
∗R∗ = κT

Physicalizationof Curvature

Tobias Wowereit

The Einstein equations are completed.
The electromagnetic nature of energetic phenomena is derived.

Alternative units are introduced.
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1. I,II,III

1.1. I

The Einstein equations of General Relativity

κTik = Rik −
1

2
gikR

= [∗R∗]ik
= gjl[∗R∗]ijkl

= gjl
1

4
η ab
ij η cd

kl Rabcd

can be written as

gjl
[∗R∗]ijkl

κ
= Tik

Tik is the trace of
[∗R∗]ijkl

κ and if Tik is an energy momentum tensor so is
[∗R∗]ijkl

κ because the metric
bears no physical or geometrical unit. Setting

[∗R∗]ijkl
κ

=: Tijkl

implies

gjlTijkl = Tik

Details in part I.

1.2. II

The energy momentum tensor of the electromagnetic �eld in connection with the Einstein equations
reads

Rik −
1

4
Rgik = κ[Tik −

1

4
Tgik]

= κ[F b
i Fkb −

1

4
F abFabgik]

This expression stems from

[∗R∗]ik = κTik

= κF b
i Fkb

which in turn stems from

[∗R∗]ijkl = κTijkl

= κFijFkl

Details in part II.
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1.3. III

Usually Tik is called 'energy-momentum tensor' and bears the unit

[Tik] = kg · m2

s2
· 1

m3

Regarding Tik as a tensor�eld de�ned on spacetime, a canonical unit for Tik should contain a factor
1
m4 or 1

s·m3 . This means

[Tik] =
X

m4

The unit X has electromagnetic 'roots' because

X = K2
[1]esu2 K[1] ∈ R

≈ 4, 817 · 1051 · esu2

'esu' being the 'electrostatic unit of charge'. Details in part III.
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2. π, τ , ∗, ω, ρ, ∇, C, R

Further literature

∇, g,C,R [13], pp. 23, 30− 40

[11], III, §1− 5

π [2], pp. 291− 298

[3]

τ [2], pp. 298− 299

[9]

ω [1], pp. 25− 28

[4], pp. 374− 379, 552− 568

ω ◦ α [10], pp. 120

[11], I, §7

Let M denote a di�erentiable manifold, dim[M ] = n, and let ML denote a Lorentzian manifold,
dim[ML] = 4, with metric signature 1, 1, 1,−1.

2.1. π

Let M be given. The Skew or Anti Symmetrizer αa1...ali1...il
and the Symmetrizer σa1...ali1...il

are de�ned by

αa1...ali1...il
:=

∑
p

sign[p]δ
ap[1]
i1

. . . δ
ap[l]
il

σa1...ali1...il
:=

∑
p

δ
ap[1]
i1

. . . δ
ap[l]
il

p[1] . . . p[l] denotes an array of 1, . . . , l which is obtained from 1, . . . , l by permutations. The sum is
carried out over all possible arrays of 1, . . . , l. sign[p], the sign of an array, is positive if p[1] . . . p[l]
can be obtained from 1, 2, . . . , l− 1, l by an even number of permutations, otherwise negative. So the
Permutation Operator π can be de�ned as

πabijXab : =
1

2
σabijXab +

1

2
αabijXab

= : X i j

ij +X
i
j

ij

= : Xij +Xij

= : [π ]abijXab + [π ]abijXab

πabijXab leads to

πabcijkXabc = X i j k

ijk +X
i j
k

ijk +X
i k
j

ijk +X

i
j
k

ijk

= Xijk +Xijk +Xijk

=: [π ]abcijkXabc + [π ]abcijkXabc + [π ]abcijkXabc

which leads to

πabcdijkl Xabcd = X i j k l

ijkl +X
i j k
l

ijkl +X
i j l
k

ijkl +X
i j
k l

ijkl +X

i j
k
l

ijkl
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+X
i k l
j

ijk +X
i k
j l

ijkl +X

i k
j
l

ijkl +X

i l
j
k

ijk +X

i
j
k
l

ijkl

= Xijkl +Xijkl +Xijkl +Xijkl +Xijkl

=: [π ]abijXabcd + [π ]abcdijkl Xabcd + [π ]abcdijkl Xabcd + [π ]abcdijkl Xabcd + [π ]abcdijkl Xabcd

which leads to

πabcdeijklmXabcde = X i j k l m

ijklm +X
i j k l
m

ijklm

+X
i j k m
l

ijklm +X
i j k
l m

ijklm +X

i j k
l
m

ijklm +X
i j l m
k

ijklm +X
i j l
k m

ijklm +X

i j l
k
m

ijklm

+X
i j m
k l

ijklm +X

i j
k l
m

ijklm +X

i j m
k
l

ijklm +X

i j
k m
l

ijklm +X

i j
k
l
m

ijklm

+X
i k l m
j

ijkm +X
i k l
j m

ijkm +X

i k l
j
m

ijkm +X
i k m
j l

ijklm +X

i k
j l
m

ijklm

+X

i k m
j
l

ijklm +X

i k
j m
l

ijklm +X

i k
j
l
m

ijklm +X

i l m
j
k

ijklm +X

i l
j m
k

ijklm +X

i l
j
k
m

ijklm

+X

i m
j
k
l

ijklm +X

i
j
k
l
m

ijklm

= Xijklm +Xijkm +Xijklm +Xijklm +Xijklm +Xijklm +Xijklm

=: [π ]abcdeijklmXabcde + [π ]abcdeijklmXabcde + [π ]abcdeijklmXabcde

+[π ]abcdeijklmXabcde + [π ]abcdeijklmXabcde + [π ]abcdeijklmXabcde + [π ]abcdeijklmXabcde

The generalization of the factor 1
2 in πabijXab reads

A

B!
(2.1)

where A denotes the number of di�erent con�gurations of a box-array by indices, and B denotes the
order of the tensor. So

πabij =
1

2
σabij +

1

2
αabij

= [π ]abij + [π ]abij

πabcijk =
1

6
σabcijk +

1

3
[αpcikσ

ab
pj + αpbij σ

ac
pk] +

1

6
αabcijk

= [π ]abcijk + [π ]abcijk + [π ]abcijk

πabcdijkl =
1

24
σabcdijkl +

1

8
[αpdil σ

abc
pjk + αpcikσ

abd
pjl + αpbij σ

acd
pkl ] +

1

12
[αprikα

qs
jl σ

ab
pqσ

cd
rs + αprij α

qs
klσ

ac
pqσ

bd
rs]

+
1

8
[αpcdikl σ

ab
pj + αpbdijl σ

ac
pk + αpbcijkσ

ad
pl ] +

1

24
αabcdijkl

= [π ]abij + [π ]abcdijkl + [π ]abcdijkl + [π ]abcdijkl + [π ]abcdijkl
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πabcdeijklm =
1

120
σabcdeijklm +

1

30
[αpeimσ

abcd
pjkl + αpdil σ

abce
pjkm + αpcikσ

abde
pjlm + αpbij σ

acde
pklm]

+
1

24
[αpril α

qs
jmσ

de
rsσ

abc
pqk + αprikα

qs
jmσ

ce
rsσ

abd
pql ]

+
1

24
[αprikα

qs
jl σ

cd
rsσ

abe
pqm + αprij α

qs
kmσ

be
rsσ

acd
pql + αprij α

qs
klσ

bd
rsσ

ace
pqm]

+
1

20
[αpdeilmσ

abc
pjk + αpceikmσ

abd
pjl + αpcdikl σ

abe
pjm + αpbeijmσ

acd
pkl + αpbdijl σ

ace
pkm + αpbcijkσ

ade
plm]

+
1

24
[αpreikmα

qs
jl σ

cd
rsσ

ab
pq + αprdikl α

qs
jmσ

ce
rsσ

ab
pq + αpreijmα

qs
klσ

bd
rsσ

ac
pq ]

+
1

24
[αprdijl α

qs
kmσ

be
rsσ

ac
pq + αprcijkα

qs
lmσ

be
rsσ

ad
pq ]

+
1

30
[αpcdeiklmσ

ab
pj + αpbdeijlmσ

ac
pk + αpbceijkmσ

ad
pl + αpbcdijkl σ

ae
pm] +

1

120
αabcdeijklm

= [π ]abcdeijklm + [π ]abcdeijklm + [π ]abcdeijklm + [π ]abcdeijklm + [π ]abcdeijklm + [π ]abcdeijklm + [π ]abcdeijklm

The number of independent components per term can be obtained from the following procedure. The
dimension of the space, on which the tensor is de�ned, is inserted into the box in the upper left-hand
corner of the array of indices. Going on from this, the other boxes are �lled. For every step to the
right, the number is raised by 1, and for every step down, the number is decreased by 1. The product
of all those numbers of an array is �nally multiplied by (2.1).

2.2. τ

Let g be a metric on M .

gij = gji

det[gij ] =: g 6= 0

With the help of the metric g the Trace Decomposition Operator τ and the Trace Reduction Operator

γ can be de�ned.

τa1...ali1...il
Xa1...al := [Xi1...il − γ

a1...an
i1...il

Xa1...al ] + γa1...ali1...il
Xa1...al

with

γa1...ali1...il
Xa1...al := gi1i2τ

a3...al
i3...il

Y [1,2]
a3...al

+ gi1i3τ
a2a4...al
i2i4...il

Y [1,3]
a2a4...al

+ . . .+ gil−1ilτ
a1...al−2

i1...il−2
Y [l−1,l]
a1...al−2

and

gp1p2γa1...ali1...p1...p2...il
Xa1...al = gp1p2Xi1...p1...p2...il

2.3. ∗

Let g < 0.

αi1...in1...n = gi1a1 . . . ginang1b1 . . . gnbnα
b1...bn
a1...an

= gi1a1 . . . ginang1b1 . . . gnbnα
1...n
a1...anα

b1...bn
1...n

= gi1a1 . . . ginanα1...n
a1...ang

α1...n
i1...in = gi1a1 . . . ginanα

a1...an
1...n

1

g

8



implies

α1...n
i1...inα

1...n
a1...an = α1...n

i1...inga1b1 . . . ganbn α
b1...bn
1...n

1

g

= αb1...bni1...in
ga1b1 . . . ganbn

1

g

αi1...in1...n αa1...an1...n = αi1...inb1...bn
ga1b1 . . . ganbng

and

√
−gα1...n

i1...in

√
−gα1...n

a1...an = − ga1b1 . . . ganbnα
b1...bn
i1...in

= −det

 gi1a1 . . . gi1an
...

. . .
...

gina1 . . . ginan


1√
−g

αi1...in1...n

1√
−g

αa1...an1...n = − ga1b1 . . . ganbnαi1...inb1...bn
= −det

 gi1a1 . . . gi1an

...
. . .

...
gina1 . . . ginan


respectively. Set

ηi1...in :=
√
−gα1...n

i1...in

ηi1...in :=
1√
−g

αi1...in1...n

These de�nitions make sense because of

ηa1...ang
i1a1 . . . ginan = ηi1...in

so

ηi1...inη
a1...an = − αa1...ani1...in

= −det


δa1i1

... δani1
...

. . .
...

δa1in
... δanin


The following construction is possible

αa1...aki1...ik
Xa1...ak =

1

[n− k]!
α
a1...akik+1...in
i1...ikik+1...in

Xa1...ak

= − 1

[n− k]!
ηi1...ikik+1...inη

a1...akik+1...inXa1...ak

=: − k!

[n− k]!
ηi1...ikik+1...in [∗X]ik+1...in

with the Dual Operator ∗ and the dual tensor ∗X. Particulary for ML

αX = αabcdabcd

1

24
X = − ηabcdηabcd

1

24
X =: − ηabcd

1

24
[∗X]abcd

αaiXa = αabcdibcd

1

6
Xa = − ηibcdηabcd

1

6
Xa =: − ηibcd

1

6
[∗X]bcd

αabijXab = αabcdijcd

1

2
Xab = − ηijcdηabcd

1

2
Xab =: − ηijcd[∗X]cd

αabcijkXabc = αabcdijkdXabc = − ηijkdηabcdXabc =: − ηijkd6[∗X]d

9



αabcdijkl Xabcd = αabcdijkl Xabcd = − ηijklηabcdXabcd =: − ηijkl24[∗X]

and

πabcdijkl ηabcd = ηijkl

τabcdijkl ηabcd = ηijkl − γabcdijkl ηabcd

2.4. ω

Returning to M .

Xi1...il = δa1i1 δ
a2
i2
. . . δalil Xa1...al

Because of the property

δaiXa = Xi

with an arbitrary vector Xi, the Kronecker Delta has the eigenvalue 1 and every vector is an eigen-
vector. Choosing an orthonormal basis {xαi }nα=1 gives a spectral factorization of the Kronecker Delta

δai =

n∑
α=1

xαi x
αa

This in turn gives

Xi1...il =

n∑
α1=1

xα1
i1
xα1a1

n∑
α2=1

xα2
i2
xα2a2 . . .

n∑
αl=1

xαlil x
αlalXa1...al

=

n∑
α1=1

n∑
α2=1

. . .

n∑
αl=1

xα1
i1
xα2
i2
. . . xαlil [xα1a1xα2a2 . . . xαlalXa1...al ]

a decomposition of a tensor into a sum of products of vectors. For given Xi1...il only l − 1 sums are
linear independent. The Factorization Operator ω for a tensor Xi1...il reads

ωa1...ali1...il
Xa1...al :=

nl−1∑
α=1

Y
[1,α]
i1

. . . Y
[l,α]
il

For l = 2 this becomes

ωabijXab =
n∑

α=1

Y α
i Z

α
j

If there is a positive de�nite scalar product available, a factorization of Xij is delivered by the Singular
Value Decomposition

Xij = Y a
i SabZ

b
j

with two orthogonal matrices Y and Z and a diagonal matrix S whose non zero diagonal elements
sα are positive and called the singular values of X.

ωabijXab =

n∑
α=1

sαyαi z
α
j

=
n∑

α=1

[
√
sαyαi ][

√
sαzαj ]

=
n∑

α=1

Y α
i Z

α
j

10



2.4.1. ω ◦ σ

Again, if there is a positive de�nite scalar product available, a factorization of Xij is delivered by the
Eigenvalue Decomposition

Xij = Y a
i ΛabY

b
j

for a square, symmetric matrix X with an orthogonal matrix Y and a diagonal matrix Λ whose
diagonal elements λα are the eigenvalues of X.

