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Dimensions of the Universe

| Introduction

In this paper, we will present a new perspective of certain dimensions that manifest physically
and therefore can be studied. Theoretical ground work will be set within General Relativity since
it provides the highest accuracy in cosmology, but we will also “bridge” to quantum mechanics
near the end of the paper.

Using the notion of “physical dimensions” we will explain some aspects that have puzzled
physicists so far, including what is known as “the arrow of time”. It will be proven theoretically
that there is no such thing and that time has no direction since temporal motion requires only
expansion and a velocity of that expansion, time expands in all directions and influences the
expansion of space, hence inflating space and forming the spacetime continuum from the earliest
age of the Universe, the Big Bang, to present time.

We will first take a relatively short part of the paper to introduce the reader in the necessary
subjects.

1. Mathematical Dimensions

The dimension of a mathematical space/object is informally defined as the minimal number of
coordinates needed to specify any point within it.

In mathematics the dimension of an object is an instrict property, independent of the space in
which the object is embedded. This is not the case with physical dimensions.

The dimension of Euclidean n-space (E™) is (n).

Using a standard inner product on (R™), for two real n-vectors (x) and (y), we define the
distances between points and angles, between the lines or vectors and form a set of points as
Euclidean space:

n
Mx-y= in "Yi =X1Y1 T XY + X3Y3 + o+ Xp Y
i=1

where (x;y;) are i-th coordinates of vectors (x) and (y), respectively. The result must always be a
real number.

2. Dimensions in Physics

In physics, we will base in General Relativity, which describes the Universe with the most
accurate cosmological models. In General, and subsequently Special, theory of Relativity the
structure of the Universe is described as consisting of three spatial and one dimension of time,
which form the space-time continuum (further on it will be called spacetime).
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Manifolds are used to form adequate cosmological models but the specific type used in General
Relativity is known as “Lorentzian manifold” and the cosmological model of Special Relativity
is known as “Minkowski spacetime”.

2.1. Manifolds

A manifold is a space which is similar to Euclidean space in local aspects, meaning that it can be
converted by coordinate patches therefore having a structure that permits differentiation to be
defined. However, the structure does not distinguish intrinsically between different coordinate
systems; hence the only concepts defined by the manifold structure are those which are
independent of the choice of a coordinate system.

A pair (M, C) such that (M) is an arbitrary set and (C) is a family of functions, such that (C =
(S c C)y), is called a differential space.

If (Co == {fi, f2, f3, -, f}) is @ family of real functions on (M), and (C = (S < Cy) ) then the
pair (M, C) would be called differential space generated by (C,), denoted by (C = genC,).
Functions (f1, f>, f5, -, f) are then called generators.

Now we have two differential spaces (M, C) and (N, D).
Mapping (F: M — N) can be called smooth if:
@) Vi fFEC
(F) can be called diffeomorphism if it is bijective and both (F) and (F~1) are smooth.

In such a case that there exists some fixed (n € N) and a countable, or finite, covering ({4};¢;) of
(M), such that for all (i € I) there exists diffeomorphism:

(3) Fi: (41, Ca) — (R™,C=(R™)
then (M, C) is called a manifold.
If (M, C) is a differential space then any (f € C) is called a smooth function.
2.2. Lorentzian manifolds

A Lorentzian manifold is a pair (M, g) where (M) is an n-dimensional smooth manifold and (g)
is a Lorentzian metric which means that (g) associates with each point (p € M) a Lorentzian
scalar product (g,,) on the tangent space (T, M).

It is needed that (g,,) depends smoothly on (p); this means that for any choice of local
coordinates (x = (x4, ..., x,): U = V), where (U ¢ M) and (V c R™) are open subsets, and for
any (a,b = 1, ..., n) the functions (g,,: V — R) defined by:
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Jda o0
4 =(—,—
( )gab (axa axb)

are smooth.

Here (%) and (%) denote the coordinate vector fields; with respect to these coordinates we
a b

write:

(5)g = Z Jap dxg @ dxp
a,b

or shortly:

(6) g = z Gapdxqdxy
a,b
Let (N, h) be a connected manifold and (I c R) an open interval. For any (t € I), (p € N) we
identify:
(7) Tepy(I X N) =TI & T,N

Then for any smooth positive function (f:I — (0, ©)) the Lorentzian metric (g = —dt? +
f(®)?-h)on (I x M) is defined as follows:

For any (1, &, € Ty (I X N)) we write (&, = (aq5) @ 8,) With (¢, € R) and (8, € T,N),
(a = 1,2) and we have:

(8) g(e, &) = —ay - ay + f(£)* - h(81, 82)
Such a Lorentzian metric is called “warped product metric”.

