Two Proofs for the existence of integral solutions (a;, ay,...... ,a,) of the equation
ap;™ + ap,"+...... + a,pa" =0 for any positive integer “m”, for sequence of primes
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any positive integer.
Proof for n>2

Ifpi, p2, P3sevvvnnnn ,pn be “n” distinct primes in a sequence and n>2 and m is any positive
integer, there exists integers a,, ay, as,....... ,a, such that ,

alplm + a2p2m+ ...... + anpnm =0
Since p1, P2, P3se-v---.. ,pn are n distinct primes, therefore the terms p;™, p2™, p3 seevev... ,Pn

are pair wise co-prime and gcd (p1™, p2", P53 seernnnnn P )=1
This also implies ged (p1™, P2 P3 sevvv-n. Pt )=l

b1p1m + b2p2m+ ...... + (bn_l)(pn_l)m=l

Multiplying both sides with (- a,p,") where we choose a, is a non-zero integer,

(- anpn™) bip1™ (- aspn™) bop2 ...l + (- apn) (bn-1)(Po-1)™ = (- anpn™)

Replacing (- a;p, ) by by a;.
(- anpnm) by by ay,

(' anpnm) (bn-l) by dn-1

We have
aipi”t+apy ... + ap1Pn1 =(- anpn )

or

m m m m
aipr +apz +...... + ap.1Pn-1 T appn =0
where a;, a3, as,....... ,a, are integers.



Alternate proof for n>3

Consider again the same equation
ap™ + ap,"+...... + apPna”t+ agpa” =0

We derive an alternate simple proof for the existence of integral solutions a;,as,.....a,
where n is a positive integer and n>3, and m is any positive integer for the equation.

Consider a sequence of primes pi1,p2,....PkoPktlyeveenre-- Pn
Let k be a positive integer greater than 1 but less than (n-1), where n>3.

Then consider the sequence of primes pi,pa,....px

Since ged(pi,p2,...pr)=1

Therefore ged(pi™,pa2",...px )=1

It follows from Bezout’s identity that integers a,,a,,........ ,ai exist such that
ap™ + ap” +..eeeee FAP"=1 e (A)

Similarly ged(px+1,px+2,--.pn)=1

Therefore ged(px+1",pxsa - -.Pn =1

It follows from Bezout’s identity that integers by1,bx2,........ ,by exist such that

bk+1pk+1m +bk+2pk+2m B P + bnpnm=1 ................................ (B)

(aipr" +apa ... +apr) —( brsprer kP e + bapn)=0
Replacing -byi1,-byia,........ ,-bn bY ai1,aK12,... ... ,an

we obtain

apr” +apr ... + api" + APt FAk2Prr2 Feeernns + agpa"

where aj,ap,........ LAk Akt 15 QA 2pe v e e e ,an are integers.



