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Abstract 
 

A collection of integral formulas involving constants classic shows 
 
 

Introduction 
 

Recall the definition of the constants: 𝜋𝜋  , 𝑒𝑒 , 𝛾𝛾 ,𝐺𝐺 , ln 2  : 
 

(1)               𝜋𝜋 = ∑ (−1)𝑛𝑛

2𝑛𝑛+1
∞
𝑛𝑛=0 = 3.141592 … 

 
(2)               𝑒𝑒 = ∑ 1

𝑛𝑛 !
∞
𝑛𝑛=0 = 2.718281 …  

 
(3)               𝛾𝛾 = lim𝑛𝑛→∞ �1 + 1

2
+ 1

3
+ ⋯+ 1

𝑛𝑛
− ln𝑛𝑛� = 0.577215 … 

 
(4)               𝐺𝐺 = ∑ (−1)𝑛𝑛

(2𝑛𝑛+1)2
∞
𝑛𝑛=0 = 0.915965 … 

 
(5)               ln 2 = ∑ (−1)𝑛𝑛

𝑛𝑛+1
∞
𝑛𝑛=0 = 0.693147 … 

 
In this note we show integral formulas involving constants :  𝜋𝜋 , 𝑒𝑒 , 𝛾𝛾 ,𝐺𝐺 , ln 2 . 

 
 

Formulas 
 
 

(6)               𝑒𝑒 = 2 + ∫ �1 + 1
𝑥𝑥
�
𝑥𝑥
�ln �1 + 1

𝑥𝑥
� − 1

1+𝑥𝑥
�∞

1 𝑑𝑑𝑑𝑑 
 

(7)               𝑒𝑒 = �1 + 1
𝑚𝑚
�
𝑚𝑚

+ ∫ �1 + 1
𝑥𝑥
�
𝑥𝑥∞

𝑚𝑚 �ln �1 + 1
𝑥𝑥
� − 1

1+𝑥𝑥
� 𝑑𝑑𝑑𝑑      ,𝑚𝑚 ∈ ℕ 

 
(8)               𝑒𝑒 = �1 + 1

𝑚𝑚
�
𝑚𝑚

+ ∫ (1 + 𝑥𝑥)1 𝑥𝑥⁄1 𝑚𝑚⁄
0 �ln (1+𝑥𝑥)

𝑥𝑥2 − 1
𝑥𝑥(1+𝑥𝑥)

� 𝑑𝑑𝑑𝑑      ,𝑚𝑚 ∈ ℕ 
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(9)               𝑒𝑒 = �1 + 1

𝑚𝑚
�
𝑚𝑚

+ ∑ (−1)𝑛𝑛−1 𝑛𝑛
𝑛𝑛+1

∞
𝑛𝑛=1 ∫ �1 + 1

𝑥𝑥
�
𝑥𝑥∞

𝑚𝑚 𝑥𝑥−𝑛𝑛−1 𝑑𝑑𝑑𝑑      ,𝑚𝑚 ∈ ℕ− {1} 
 

(10) 𝑒𝑒 = �1 + 1
𝑚𝑚
�
𝑚𝑚

+ ∫ ∫  (1+𝑥𝑥)1 𝑥𝑥⁄

𝑥𝑥(1+𝑥𝑥  𝑦𝑦)
1

0
1 𝑚𝑚⁄

0 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 − ∫ (1+𝑥𝑥)1 𝑥𝑥⁄

𝑥𝑥
1 𝑚𝑚⁄

0 𝑑𝑑𝑑𝑑      ,𝑚𝑚 ∈ ℕ 
 

(11) 𝑒𝑒 = �1 + 1
𝑚𝑚
�
𝑚𝑚

+ ∫ ∫ �1 + 1
𝑥𝑥
�
𝑥𝑥∞

1
∞
𝑚𝑚

1
𝑦𝑦(1+𝑥𝑥  𝑦𝑦)2 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑      ,𝑚𝑚 ∈ ℕ 