This example covers the Robertson-Walker spacetimes, where it is required additionally that
(N, h) is complete and that it has constant curvature.

Friedmann cosmological models are of this type; they are used in General Relativity to discuss
Big Bang, expansion of the Universe and cosmological redshifts.

3. Physical dimensions

Physical dimensions, unlike mathematical dimensions, have influence and manifest in the
physical world that is in nature and hence can be directly or indirectly observed. We will define
only one type of physical dimensions, a temporal type that will be named “String dimensions”.
The name is derived to honor the String theory.
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3.1. String dimensions

String dimensions are temporal physical dimensions. There is only one global String dimension,
a dimension of time and many, many local ones but although temporal they are not dimension of
time but rather dimensions of time dilatation. The global one is, as it will be later explained,
responsible for the entire nature of our Universe, including the expansion of time and the speed
of that expansion. Local String dimensions are a product of celestial bodies curving spacetime
which, due to “global-to-local” influence of String dimensions, manifests as gravitation; they are
local axis dimensions of time dilatation caused by mass of celestial bodies, they are not
dimensions of time itself.

Local String dimensions function as an axis to every curvature in spacetime caused by mass of
matter fields. After mass curves the spacetime, the curvature gains an axis that is a local String
dimension, which led to every celestial body having elliptical shape and an axis of rotation.

This can be witnessed even with modern observations during the process of star formation, for
example: as the gas clouds start forming and therefore gaining “centralized mass”, they begin to
curve spacetime and hence an axis of that curvature, a local string dimension (t;), forms and thus
the curvature dictates the gas cloud to take elliptical shape while (t;) interacts with the global
temporal dimension (t;) forcing the now elliptical body to gain momentum and rotate around its
axis. This will be further debated and proven theoretically in the latter chapter of the paper,
since we require much other work, mostly from General Relativity, in order to form
“dimensional equations”; we will however develop two simple equations that will be crucial in
those latter chapters.

We will use the simple equation:
(9 (x,y,2) = (L, m,n)
Meaning that (x = [; y = m; z = n). Further on we define that:
(10) I = et®);m = t®
we do not define (n) since it is not necessary. We form the two equations we need:
(11) t(x) = log, x; t(y) = logey = t(x) =Inx;t(y) =Iny

These simple equations are all that we need for the time being.
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Il General Relativity

We will now enter the domain of the most accurate and beautiful scientific theory. One could
even name it “the divine theory” since it allows us to create accurate cosmological models of the
Universe. Using nothing other than natural logic, mathematics and imagination one can
consciously develop a functioning model of a universe which, in return, helps us understand our
own Universe. We will begin by using a manifold.

1. Manifold

The model we will use for spacetime is a Lorentzian manifold, as we mentioned before that is the
manifold type used in General Relativity. We have a pair (M, g) where (M) is a connected (4 +
n)-dimensional Hausdorf (€ ) manifold and (g) is a Lorentzian metric with a signature (+2) on
(M).

Note: We will temporarily neglect the (4+n) part and treat (M) as a connected four-dimensional
Hausdorf (C*) manifold.

(M, g) and (M’, g") will be taken as equivalent if they are isometric, meaning that there should be
a diffeomorphism (8: M — M") which would take the metric (g) into the metric (g'), that is:

(12)6.g=g

The metric (g) enables the non-zero vectors at a point (p € M) to be divided into three classes: a
non-zero vector (X € T,,) that is timelike, spacelike or null if (g (X, X)) is negative, positive or
zero, respectively.

The order of differentiability (r) of the metric should be sufficient for the field equations to be
defined. They can be defined in a distributional sense if the metric coordinate components (g,5)
and (g%P) are continuous and have locally square integrable generalized first derivatives with
respect to local coordinates. A set of functions (f,4) on (R™) is said to be a generalized derivative
of a function (f) on (R™) if for any (C*) function (¥) on (R™) with compact support:

(13) fﬁa’}’d”xsz<aa:l;)d”x

However, this condition is too weak since it does not guarantee neither the existence nor the
uniqueness of geodesics. We will now assume that the metric is at least (C?). The (C") pair
(M', g") is a (C")-extension of (M, g) if there is an isometric (C™) imbedding (u: M —» M’).

