Sedeonic Equations of Ideal Fluid

Victor L. Mironov and Sergey V. Mironov

Institute for Physics of Microstructures RAS, GSP-105, Nizhniy Novgorod, 603950, Russia
e-mail: mironov@ipmras.ru

(submitted 12 January, 2016)

In the present paper we develop the description of ideal liquid on the basis of space-time algebra of
sixteen-component sedeons. We demonstrate that the dynamics of isentropic fluid is described by the
first-order sedeonic wave equation. The second-order relations for the potentials analogues to the
Pointing theorem in electrodynamics are derived. The plane wave solution of sedeonic equation for
sound in liquid is discussed.

1. Introduction

In recent years, there were many publications devoted to the reformulation of ideal liquid (/L)
equations in a form similar to the equations of electrodynamics [1-4]. The authors show that the system of
IL equations can be represented in the form of second-order wave equation similar to the equation for the
electromagnetic field. Based on this analogy, the authors discuss the possibility of introducing the vector
fields analogous to electric and magnetic fields, which satisfy the equations similar to the Maxwell's
equations. However, from our point of view, the procedure to increase the order of wave equation used by
the authors of these works leads to an incorrect description of /L. In our opinion, the first-order wave
equation is more appropriate for /L description.

However, the Gibbs-Heaviside vector algebra, which is usually used for the formulation of /L
equations, can not be used for analysis of first-order wave equations. Some time ago we proposed the
alternative space-time algebra of sedeons, which is the Clifford algebra realizing the scalar-vector
representation of Poincare group [5,6]. The sedeonic algebra enables the consideration of non-scalar first-
order wave equations and analyse the spin properties of wave fields [6,7]. In the present paper we develop
the description of /L on the basis of sedeonic potentials and space-time operators.

2. Equations of isentropic liquid in symmetric form

As is well known [8], the dynamics of an ideal fluid is described by a system of equations in
traditional vector algebra, which includes the Euler equation

a—”+(v~V)v+le=o, (2.1)
ot P
continuity equation
Z—/;+(V-V)p+p(V-v)=0, (2.2)
and adiabatic equation
0Os
5+(V~V)s=0. (2.3)

Here v is a local liquid velocity, p is a density, p is a pressure, § is entropy per unit mass, V is the
Hamilton nabla-operator. In the case of isentropic fluid these equations can be reduced to a system of two
symmetric equations [1]. Let us use the well-known thermodynamic relation:

dw=Tds+Vdp , (2.4)

where w is a thermal function (enthalpy) of a unit mass of liquid, 7 is a temperature, ¥ is the volume of
unit mass of liquid (¥ =1/ p ).For the case s = const we obtain the following relation for differentials
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where ¢ is the speed of sound (¢* = (dp/dp), ). It follows that

Lvp-vw, (2.6)

P

op p ow

9 _pw 2.7

ot ¢ ot 2.7)

Vp=Lvw. (2.8)
C

Then the system of equations (2.1) - (2.3) is reduced to the following form:

%+(v~V)v+Vw=0, (2.9)

%+(v~V)w+c2(V~v)=o. (2.10)

3. Space-time sedeons
The sedeonic algebra [5,6] encloses four groups of values, which are differed with respect to spatial

and time inversion.

e Absolute scalars (7) and absolute vectors (7) are not transformed under spatial and time inversion.

e Time scalars (¥,) and time vectors (¥,) are changed (in sign) under time inversion and are not
transformed under spatial inversion.

e Space scalars (¥.) and space vectors (V.) are changed under spatial inversion and are not
transformed under time inversion.

e Space-time scalars (¥, ) and space-time vectors (¥, ) are changed under spatial and time inversion.