 
(12) 𝜋𝜋 = cosh 1∫ cos 𝑥𝑥

1+𝑥𝑥2
1
−1 𝑑𝑑𝑑𝑑 + sinh 1∫ 𝑥𝑥 sin 𝑥𝑥

1+𝑥𝑥2
1
−1 𝑑𝑑𝑑𝑑 + cos 1∫ 𝑒𝑒𝑥𝑥

1+𝑥𝑥2
1
−1 𝑑𝑑𝑑𝑑 −

sin 1∫ 𝑥𝑥𝑒𝑒𝑥𝑥

1+𝑥𝑥2
1
−1 𝑑𝑑𝑑𝑑       

 
(13) 𝜋𝜋 = 2 cosh 1∫ cos 𝑥𝑥

1+𝑥𝑥2
1

0 𝑑𝑑𝑑𝑑 + 2 sinh 1∫ 𝑥𝑥 sin 𝑥𝑥
1+𝑥𝑥2

1
0 𝑑𝑑𝑑𝑑 + 2 cos 1∫ cosh 𝑥𝑥

1+𝑥𝑥2
1

0 𝑑𝑑𝑑𝑑 −

2 sin 1∫ 𝑥𝑥 sinh 𝑥𝑥
1+𝑥𝑥2

1
0 𝑑𝑑𝑑𝑑      

 
(14) √𝜋𝜋 = 2√𝑎𝑎 𝑢𝑢 𝑒𝑒−𝑎𝑎𝑢𝑢2 + 2√𝑎𝑎 ∫ 𝑒𝑒−𝑎𝑎𝑥𝑥2∞

𝑢𝑢 𝑑𝑑𝑑𝑑 + 2∫ √− ln 𝑥𝑥1
𝑣𝑣 𝑑𝑑𝑑𝑑      ,𝑎𝑎 > 0 ,𝑢𝑢 ≥

0 , 𝑣𝑣 = 𝑒𝑒−𝑎𝑎𝑢𝑢2  
 

(15) 𝜋𝜋 ln 2 = 2∫ (− ln(sin 𝑥𝑥))𝜋𝜋 2⁄
𝑢𝑢 𝑑𝑑𝑑𝑑 + 2∫ sin−1(𝑒𝑒−𝑥𝑥)∞

𝑣𝑣 𝑑𝑑𝑑𝑑      , 0 ≤ 𝑢𝑢 ≤ 𝜋𝜋
2�  , 𝑣𝑣 =

− ln(sin𝑢𝑢) 
 

(16) 𝜋𝜋2 = 4 𝑢𝑢 𝑣𝑣 + 4∫ ln �𝑒𝑒
𝑥𝑥+1
𝑒𝑒𝑥𝑥−1

�∞
𝑢𝑢 𝑑𝑑𝑑𝑑 + 4∫ ln �𝑒𝑒

𝑥𝑥+1
𝑒𝑒𝑥𝑥−1

�∞
𝑣𝑣 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 = ln �𝑒𝑒

𝑢𝑢+1
𝑒𝑒𝑢𝑢−1

� 
 

(17) 𝜋𝜋 = 2 𝑢𝑢 𝑣𝑣 + 2∫ 1
cosh 𝑥𝑥

∞
𝑢𝑢 𝑑𝑑𝑑𝑑 + 2∫ ln�1

𝑥𝑥
+ � 1

𝑥𝑥2 − 1�1
𝑣𝑣 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 = 1

cosh 𝑢𝑢
 

 
(18) 𝜋𝜋3 = 16 𝑢𝑢 𝑣𝑣 + 16∫ (ln tan 𝑥𝑥)2𝜋𝜋 4⁄

𝑢𝑢 𝑑𝑑𝑑𝑑 + 16∫ tan−1�𝑒𝑒√𝑥𝑥�∞
𝑣𝑣 𝑑𝑑𝑑𝑑      , 0 ≤ 𝑢𝑢 ≤

𝜋𝜋
4�  , 𝑣𝑣 = (ln tan 𝑢𝑢)2 

 
(19) 𝜋𝜋3 = −16 𝑢𝑢 𝑣𝑣 + 16∫ (ln tan 𝑥𝑥)2𝑢𝑢

0 𝑑𝑑𝑑𝑑 + 16∫ tan−1�𝑒𝑒√𝑥𝑥�𝑣𝑣
0 𝑑𝑑𝑑𝑑      , 0 ≤ 𝑢𝑢 ≤

𝜋𝜋
4�  , 𝑣𝑣 = (ln tan 𝑢𝑢)2 

 
(20) 𝜋𝜋 (2𝑚𝑚)!