We require that the model (M, g) is (C")-inextensible, meaning that there is no (C™) extension
(M', g") of (M, g) where (u(M)) does not equal (M").
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A pair (M, g) is (C") locally inextensible if there is no open set (U < M) with non-compact

closure in (M), such that the pair (U, g/n) has an extension (U’, g") in which closure of the image
of (U) is compact.

2. Matter fields
We denote the matter fields as:

YO,
where the sub-script (i) numbers the fields considered.

The following two postulates on the nature of the equations obeyed by the (llf(i)“---”c__ ) are
common to both Special and General Relativity.

2.1. The first postulate: Local causality

The equations governing the matter fields must be such that if (U) is a convex normal
neighborhood and (p) and (q) are points in (U), then a signal can be sent in (U) between (p) and
(q) if and only if (p) and (q) can be joined by a (C*) curve lying entirely in (U), whose tangent
vector is everywhere non-zero and is either timelike or null; hence called “non-spacelike”.

Whether the signal is sent from (p) to (q), or vice versa, will depend on the direction of time in

(U).

This postulate is what sets apart the metric (g) from other fields on (M) and gives it its
distinctive geometrical character.

If ({x%}) are normal coordinates in (U) about (p), then we can conclude that the points that can
be reached from (p) by non-spacelike curves in (U) are those whose coordinates satisfy:

(19 (D2 + )2+ () + (x)? < 0

The boundary of these points is formed by the image of the null cone of (p) under the
exponential map, that is the set of all null geodesics through (p). Therefore by observing which
points can communicate with (p), we can determine the null cone (N,,) in (T;). Once the (N,,) is
known, the metric at (p) may be determined up to a conformal factor.

2.2. The second postulate: Local conservation of energy and momentum

The equations governing the matter fields are such that there exists a symmetric tensor (T%?),
known as the energy momentum tensor, which depends on the fields, their covariant derivatives
and the metric; all of which has properties:

1) (T %) vanishes on an open set (U) if and only if all the matter fields vanish on (U).

7
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2) (T%) obeys the equation:
(15) T*., =0
3. Lagrangian formulation

Let (L) be a Lagrangian which is a scalar function of the fields ("U(i)a'"bc...d)' their first covariant
derivatives and the metric. We obtain the equations of the fields by requiring that the action:

(16)[ Ldv
D

be stationary under variations of the fields in the interior of a compact four-dimensional region
(D). By variation of the fields (li'(i)a---bc__.d) we mean a one-parameter family of fields

(Y (D) (u,r)) where (u € (—¢,¢)) and (r € M), such that:

1) AN¥YOO,n =¥O)
2) (18)¥Y()(u,r) =¥(i)(r)when(re M — D)

We denote (W (i) (u,r)/0ul,=o) by (A% (i)).

Then:

(19) ol
ou

2] < MO, e A" )>d
= - )% : N | ’
u=o &= Jp BW(l)“---med c..d allu(L)a...bcmd;e c..de

where (l}'(i)“"-bc_.d;e) are the components of the covariant derivatives of (¥ (i)) but

(A(ll’(i)a---b ) = A(AP(i)*P )), hence the second term can be expressed as:

c..d;e

c..de
oL Na... dL
20 ;L <0‘P(i)a...ba“d;e AV (i) bc...d)e - (6111(1')61---19

The first term in this expression can be written as:

) A’P(i)a'"bc_.d] dv

;e

c..d;e

(21) J Qa;a dv = Q%dao,
D

aD

Where (Q) is a vector whose components are:

oL
(22)Q° = ) o —AV(D*,
0) l’U(l) c..d;e
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This integral is zero as condition two states that (A (i)) vanishes at the boundary (D). Hence in
order that (01 /du|,=0) should vanish for all variations on all volumes (D), it is necessary and
sufficient that the Euler-Lagrange equations:

23 oL - =0
( ) alp(i)a...bcmd_<aqj(i)a...bcmd;e> -

;e
hold for all (7).

We obtain the energy momentum tensor from the Lagrangian by considering the change in the
action induced by a change in the metric.