[ω ◦ σ]abijXab :=
n∑

α=1

λαyαi y
α
j

=

n∑
α=1

[
√
λαyαi ][

√
λαyαj ]

=
n∑

α=1

Y α
i Y

α
j

or

[ω ◦ σ]abijXab =

n∑
α=1

sign[λα]
√
|λα|yαi ][

√
|λα|yαj ]

=
n∑

α=1

sign[λα]Zαi Z
α
j

2.4.2. ω ◦ α

[ω ◦ α]a1...ani1...in
Xa1...an = [ω ◦ α]a1...ani1...in

ga1b1 . . . ganbnX
b1...bn

= αa1...ani1...in

n∑
α1

xα1
a1 x

α1
b1
. . .

n∑
αn

xαnan x
αn
bn
Xb1...bn

= αa1...ani1...in

∑
p

xp[1]a1 x
p[1]
b1

. . . xp[n]an x
p[n]
bn

Xb1...bn

= αa1...ani1...in
x[1]a1 . . . x

[n]
an

∑
p

sign[p]x
p[1]
b1

. . . x
p[n]
bn

Xb1...bn

=: αa1...ani1...in
Y [1]
a1 . . . Y

[n]
an

implies

[ω ◦ α]a1...ani1...in
Xa1...an−1 [∗X]an = αa1...ani1...in

Y [1]
a1 . . . Y

[k−1]
ik−1

[∗Y ][k]akY
[k+1]
ik+1

. . . Y [n]
an

∗Y [k]
ak can be chosen

∗Y [k]
ak

= ∗Xak

so with suitable relabeling

[ω ◦ α]
a1...an−1

i1...in−1
Xa1...an−1 = α

a1...an−1

i1...in−1
Y [1]
a1 . . . Y

[n−1]
in−1

For n = 3

[ω ◦ α]abijXab = αabij YaZb

11



2.5. ρ

On ML there is the possible decomposition

ωacik gac =
3∑

α=1

xαixαk − uiuk

for the metric, the xαi being normed and spacelike, and ui being normed and timelike.

uiu
i = − 1

Alternatively,

vi = c ui

will be used, c ∈ R, de�ned in (9.1). So

ωkaic δ
c
a =

3∑
α=1

xαi x
αk − uiuk =: nki − uiuk

implying the Spatial Temporal Decomposition Operator ρ

ρk1...kli1...il
:= [nk1i1 − ui1u

k1 ] . . . [nklil − uilu
kl ]

and

ρabcdijkl ηabcd = ηjklui − ηikluj + ηijluk − ηijkul

with

ηijk := ηijkdu
d

2.6. ∇

Covariant Derivative ∇ on M : tensorial, linear, product rule, commutes with contractions. For two
covariant derivatives, ∇ and ∇̃,

∇iXj − ∇̃iXj = −G a
ij Xa

holds. G is a tensor�eld. There are special covariant derivatives Yij of Xj : Y is a tensor which has
the components Yij = ∂iXj in one basis. Set

∇iXj = ∂iXj − Γ a
ij Xa

for the di�erence ∇iXj − ∂iXj .

Yij =
∂x′a

∂xi
∂x′b

∂xj
Y ′ab

∂iXj =
∂

∂xi
[X ′b

∂x′b

∂xj
]

=
∂x′a

∂xi
∂x′b

∂xj
∂′aX

′
b +X ′b

∂2x′b

∂xi∂xj

Γkij =
∂x′a

∂xi
∂x′b

∂xj
∂xk

∂x′c
Γ′cab +

∂2x′a

∂xi∂xj
∂xk

∂x′a
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Equating

∇i[XaYa] = ∂i[X
aYa]

= ∂iX
aYa +Xa∂iYa

∇i[XaYa] = [∂iYa − ΓbiaYb]X
a +∇iXaYa

= ∂iYaX
a − ΓaibX

bYa +∇iXaYa

implies

∇iXj =
∂Xj

∂xi
+ ΓjiaX

a

By the same reasoning

∇k[Xi1...in
j1...jm

Y
[1]
i1
. . . Y

[n]
in
Z [1]j1 . . . Z [m]jm ] = ∂k[X

i1...in
j1...jm

Y
[1]
i1
. . . Y

[n]
in
Z [1]j1 . . . Z [m]jm ]

implies the formula

∇kXi1...in
j1...jm

:= ∂kX
i1...in
j1...jm

+
n∑

α=1

X
i1...iα−1aiα+1...in
j1...jm

Γiαka −
m∑
β=1

Xi1...in
j1...jβ−1bjβ+1...jm

Γbkjβ

for the covariant derivative of a tensor�eld.

2.7. C, R

∇k∂l = − Γakl∂a

∇j∇k∂l = −∇j [Γakl∂a]
= − ∂jΓakl∂a + ΓbjkΓ

a
bl∂a + ΓbjlΓ

a
kb∂a

∇i∇j∇k∂l = −∇i∂jΓakl∂a − ∂jΓakl∇i∂a
+∇iΓbjkΓabl∂a + Γbjk∇iΓabl∂a + ΓbjkΓ

a
bl∇i∂a

+∇iΓbjlΓakb∂a + Γbjl∇iΓakb∂a + ΓbjlΓ
a
kb∇i∂a

= − ∂i∂jΓakl∂a
+ [∂bΓ

a
klΓ

b
ij + ∂jΓ

a
blΓ

b
ik + ∂jΓ

a
kbΓ

b
il + ∂i[Γ

b
jkΓ

a
bl] + ∂i[Γ

b
jlΓ

a
kb]]∂a

− Γcij [Γ
b
ckΓ

a
bl + ΓbclΓ

a
kb]∂a − Γcik[Γ

b
jcΓ

a
bl + ΓbjlΓ

a
cb]∂a − Γcil[Γ

b
jkΓ

a
bc + ΓbjcΓ

a
kb]∂a

Antisymmetric parts

αcdkl∇c∂d = − αcdklΓ
p

cd ∂p

= : − S p
kl ∂p

αcdkl∇j∇c∂d = −∇jS p
kl ∂p − S

p
kl ∇j∂p

αbcjk∇b∇c∂l = − αbcjk[∂bΓ
p
cl + ΓqclΓ

p
bq]∂p − S

p
jk ∇p∂l

= : −K p
jkl ∂p − S

p
jk ∇p∂l

αabij∇a∇b∇k∂l = −K p
ijk ∇p∂l −K

p
ijl ∇k∂p − S

p
ij ∇p∇k∂l

αbcjk∇i∇b∇c∂l = −∇iK p
jkl ∂p −K

p
jkl ∇i∂p −∇iS

p
jk ∇p∂l − S

p
jk ∇i∇p∂l

with the Torsion Tensor S p
kl and the Curvature Tensor K p

jkl . Equating

αbcdjklα
pq
cd∇b∇p∂q = αbcdjklα

pq
bc∇p∇q∂d
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implies the First or Algebraic Bianchi Identity

−αbcdjkl [∇bS
p

cd ∂p + S q
cd ∇b∂q] = − αbcdjkl [K

p
bcd ∂p − S

q
bc ∇q∂d]

equivalently

αbcdjklK
p

bcd = αbcdjkl [∇bS
p

cd + S q
cd S

p
qb ]

and equating

αabcijkα
pq
ab∇p∇q∇c∂l = αabcijkα

pq
bc∇a∇p∇q∂l

implies the Second or Di�erential Bianchi Identity

αabcijk [K p
abc ∇p∂l + S p

ab ∇p∇c∂l] = αabcijk [∇aK p
bcl ∂p +∇aS p

bc ∇p∂l + S p
bc ∇a∇p∂l]

equivalently

0 = αabcijk [∇aK p
bcl − S

q
bc K

p
aql ]

Next

αabij∇a∇bXk1...kn = −K p
ijk1

Xpk2...kn − . . .−K
p

ijkn
Xk1...kn−1p − S

p
ij ∇pXk1...kn

implies

αabij∇a∇bgkl = −K p
ijk gpl −K

p
ijl gpk − S

p
ij ∇pgkl

= − σcdklKijcd − S p
ij ∇pgkl

Finally

∇igjk = ∂igjk − Γaijgak − Γaikgaj

=: ∂igjk − Γijk − Γikj

implies

−∇igjk +∇kgij +∇jgik = − ∂igjk + ∂kgij + ∂jgik + Sikj + Sijk − σbcjkΓbci

and so

2Γijk = σabij Γabk + Sijk

becomes

Γijk =
1

2
[−∂kgij + ∂jgki + ∂igkj + Skij + Skji + Sijk +∇kgij −∇jgki −∇igkj ]

If

∇igjk = 0

the curvature tensor is labeled

C l
ijk := αabij [∂aΓ

l
bk + ΓpbkΓ

l
ap]
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and satis�es

0 = σcdklCijcd

in addition. If

∇igjk = 0

Sijk = 0

the curvature tensor is labeled

R l
ijk := αabij [∂aΓ

l
bk + ΓpbkΓ

l
ap]

Rijkl =
1

2
αabij α

cd
kl [∂a∂cgbd + gpqΓ

p
acΓ

q
bd]

and called Riemannian Curvature tensor, satisfying

0 = σcdklRijcd

0 = αbcdjklR
p

bcd

0 = αabcijk∇aR
p

bcl

15



3. C

3.1. C

3.1.1. π

The de�nition of C implies

0 = σabij Cabkl (3.1)

0 = σcdklCijcd (3.2)

so

πabcdijkl Cabcd =
1

12
αprij α

qs
klσ

ac
pqσ

bd
rsCabcd +

1

8
αxykl α

pbc
ijxσ

ad
pyCabcd +

1

24
αabcdijkl Cabcd

= Cijkl + Cijkl + Cijkl

with

Cijkl =
1

2
[Cijkl + Cklij ]−

1

6
[[Cijkl + Cklij ] + [Ciljk + Cjkil] + [Ciklj + Cljik]] (3.3)

Cijkl =
1

2
[Cijkl − Cklij ] (3.4)

Cijkl =
1

6
[[Cijkl + Cklij ] + [Ciljk + Cjkil] + [Ciklj + Cljik]] (3.5)

The distribution of components reads 36 = 20 + 15 + 1. (3.3) and (3.5) imply

Cijkl + Cijkl =
1

2
[Cijkl + Cklij ] (3.6)

3.1.2. τ

τabcdijkl Cabcd = [τ III ]abcdijkl Cabcd + [τ II ]abcdijkl Cabcd + [τ I ]abcdijkl Cabcd

=: CIIIijkl + CIIijkl + CIijkl

with

CIIIijkl := Cijkl − αabij αcdklgacXbd

CIIijkl := αabij α
cd
klgac[Xbd − γpqbdXpq]

CIijkl := αabij α
cd
klgacgbdX

and

gikCijkl =: Cjl = 2Xbd

gikgjlCijkl =: C = 24X

so

XII
bd := [Xbd − γpqbdXpq] =

1

2
[Cjl −

1

4
gjlC] =:

1

2
CIIbd

X =
1

24
C

The distribution of components reads 36 = 20 + 15 + 1.
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3.1.3. τ ◦ π

τ ◦ π ◦C = [τ III + τ II + τ I ] ◦ [π + π + π ] ◦C

= [π + π + π ] ◦ [τ III + τ II + τ I ] ◦C = π ◦ τ ◦C

and in particular

C III
ijkl =

1

2
[CIIIijkl + CIIIklij ]− C

III

ijkl

C II
ijkl =

1

2
[CIIijkl + CIIklij ]

=
1

4
αabij α

cd
klgacσ

pq
bdC

II
pq

C I
ijkl =

1

2
[CIijkl + CIklij ]

=
1

24
αabij α

cd
klgacgbdC

C
III

ijkl =
1

2
[CIIIijkl − CIIIklij ]

C
II

ijkl =
1

2
[CIIijkl − CIIklij ]

=
1

4
αabij α

cd
klgacα

pq
bdC

II
pq

C
I

ijkl = 0

C
III

ijkl =
1

6
[[CIIIijkl + CIIIklij ] + [CIIIiljk + CIIIjkil] + [CIIIiklj + CIIIljik]]

C
II

ijkl = 0

C
I

ijkl = 0

The distribution of components reads 36 = 10 + 9 + 1 + 9 + 6 + 1.

3.2. ∗C

(3.1) and (3.2) imply

Cijkl =
1

2
αabij Cabkl =

1

4
αabpqijpqCabkl = − 1

4
ηijpqη

abpqCabkl =: − 1

2
ηijab[∗C]abkl (3.7)

Cijkl =
1

2
αcdklCijcd =

1

4
αcdrsklrsCijcd = − 1

4
ηijrsη

cdrsCijcd =: − 1

2
ηklcd[C∗] cd

ij

3.2.1. π

(3.2) and (3.7) imply

0 = σabij [∗C]abkl

0 = σcdkl [∗C]ijcd

so

π ◦ [∗C] = [∗C] + [∗C] + [∗C]
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and in particular

[∗C]ijkl =
1

2
η ab
ij CIIIabkl = ∗[CIII ]ijkl

[∗C]ijkl =
1

2
η p
ijc α

cd
klC

II
pd = ∗[CII ]ijkl

[∗C]ijkl =
1

12
ηijklC = ∗[CI ]ijkl

summarized in

π ◦ [∗C] = ∗[τ ◦C]

The substitution C→ ∗C gives

π ◦ [∗ ∗C] = −π ◦C = ∗[τ ◦ [∗C]] (3.8)

so

Cijkl = − 1

2
η ab
ij [∗C]IIIabkl = − ∗[[∗C]III ]ijkl

Cijkl = − 1

2
η p
ijc α

cd
kl [∗C]IIpd = − ∗[[∗C]II ]ijkl

Cijkl = − 1

12
ηijkl∗C = − ∗[[∗C]I ]ijkl

The relations (3.4) and (3.6) become

[∗C]ijkl =
1

2
[[∗C]ijkl − [∗C]klij ] = ∗[CII ]ijkl

[∗C]ijkl + [∗C]ijkl =
1

2
[[∗C]ijkl + [∗C]klij ] = ∗[CIII ]ijkl + ∗[CI ]ijkl

and

−∗[[∗C]II ]ijkl =
1

2
[Cijkl − Cklij ]

−∗[[∗C]III ]ijkl − ∗[[∗C]I ]ijkl =
1

2
[Cijkl + Cklij ]

