*R*x = kT

Physicalization of Curvature
Tobias Wowereit
The Einstein equations are completed.

The electromagnetic nature of energetic phenomena is derived.
Alternative units are introduced.
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1. LILII
1.1. 1

The Einstein equations of General Relativity

1
kKTiy = Ry — §gikR
= [*Rx|i

= ¢ [«R#]iju

a1
— g]l ZnijabnkZCdRabcd

can be written as

1 Rkl
K

= T

[*Rx]ijm1
K

. R+;; . . . .
T is the trace of W and if Ty is an energy momentum tensor so is because the metric

bears no physical or geometrical unit. Setting

[ Rkt
R = Ty
K
implies
P'Tij = T

Details in part I.

1.2. 11

The energy momentum tensor of the electromagnetic field in connection with the Einstein equations
reads

1 1
R, — ZRgik = k[T — Zng‘k:]
1
= K[F Fy — ZFabFabgik]

This expression stems from

[«Rx|;x = KT
= kE Fy
which in turn stems from
¥R+lijr = KTiju
= IiFiijl

Details in part II.



1.3. 1

Usually Ty is called ’energy-momentum tensor’ and bears the unit

[Tw] = ke - —

Regarding T;; as a tensorfield defined on spacetime, a canonical unit for T;; should contain a factor

L or —L;. This means
m S-m

X
[Ti] = ol
The unit X has electromagnetic 'roots’ because
X = K[Ql]esu2 Ky eR

~ 4,817-10% - esu®

‘esu’ being the ’electrostatic unit of charge’. Details in part III.



2. m, 5w, e V,C R

Further literature

V,9,C,R  [13], pp. 23, 30 — 40
[11], III, §1—5
T [2], pp. 291 — 298
3]
T 2], pp. 298 — 299
[9]
w [1], pp. 25 — 28
[4], pp. 374 — 379, 552 — 568
wou [10], pp. 120
[11], I, §7

Let M denote a differentiable manifold, dim[M] = n, and let M’ denote a Lorentzian manifold,
dim[M¥*] = 4, with metric signature 1,1,1, —1.

21. 7

ai...ap
1.1

ai...ap o [1] Apl1]
ot = Z sign[p -0y
ai...ap o Ap[1] Apli]

p

p[1]...p[l] denotes an array of 1,...,1 which is obtained from 1,...,l by permutations. The sum is
carried out over all possible arrays of 1,...,l. sign[p|, the sign of an array, is positive if p[1]...p[l]
can be obtained from 1,2,...,l— 1,1 by an even number of permutations, otherwise negative. So the
Permutation Operator m can be defined as

ai...q
]

and the Symmetrizer o are defined by

Let M be given. The Skew or Anti Symmetrizer o

1 1
ngbXab = io—g]‘bXab + §a%bXab

-
= X4 X
= X7+ X
= (7] gjb X + [WE} gj@ Xab

ijbXab leads to

T Xope = X—|—X]rk+X+Xk
- ij'?,?JerBfk X%k
=i [T Xabe + [T 160 Xabe + 750 X e
which leads to
[i]4]k] [i]411]
T Xabed = X%JJ+X5M +X‘J‘kl +X@]kl +ngk:l



TR

[i]k] [i]1]
oy
+ngk + ngz + X]kl + X]k + Xz]k:l

=  Xgg+ XiBj]Ijl + X?yakl + Xiﬁjjkl + Xz'Ejkl

ryab bed bed
= [77 ]% Xabed + [ ]gjkl KXabed + [ ]?j]?l KXabed + [WH]]%]SZ Xabed + [WE]%M Xabed
which leads to
bed, i \i[j =
abede _ K[ 1]
7Tz‘jklm‘XV(lede - ijklm + ijklm
;’ 71k ;j\l\
Lx . X
'ijlm z]klm z]klm z]klm z]klm ijklm
ﬂ
i[jfm] ..
.. L
zgklm zgklm klm zjklm z klm
nuuzjgann 4 i
k| l|m)| k|l L7 z k 1L
J Jm| m m)|
ngkm Xz]km ']k + Xz]klm + Xijklm
E
nuz e T [
i : z
+X7§jklm + ijklm z]klm + ka + Xz]klm + Xzyklm
A
L]
(k|
L
_ o B xl H i
- zgklm + ijkm + ijklm zyklm + Xuklm + Xz]klm + Xz]klm
bed, H T abed bede
= [ﬂ' ]?j]?lniXabcde + [7T ]gj]glq—iXabcde + [W@]%glmXabcde

+[Waﬂ]%b]§ld7%Xabcde [Wﬁa}%&deabcde + [WE]]?]IS??%Xabcde [WE] ?]blgldéXabcde

The generalization of the factor in ﬂ“bXab reads

A

= (2.1)

where A denotes the number of different configurations of a box-array by indices, and B denotes the
order of the tensor. So

1 1
b b b
sy = iaij + Qafj
b b
= P+ A
abc 1 abc 1 PC ab pb ac 1 abc
7r7,]k = go-l]k: + 3{ + a ] + Ga”k

= [+ T [wﬁwﬁs

1 1 .
abed abcd 8[0[11 abz_i_apc abd+ap acd] +

pr qs ab cd pr _qs __ac, _bd
ikl = %k + ij O pkl + ]

12[O‘zk0‘gl Prq Ors i O‘klapqars

1 1
ped _ab pbd ac PbC ad abed
+8 [azkl Opj + az]l kT az]k ] + 24az]kl

O [ 7 NN e o Oy e M P



1 1 d b
abede _ abede [ abcil + ap abce + apc abde + ap acde]

ﬂ-ijklm - 1200ijklm+% im pjk: ik p]lm i pklm
1
pr_qs _de abc pr_qs _ce _abd
24 579t Qs Opgh. + Qg O 0501 |
1
pr qs cd abe pr qs be acd pr _qs __bd __ace
24 o [k 01 O s Tpgm + v SOpal + ij Q%1975 pgm]
pde _abc pce abd pcd _abe pbe _acd pbd _ace pbc _ade
+270[azlm pjk +a ikm9pjl +azkl p]m+az]m pkl +a zgl pkm+az]kaplm]
1
Bl O L L cd ab prd _qs _ce _ab pre qs_bd __ac
+24 [aikma]l rsIpq + Qi a]marsapq + azgmakl Ursapq]

1
prd qs _be _ac prc qs _be _ad
51 [ lO‘kmarsgpq_'—azjkalmarsapq]

1 1
pcde ab pbde _ac pbce ad pbed _ae abcde
+%[ iklm@ pJ + O[l]lm pk ta Z]km pl + aljkl ] + 120 aijklm

= ke (o jatede | (o)t | [ jabede 4 (o Bjabede 4 (o Jabede | [WE]%

The number of independent components per term can be obtained from the following procedure. The
dimension of the space, on which the tensor is defined, is inserted into the box in the upper left-hand
corner of the array of indices. Going on from this, the other boxes are filled. For every step to the
right, the number is raised by 1, and for every step down, the number is decreased by 1. The product
of all those numbers of an array is finally multiplied by (2.1).

22. 1

Let g be a metric on M.

gi; =  Gji
det[giy] = g # 0

With the help of the metric g the Trace Decomposition Operator T and the Trace Reduction Operator
~ can be defined.

aj...a e an ..aj
i Xara = [Xi,.. 'Yzl Xoj..a/] +7 T Xara
with
ai...aj _ as az [1,2] 7020401 [1,3] 7312 [1-1,0]
i1...1] at...ajp T gll'LQ YCL3 .ap +g1113 192%4...1] a2a4...al +gll 1% 11 dj_o ai...aj—2
and
gp1p2,7?1~~-al X — gppoX‘ .
%1...p1...p2...0;~ - A1.--Q1 1..-P1...p2..- Y
2.3. %
Let g < 0.
i1...0 _ i1a inQ b ..b
al'“nn — g 1a1 . g n nglbl . gnbn 1 an
_ i1a1 ina 1 n b1...b
= g "Gy - Gnbn QG a0, X
_ i1a1 inan ~1..n
= g g g, 8
1..n _ . . aj...an
allzn - g’blal e gznan l.mn



implies

1..n 1..n _ 1..n bi...bn 1
A in@®aran = %iqip9aiby - anbn X
br...bn 1
Oélllzn galbl e ganbni
g
11...0n  Q1...0n _ i1...%n a1b anb
all...n al.lun - abll ,,bng R gy
and
Jira1 Jiran
\/j l.n \/j l.n _ bi.bn _ det
gail...in ga(zl.“an - Gaqby - - - ganbnail. in - €
L ginal ginan
gilal gilan
1, 1 o
1.0.lm ai...an _ a1by anb 11...0n _
\/jal...n \/jozlmn = g c gty = —det
g g in a1 inQn
L 9 g
respectively. Set
1..n
Miy...in = Vv8q, 5,
1. _ i1.in
n e - \/jgall...n
These definitions make sense because of
i1a inQn _ i1...0n
Nay.and ' -9 = n!
S0
a1 An
51'1 6i1
Din.inn™ " = —ailpn = —det :
al a
9, 0y,
The following construction is possible
ai...ag _ 1 ay...0KTK41.--in
1.9 7010k - [n _ k]'ail...z‘kikﬂ...in aj...ag
= 1 . .. . a1-~~akik+1~~~inX
= —mnzl...zk1k+1...znn ai...ay
k! ) )
— . .o . 1k <l
- [n _ k]!nllmlklkJrlm’Ln [*X] e
with the Dual Operator * and the dual tensor *X. Particulary for M’
aX aabcdiX _ — Nab dnabcdiX — — Nab di[*X]abcd
abed 94 abe 24 abetoy
1 1 1
bed bed bed
a;‘lXa = ?bccd *Xa = - nibcdna ¢ 7Xa = - nibcd*[*X] ¢
6 6 6
1 1
b bed bed d
o Xab = Cjed §Xab = = Nijean™” §Xab = = Nijed[*X]
b bed bed d
O‘gjngabc = a?j]ngabc = - nijkdna “ Xabe = - nZ]kd6[*X]



bed bed bed ,
el Xabed = afp Xaved = = Mg Xabed = — Nijri24[xX]

and
abed _
Tijkl Mabed = Tk
abed abed
Tijkl Mabed = Thijkl — Yijkl Tabed
2.4. w
Returning to M.
. . — al $a2 a
Xy = 51'1 51'2 .. '52‘1 Xai..a
Because of the property
00Xy = X

with an arbitrary vector X;, the Kronecker Delta has the eigenvalue 1 and every vector is an eigen-
vector. Choosing an orthonormal basis {z{'}/_, gives a spectral factorization of the Kronecker Delta

a () aa
05 E x5

This in turn gives

n
. . — 041 Oé1a1 a2 a2a2 Q) apag
Xiq = E x; E T, .. g x; ' Xay ..

