*R*x = kT

Physicalization of Curvature
Tobias Wowereit
The Einstein equations are completed.

The electromagnetic nature of energetic phenomena is derived.
Alternative units are introduced.
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1. LILII
1.1. 1

The Einstein equations of General Relativity

1
kKTiy = Ry — §gikR
= [*Rx|i

= ¢ [«R#]iju

a1
— g]l ZnijabnkZCdRabcd

can be written as

1 Rkl
K

= T

Thus Tjj is the trace of % and if Tj; is an energy momentum tensor so is because the

metric bears no physical or geometrical unit. Emphasizing this by setting

[*R*}ijkl
K

[* x|kt

7/{” =: Tijkl
gives

P'Tij = T

More details in part 1.

1.2. 11
The energy momentum tensor of the electromagnetic field in connection with the Einstein equations
reads
1 1
Rix — 1 Rgie = &[Tk — Tgin]
1
= A[F " Fra = 5 ]

This expression stems from

[«Rx]i,. = KT

— /{anFka

which in turn stems from

xRx|ij = KT

= HFiijl

Details in part II.



1.3. 1

Usually Ty is called ’energy-momentum tensor’ and bears the unit

[Tw] = ke - —

Regarding T;; as a tensorfield defined on spacetime, a canonical unit for T;; should contain a factor

L. This means
m

X
[Ti] = ol
The unit X has electromagnetic 'roots’ because
X = K[Ql]esu2 Ky eR

~ 4,817-10% - esu®

‘esu’ being the ’electrostatic unit of charge’. Details in part III.



2. m,w, 7, p % V,C R

Further literature

V,9,C,R  [13], pp. 23, 30 — 40
[11], III, §1—5
T [2], pp. 291 — 298
3]
T 2], pp. 298 — 299
[9]
w [1], pp. 25 — 28
[4], pp. 374 — 379, 552 — 568
wou [10], pp. 120
[11], I, §7

Let M denote a differentiable manifold, dim[M] = n, and let M’ denote a Lorentzian manifold,
dim[M¥*] = 4, with metric signature 1,1,1, —1.

21. 7

ai...ap
1.1

ai...ap o [1] Apl1]
ot = Z sign[p -0y
ai...ap o Ap[1] Apli]

p

p[1]...p[l] denotes an array of 1,...,1 which is obtained from 1,...,l by permutations. The sum is
carried out over all possible arrays of 1,...,l. sign[p|, the sign of an array, is positive if p[1]...p[l]
can be obtained from 1,2,...,l— 1,1 by an even number of permutations, otherwise negative. So the
Permutation Operator m can be defined as

ai...q
]

and the Symmetrizer o are defined by

Let M be given. The Skew or Anti Symmetrizer o

1 1
ngbXab = io—g]‘bXab + §a%bXab

-
= X4 X
= X7+ X
= (7] gjb X + [WE} gj@ Xab

ijbXab leads to

T Xope = X—|—X]rk+X+Xk
- ij'?,?JerBfk X%k
=i [T Xabe + [T 160 Xabe + 750 X e
which leads to
[i]4]k] [i]411]
T Xabed = X%JJ+X5M +X‘J‘kl +X@]kl +ngk:l



TR

[i]k] [i]1]
oy
+ngk + ngz + X]kl + X]k + Xz]k:l

=  Xgg+ XiBj]Ijl + X?yakl + Xiﬁjjkl + Xz'Ejkl

ryab bed bed
= [77 ]% Xabed + [ ]gjkl KXabed + [ ]?j]?l KXabed + [WH]]%]SZ Xabed + [WE]%M Xabed
which leads to
bed, i \i[j =
abede _ K[ 1]
7Tz‘jklm‘XV(lede - ijklm + ijklm
;’ 71k ;j\l\
Lx . X
'ijlm z]klm z]klm z]klm z]klm ijklm
ﬂ
i[jfm] ..
.. L
zgklm zgklm klm zjklm z klm
nuuzjgann 4 i
k| l|m)| k|l L7 z k 1L
J Jm| m m)|
ngkm Xz]km ']k + Xz]klm + Xijklm
E
nuz e T [
i : z
+X7§jklm + ijklm z]klm + ka + Xz]klm + Xzyklm
A
L]
(k|
L
_ o B xl H i
- zgklm + ijkm + ijklm zyklm + Xuklm + Xz]klm + Xz]klm
bed, H T abed bede
= [ﬂ' ]?j]?lniXabcde + [7T ]gj]glq—iXabcde + [W@]%glmXabcde

+[Waﬂ]%b]§ld7%Xabcde [Wﬁa}%&deabcde + [WE]]?]IS??%Xabcde [WE] ?]blgldéXabcde

The generalization of the factor in ﬂ“bXab reads

A

= (2.1)

where A denotes the number of different configurations of a box-array by indices, and B denotes the
order of the tensor. Hence

1 1
b b b
sy = iaij + Qafj
b b
= P+ A
abc 1 abc 1 PC ab pb ac 1 abc
7r7,]k = go-l]k: + 3{ + a ] + Ga”k

= [+ T [wﬁwﬁs

1 1 .
abed abcd 8[0[11 abz_i_apc abd+ap acd] +

pr qs ab cd pr _qs __ac, _bd
ikl = %k + ij O pkl + ]

12[O‘zk0‘gl Prq Ors i O‘klapqars

1 1
ped _ab pbd ac PbC ad abed
+8 [azkl Opj + az]l kT az]k ] + 24az]kl

O [ 7 NN e o Oy e M P



1 1 d b
abede _ abede [ abcil + ap abce + apc abde + ap acde]

ﬂ-ijklm - 1200ijklm+% im pjk: ik p]lm i pklm
1
pr_qs _de abc pr_qs _ce _abd
24 579t Qs Opgh. + Qg O 0501 |
1
pr qs cd abe pr qs be acd pr _qs __bd __ace
24 o [k 01 O s Tpgm + v SOpal + ij Q%1975 pgm]
pde _abc pce abd pcd _abe pbe _acd pbd _ace pbc _ade
+270[azlm pjk +a ikm9pjl +azkl p]m+az]m pkl +a zgl pkm+az]kaplm]
1
Bl O L L cd ab prd _qs _ce _ab pre qs_bd __ac
+24 [aikma]l rsIpq + Qi a]marsapq + azgmakl Ursapq]

1
prd qs _be _ac prc qs _be _ad
51 [ lO‘kmarsgpq_'—azjkalmarsapq]

1 1
pcde ab pbde _ac pbce ad pbed _ae abcde
+%[ iklm@ pJ + O[l]lm pk ta Z]km pl + aljkl ] + 120 aijklm

= ke (o jatede | (o)t | [ jabede 4 (o Bjabede 4 (o Jabede | [WE]%

The number of independent components per term can be obtained from the following procedure. The
dimension of the space, on which the tensor is defined, is inserted into the box in the upper left-hand
corner of the array of indices. Going on from this, the other boxes are filled. For every step to the
right, the number is raised by 1, and for every step down, the number is decreased by 1. The product
of all those numbers of an array is finally multiplied by (2.1).

22. 1

Let g be a metric on M.

gi; =  Gji
det[giy] = g # 0

With the help of the metric g the Trace Decomposition Operator T and the Trace Reduction Operator
~ can be defined.

aj...a e an ..aj
i Xara = [Xi,.. 'Yzl Xoj..a/] +7 T Xara
with
ai...aj _ as az [1,2] 7020401 [1,3] 7312 [1-1,0]
i1...1] at...ajp T gll'LQ YCL3 .ap +g1113 192%4...1] a2a4...al +gll 1% 11 dj_o ai...aj—2
and
gp1p2,7?1~~-al X — gppoX‘ .
%1...p1...p2...0;~ - A1.--Q1 1..-P1...p2..- Y
2.3. %
Let g < 0.
i1...0 _ i1a inQ b ..b
al'“nn — g 1a1 . g n nglbl . gnbn 1 an
_ i1a1 ina 1 n b1...b
= g "Gy - Gnbn QG a0, X
_ i1a1 inan ~1..n
= g g g, 8
1..n _ . . aj...an
allzn - g’blal e gznan l.mn



That results in

1l..n 1..n _ 1..n by...bn 1
ail. ] aal - a’Ll zngalbl N ganbn al n g
br...bn 1
= alllln galbl tte ganbni
g
11...0n _ i1...%n a1by anbn
Qp..n al .n = M0,9 -9 g
and
Gi1a1 --o Yitan
bi.bn
\ 11 zn vV~ aal an = — Yaqby - - - ganbnaill...in - —det
L Ginar -+ Yinan
gilal gilan
1 T )
ol =ollyt = —gt M gtay = —det | :
-9 -9 ginal ginan
respectively. Set
L 1..n
7711Zn — V _gazl’bn
nil...in _ 1 1‘11...1‘”
Vv-g "
These definitions make sense because of
Nar.ang ™ o gt = e
S0
al . a
5i1 : 51'1”
W = el = - det
al . QAn
5in : 5in
Thus, the following construction is possible
Qe X . 1 aj...aglg41..-in
Z1 Ak at...ag - [n _ k’]' i1~--ikik+1min at...ap
_ _ 1 L . a1---akik+1---inX
= [n _ k]!nll...lklk+1...lnn aj...ag
k! ) )
_ _ . .. . 1k4+1-+-tn
= *
[TL _ k]!nll---lkzzk-&-l---zn[ X]
with the Dual Operator  and the dual tensor *X. Particulary for M’
aX — abcd 1 X — — Nab dnabcdiX _. — Nab di[*X]abcd
Yabed 9y abe 24 abetoy
1 1 1
bed bed bed
;‘1 a - ?bccd —~<a - — Tlibed aved— a —- — Tlibed & ¢
ol X, = X = Nibed X, =: n [*X]
6 6 6
1 1
b bed bed . d
aa Xab = Oéfiljccd §Xab - nijcdna ¢ §Xab = - nijcd[*X]c
b bed bed . d
gjngabc = ;lengabc - nijkdna ¢ Xabc = - nzﬂcd6[*X]



bed bed bed ,
el Xabed = afp Xaved = = Mg Xabed = — Nijri24[xX]

and
abed _
Tigkl Mabed = ijk
abed abed
Tijkl Mabed = Thijkl — Yijkl Tabed
2.4. w
Returning to M.
. . — al §a2 ap
Xy = 5i1 (5i2 .. '52‘1 Xai..a
Because of the property
00X, = X

with an arbitrary vector X;, the Kronecker Delta has the eigenvalue 1 and every vector is an eigen-
vector. If one chooses an orthonormal basis {z$'}7_; then a spectral factorization of the Kronecker
Delta is given by