3.2.2. τ

Dualization of (3.8) gives

∗[π ◦C] = τ ◦ [∗C]

and in particular

∗[C ]ijkl = [∗C]ijkl − [∗C]Iijkl − [∗C]IIijkl = [∗C]IIIijkl

∗[C ]ijkl =
1

2
αabij α

cd
klgac[∗C]IIbd = [∗C]IIijkl

∗[C ]ijkl =
1

24
αabij α

cd
klgacgbd[∗C] = [∗C]Iijkl

with

gjl[∗C]ijkl =: [∗C]ik
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gjlgik[∗C]ijkl =: ∗C

The substitution C→ ∗C gives

τ ◦ [∗ ∗C] = −τ ◦C = ∗[π ◦ [∗C]]

and in particular

CIIIijkl =
1

2
[Cijkl − [∗C∗]klij ]− CIijkl

=
1

6
[Cijkl − [∗C∗]klij ]−

1

3
η ab
ij αcdkl [∗C]acbd = − ∗[[∗C] ]ijkl

CIIijkl =
1

2
[Cijkl + [∗C∗]klij ] = − ∗[[∗C] ]ijkl

CIijkl =
1

3
[Cijkl − [∗C∗]klij + η ab

ij αcdkl [∗C]acbd] = − ∗[[∗C] ]ijkl

The relations (3.4) and (3.6) become

[∗C]IIijkl =
1

2
[[∗C]ijkl − [C∗]klij ] = ∗[C ]ijkl

[∗C]IIIijkl + [∗C]Iijkl =
1

2
[[∗C]ijkl + [C∗]klij ] = ∗[C ]ijkl + ∗[C ]ijkl

and

CIIijkl =
1

2
[Cijkl + [∗C∗]klij ] = − ∗[[∗C] ]ijkl

CIIIijkl + CIijkl =
1

2
[Cijkl − [∗C∗]klij ] = − ∗[[∗C] ]ijkl − ∗[[∗C] ]ijkl

3.2.3. τ ◦ π

τ ◦ π ◦ [∗C] = τ ◦ ∗[τ ◦C] = ∗[π ◦ τ ◦C]

π ◦ τ ◦ [∗C] = π ◦ ∗[π ◦C] = ∗[τ ◦ π ◦C]

so

τ ◦ ∗[τ ◦C] = π ◦ ∗[π ◦C]

and in particular

[∗C] III
ijkl = [∗[CIII ]]IIIijkl = ∗[CIII ]ijkl = [∗[C ]]ijkl

[∗C] II
ijkl = [∗[CIII ]]IIijkl = ∗[CII ]ijkl = [∗[C ]]ijkl

[∗C] I
ijkl = [∗[CIII ]]Iijkl = ∗[CIII ]ijkl = [∗[C ]]ijkl

[∗C]
III

ijkl = [∗[CII ]]IIIijkl = ∗[CII ]ijkl = [∗[C ]]ijkl

[∗C]
II

ijkl = [∗[CII ]]IIijkl = ∗[CII ]ijkl = [∗[C ]]ijkl

[∗C]
III

ijkl = [∗[CI ]]IIIijkl = ∗[CI ]ijkl = [∗[C ]]ijkl
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3.3. ∗C∗

(3.1) and (3.2) imply

Cijkl =
1

4
η ab
ij η cd

kl [∗C∗]abcd (3.9)

with

[∗C∗]ijkl :=
1

4
η ab
ij η cd

kl Cabcd

= − Cklij + αabij α
cd
klgacCdb −

1

4
αabij α

cd
klgacgbdC (3.10)

3.3.1. π

(3.9) implies

0 = σabij [∗C∗]abkl
0 = σcdkl [∗C∗]ijcd

therefore

π ◦ [∗C∗] = [∗C∗] + [∗C∗] + [∗C∗] = ∗[π ◦C]∗

(3.10) implies

[∗C∗]ijkl = −Cijkl +
1

2
αabij α

cd
klgacσ

pq
bdCqp −

1

4
αabij α

cd
klgacgbdC

[∗C∗]ijkl = Cijkl +
1

2
αabij α

cd
klgacα

pq
bdCqp

[∗C∗]ijkl = −Cijkl

3.3.2. τ

τ ◦ [∗C∗] = [∗C∗]III + [∗C∗]II + [∗C∗]I = ∗[τ ◦C]∗

and by means of (3.10)

[∗C∗]IIIijkl = −CIIIklij (3.11)

[∗C∗]IIijkl = CIIklij (3.12)

[∗C∗]Iijkl = −CIklij (3.13)

with

gjl[∗C∗]ijkl =: [∗C∗]ik = Cki −
1

2
Cgik

gjlgik[∗C∗]ijkl =: ∗C∗ = −C
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3.3.3. τ ◦ π

(3.11),(3.12), (3.13), (3.4) and (3.6) imply

[∗C∗] III
ijkl = −C III

klij = −C III
ijkl

[∗C∗] II
ijkl = C II

klij = C II
ijkl

[∗C∗] I
ijkl = −C I

klij = −C I
ijkl

[∗C∗] III

ijkl = −C III

klij = C
III

ijkl

[∗C∗] II

ijkl = C
II

klij = −C II

ijkl

[∗C∗]
III

ijkl = −C
III

klij = −C
III

ijkl

and, equivalently

1

2
[Cijkl − [∗C∗]ijkl] = C III

ijkl + C I
ijkl + C

II

ijkl + C
III

ijkl

1

2
[Cijkl + [∗C∗]ijkl] = C II

ijkl + C
III

ijkl

3.4. ρ

3.4.1. C

ρabcdijkl Cabcd = Cabcdnianjbnkcnld = [∗C∗]abcdηijaubηklcud
+Cabcdnpaubnrcud[−αpqij uq][−α

rs
klus] +[∗C∗]abcdnpaubnrcud[−αpqij uq][−α

rs
klus]

+Cabcdnpaubnkcnld[−αpqij uq] +[C∗]abcdnpaubηklcud[−αpqij uq]

+Cabcdnianjbnrcud[−αrsklus] +[∗C]abcdηijaubnrcud[−αrsklus]

Set

CNNijkl := Cabcd[ρ
NN ]abcdijkl := Cabcdnianjbnkcnld

=: NNijkl = [∗NN∗]acη a
ij η

c
kl

CUUijkl := Cabcd[ρ
UU ]abcdijkl := Cpqrsnapuqncrus[−αabij ub][−αcdklud]

=: UUac[−αabij ub][−αcdklud]
CUNijkl := Cabcd[ρ

NN ]abcdijkl := Cpqcdnapuqnkcnld[−αabij ub]
=: UNakl[−αabij ub] = [UN∗]acη c

kl [−αabij ub]
CNUijkl := Cabcd[ρ

NN ]abcdijkl := Cabrsnianjbncrus[−αcdklud]
=: NUijc[−αcdklud] = [∗NU ]acη

a
ij [−αcdklud]

summarized in

ρ ◦C = CNN + CUU + CUN + CNU

The distribution of components reads 36 = 9 + 9 + 9 + 9.
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3.4.2. ∗C

ρ ◦ [∗C] = ∗[ρ ◦C]

but

[∗C]NNijkl = −[∗UN ]ijkl = −[UN∗]acη a
ij η

c
kl = ∗[CUN ]ijkl

[∗C]UUijkl = [∗NU ]ac[−αabij ub][−αcdklud] = ∗[CNU ]ijkl

[∗C]UNijkl = [∗NN ]akl[−αabij ub] = [∗NN∗]acη c
kl [−αabij ub] = ∗[CNN ]ijkl

[∗C]NUijkl = −[∗UU ]ijc[−αcdklud] = −UUacη a
ij [−αcdklud] = ∗[CUU ]ijkl

3.4.3. ∗C∗

ρ ◦ [∗C∗] = ∗[ρ ◦C]∗

but

[∗C∗]NNijkl = [∗UU∗]ijkl = UUacη
a

ij η
c

kl = [∗[CUU ]∗]ijkl
[∗C∗]UUijkl = [∗NN∗]ac[−αabij ub][−αcdklud] = [∗[CNN ]∗]ijkl
[∗C∗]UNijkl = −[∗NU∗]akl[−αabij ub] = −[∗NU ]acη

c
kl [−αabij ub] = [∗[CNU ]∗]ijkl

[∗C∗]NUijkl = −[∗UN∗]ijc[−αcdklud] = −[UN∗]acη a
ij [−αcdklud] = [∗[CUN ]∗]ijkl

3.5. ρ ◦ π

ρ ◦ π ◦C = [ρNN + ρUU + ρUN + ρNU ] ◦ [π + π + π ] ◦C

= [π + π + π ] ◦ [ρNN + ρUU + ρUN + ρNU ] ◦C = π ◦ ρ ◦C

and

ρ ◦ π ◦C = −ρ ◦ ∗[τ ◦ [∗C]]

in particular

[∗NN∗]ik =
1

2
σacik [∗NN∗]ac UUik =

1

2
σacikUUac

[∗NN∗]ik =
1

2
αacik [∗NN∗]ac UUik =

1

2
αacikUUac

[∗NN∗]ik = 0 UUik = 0

[UN∗]ik =
1

2
[[UN∗]ik + [∗NU ]ki]− [UN∗]ik [∗NU ]ik = [UN∗]ki

[UN∗]ik =
1

2
[[UN∗]ik − [∗NU ]ki] [∗NU ]ik = −[UN∗]ki

[UN∗]ik =
1

2
γacik [[UN∗]ac + [∗NU ]ca] [∗NU ]ik = [UN∗]ki

and

[∗NN∗]ik =
1

2
η ab
i up[∗C]IIIkpab UUik = −1

2
η ab
i up[∗C]IIIabkp
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[∗NN∗]ik = −1

2
η p
ik u

q[∗C]IIqp UUik = −1

2
η p
ik u

q[∗C]IIpq

[UN∗]ik = ubud[∗C]IIIkbid

[UN∗]ik =
1

2
[nain

c
k − niknac][∗C]IIca

[UN∗]ik = − 1

12
nik[∗C]

The distribution of components is 6, 3, 6, 3, 8, 9, 1.

3.6. ρ ◦ τ

ρ ◦ τ ◦C = [ρNN + ρUU + ρUN + ρNU ] ◦ [τ III + τ II + τ I ] ◦C
= [τ III + τ II + τ I ] ◦ [ρNN + ρUU + ρUN + ρNU ] ◦C = τ ◦ ρ ◦C

in particular

[∗NN∗]IIIik =
1

2
[[∗NN∗]ik − UUki]− [∗NN∗]Iik UU IIIik = −[∗NN∗]IIIki

[∗NN∗]IIik =
1

2
[[∗NN∗]ik + UUki] UU IIik = [∗NN∗]IIki

[∗NN∗]Iik =
1

2
γacik [[∗NN∗]ac − UUca] UU Iik = −[∗NN∗]Iki

[UN∗]IIIik =
1

2
σacik [UN∗]ac [∗NU ]IIIik =

1

2
σacik [∗NU ]ac

[UN∗]IIik =
1

2
αacik [UN∗]ac [∗NU ]IIik =

1

2
αacik [∗NU ]ac

[UN∗]Iik = 0 [∗NU ]Iik = 0

and

[∗NN∗]IIIik = −upuqCIIIkpiq

[∗NN∗]IIik =
1

2
[nikn

ac − nc inak]CIIac

[∗NN∗]Iik =
1

12
nikC

[UN∗]IIIik =
1

2
η cd
k upCIIIipcd [∗NU ]IIIik =

1

2
η ab
i uqCIIIabkq

[UN∗]IIik = −1

2
η c
ik u

aCIIac [∗NU ]IIik =
1

2
η a
ik u

cCIIac

The distribution of components is 8, 9, 1, 6, 3, 6, 3.

3.7. ρ ◦ τ ◦ π

ρ ◦ τ ◦ π ◦C = [ρNN + ρUN + ρNU + ρUU ] ◦ [τ III + τ II + τ I ] ◦ [ρ + ρ + ρ ] ◦C

and

[∗NN∗] III
ik =

1

4
σacik [[∗NN∗]ac − UUac]− [∗NN∗] I

ik UU III
ik = −[∗NN∗] III

ik
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[∗NN∗] II
ik =

1

4
σacik [[∗NN∗]ac + UUac] UU II

ik = [∗NN∗] II
ik

[∗NN∗] I
ik =

1

4
σacik γ

pq
ac [[∗NN∗]pq − UUpq] UU I

ik = −[∗NN∗] I
ik

[∗NN∗] III

ik =
1

4
αacik [[∗NN∗]ac + UUac] UU

III

ik = [∗NN∗] III

ik

[∗NN∗] II

ik =
1

4
αacik [[∗NN∗]ac − UUac] UU

II

ik = −[∗NN∗] II

ik

[UN∗]IIIik =
1

4
σacik [[UN∗]ac + [∗NU ]ac]− [UN∗]IIIik [∗NU ]IIIik = [UN∗]IIIik

[UN∗]IIIik =
1

4
σacik [[UN∗]ac − [∗NU ]ac] [∗NU ]

III

ik = −[UN∗]IIIik

[UN∗]
III

ik =
1

4
σacik γ

pq
ac [[UN∗]pq + [∗NU ]pq] [∗NU ]

III

ik = [UN∗]
III

ik

[UN∗]IIik =
1

4
αacik [[UN∗]ac − [∗NU ]ac] [∗NU ]IIik = −[UN∗]IIik

[UN∗]IIik =
1

4
αacik [[UN∗]ac + [∗NU ]ac] [∗NU ]

II

ik = [UN∗]IIik

and

ρ ◦ τ ◦ π ◦C = −ρ ◦ ∗[π ◦ τ ◦ [∗C]]

therefore

[∗NN∗] III
ik = −1

2
σaciku

budCIIIabcd

=
1

4
[η ab
i nck −

1

3
nikη

abc]ud[[∗C]IIIabcd + [∗C]IIIcdab]

[∗NN∗] II
ik =

1

4
σacik [nacu

puq − npanqc]CIIpq

= −1

4
η ab
i ud[[∗C]IIIabkd − [∗C]IIIkdab]

[∗NN∗] I
ik =

1

12
nikC

=
1

12
nikη

abcud[[∗C]IIIabcd + [∗C]IIIcdab]