ar=1 ags=1 a;=1

— aq aQ alal ,.02a2 aja,

= E E E Ty .. [a: x X ]
a1=1az=1 a;=1

a decomposition of a tensor into a sum of products of vectors. For given X;, ; only [ — 1 sums are

linear independent. The Factorization Operator w for a tensor X;, ;, reads

._ [l ]
wit ' Xy = § }g LY
For | = 2 this becomes

n
ab _ 7o
Wi Xa = ) Y7

If there is a positive definite scalar product available, a factorization of X;; is delivered by the Singular

Value Decomposition
Xy = Y “Sa2’;

(]

with two orthogonal matrices Y and Z and a diagonal matrix S whose non zero diagonal elements
s* are positive and called the singular values of X.

n

ab a, « a
Winab = E Y 2

a=1

= Z[@y@][ 5°2]]

a=1

n
- vz
a=1

10



24.1. woo

Again, if there is a positive definite scalar product available, a factorization of X;; is delivered by the
Eigenvalue Decomposition

Xij = Y "NV

for a square, symmetric matrix X with an orthogonal matrix ¥ and a diagonal matrix A whose
diagonal elements A® are the eigenvalues of X.

n
[w o ol bXab — Z)\ay?y;@z

= S VA VA

a=1
n
= LY
a=1
or
n
wooltXa = Y signXV/Nlye]lVINTyS]
a=1
n
= ) sign[A\"Zp 2z
a=1
24.2. wouw
[w ° a];lll Zan Xal“'a” = [w o a]zl za Jarby - - - gananbl"'b"
= agll-.....iin Z xng x;))lll ] Z xan CCa"Xbl b
a1
= a?ll.-.-'-iljln Z gj‘g[lﬂ IZP] o 1‘2@ l,g'[Ln]Xbl...bn
p
— a?11.~.-..1n 1] ... [n] Z sign[p xé’iﬁ]Xbl...bn
= afryllo oy
implies
; ~an k-1 K]y [k+1
woalf i Koy o [Xla, = el ¥l v Ty v

Ya[k] can be chosen

so with suitable relabeling
woalf " Xy, g, = Al 11Ya[11] N ngil]
For n =3
[w ° a]?]bXab = Oé%bYaZb

11



25.p

On ML there is the possible decomposition

3
w;’l]ggac = § Loilok — UiUE
a=1

for the metric, the x,; being normed and spacelike, and u; being normed and timelike.

wu' = —1
Alternatively,
v = cu;
will be used, ¢ € R, defined in (9.1). So
3
whage = Z o —uat = nF —ul®
a=1

implying the Spatial Temporal Decomposition Operator p

k‘l...kl o k1 i k kl . k

pil...il T [nil - Up U 1] . [nil - ullu l]
and

abed _ . . . . .. ..

Pijkl Mabed = MjkiWi — MikiUj + NijiUk — MijkW
with
o d
Nijk = NijkdW

2.6. V

Covariant Derivative V on M: tensorial, linear, product rule, commutes with contractions. For two
covariant derivatives, V and V,

Vin — 61Xj = — GijaXa

holds. G is a tensorfield. There are special covariant derivatives Y;; of X;: Y is a tensor which has
the components Y;; = 9;X; in one basis. Set

VZ‘X]‘ = (%‘Xj - FijaXa
for the difference V; X; — 0;X;.
8.%’“1 8x/b
}/Z” = T~ !
J Ozt Oxd =
0 oz’
J 833‘2[ b 81'] ]
or'e 3x/b , 82$/b
== —_— X/ le
Ozt OxJ %Xy + b Dxiw
Ff _ 8m"" ai’l" Ok re 4 8?m’a' ok
J Ozt OxI Oz'c 0z10zI Ox'e

12



Equating

Vi XY, = 0,[X%Y,]
= 0;XY,+ X*0,Y,
Vi XY, = [0iY,-TLY]X + VX%,

= 0V, X -T%L XY, + VX,

implies
VX4 = %);: +17,Xx°
By the same reasoning
VelXii y Uyl g glmling = gy iy Uy Z W i
implies the formula
m
ViXj = ORXGET + ZXJi T =Y X i D
B=1
for the covariant derivative of a tensorfield.
27. C, R
Vid = —T%40,
ViVid, = — V%04
= = 0;T%0a + T3 T%0a + T4 T%,0q
ViV;Vid = —V,0,T%0, — ;T V0,
+ VL% T50q + D% V50, + T8.T5 Vida
+ VT T4,00 + T Vil 400 + T5 T4, Vi,
=  —0;0;T%0,
+ [T + 05T T + 0T, T + 0 [T T8] + 0i[T% 110
— T, [rbkr + T8 T80 — D5, [T0.Tp + rblr p0a — 05 [T, T, + T8.T%]0,
Antisymmetric parts
O‘?Zivcad = - aZ?Tcdpap
=: =50
Oéiczlvjvc@d = -V 'Slczpap - Sklpvjap
AV I — ol [OpTY + 4T 10, — S,V ,0;
=: —Kjklap—SA PV,0,
APV, ViV, = K PNy — Ky "V — 8,7V, V0,
ViV = = VK POy — K PVi0, — ViS, PV,0 — S, PViv,0,

with the Torsion Tensor S,,” and the Curvature Tensor Kjklp' Equating

bed - pq _ bed
]ilaCdva a - ]%labcv \Y 8‘1

13



implies the First or Algebraic Bianchi Identity

b IVeS, F o + 8.1V = — UK, LOp — 5,7V 40d]
equivalently
‘l;lci‘(liKbcdp — jk‘l [Vbs +S qS ]
and equating
%otV V VO = alfaliVLV,V,0,

implies the Second or Differential Bianchi Identity

(K y P00+ 8P VY] = o VaK,,"0p + VaS, Vo, + S, VaV,0]

equivalently
0 = OéZC‘LJbIS[valfbclp - SbcqKaqlp]

Next

a%bVaVkal__kn = - Kijklepk2---kn — .= Kijk;ankl---kn—lp — Sijpvakl...kn
implies

aVaVogn = = K g — Ky ook — S,V pgh
= — 0l Kijed — 5,V gk
Finally
Vigjk = 0igjk — Ulj9ak — Uik Gaj
= 0igjk — Lijk — ik
implies
—Vigik + Vagis + Vigie = — 0igjk + Ogij + 0k + Sikj + Sijk — 005 bei
and so
2l = U%br‘abk + Sijk
becomes
1

Pig = 5[=0kgij + 09k + igrj + Skij + Swji + Siji + Vigij — Vighi = Vigrj]

If
Vigi. = 0

the curvature tensor is labeled

Ciid = P[0Ty +THTE)

14



and satisfies

0 = UgflC'ijcd
in addition. If
Vigjk 0
Sijk = 0
the curvature tensor is labeled
Ryl = o[0T + 15T, ]
Rijr = ;%J 4 [0a0cgbd + gpaTPIE]

and called Riemannian Curvature tensor, satisfying

0 = Ukl chd

_ bcd
0 = gkl Rbcd

- abc p
0 = z]kv Rbcl

15



3. C

3.1. C
3.1.1. «
The definition of C implies

0 = o¥Cuu
O = Ukl Cl]cd
SO
7Tabch _ 1 P’ % 5ac de 1 xy pbc adC 1 C
ijkl ~abed = 12 1_7 QL1 OpqOrsabed + 8akl azjxgpy abed t 57 2 Ukl abcd
_ @ 7 §
= Ciu+Chn+Chn
with
. 1 1
Co = i[cijkl + Chij) — 6[[Cijkl + Criiz) + [Citji + Cirat] + [Cinj + Cljik ]
1
C?Fm = 51Cim — Caiy]
1
CZ-E-M —[[Cijkr + Chiijl + [Citjk + Cjkit) + [Cintj + Crjik]]
J 6

The distribution of components reads 36 = 20 4+ 15+ 1. (3.3) and (3.5) imply

1
Clia + Ciing 5 [Cijkt + Chuig]
3.1.2. 7
Tfjl;galdCade - [ IH]ng’SldC“de + [TH]%blgldCabcd + [ ]zyk?cabcd
I I
with
Cliw = Cijm — A} gacXpa
17 b _cd
Cijkl = a?j ail YGac [de - ’753qu]
Ci[jkl = a?jbazcllgacgbdX
and
9% Ciju = Cy — 92Xy
9% ¢ Cij = C — X
SO
1 1 1
1 .
Xpa = [Xoa =g Xpdl = §[le - Zgle] = 5Cu
1
X = —C
24

The distribution of components reads 36 = 20 + 15 + 1.

16



3.1.3. tonm

TomoC

and in particular

aap/id
Cz]k:l

HiIr
Cz]kl

HI
kal

Qﬂ I

mkl

@3 b

z]k:l

oh

ijkl
EIH
Ciii
1

ijkl

I
CEM

e R e e [WBE‘—I-T('H:‘—FTFE] oC

[7753+7TH3+7TE] o[t 471 4 1o

Jirg
Jirs Jirg
[C gkl T Criijl — CEM

1,

[C ikl T Cklzﬂ

1 ab cd er

4O‘zy 1 9acOpg
[C ikl T Ckzzﬂ

1
24 azj akl gacgbdc

17 I
[kal Cklij}

[Cz]kl Ckllj}

1
ab cd 7
Zaz‘j Qg gacabdc

0

1 1 1 11 1
[[kaz + Criijl + [Citjr + Cjga) + [Ciaj +

K2 (2

0

The distribution of components reads 36 =10+9+1+9+6 + 1.