§ xa aa

It follows that

n
. i _ 061 Oél al a a2a2 ap oar
Xivg = E z; E T, . E T, 'w Xai.a

a1=1 ag=1 a;=1

— Oél Oé2 alal 202 aja

= g E g x; .. [x x X e
a1=1as=1 a;=1

which is a decomposition of a tensor into a sum of products of vectors. For given X;, ; only [ —1
sums are linear independent, the final sum can be obtained by solving a system of linear equations.
This gives a Factorization Operator w for a tensor X;, ; that reads

._ (1,0] [l,a]
G Xy = ) VY
a=1
For | = 2 this becomes
n
iy Xe = D V7

If there is a positive definite scalar product available, a factorization of X;; can be obtained by using
the Singular Value Decomposition

Xij = Y, "Su2Y

with two orthogonal matrices Y and Z and a diagonal matrix S whose non zero diagonal elements
s* are positive and called the singular values of X. It follows that

b
wijab Zsa & O‘

10



SN

a=1
n
_ arza
= Y Y7
a=1

2.4.1. woo

Again, if there is a positive definite scalar product available, one can use the the Figenvalue Decom-
position

Xij = Y "M

for a square, symmetric matrix X with an orthogonal matrix Y and a diagonal matrix A whose
diagonal elements A% are the eigenvalues of X. It follows that

n

[wo U]?;’Xab = Z Ayiys
a=1
n
= ) [Vl [Vaeys]
a=1
n
- Yy
a=1
or
n
wool®Xe = Y sign[AV/|Ayf[v/A[ys]
a=1
n
= > sign[\)Z{"Z5
a=1
242 wou
[UJ o a]?lllinXalan = [U.) o a]?ll......’iingalbl et gananblbn
n n
= agli Z To Tyl Z zorz," X b1.bn
(o5} (e79)
= g el gl X
P
= aglin xL}j e :v([lz] Z sign|[p] xzb)?] e xﬁn]X b---bn
P
. any/[1
= afyllo oyl
which implies
woal Xy any *[X|a, = affyMo oyl liyln
Here *Ya[,’f] can be chosen
Y = [ Xa,

11



which gives
[wo a]ql'"gnleal..,an_l = aql'"-anlea[ll] ... Y-[k_l]Y-UH_H Ly

2]...0p—1 219 —1 e—1 Tk+1 Qan

So forn =3

b b
woaliXay = afiYaZy

25. p

On M¥ there is a possible decomposition

3
ac
Wik Jac = Z Tailak — Wilk
a=1

for the metric, the x,; being normed and spacelike, and u; being normed and timelike.

Alternatively,
Vi = CU;

will be used, ¢ € R, defined in (9.1). Hence
3
wfgég = Z xf‘xo‘k —uu® = nf — uu”
=1

This gives rise to the Spatial Temporal Decomposition Operator p

kv.ky k1 2 ky k
Piy..4 = [”il — ujyu] '[”z‘l — u,u™]
and
abed — e ) ) . -
Pijki Mabed = MjkiWi — MiklWj + Nijilk — NijkU
with
o d
Nijk =  MNijkdU
2.6. V

Covariant Derivative V on M: tensorial, linear, product rule, commutes with contractions. For two
covariant derivatives, V and V,

Vin — ein = — GijaXa

holds. G is a tensorfield. There are special covariant derivatives Y;; of X;: Y is a tensor which has
the components Y;; = 0;X; in one basis. Set

for the difference V;X; — 0;X;. One has

ox'® 9x'b ,
Yij = 5o g Yab (2.2)

12



Furthermore, one has

and

hence

Vil XY,

(]

Vil XY, =

By the same reasoning one gets from

v [X“ din 1l

J1Jm 01

for the covariant derivative of a tensorfield the formula

VX itin

Ji-Jm

27. C R

Vi,
Vjvkal

ViV, Vi),

Antisymmetric parts

ai‘fvc@d

—I0a
#10a]

Vil

Syl g

o 0z
ox’ X3 oxJ ]
9z’ 9z 6 X,
oxt OxJ Oz'®
o2’ 0x'® Ok

Ozt Oz dx'c” ®

0;[ XYa]

, 82 :L'/b

b Oxidzi
9%z’ Ok
0x'0xI Ox'

= 0, XY, + XY,

= 0;Y,X*—
. oX1I
.X] —
Vi o’
. Z[m]jrn] —

= PpXitin

i Z

J1-Jm

—61“%8 +Fk1“ O +Fl1“ 10a

- 8Falva

X“ in

J1.-Jm " 11

[0;Y, — T8 V] X + V; XY,
r% XY, + VX,

+FJ Xxe

X“ da—1Alat1-- 1nrla X’Ll Jn
Z J1---3g—1bjg41---7

+vrkr B +rkvr Ba +rkr Vi,
— 0;0;1'%,0,

+ [OpTyT

a;;lvj V.04

AV

IR NAN
— T[T T + TOT%,)0 —

b+ 0Ty,

— g chpa
- Sklpap

-V

55k Op —
- O[]k, [abr

13

Sklpvj 319
Fglrgq]ap

Y + 0[] + ;[T
& DT + T T%]0, —

Yz g

#)10a

(2.3)
(2.4)

(2.5)

[m]] m ]

kjg

Mo Th + T8 T]0a



-~ —Kjklpap—s.pv )
a?fVaVka(‘?z = v/ 01 Z]lpvka Sijpvpvkal

zgk

with the Torsion Tensor S,,” and the Curvature Tensor Kjklp' Equating

ol V0, = bV, V0,
leads to
a4IVyS, PO, + S V0, = bd K, P8, — S, IV,0,
= [V + 5.4 Vo0y) = —aj[Kys Op — Sy Va0
or
bed bed
uiKpd = VoS + 5.4y
and equating
AtV Vo V0 = affiaddViV, V0,
leads to
%KW P00+ S PV V] = ol VK, "0y + VS, PVp0 + 8, PV V0]
or
b
0 = agjg[v“Kbclp - SbcqKaqlp]
One has
ANV Xk = — K, "Xy ok =+ = Ky P Xk i — SiF Vo Xk b
and, therefore
aVVaVig = — K 9o — K51 9ok — Si Vpgni

= — 0 Kijed — 5V gk
Furthermore, one has
Vigjk = 0i9ik — U590k — UikGaj
= 0igjk — Lijk — Tikj
and, therefore

—Vigjr + Vigij + Vg

— 0igjk + Owgij + 059ik + Sikj + Sijk — 055 bei
and so

2, = U?ijabk + Sijk
becomes

1
Pige = 5[=0k9ij + 09k + Oignj + Skij + Skji + Sijk + Vi = Vigi = Vigrj]

14



If

Lijr = %[—@cgij + 0 gki + 0igkj + Skij + Skji + Sijkl
then
Ciit = afP[0aThy + THTh)
and
0 = o5 C’”cd
If
Lijp = %[_akgij + 09k + Oigi;]
then
Ryl = o[0T + 15T ]
Rij = %aw i [0a0cba + GpgT T ]
and
0 = ?icllecdp
0 = afjiVuR,,"

15



3. C

3.1. C
311«
From the definition of C it follows that

0 = ofCau
0 = U]Cg[licijcd
holds, hence
abed L pr a5 jac bd Ly pbe_ad L abed
ikl Cabed = 2° 17 Ok OpgOrs Cabed + 3Ok @70 py Cabed + 57 o a5kl Cabed

= CiB]ﬂkl + C;Ijjkl + CEgk;l

with
Cha = %[Cijkl + Crui] — é[[%’kl + Crig] + [Cujk + Cjral + [Cirtj + Cijirl]
C?;kl = %[Cijkl — Chuij
ngkl é[[cijk;l + Criig] + [Cuji + Cikit] + [Cintj + Cljixl]

The distribution of components reads 36 = 20 4+ 15 + 1. From (3.3) and (3.5) one has

1
C?Jﬂkl + Gkl =[Cijkt + Chij]

2
3.1.2. 7
Tz‘ajl;gcldcabcd = [TIII]%blgldCabcd_‘_[ H]?jblgldcabcd_‘_[ ]gjkl Cabed
=: Clkl+cjkl+cjkl
with
Cli = Cijm — a0 gacXoa
11 b _cd
Cij = a%aizgac[de—ngqu]
Clw = affailgacgaX
and
9*Cij = Oy = 2 X4
9% ¢ Cij = C = 24X
hence
X = [Xpg—PIX,] = 1[0‘_1 WCl = ECU
bd T bd = Vpdtpal T HIML T 495l = %
1
X = —C
24

The distribution of components reads 36 = 20 + 15 + 1.

16
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3.1.3. tonm

romoC = [ 4rltrlo[dF4af 4nloC
= [WE+WH3+7TE]o[THI—f—TH—l—TI]oC

and in particular

11 17 11 EHI
CEEILI = [kal + Chiijl — Ciin
11
Ci% = [C ikl T Ckzzﬂ
1
I
Cz% = [C L+ Clgg]
1
= 24alj aklgacgbdc
1 11 Jiig
E?cl = [C’L]kl Cklij}
1
CE; = [Cz]kl Cklzﬂ
1
le
Cz]k:l = 0
11
11 11 11 1 11
Cim = [[ngkl + Chiz) + [Citjr + Cikal + [Cigrj +
EII
Cijkl = 0
I
Cz'jkl = 0

The distribution of components reads 36 =10+ 9+1+9+6 + 1.