22𝑚𝑚+1(𝑚𝑚 !)2 = 𝑢𝑢 𝑣𝑣 + ∫ (sin 𝑥𝑥)2𝑚𝑚𝜋𝜋 2⁄
𝑢𝑢 𝑑𝑑𝑑𝑑 − ∫ sin−1� √𝑥𝑥2𝑚𝑚 �𝑣𝑣

0 𝑑𝑑𝑑𝑑      ,𝑚𝑚 ∈ ℕ, 0 ≤
𝑢𝑢 ≤ 𝜋𝜋

2� , 𝑣𝑣 = (sin𝑢𝑢)2𝑚𝑚  
 

(21) 𝐺𝐺 = 𝑢𝑢 𝑣𝑣 − ∫ ln tan 𝑥𝑥𝜋𝜋 4⁄
𝑢𝑢 𝑑𝑑𝑑𝑑 + ∫ tan−1(𝑒𝑒−𝑥𝑥)∞

𝑣𝑣 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 ≤ 𝜋𝜋
4� , 𝑣𝑣 =

− ln tan 𝑢𝑢 
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(22) 𝐺𝐺 = −𝑢𝑢 𝑣𝑣 − ∫ ln tan 𝑥𝑥𝑢𝑢

0 𝑑𝑑𝑑𝑑 + ∫ tan−1(𝑒𝑒−𝑥𝑥)𝑣𝑣
0 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 ≤ 𝜋𝜋

4� , 𝑣𝑣 =
− ln tan 𝑢𝑢 
 

(23) 𝜋𝜋 ln 2 + 2𝐺𝐺 = 4 𝑢𝑢 𝑣𝑣 − 4∫ ln sin 𝑥𝑥𝜋𝜋 4⁄
𝑢𝑢 𝑑𝑑𝑑𝑑 + 4∫ sin−1(𝑒𝑒−𝑥𝑥)∞

𝑣𝑣 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 ≤
𝜋𝜋

4�  , 𝑣𝑣 = − ln sin𝑢𝑢 
 

(24) 𝜋𝜋2 = 12 𝑢𝑢 𝑣𝑣 + 12∫ ln(1 + 𝑒𝑒−𝑥𝑥)∞
𝑢𝑢 𝑑𝑑𝑑𝑑 − 12∫ ln(𝑒𝑒𝑥𝑥 − 1)ln 2

𝑣𝑣 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 =
ln(1 + 𝑒𝑒−𝑢𝑢) 
 

(25) 𝜋𝜋2 = −12 𝑢𝑢 𝑣𝑣 − 12∫ ln(𝑒𝑒𝑥𝑥 − 1)𝑣𝑣
0 𝑑𝑑𝑑𝑑 + 12∫ ln(1 + 𝑒𝑒−𝑥𝑥)𝑢𝑢

0 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 =
ln(1 + 𝑒𝑒−𝑢𝑢) 
 

(26) 𝜋𝜋(𝑎𝑎 − 𝑏𝑏) = 𝑢𝑢 𝑣𝑣 + ∫ ln �𝑎𝑎
2+𝑥𝑥2

𝑏𝑏2+𝑥𝑥2�
∞
𝑢𝑢 𝑑𝑑𝑑𝑑 + ∫ �𝑎𝑎2−𝑏𝑏2𝑒𝑒𝑥𝑥

𝑒𝑒𝑥𝑥−1
2 ln (𝑎𝑎 𝑏𝑏⁄ )
𝑣𝑣 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 =

ln �𝑎𝑎
2+𝑢𝑢2

𝑏𝑏2+𝑢𝑢2� 
 

(27) 𝜋𝜋 (−1)𝑛𝑛

4
+ ∑ (−1)𝑘𝑘

2𝑛𝑛−2𝑘𝑘−1
𝑛𝑛−1
𝑘𝑘=0 = 𝑢𝑢 𝑣𝑣 + ∫ (tan 𝑥𝑥)2𝑛𝑛𝜋𝜋 4⁄

𝑢𝑢 𝑑𝑑𝑑𝑑 − ∫ tan−1� √𝑥𝑥2𝑛𝑛 �𝑣𝑣
0 𝑑𝑑𝑑𝑑      ,𝑛𝑛 ∈

ℕ, 0 ≤ 𝑢𝑢 ≤ 𝜋𝜋
4� , 𝑣𝑣 = (tan 𝑢𝑢)2𝑛𝑛  

 