[∗NN∗] III

ik =
1

2
αaciku

budCIIIabcd

= −1

4
η b
ik u

dσpqbd [∗C]IIpq

[∗NN∗] II =
1

4
αacikn

p
an

q
cC

II
pq

=
1

4
η b
ik u

dαpqbd[∗C]IIpq

[UN∗]IIIik =
1

4
[η ab
i nck −

1

3
nikη

abc]ud[CIIIabcd + CIIIcdab]

=
1

2
σaciku

bud[∗C]IIIabcd

[UN∗]IIIik = −1

4
η ab
i ud[CIIIabkd − CIIIkdab]

= −1

4
σacik [nacu

puq − npanqc][∗C]IIpq

24



[UN∗]
III

ik =
1

12
nikη

abcud[CIIIabcd + CIIIcdab]

= − 1

12
nik∗C

[UN∗]IIik = −1

4
η b
ik u

dσpqbdC
II
pq

= −1

2
αaciku

bud[∗C]IIIabcd

[UN∗]II =
1

4
η b
ik u

dαpqbdC
II
pq

= −1

4
αacikn

p
an

q
c[∗C]IIpq

and

−σacikubudCIIIabcd =
1

2
[η ab
i nck −

1

3
nikη

abc]ud[[∗C]IIIabcd + [∗C]IIIcdab]

σacik [nacu
puq − npanqc]CIIpq = −η ab

i ud[[∗C]IIIabkd − [∗C]IIIkdab]

C = ηabcud[[∗C]IIIabcd + [∗C]IIIcdab]

αaciku
budCIIIabcd = −1

2
η b
ik u

dσpqbd [∗C]IIpq

αacikn
p
an

q
cC

II
pq = η b

ik u
dαpqbd[∗C]IIpq

1

2
[η ab
i nck −

1

3
nikη

abc]ud[CIIIabcd + CIIIcdab] = σaciku
bud[∗C]IIIabcd

η ab
i ud[CIIIabkd − CIIIkdab] = σacik [nacu

puq − npanqc][∗C]IIpq

ηabcud[CIIIabcd + CIIIcdab] = −∗C
1

2
η b
ik u

dσpqbdC
II
pq = αaciku

bud[∗C]IIIabcd

η b
ik u

dαpqbdC
II
pq = −αaciknpanqc[∗C]IIpq

or

ubudC III
ibkd = −1

2
η ab
i ud[∗C]IIIabkd

[niku
auc − nai nck]gbdC

II
abcd = −η ab

i ud[∗C]
III

abkd

gacgbdC I
abcd = 2ηabcud[∗C]

III

abcd

2ubudC
III

ibkd = −η a
ik u

cgbd[∗C]IIabcd

nai n
c
kg
bdC

II

abcd = η a
ik u

cgbd[∗C]
II

abcd

η ab
i udCIIIabkd = 2ubud[∗C] III

ibkd

η ab
i udC

III

abkd = [niku
auc − nai nck]gbd[∗C] II

abcd

2ηabcudC
III

abcd = −gacgbd[∗C] I
abcd

η a
ik u

cgbdCIIabcd = 2ubud[∗C]
III

ibkd

η a
ik u

cgbdC
II

abcd = −nai nckgbd[∗C]
II

abcd

The distribution of components is 5, 6, 1, 3, 3, 5, 6, 1, 3, 3.
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3.8. ω ◦ ρ

Let u = (0, 0, 0, 1)T .

ωpqac [∗NN∗]pq =

3∑
α=1

[∗N ]N̂Nαa [∗N ]NN̂αc

ωpqacUUpq =
3∑

α=1

U ÛUαaU
UÛ
αc

ωpqac [UN∗]pq =
3∑

α=1

UUNαa [∗N ]UNαc

ωpqac [∗NU ]pq =
3∑

α=1

[∗N ]NUαaU
NU
αc

gives

ω ◦ CNNijkl =
3∑

α=1

η a
ij [∗N ]N̂Nαa η

c
kl [∗N ]NN̂αc =

3∑
α=1

N N̂N
αijN

NN̂
αkl

ω ◦ CUUijkl =

3∑
α=1

[−αabij ubU ÛUαa ][−αcdkludUUÛαc ] =

3∑
α=1

U ÛUαijU
UÛ
αkl

ω ◦ CUNijkl =
3∑

α=1

[−αabij ubUUNαa ]η c
kl [∗N ]UNαc =

3∑
α=1

UUNαijN
UN
αkl

ω ◦ CNUijkl =
3∑

α=1

[−αcdkludUNUαc ]η a
ij [∗N ]NUαa =

3∑
α=1

NNU
αijU

NU
αkl

so

ω ◦ ρ ◦ Cijkl =
3∑

α=1

[N N̂N
αijN

NN̂
αkl + U ÛUαijU

UÛ
αkl + UUNαijN

UN
αkl +NNU

αijU
NU
αkl]

Nα and Uα have rank 2. Nα are spacelike and Uα are timelike. Setting

N+N̂U
αij :=

1

2
[N N̂N

αij +NNU
αij ] U+ÛN

αij :=
1

2
[U ÛUαij + UUNαij ]

N−N̂Uαij :=
1

2
[N N̂N

αij −NNU
αij ] U−ÛNαij :=

1

2
[U ÛUαij − UUNαij ]

N+UN̂
αij :=

1

2
[NNN̂

αij +NUN
αij ] U+NÛ

αij :=
1

2
[UUÛαij + UNUαij ]

N−UN̂αij :=
1

2
[NNN̂

αij −NUN
αij ] U−NÛαij :=

1

2
[UUÛαij − UNUαij ]

the factorization becomes

[ω ◦ ρ ◦ C]ijkl =

3∑
α=1

[[N+N̂U
αij + U+ÛN

αij ][N+UN̂
αkl + U+NÛ

αkl ] + [N−N̂Uαij + U−ÛNαij ][N−UN̂αkl + U−NÛαkl ]

+[N+N̂U
αij − U

+ÛN
αij ][N−UN̂αkl − U

−NÛ
αkl ] + [N−N̂Uαij − U

−ÛN
αij ][N+UN̂

αkl − U
+NÛ
αkl ]]

[N + U ]αij and [N − U ]αij have rank 4.
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4. R

4.1. R

4.1.1. π

π ◦R = R

4.1.2. τ

τ ◦R = RIII + RII + RI

with

RIIIijkl := Rijkl −RIIijkl −RIijkl

RIIijkl :=
1

2
αabij α

cd
klgac[Rbd −

1

4
gbdR] =:

1

2
αabij α

cd
klgacR

II
bd

RIijkl :=
1

24
αabij α

cd
klgacgbdR

and

gjlRijkl =: Rik

gjlgikRijkl =: R

4.2. ∗R

4.2.1. τ

τ ◦ [∗R] = [∗R]III

4.2.2. π

π ◦ [∗R] = [∗R]ijkl + [∗R]ijkl + [∗R]ijkl

with

[∗R]ijkl =
1

2
η ab
ij RIIIabkl = ∗[RIII ]ijkl

[∗R]ijkl =
1

2
αcdklη

p
ijc R

II
pd = ∗[RII ]ijkl

[∗R]ijkl =
1

12
ηijklR = ∗[RI ]ijkl

and

[∗R]ijkl =
1

2
[[∗R]ijkl − [R∗]ijkl] = ∗[RII ]ijkl

[∗R]ijkl + [∗R]ijkl =
1

2
[[∗R]ijkl + [R∗]ijkl] = ∗[RIII ]ijkl + ∗[RI ]ijkl
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4.3. ∗R∗

4.3.1. π

πabcdijkl [∗R∗]abcd = [∗R∗]ijkl = −Rijkl + αabij α
cd
klgacRbd −

1

4
αabij α

cd
klgacgbdR

4.3.2. τ

τabcdijkl [∗R∗]abcd = [∗R∗]IIIijkl + [∗R∗]IIijkl + [∗R∗]Iijkl = −RIIIijkl +RIIijkl −RIijkl

and

RIIIijkl +RIijkl =
1

2
[Rijkl − [∗R∗]ijkl]

RIIijkl =
1

2
[Rijkl + [∗R∗]ijkl]

with

gjl[∗R∗]ijkl =: [∗R∗]ik = Rik −
1

2
Rgik

gjlgik[∗R∗]ijkl =: ∗R∗ = −R

4.4. ρ

4.4.1. R

ρ ◦R = RNN + RUN + RNU + RUU

with

RNNijkl := Rabcd[ρ
NN ]abcdijkl := Rabcdnianjbnkcnld

=: NNijkl = [∗NN∗]acη a
ij η

c
kl

RUUijkl := Rabcd[ρ
UU ]abcdijkl := Rpqrsnapuqncrus[−αabij ub][−αcdklud]

=: UUac [−αabij ub][−αcdklud]
RUNijkl := Rabcd[ρ

UN ]abcdijkl := Rpqcdnapuqnkcnld[−αabij ub]

=: UNakl[−α
ab
ij ub] = [UN∗]ac[−αabij ub]η c

kl

RNUijkl := Rabcd[ρ
NU ]abcdijkl := Rabrsnianjbncrus[−αcdklud]

=: NUijc[−α
cd
klud] = [∗NU ]acη

a
ij [−αcdklud]

4.4.2. ∗R

[∗R]NNijkl = −[∗UN ]ijkl = −[UN∗]acη a
ij η

c
kl = ∗[RUN ]ijkl

[∗R]UUijkl = [∗NU ]ac[−αabij ub][−αcdklud] = ∗[RNU ]ijkl

[∗R]UNijkl = [∗NN ]akl[−α
ab
ij ub] = [∗NN∗]acη c

kl [−αabij ub] = ∗[RNN ]ijkl

[∗R]NUijkl = −[∗UU ]ijc[−α
cd
klud] = −UUacη a

ij [−αcdklud] = ∗[RUU ]ijkl

28



4.4.3. ∗R∗

[∗R∗]NNijkl = [∗UU∗]ijkl = UUacη
a

ij η
c

kl = [∗[RUU ]∗]ijkl
[∗R∗]UUijkl = [∗NN∗]ac[−αabij ub][−αcdklud] = [∗[RNN ]∗]ijkl
[∗R∗]UNijkl = −[∗NU∗]akl[−α

ab
ij ub] = −[∗NU ]acη

c
kl [−αabij ub] = [∗[RNU ]∗]ijkl

[∗R∗]NUijkl = −[∗UN∗]ijc[−α
cd
klud] = −[UN∗]acη a

ij [−αcdklud] = [∗[RUN ]∗]ijkl

4.5. ρ ◦ τ

ρ ◦ τ ◦R = [ρNN + ρUN + ρNU + ρUU ] ◦ [τ III + τ II + I] ◦R

and

[∗NN∗] III
ik =

1

4
σacik [[∗NN∗]ac − UUac ]− [∗NN∗] I

ik UU III
ik = −[∗NN∗] III

ik

[∗NN∗] II
ik =

1

4
σacik [[∗NN∗]ac + UUac ] UU II

ik = [∗NN∗] II
ik

[∗NN∗] I
ik =

1

4
σacik γ

pq
ac [[∗NN∗]pq − UUpq ] UU I

ik = −[∗NN∗] I
ik

[UN∗]IIIik =
1

4
σacik [[UN∗]ac + [∗NU ]ac] [∗NU ]IIIik = [UN∗]IIIik

[UN∗]IIik =
1

4
αacik [[UN∗]ac − [∗NU ]ac] [∗NU ]IIik = −[UN∗]IIik

and

[∗NN∗] III
ik = −ubudRIIIibkd

=
1

4
[η ab
i nck −

1

3
nikη

abc]ud[[∗R]abcd + [∗R]cdab]

[∗NN∗] II
ik =

1

2
[niku

puq − npin
q
k]R

II
pq

= −1

4
η ab
i ud[[∗R]abkd − [∗R]kdab]

[∗NN∗] I
ik =

1

12
nikR

=
1

12
nikη

abcud[[∗R]abcd + [∗R]cdab]

[UN∗]IIIik =
1

2
η ab
i udRIIIkdab

=
1

2
σaciku

bud[∗R]abcd

[UN∗]IIik = −1

2
η b
ik u

dRIIbd

= −1

2
αaciku

bud[∗R]abcd

or

−ubudRIIIibkd =
1

2
η ab
i ud[∗R]abkd

−[niku
puq − npin

q
k]R

II
pq = η ab

i ud[∗R]abkd
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R = 2ηabcud[∗R]abcd

η ab
i udRIIIabkd = 2ubud[∗R]ibkd

η a
ik u

cRIIac = 2ubud[∗R]ibkd

4.6. ω ◦ ρ

[ω ◦ σ]pqac[∗NN∗]pq =

3∑
α=1

∗N NN
αa ∗N NN

αc

[ω ◦ σ]pqacUUpq =
3∑

α=1

U UU
αa U UU

αc

ωpqac [UN∗]pq =
3∑

α=1

U UN
αa ∗N UN

αc

ωpqac [∗NU ]pq =
3∑

α=1

∗N UN
αa U UN

αc

implies

ω ◦RNNijkl =

3∑
α=1

η a
ij ∗N NN

αa η c
kl ∗N NN

αc =

3∑
α=1

N NN
αij N NN

αkl

ω ◦RUUijkl =
3∑

α=1

[−αabij ubU UU
αa ][−αcdkludU UU

αc ] =
3∑

α=1

U UU
αij U UU

αkl

ω ◦RUNijkl =
3∑

α=1

[−αabij ubU UN
αa ]η c

kl ∗N UN
αc =

3∑
α=1

U UN
αij N UN

αkl

ω ◦RNUijkl =
3∑

α=1

η a
ij ∗N UN

αa [−αcdkludU UN
αc ] =

3∑
α=1

N UN
αij U UN

αkl

so

[ω ◦ ρ ◦R]ijkl =

3∑
α=1

[N NN
αij N NN

αkl + U UU
αij U UU

αkl +N UN
αij U UN

αkl + U UN
αij N UN

αkl ]

=

3∑
α=1

[N NN
αij N NN

αkl + U UU
αij U UU

αkl +N UN
αij N UN

αkl + U UN
αij U UN

αkl − Z
−UN
αij Z

−UN
αkl ]

=
3∑

α=1

[N NN
αij N NN

αkl + U UU
αij U UU

αkl −N
UN

αij N UN
αkl − U

UN
αij U UN

αkl + Z+UN
αij Z

+UN
αkl ]

with

Z−UNαij := N UN
αij − U

UN
αij

Z+UN
αij := N UN

αij + U UN
αij

Nα and Uα have rank 2, Z±UNα have rank 4. Nα are spacelike, while Uα are timelike. Setting