Here indexes t and r indicate the transformations (t for time inversion and r for spatial inversion),
which change the corresponding values. All introduced values can be integrated into one space-time
sedeon V , which is defined by the following expression:

V=VAV+V AV, 4V +V. +V, +V,. 3.1

Let us introduce a scalar-vector basis a,, a,, a,, a,, where the element a, is an absolute scalar unit
(a, =1), and the values a,, a,, a, are absolute unit vectors generating the right Cartesian basis. Further
we will indicate the absolute unit vectors by symbols without arrows as a,, a,, a,. We also introduce the
four space-time units e,, e, e,, e,, where e, is an absolute scalar unit (e, =1); e, is a time scalar unit
(e, =e,); e, is a space scalar unit (e, =e_); e, is a space-time scalar unit (e, =e, ). Using space-time
basis e, and scalar-vector basis a, (Greek indexes «,B=0,1,2,3), we can introduce unified sedeonic
components ¥, in accordance with following relations:

V=eVya,,

V=e, (Volal +Vpa, + Vozas) >
=e V),
=¢ (Vllal +V1232 +Vl333)’ (32)
=e,/a,,

=€, (VZIaI + V2232 + Vz_%as ) 5

=e,/5a,,
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=€ (Vslal +Vpa, + Vszas) .
Then sedeon (3.1) can be written in the following expanded form:

V=e, (Vooao +Va, +V,a, + Vo_%as)



+el(VIOaO +Vllal +V1232 +Vl3as) (3-3)
+€, (Vzoao + VZlal + V2232 + stas)

+e3 (VSOaO + V}lal + V}ZaZ + V33a3) *

The sedeonic components 7,, are numbers (complex in general). Further we will omit units a, and e, for

the simplicity. The important property of sedeons is that the equality of two sedeons means the equality of
all sixteen components V,, .

Let us consider the multiplication rules for the basis elements a, and e, (Latin indexes n, k=1, 2, 3).
The unit vectors a, have the following multiplication and commutation rules:

aa :a‘zl :]’ (34)
aa =—aa_ (for n=k), (3.5)
aa,=ia,, a,a,=ia,, a,a, =ia,, (3.6)

while the space-time units e, satisfy the following rules:

ee =¢e =1, 3.7)
ee =—¢ee (for n=k), (3.8)
ee, =ie,, e, =ie , ee =ie,. 3.9

Here and further the value ; is imaginary unit (i* =—1). The multiplication and commutation rules for
sedeonic absolute unit vectors a, and space-time units e, can be presented for obviousness as the tables
1 and 2.

Table 1. Multiplication rules for absolute unit vectors a .

a, a, a,
a, 1 ia, —ia,
a, —ia, 1 ia,
a, ia, —ia, 1

Table 2. Multiplication rules for space-time units e, .

e, e, e,
e, 1 ie, —ie,
e, —ie, 1 ie,
e, ie, —ie, 1
Note that units e, commute with vectors a_ :
ae =ea (3.10)

for any n and k.
In sedeonic algebra we assume the Clifford multiplication of vectors. The sedeonic product of two
vectors A4 and B can be presented in the following form:

AB=(4-B)+[ 4xB]. (3.11)

Here we denote the sedeonic scalar multiplication of two vectors (internal product) by symbol “-” and
round brackets



(4-B)= 4.B,+ 4., + 4,B,, (3.12)
and sedeonic vector multiplication (external product) by symbol “x ” and square brackets

[AxB|=i(4,B,— AB,)+i( 4B~ AB)+i(AB, - 45). (3.13)

Note that in sedeonic algebra the expression for the vector product differs from analogous expression in
Gibbs vector algebra.

4. Generalized sedeonic equation of ideal liquid

Let us assume a constant speed of sound ( ¢ = const ). Then, if we introduce the vector potential 4

A=cv, 4.1)
the equations (2.9) and (2.10) can be represented in the following symmetric form:
l(L(w)jzww:o, 4.2)
c\ot
({0 .= = =
—(—+(v~V)Jw+(V-A)=O. (4.3)
c\ ot

In sedeon algebra, the system of equations (4.2) - (4.3) can be written as a single first-order wave
equation:

{ietl(g+(\7-§)j+eﬁ}\i’=0, 4.4)
c\ Ot
where the sedeonic wave function W is

W=(w+e,d), (4.5)

so, in expanded form the equation (4.4) can be written as
ie, L ﬁ+(v-6) +eV (w+e AT)—o (4.6)
t c at r tr - * *
Indeed, after the act of operator on the wave function in (4.6) we get

(LG9 v, (V)i [9]
¢ 1 ta 4.7)
+ie, —(—+ (ﬁﬁ)}w e, Vw=0.
c\ ot

Separating the values with various space-time properties we obtain the system of equations:
1(ﬁ+(vﬁ)j2+ﬁw= 0,
c\ ot

1

Z(gw.ij(@.z):o, (48)

[Vxd]=o0.

The first two equations in (4.8) coincide with equations (4.2) and (4.3). The last equation shows that in
the case of constant sound speed the fluid motion is potential.

5. Maxwell equations for ideal liquid

Of course, the potentials w and A4 satisfy also the second order wave equation. By analogy with
electrodynamics we may also introduce the appropriate field strengths, which satisfy the equations similar
to Maxwell's equations.

Let us introduce the operator



(0 =
D=——+@-V)]|. 5.1
{Lrw9) 5.1)
Then the sedeonic first-order wave equation (4.6) is rewritten as
(ietD+eﬁ)(W+etﬁ)=O. (5.2)
Applying the operator (ietD + eﬁ) to the equation (5.2), we obtain second-order wave equation
(ietD+eﬁ)(ietD+eﬁ)(W+en2)=0. (5.3)
Multiplying operators in the left-hand side of (5.3), we obtain the wave equation in the following form:
(-D* +4)(w+e,4)=0. (5.4)

On the other hand, we can introduce the scalar-vector field strengths in accordance with the following
definitions:

E=-DA-Vw,
H=-i[Vx4i], (5.5)
€=Dw+(§~;l).

Then the second-order wave equation (5.3) can be represented as
(ietD+eﬁ)(ietg—erE—etﬁ)=0. (5.6)

The field strengths ¢ , E and H satisfy the system of equations, similar to the Maxwell equations in
electrodynamics [6,7]. Indeed, performing the action of the operators in the equation (5.6) and separating
the variables with different spatial and temporal properties, we get
(ﬁ -E ) + De =0,
(V-d)=0,
Lo oo - (5.7)
DE+i[ Vx H |+V& =0,
DH —i[ VxE|=0.
If we require the calibrating condition similar to the Lorentz gauge in electrodynamics
Dw+(V-4)=0, (5.8)
then the scalar filed £ can be eliminated (& = 0). In this case the wave equation (5.6) is rewritten as

(ie,D+e,V)(e,E+eH)=0, (5.9)

and the system (5.7) takes the following form:

(V~E)=0,
(?: )4 i (5.10)
DE+i[VxH]=0,
DH—i[ﬁxE]:O.

The analogy with electrodynamics is obvious. However the second-order wave equation (5.3) has the
superfluous solutions, since the initial wave function satisfies the first order equation (4.6).
If we consider the fluid motion with speeds | v |<<c, then the convective derivative (Vv-V)v can be

neglected [8] and operator D is getting as
p-19, (5.11)



Then we get the linearized wave equation (5.3) in the following form:

(iet %%+eﬁ}(z’et%%+eﬁj(w+en;l)=0. (5.12)

The form of this equation coincides with the wave equation for the electromagnetic field [7].

6. Sound waves

Let us consider the oscillatory motion of a fluid with speeds |V | << c. In this case, the convective
derivative (v-V)v can be neglected [8] and sedeonic wave equation (4.4) takes the form:

c ot

{ietlg+eﬁ}\i’=0. ©.1)
The first-order wave equation (7.1) has the solution in the form of plane wave:
' =ﬁexp{_iw;+i(1€-f)}. (6.2)

Here o is a frequency, k is a wave vector and the wave amplitude U, does not depend on coordinates
and time. In this case the dependence of the frequency on the wave vector has two branches:

w, =*ck, (6.3)

where & is the modulus of wave vector (k = ‘IE ‘ ). In general, the solution of equation (6.1) can be written

as a plane wave of the following form:

W= (e, Ds —ieZEJM exp{—icoit+i(l€-17)} , (6.4)
C
where M is arbitrary sedeon with constant components, which do not depend on coordinates and time.
Indeed the expression
(e, &—iez%j (6.5)
C
is so-called zero divisor since
(e,&—iezﬁj(e,&—iezlgjzo. (6.6)
C C

Let us analyze the structure of the plane wave solution (6.4) in detail. Note that the internal structure

of this wave is changed under space and time conjugation [7,9]. Further we suppose that wave vector k
is directed along the Z axis. Then the first-order equation (6.1) can be rewritten in the following
equivalent form:

10 0\
4 — W' =0 5 6.7
(c o e 82} ©7
where W' = ietW . The solution of (6.7) can be presented in form of two waves:
W = —(1+etras)kl\7l exp{—iw,t +ikz}, (6.8)
W' = (l—etras)klﬁ exp{—iw_t+ikz} . (6.9)

Note that the wave function W’ corresponds to the positive branch of dispersion law (6.3), while W’

corresponds to the negative branch of dispersion law (6.3). The wave functions (6.8) and (6.9) can be
interpreted as the eigenfunctions of spin operator

~ 1

Sz = Eetr
Indeed, it is simple to check that W' satisfies the following equation:

(6.10)

SW =85 W, 6.11)



where eigenvalue S ==+1/2. Thus, W/ describes the wave with spirality S =+1/2, while W’ describes
the wave with spirality S =-1/2 [7,9].

7. The second-order relations for sound potentials

Multiplying the equation (6.1) on the potential (w—e, 4 ) from the left, we have the following sedeonic
equation:

c Ot

(w—etr;l)(ietlg+er§J(w+eﬁ;l)=0. (7.1)

Performing the sedeonic multiplication and separating the quantities with different spatial and temporal
properties, we get the relations for the field potentials:

(o ) (4w (9 4) =0, (12)

%w+W%%+z%aa_f+z(6.z)+px[mzﬂ=o, (73)
. 9 s = 7 1|5 o4

W|:V><A:|+|:A><Vw:|+;|:z4><—t:|=0, (7.4)

(A?.sz]):o. (7.5)

The expressions (7.2) and (7.3) are an analog of the Poynting’s theorem for the field described by the
first-order wave equation [7].

8. Entropy accounting

From the point of view of relativistic thermodynamics, enthalpy and entropy are not changed in the
transition to the other inertial system [10], i.e. they are invariants of Lorentz transformations. To account
for the effects associated with the entropy of the fluid the equation (4.6) can be modified as follows:

{ietl(g+(\7-6)}+er§}(w+en2+e“s)=0. 8.1
c\ ot
Performing sedeonic multiplication in (8.1) we get:
ie 1 2+(\7-§) +eV (w+e A+e s)—
tc 6t r tr tr
10 =)= . (s 5. . S5
er—(a—+(v-V)jAHet(V-A)Het[VXAJ
et (8.2)
+iet1(g+(vﬁ)jh+eﬁh+
c\ ot
+erl(g+(\7-§)js+ieﬁs.
c\ ot

Now, separating the values with different space-time properties, we get the following system of
equations:



l(L(w)szh:o,

c\ ot

10 . - -

;(5+(V-V)jh+(v A)_o, 63
%(%HV-WJFO,

1
<
X
h Nyl

| E—
+
<
[2)

Il
o

9. Summary

Thus we have shown that the equations describing the dynamics of isentropic fluid can be rewritten in
the compact form of single nonlinear first-order sedeonic wave equation. We have shown that in linear
approximation the equation for sound waves is similar to the wave equation of neutrino field. The plane
wave solution of sedeonic equation for sound in liquid was considered. The second-order relations for the
sound potentials analogues to the Pointing theorem in electrodynamics have been derived. Additionally,
we have proposed the sedeonic equation describing the entropy effects.
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