3.2. xC
(3.1) and (3.2) imply
1 ab
Cijri = 5% Cabki
1
Cijkl = akl ngcd
3.21. «

(3.2) and (3.7) imply

SO

1 1
Zoszg Cabkt = — Zm’qunabp 1Cabki
1

cdrs

d
1 Oirs Cijed = _1772']'7“8776 "Cijed

= oP[*Clapu

o5 [%Clijea

wo[xC] = [*C]B3 + [*C]Hj + [*C]E

17

moT0C

+ Cijir]

- *ﬁklcd[c*]ide

Mijab 0]

(3.7)



and in particular

1

[*C}%ﬂkz = ) Nij abcgsz = * [CHI} ijkl
i L e )4

[*Chjm = 3 ije g Cpa = *[C ]ijkl

1
[*C}Ejkl = phmC = #0M

summarized in
mo[*C] = «[roC]

The substitution C — *C gives

mo[xxC] = —moC = x[ro[xC]] (3.8)
SO

]' a

G = —3m B = =
1 Ci

G = — ol = [
1 I

Com = — 7gMakC = —#[[xCTim

The relations (3.4) and (3.6) become

[*O]E;k, = %[[*C]ijkz—[*c]kziﬂ = *[C"n
[*C]?jﬂkﬂr[*c]?jkz %[[*C]ijkﬂr[*C]mﬂ = #[CM] 0+ *[CTijm
and
—+[[xC1M = %[Cz‘jkl—ckhj]
_*[[*C}Hl]z‘jkl - *[[*C]I]ijkl = %[Cijkl + Criij]
3.22. 7
Dualization of (3.8) gives
x[roC] = 70[xC]
and in particular
*[CE]ijkl = (*Clijrt — [*C]i]jkl - [*C]ﬁm = [*C}g‘iz
ATl = joaflsdsCll = Bt
Al = gpottaiawgulC] Ol
with
P'Cliju = [¥Cla

18



The substitution C — xC gives

gjlgik[*C]ijkl = xC

To[x*xC] = —70C = xmol[xC|
and in particular
1
= 5 [Cijkt = [¥C*]jais] = Clin
1 1
= E[Cz‘jkl — [*Cx]kuij] — g%abaiﬁl[*c]acbd = =[x CHijm
1
Cla = 2 Cijit + (Ol = — [+ yu
1
Clm = §[Cz'jkz — [¥C*]raij + 135" ] +Clacha] = - *H*C]E]ijkl
The relations (3.4) and (3.6) become
1
FCl = SlClyn = [CHli] =+

and

or I
Cijtt + Cij - =

3.23. tomw

SO

«Cli + xClhy =

%H*C]ijkl + [Cxlu] =

1
Cliu = 2 Cijra + FCHiis] =

1
i[Cijkz — [xCxlkuil =

and in particular

Tomo [xC] 7 0 *[1 0 C] =
ono[*C] = 7ro>|<[7roC] =
Tox[ToC] = wox[moC]
O = HCTNE, = H[CTE,
KCEY = W™, = <0TE)
11T
WOEL = WOy = s,
1T
BCl = HCTIE, = 07,
7
BCl = METIE, = 0"
1T
[+ LEW - [xoE, = +[CTH,,

19



3.3. xCx
(3.1) and (3.2) imply

1 al C
Cij = 1 "1t C ¥ abea (3.9)
with
1 ab, cd
[*C*]ijk:l = 177” Nt Cabed
a C 1 al C
= = Chij + 0} 04 gacCap — Zaijbak?gacgbdc (3.10)
331«
(3.9) implies
0 = off[*Cxapk
0 = O.I(g:id[*c*]z]cd
therefore
mo [xCx] = [>x<C>|<]B3 + [*C*]Hﬂ + [*C*]E = x[moClx
(3.10) implies
o = A L ab e pg L ab cd
[ *]z’jkl = _Cijkl + 5%j 1 9acThq Cap — 1% A1 GacGodC
1 al C
[*C*]E;kz - Ciﬁjjkl + 507 O 9acar Cap
[*C*]Ejm = Cz'Ejkl
3.3.2. 7
To[«xCx] = [*C*]IH + [*C*]H + [*C*]I =  x*[roCJx
and by means of (3.10)
<ol = —Cily (3.11)
[«C*]5 = Cilij (3.12)
[<C*]1 1 = —Cilyj (3.13)
with
; 1
PECxlij = [xCxly = Cri = 5C9ik
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3.33. tonm
(3.11),(3.12), (3.13), (3.4) and (3.6) imply

birg birg birg
[xC'x ]ZB]HM = _CEZEL] = _C’%Hkl
Jig big I
[xC'* ]%‘kl = CEZHU = C?]sz
oy = -CcF; = -
Jiig Jiig Jiig
[*C*]E;kl = Ci%zjz] = Czajjkl
b1 Qﬂ b1 an/s
[*C*]E;kl = Criij = G
il EIH EHI
[*C*]z‘jkl = klz] = _Cz‘jkl

and, equivalently

1 1T
P ==) /] I Ej CE
§[Cijkl — [¥Cxlijn] = kal + Czajakl ikl T Y
1 I a1
§[Cijkl + [xC*]ij] = C?]E‘kl C%jkl
34. p
3.4.1. C
pgjblgl Cabed = Cadenianjbnkcnld = [*C*]a NijaWpMNklcUd
—}—Cabc‘inpaubnrcud[—aquuq][—aﬁus] +[xC'x]abe npaubnrcud[ Zq gl[— ki us]
—i—C“denmubnkcnld[—affuq] +[CH] P uy i cual— o ij Ug]
+Cabcdnmnjbnmu al—aksug) [*C]a mgaubnrcw[ v U
Set
chii = Cabeal™ id = C"niangynienua
=1 NV = [*NV*}acmj“nmc
Ciim = Cabealp™ 51 = CP" ngpugnerus|—affu][—affud
= Wac[—affup)[—affug]
Cg\l[fl = Capealp ] Zbﬁii = Cqud”ap“ancnld [ O‘ngub]
= Wagi[—a;up) = [W*]acnklc[_a%bub]
Ci]}%l = Capedp ]%bifzd = O nganynerus[—agiudl
= Njje[— Oék;lud] = [*]\U]acnz‘ja[_a?liud]
summarized in
poC = cWVycW WV

The distribution of components reads 36 =9+9+9 + 9.
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3.4.2. «C

po[*C] = «[poC(C]
but
<Ol = —[WNlik = —[WN*|acn;; “i” = #[C™]u
KOl = [¥NUJac[—affus) [~ afifud] = OV
[*C]in\lfel = [*Nv]akl[—a%bub] = [*W*]acnkzc[—a%’%] = *[C]W]ijkl
[*C]z]‘\j[{cl = _[*w]iﬁ[_a?f“d] = —CUacmj“[—ozZ?ucz] = *[Cw]ijkl
3.4.3. xCx
po[x*Cx] = x[poClx
but
KOsl = [FWUijm = Waeni; " mi” = [+[C"]]iju
[*C*]%l = [*W*]ac[—a%bub][—ai?ud] = [*[C]\N]*]Z]kl
KO = — NI u) = [ Naenp [-affuw) = [*[C]xiju
KO = —[WNHije[—agfud] = [N [—afiua) = FCM i
3.5. por
pomoC = [pm+pw+pw+pw]0[7753+7TH]+7TE]OC
= Bl o o™ 4+ )Y oV 4 pV]0C = mopoC
and
poroC = —poslrofsC]
in particular
PV = oW wE = o
[*]\N*]ZH; = %a?ﬂ*l\l\f*]ac LUE,: = %afg ac
[*]\N*]Ek = 0 LUlEk = 0
1
(Vs = SO+ (] vl TR = [V
1
N, = IOV~ (L] PN = Vel
1
[UV*]%C = 5'7;115[[(]\[*]% + [*NU]ca [*]\U]?k = [UV*]%Z
and
1 a 1 a
WS = o RO, wi = )
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eV,

[V )]
vl

1
—§mkpuq[*01 ZJ
uPu [+ O

1
2

1

5[0 = nign®][+C]

I
ca

The distribution of components is 6,3,6,3,8,9, 1.

3.6. port

poToC

in particular

IV

[NV +] ]
[* NV *]{k
[V

[V

and

[+ AV 3
[+ AV#]
[+ NV ]
[V

[V

%[[*]\N*]ik — Wi — [NV #]}

M+ 0

1
5’7?15[[*]\1\[*}% — W]

= —upqu,ggiq

= %[nik”ac —n°m%]Cat
= %nikc

= gy

= gmacuCll

The distribution of components is 8,9,1,6, 3,6, 3.