(28) 𝜋𝜋 = 4∫ 1
(1+𝑥𝑥2)2

∞
0 𝑑𝑑𝑑𝑑 = 4∫ � 1

√𝑥𝑥
− 11

0 𝑑𝑑𝑑𝑑 

 

(29) 𝜋𝜋 = 4 𝑢𝑢 𝑣𝑣 + 4∫ 1
(1+𝑥𝑥2)2

∞
𝑢𝑢 𝑑𝑑𝑑𝑑 + 4∫ � 1

√𝑥𝑥
− 11

𝑣𝑣 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 = (1 + 𝑢𝑢2)−2 

 

(30) 𝜋𝜋 = 4 𝑢𝑢 𝑣𝑣 + 4∫ (1 + (tan 𝑥𝑥)𝑚𝑚 )−1𝜋𝜋 2⁄
𝑢𝑢 𝑑𝑑𝑑𝑑 + 4∫ tan−1 � �1

𝑥𝑥
− 1

𝑚𝑚
�1

𝑣𝑣 𝑑𝑑𝑑𝑑       ,0 ≤

𝑢𝑢 ≤ 𝜋𝜋
2� , 𝑣𝑣 = (1 + (tan𝑢𝑢)𝑚𝑚)−1 

 
(31) 𝜋𝜋 ln 2 = 8∫ ln(1 + tan 𝑥𝑥)𝜋𝜋 4⁄

0 𝑑𝑑𝑑𝑑 = 8∫ tan−1(𝑒𝑒𝑥𝑥 − 1)ln 2
0 𝑑𝑑𝑑𝑑 

 
(32) 𝜋𝜋 ln 2 = 8 𝑢𝑢 𝑣𝑣 − 8∫ tan−1(𝑒𝑒𝑥𝑥 − 1)𝑣𝑣

0 𝑑𝑑𝑑𝑑 + 8∫ ln(1 + tan 𝑥𝑥)𝜋𝜋 4⁄
𝑢𝑢 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 ≤

𝜋𝜋
4� , 𝑣𝑣 = ln(1 + tan 𝑢𝑢) 

 
(33) 𝜋𝜋 + 2 ln 2 − 4 = 2 𝑢𝑢 𝑣𝑣 + 2∫ ln(1 + 𝑥𝑥2)1

𝑢𝑢 𝑑𝑑𝑑𝑑 − 2∫ √𝑒𝑒𝑥𝑥 − 1𝑣𝑣
0 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 ≤

1 , 𝑣𝑣 = ln(1 + 𝑢𝑢2) 
 



4 
 

(34) 𝜋𝜋 − 4 tan−1 �1
𝑛𝑛
� + 2 = 4 𝑢𝑢 𝑣𝑣 + 4∫ 1

1+𝑥𝑥2
𝑛𝑛
𝑢𝑢 𝑑𝑑𝑑𝑑 + 4∫ �1

𝑥𝑥
− 11 2⁄

𝑣𝑣 𝑑𝑑𝑑𝑑      ,𝑛𝑛 ∈ ℕ −

{1}, 1 ≤ 𝑢𝑢 ≤ 𝑛𝑛, 𝑣𝑣 = (1 + 𝑢𝑢2)−1 
(35) 𝛾𝛾 =

𝑢𝑢 𝑣𝑣 + (1 − 𝑧𝑧)𝑤𝑤 − ∫ 𝑒𝑒−𝑒𝑒−𝑥𝑥𝑣𝑣
−∞ 𝑑𝑑𝑑𝑑 − ∫ ln �ln 1

𝑥𝑥
�𝑧𝑧

𝑢𝑢 𝑑𝑑𝑑𝑑 + ∫ �1 − 𝑒𝑒−𝑒𝑒−𝑥𝑥 �∞
𝑤𝑤 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 ≤

𝑒𝑒−1 ≤ 𝑧𝑧 ≤ 1, 𝑣𝑣 = − ln �ln 1
𝑢𝑢
� ,𝑤𝑤 = − ln �ln 1

𝑧𝑧
� 

 