= moT0C

Clyirl]

3.2. «xC
Because of (3.1) and (3.2) one has
C. - _1 . pabpg —. _} k()90
ijkl - 4771]1)(177 abkl - 2"71]ab[* } kl
1 1
Cijr = _ZniquUCdquijcd =: _inklcd[c*]ifd
321«
From (3.2) and the definition of x it follows that
0 = ol[Clak
0 = of{[xClijed
holds, that means
mo[xC] = [*C]H+ [*C]Hj + [*C]E

17



and in particular

[*C}%ﬂkz = ) Nij abcgsz = * [CHI} ijkl
g Lo p cdpl i
[*Chjm = 3 ije g Cpa = *[C ]ijkl
1
[*C}%kl = Enijklc = *[Cl]ijkl
thus
mo[*C] = «[roC]
The substitution C — *C gives
mo[xxC] = —moC = x[ro[xC]] (3.7)
that means
1 a
Com - om O = =)
1 C
G = — ol = [
1
C@'Ejkz — 19 MiakxC = =T
The relations (3.4) and (3.6) become
1
[*C]E;kz = SClijn = [+Cluig] = #[C5
1
[*C]?j_;‘kl + [*C]gjkl 5[[*C]ijkl + Oyl = #[CM ]+ T lijw
and
1
_*H*C]H]ijkl Q[Cijkl — Chuij)
1
—+#[[xC1 5y — #[+$C) g = §[Cijkl + Criij]
322 71
Dualization of (3.7) gives
d{roC] = 1ol

and in particular

*[CE]ijkl = (*Clijrt — [*C]i]jkl - [*C]ﬁm = [*C}g‘iz
1 a Ci

*[Caj]ijkl = 5%;’%‘;9%[*0]55 = [xCln
1 a Ci

*[CE]@']'M = ﬁai]bazfzigacgbd[*c} = [Clhu

with

P [+Cliju

18
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¢l g xCliji = *C
The substitution C — xC gives
To[x+xC] = —710C = x[rolxC]
and in particular
= %[Cijkl_[*c*]klij]_ciljkl
= é[cijkl — [*C*]p1i5] — é%abaﬁl[*c]acbd — #[[+CH] i
Clu = é[cijkl+[*c*]klij] — #[[<C P i
Clu = é[cijkl — [¥C*]raij + 135" ] +Clacha] - *[[*C]E]ijkl
The relations (3.4) and (3.6) become
fCM = SlClou— [Colus] = +[CE]
Ol + [xClij = %H*C]ijkl"‘[c*]klij] = *[CEhjkﬂr*[CEhjkl
and
clly = %[Cijkl+[*c*]klij] = —#[xCHyu
L+ Ol = 3lCu =[Oyl =~ #lbCBlus — [Pl
3.2.3. ron
7omo [xC] ToxlroC] = sfroroC]
to70[*C] = rmoxlroC] = slromoC]
that means
Tox[roC] = moxfroC]
and in particular one has
KOS = We™M. = «CTE), e
FCd = KO = A0 [+[CTT B,
OB = O = +(CTHg AN,
WOE = KO, = «0"E, RO,
Ry = OB = <07, gejj
Ol = WO, = O, e

19



3.3. xCx
Because of (3.1) and (3.2)

1
Ciju = ijabﬂkfd[*c*]abcd
holds, with
1 ab,. cd ab  cd 1 ab  cd
xCxlijr = PR Cabed = —Chiij + &7 gacCap — 1% %1 YacGbdC
331«
From the definition of * it follows that
0 = ol[HCHau
0 = O'Igid[*c*]”cd
holds, therefore
mo [xCx] = [>I<C>|<]B3 + [>(<C4<]Hj + [*C*]E = x[moClx
By means of (3.8) this becomes
H o 1 ab cd pq 1 ab cd
O = —Chut 5 %ij k1 9acO,y Cop — 1% A1 JacgvdC
1
[*C*]E;kl = Czajjkl T3 o gacoly Cop
[*C*]Ejkl = _Cz‘Ejkl
33.2. 7
To[xCx] = [*C*]IH + [*C*]H + [*C*]I = [T o CJx
and by means of (3.8)
KOl = —Ciiy
[*C*}g’kz = Clgij
[*C*}ijkl = Clglw
with
) 1
PCHyj =1 [¥Cxly, = Cki — 509%

20
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3.33. Tom
From (3.9),(3.10), (3.11), (3.4) and (3.6) one has

Jiig Ji14 Ji1g
[xC'x ]ZB]HM = _CEZEL] = _C’%Hkl

Jig Jis Jig
[xC'* ]%‘kl = CEZHU = C?]sz
ooy = - = -Ci

Jiig Jiig Jiig
[*C*]E;kl = Ci%zjz] = Czajjkl
roslly = dhl = —al)

ij i ij

11 EIH EHI

[*C*]z‘jkl = klz] = _Cz‘jkl

and, equivalently

1 FR I I Ej CEIH
§[Cijkl — [¥Cxlijn] = kal + Czajakl ikl T Y
1 I yii
§[Cijkl + [xC*]ij] = C?]E‘kl C%jkl
34. p
3.4.1. C
p?gbz?z Caped = Cngenpnienig =[O naupnpicua
+C et~y [~ afu] [ O]y etig[— Zq Jdl—ariug]
+Cadenpaubnkcnld[_a%quq] [C*]a’ ’I’Lpaubnklcud[_ 7,] Q]
+Cabcdnmnjbnmu al—aksug) [*C]a mgaubnrcw[ v U
Set
el = [P Capea = Cnenynkena
= NV = N Mt [NV *]ac
Ciw = 1PV Cabea = O [—affup) [~ g ua]naptignen s
- [—af u][ a,;;ud]w
Cilu = [Nv]zjk:l abed = OM—afjuplnaptigniciid
= [—ogiup] W = [_a%bub]nklc[uv *ac
Cz']ﬁl = Ip ]%blgl abed = O™ nignjpnerus[—agfug)
= [— O‘klud] ijc = [—a?liud]mja[*w]ac
That means
poC = CNV+CLU+CUV+CAU

The distribution of components reads 36 =9+9+9 + 9.
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3.4.2. «C

b po[*C] = x[poC]
ut
FClo = —[WVliju = =0y N [V A]
wo . = Mg M 19V *ac = oW,
[*C]ijkl = [—oﬂf’u [« V] _ = #[C ]ijkl
ij Yo akl = [—afup]ny, [« NV W
[*C]A% _ _[_ od ij b Mt 1* *]ac = *[C ]k
ijkl vy ua) [xW]ije - _p.a[_g k
1" [— g ua] Wae = W],
3.4.3. #Cx Y
b po[xCx] = x[poClx
ut
KON = Ui = 0 W,
woo_ . = ii el Wac = cw
[*C*]Z\fl = [_ai]bub” akcllud] AV B [ ]W]*]z]kl
KB, = —[—alup| [N ]  atun = [¥[C ¥ ]ijm
NJ _ c ¢ = TG 77sz *NU]ge = NIy
Cxli = = afug [N iz _ _[_acjdu e ] [$[C™ [H]ijm
ie Kkl Wd ;5 [(IN*|ge = [*[C’UV]*]ZM
. pom
p o7 O C = W w N
™ +p —l-/é +pAU]o[7TEH+7THj+7TE]oC
= [»H+ w4 W W WV
and ]O[p +p +p +pM]OC e WOPOC
- pomoC = —pox[rolxC]]
in particular
] 1
PR = S0l WA [/ .
H:‘ 1 ik - 50ik Wac
VA, = ok [x NV *ac we %
E ik = 50[;1]5 ac
[«\V]5, = 0 LUE
ik = 0
W = Liove i
i ik + [*NUgi] — [N #]
o e = [N W = e
| e — o
i ki
[UV*]k — 1 ac
i Yike [N *]ac + [*NU] §
2 ac ca] NJ|E —
. WL = el
[*]\N*]Bg = 1 ab, p Jii
i n; CuP[xC] 0 1
2 kpab LUt — __—. ab
g O,
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(V5
v,
3.6. poTt

poTOC

in particular
[V 38
I ]
[+ NV ]
[V
[N
[V +]
and
s
D]
[+ NV *]
(V]!

[V

3.7. potorm

pPOTOTO C
and
Jiis
Jis
[+ NV«

I

1

4

1
1O NVl — Wae]

1
T
uPu [+ O

1
[n%n¢y — nyn)[+C12

2

1
—Enik [*C]

%[[*Z\N*]ik — Wi — [*NV#]}
%[[*]\N*]ik + W]

1
5 ik [V Hae = Weal

1
50k [N Hac

2
]' ac

5 Yik (LN *]ac
0

Nyl
u-u Ckpiq

[nign® — n®;n%]|CHL

cd upc[”

= =Mk ipcd

c, a Il
=Mk u Ce

[*NV*]ZBEI
el MN ac + Wl

TR« NN *]pg — W]