3.7. poTom

poTtomoC

and

I

4

1
o [[FMW*|ae — Wae| —

[ NV %]

23

HHI
ik

[pAN—I—,Ow—i-p[N—i—,ONJ]O[T]H—f—TH—i-TI]OC
[TIII+TII+TI]O[pNV+pw+pUV+pN]]OC

[+ NU] i

N

[N

1
Wi

1 1
_inikpuq[*c}pq

ab, q I
n u Cabkq

a, cIl
Nik U Cac

[p™ 4 5N 4+ o 4 gV o [ 4+ 1 4 2T] o (B4 fF 1 0 C

I



and

therefore

= O A e + W] wi" =
= OR[NV g — W wy' =
= OS] + W] w," =
= Ol o, — W] wi' =
= ORI + [ NLad — [INAEE )E =
= Lo A — [N PN =
= Loy + (00, -
= ia%nm]ac—[*w]ac] NS =
= LoV + [+ PN =

poromroC = —pox[rorol[xC]]
PSR = oteututcl,

= g = OV + 1]
fVAET = Zoflmaen?ut — ok Ol

= O~ bOI)
[*]\N*]?EI = %nz‘kc

= ™[O + OV
P = Latpulutol,

= ralutopiCll,
[*]\N*]Hﬂﬂ = ia%nﬁngc}{{,

= el
EE = g — Ol + O]

= ofuulOliE,
e = (el - Ol

= —Z f;f [nacupuq - ngng] [*C}

24
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ik - 12
= —ﬁnik*C
i B Ly d_pgqr
[UV*]ikBH = Tyl T4 Cpq
1 b d Jiis
= *504?/515 u” [*Cl gped
1
I b d 1
[LV ] i = an‘k: U aggcpq
1 I
= _zaglgngng[*c]pq
and
1 1
b d~IIT b bey. d Jiig Jiis
_O-zchu U C’abcd = 5[771 “ ”Z - g”z‘kna C]u H*C]abcd + [*C]cdab
)i b d g biig
ok [NacuPu? — ”ﬁ”g}cpq = =0 "u[[*Clapka — [¥Clkdas)
be, d Jiig b1}
¢ = 77a “u [[*C]abcd + [*C]cdab]
1
b d~IT b, d_pq Jis
ajpuuCopeqg = —§mk U Opq [*C]pq
)i b d I
agenbnlCL = nyu agg[*C]pq
1 b 1 ber, dr~IT Jiis b d Jiis
5["71 “ nz - §nz‘k77a c]u [ abed + Ccdab] = O-zc'lkcu U [*C]abcd
b dy~IIT Jiis Jis
0 U Copka — Chaar) = O [RacuPu? — nhnd][+xC],,
be. di~IIT Jiis
N u[Copea + Codap) = —*C
Ly g bis b dp. T
§7hk u Ufgcpq = i’ u” [%Cgpeq
b, d I Jis
Ni U agglcpq = _a?lgngng[*c]pq
or
b, d~HII _ 1 b, d Ir#
wut Clprg = _577ia uClxCl
bd ~BIT b d uy
[napuu® —ninglg C?Ecd = —n; “u [*C]abkadj
Jiis
bd ~BI be, d
gacg CEg‘cd - 277a Cu [*C]abcd
bod~H T bd /g
2u’u C?;kd = —n, ug [*C]ab§
bd AT bd )4
ninggCBn = pgeuq(sC) R,
b d~IIT b d 117
n; “u Cabk%a = 2u’u [*C]%kd
b d T bd I
ntulCIE = [gutu® — nnglgM kOB
biis
be, d bd I
2na “u Cabcg = _gacg [*C]E%cd
bd ~IT b, d uy
Nk u’g Cabcag = 2uu [*C]El?kd
b 1 bd Jis
Nk u’g Cabcﬁz = —ningg [*C]E?;cd
The distribution of components is 5,6,1,3,3,5,6,1, 3, 3.

1
abe, di~IIT 1
T kT U [Cabcd + Ccdab]
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3.8. wop
Let u = (0,0,0,1)7.

3

wha[*NN*]pg = Z[*N]gi[*N]gg
a=1
3 A A~
whelWlpg = ZUgc{UaUc]
a=1
3
wie[IN*lpg = ZU([)ZIC\LT[*N]gZ
a=1
3
WhilsNlpg = D [N Usd
a=1
gives
3 R R 3 R
W N
wocjkl = Znija[*N]aanklc[*N]ac = ZN%NNICVI
a=1 a=1
3 R 3 X
w b, 77U W 0
woCiy = Z[_agjubUa 1= aszdU ] = ZUaszakl
a=1 a=1
3 3
N IN A7IN
wocjkl = Z[ U }nkl [*N]occ = ZUaijNakl
a=1 a=1
3 3
wolll, = D [—aftuaUll I +N12Y = > NGUM
a=1 a=1
S0
3
wopoCyw = Y INWNN + U Ud, + UR N, + NN UN)
a=1

N, and U, have rank 2. N, are spacelike and U, are timelike. Setting

NOJZW = [NO’}Z + NI U;ZEN = [U;% + U]
Nmé\U = [Nng N UOMUV = [U;g Uil
Nath = [Ngyg + N U;;?U = [Uaufj + UM
N,;w = [N;\gj N Umé\U = [Ua%; Ul

the factorization becomes

3
wopoCliju = Z NOJZ?U U;ZJUV][N kl +Uo-:_k]l\U] [Nt;zg Uaz] NG +Uakl ]
a=1

[NC—Z?U Uc—l_z?v] [No?k(ZN Uak]l\U] [Nazé\U Uazy ] [N;k[{v Uo—iz—k]l\UH

[N + Ulaij and [N — Ulqsj have rank 4.
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4. R

4.1. R
41.1. «
7oR = RH
4.1.2. 7
roR = R"4+R"+R!
with
L. = Rijnw— Rl — R
1 1 1
Rz‘[J['kl = 50‘;‘?0‘?[[9&0[1%61 - igbdR] = QQ?JbO‘?llgach{{i
1
Riljkl = 7a%baicllgacgbdpb
24
and
9'Riju =1 Ra
¢'¢*"Riju = R
4.2, xR
42.1. 7
To[xR] = [*R}]H
422, w
with
1
[*R]ZB;M 3 ;g abRé{{kl = * [RHI]z'jkl
E L oca  ppi 11
(<Rl = 5%Me Bpa #[R"] i
[*R]Ejkl = EnijklR = *[Rf]ijkl
and
WRE, = SlRlgu - Relgul = +[BT)

[*R]?j_;‘kl + [*R]Ejkl

N = N

[ Rijrt + [R*]ijna] [R50 + *[Rijn
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4.3. xR«

431. w
1
W%‘bkcld [*R¥|abea = [*R*]%‘kl = _Rijkl‘f’a%bazallgacRbd_Za%bazcllgacgbdR
4.3.2. T
Tz%l;c('}d[*R*]abcd = [*R*]z]ﬁcl'i‘[*R*]g‘kl"‘[*R*]z‘ljkl = Rgi:l—i_Rz]kl Rz]kl
and
I 1
Rz]kl + Riju = i[Rijkl — [*R*]ijl
1
Ry = 5 [Bijit + [ Rxijni]
with
jl 1
[ Rk = [ R*]p = R — iRgik
g‘jngk[*R*]ijkl = * Rx = —R
4.4. p
44.1. R
poR = R LRW RV L RW
with
R, = Rapealp™ |35t = R™niangngcma
= szagﬂkl = [*NV*]E-%mj“nkzc
R = Raealp™ 55! = B ngugnerus[—affu)[—offud]
= WH—affw)[—agiud)
ROV = Ruapedlp ]Zbﬁfl = RMngpugnienial— o)
b
= Wol-offu) = [V afung
Rij}({d = Rapealp [ ]g]blgld = Rabmnmnjbncr Us [_aicllud]
= zyc Oékl’u’d] = [*M]acnz] [ aﬁlud}
4.4.2. xR
[*R]% = —[*UV]??M = _[W*]E%nz‘janklc = *[Rw]ijkl
<RI = FNUTR[—afuw)[—afiud) = *[RY]n
FRI%, = W [—afu) = [EWHEng[—afju] = #[RM]
[*R]z’jkzl = —[*W]??C[—aiﬁlud] = —wcggmja[—akcllud] = *[Rw]ijkl
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4.4.3. xR«

[*R*]f’%z = [*LU*]%HM = w??”ijankzlc = |
Ry = [RNVAH[—affus][—offug] = |
FRAD = [N o) = NS0y l—ofu] = [x
gkl — ijel— k1 Ud = - acllij |—QgUd =
[*R*]N] [*(N*]BH[ asdy, ] [U\T*]Bﬂn | oy ] [
4.5. por
poroR = [P 4+ o™+ p" 4 o[t 17+ I o R
and
1T 1 I 1T
PVAET = oA - LR — (AW Wi
jig 1 Jig
T = oW+ W Wi =
I 1 I
VT = oV - W Wi =
1 1 1
Vs = oV + NI NS =
1
EE = eV - T =
and
B
1 1
= 1[771- P — gniknabc]ud“*R]abcd + [*R]cdab)
1
[*]\N*]ZBEH = §[nikupuq - nfnZ]R{,{]
1
= 0 Py %R apka — [* Rl kdab)
1
[*]\N*]ZBEI — ﬁnisz
1
= Eniknabcud[[*R]abcd + [*R] cdab)
1
Jiig
[UV*]zk 5= 5771' abUdR%ab
1
= 3 ol ulu [*R]abed
1 1
[W*]ikaa = —577¢kbude{£l
1
= —5a?§ubud[*R]ade
or
1
—UbudRiIgcd = §niabud[*R]E%kd
—[niguPu? — nfnZ]Rp{Iq = n; abud[*R]Ezkd
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R = 277abcud [*R]%bcd

n"u'RE, = 2uPul=R]G,
nikauCRfc = 2ubud[*R]Z§;€d
4.6. wop
3
wooPxN+H = )« NEWVNEW
a=1
3
woolltugl = > URTURY
a=1
3
wgg[lN*];.é = ZUE%UV*N%%(N
a=1
3
wgg[*]\U];-é = Z*N%UVUE%UV
a=1
implies
3 3
W W W W A3 W
w o Ryj = ij“*N(Bﬁa nklc*N%Hc = ZNCBEJ' NE%I
a=1 a=1
3 3
W,
woRL, = Y [—afuURY)[—affuUEY) = Y UEYUE
a=1 a=1
3 3
IN AV
woR%, = Z[—a?gbubUc%UVMklc*N?cw = ZUE?J' N
a=1 a=1
3 3
IN 4 HIN
woRNM, = Y« NBN - agtuUEN] = Y NGNUE
a=1 a=1
SO
3
W ANV W, IN ;- FHIN IN RN
wopoRliju = Z[N?Ej N +U5?j U +NE§]’ U +U§3j NG
a=1
3
_ AWV A MW HW rHW HIWV AWV HHWV 7 HHWV —IN »—IN
= Z[ij Now YU Usit + Naijp Nowto UG Usiih: = Zaig Zogr )
a=1
3
_ EHAV AW HW rHW HIWV AWV HWV 7 HHWY +IN +IN
= Z[Naij Now YU Usii — Naijp Nawt —Usii Uskic + Zaig Zogr )
a=1
with
~IN IN IN
Zaij = Ng?j _Ug?j
TN IN IN
ZyN = NAN 4+ U