4. Field equations

To determine what the field equations should be we shall determine the Newtonian limit. Since
the Newtonian gravitational field equation does not include time, correspondence with the
Newtonian theory should be made with a metric that is static, meaning a metric that admits a
timelike Killing vector field (K) which is orthogonal to a family of spacelike surfaces, which can
be regarded as surfaces of constant time and may be labeled by the parameter (t).

We define the unit timelike vector (V) as (f 1K) where (f? = —K®K,). Then (V4,, = =V, V)
where (V* = V4, VP = f=1f, g%) represents the departure from geodesity of the integral
curves of (V), which are also the curves of (K). Note that (V2V, = 0).

These integral curves define the static frame of reference. We can derive an equation for the
Newtonian gravitational potential by considering the divergence of (V%):

@4) V%o = (VO5V?) = VoV + VO, VP 0 = RepVOVP + (V2,) VP + (V,77)

= Ry, VeVP
But:
2V =(F"1p9%) , =~ *fafp9® + [ fpag®
and:
(26) fapVOVP = —faV VP = —f " fafpg?
So we find:

(27) f;ab (gab + VaVb) = f RabVaVb
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We therefore obtain agreement with the Newtonian theory in the limit of a weak field, when
(f = 1), if the term on the right is equal to (4G) times the matter density plus terms which are
small in the weak field limit. This will be the case if there is a relation:

(28) Rap = Kap

where (K,;,) is a tensorial function of the energy momentum tensor and the metric, which is such
that ((4mG)~t K,,V2V?) is equal to the matter density plus terms which are small in the

Newtonian limit since (R,;,) satisfies the contracted Bianchie identities (Ra”_b = %R;a), implies
that:

b 1
(29) Ka" ), =5 K
which shows that the apparently natural equation (K,;, = 4mGT,;,) cannot be correct due to the
equation above (eq29) and the conservation equations (Tab_b = 0) would imply (T, = 0).

The only first order identities satisfied by the energy-momentum tensor are the conservation
equations. The only tensorial function (K,,;) of the energy-momentum tensor and the metric,

which obeys the identities (Kab,b = %K;b) for all energy-momentum tensors is the:

1
(30) Koy =k (Tab - ET gab) + Agab

where (k) and (1) are constants. The values of these constants can be determined from the
Newtonian limit, for example a perfect fluid with energy density (1) and pressure (p) whose flow
lines are the integral curves of the Killing vector, hence:

1
(31 fan(g®™ +VV?) = £ (5KCu+ 3p) - 2)

In the Newtonian limit the pressure is usually very small compared to energy density. We would
then obtain approximate agreement with Newtonian theory if (k = 8mG) and if (1) is very small.
We shall use the units of mass where (G = 1), in these units a mass of (10%8g) corresponds to a
length of (1cm).

We then integrate the previous equation over a compact region (F) at the three surface where
(t = constant), and transform the left hand into an integral of the gradient of (f) over the
bounding two-surface (0F):

(32) f f(4n(u + 3p))do =f fap (g2 +VVP)do = ) fa(g® +VevP)dr,

10
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where (do) is the volume element of the three-surface where (t = const), in the induced metric,
and (dt,) is the surface element of the two-surface (9F) in the three surface.

Here we realize two important differences from the Newtonian case:

1) A factor (f) appears in the integral on the right-hand side.
2) The pressure contributes to the total mass.

Hence we form the equations:

1
(33) R,y =81 (Tab - ETgab) + Agab

known as “Einstein field equations” and can also be written in the form:

1
(34) (Rab - ERgab> + Agab = 8nTyy

Since both sides are symmetric, these form a set of ten coupled non-linear partially differential
equations in the metric and its first and second derivatives. However, the covariant divergence of
each side vanishes identically:

1
(35) (Rab — ERgab + Agab> =0 and T, =0
;b

hold independent of the field equations, which means that the field equations really provide only
six independent differential equations of the metric, which is the correct number of equations to
determine the spacetime, since four of the ten components of the metric can be given arbitrary
values by use of the four degrees of freedom to make coordinate transformations. Einstein
equations can also be determined by requiring that the action:

(36) 1 = f (AR = 21) + L)dv

be stationary under variations of (g,;), where (L) is the matter Lagrangian and (A) is a suitable
constant for:

1
(37) A((R — Vdv) = ((R —21) EgabAgab + Ry Ag® + gabARab> dv

which can be written as:
(38)gabARabdv = gab((Arcab);c - (Arcab);b)dv = (Arcabgab - Ardadgac);cdv

Thus it can be transformed into an integral over the boundary (D), which vanishes as (A'%}.)
vanishes the boundary:

11
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1 ab ab 1 ab
= A (Er—l)g —R +§T Agqpdv
u=o D

hence if (31 /0uw) vanishes for all (Ag,;), We obtain the Einstein equations on the setting (4 =
(16m)~1).

al
(38) M

5. Dimensional equations

We will define the global String dimension for a flat expanding spacetime and then a local String
dimension as an axis of a local curvature in spacetime caused by a celestial body.

We use the two equations from before (t(x) = log, x; t(y) = log, y) and input an equation:

1
x =

1 1\«
(39) lim (1+—) =lim(1+—) —e
X [04

X—00 a—-0
We now naturalize the equation for both cases individually.
5.1. Global String dimension

The global String dimension is definitive for the whole Universe, since the point of singularity to
this, present, time. It defines the “temporal motion” which means that time is expanding without
a specific direction, in all directions positive to the observer, and it also causes spatial expansion
which will be shown later as well as that it accelerates the spatial expansion.

We naturalize the equation by defining that there are two angles (a,, ay) formed by the
intersection of an imaginary line that will represent (t;) and another imaginary line (d) that will
represent a diameter of space. The two angles are always:

(40) a, = ay, = 90°

These two imaginary angles will represent the difference between the present and the ongoing
“temporal motion” that is the future. We will represent this temporal motion with an (-)
symbol, in honor of the previous idea of the “arrow of time”. The second part about local String
dimensions will deal with “gravitational time dilatation” which too will be very important, but
this part will deal with the nature of time itself. The temporal motion will be defined on a
guantum level in the latter section, for now we will define it only with the example:

We have two events (e,) and (e,), both events are on the same spatial position (x, y, z) thus
(e1(x,y,2,t1)), (e,(x,y,z.t,)) since the second event is after the first:

(4‘1) tz = t1+_»

This is the simplest way to describe the temporal motion.

12
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However, it is far too simple to be accepted hence we will need to also define the expansion of
time, we denote it as (a(t)) which is the scale factor that depends on time and it will describe the
expansion of time, that influences the spatial expansion, hence the expansion of the whole
Universe. We declare that (a(t)) is heading to a realistic maximum (rmax). It is not certain if
this maximum exists so we also define that (rmax = o) if there is no maximum or (rmax # oo)
if there is a maximum.

Now we define a set of equations to explain how the global String dimension influences the
space to expand:

(ts(x) = log lim (z_l__»)x(x)
x—oo\ X
(42) t; { tc(y) = log lim (j+_»)y(3’)
y—)OO
. te(z) = z+-»

This is the reason why our spacetime is nearly flat. If the (z) spatial dimension were to expand as
the (x) and (y) do, our spacetime would be shaped like a saddle.

Or in other words, we imagine the spacetime as:

Z

Figure 1: the flat spacetime

Meaning that the (x) and (y) are expanding while spacetime is “moving on”, or “expanding on”,
the (z) dimension. On an image it would look like this:

13



Dimensions of the Universe

Figure 2: spacetime from the Big Bang to the present

Now we rewrite the equations as

(43) tg <

Conclusion: The global String dimension expands in all directions as represented by (a(t)),
therefore making an observer feel like time is “passing”. The global String dimension also
forces the spatial dimensions to expand hence forming the spacetime continuum and by
expanding in all directions we could say that time inflates space and it has done so from the soul

beginning of the Big Bang.

5.2. Local String dimensions

As we mentioned before, local String dimensions function as an axis of a curvature in spacetime.

In order to represent them we proclaim a celestial body as a sub-coordinate system (x', y’, z") of
the coordinate system (x, y, z, t) used in General Relativity. Physical dimensions do not count
among the mathematical dimensions; there must always be only one mathematical temporal

(te(x) = log > (x)
a(t)l—i>¥lmax(a_x+_»)ax

te(y) = log > ()
a(t)l—i>¥lmax(‘X_y+_») g

\ te(z) = z+->»

14
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dimension in General Relativity (t), but physical dimensions do have to be accounted for which
is why we used a (4 + n)-dimensional manifold at the beginning of this chapter. The (t)
mathematical dimension is the global String dimension, described in a different way, therefore
we respect that there is only one dimension of time.