23

™+ o+ pN 4 o [P 7T+ 7o C
[P 7 o [pW 4 oW 4 g 4 pN 6 C

1 bis
—imkpuq[*c}pq

2

2

1
ab, q~IT
57w Copieg

a

1
a, coIl
Nik u Cye

™ 4 N 4 oY 0 o [P o (BB P 4 o

17

~ [V
7

[+ NV«

I
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therefore

1 I
= O + W wi ™
1
= Ea%[[*m*]ac — W] wiﬁkjﬂ
1
= ZU%[[UV*]GC + [*NU]ac] — [UV*]ZZIBH [*]\U]fgaa
1
= OIS — [N N
1 b HIE
L Vo[V *] pg + [¥NU g [*NU ],
1
= O o — [N ]uc] [N
1 Jig
= N+ [+Nu 01
poTtomoC = —po*[ono[*CH
1
[*]W*LB;?IH = *§U§zlfubud0£7cd
1 1
= 1[771- P, — gniknabc]ud[[*c]gb[cd + [xC]
fWVAET = Joflmaen?ut — okl
1
= —Zm abud[[*c]gb]kd - [*C}%ab]
1
[ NV ] = —nipC
12
1
= Eniknabcud[[*c]gb[cd + [*O]gi]ab]
e = atululOl,
1
= _Znikbudagg[*c]gl
1
VAT = JafnlniCyy
1
= iﬁikb“da% [*C]g]
11 1 1
(N = 2k = 3nan™u’[Cliva + Cotar)
1
= §Ugifubud[*c]£gcd
Hlﬁj 1
wat® - yeaen, o,
1
_ —10% [acuPu? — nind][«C]IL
1] 1 abe, dr Il 11
[ *]zk = Enzkn U [Cabcd + Ccdab]
1
= ““*71’k*(j
12

24
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1
I b d I
[UV*]ik:BH = Ty u al’)’ngq

4
= el Ol
g8 = Ttagicl
A e
and
oty = Sl g — Snan™ T [l + (<CI,)
0% nacuPu? — nEnf)CH =~ Cu[[xC)Hhy — [+C1H,)
C = geul[xCL, + +CIL)
offuiCly = gt
afinbndCll = pybutali[<C)L
S~ ™ IO+ ClL] = ofulul O,
POy~ Ol = ot nacuPut — nlnd)[xC1L
n*ul[ClhLy+ CHLl = —C
FruliCl =t sl
g ulggChy = —afinind[+Cly,
or
wulChy = —%771‘ Cull+Cl ey
[niku“uc—n?ni]gbdcﬁfé = - abud[*c]igk%j
gacgbdcl%(cfd _ 277abcud [*C] fblc%
2ubudCZE;kZI = —nz-k“ucgbd[*C]gbg
ninggcS = gl
mtulCid = 2wkl
n IS = [t — nfng]g IR
277abcudcifc§ _ _gacgbd[*c]%lgd
T e = YOV o) o
naluegChl = —atngghCl,
3.8. wop

Let u = (0,0,0,1)7.

woe KWV *lpg = [+Noa +Nae

NE

Q
I
—
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3

weelWlpg = Z Uc[{gUoLfcj
a=1
3
whe[IN*lpg = Z Uah [#N1Y
a=1
3
WUsNTlpg = Y [*NISTULY
a=1
That gives
3 R R 3 R R
wo Cf}% = Z Uija[*N]giﬁkzc[*N]gX = Z Naich]y\gl
a=1 a=1
3 R R 3 X
wollly = Y [—awUl|[—aftuUl] = Y USUL,
a=1 a=1
3 3
b
woci%l = Z[—a%ubUggmklc[*N]g\cf = ZUO%N%
a=1 a=1
3 3
NJ d NJ NI NI 77NJ
woCipy = Z[—ail ugUqe 135 [*Nlaq = Z NeaijUaki
a=1 a=1
S0
3 A A ~ ~
wopoCiym = Y [NMWNN + UL UL, + UNNG, + N UM
a=1
N, and U, have rank 2. N, are spacelike and U, are timelike. Setting
N 1 N N 1 N
N Yy NJ N w N
N;rij = §[Nm‘j + Naijl Ua+ij = §[Uaz’j + Ugijl
N 1.5 N 1. »
Nocié'\U = §[chz\][ - Né\g] Uaigv = i[Uo% - ng\g]
N 1 N N 1 A
N;QEN = §[Naz‘j +No€]ivj] UO—Z‘]]\[] = i[Uaij +U(%]
~ 1 N ~ 1 N
—Wv N
Naij = i[Nojz\g\Jf' - N(EZ\;] Uaij = g[ng‘Jj - Ué\g]
the factorization becomes
3 A~ A A A~ ~ A A~ A
U N w NT —-NU —IN ATV N
[wopo C]z’jkl = Z[[N;U + U:ﬁj ][N;Lkz + U;kl ]+ [Naij + Um;j ][Nakl + Upi ]
a=1
N N AT—N —NJ —NU —-IN w NT
HNoinj - Uonrij WNatt' = Uai 1+ Naiiw — Ui NS = U]

[N + Ulaij and [N — Ulqsj have rank 4.
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4. R

4.1. R
41.1. «
7oR = RH
4.1.2. 7
roR = R"4+R"+R!
with
L. = Rijnw— Rl — R
1 1 1
Rz‘[J['kl = 50‘;‘?0‘?[[9&0[1%61 - igbdR] = QQ?JbO‘?llgach{{i
1
Riljkl = 7a%baicllgacgbdpb
24
and
9'Riju =1 Ra
¢'¢*"Riju = R
4.2, xR
42.1. 7
To[xR] = [*R}]H
422, w
with
1
[*R]ZB;M 3 ;g abRé{{kl = * [RHI]z'jkl
E L oca  ppi 11
(<Rl = 5%Me Bpa #[R"] i
[*R]Ejkl = EnijklR = *[Rf]ijkl
and
WRE, = SlRlgu - Relgul = +[BT)

[*R]?j_;‘kl + [*R]Ejkl

N = N

[ Rijrt + [R*]ijna] [R50 + *[Rijn

27



4.3. xR«

431. w
1
ﬂ%-b,gfl[*R*]abcd = [*R*]%‘kl = —Rijkl—i—a%bag?gac]%bd—Za?fai”llgacgbdR
4.32. 1
Tz%l;c('}d[*R*]abcd = [*R*]fﬁﬂr[*R*]gkﬂr[*R*ijkz = - z‘IgI‘{cl"i‘ngl_Riljkl
and
1
R+ Rl = 5 [Bijit — < Rxijni]
1
Rl = 5 [Bijit + [ Rxijni]
with
. 1
¢! R¥im = [*Ry = R — iRgik
gﬂgik[*R*]ijkl =: *Rx = —R
4.4. p
44.1. R
poR = R R¥W RV L RY
with
RN, = Rapealp™ 551 = R™nianjpngcni
= szagﬂkl = [*NV*]E-%mj“nkzc
RE = Raald™]i = R ngpugneus[— o up] [ offug)
= WH-afju][—afud]
R = Rapealp™ 55} = RPMngpugngenig—odfu)
b b
= [—afu]WVG, = (Rl
R%‘({gl = Raped [P]\U]Zbﬁfi = Rabrsnianjbncr Usg [_aicllud]
= [~affud N = [Nt [ agud)
4.4.2. xR
[*R]% = —[*UV]%EM = —Uijaﬁklc[w*]% = *[Ruv]ijkl
<RI = [—afju][—afiua [+ NUJE = #[BRV]
FRID. = [—affw]xWE, = [Faffwlny T = «[RM]
(RN = —[-affua =W, = —ntloffuaiy = #[RY)
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4.4.3. xR«

RN = BUs, = 1y W = |
R0l = [—affus][—ogfual[«NV+] = |
RS = —[—affu)[«NUAF, = —[—affulny +NUJE = [x
[*R*]f\j[{gz = —[- aklud][*m*]%ac = —n;= ai‘zjud”m*]?@ = |
4.5. por
poroR = [p™ 4+ + oV 4 o[ 47T+ 1o R
and
AN %gg,g[[*zw*] Wi — A B
PVABT = Lol + ) wP’ -
PR = Lot e - W wipt -
VS = o + () L =
RE = el - [N FNE =
and
WART = —uutRl,
= Lt ™ (Rl + bRl
[*]\N*]ZBEH = %[nikupuq nt nk]RH
= —im Py« R]apkd — [*Rlkdas)
ST = R
= %nzknabcu (< Rlabed + [+ R edab)]
NEE = R,
_ ;ag,gubud[*mabcd
R = nutRl
= ; a?cubud [*R] abed
or
budRiIng = %77 “ d[*R]abkd
—[nipuPu? — nt nk]RH = 7, abud[*R]Ezkd
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4.6. wop
leads to
NV
wo Rijlcl
w
wo Rijkl
IN
wo Rijkl
NJ
w o Rijkl
SO
wopoRjjm =
with

N, and U, have rank 2, chfUV have rank 4. N, are spacelike, while U, are timelike. Setting

+

[e%%}

3

>

a=1
3

>

a=1

>

a=1

1
SINEM 4+ N

ab, d pIIT
n; U Ropra

a, cpll
Nik, U Rac

— 2nabcud[*REde
2ubud [*R]ZE;M

= 2ubud[*R]Z§;€d

3
[wo a]gg[*]\N*]%?] = Z *N%NV*N%%NV
a=1
3
woolkttuld = Y URWURY
a=1
3
RN = > U LNGTW
a=1
3
wgg[*]\U];.é = Z*N%UVUE%(N
a=1
3 3
N W
Znija*N?annkzc*N?cm = ZNE%‘ NE%Z
a=1 a=1
3 3
b d w w
S aftu U —affuUEY) = S PO
a=1 a=1
3 3
b IN IN N N
Z[_O‘gj UbUE% Mklc*N?c = ZUE?]' NE%Z
a=1 a=1
3 3
v v
an‘ja*N?aUV[_a?ljudU?Ew] = ZNE% UE%Z
a=1 a=1

[e%%1

[e%%)

[e%%}

[e%%] [e%%1

W NV w w N N N N
NEMWNEN + uBT U + NENUSN + BN N

aij akl [e%%] akl

akl aij akl aij akl [e%¥]

aij akl [e%%] akl [e%%] akl [e%%] akl [e%%)
v MV AW
Zaij - Naz’j - Uaij
ZiWN = NEW L pHW

le%%1 le%%1

U+

[e%%1

1
= U + U]

aig le%%1

30

NEWNEW 4 pHUgE ¢ NENNEN  gENgEN 7 N 7

akl

NBHNVNBHNV + UBHLUUBHU] _ NBHUVNBHUV _ UBHUVUBHUV + Z+UVZ+U\7

akl

]