(36) 𝜋𝜋 = −3 𝑢𝑢 𝑣𝑣 + 3∫ 1
1+𝑥𝑥6

𝑢𝑢
0 𝑑𝑑𝑑𝑑 + 3∫ �1

𝑥𝑥
− 1

6𝑣𝑣
0 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 = (1 + 𝑢𝑢6)−1 

 

(37) 𝜋𝜋 = 3 𝑢𝑢 𝑣𝑣 + 3∫ 1
1+𝑥𝑥6

∞
𝑢𝑢 𝑑𝑑𝑑𝑑 + 3∫ �1

𝑥𝑥
− 1

61
𝑣𝑣 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 = (1 + 𝑢𝑢6)−1 

 
(38) 𝜋𝜋 = √2 𝑢𝑢 𝑣𝑣 − √2∫ tan−1(𝑥𝑥2)𝑣𝑣

0 𝑑𝑑𝑑𝑑 + √2∫ √tan 𝑥𝑥𝜋𝜋 2⁄
𝑢𝑢 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 < 𝜋𝜋

2� , 𝑣𝑣 =
√tan 𝑢𝑢 
 

(39) 𝜋𝜋 = √2 �𝜋𝜋
2
− 𝑢𝑢� 𝑣𝑣 + √2∫ √tan 𝑥𝑥𝑢𝑢

0 𝑑𝑑𝑑𝑑 + √2∫ tan−1(𝑥𝑥−2)∞
𝑣𝑣 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 ≤

𝜋𝜋
2� , 𝑣𝑣 = √tan𝑢𝑢 

 

(40) 𝜋𝜋√2 = 4 𝑢𝑢 𝑣𝑣 + 4∫ 1
1+𝑥𝑥4

∞
𝑢𝑢 𝑑𝑑𝑑𝑑 + 4∫ �1

𝑥𝑥
− 141

𝑣𝑣 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 = (1 + 𝑢𝑢4)−1 

 

(41) 𝜋𝜋√2 = −4 𝑢𝑢 𝑣𝑣 + 4∫ 1
1+𝑥𝑥4

𝑢𝑢
0 𝑑𝑑𝑑𝑑 + 4∫ �1

𝑥𝑥
− 14𝑣𝑣

0 𝑑𝑑𝑑𝑑      ,𝑢𝑢 ≥ 0, 𝑣𝑣 = (1 + 𝑢𝑢4)−1 

 
(42) ln 2 = 2 𝑢𝑢 𝑣𝑣 + 2∫ tan 𝑥𝑥𝜋𝜋 4⁄

𝑢𝑢 𝑑𝑑𝑑𝑑 − 2∫ tan−1(𝑥𝑥)𝑣𝑣
0 𝑑𝑑𝑑𝑑      , 0 ≤ 𝑢𝑢 ≤ 𝜋𝜋

4�  , 𝑣𝑣 = tan 𝑢𝑢 
 

 
(43) 𝜋𝜋 − 2 ln 2 = 4 𝑢𝑢 𝑣𝑣 − 4∫ tan 𝑥𝑥𝑢𝑢

0 𝑑𝑑𝑑𝑑 + 4∫ tan−1(𝑥𝑥)1
𝑣𝑣 𝑑𝑑𝑑𝑑      , 0 ≤ 𝑢𝑢 ≤ 𝜋𝜋

4� , 𝑣𝑣 =
tan𝑢𝑢 

 
(44) 𝜋𝜋 ln�1 + √2� − 2𝐺𝐺 =

2 𝑢𝑢 𝑣𝑣 + 2∫ sin−1(sinh 𝑥𝑥)ln�1+√2�
𝑣𝑣 𝑑𝑑𝑑𝑑 − 2∫ sinh−1(sin 𝑥𝑥)𝑢𝑢

0 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 ≤ 𝜋𝜋
2� , 𝑣𝑣 =

sinh−1(sin𝑢𝑢)  
 

(45) 𝐺𝐺 = 𝑢𝑢 𝑣𝑣 + ∫ sinh−1(sin 𝑥𝑥)𝜋𝜋 2⁄
𝑢𝑢 𝑑𝑑𝑑𝑑 − ∫ sin−1(sinh 𝑥𝑥)𝑣𝑣

0 𝑑𝑑𝑑𝑑       ,0 ≤ 𝑢𝑢 ≤ 𝜋𝜋
2� , 𝑣𝑣 =

sinh−1(sin𝑢𝑢) 
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