We also respect that the celestial body has a mass (M) and the size of the sub-coordinate system
(x',y', z") accounts for the bodies volume.

Note: It is easier in practice to represent the (x’, y’, z') in spherical coordinates to account for
the volume of the celestial body but it is not necessary in this example.

(') = log )
a(t)lirpmin(a’_xl-l-_») !
t;(y") = log - ()
a(t)->rmin\&yr
, Z+->»
\ tl (Z) = GM

Where (rmin) stands for realistic minimum and (a,,) and (a,,) are angles formed by a diameter
of the equator of the celestial body and (t;), that is the axis. The axis (t;) will be parallel to (z) if
and only if there is no axial tilt, represented by an angle (6,;).

tL E—
~ @

Figure 3:(t, Il 2) if and only if (B4 = 0°).

Observing the third equation (t;(z") = ZG+—M_») we can see that gravitational time dilatation occurs
do to the mass of the celestial body that curves spacetime. However this is only a farce.

By observing the first two equations we see that celestial bodies decrease the expansion of time
and influence temporal motion, decelerating it, and by observing the third equation we see that it
is due to the mass of the celestial body, meaning that the deceleration of temporal motion and
decreasing of the expansion of time are only at a local level, in the approximate vicinity of the
celestial body, appearing as a “curvature”.

15
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This dilates time at the local level and since, as mentioned before, time influences spatial
expansion, it also manifests as a curvature in spacetime around the celestial body. This means
that the local String dimension is an axis dimension of time dilatation not of time itself. After it
is formed it acts as an axis of the curvature in spacetime, hence the curvature forces the body to
have an elliptical shape which leads to the body gaining momentum and rotating around its axis
and therefore it has gravitational influence. Every celestial body with an axis causes time
dilatation to some extent. In the simplest of terms one could say that gravity is a product of time
dilatation, not the reverse. Time dilatation is a reduced rate of the expansion of time and
decelerated temporal motion on a local level due to a massive body. Time dilatation caused by
velocity will be explained later on in the paper.

Bodies that are more massive cause higher levels of time dilatation and therefore have stronger
gravitational influence.

Conclusion: After the local String dimension is formed it is unchanging, meaning that the angles
(ay,) and (a,,) formed by the intersection of the axis (t;) and the diameter of the equator (d)
must always be approximately (90°). This often causes the axial tilt, various gravitational
influences tilt the body and the axis doesn’t remain parallel to (z) hence the angle (6,;). Even if
the body is to vanish, such as a star going supernova, the local String dimension will remain and
preserve the curvature to some extent which causes a gravitational anomaly that gradually
becomes a black hole.

6. Temporal motion

Unlike spatial motion, temporal motion requires no direction. Instead of a trajectory it needs
expansion and it needs a velocity. Time expands in all direction and it influences spatial
expansion, hence it “inflates space”, which forms the spacetime continuum.

We define that on the quantum level:

(45)6 » =& f dJl L(a(t), a(t))

where the (d[l) is the accelerating quantum and (a(t)) is the velocity. We also define that:
(46)a(t) =c

Where (c) is “the speed of light”. This is the reason for time dilatation caused by velocity and
why (c) is the speed necessary to achieve maximal time dilatation. What (c) actually is, is the
speed of temporal motion. Any velocity will cause time dilatation to some extent.

The accelerating quantum (d/l) constantly tries to accelerate temporal motion but it cannot since
temporal motion cannot exceed (c), which leads the accelerating quantum to influence the
expansion of space instead, manifesting as “dark energy” on the large scale and accelerating

16
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spatial expansion. Spatial expansion of the Universe is well beyond the speed (c) since dark
energy has been massing to the point that it has an overwhelming presence in the Universe.

However, the accelerating quantum can be neglected since it is irrelevant to the nature of time on
the quantum level, it is however exceptionally important for spatial expansion on the large scale
of the Universe, as explained above.

Finally:

(47)6 » = 6fL(a(t),c)

Suggestion: In this form temporal motion can be called “Einstein-Hawking motion” to honor my
two favorite physicists.
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