]



_ 1 W IN _ 1 w W
Ny = 5[]\75% - Ng?j ] Usij = §[U§j - UE%‘ ]
the factorization becomes
3
- A— S —IN —IN
[wopoRljm = Z[2N(;ZjNa+kl + 2NNy +2U 5 U +2U Uy — 205 Z g |
a=1
3
_ + - - A + 7 S — TN N
= Z[QNocijNakl + 2N i Now + 205Uy + 205U + Z0i5 Zoag |
a=1
Setting
iy + + + - -
Zaij = [Naij + Uaij] Zaij = [Naij + Uaz’j}
o+ —
;ij = [No-i_ij - U;ij] Z;ij = [N(;ij Uojz'ﬂ
- —
Z;ij = [No-i_ij - U;ij] Z;ij = [Nc:ij - U;rz'ﬂ
- —+
Z;_ij = [No-i_ij + U;ij] Z;rij = [Nc:ij + U;Lz'ﬂ
the factorization becomes
> it P R e
[wopoRlijm = Z[Zaij Zoja F ZoiiZogt t ZoijZogs T Zaij Zag)
a=1
e
= Z[Zaij Zoti t ZoiiZopt t ZoijZog T Zaij Zarl
a=1
3. 4+ 4+ -— - +— - —+ -+
B = _r -z FHWN AW HW (W
= Z[Z;ijzgkl + ZoiiZomt t ZoijZoga + ZaijZows — Naij Newt — Usij” Usii |
a=1
= ZZaijZakl
«
j’:+ :+ .
ij, e ij have rank 4. Comparing
[ToRlijm = [TolwopoR]iju
gives
RiT = > [Zaij Zokr = Vi Zaab Zacd) = > (ZoijZar)™
o «
1 1
R = 50‘%@“%9%91) " (0503 — 199" > ZopgZors
(e}
1
— ia%baicllgac > (20" Zaaq)" — > (ZaijZar)"
« «
1 a
Riljkl = ﬂa;‘ljba?ligacgbdgp gqs[z Zaquars]
(e}
1
= ia%baicllgacgbd Z Zaquapq = Z[Zaij Zakl]l

[0}
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5. VC

5.0.1. V[roC]

ViroC] — VCE4+vdl+vel

The distribution of components reads 144 = 80 + 60 + 4.

5.0.2. V[roC]
ViroC] = vc"4vc’+vc!
with
VGt = VaCiju — VmCl — VmCly
VG = Oé%baﬁl[gac VmCig)
Vi Ci = O‘?]ba?li[gacgbdﬂvmc]

The distribution of components reads 144 = 80 + 60 + 4.

5.0.3. V[romo(C]
VroroC] = V[CBM B4 B 4 vid ™ ) 4 ve™
The distribution of components reads 144 = 40 4+ 36 + 4 + 36 + 24 + 4.

5.0.4. V[poC]

VlpoC] = vV ivcW ve?® fvelV

The distribution of components reads 144 = 36 + 36 + 36 + 36.

5.1. 7«
1oVC = [VCF +[vClE + [vCF + [vcﬁ
with
1
[VnCigra T = 21% Ok ovdopeVeCaped
1
= 24 abaz(lj ZZZJS [vm [Carcs + Ccsar] + vc[cmras + Casmr} + va[ccrms + Cmscr]]
I . ¢ _ade
Vil = Spaif el VeCuea
1 T be
= 0 k? Zz[vm[cpbcy - Ccypb] + vy[C’mbcp - Ccpmb] + vp [Cybcm - Ccmyb“
1 re S ac X TC S e __Q
[v’mcijkl]ﬁa = ﬂ[aZmaZl ?g + agy o }zojxagm 1133 p;l]v Cabed
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1

.
(ViG] +ak?[vmcijxy]

EET]
E3

= ﬂaii [afffna Y45 o [Cpbad + Coapp) + a?jrqc e Vr[Cpays + Cyspal]
1
*ﬂaiiaff; [ VylCprez = Ceapr] + Vi [Comep — Cepsm]
1 b bed
Valull = olatlale,of + o2los |V, Cu

y
30

+30

qs _pbce

4]
:L‘y
ak:l [VmCz]my]m + [Vmczjkl]

ozka

1~ ijgm Y €

L]

pbed

1
T 5%k

v 2

[Cpbcs - Ccspb] vp[c'mbcd - Ccdmb]

1 1
Ck:fjbgld [vmcpbcd + §vp [Cmbcd + CCdmbH

The distribution of components reads 144 = 60 + 36 + 2-20+ 2 - 4.

5.1.1. moVroC]

noV[roC] = [WBHH+WH3]0VCE+[WEE+WH3+WEH]0VCHJ+WE30VCE
with
[VuCBJE = %Vmci'fm - %[a?fai? + afaff1VaCin
VaCHE = %VmO?fkl + %[a%’aiﬁl + affaf VG,
VaO B = Va0l — loftaf - affafValCh . + Ol
Valhlf = 2VaCly — flatte - aflaf)v.ch,,,
Volhd] = Vel 4 loffal - offfIVal3C,. + 205,
[vaiEjkz]Ej = vaz'Ejkl
which can be written as
[vmcgﬂkl}ﬁﬂj = VmC’Z-BJﬂkl E[aiﬁfjaﬁ’ + agsp o [VeCopa
[VmC%ﬂkl}Ha = E[afgfjaﬁl + @fgglafﬂvecggcd
ValSlT = VaCly - TP - Wach
[vmoéljﬁ = - %[qu%jkl]ﬁa + %[aiﬁf}ai‘f ~ afha IVl
VnChlF = ALl 0% Yy Chres + Vi Cline)
or as
[Vmciﬁjjkz]a3 = vmczajjkl - [vmciﬁjjkl]ﬁjj - [vmcz’ajjkl]aj
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VoG B
VnCE

and

Aol

[Vin O

eab ecd

20

b
[amz] akl + amklaa ]v CEch

e ]

10

1
ab  cd
4 [am Qg —

1 b
30 [2aqs gjqcﬁbv CCHLZCS

az?aCd]vaCEswd

bed
+ ik Vacgljbcd]

1 b d

1

8
1

VP [+[CH %] e

abed
+ Qi gam]

]gacv [[*[CE]*]pdbe + gbd[*[cﬂa]*]pe]

eab eab
[armj kl + O['mk:lazg

[ eab cd eab ] gac

amzy Qg — amklam

VP [[+[CH T pabe + goal¥[CT J]pe]

The distribution of components reads 144 = 60 4+ 20 + 36 + 20 + 4 + 4.

b.2. T
roVC = [vC +[vC + vc)
with
Vi Cij)™ = VuCijm — & GaeXpdm + GamYoed + GemZdav)
Vi Cirlt = 5[ Gac[Xoam]™ + gam [Yocd™ + gem|Zaan)™]
mYijkl Qi Opr | Gac| <A bdm Gam |[Ybed Gem | Ldab
[V Cijia]" ‘Zb Cd[ [Xoam]" + gam[Yoed)" + gem[Zaav)']
= azg akl [gacgbdX + gbmgach + gdmgach]
and
0 = U]%ilyz)cd
0 = 0%Zua
The equations for the coefficients read
g]l[ m zgkl]H = [vmczk]ﬂ = 2[szm - YLkm - Zkim]H
9" VmCii]" = [VPCurd” = [0 Xjde + 2Zaci] + 6Yjr) "
mk[v Ciirt) " = [VPCyu" = [Oé?f[Xbla + 2Y3a) + 62351
g P VuCiyr) = VO 24X, + 6Ym + 6Zm
ngﬂ[v Czjkl]I = vpcpk = 6Xk + 9Yk + 3Zk
g N Cunl = VPG, =  6X;+3Y;+9Z
so with
K™ = Xitn ™7 + (Xt + [X o
Wien) = YT + [Yigoo
Ziml™ = Zim T+ [Zigm ]

the solution reads

[Xikm]HDjj

%[Vmclk]ﬂuj]
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Ximld = %[5Vm0¢k + VPChitm — VP Czkpm]H
D %[vmc,;k + 2VPCliom + VP Chmpilo
ZimB = %[—vmcik - VPCim + 297 Crmpi
Xy TE = %[ 0V Ci + 0%V Cle + ivp[ncpikm & Chmps + 11Cimpp + Coar]] "
+T12Vp [Citpm — Comar]" &
Vo7 = %[wpcpim VP Chmpi + 055,120V, Cie + 2075V Crs — 10V Coc]]TF
[ZimTE = %[wpckmpi — VPChikm + a5, [20VCoi + 2075V . Crrs + 10V, Cpe] |1 F
and
X, = %[5)(3,6 —- X% — X, Y = %[zvkc — Vo — VFCia]
v, = %[fxaak F5X X, + %Y“,m - %[kac 5V Clp — VFCia]
Z, = %[—X“ak — X%, +5X,% + %Z,m“ = ;—6[—%0 — Ve 4 5VFChy]
The distribution of components reads 144 = 32 4 100 + 12.
5.2.1. ToV[roC(C]
roViroC] = [fT 4774770 vCE+vcH]+ [+ 4+ 770 Ve
with
[Vmcz%ﬂkz]m = vaiBjakl — A gac X + Gam Yoo + 9o Y i)
VaCl" = 20 gac X131 + Gam YN + gem V5o
[qua]ﬂkz][ = a2 a5 9acga X5 + GomGacYD + gamGacY )
[Vmcz%jkz]m = vmciﬁjjkl ~ agag] [QGCXE;m + gamybﬁ; - gchdH;b]
Yl = o gacl Xl + Gam Y )" — Gom Y )]
[quéljjkz]l = O‘?Jba% [gbmgachHj - gdmgacyﬁj]
[vaiEjkl]IH = Vmcgbcd - a%ba?ll [29amYEd]
[chijkl]H = a%ba?li [QQamchd]
and
0 = ofiv
0 = oiiv,
0 = affxg,
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The equations for the coefficients read