N, and U, have rank 2, foUV have rank 4. N, are spacelike, while U, are timelike. Setting

1
Nt = 5[J\fBﬂA’VJrJVBﬂU"] Ut

[e%%} [e%%] [e%%1 [e%%1

1
= U U

aig le%%1
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_ 1 AV g . 1 w N
Ny = 5[]\@]’ _NE?]‘ ] Usij = §[U§j —UE%' ]
the factorization becomes
3
_ + - - + 77+ S N ,—IN
[wopoRliju = ZpNJ—z’jNakl + 2N N + 2Uo Ui + 2Ui Uk — Zoij Zogd |
a=1
3
_ + - - At + 77— - +IN +IN
- Z[2NaijNakl + 2NaijNakl + 2UaijUakl + 2Uaichjkl + Zaij Zakl ]
a=1
Setting
i + + + — -
Zaij = [Naij + Uaij] Zaij = [Naij + Um’ﬂ
++ -
Z(;ij = [N(;rij - Uonrij] Zo?ij = [Nc;ij - Uojij}
+- —+
Z(;ij = [N;rij - Uo?ij] Zo?ij = [N(;ij Uojrij}
+— —+
Z(;'j = [N;rij + Uo?ij] Z;rij = [N(;ij + Uojrij}
the factorization becomes
> B T R S
[w °opo R]ijkl = Z[Zaij Zakl + Zaij Zakl + ZaijZakl + Zaij Zakl]
a=1
T e
= Z[Zaij Zopi + ZoiiZogt t ZoijZoga T Zaij Zagl
a=1
3. 4+ 4+ -— —- = - -+ -+
= Lz IN BN IN W
= Z[Z;—ij Zop  ZoiiZogt t ZoiiZopy + Zaij Zoy — Ng?j N?jcl - Ug?j Ug%z ]
a=1
18
= Zzﬂijzﬁkl
B=1
++
The Z;; have rank 4. Comparing
[ToRlijit = [rolwopoR]iju
gives
R = > (2515 Zar — V5T Zoav Zped) = > (Zsij Zow)™
B B
1 1
Rl = §a%bai‘zigacgp "10,07 — 796a9™] > ZppaZrs
B
1
= 5042?’0&2?9“ > 125" Zpaq)" = > 1 ZsiiZow)"
B B
1
Rigw = 570000 9ac00ag™ 6" [)  ZopgZsrs]
B
1
= §a§3~bai79acgbd > 2 Zpy = > (Zsii 2"
B B
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5. VC

5.0.1. V[roC]

ViroC] — VCE4+vdl+vel

The distribution of components reads 144 = 80 + 60 + 4.

5.0.2. V[roC]
ViroC] = vc"4vc’+vc!
with
VGt = VaCiju — VmCl — VmCly
VG = Oé%baﬁl[gac VmCig)
Vi Ci = O‘?]ba?li[gacgbdﬂvmc]

The distribution of components reads 144 = 80 + 60 + 4.

5.0.3. V[romo(C]
VroroC] = V[CBM B4 B 4 vid ™ ) 4 ve™
The distribution of components reads 144 = 40 4+ 36 + 4 + 36 + 24 + 4.

5.0.4. V[poC]

VlpoC] = vV ivcW ve?® fvelV

The distribution of components reads 144 = 36 + 36 + 36 + 36.

5.1. 7«
1oVC = [VCF +[vClE + [vCF + [vcﬁ
with
1
[VnCigra T = 21% Ok ovdopeVeCaped
1
= 24 abaz(lj ZZZJS [vm [Carcs + Ccsar] + vc[cmras + Casmr} + va[ccrms + Cmscr]]
I . ¢ _ade
Vil = Spaif el VeCuea
1 T be
= 0 k? Zz[vm[cpbcy - Ccypb] + vy[C’mbcp - Ccpmb] + vp [Cybcm - Ccmyb“
1 re S ac X TC S e __Q
[v’mcijkl]ﬁa = ﬂ[aZmaZl ?g + agy o }zojxagm 1133 p;l]v Cabed
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1

.
(ViG] +ak?[vmcijxy]

EET]
E3

= ﬂaii [afffna Y45 o [Cpbad + Coapp) + a?jrqc e Vr[Cpays + Cyspal]
1
*ﬂaiiaff; [ VylCprez = Ceapr] + Vi [Comep — Cepsm]
1 b bed
Valull = olatlale,of + o2los |V, Cu

y
30

+30

qs _pbce

4]
:L‘y
ak:l [VmCz]my]m + [Vmczjkl]

ozka

1~ ijgm Y €

L]

pbed

1
T 5%k

v 2

[Cpbcs - Ccspb] vp[c'mbcd - Ccdmb]

1 1
Ck:fjbgld [vmcpbcd + §vp [Cmbcd + CCdmbH

The distribution of components reads 144 = 60 + 36 + 2-20+ 2 - 4.

5.1.1. moVroC]

noV[roC] = [WBHH+WH3]0VCE+[WEE+WH3+WEH]0VCHJ+WE30VCE
with
[VuCBJE = %Vmci'fm - %[a?fai? + afaff1VaCin
VaCHE = %VmO?fkl + %[a%’aiﬁl + affaf VG,
VaO B = Va0l — loftaf - affafValCh . + Ol
Valhlf = 2VaCly — flatte - aflaf)v.ch,,,
Volhd] = Vel 4 loffal - offfIVal3C,. + 205,
[vaiEjkz]Ej = vaz'Ejkl
which can be written as
[vmcgﬂkl}ﬁﬂj = VmC’Z-BJﬂkl E[aiﬁfjaﬁ’ + agsp o [VeCopa
[VmC%ﬂkl}Ha = E[afgfjaﬁl + @fgglafﬂvecggcd
ValSlT = VaCly - TP - Wach
[vmoéljﬁ = - %[qu%jkl]ﬁa + %[aiﬁf}ai‘f ~ afha IVl
VnChlF = ALl 0% Yy Chres + Vi Cline)
or as
[Vmciﬁjjkz]a3 = vmczajjkl - [vmciﬁjjkl]ﬁjj - [vmcz’ajjkl]aj
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VoG B
VnCE

and

Aol

[Vin O

eab ecd

20

b
[amz] akl + amklaa ]v CEch

e ]

10

1
ab  cd
4 [am Qg —

1 b
30 [2aqs gjqcﬁbv CCHLZCS

az?aCd]vaCEswd

bed
+ ik Vacgljbcd]

1 b d

1

8
1

VP [+[CH %] e

abed
+ Qi gam]

]gacv [[*[CE]*]pdbe + gbd[*[cﬂa]*]pe]

eab eab
[armj kl + O['mk:lazg

[ eab cd eab ] gac

amzy Qg — amklam

VP [[+[CH T pabe + goal¥[CT J]pe]

The distribution of components reads 144 = 60 4+ 20 + 36 + 20 + 4 + 4.

b.2. T
roVC = [vC +[vC + vc)
with
Vi Cij)™ = VuCijm — & GaeXpdm + GamYoed + GemZdav)
Vi Cirlt = 5[ Gac[Xoam]™ + gam [Yocd™ + gem|Zaan)™]
mYijkl Qi Opr | Gac| <A bdm Gam |[Ybed Gem | Ldab
[V Cijia]" ‘Zb Cd[ [Xoam]" + gam[Yoed)" + gem[Zaav)']
= azg akl [gacgbdX + gbmgach + gdmgach]
and
0 = U]%ilyz)cd
0 = 0%Zua
The equations for the coefficients read
g]l[ m zgkl]H = [vmczk]ﬂ = 2[szm - YLkm - Zkim]H
9" VmCii]" = [VPCurd” = [0 Xjde + 2Zaci] + 6Yjr) "
mk[v Ciirt) " = [VPCyu" = [Oé?f[Xbla + 2Y3a) + 62351
g P VuCiyr) = VO 24X, + 6Ym + 6Zm
ngﬂ[v Czjkl]I = vpcpk = 6Xk + 9Yk + 3Zk
g N Cunl = VPG, =  6X;+3Y;+9Z
so with
K™ = Xitn ™7 + (Xt + [X o
Wien) = YT + [Yigoo
Ziml™ = Zim T+ [Zigm ]

the solution reads

[Xikm]HDjj

%[Vmclk]ﬂuj]
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Ximld = %[5Vm0¢k + VPChitm — VP Czkpm]H
D %[vmc,;k + 2VPCliom + VP Chmpilo
ZimB = %[—vmcik - VPCim + 297 Crmpi
Xy TE = %[ 0V Ci + 0%V Cle + ivp[ncpikm & Chmps + 11Cimpp + Coar]] "
+T12Vp [Citpm — Comar]" &
Vo7 = %[wpcpim VP Chmpi + 055,120V, Cie + 2075V Crs — 10V Coc]]TF
[ZimTE = %[wpckmpi — VPChikm + a5, [20VCoi + 2075V . Crrs + 10V, Cpe] |1 F
and
X, = %[5)(3,6 —- X% — X, Y = %[zvkc — Vo — VFCia]
v, = %[fxaak F5X X, + %Y“,m - %[kac 5V Clp — VFCia]
Z, = %[—X“ak — X%, +5X,% + %Z,m“ = ;—6[—%0 — Ve 4 5VFChy]
The distribution of components reads 144 = 32 4 100 + 12.
5.2.1. ToV[roC(C]
roViroC] = [fT 4774770 vCE+vcH]+ [+ 4+ 770 Ve
with
[Vmcz%ﬂkz]m = vaiBjakl — A gac X + Gam Yoo + 9o Y i)
VaCl" = 20 gac X131 + Gam YN + gem V5o
[qua]ﬂkz][ = a2 a5 9acga X5 + GomGacYD + gamGacY )
[Vmcz%jkz]m = vmciﬁjjkl ~ agag] [QGCXE;m + gamybﬁ; - gchdH;b]
Yl = o gacl Xl + Gam Y )" — Gom Y )]
[quéljjkz]l = O‘?Jba% [gbmgachHj - gdmgacyﬁj]
[vaiEjkl]IH = Vmcgbcd - a%ba?ll [29amYEd]
[chijkl]H = a%ba?li [QQamchd]
and
0 = ofiv
0 = oiiv,
0 = affxg,
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The equations for the coefficients read