N+
αij :=

1

2
[N NN

αij +N UN
αij ] U+

αij :=
1

2
[U UU
αij + U UN

αij ]
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N−αij :=
1

2
[N NN

αij −N UN
αij ] U−αij :=

1

2
[U UU
αij − U

UN
αij ]

the factorization becomes

[ω ◦ ρ ◦R]ijkl =

3∑
α=1

[2N+
αijN

+
αkl + 2N−αijN

−
αkl + 2U+

αijU
+
αkl + 2U−αijU

−
αkl − Z

−UN
αij Z

−UN
αkl ]

=

3∑
α=1

[2N+
αijN

−
αkl + 2N−αijN

+
αkl + 2U+

αijU
−
αkl + 2U−αijU

+
αkl + Z+UN

αij Z
+UN
αkl ]

Setting

Z
++
+

αij = [N+
αij + U+

αij ] Z
−−
+

αij = [N−αij + U−αij ]

Z
++
−
αij = [N+

αij − U
+
αij ] Z

−−
−
αij = [N−αij − U

−
αij ]

Z
+−
−
αij = [N+

αij − U
−
αij ] Z

−+
−
αij = [N−αij − U

+
αij ]

Z
+−
+

αij = [N+
αij + U−αij ] Z

−+
+

αij = [N−αij + U+
αij ]

the factorization becomes

[ω ◦ ρ ◦R]ijkl =

3∑
α=1

[Z
++
+

αijZ
++
+

αkl + Z
−−
+

αijZ
−−
+

αkl + Z
++
−
αijZ

−−
−
αkl + Z

−−
−
αijZ

++
−
αkl]

=

3∑
α=1

[Z
+−
−
αijZ

+−
−
αkl + Z

−+
−
αijZ

−+
−
αkl + Z

+−
+

αijZ
−+
+

αkl + Z
−+
+

αijZ
+−
+

αkl]

=

3∑
α=1

[Z
++
+

αijZ
++
+

αkl + Z
−−
+

αijZ
−−
+

αkl + Z
+−
−
αijZ

+−
−
αkl + Z

−+
−
αijZ

−+
−
αkl −N

UN
αij N UN

αkl − U
UN

αij U UN
αkl ]

=:
18∑
β=1

ZβijZβkl

The Z
±±
±
αij have rank 4. Comparing

[τ ◦R]ijkl = [τ ◦ [ω ◦ ρ ◦R]]ijkl

gives

RIIIijkl =
∑
β

[ZβijZβkl − γabcdijkl ZβabZβcd] =:
∑
β

[ZβijZβkl]
III

RIIijkl =
1

2
αabij α

cd
klgacg

pr[δqbδ
s
d −

1

4
gbdg

qs]
∑
β

ZβpqZβrs

=:
1

2
αabij α

cd
klgac

∑
β

[Z q
βb Zβdq]

II =:
∑
β

[ZβijZβkl]
II

RIijkl =
1

24
αabij α

cd
klgacgbdg

prgqs[
∑
β

ZβpqZβrs]

=:
1

2
αabij α

cd
klgacgbd

∑
β

Z pq
β Zβpq =:

∑
β

[ZβijZβkl]
I
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5. ∇C
5.0.1. ∇[π ◦C]

∇[π ◦C] = ∇C +∇C +∇C

The distribution of components reads 144 = 80 + 60 + 4.

5.0.2. ∇[τ ◦C]

∇[τ ◦C] = ∇CIII +∇CII +∇CI

with

∇mCIIIijkl = ∇mCijkl − ∇mCIIijkl −∇mCIijkl

∇mCIIijkl = αabij α
cd
kl [gac

1

2
∇mCIIbd]

∇mCIijkl = αabij α
cd
kl [gacgbd

1

24
∇mC]

The distribution of components reads 144 = 80 + 60 + 4.

5.0.3. ∇[τ ◦ π ◦C]

∇[τ ◦ π ◦C] = ∇[C III + C II + C I ] +∇[C III + C II ] +∇C III

The distribution of components reads 144 = 40 + 36 + 4 + 36 + 24 + 4.

5.0.4. ∇[ρ ◦C]

∇[ρ ◦C] = ∇CNN +∇CUU +∇CUN +∇CNU

The distribution of components reads 144 = 36 + 36 + 36 + 36.

5.1. π

π ◦ ∇C = [∇C] + [∇C] + [∇C] + [∇C]

with

[∇mCijkl] =
1

24
αprij α

qs
klσ

bd
rsσ

ace
pqm∇eCabcd

=
1

24
αabij α

cd
klσ

rs
bd[∇m[Carcs + Ccsar] +∇c[Cmras + Casmr] +∇a[Ccrms + Cmscr]]

[∇mCijkl] =
1

20
αxykl α

pbc
ijxσ

ade
pym∇eCabcd

=
1

20
αxykl α

pbc
ijx[∇m[Cpbcy − Ccypb] +∇y[Cmbcp − Ccpmb] +∇p[Cybcm − Ccmyb]]

[∇mCijkl] =
1

24
[αpreijmα

qs
klσ

bd
rsσ

ac
pq + αxykl α

prc
ijxα

qs
ymσ

be
rsσ

ad
pq ]∇eCabcd
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= [∇mCijkl]
i k
j l
m + αxykl [∇mCijxy]

i y
j m
x

=
1

24
αqskl [α

pre
ijmσ

bd
rs∇e[Cpbqd + Cqdpb] + αprcijq σ

xy
mc∇r[Cpxys + Cyspx]]

+
1

24
αqsklα

prc
ijq [αxysm∇y[Cprcx − Ccxpr] +∇r[Csmcp − Ccpsm]]

[∇mCijkl] =
1

30
[αxykl α

pbce
ijxmσ

ad
py + αpbcdijkl σ

ae
pm]∇eCabcd

= αxykl [∇mCijxy]

i y
j
x
m + [∇mCijkl]

i m
j
k
l

=
1

30
[αqsklα

pbce
ijqm∇e[Cpbcs − Ccspb] +

1

2
αpbcdijkl∇p[Cmbcd − Ccdmb]

+
1

30
αpbcdijkl [∇mCpbcd +

1

2
∇p[Cmbcd + Ccdmb]]

The distribution of components reads 144 = 60 + 36 + 2 · 20 + 2 · 4.

5.1.1. π ◦ ∇[π ◦C]

π ◦ ∇[π ◦C] = [π + π ] ◦ ∇C + [π + π + π ] ◦ ∇C + π ◦ ∇C

with

[∇mCijkl] =
1

2
∇mCijkl − 1

8
[αabij α

cd
kl + αabklα

cd
ij ]∇aCbmcd

[∇mCijkl] =
1

2
∇mCijkl +

1

8
[αabij α

cd
kl + αabklα

cd
ij ]∇aCbmcd

[∇mCijkl] =
4

10
∇mCijkl − 1

10
[αabij α

cd
kl − αabklαcdij ]∇a[Cbmcd + Cdmcb]

[∇mCijkl] =
1

3
∇mCijkl − 1

6
[αabij α

cd
kl − αabklαcdij ]∇aCdmcb

[∇mCijkl] =
4

15
∇mCijkl +

1

30
[αabij α

cd
kl − αabklαcdij ]∇a[3Cbmcd + 2Cdmcb]

[∇mCijkl] = ∇mCijkl

which can be written as

[∇mCijkl] = ∇mCijkl −
1

16
[αeabmijα

cd
kl + αeabmklα

cd
ij ]∇eCabcd

[∇mCijkl] =
1

16
[αeabmijα

cd
kl + αeabmklα

cd
ij ]∇eCabcd

[∇mCijkl] = ∇mCijkl − [∇mCijkl] − [∇mCijkl]

[∇mCijkl] = − 2

5
[∇mCijkl] +

1

20
[αeabmijα

cd
kl − αeabmklα

cd
ij ]∇eCabcd

[∇mCijkl] =
1

12
αqsklα

prc
ijq [αxysm∇yCprcx +∇rCsmcp]

or as

[∇mCijkl] = ∇mCijkl − [∇mCijkl] − [∇mCijkl]
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[∇mCijkl] =
3

2
[∇mCijkl] − 1

4
[αabij α

cd
kl − αabklαcdij ]∇aCbmcd

[∇mCijkl] =
1

30
[2αqsklα

abce
ijqm∇eCabcs + αabcdijkl ∇aCmbcd]

and

[∇mCijkl] =
1

30
[−2αqsklα

abcd
ijqmgas + αabcdijkl gam]∇p[∗[C ]∗]pbcd

[∇mCijkl] = −1

8
[αeabmijα

cd
kl + αeabmklα

cd
ij ]gac∇p[[∗[C ]∗]pdbe + gbd[∗[C ]∗]pe]

1

20
[αeabmijα

cd
kl + αecdmklα

ab
ij ]∇eCabcd = − 1

10
[αeabmijα

cd
kl − αeabmklα

cd
ij ]gac∇p[[∗[C ]∗]pdbe + gbd[∗[C ]∗]pe]

The distribution of components reads 144 = 60 + 20 + 36 + 20 + 4 + 4.

5.2. τ

τ ◦ ∇C = [∇C]III + [∇C]II + [∇C]I

with

[∇mCijkl]III = ∇mCijkl − αabij α
cd
kl [gacXbdm + gamYbcd + gcmZdab]

[∇mCijkl]II = αabij α
cd
kl [gac[Xbdm]II + gam[Ybcd]

II + gcm[Zdab]
II ]

[∇mCijkl]I = αabij α
cd
kl [gac[Xbdm]I + gam[Ybcd]

I + gcm[Zdab]
I ]

=: αabij α
cd
kl [gacgbdXm + gbmgacYd + gdmgacZb]

and

0 = σcdklYbcd

0 = σabij Zabd

The equations for the coe�cients read

gjl[∇mCijkl]II = [∇mCik]II = 2[Xikm − Yikm − Zkim]II

gmi[∇mCijkl]II = [∇pCpjkl]II = [αcdkl [Xjdc + 2Zdcj ] + 6Yjkl]
II

gmk[∇mCijkl]II = [∇pCijpl]II = [αabij [Xbla + 2Ybal] + 6Zlij ]
II

gikgjl[∇mCijkl]I = ∇mC = 24Xm + 6Ym + 6Zm

gmigjl[∇mCijkl]I = ∇pCpk = 6Xk + 9Yk + 3Zk

gmkgjl[∇mCijkl]I = ∇pCip = 6Xi + 3Yi + 9Zi

so with

[Xikm]II = [Xikm] II + [Xikm] II + [Xikm]

[Yikm]II = [Yikm] II + [Yikm]

[Zikm]II = [Zikm] II + [Zikm]

the solution reads

[Xikm]II =
1

2
[∇mCik]II
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[Xikm] =
1

6
[5∇mCik +∇pCpikm −∇pCikpm]

[Yikm] =
1

6
[∇mCik + 2∇pCpikm +∇pCkmpi]

[Zikm] =
1

6
[−∇mCik +∇pCpikm + 2∇pCkmpi]

[Xikm]II =
1

15
[10∇mCik + σacik∇mCac +

1

4
∇p[11Cpikm + Ckmpi + 11Cimpk + Cpkim]]II

+
1

12
∇p[Cikpm − Cpmik]II

[Yikm]II =
1

15
[4∇pCpikm −∇pCkmpi + αcekm[20∇eCic + 2σrsic∇eCrs − 10∇iCce]]II

[Zikm]II =
1

15
[4∇pCkmpi −∇pCpikm + αcekm[20∇eCci + 2σrsic∇eCrs + 10∇iCce]]II

and

Xk =
1

18
[5Xa

ak −Xa
ka −X a

ka ] =
1

36
[2∇kC −∇aCak −∇kCka]

Yk =
1

18
[−Xa

ak + 5Xa
ka −X a

ka ] +
1

3
Y a
ka =

1

36
[−∇kC + 5∇aCak −∇kCka]

Zk =
1

18
[−Xa

ak −Xa
ka + 5X a

ka ] +
1

3
Z a
ka =

1

36
[−∇kC −∇aCak + 5∇kCka]

The distribution of components reads 144 = 32 + 100 + 12.

5.2.1. τ ◦ ∇[π ◦C]

τ ◦ ∇[π ◦C] = [τ III + τ II + τ I ] ◦ [∇C +∇C ] + [τ III + τ II ] ◦ ∇C

with

[∇mCijkl]
III = ∇mCijkl − αabij α

cd
kl [gacXbdm + gamYbcd + gcmYdab]

[∇mCijkl]
II = αabij α

cd
kl [gac[Xbdm]II + gam[Ybcd]

II + gcm[Ydab]
II ]

[∇mCijkl]
I = αabij α

cd
kl [gacgbdXm + gbmgacYd + gdmgacYb ]

[∇mCijkl]
III = ∇mCijkl − αabij α

cd
kl [gacXbdm + gamYbcd − gcmYdab]

[∇mCijkl]
II = αabij α

cd
kl [gac[Xbdm]II + gam[Ybcd]

II − gcm[Ydab]
II ]

[∇mCijkl]
I = αabij α

cd
kl [gbmgacYd − gdmgacYb ]

[∇mCijkl]
III = ∇mCabcd − αabij α

cd
kl [2gamYbcd]

[∇mCijkl]
II = αabij α

cd
kl [2gamYbcd]

and

0 = σcdklYbcd

0 = σcdklYbcd

0 = αbdjlXbdm
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0 = αbcdjklYbcd

0 = σbdjlXbdm

The equations for the coe�cients read

gjl[∇mCijkl]
II = [∇mCik ]II = 2[Xikm − σ

ac
ikYacm]II

gmi[∇mCijkl]
II = [∇pCpjkl]

II = [αcdklXjdc + 8Yjkl]
II

gjl[∇mCijkl]
II = [∇mCik ]II = 2[Xikm − α

ac
ikYacm]II

gmi[∇mCijkl]
II = [∇pCpjkl]

II = [αcdkl [Xjdc − Ydcj ] + 6Yjkl]
II

gmi∇mCijkl = ∇pCpjkl = 2Yjkl

gikgjl[∇mCijkl]
I = ∇mC = 24Xm + 12Ym

gmkgjl[∇mCijkl]
II = ∇pCip = 6Xi + 12Yi

gmigjl[∇mCijkl]
II = ∇pCpk = 6Yk

so with

[Xikm]II = [Xikm] II + [Xikm] II

[Yikm]II = [Yikm] II

[Xikm]II = [Xikm] II + [Xikm]

