-Stokes Equations. San Diego: Academic Press Inc. (1989).

[11] Leray, Jean, Aspects de la mécanique théorique des fluides, La Vie des Sciences
11, 287-290 (1994). See https://www.tmna.ncu.pl/static/files/v12n2-01.pdf

[12] Leray, Jean, Sur Le Mouvement d’un Liquide Visqueux Emplissant L’Espace,
Acta Mathematica 63, 193-248 (1934).

[13] Ladyzhenskaya, Olga A., The Mathematical Theory of Viscous Incompressible
Flow. New York: Gordon and Breach Science Publishers (1969).

[14] Smale, Steve, Mathematical Problems for the Next Century, Mathematical
Intelligencer 20 (2): 7-15 (1998).

[15] Constantin, Peter, Some open problems and research directions in the
mathematical study of fluid dynamics, Mathematics Unlimited - 2001 and Beyond,
353-360. Berlin: Springer-Verlag (2001).

16


https://en.wikipedia.org/wiki/Schwartz_space
http://mathworld.wolfram.com/SchwartzSpace.html
http://www.math.washington.edu/~hart/m526/Lecture3.pdf
http://www.diva-portal.org/smash/get/diva2:664088/FULLTEXT01.pdf
https://www.tmna.ncu.pl/static/files/v12n2-01.pdf