PV Clajﬂkl]ll _

9" VmCl” =

PVl =

gmi [V Ciﬁ;kl]ﬂ =

gmivmq@jkl =

g 'V Co) =
gmkgjl[vmq@l]ﬂkl]ﬂ =
gmigjl[vmciﬁjjkl]ﬂ =

so with

the solution reads

- bed~ AHH
= Yy

&)

bd
= 05 Xpam

[va%]H = Q{X;lkam - o-glgyaacam]ﬂ

e L D

[VmC?:]” = 2[X?:m - ag,gyﬁfm]ﬂ
= dr v i g

VPC ] = |oqi[XGu. — Yiel +6Yj5,

}H

|

24X + 12V
6XH + 12yH

[X?I?m]mﬂ + [XBE(

Vi
pei

ikm

i 1,

ikm ikm

B+ X

ikm

1

[vm C;lkﬂ] oo

— N =

Vs, +ovrct

] 7
pikm

]II

¥, C + VPCE,

pikm
vt

pikm

1
(VG + 300V Chacn "5

pacm

1
(VPO + Hois VeCH

[VnCly — 5V°C,

]II H
pmik

H WO RO RN OO

1
f[vpcﬁj - ivic,@jn]ﬂﬂj

pikm

o

Bl —vect

1 a
5" ViC + 4V cH

1
5V Co
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5.2.2. ToV[roC]

ToV[roC] = [THI +TII] ovCcH 4 [TH +7’I] ovCT 1oyt
with
VaCl™ = VGl = 0 0q[gac Xiapn + Jam Yoot + Gem Zi)
[vmcilﬁl]n = O‘?Jba?ll[gaC[ bIcIlIm] +gam[1/é)]cg]][+gcm[zc[lgb] ]
VO™ = ?j’ i [9acl X i)™
[vmcgkl]l [gacgbdX +gbm9ach +gdm9ach]
[vmczljkl]l = al]akl[gacgbdX ]
and
0 = oy Yblclé
0 = o
A
0 = [Vl
Jiig
0 = [Zh)
The equations for the coefficients read
PO = 0 — axt, ol ozl
ng[vagil]U _ vpcfff = o [XIII +2Z£g] +6YUI
TR = el = el v+ o
PNVaClI" = VaCHT = 2X[)"
Tl = 0 = 20 o 4z
9" Gt = VP = 60X 43" 971
e I G B S R
9 g Vi’ = VaC = 24X,
so with
Vi = [WinP + i P
i, = 2R+ 120
XTI = XL XL ET (X
the solution reads
!
B = Spveol,+ vl E
7B = 9O+ ovrclh,E
VEE = v, - o)

15
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ZEIE = UVICH, - VO,
XET = S IVeCHI”
A (LR
il = gbvech - viel]
2l = vl - v
1
VnC = ﬂan

The distribution of components reads 144 = 32 4+ 48 + 52 + 8 + 4.

5.2.3. ToV[romo(C]

roV[romoC] = [t +71)0 [CB}HICHHIH + CEH]] + 7% 4 1o [CcHE 4 CHHH] + 7o vCH!
with
Vo Ciajgkéﬂ]m _ v, Ciajgk?I — %G XBM _ g VBT _ i
Vo Cg-jk?l] mo _ oy, cfm oz?]boz?f [Gec XE; TZI _ gamnﬁ;m n gchEijI]
i i om
[V Ciji | = VGl
VG 1" = 0 o gac X! + Gam Yo"+ gem iy
Vo Cg-jk?l] Ji _ a?]baicf [Gee XE; nT n gamﬂﬁ;ﬂl B gchEjbm]
[VmCzEjZI]H = [VWCijkl]H
VnCin 1" = A o [gacl X"
VGl = 020 el Xy ]
[Vmc;l]ak?]l = a2 a5 19acga XET + Gomgac YD + gamgacY ]
[vmciﬁjjkll]]] = [vmczajjkl]l
[Vmcl%ﬂkll]l = [Vmciljkl]l
and
0 = ovi"
0 = oy
0 = olfxir
R
0 = oy
0 = okxy”
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bd
0 = 51 Xpdm
_ I 17
0 - [dem ]
_ iy
0 - [dem ]
0 = "
yirg
0 — [ngl ]II
The equations for the coefficients read
j Jirg yiig
g]l[vmciajﬂkl ]H = 0 = Q[X?]?m _ngCYz;lcanIzH]
gmi[vmcﬁgﬂ]n _ vpcg?gl N X]B;(CHI +8§GE|]§ZIH
, 11 11 Jiig
gﬂl[vmcgjkl =0 = 2[XZ.H:m — a%YaHij ]
4 I, 1T d 17 1T
ng[VmCZ%jkl ] = VPCE;‘M = [XE;C —2ng; ] +6
‘ 11 11 11
E jig E b4 E
g™ mcijkl] = [vpcpjkl] = 2ijl
j big jig big
PRGN = (VacTT = oxENe
- i i
PO = vl = axh )
g P VnCE = 0 = 24xB7 4 19vBH
g VaCog = vreg” = ox;7 " vt
PV CEN = vpcﬁr;” - ey "
g% g [V O = V.C = 24[xH)
so with
=aYirg mr
1 11 Jiig
i = WP ve P
1 yirg
Vil N
(X" (X (X
I Moy
X5 ] X3 I v x, F
the solution becomes
1
X = okYEY
1 1 11
1 yirg
X = Vi
B 1 aay/g
Y3, P = SIVPChP
biig 1 biig
e e e
EIII 1, EIII
ikm = 5 Cpikm

o
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[a—

xBmr 5 [V, CEIT)
Xt = SVaC )
xHr _}YBQU
ymr ;VQCEH
YE:H _ éV“Cﬁan
xB = ivmc
53. TomroV[roC]
TomoV[roC] = [P o [[vCHE 4 [VCBH]Hﬂ + [VCHH]HH]
+ [T 4 o (VAP 1 (v + [valll)

The relations between the coefficients X and Y and the traces remain unchanged, so XxEE
and Y are determined by

" VmCH T = [VaCRIT - Zam (VP Coem — e VaC) "
VOB = [VPCBT (VPO oty o
9 [V CEENT = iom (VP — 02 V2O
g™ [V CE AT = [v Choy — iy v
g P [V CH = Vil + [vpcﬁ—§vm0]
g VLGB = v %[vpcﬁ,‘é-%vkq
gV CH I = - [vpcﬂﬂ ]
P VR CHIE = VPCB3 - kac
PIVnC BT = [wach) - [vpcﬁfnwv 1+ ot [V Clhe — V. CE)
e L e PR e S Jte 112 VPO g~ VCE
PnChE = [vm@imw O~ ot V7 Chbe + CE)
gmi[vmciﬁjjkz]aﬂ = [Vpcﬁjkl+v C/%zj] +210 ?i‘?[VpCEZCd 3vbcﬁj]
PnChl = Lo (Ve + 29,01
i CZE;M]EH _ 310 %Clz[vpcgicd +2VbCE; ]
PO = 0
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gV Ol B

5.3.1. ToroV[romoC]

with

TomoV[roC]|

" [V CH
e v
" [V O
e
PO P
i\ e bl
PO
gV o
PV
G O
[gﬂ[vmci'fkﬁﬂﬂﬂ
9™ [V CE
7' [V CE TN
g™ [V Gt T
VO
(g™ Vo
e i
9" Vi CZH;I[I]HE

PV

+ o+ o+

[THI—I—TH—{-TI]

[TIII +7_H 4T

[TIH + TH]

[TIH + TH]

wroE

pikl

P Oﬁj oI

pikl

VO

SR Ve "+

VnCRIT -

Saif[Ve CJHZ]
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o O
a4
SIS
o O
aQ Q
3
8 H
_|_
|
\]
o
Q
_H
s

exypCER I

4 zk pacm

1 B}HI

1 acvpCBﬂ a1

4 Oik pacm

1 =01
ARG
lvp Cﬁj biij

2 pmik

1
1 op AT
2V kal
1 I
§VPCEjmk
1
Lop I

1 %ty [v CB}H]

8 Oik Ccm

1
SamvLC

1
8 ézkca:cy [vz CCEE II]II

1
SO VL CE

1 ac __e
4 zko-crp;L[v Cﬂﬁl;] m

JOlio T IV.Cay)