[Yikm]II = [Yikm] II + [Yikm]

Yikm = [Yikm]

the solution reads

[Xikm]II =
1

2
[∇mCik ]II

[Xikm] =
1

6
[5∇mCik + 2∇pCpikm]II

[Yikm] =
1

6
[∇mCik +∇pCpikm]II

Yikm =
1

2
∇pCpikm

[Xikm]II =
4

5
[∇mCik +

1

4
σacik∇pCpacm]II

[Yikm]II =
1

5
[∇pCpikm +

1

2
αcekm∇eCic ]II

[Xikm]II =
2

3
[∇mCik −

1

2
∇pCpmik]

II

[Yikm]II =
1

3
[∇pCpikm −

1

2
∇iCkm]II

Xk =
1

18
[∇kC −∇aCak]

Yk =
1

36
[−∇kC + 4∇aCak]

Yk =
1

6
∇aCak
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5.2.2. τ ◦ ∇[τ ◦C]

τ ◦ ∇[τ ◦C] = [τ III + τ II ] ◦ ∇CIII + [τ II + τ I ] ◦ ∇CII + τ I ◦ ∇CI

with

[∇mCIIIijkl]III = ∇mCIIIijkl − αabij α
cd
kl [gacX

III
bdm + gamY

III
bcd + gcmZ

III
dab]

[∇mCIIIijkl]II = αabij α
cd
kl [gac[X

III
bdm]II + gam[Y III

bcd ]II + gcm[ZIIIdab]
II ]

[∇mCIIijkl]II = αabij α
cd
kl [gac[X

III
bdm]II ]

[∇mCIIijkl]I = αabij α
cd
kl [gacgbdX

II
m + gbmgacY

II
d + gdmgacZ

II
b ]

[∇mCIijkl]I = αabij α
cd
kl [gacgbdX

I
m]

and

0 = σcdklY
III
bcd

0 = σabij Z
III
abd

0 = [XIII
bdm]I

0 = [Y III
bcd ]I

0 = [ZIIIdab]
I

The equations for the coe�cients read

gjl[∇mCIIIijkl]II = 0 = 2XIII
ikm − 2Y III

ikm − 2ZIIIkim

gmi[∇mCIIIijkl]II = ∇pCIIIpjkl = αcdkl [X
III
jdc + 2ZIIIdcj ] + 6Y III

jkl

gmk[∇mCIIIijkl]II = ∇pCIIIijpl = αabij [XIII
bla + 2Y III

bal ] + 6ZIIIlij

gjl[∇mCIIijkl]II = [∇mCIIik ]II = 2[XII
ikm]II

gikgjl[∇mCIIijkl]I = 0 = 24XII
i + 6Y II

i + 6ZIIi

gmkgjl[∇mCIIijkl]I = ∇pCIIip = 6XII
i + 3Y II

i + 9ZIIi

gmigjl[∇mCIIijkl]I = ∇pCIIpi = 6XII
i + 9Y II

i + 3ZIIi

gikgjl[∇mCIijkl]I = ∇mC = 24XI
m

so with

Y III
ikm = [Y III

ikm] + [Y III
ikm]

ZIIIikm = [ZIIIikm] + [ZIIIikm]

[XII
ikm]II = [XII

ikm] II + [XII
ikm] II + [XII

ikm]

the solution reads

XIII
ikm = Y III

ikm + ZIIIkim

[Y III
ikm] =

1

6
[2∇pCIIIpikm +∇pCIIIkmpi]

[ZIIIikm] =
1

6
[∇pCIIIpikm + 2∇pCIIIkmpi]

[Y III
ikm]II =

1

15
[4∇pCIIIpikm −∇pCIIIkmpi]II
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[ZIIIikm]II =
1

15
[4∇pCIIIkmpi −∇pCIIIpikm]II

[XII
ikm]II =

1

2
[∇mCIIik ]II

XII
m = −1

4
[Y II
m + ZIIm ]

Y II
d =

1

36
[5∇aCIIak −∇kCIIka]

ZIIb =
1

36
[5∇kCIIka −∇aCIIak]

∇mC =
1

24
XI
m

The distribution of components reads 144 = 32 + 48 + 52 + 8 + 4.

5.2.3. τ ◦ ∇[τ ◦ π ◦C]

π ◦ ∇[τ ◦ π ◦C] = [τ III + τ II ] ◦ [C IIIC III + C
III

] + [τ II + τ I ] ◦ [C II + C II ] + τ I ◦ ∇C I

with

[∇mC III
ijkl ]III = ∇mC III

ijkl − αabij α
cd
kl [gacX

III
bdm − gamY

III
bcd − gcmY III

dab ]

[∇mC
III

ijkl ]III = ∇mC III − αabij α
cd
kl [gacX

III

bdm − gamY
III

bcd + gcmY
III

dab ]

[∇mC
III

ijkl ]III = [∇mCijkl]
III

[∇mC III
ijkl ]II = αabij α

cd
kl [gacX

III
bdm + gamY

III
bcd + gcmY

III
dab ]

[∇mC
III

ijkl ]II = αabij α
cd
kl [gacX

III

bdm + gamY
III

bcd − gcmY
III

dab ]

[∇mC
III

ijkl ]II = [∇mCijkl]
II

[∇mC II
ijkl ]II = αabij α

cd
kl [gac[X

II
bdm ]II ]

[∇mC
II

ijkl ]II = αabij α
cd
kl [gac[X

II

bdm ]II ]

[∇mC II
ijkl ]I = αabij α

cd
kl [gacgbdX

II
m + gbmgacY

II
d + gdmgacY

II
b ]

[∇mC
II

ijkl ]I = [∇mCijkl]
I

[∇mC I
ijkl]

I = [∇mCIijkl]I

and

0 = σcdklY
III

bcd

0 = σcdklY
III

bcd

0 = αbdjlX
III

bdm

0 = αbdjlX
II

bdm

0 = αbcdjklY
III

bcd

0 = σbdjlX
III

bdm
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0 = σbdjlX
II

bdm

0 = [X III
bdm ]II

0 = [X III
bdm ]II

0 = [Y III
bkl ]II

0 = [Y
III

bkl ]II

The equations for the coe�cients read

gjl[∇mC III
ijkl ]II = 0 = 2[X III

ikm − σacikY III
acm ]

gmi[∇mC III
ijkl ]II = ∇pC III

pjkl = αcdklX
III

jdc + 8Y III
jkl

gjl[∇mC
III

ijkl ]II = 0 = 2[X
III

ikm − αacikY
III

acm ]

gmi[∇mC
III

ijkl ]II = ∇pC III

pjkl = αcdkl [X
III

jdc − 2Y
III

dcj ] + 6Y
III

jkl

gmi[∇mC
III

ijkl ]II = [∇pC
III

pjkl ]
II = 2Y

III

jkl

gjl[∇mC II
ijkl ]II = [∇mC II

ik ]II = 2[X II
ikm ]II

gjl[∇mC II
ijkl ]II = [∇mC

II

ik ]II = 2[X
II

ikm ]II

gikgjl[∇mC II
ijkl ]I = 0 = 24X II

m + 12Y II
m

gmkgjl[∇mC II
ijkl ]I = ∇pC II

ip = 6X II
i + 12Y II

i

gmigjl[∇mC II
ijkl ]I = ∇pC II

pk = 6Y
II

k

gikgjl[∇mC I
ijkl]

I = ∇mC = 24[X ]Im

so with

Y III
ikm = [Y III

ikm ]

Y
III

ikm = [Y
III

ikm ] + [Y
III

ikm ]

Y
III

ikm = [Y
III

ikm ]

[X II
ikm ]II = [X II

ikm ] II + [X II
ikm ] II

[X
II

ikm ]II = [X
II

ikm ] II + [Xikm]

the solution becomes

X III
ikm = σacikY

III
acm

Y III
ikm =

1

5
∇pC III

pikm

X
III

ikm = αacikY
III

acm

[Y
III

ikm ] =
1

6
[∇pC III

pikm ]

[Y
III

ikm ] =
1

3
[∇pC III

pikm ]

Y
III

ikm =
1

2
∇pC

III

pikm
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[X II
ikm ]II =

1

2
[∇mC II

ik ]II

[X
II

ikm ]II =
1

2
[∇mC

II

ik ]II

X II
m = −1

2
Y II
m

Y II
m =

1

9
∇aC II

am

Y
II

m =
1

6
∇aC II

am

X I
m =

1

24
∇mC

5.3. τ ◦ π ◦ ∇[π ◦C]

τ ◦ π ◦ ∇[π ◦C] = [τ III + τ II + τ I ] ◦ [[∇C ] + [∇C ] + [∇C ] ]

+ [τ III + τ II ] ◦ [[∇C ] + [∇C ] + [∇C ] ]

The relations between the coe�cients X and Y and the traces remain unchanged, so X

and Y are determined by

[gjl[∇mCijkl] ]II = [∇mCik ]II − 1

4
σacik [∇pCpacm − αxycm∇xCay]II

[gmi[∇mCijkl] ]II = [∇pCpjkl]
II − 1

4
[∇pCpjkl − α

xy
kl∇xCjy]

II

[gjl[∇mCijkl] ]II =
1

4
σacik [∇pCpacm − αxycm∇xCay]II

[gmi[∇mCijkl] ]II =
1

4
[∇pCpjkl − α

xy
kl∇xCjy]

II

gikgjl[∇mCijkl] = ∇mC + [∇pCpm −
1

2
∇mC]

gmigjl[∇mCijkl] = ∇pCpk − 1

2
[∇pCpk −

1

2
∇kC]

gikgjl[∇mCijkl] = − [∇pCpm −
1

2
∇mC]

gmigjl[∇mCijkl] =
1

2
[∇pCpk −

1

2
∇kC]

[gjl[∇mCijkl] ]II = [∇mCik ]II − 1

2
[∇pCpmik +∇mCik ] +

1

12
αaceikm[∇pCpace −∇aCce ]

[gmi[∇mCijkl] ]II = [∇pCpjkl]
II − 1

2
[∇pCpjkl +∇jCkl ] −

1

12
αbcdjkl [∇pCpbcd −∇bCcd]

gjl[∇mCijkl] =
1

2
[∇pCpmik +∇mCik ]− 1

20
αaceikm[3∇pCpace +∇aCce ]

gmi[∇mCijkl] =
1

2
[∇pCpjkl +∇jCkl ] +

1

20
αbcdjkl [∇pCpbcd − 3∇bCcd]

gjl[∇mCijkl] =
1

15
αaceikm[∇pCpace + 2∇aCce ]

gmi[∇mCijkl] =
1

30
αbcdjkl [∇pCpbcd + 2∇bCcd]

gikgjl[∇mCijkl] = 0
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gmigjl[∇mCijkl] = ∇pCpk

5.3.1. τ ◦ π ◦ ∇[τ ◦ π ◦C]

τ ◦ π ◦ ∇[π ◦C] = [τ III + τ II + τ I ] ◦ [[∇[τ ◦C ]] + [∇[τ ◦C ]] ]

+ [τ III + τ II + τ I ] ◦ [[∇[τ ◦C ]] ]

+ [τ III + τ II ] ◦ [[∇[τ ◦C ]] + [∇[τ ◦C ]] ]

+ [τ III + τ II ] ◦ [[∇C ] ]

with

gjl[∇mC III
ijkl ] = − 1

4
σacik∇pC III

pacm

gmi[∇mC III
ijkl ] = ∇pC III

pjkl − 1

4
∇pC III

pjkl

gjl[∇mC III
ijkl ] =

1

4
σacik∇pC III

pacm

gmi[∇mC III
ijkl ] =

1

4
∇pC III

pjkl

gjl[∇mC
III

ijkl ] = − 1

2
∇pC III

pmik +
1

12
αaceikm∇pC

III
pace

gmi[∇mC
III

ijkl ] = ∇pC III

pjkl − 1

2
∇pC III

pjkl − 1

12
αbcdjkl∇pC

III

pbcd

gjl[∇mC
III

ijkl ] =
1

2
∇pC III

pmik − 3

20
αaceikm∇pC

III
pace

gmi[∇mC
III

ijkl ] =
1

2
∇pC III

pjkl +
1

20
αbcdjkl∇pC

III

pbcd

gjl[∇mC
III

ijkl ] =
1

15
αaceikm∇pC

III
pace

gmi[∇mC
III

ijkl ] =
1

30
αbcdjkl∇pC

III

pbcd

[gjl[∇mC II
ijkl ] ]II = [∇mC II

ik ]II +
1

8
σacikα

xy
cm[∇xC II

ay ]II

[gmi[∇mC II
ijkl ] ]II =

1

2
αcdkl [∇cC

II
jd ]II +

1

8
αxykl [∇xC

II
jy ]II

[gjl[∇mC II
ijkl ] ]II = − 1

8
σacikα

xy
cm[∇xC II

ay ]II

[gmi[∇mC II
ijkl ] ]II = − 1

8
αxykl [∇xC

II
jy ]II

[gjl[∇mC
II

ijkl ] ]II = [∇mCik ]II − 1

4
αacikσ

ep
cm[∇eCap]II − 1

6
αaceikm∇aCce

[gmi[∇mC
II

ijkl ] ]II =
1

2
αcdkl [∇cCjd]

II − 1

4
αacklσ

ep
jc [∇eCap]II +

1

6
αbcdjkl∇bCcd

gjl[∇mC
II

ijkl ] =
1

4
αacikσ

ep
cm[∇eCap]II +

1

10
αaceikm∇aCce

gmi[∇mC
II

ijkl ] =
1

4
αacklσ

ep
jc [∇eCap]II − 1

5
αbcdjkl∇bCcd

gjl[∇mC
II

ijkl ] =
1

15
αaceikm∇aCce
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gmi[∇mC
II

ijkl ] =
1

30
αbcdjkl∇bCcd

gikgjl[∇mC II
ijkl ] = ∇pC II

pm

gmigjl[∇mC II
ijkl ] = ∇pC II

pk − 1

2
∇pC II

pk

gikgjl[∇mC II
ijkl ] = − ∇pC II

pm

gmigjl[∇mC II
ijkl ] =

1

2
∇pC II

pk

gikgjl[∇mC
II

ijkl ] = 0

gjlgmi[∇mC
II

ijkl ] = ∇pCpk

gikgjl[∇mC I
ijkl] = ∇mC − 1

4
∇mC

gmigjl[∇mC I
ijkl] =

1

4
∇kC +

1

8
∇kC

gikgjl[∇mC I
ijkl] =

1

4
∇mC

gmigjl[∇mC I
ijkl] = − 1

8
∇kC

5.4. ρ

ρabcdeijklm∇eCabcd = ∇eCabcd[nme − umue]nianjbnkcnld
+∇eCpqrs[nme − umue]napuqncrus[−αabij ub][−αcdklud]
+∇eCpqcd[nme − umue]napuqnkcnld[−αabij ub]
+∇eCabrs[nme − umue]nianjbncrus[−αcdklud]