PV Clajﬂkl]ll _

9" VmCl” =

PVl =

gmi [V Ciﬁ;kl]ﬂ =

gmivmq@jkl =

g 'V Co) =
gmkgjl[vmq@l]ﬂkl]ﬂ =
gmigjl[vmciﬁjjkl]ﬂ =

so with

the solution reads

- bed~ AHH
= Yy

&)

bd
= 05 Xpam

[va%]H = Q{X;lkam - o-glgyaacam]ﬂ

e L D

[VmC?:]” = 2[X?:m - ag,gyﬁfm]ﬂ
= dr v i g

VPC ] = |oqi[XGu. — Yiel +6Yj5,

}H

|

24X + 12V
6XH + 12yH

[X?I?m]mﬂ + [XBE(

Vi
pei

ikm

i 1,

ikm ikm

B+ X

ikm

1

[vm C;lkﬂ] oo

— N =

Vs, +ovrct

] 7
pikm

]II

¥, C + VPCE,

pikm
vt

pikm

1
(VG + 300V Chacn "5

pacm

1
(VPO + Hois VeCH

[VnCly — 5V°C,

]II H
pmik

H WO RO RN OO

1
f[vpcﬁj - ivic,@jn]ﬂﬂj

pikm

o

Bl —vect

1 a
5" ViC + 4V cH

1
5V Co
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5.2.2. ToV[roC]

ToV[roC] = [THI +TII] ovCcH 4 [TH +7’I] ovCT 1oyt
with
VaCl™ = VGl = 0 0q[gac Xiapn + Jam Yoot + Gem Zi)
[vmcilﬁl]n = O‘?Jba?ll[gaC[ bIcIlIm] +gam[1/é)]cg]][+gcm[zc[lgb] ]
VO™ = ?j’ i [9acl X i)™
[vmcgkl]l [gacgbdX +gbm9ach +gdm9ach]
[vmczljkl]l = al]akl[gacgbdX ]
and
0 = oY
0 = o
A
oI
0 = D/bcd]
Jiis
0 = [Zh)
The system gives the traces
PECH = 0 —axll ol o7,
gmi[vmcgil]n _ vpcfff N [XIII +2Z§£I]] _|_6Y1'II
TR = el = el v+ o
PNVaClI" = VaCHT = 2X[)"
g P VmCl)t = 0 = ux/ ey +6z1
g vl = vrek = 6XT +3vH yoz1
gV PV Cl) = vrel = 6XT yovH 321
g* P VmCll = VaC = 24xl
so with
Vi = [WinP + i P
i, = 2R+ 120
XTI = XL XL ET (X
the solution reads
o= vl
viH = [wpcf{imwpcﬂmﬁ
[z B = [vpcffimvacﬁﬂm]ﬁ
(FACCIE 7} e I e

15
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ZEIE = UVICH, - VO,
XET = S IVeCHI”
A (LR
il = gbvech - viel]
2l = vl - v
1
VnC = ﬂan

The distribution of components reads 144 = 32 4+ 48 + 52 + 8 + 4.

5.2.3. ToV[romo(C]

roV[romoC] = [t +71)0 [CB}HICHHIH + CEH]] + 7% 4 1o [CcHE 4 CHHH] + 7o vCH!
with
Vo Ciajgkéﬂ]m _ v, Ciajgk?I — %G XBM _ g VBT _ i
Vo Cg-jk?l] mo _ oy, cfm oz?]boz?f [Gec XE; TZI _ gamnﬁ;m n gchEijI]
i i om
[V Ciji | = VGl
VG 1" = 0 o gac X! + Gam Yo"+ gem iy
Vo Cg-jk?l] Ji _ a?]baicf [Gee XE; nT n gamﬂﬁ;ﬂl B gchEjbm]
[VmCzEjZI]H = [VWCijkl]H
VnCin 1" = A o [gacl X"
VGl = 020 el Xy ]
[Vmc;l]ak?]l = a2 a5 19acga XET + Gomgac YD + gamgacY ]
[vmciﬁjjkll]]] = [vmczajjkl]l
[Vmcl%ﬂkll]l = [Vmciljkl]l
and
0 = ovi"
0 = oy
0 = olfxir
R
0 = oy
0 = okxy”
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0 = U?ldedm
Jii)
0 = (X
bi1s
0 = (X
bi1s
0 _ [Yb% ]II
Jiis
0 — [ngl ]II
The traces for the coeflicients read
j Jii) Jiis
g]l[vmciajﬂkl ]H = 0 = Q[X?]?m _ngCYz;lcanIzH]
; Jiis Ji1} Jii) Ji1}
g VR CET = vrat] = off x5 8y
, Jii) Jiis Jii)
gﬂl[vmcgjkl =0 = 2[XZ.H:m —a?,fYaHij ]
4 bi1s Jirg Jiig Jiig
gmz[vmq%jkz "= VPCE;"M = %‘?[XE; - QYE:; ] +6
4 Jii) Jiis Jiis
gmz[ mCiEjkl]H — [vpcgjkl]ﬂ — 2Y]§d
j I Jis big
PVLCENT = v, oM = 2
: i I I
PIVACHNT = (vl = 2 e
g P VaCin )l =0 = 24X 12yt
g PVRCG) = e = 671 1av
o I I
R e v VPCSIZ = GYEH
9P VuChal' = VaC = 24[xH),
so with
mr M
Ji1} Jiis Ji1)
Vi v 1 v
11 EHI
v v e
ikm ikm
X" = X 20+ X
kKM IkKm IkKm
I gy
P XL 4 (x5
the solution becomes
Ji1}
X = okYEY
11 1 Jiii
Ji1s Jiis
XM = gy
Hjm 1 QHIH
Y3, P = SIVPChP
1 1 I
viSE = SwdoP
oo ed
2 pikm

o
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[a—

xBmr 5 [V, CEIT)
Xt = SVaC )
xHr _}YBQU
ymr ;VQCEH
YE:H _ éV“Cﬁan
xB = ivmc
53. TomroV[roC]
TomoV[roC] = [P o [[vCHE 4 [VCBH]Hﬂ + [VCHH]HH]
+ [T 4 o (VAP 1 (v + [valll)

The relations between the corresponding coefficients XEE and Y and the traces remain un-
changed, so XBF and YBP are determined by

oV CBFT = (VOB - }1 (VPO — 0LV CE)
VOB = [VPCBT (VPO oty o
' VnOF N = z% (VP Chom — Vo)
g™ [V CE AT = [v Chy = o vt
g P [V CH = Vil + [vpcﬁ—§vm0]
g VLGB = v %[vpcﬁ,‘é-%vkq
gV CH I = - [vpcﬂﬂ ]
P VR CHIE = VPCB3 - kac
PIVnC BT = [wach) - [vpcﬁfnwv 1+ ot [V Clhe — V. CE)
e L e PR e S Jte 112 VPO g~ VCE
PnChE = [vm@imw O~ ot V7 Chbe + CE)
gmi[vmciﬁjjkz]aﬂ = [Vpcﬁjkl+v C/%zj] +210 ?i‘?[VpCEZCd 3vbcﬁj]
PnChl = Lo (Ve + 29,01
i CZE;M]EH _ 310 %Clz[vpcgicd +2VbCE; ]
PO = 0
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gV Ol B

5.3.1. ToroV[romoC]

with

TomoV[roC]|

" [V CH
e v
" [V O
e
PO P
i\ e bl
PO
gV o
PV
G O
[gﬂ[vmci'fkﬁﬂﬂﬂ
9™ [V CE
7' [V CE TN
g™ [V Gt T
VO
(g™ Vo
e i
9" Vi CZH;I[I]HE

PV

+ o+ o+

[THI—I—TH—{-TI]

[TIII +7_H 4T

[TIH + TH]

[TIH + TH]

wroE

pikl

P Oﬁj oI

pikl

VO

SR Ve "+

VnCRIT -

Saif[Ve CJHZ]
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a4
SIS
o O
aQ Q
3
8 H
_|_
|
\]
o
Q
_H
s

exypCER I

4 zk pacm

1 B}HI

1 acvpCBﬂ a1

4 Oik pacm

1 =01
ARG
lvp Cﬁj biij

2 pmik

1
1 op AT
2V kal
1 I
§VPCEjmk
1
Lop I

1 %ty [v CB}H]

8 Oik Ccm

1
SamvLC

1
8 ézkca:cy [vz CCEE II]II

1
SO VL CE

1 ac __e
4 zko-crp;L[v Cﬂﬁl;] m

JOlio T IV.Cay)

1 %P [V CH]]I

4 ik Oem

faggaep e AL

7
5OV Cre
bedorp ~0 1

12 ]k)lv Cpbcd
1

3
550 VP Chct

bed i
2 @ VPChied

7
T

bed i
30 i VPChied

A
e
17 ci
5 ?i?VbCHj
e



P e R e

309H
gzkgjl[v CzB]E‘kIlI]Baj = VPCE;‘,LH
1
R T
g P VL OEE = ~ vrcEl
mi /s 1 a
[Y jl[v C?kl]aa = §vpCIEﬂ%
Z )i
ik JZ[V Czﬁg]kl ]Hﬂ = 0
i - v
1
g PV CET = VinC = 1VnC
1 1
g™V, Cza]akll] = kac + évkc
1
zk il 1
9 [V C?]Hkl]ﬁa = ZVWC
o 1
gmlgjl[vmciajﬂkll]ﬁa = - gka’
54. p
pgjblglcﬁvecabcd = VBCQde[nme—umue] NiaTjbNkcTld
+vecpqrs[nme*umue]napuanTUS[ Oé ub” O‘?llud]
+VeC’qud [nme — Umue]napuancnld[ bub]
+vecabrs[nme - Umue]nzan]bncrus[ akcllud]
= VGl ™ + Vi Cijl ™V + Vi Cijal™ + [V Cigual™

abcd e
= z]kl 5 \Y Cabcd

= v [pz_]k;loabcd] - v Cjkl+v C]kl+v C]k:l+v Cjk‘l

in more detail

szbﬁ?niv PP Cpgrs) = Vi [P%bﬁfi Coabed]
but

[verM v = veN —vpWo oY ve® o = ve? —vpMoc™
vCWiWo = 0 [veM W™ = o
Ve W = v oW VeV = vy oWV
veVIN = vy oV v = _ypWocW
[VCLU}LU _ VCw—VpLUOCLU [VC]\U]]\U — VCN]_VPAUOC]\U
veM o = o VeV =
ve™M®w o = —vpoc™ veMv = —vpWe e
vev i = —vpecV vcw v = —vpVocW
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which implies