1 %P [V CH]]I

4 ik Oem

faggaep e AL

7
5OV Cre
bedorp ~0 1

12 ]k)lv Cpbcd
1

3
550 VP Chct

bed i
2 @ VPChied

7
T

bed i
30 i VPChied

A
e
17 ci
5 ?i?VbCHj
e



P e R e

309H
gzkgjl[v CzB]E‘kIlI]Baj = VPCE;‘,LH
1
R T
g P VL OEE = ~ vrcEl
mi /s 1 a
[Y jl[v C?kl]aa = §vpCIEﬂ%
Z )i
ik JZ[V Czﬁg]kl ]Hﬂ = 0
i - v
1
g PV CET = VinC = 1VnC
1 1
g™V, Cza]akll] = kac + évkc
1
zk il 1
9 [V C?]Hkl]ﬁa = ZVWC
o 1
gmlgjl[vmciajﬂkll]ﬁa = - gka’
54. p
pgjblglcﬁvecabcd = VBCQde[nme—umue] NiaTjbNkcTld
+vecpqrs[nme*umue]napuanTUS[ Oé ub” O‘?llud]
+VeC’qud [nme — Umue]napuancnld[ bub]
+vecabrs[nme - Umue]nzan]bncrus[ akcllud]
= VGl ™ + Vi Cijl ™V + Vi Cijal™ + [V Cigual™

abcd e
= z]kl 5 \Y Cabcd

= v [pz_]k;loabcd] - v Cjkl+v C]kl+v C]k:l+v Cjk‘l

in more detail

szbﬁ?niv PP Cpgrs) = Vi [P%bﬁfi Coabed]
but

[verM v = veN —vpWo oY ve® o = ve? —vpMoc™
vCWiWo = 0 [veM W™ = o
Ve W = v oW VeV = vy oWV
veVIN = vy oV v = _ypWocW
[VCLU}LU _ VCw—VpLUOCLU [VC]\U]]\U — VCN]_VPAUOC]\U
veM o = o VeV =
ve™M®w o = —vpoc™ veMv = —vpWe e
vev i = —vpecV vcw v = —vpVocW
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which implies

V™ + oW+ o™ + oMo [pM + oW 4+ p™ +pNM]oC] = VpoC = 0
with
~Valp™Gi Coea = — Vit [[—affup] Woars + [~ 5 ua] Wijn]
V™S Coa = [~ Vup) WNak
—Vm[PM]%blgzd abed T [—aﬁlvmud]J\Um
vm[pw]%blgld wbed = — [« C‘vamub”_aﬁlud]"‘[ Q; bub” aiclivmud“wac
VoV Chg = [—ofPup][—afiug) Vint" Wane
Vol Clbea = [y w] [~ affua] Vi Npge
Vilp™M S Chg = — [0V Wars + [~ up) [— o ug] Vit Wanc]
Vm[ﬂw]%bgfl abed = [~ abub]vmun]wnakl
Vilp™M i Clhed = [—afu][— 0] Vi) Wae
vm[ﬂw]ggbﬁl abed = — - aklvmud]]\Um‘"[ b][ O‘zullud]vmunwnat:]
VS Cog = [~ ug) V" Wijne
Vm[pw]ggbg? abed = | Oéi?ucz][ a%bvmub]wac
and
VGl = Valp™ 5 Cottg + Vo MWkt — U ® NV
VinCity = Vil Cor g + [V lWae — i © Wae][— o up) [~ o ud]
ViCilw = Valp™ i Cova + [V Wakt — tm © W] [— 0 )
VG = Valp™5d abcd+[vmwijc_um.wijc][_akcllud]
with the definitions
ViXi i, = nin" .. .0, ""VeXa a,
o Xy iy = u'ny ™ n "V X a,
and so
[Vl OGN = Vo NVt — i  Nijg
[vangNV = U\fakl[—a%bvmub]
[Vmcz]ﬂl]w = ]\UijC[_az?vmud]
VOl = [VoullUae — tm ® Wael [—ofuy) [—afiud]

S

= anc[ Oé Ub][ akcllud]Vmun

<
3

Q
$5

<
3
Q
58
S

~
<

Npac[— ][ aZLliud]vmun
[vaVakl — Um ® Uvakl][_a%bub}

~
ey

__Z___
3

SR N GF GGkl S
=
|

VngXl W= N\fmkl[—a%bub]vmu"

vangl{cl W= wac{_a?gbub][_a?llvmud]
V™ = [V Nije — tm © Nyl [—ofifug]
[VngXl N = NVijnc[—a,i‘liud]Vmu"

[Vngil N = wac[—aiﬁlud][—a%bvmub]
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6. VR

See [12] for more details.
6.0.1. V[roR|]
V[roR] = VR"+VR"+VR/
The distribution of components reads 80 = 40 + 36 + 4.
6.0.2. V[poR]

VipoR] = VR™ 4 VRY 4 VRV 4 VRW

The distribution of components reads 80 = 24 + 32 + 24.

6.1. 7w
o[VR] = [VRF + [ VRF
with
Vi Ri)™ = VaRign — 8[ ml]V Repkt + @2EV e Rijed
[VmRiﬂcl]Ea = ;[ Al e Ry + 05514V e Ryjed)
= %[nz‘jmavb[*R}abkl + NtV [+ R abis]
= é[ﬁijmbnkfd it i YV [ R abea
= - ;[afr?fjakl + a5 9ac VP [« B¥] pabe + Goal[*R*]pe]
-0
because of
= oS VeRapm
& 0 = VPR|pjm
& = VP[xR*|pin
6.1.1. 7o V[roR|
roViroR] = [+ o [VR" + VR + VR/|
with
(Vi Rzlﬁl] =V Rzlﬁl - é[ %V Rl + ossih Ve Rffid}
Vi ngz]aaj =V ngz é[afgzbg Qg + aﬁfgla@]]gacveRl{{i
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\V4 B
[ Rzykl] =V Rzykl - ! [aeab aj, + ced !
g (mij Ykl amklaZj] GacgbdVeR
vV, R 0 1 °
i kl] — [ eab AV RI ecd 11T
] mz] abkl +a mk;lv Rzycd]
_ 1
— b
8 [aTeTCLLZ] k}l + afr?llc)laz] ]gacvagJIbe
17
ViR = . <lomiai] + ot
gL mij kl amklaz] ]gacv R
B 1
— _ [aeab + aeab 1
gL mij Qg mklam]gac[ ab [V R + % !
Vi Rzm]ﬁa = 1[ eab d 1 e e R o gbdvapIE]
ec
? Xmig & kl + amklam ] 129ac.gbdv R
— aeab ecd 1
d 8[ mz]akl + amk:lazg ]gac[12abegdsv R+ gbdv R]
an
8 = [Vm RH{@I +V Rzykl +V R'L]kl]ﬁa
= VP[*R+L, + [«R
N Ipjkt + [ *]pjkl + [*R*]pjkl]
0 — eab [v RI 1
+
O Qi oot + 5 gac Ve Ry + o 129acgbdv R
— _ VpRIIk +a 17
l V! 1ol
o 2[ id T 9jaVP Rpe] — aff 12gjdv R
6.2. 7
ToVR = m
. VR + [VR]" + [VR]!
w1
ViRiju)™ = VR
= VnRiju — ofafl o
[vaijkl]H ) ;]b kfi [gachgam + gam}/bcd + gcmyd%‘b]
= agilag X )1
[vaijkl]I _ ;]b kl [gac[ bdné + Gam [chd] ! + Gem [Yd%‘b] ]
o
» i akl [gacgbde + gbmgaCYvdB3 + gdmgacYE,BH]
H
[Xlkm]IID:D — %[vazk]HDﬂ
A TP _ 1
[ 7,km] - [V Rzk + 40 VZDRpacm]HEP
v e 1
xB3 - 1
vEH =
& 36[ ViR + 4V Ryk]
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6.2.1. ToV[roR]

0 V[T o R] — [TIH + TH] o VRIH + [TH + TI] ° VRH + 7_I o VRI
with
17 17 17
VR = ViRE, — offofl[gacXign — gamYiy ' — gemYgoy ]
17 117 117
VBRI = A 90 XM + gam V™ + gem Y™ ]
I7
[VmRiIJI'kl]H = Oé?]bai‘zi[gac[ ?gm]ﬂ]
[VmRZkl]I = abaﬁlancgbdXB3 Ty gbmgacYBﬂ " + gdmgaCY;bB3
[vainkl]I = az] akl [gacgbdXEH ]
and
11T
e
17 17
Y;,%Hm - gvapikm
1
7
Xea "t = 2[v RA"
x@BI _ _§Y7§3H
1
vl o= V'R
1
xgHr = 57Vl
6.3. Tom
romo VR [P 4 Ty o [[VRIE + VR
with

(9 [V Rigal 71"
g™ [V Rijra] 717
(97 [V Rl
(9" [V i Rigra 17
9% g7 [V Ryt |
9" gV Ryt |
g*g" [VmRiﬂd]H3
9" gV R )

in particular

- [vm Rzk] m

= [VPRyul"

VPR, ik
VP Ry —
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LI Ry — TV Ry

— %[VpRpjkl - @i?Vijy}H

4 0%V Ryaem — 054,V o Ry 1!
Z[V”Rpjkl — 0 Va Ry )"

—%[V”%m—%vmm

- %[VpRpk — ViR]

- [VP&mf—%VmR]

1 1

= ajf Va Ry "
1
SVl

II]



6.3.1. TomroV[roR]

ToroV[roR] = [ 71 o (VR

_|_
e e [VRIH]H3 +

with the corresponding traces

1
PIVaBRGE = VPR,
1
MVLRREE = (VPR
1 ac I
P IVaRIT = okah VLR
mi 1
VR = il [VaRE)
gzkg]l[v szkl]ﬁa = _vaZIo{n
mi 1
g JZ[V Rz]kl]Hﬂ = iva}'{gﬁ
. 1
7%V R”kl]ﬁ3 — (VR
g g]l[va{jkl]Ha = _§ka
in particular
1
0 = —V'RJ,+ akl 1IVeR + SgdepRH]
0 = —VRI + vaR
6.4. p
Zbﬁldniv Ribed = [VaRiji)™ + Vo Rije]V + [V Rijid) ™ + [V Rl ™Y
= Vm[Pijkl Rabcd] = VmRZ]'%l + VmR%l + V’”“RiLJ"\;d + vaZ]'\J'[{fl
but
VR]™ = VR™ _-vVp™oR
[VRIW = VRY -VpYoR
[VR]Y = VRY —Vp¥oR
VRV = VRV -vVpVYoR
in particular
VanRijul™ = VoW — @ NI + [0 V]IV, + [~ 07 Vg NV
ViR = [VoulUSE — @ W + Viu [N, + NI N [—adfup) [—affudl
VinRigil™ = (VNG — wm @ Ny + Vi "NV, + [—aklvmud]wﬂﬂn )
Vo Riji)V = [V NI =ty @ NUE + V" NN+ (=020 V| LU [— g
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and

l abcm
abc pz]kl

abcl [nml

]