=: [∇mCijkl]NN + [∇mCijkl]UU + [∇mCijkl]UN + [∇mCijkl]NU

= ρabcdijkl δ
e
m∇eCabcd

= ∇m[ρabcdijkl Cabcd] = ∇mCNNijkl +∇mCUUijkl +∇mCUNijkl +∇mCNUijkl

in more detail

ρabcdeijklm∇e[ρ
pqrs
abcdCpqrs] = ∇m[ρabcdijkl Cabcd]

but

[∇CNN ]NN = ∇CNN −∇ρNN ◦CNN [∇CUN ]UN = ∇CUN −∇ρUN ◦CUN

[∇CUU ]NN = 0 [∇CNU ]UN = 0

[∇CUN ]NN = −∇ρNN ◦CUN [∇CNN ]UN = −∇ρUN ◦CNN

[∇CNU ]NN = −∇ρNN ◦CNU [∇CUU ]UN = −∇ρUN ◦CUU

[∇CUU ]UU = ∇CUU −∇ρUU ◦CUU [∇CNU ]NU = ∇CNU −∇ρNU ◦CNU

[∇CNN ]UU = 0 [∇CUN ]NU = 0

[∇CUN ]UU = −∇ρUU ◦CUN [∇CNN ]NU = −∇ρNU ◦CNN

[∇CNU ]UU = −∇ρUU ◦CNU [∇CUU ]NU = −∇ρNU ◦CUU

42



which implies

∇[ρNN + ρUU + ρUN + ρNU ] ◦ [[ρNN + ρUU + ρUN + ρNU ] ◦C] = ∇ρ ◦C = 0

with

−∇m[ρNN ]abcdijkl C
NN
abcd = −∇mun[[−αabij ub]NNnakl + [−αcdklud]NNijnc]

−∇m[ρNN ]abcdijkl C
UN
abcd = [−αabij∇mub]UNakl

−∇m[ρNN ]abcdijkl C
NU
abcd = [−αcdkl∇mud]NUijc

−∇m[ρUU ]abcdijkl C
UU
abcd = − [[−αabij∇mub][−αcdklud] + [−αabij ub][−αcdkl∇mud]]UUac

−∇m[ρUU ]abcdijkl C
UN
abcd = [−αabij ub][−αcdklud]∇munUNanc

−∇m[ρUU ]abcdijkl C
NU
abcd = [−αabij ub][−αcdklud]∇munNUnac

−∇m[ρUN ]abcdijkl C
UN
abcd = − [[−αabij∇mub]UNakl + [−αabij ub][−αcdklud]∇munUNanc]

−∇m[ρUN ]abcdijkl C
NN
abcd = [−αabij ub]∇munNNnakl

−∇m[ρUN ]abcdijkl C
UU
abcd = [−αabij ub][−αcdkl∇mud]UUac

−∇m[ρNU ]abcdijkl C
NU
abcd = − [[−αcdkl∇mud]NUijc + [−αabij ub][−αcdklud]∇munNUnac]

−∇m[ρNU ]abcdijkl C
NN
abcd = [−αcdklud]∇munNNijnc

−∇m[ρNU ]abcdijkl C
UU
abcd = [−αcdklud][−αabij∇mub]UUac

and

∇mCNNijkl = ∇m[ρNN ]abcdijkl C
NN
abcd + HmNNijkl − um •NNijkl

∇mCUUijkl = ∇m[ρUU ]abcdijkl C
UU
abcd + [HmUUac − um • UUac][−αabij ub][−αcdklud]

∇mCUNijkl = ∇m[ρUN ]abcdijkl C
UN
abcd + [HmUNakl − um • UNakl][−αabij ub]

∇mCNUijkl = ∇m[ρNU ]abcdijkl C
NU
abcd + [HmNUijc − um •NUijc][−αcdklud]

with the de�nitions

HiXi1...in := nai n
a1
i1

. . . n an
in
∇aXa1...an

•Xi1...in : := uan a1
i1

. . . n an
in
∇aXa1...an

and so

[∇mCNNijkl]NN = HmNNijkl − um •NNijkl

[∇mCUNijkl]NN = UNakl[−αabij∇mub]
[∇mCNUijkl]NN = NUijc[−αcdkl∇mud]
[∇mCUUijkl]UU = [HmUUac − um • UUac][−αabij ub][−αcdklud]
[∇mCUNijkl]UU = UNanc[−αabij ub][−αcdklud]∇mun

[∇mCNUijkl]UU = NUnac[−αabij ub][−αcdklud]∇mun

[∇mCUNijkl]UN = [HmUNakl − um • UNakl][−αabij ub]
[∇mCNNijkl]UN = NNnakl[−αabij ub]∇mun

[∇mCUUijkl]UN = UUac[−αabij ub][−αcdkl∇mud]
[∇mCNUijkl]NU = [HmNUijc − um •NUijc][−αcdklud]
[∇mCNNijkl]NU = NNijnc[−αcdklud]∇mun

[∇mCUUijkl]NU = UUac[−αcdklud][−αabij∇mub]
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6. ∇R
See [12] for more details.

6.0.1. ∇[τ ◦R]

∇[τ ◦R] = ∇RIII +∇RII +∇RI

The distribution of components reads 80 = 40 + 36 + 4.

6.0.2. ∇[ρ ◦R]

∇[ρ ◦R] = ∇RNN +∇RUN +∇RNU +∇RUU

The distribution of components reads 80 = 24 + 32 + 24.

6.1. π

π ◦ [∇R] = [∇R] + [∇R]

with

[∇mRijkl] = ∇mRijkl −
1

8
[αeabmij∇eRabkl + αecdmkl∇eRijcd]

[∇mRijkl] =
1

8
[αeabmij∇eRabkl + αecdmkl∇eRijcd]

=
1

4
[η a
ijm ∇b[∗R]abkl + η a

klm ∇b[∗R]abij ]

=
1

8
[η b
ijm η cd

kl + η b
klm η cd

ij ]∇a[∗R∗]abcd

= − 1

8
[αeabmijα

cd
kl + αeabmklα

cd
ij ]gac∇p[[∗R∗]pdbe + gbd[∗R∗]pe]

= 0

because of

0 = αeabmij∇eRabkl
⇔ 0 = ∇p[∗R]pjkl

⇔ 0 = ∇p[∗R∗]pjkl

6.1.1. π ◦ ∇[τ ◦R]

π ◦ ∇[τ ◦R] = [π + π ] ◦ [∇RIII +∇RII +∇RI ]

with

[∇mRIIIijkl] = ∇mRIIIijkl −
1

8
[αeabmij∇eRIIIabkl + αecdmkl∇eRIIIijcd]

[∇mRIIijkl] = ∇mRIIijkl −
1

8
[αeabmijα

cd
kl + αecdmklα

ab
ij ]gac∇eRIIbd
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[∇mRIijkl] = ∇mRIijkl −
1

8
[αeabmijα

cd
kl + αecdmklα

ab
ij ]

1

12
gacgbd∇eR

[∇mRIIIijkl] =
1

8
[αeabmij∇eRIIIabkl + αecdmkl∇eRIIIijcd]

=
1

8
[αeabmijα

cd
kl + αeabmklα

cd
ij ]gac∇pRIIIpdbe

[∇mRIIijkl] =
1

8
[αeabmijα

cd
kl + αecdmklα

ab
ij ]gac∇eRIIbd

= − 1

8
[αeabmijα

cd
kl + αeabmklα

cd
ij ]gac[

1

2
αrsbe [∇rRIIds + gds∇pRIIpr] + gbd∇pRIIpe]

[∇mRIijkl] =
1

8
[αeabmijα

cd
kl + αecdmklα

ab
ij ]

1

12
gacgbd∇eR

=
1

8
[αeabmijα

cd
kl + αecdmklα

ab
ij ]gac[

1

12
αrsbegds∇rR+

1

4
gbd∇eR]

and

0 = [∇mRIIIijkl +∇mRIIijkl +∇mRIijkl]
0 = ∇p[[∗R∗]IIIpjkl + [∗R∗]IIpjkl + [∗R∗]Ipjkl]

in particular

0 = αeabmij [∇eRIIIabkl + αcdklgac∇eRIIbd + αcdkl
1

12
gacgbd∇eR]

0 = −∇pRIIIpjkl + αcdkl
1

2
[∇cRIIjd + gjd∇pRIIpc]− αcdkl

1

12
gjd∇cR

6.2. τ

τ ◦ ∇R = [∇R]III + [∇R]II + [∇R]I

with

[∇mRijkl]III = ∇mRijkl − αabij α
cd
kl [gacXbdm + gamYbcd + gcmYdab]

[∇mRijkl]II = αabij α
cd
kl [gac[Xbdm]II + gam[Ybcd]

II + gcm[Ydab]
II ]

[∇mRijkl]I = αabij α
cd
kl [gacgbdXm + gbmgacYd + gdmgacYb ]

and

[Xikm]II =
1

2
[∇mRik]II

[Xikm]II =
4

5
[∇mRik +

1

4
σacik∇pRpacm]II

[Yikm]II =
1

5
[∇pRpikm +

1

2
αcekm∇eRic]II

Xk =
1

18
[∇kR−∇aRak]

Yk =
1

36
[−∇kR+ 4∇aRak]
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6.2.1. τ ◦ ∇[τ ◦R]

τ ◦ ∇[τ ◦R] = [τ III + τ II ] ◦ ∇RIII + [τ II + τ I ] ◦ ∇RII + τ I ◦ ∇RI

with

[∇mRIIIijkl]III = ∇mRIIIijkl − αabij α
cd
kl [gacX

III
bdm − gamY

III
bcd − gcmY III

dab ]

[∇mRIIIijkl]II = αabij α
cd
kl [gacX

III
bdm + gamY

III
bcd + gcmY

III
dab ]

[∇mRIIijkl]II = αabij α
cd
kl [gac[X

II
bdm ]II ]

[∇mRIIijkl]I = αabij α
cd
kl [gacgbdX

II
m + gbmgacY

II
d + gdmgacY

II
b ]

[∇mRIijkl]I = αabij α
cd
kl [gacgbdX

I
m ]

and

X III
ikm = σacikY

III
acm

Y III
ikm =

1

5
∇pRIIIpikm

[X II
ikm ]II =

1

2
[∇mRIIik]II

X II
m = −1

2
Y II
m

Y II
m =

1

9
∇aRIIam

X I
m =

1

24
∇mR

6.3. τ ◦ π

τ ◦ π ◦ ∇R = [τ III + τ II + τ I ] ◦ [[∇R] + [∇R] ]

with

[gjl[∇mRijkl] ]II = [∇mRik]II − 1

4
σacik [∇pRpacm − αxycm∇xRay]II

[gmi[∇mRijkl] ]II = [∇pRpjkl]II − 1

4
[∇pRpjkl − αxykl∇xRjy]

II

[gjl[∇mRijkl] ]II =
1

4
σacik [∇pRpacm − αxycm∇xRay]II

[gmi[∇mRijkl] ]II =
1

4
[∇pRpjkl − αxykl∇xRjy]

II

gikgjl[∇mRijkl] = ∇mR + [∇pRpm −
1

2
∇mR]

gmigjl[∇mRijkl] = ∇pRpk − 1

2
[∇pRpk −∇kR]

gikgjl[∇mRijkl] = − [∇pRpm −
1

2
∇mR]

gmigjl[∇mRijkl] =
1

2
[∇pRpk −

1

2
∇kR]

in particular

0 = [∇pRpjkl − αxykl∇xRjy]
II

0 = ∇pRpm −
1

2
∇mR
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6.3.1. τ ◦ π ◦ ∇[τ ◦R]

τ ◦ π ◦ ∇[τ ◦R] = [τ III + τ II ] ◦ [∇RIII ] + [τ II + τ I ] ◦ [∇RII ] + τ I ◦ [∇RI ]

+ [τ III + τ II ] ◦ [∇RIII ] + [τ II + τ I ] ◦ [∇RII ] + τ I ◦ [∇RI ]

with the corresponding traces

gjl[∇mRIIIijkl] =
1

4
σacik∇pRIIIpacm

gmi[∇mRIIIijkl] =
1

4
∇pRIIIpjkl

[gjl[∇mRIIijkl] ]II = −1

8
σacikα

xy
cm[∇xRIIay]II

[gmi[∇mRIIijkl] ]II = −1

8
αxykl [∇xR

II
jy]

II

gikgjl[∇mRIIijkl] = −∇pRIIpm

gmigjl[∇mRIIijkl] =
1

2
∇pRIIpk

gikgjl[∇mRIijkl] =
1

4
∇mR

gmigjl[∇mRIijkl] = −1

8
∇kR

in particular

0 = −∇pRIIIpjkl +
1

2
αcdkl [∇cRIIjd +

1

3
gjd∇pRIIpc]

0 = −∇pRIIpm +
1

4
∇mR

6.4. ρ

ρabcdeijklm∇eRabcd = [∇mRijkl]NN + [∇mRijkl]UU + [∇mRijkl]UN + [∇mRijkl]NU

= ∇m[ρabcdijkl Rabcd] = ∇mRNNijkl +∇mRUUijkl +∇mRUNijkl +∇mRNUijkl

but

[∇R]NN = ∇RNN −∇ρNN ◦R
[∇R]UU = ∇RUU −∇ρUU ◦R
[∇R]UN = ∇RUN −∇ρUN ◦R
[∇R]NU = ∇RNU −∇ρNU ◦R

in particular

[∇mRijkl]NN = HmNNijkl − um •NNijkl + [−αabij∇mub]UNakl + [−αcdkl∇mud]NUijc (6.1)

[∇mRijkl]UU = [HmUUac − um • UUac +∇mun[UNanc +NUnac]][−αabij ub][−αcdklud] (6.2)