V™ + oW+ o™ + oMo [pM + oW 4+ p™ +pNM]oC] = VpoC = 0
with
~Valp™Gi Coea = — Vit [[—affup] Woars + [~ 5 ua] Wijn]
V™S Coa = [~ Vup) WNak
—Vm[PM]%blgzd abed T [—aﬁlvmud]J\Um
vm[pw]%blgld wbed = — [« C‘vamub”_aﬁlud]"‘[ Q; bub” aiclivmud“wac
VoV Chg = [—ofPup][—afiug) Vint" Wane
Vol Clbea = [y w] [~ affua] Vi Npge
Vilp™M S Chg = — [0V Wars + [~ up) [— o ug] Vit Wanc]
Vm[ﬂw]%bgfl abed = [~ abub]vmun]wnakl
Vilp™M i Clhed = [—afu][— 0] Vi) Wae
vm[ﬂw]ggbﬁl abed = — - aklvmud]]\Um‘"[ b][ O‘zullud]vmunwnat:]
VS Cog = [~ ug) V" Wijne
Vm[pw]ggbg? abed = | Oéi?ucz][ a%bvmub]wac
and
VGl = Valp™ 5 Cottg + Vo MWkt — U ® NV
VinCity = Vil Cor g + [V lWae — i © Wae][— o up) [~ o ud]
ViCilw = Valp™ i Cova + [V Wakt — tm © W] [— 0 )
VG = Valp™5d abcd+[vmwijc_um.wijc][_akcllud]
with the definitions
ViXi i, = nin" .. .0, ""VeXa a,
o Xy iy = u'ny ™ n "V X a,
and thus
[Vl OGN = Vo NVt — i  Nijg
[vangNV = U\fakl[—a%bvmub]
[Vmcz]ﬂl]w = ]\UijC[_az?vmud]
VOl = [VoullUae — tm ® Wael [—ofuy) [—afiud]

S

= anc[ Oé Ub][ akcllud]Vmun

<
3

Q
$5

<
3
Q
58
S

~
<

Npac[— ][ aZLliud]vmun
[vaVakl — Um ® Uvakl][_a%bub}

~
ey

__Z___
3

SR N GF GGkl S
=
|

VngXl W= N\fmkl[—a%bub]vmu"

vangl{cl W= wac{_a?gbub][_a?llvmud]
V™ = [V Nije — tm © Nyl [—ofifug]
[VngXl N = NVijnc[—a,i‘liud]Vmu"

[Vngil N = wac[—aiﬁlud][—a%bvmub]
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6. VR

See [12] for more details.
6.0.1. V[roR|]
V[roR] = VR"+VR"+VR/
The distribution of components reads 80 = 40 + 36 + 4.
6.0.2. V[poR]

VipoR] = VR™ 4 VRY 4 VRV 4 VRW

The distribution of components reads 80 = 24 + 32 + 24.

6.1. 7w
o[VR] = [VRF + [ VRF
with
Vi Ri)™ = VaRign — 8[ ml]V Repkt + @2EV e Rijed
[VmRiﬂcl]Ea = ;[ Al e Ry + 05514V e Ryjed)
= %[nz‘jmavb[*R}abkl + NtV [+ R abis]
= é[ﬁijmbnkfd it i YV [ R abea
= - ;[afr?fjakl + a5 9ac VP [« B¥] pabe + Goal[*R*]pe]
-0
because of
= oS VeRapm
& 0 = VPR|pjm
& = VP[xR*|pin
6.1.1. 7o V[roR|
roViroR] = [+ o [VR" + VR + VR/|
with
(Vi Rzlﬁl] =V Rzlﬁl - é[ %V Rl + ossih Ve Rffid}
Vi ngz]aaj =V ngz é[afgzbg Qg + aﬁfgla@]]gacveRl{{i
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\V4 B
[ Rzykl] =V Rzykl - ! [aeab aj, + ced !
g (mij Ykl amklaZj] GacgbdVeR
vV, R 0 1 °
i kl] — [ eab AV RI ecd 11T
] mz] abkl +a mk;lv Rzycd]
_ 1
— b
8 [aTeTCLLZ] k}l + afr?llc)laz] ]gacvagJIbe
17
ViR = . <lomiai] + ot
gL mij kl amklaz] ]gacv R
B 1
— _ [aeab + aeab 1
gL mij Qg mklam]gac[ ab [V R + % !
Vi Rzm]ﬁa = 1[ eab d 1 e e R o gbdvapIE]
ec
? Xmig & kl + amklam ] 129ac.gbdv R
— aeab ecd 1
d 8[ mz]akl + amk:lazg ]gac[12abegdsv R+ gbdv R]
an
8 = [Vm RH{@I +V Rzykl +V R'L]kl]ﬁa
= VP[*R+L, + [«R
N Ipjkt + [ *]pjkl + [*R*]pjkl]
0 — eab [v RI 1
+
O Qi oot + 5 gac Ve Ry + o 129acgbdv R
— _ VpRIIk +a 17
l V! 1ol
o 2[ id T 9jaVP Rpe] — aff 12gjdv R
6.2. 7
ToVR = m
. VR + [VR]" + [VR]!
w1
ViRiju)™ = VR
= VnRiju — ofafl o
[vaijkl]H ) ;]b kfi [gachgam + gam}/bcd + gcmyd%‘b]
= agilag X )1
[vaijkl]I _ ;]b kl [gac[ bdné + Gam [chd] ! + Gem [Yd%‘b] ]
o
» i akl [gacgbde + gbmgaCYvdB3 + gdmgacYE,BH]
H
[Xlkm]IID:D — %[vazk]HDﬂ
A TP _ 1
[ 7,km] - [V Rzk + 40 VZDRpacm]HEP
v e 1
xB3 - 1
vEH =
& 36[ ViR + 4V Ryk]
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6.2.1. ToV[roR]

0 V[T o R] — [TIH + TH] o VRIH + [TH + TI] ° VRH + 7_I o VRI
with
17 17 17
VR = ViRE, — offofl[gacXign — gamYiy ' — gemYgoy ]
17 117 117
VBRI = A 90 XM + gam V™ + gem Y™ ]
I7
[VmRiIJI'kl]H = Oé?]bai‘zi[gac[ ?gm]ﬂ]
[VmRZkl]I = abaﬁlancgbdXB3 Ty gbmgacYBﬂ " + gdmgaCY;bB3
[vainkl]I = az] akl [gacgbdXEH ]
and
11T
e
17 17
Y;,%Hm - gvapikm
1
7
Xea "t = 2[v RA"
x@BI _ _§Y7§3H
1
vl o= V'R
1
xgHr = 57Vl
6.3. Tom
romo VR [P 4 Ty o [[VRIE + VR
with

(9 [V Rigal 71"
g™ [V Rijra] 717
(97 [V Rl
(9" [V i Rigra 17
9% g7 [V Ryt |
9" gV Ryt |
g*g" [VmRiﬂd]H3
9" gV R )

in particular

- [vm Rzk] m

= [VPRyul"

VPR, ik
VP Ry —
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LI Ry — TV Ry

— %[VpRpjkl - @i?Vijy}H

4 0%V Ryaem — 054,V o Ry 1!
Z[V”Rpjkl — 0 Va Ry )"

—%[V”%m—%vmm

- %[VpRpk — ViR]

- [VP&mf—%VmR]

1 1

= ajf Va Ry "
1
SVl

II]



6.3.1. TomroV[roR]

ToroV[roR] = [ 71 o (VR

_|_
e e [VRIH]H3 +

with the corresponding traces

1
PIVaBRGE = VPR,
1
MVLRREE = (VPR
1 ac I
P IVaRIT = okah VLR
mi 1
VR = il [VaRE)
gzkg]l[v szkl]ﬁa = _vaZIo{n
mi 1
g JZ[V Rz]kl]Hﬂ = iva}'{gﬁ
. 1
7%V R”kl]ﬁ3 — (VR
g g]l[va{jkl]Ha = _§ka
in particular
1
0 = —V'RJ,+ akl 1IVeR + SgdepRH]
0 = —VRI + vaR
6.4. p
Zbﬁldniv Ribed = [VaRiji)™ + Vo Rije]V + [V Rijid) ™ + [V Rl ™Y
= Vm[Pijkl Rabcd] = VmRZ]'%l + VmR%l + V’”“RiLJ"\;d + vaZ]'\J'[{fl
but
VR]™ = VR™ _-vVp™oR
[VRIW = VRY -VpYoR
[VR]Y = VRY —Vp¥oR
VRV = VRV -vVpVYoR
in particular
VanRijul™ = VoW — @ NI + [0 V]IV, + [~ 07 Vg NV
ViR = [VoulUSE — @ W + Viu [N, + NI N [—adfup) [—affudl
VinRigil™ = (VNG — wm @ Ny + Vi "NV, + [—aklvmud]wﬂﬂn )
Vo Riji)V = [V NI =ty @ NUE + V" NN+ (=020 V| LU [— g
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and

l abcm
abc pz]kl

abcl [nml

]