] abcl nml NigNjpULUc
Vo [ R¥] pgei [nml m l]a

]

u u
ml  ab
quln az]

or

l

b
J
b
J
b
Uk | j
b

U5

a
)

a
n;

a
)

a
7

a
u;u|n;

a
)

wln
[n
g
u'fn
[n

0 UjUR N

Equating the coefficients of (6.5) - (6.8) with those of (6.1) -

— u™uln%n

ab

nin’ nknmlv [ R*] g
nongu™ Vo [* R gpei]
nBucn™ V[« R qpe]
u’ngn™ V. [* R apel
N U™V o [* R¥] ape]
uPun™ N % R*) apei]

(6.4) leads to

bnk;

nbupuing,

nbupufupu’

] (6.7)

0 # Vo W — @ W + [~V INGE) + [0 Vinua] VT,
—Uz[VmJ\U?fk Um ® ]\Uzgk + Viu” ngank + [_a%}vm“b]w{?}é]
0 +# [V NU — tt, @ NUTH + V"NV + [0V | LU
0 # _“J'['mUViEEl — Um ® Uvikl + Vmun]WrBL?kl +[- O‘%Vmud] w?j]
g [V U =y, @ WD + V,u [N, + NTE ]
0 # —ujup[VoplUD -y 0 WHE + V,u [N + N

Substitution R — [«*R+| and taking the trace over m, [ gives

0 = vl[*LU*]??M - [-a @bvlubn*w*ﬁ% [ Whug) [+,
+o[fINAF,  —  eu kWU, — [~aft e uy) [« NVx]F]
0 = V[*U\f*]”l — VY ”[*CU*]W — [~ Wiy«
0 = V[T - vy ”[*CU*]mkl - [aklvlud][*zw*]ﬂﬂ
Fe kWA e un[xNUs[H, — e u" x4 ]
0 =  WHEWAT — v N — W[N],
or
0 = nvwy + W eNUTE V)
Fo[NE 4+ e w[n,, W 4y, PV
0 = Vl[lN*]ZBl3 + Y[y ,LCLUB3 + nmb[*]\l\f*]%lﬂ}
0 = m(VENTD 4 V[, T 4 NV
+o kWA~ e Iy kN 4y V]
0 = VWS~ W DT o, O V]
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6.5. ViwopoR]

Vm[w opo R]ijkl = Vm Z ZﬁijZﬁkl
B
= > VinZsij Zowi + Z5isVmZwl
B
= > [hgmii Zsk + Zsighsmi)
B
The identity VP[xRx]p;r = 0 becomes
0 = VPY +Zgp+Zpu
B
=: > [xhpixZgrs + *Z gy [#hsl” )
B
1
= > hgi*Zan — ha; Zow + off 15 0e; (hs15* Zopg + (sl Zope + 9ejhis Zoual
B
and
0 = gUIVRRIE + [0 VaRE"
0 = Mg VaREE  + " VR
can be written as
1 1
VPR = 5[—GZ?VCR§{1]H - 39 Z[*hﬁj*zﬁkl — hgj Za + afi Zg; hgane) "
B
1
VPR = ViR = > [—*hBZguk — hs Dol
B
The condition
ZﬁU = a;-‘}’Vanb
implies
hﬁabc = vavbP,Bc - vavc-PBb
hgw = VPV, Py + R, Ps,
*hgy = Nair ' V*VpPsg
1
- _inkaquapqxpﬁﬂc
= 0
SO
0 = Z 7 gpjl*hpl”
B
1
VPR = 5 D [ ~heiZaw + 0 Zg; hoane]”
B
VPR =) [=hpZam]
B
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Part I.

See [5], [6], [7] and [8] for comparison.

7. T
Setting
[ Rx] _. 7
K
implies
7 o [*Rx] = mokT
7 o [«Rx] = T7okT
pol*R+«] = poxT
poTo [xRx| = poTorT
in particular
[*Rox]H = xTH
_RII _ [*R*]III _ T
—RY = [*R*]H = kT
~-R! = [*R*]I = xkT!
[+[R™]4] = [R«W ST
[+[R™]+] [« R W = xTH
[*[RUV]*] [*R*]NJ = kTH
[*[RNJ}*] = [*R*]UV = xkTH
with the definitions
ujulTijkl = E%
nfng’»ulTabkl =: IEZE;C
ujninfiTijcd =: HIE%I
n?n?nin?T wbed =: HA %akl
The same holds for the covariant derivatives
R
v o
K
SO
moV[xRx] = mwokrVT
ToV[xRx] = 70orVT
poV[«xRx] = pokrVT
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in particular

and for the corresponding identity

in particular

0

[V[*Rx]|H = k[VT
[V[*R*]]H3 = k[VT
[V[*Rx]] /1 k[VT
[V[*Rx]]/ k[VT
[V[*Rx]]! k[VT
[V[*Rx]]™ k[VT
[V[*Rx]]& k[VT
[V[*Rx]]™Y k[VT
[V[*Rx]|W = k[VT
0 = vp[*R:]”j’“’ = VT,

1 1
vaU{d + a?lli[chjIé + gjdeTlﬁ] + ai?ﬁgjchT

pj
1

prpIll cd

VP ik + 5kl

1
VTG + VT

VT

= nle[vl[*fH*]?ﬁ — Vlu”[nm- b[H—I*]% + nncd[*IE]?gH

— o [«HEJ) + ou™ [y, [ )57 + ., PG

— VI HE )+ W [y, (kA + o, P EE)

= o[- VUEE W g @ e HE + oy, D)

+ o EE;I,? + ou"[n,,,° [H{*]%‘ + i “[*}E]E%}
VIH?ZBZH + Wiy [17nlc[E1T>|<]ZBC3 + nma[*IE]E?]

The difference between

and the Einstein equations

[*R*]ijkl

[ Rx]

= KLk

= KLy

can be emphasized by considering 7 o [*Rx] in both cases:

and

7 o [«Rx]

7 o [*Rx]

[*Rx] 1
[+Rx] !
[+Rx]”

[*Rx]
[*R*}H
[*Rax]!

— LT
= KT
= xT!

[*R*] yii

HTH

kT

o1

kTt oT

T 4+ kT 4 [xRx)H



Part Il.

Repeating the reasoning of 1.2 in the developed notation.

PRy = PRTh, = ¢ WeEFVeFa"
Removing the projector II gives

PR = PRTym = ¢ VEFVEFY)

Removing the trace gives

$R+lijm = kTijmw = VEFijVEFy
8. wopoT
Setting
R
fR g
K
gives
wopo[*R¥x] = kKwopoT
in particular
fNGENGYY = [Faffu s NG [—agiua «NEY
=: [—a%bub] VEEBE oy | /k EHE =:
w w
*U?ij *U%ﬂkl = [, UV = URY]
=: nij“ /{*H%}anlc /{*H%HCH{ =:
IN N d
WENNER = oy U] = affug s NEW
=: 7" m*H%%IE[—aZ‘?ud]\/EEé-%IE =:
w w
*N%j *U?k:l = [_O‘%bub]*N%aam[—nkchE%Uv]

=: [—a%bub]\/EEE%}Enklc\/E*H%%}E =:
and
*ZgixLgg = \/EFQU\/EF/BM

The identity VPT, 1, = 0 becomes

0 = V'Y FayFam
8

=: > g Fort + Fapilisl"s)
E
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or

1

1 . . .
VT = el = 5 lisiFam — s Fom + ofeF "% gl
B
1
7/ _ -b -b
VP = —kaT = Z[_]@Fﬁbk — *Jp*F goi]
B

The condition

Fﬁij = a%bvaAgb
implies

JBabe = VaVipAge — VoVeAgy
gk = VN Apr + Ry Agp
*J gk = Mok V*VpAgg
1

- _§nkaquapqu/3x

= 0
SO

1 1 ) .
~VPT = 5[—aZ?Vch£JH - 39 Z[JﬁjFﬁkz + gt F g% gape]
B
1 .
VI = Vil = ) [~i5Fse]
B
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Part IIl.

9. &

Let the units meter 'm’, second ’s’, kilogram ’kg’ and the electrostatic unit of charge 'esu’ be defined.
Let 7 denote in this (and only in this) section the number 7 and set 'S’ for the unit of the action S

(usually ’Joule second’). Set

C
G
alternatively G
K
Kz
K3
The equations
Rijr =
Rijui =
Tijre =
Tijre =
imply
[Rijm] =
[Riji] =
[Fais] =
(Tijr] =
9.1. X.S

= 209792458 - (9.1)
S
2 4
— 6,67259-10"2. [2} {9}
esu S
3
— 6,67259. 1071 .
kg -s
B A m
a 8tG  esu
~ 6,940-10%
. 62 m
-~ 87G kg
~ 5,359-10%
. C4 m 82
817G kg m?
~ 4,817-10*
1 ab _cd P 179
5 ij [060cbd + Gpgl hel L]
KTk
> FpijFan
3
T+ T + Tl + TR
1
m2
(K] [ Tk
[Tijki]
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k] =
[Fsi] =
a 1 i i 1.k
lI?agnﬁkdxchﬂdx =
Alternatively
S
Tigm] =+ Kpj- 3
W o= T
S
Eoil = K@ o3
al B I S
Eaémjkda: dx’ dx = Ky~ "
9.2. esu
[Fsi] =
L] =
k] =
a 1 ) i 1.k
EF aénijkdaz da? dx =
9.3. kg
a 1 ) i 1.k
FE aénijkdl’ da? dx =:
[Tl =
k] =
[Fai] =

95

= Kp-kg
m
= Kp kg -
esu
Kui- e
2
2 esu
L —
m2
K[Ql] - esu?
2
5 esu
Ky =
kg
K- 3
1 m
kg
K-~ 3
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