[∇mRijkl]UN = [HmUNakl − um • UNakl +∇munNNnakl + [−αcdkl∇mud]UUac ][−αabij ub] (6.3)

[∇mRijkl]NU = [HmNUijc − um •NUijc +∇munNNijnc + [−αabij∇mub]UUac ][−αcdklud] (6.4)
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and

0 = ∇l[∗R∗]ijkl
= ∇m[∗R∗] l

abc ρ
abcm
ijkl

= ∇m[∗R∗]abcl[nml − umul]nai nbjnck
−∇m[∗R∗]abclnmlnianjbukuc
−∇m[∗R∗]pqcl[nml − umul]αabij npaubuqnck
+∇m[∗R∗]pqclnmlαabij npaubuqukuc

or

0 = nai n
b
jn
c
kn

ml∇m[∗R∗]abcl (6.5)

−ul[nai nbjnckum∇m[∗R∗]abcl]
0 = uk[n

a
i n

b
ju
cnml∇m[∗R∗]abcl] (6.6)

0 = uj [n
a
i u

bnckn
ml∇m[∗R∗]abcl] (6.7)

−ujul[nai ubnckum∇m[∗R∗]abcl]
0 = ujuk[n

a
i u

bucnml∇m[∗R∗]abcl] (6.8)

Equating the coe�cients of (6.5) - (6.8) with those of (6.1) - (6.4) leads to

0 6= HmNNijkl − um •NNijkl + [−αabij∇mub]UNakl + [−αcdkl∇mud]NUijc
−ul[HmNUijk − um •NUijk +∇munNNijnk + [−αabij∇mub]UUak]

0 6= uk[HmNUijl − um •NUijl +∇munNNijnl + [−αabij∇mub]UUal ]

0 6= −uj [HmUNikl − um • UNikl +∇munNNnikl + [−αcdkl∇mud]UUic ]

+ujul[HmUUik − um • UUik +∇mun[UNink +NUnik]]

0 6= −ujuk[HmUUil − um • UUil +∇mun[UNinl +NUnil]]

Substitution R→ [∗R∗] and taking the trace over m, l gives

0 = Hl[∗UU∗]ijkl − [−αabijHlub][∗NU∗]akl − [−αcdklHlud][∗UN∗]ijc
+ • [∗UN∗]ijk − • un[∗UU∗]ijnk − [−αabij • ub][∗NN∗]ak

0 = Hl[∗UN∗]ijl − Hlun[∗UU∗]ijnl − [−αabijHlub][∗NN∗]al
0 = Hl[∗NU∗]ikl − Hlun[∗UU∗]nikl − [−αcdklHlud][∗NN∗]ic

+ • [∗NN∗]ik − • un[∗NU∗]ink − • un[∗UN∗]nik]

0 = Hl[∗NN∗]il − Hmun[∗NU∗]inl − Hmun[∗UN∗]nil
or

0 = η c
kl [HlUUic + Hlun[η b

ni [∗NU ]bc + η d
nc [UN∗]id]]

+ • [UN∗]ik + • un[η c
kn UUic + η b

ni [∗NN∗]bk]

0 = Hl[UN∗]il + Hlun[η c
ln UUic + η b

ni [∗NN∗]bl ]

0 = η c
kl [Hl[∗NU ]ic + Hlun[η a

in UUac + η d
nc [∗NN∗]id]]

+ • [∗NN∗]ik − • un[η c
nk [∗NU ]ic + η a

ni [UN∗]ak]

0 = Hl[∗NN∗]il − Hlun[η c
nl [∗NU ]ic + η a

ni [UN∗]al ]
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6.5. ∇[ω ◦ ρ ◦R]

∇m[ω ◦ ρ ◦R]ijkl = ∇m
∑
β

ZβijZβkl

=
∑
β

[∇mZβijZβkl + Zβij∇mZβkl]

=:
∑
β

[hβmijZβkl + Zβijhβmkl]

The identity ∇p[∗R∗]pjkl = 0 becomes

0 = ∇p
∑
β

∗Zβpj∗Zβkl

=:
∑
β

[∗hβj∗Zβkl + ∗Zβpj [∗hβ]pkl]

=
∑
β

[∗hβj∗Zβkl − hβjZβkl + αcdkl [
1

2
gcj [hβ] pqd Zβpq + [hβ] p

dj Zβpc + gcjh
b
βZβbd]]

and

0 = gmi[∇mRIIIijkl] + [gmi[∇mRIIijkl] ]II

0 = gmigjl[∇mRIIijkl] + gmigjl[∇mRIijkl]

can be written as

∇pRIIIpjkl =
1

2
[−αcdkl∇cRIIjd]II =

1

2

∑
β

[∗hβj∗Zβkl − hβjZβkl + αcdklZ
b

βj hβdbc]
II

∇pRIIpk =
1

4
∇kR =

∑
β

[−∗hbβ∗Zβbk − hbβZβbk]

The condition

Zβij := αabij∇aPβb
implies

hβabc = ∇a∇bPβc −∇a∇cPβb
hβk = ∇p∇pPβk +R p

k Pβp

∗hβk = η pq
ak ∇

a∇pPβq

= −1

2
η apq
k R x

apq Pβx

= −[∗R] q x
k q Pβx

= 0

so

0 =
∑
β

∗Zβpj [∗hβ]pkl

∇pRIIIpjkl =
1

2

∑
β

[−hβjZβkl + αcdklZ
b

βj hβdbc]
II

∇pRIIpk =
∑
β

[−hbβZβbk]
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Part I.

See [5], [6], [7] and [8] for comparison.

7. T

Setting

[∗R∗]
κ

=: T

implies

π ◦ [∗R∗] = π ◦ κT
τ ◦ [∗R∗] = τ ◦ κT
ρ ◦ [∗R∗] = ρ ◦ κT

ρ ◦ τ ◦ [∗R∗] = ρ ◦ τ ◦ κT

in particular

[∗R∗] = κT

−RIII = [∗R∗]III = κTIII

−RII = [∗R∗]II = κTII

−RI = [∗R∗]I = κTI

[∗[RNN ]∗] = [∗R∗]UU = κTEE

[∗[RUU ]∗] = [∗R∗]NN = κTHH

[∗[RUN ]∗] = [∗R∗]NU = κTHE

[∗[RNU ]∗] = [∗R∗]UN = κTEH

with the de�nitions

ujulTijkl =: EEik

nai n
b
ju
lTabkl =: HEijc

ujnckn
d
l Tijcd =: EHakl

nai n
b
jn
c
kn

d
l Tabcd =: HH ijkl

The same holds for the covariant derivatives

∇ [∗R∗]
κ

= ∇T

so

π ◦ ∇[∗R∗] = π ◦ κ∇T
τ ◦ ∇[∗R∗] = τ ◦ κ∇T
ρ ◦ ∇[∗R∗] = ρ ◦ κ∇T

50



in particular

[∇[∗R∗]] = κ[∇T]

[∇[∗R∗]] = κ[∇T]

[∇[∗R∗]]III = κ[∇T]III

[∇[∗R∗]]II = κ[∇T]II

[∇[∗R∗]]I = κ[∇T]I

[∇[∗R∗]]NN = κ[∇T]HH

[∇[∗R∗]]UN = κ[∇T]EH

[∇[∗R∗]]NU = κ[∇T]HE

[∇[∗R∗]]UU = κ[∇T]EE

and for the corresponding identity

0 = ∇p
[∗R∗]pjkl

κ
= ∇pTpjkl

in particular

0 = ∇pT IIIpjkl + αcdkl
1

2
[∇cT IIjd + gjd∇pT IIpc ] + αcdkl

1

12
gjd∇cT

0 = ∇pT IIIpjkl +
1

2
αcdkl [∇cT IIjd ]II

0 = ∇lT IIjl +
1

4
∇jT

0 = η c
kl [Hl[∗HH∗]ic −H

lun[η b
ni [EH∗]bc + η d

nc [∗HE]id]]

− • [∗HE]ik + •un[η c
kn [∗HH∗]ic + η b

ni EEbk]

0 = −Hl[∗HE]il + Hlun[η c
ln [∗HH∗]ic + η b

ni EEbl ]

0 = η c
kl [−Hl[EH∗]ic + Hlun[η a

in [∗HH∗]ac + η d
nc EEid ]]

+ • EEik + •un[η c
nk [EH∗]ic + η a

ni [∗HE]ak]

0 = HlEEil + Hlun[η c
nl [EH∗]ic + η a

ni [∗HE]al ]

The di�erence between

[∗R∗]ijkl = κTijkl

and the Einstein equations

[∗R∗]ik = κTik

can be emphasized by considering τ ◦ [∗R∗] in both cases:

τ ◦ [∗R∗]


[∗R∗]III = κTIII

[∗R∗]II = κTII

[∗R∗]I = κTI

 κτ ◦T

and

τ ◦ [∗R∗]


[∗R∗]III = [∗R∗]III
[∗R∗]II = κTII

[∗R∗]I = κTI

 κTI + κTII + [∗R∗]III
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Part II.

Repeating the reasoning of 1.2 in the developed notation.

gjl[∗R∗]IIijkl = gjlκT IIijkl = gjl[
√
κFij
√
κFkl]

II

Removing the projector II gives

gjl[∗R∗]ijkl = gjlκTijkl = gjl[
√
κFij
√
κFkl]

Removing the trace gives

[∗R∗]ijkl = κTijkl =
√
κFij
√
κFkl

8. ω ◦ ρ ◦T
Setting

[∗R∗]
κ

=: T

gives

ω ◦ ρ ◦ [∗R∗] = κω ◦ ρ ◦T

in particular

∗N NN
αij ∗N

NN
αkl = [−αabij ub]∗N NN

αa [−αcdklud]∗N NN
αc

=: [−αabij ub]
√
κE EE

αa [−αcdklud]
√
κE EE

αc =:
√
κE EE

αij

√
κE EE

αkl

∗U UU
αij ∗U

UU
αkl = [−η a

ij U
UU

αa ][−η c
kl U

UU
αc ]

=: η a
ij

√
κ∗H HH

αa η c
kl

√
κ∗H HH

αc =:
√
κH HH

αij

√
κH HH

αkl

∗U UN
αij ∗N

UN
αkl = [−η a

ij U
UN

αa ][−αcdklud]∗N UN
αc

=: η a
ij

√
κ∗H HE

αa [−αcdklud]
√
κE HE

αc =:
√
κH HE

αij

√
κE HE

αkl

∗N UN
αij ∗U

UN
αkl = [−αabij ub]∗N UN

αa [−η c
kl U

UN
αc ]

=: [−αabij ub]
√
κE HE

αa η c
kl

√
κ∗H HE

αc =:
√
κE HE

αij

√
κH HE

αkl

and

∗Zβij∗Zβkl =:
√
κFβij

√
κFβkl

The identity ∇pTpjkl = 0 becomes

0 = ∇p
∑
β

FβpjFβkl

=:
∑
β

[jβjFβkl + Fβpj [jβ]pkl]
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or

−∇pT IIIpjkl =
1

2
[−αcdkl∇cT IIjd ]II =

1

2

∑
β

[jβjFβkl − ∗jβj∗F βkl + αcdkl∗F b
βj ∗jβdbc]II

∇pT IIpk = −1

4
∇kT =

∑
β

[−jbβFβbk − ∗jbβ∗F βbk]

The condition

Fβij := αabij∇aAβb

implies

jβabc = ∇a∇bAβc −∇a∇cAβb
jβk = ∇p∇pAβk +R p

k Aβp

∗jβk = η pq
ak ∇

a∇pAβq

= −1

2
η apq
k R x

apq Aβx

= −[∗R] q x
k q Aβx

= 0

so

−∇pT IIIpjkl =
1

2
[−αcdkl∇cT IIjd ]II =

1

2

∑
β

[jβjFβkl + αcdkl∗F b
βj ∗jβdbc]II

∇pT IIpk = −1

4
∇kT =

∑
β

[−jbβFβbk]
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Part III.

9. κ

Let the units meter 'm', second 's', kilogram 'kg' and the electrostatic unit of charge 'esu' be de�ned.
Let π denote in this (and only in this) section the number π and set 'S' for the unit of the action S

(usually 'Joule second'). Set

c := 299792458 · m

s
(9.1)

G := 6, 67259 · 10−20 ·
[ m

esu

]2
·
[m

s

]4
alternatively G := 6, 67259 · 10−11 · m3

kg · s2

K[1] :=

√
c4

8πG
· m

esu

≈ 6, 940 · 1025

K[2] :=
c2

8πG
· m

kg

≈ 5, 359 · 1025

K[3] :=
c4

8πG
· m

kg
· s2

m2

≈ 4, 817 · 1042

The equations

Rijkl =
1

2
αabij α

cd
kl [∂a∂cgbd + gpqΓ

p
acΓ

q
bd]

Rijkl = κTijkl

Tijkl =
∑
β

FβijFβkl

Tijkl = THHijkl + TEHijkl + THEijkl + TEEijkl

imply

[Rijkl] =
1

m2

[Rijkl] = [κ][Tijkl]

[Fβij ] =
√

[Tijkl]

[Tijkl] = [EEik] + [EHijk] + [HEijk] + [HHijkl]

9.1. X, S

[Tijkl] = :
X

m4
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[κ] =
m2

X

[Fβij ] =

√
X

m2[∫
EEaa

1

6
ηijkdx

idxjdxk
]

=
X

m

Alternatively

[Tijkl] = : K[3] ·
S

s ·m3
= K[3] · kg · m2

s2
· 1

m3

[κ] =
1

K[3]
· m · s

S

[Fβij ] =

√
K[3] ·

S

s ·m3[∫
EEaa

1

6
ηijkdx

idxjdxk
]

= K[3] ·
S

s
= K[3] · kg · m2

s2

9.2. esu

[Fβij ] = : K[1] ·
esu

m2

[Tijkl] = K2
[1] ·

esu2

m4

[κ] =
m2

K2
[1] · esu2[∫

EEaa
1

6
ηijkdx

idxjdxk
]

= K2
[1] ·

esu2

m

9.3. kg

[∫
EEaa

1

6
ηijkdx

idxjdxk
]

= : K[2] · kg

[Tijkl] = K[2] ·
kg

m3

[κ] =
1

K[2]
· m

kg

[Fβij ] =

√
K[2] ·

kg

m3
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