] abcl nml NigNjpULUc
Vo [ R¥] pgei [nml m l]a

]

u u
ml  ab
quln az]

or

l

b
J
b
J
b
Uk | j
b

U5

a
)

a
n;

a
)

a
7

a
u;u|n;

a
)

wln
[n
g
u'fn
[n

0 UjUR N

Equating the coefficients of (6.5) - (6.8) with those of (6.1) -

— u™uln%n

ab

nin’ nknmlv [ R*] g
nongu™ Vo [* R gpei]
nBucn™ V[« R qpe]
u’ngn™ V. [* R apel
N U™V o [* R¥] ape]
uPun™ N % R*) apei]

(6.4) leads to

bnk;

nbupuing,

nbupufupu’

] (6.7)

0 # Vo W — @ W + [~V INGE) + [0 Vinua] VT,
—Uz[VmJ\U?fk Um ® ]\Uzgk + Viu” ngank + [_a%}vm“b]w{?}é]
0 +# [V NU — tt, @ NUTH + V"NV + [0V | LU
0 # _“J'['mUViEEl — Um ® Uvikl + Vmun]WrBL?kl +[- O‘%Vmud] w?j]
g [V U =y, @ WD + V,u [N, + NTE ]
0 # —ujup[VoplUD -y 0 WHE + V,u [N + N

Substitution R — [«*R+| and taking the trace over m, [ gives

0 = vl[*LU*]??M - [-a @bvlubn*w*ﬁ% [ Whug) [+,
+o[fINAF,  —  eu kWU, — [~aft e uy) [« NVx]F]
0 = V[*U\f*]”l — VY ”[*CU*]W — [~ Wiy«
0 = V[T - vy ”[*CU*]mkl - [aklvlud][*zw*]ﬂﬂ
Fe kWA e un[xNUs[H, — e u" x4 ]
0 =  WHEWAT — v N — W[N],
or
0 = nvwy + W eNUTE V)
Fo[NE 4+ e w[n,, W 4y, PV
0 = Vl[lN*]ZBl3 + Y[y ,LCLUB3 + nmb[*]\l\f*]%lﬂ}
0 = m(VENTD 4 V[, T 4 NV
+o kWA~ e Iy kN 4y V]
0 = VWS~ W DT o, O V]
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6.5. ViwopoR]
VmlwopoRlijw = V> ZaijZak

= Z[vmzaijzakl + Z0ij VmZakl)

(e}

=: Z[hamijzakl + Zaijhambi]

[0}

The identity VP[*Rx]p;r = 0 becomes

0 = VP *Zapi*Zan

«

—. Z[*haj*zockl + % Zapj[¥hal’ ]

(67

1
= Z[*hoaj*zakl — hajZakl + ai?[*gcj [ha}fqzapq + [ha]djpzapc + gcjhgzabd]]

2
«
and
0 = gUIVhREE + [ Ve RGN
0 = g™y [Vngkz]Ha + gmgﬂ[VmR{"jkl]H3
can be written as
1 1
VPR, = 5[—ai?chﬁi]H = 3 > [shaj* Zakt — haj Zaki + 051 Zo; haave "
(6%
1
VPR = (ViR = D _[—*hbZavk — hh D]
(0%
If
Zocij = a?]bvapab
then
haabc = VOLVI)POzc - vavc})od)
Bk _ VPV, Loy, + R, Pay
*N ok = N, VOV pPog
1
- _inkaquaquPW
e —[*R]quxpax
= 0
S0
0 = Z *Zapj[*Nal’ g
«
1
ViR = 2 > [hajZok + 05 Zo; haase "
(0%
VPRE = > [—hh Zaw

«
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Part I.

See [5], [6], [7] and [8] for comparison.

7. T

Set

That gives

*[p o R«
x[p o1 oR]x

in particular

with the definitions

The same holds for the covariant derivatives

SO

[« Rx] T
K
7o [*Rx] =
7 o [«*Rx] =
= pol+R+ =
= poTo [*R*] =
[>1<R>|<]B3 =
— [*R*]III —
= [*R*]H =
= [*R*]I =
= [*R*]w =
= [*R*]]W =
= [*R*]]\U =
= [*R*]UV =
ujulTijkl =: EZBE
nfn?ulTabkl =: fEZEjHC
n?n?ninﬁTabcd = H %ﬂkl
vlB _ op
K

moV[xRx] = mokrVT
ToV[xRx] = 70orVT
poV[«xRx] = pokrVT
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HTIII
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in particular

and for the corresponding identity

in particular

0

[V[*Rx]|H = k[VT
[V[*R*]]H3 = k[VT
[V[*Rx]] /1 k[VT
[V[*Rx]]/ k[VT
[V[*Rx]]! k[VT
[V[*Rx]]™ k[VT
[V[*Rx]]& k[VT
[V[*Rx]]™Y k[VT
[V[*Rx]|W = k[VT
0 = vp[*R:]”j’“’ = VT,

1 1
vaU{d + a?lli[chjIé + gjdeTlﬁ] + ai?ﬁgjchT

pj
1

prpIll cd

VP ik + 5kl

1
VTG + VT

VT

= nle[vl[*fH*]?ﬁ — Vlu”[nm- b[H—I*]% + nncd[*IE]?gH

— o [«HEJ) + ou™ [y, [ )57 + ., PG

— VI HE )+ W [y, (kA + o, P EE)

= o[- VUEE W g @ e HE + oy, D)

+ o EE;I,? + ou"[n,,,° [H{*]%‘ + i “[*}E]E%}
VIH?ZBZH + Wiy [17nlc[E1T>|<]ZBC3 + nma[*IE]E?]

The difference between

and the Einstein equations

[*R*]ijkl

[ Rx]

= KLk

= KLy

can be emphasized by considering 7 o [*Rx] in both cases:

and

7 o [«Rx]

7 o [*Rx]

[*Rx] 1
[+Rx] !
[+Rx]”

[*Rx]
[*R*}H
[*Rax]!

— LT
= KT
= xT!

[*R*] yii

HTH

kT

o1

kTt oT

T 4+ kT 4 [xRx)H



Part Il.

Repeating the reasoning of 1.2 in the developed notation.

PRy = PRTh, = ¢ WeEFVeFa"
Removing the projector II gives

PR = PRTym = ¢ VEFVEFY)

Removing the trace gives

$R+lijm = kTijmw = VEFijVEFy
8. wopoT
Setting
R
fR g
K
gives
wopo[*R¥x] = kKwopoT
in particular
fNGENGYY = [Faffu s NG [—agiua «NEY
=: [—a%bub] VEEBE oy | /k EHE =:
w w
*U?ij *U%ﬂkl = [, UV = URY]
=: nij“ /{*H%}anlc /{*H%HCH{ =:
IN N d
WENNER = oy U] = affug s NEW
=: 7" m*H%%IE[—aZ‘?ud]\/EEé-%IE =:
w w
*N%j *U?k:l = [_O‘%bub]*N%aam[—nkchE%Uv]

=: [—a%bub]\/EEE%}Enklc\/E*H%%}E =:

and

*Zaij*Zak:l = \/EFaij\/EFakl

The identity VPT, 1, = 0 becomes
0 = VP FupiFon
(6%

= Z[jajFakl + Fapj Ua]pkl]

«
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or

1 1 ) ) .
— VprI]Iil = 5[_azcllvcj}'lcll]ﬂ - 5 Z[JajFakl - *jaj*Fockl + azcll*Fajb*]ocdbc]H
o
1 . .
VPTI% = *kaT = za:[*]gFabk - *]la)z*Fabk]

If

Faij = a%bVaAab
then

jaabc = Vavbfélcyc - Vachab
jak: = vapAak + RkpAap
*J ok = nakpqvavaaq
1

- inkaquapquW

= —[*R]quanx

= 0
SO

1 1 ) .
— vaijI{cl = 5[_az§lvcz}']g]l]ﬂ = 5 Z[]ajFoakl + azcll*Fajb*]adbc]H
«a
1 .
VT = T = ) G Fan]

«
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Part IIl.

9. &

Let the units meter 'm’, second ’s’, kilogram ’kg’ and the electrostatic unit of charge 'esu’ be defined.
Let 7 denote in this (and only in this) section the number 7. Set

Cc

G

alternatively G

The equations

%

%

9299792458 - 2
S
2 4
6,67259 - 1020 . [ﬂ] [9]
esu S
m3

kg - s2

6,67259 - 1071 .

ct m
887G esu
6,940 - 10%

C2 m

8rG kg
5,359 - 10%

C4 m S2

8rG kg ‘m?
4,817 - 10*2

1
Rij = 04%204?11 [0a0cgba + gpglheL i)
Rijry = KTiju
3
Tkt = Y FaijFakt + A[F;Fil
a=1
Ty = T+ TH+ T + T
lead to
[Riju] = o2
(Rijr] = [6][Tijm]
[Faij] = [T%jkl]
[Tijkl] = [FEg]+ [wak] + [E’L]k} + [IHijkl]
9.1. X

X
[Tijrt] = -
2
m
(K] = X
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9.2. esu

9.3. kg

Alternatively

[Faij]
[EE]

1 o
{/ Eaagmjkd:ﬁdx]dajk

[Faij]
[T j11]

(]
[EE]

1 o
[/ E“a6nl~jkdxzdx]dxk}

1 o
[/ Eaa6nijkd:nzda:]dmk}
[Tija
(K]
[Flij]

[EEx]

1 o
[/ Egﬁmjkdx’dmjdmk] =:

(Tijr] =

95

X
m?
X
m
esu
= R
2
_ 9 €su
= K[l]'4m4
m2
- K[Ql]-esu2
2
_ 5 esu
— K[l] . m4
2
_ 9 €su
= Ky
=: Ky kg
kg
= Ky 3
1 m
K[Q] kg
kg
= K- 3
kg
= K[Q].E
K[Q}-C kg
2
m
Ky -kg - —3
m2 1
Ky ke 513
1om s
K[3} kg m2
m2 1
\/ 3] %8 "2 "3
2 1
K kg5 3
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