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Magnetohydrodynamic Equations Solutions
Abstract

The simplest solution is usually the best solution---Albert Einstein

The system of magnetohydrodynamic (MHD) equations has been solved analytically
in this paper. The author applied the technique used in solving the Navier-Stokes
equations and applied a new law, the law of definite ratio for MHD. This law states
that in MHD, the other terms of the system of equations divide the gravity term in a
definite ratio, and each term utilizes gravity to function. The sum of the terms of the
ratio is always unity. It is shown that without gravity forces on earth, there would be
no magnetohydrodynamics on earth as is known. The equations in the system of
equations were added to produce a single equation which was then integrated. Ratios
were used to split-up this single equation into sub-equations which were readily
integrated, and even, the non-linear sub-equations were readily integrated. Twenty-
seven sub-equations were integrated. The linear part of the relation obtained from the
integration of the linear part of the equation satisfied the linear part of the equation;
and the relation from the integration of the non-linear part satisfied the non-linear
part of the equation. The solutions revealed the role of each term in
magnetohydrodynamics. In particular, the gravity term is the indispensable term in
magnetohydrodynamics. The solutions of the MHD equations were compared with
the solutions of the N-S equations, and there were similarities and dissimilarities.
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Solutions of the Magnetohydrodynamic Equations

This system consists of four equations and one is to solve for V,, Vy7 Vz B, By, B, P(x)

Magnetohydrodynamic Equations
A4

1. ot . + p 0 < - - continuity equation
Navier-Stokes Lorentz force
2. p % pv, s pv, ey v, T L LVxB)x B+ ps,

Yy S ax

13. p@=Vx(vXB)+nsz

2 2
p(y Vx(VxB)+n(O72+i,)y§ &B)
(n = magnetic diffusivity)

4. VeB=0
JB, N JB, N JB, _0
ox ay oz

Step 1:
1. If pis constant : (for incompressible fluid)
vV, IV, V.

+ +—=

=0 < - - continuity equation

ox ay 0z
Navier - Stokes Lorentz force
v, v, v, Ve dp. 1
2. p o TPV ¥ ay + = 8x+u(VXB)XB+pg"
IV, av V., V.,  p 1,, B B JB, 4B,
p (?t +pV +pv 69)’ +p‘/z Z - ax+ (Bz( a (?x) By( (?x &y )+pgx
av av v, v, L 1p B 5B JB,
vy TPV T &x (Za B Bt ay)+pgx
3. pE=Vx(VxB)+nV2B
B 2B 2B
PR = S (ViB, = VB~ L (VB ~ViB) +n(G B+ S8+ T8
J _4d 0 y J?B, o”zB J?B,
pat o VeBy = G ViBe = VB4 VLB 0T e e
4. VeB=0
OB
0B, , 9By B, _,
ox ay oz
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Step 2:
After the "vector juggling" one obtains the following system of equations which one will solve.

( 7%
AL IS B L)
ox dy 0z
av av v, NV, O 1, B 1, 1,B 1, B _
2.7 vy TPVt u B tuB e T uB s by TP
13.
piB, _, 9B, oy B Y, aB V. , 9B, V, 1d*B, nd*B, niB,_
ot Yoy Yy Yy Ny Yoz Yoz Ttz axz  ndy?  ndi?
4 9B, B, L 9B _
Toox ay oz

At a glance, and from the experience gained in solving the Navier-Stokes equations, one can identify
equation (2) as the driver equation, since it contains the gravity term, and the gravity term is the
subject of the equation. However, since the system of equations is to be solved simultaneously and
there is only a single "driver", the gravity term, all the terms in the system of equations will be
placed in the driver equation, Equation 2. As suggested by Albert Einstein, Friedrich Nietzsche, and
Pablo Picasso, one will think like a child at the next step.
Step 3: Thinking like a ninth grader, one will apply the following axiom:

Ifa=band c=d, thena+c=b+d; and therefore, add the left sides and add the right

sides of the above equations . That is, (1) +(2) + (3) + (4) = pg,

AR AR A V Ve ooy Ve, 1 B 1B 1B
§x+(?y+o7z+p vy TPVt B tula T
&B v,
< 1 B pﬁB _V, &V 07B (93 on"V _on"B B vV, _
uY 07)’ ot (7)’ Y (9)’ (9)’ 07Y %z dz Tt
2 2 2 oB
nd-B. _nd-B, nd°B. 0B, +—2 4 &B = P2, (Three lines per equation)

ox2 noy2:  maz2 ax T ay
Step 4: Writing all the linear terms first
(v, Vs V., V. dp piB._nd*B, nd*B._nd’B, B, B, IB

o oy Ta PTa Tt o T Ty T mar ox Ty
B, JB
< (9V (9V aV, JB, L 1p 9B JB, lB— 1p JB, v _p v,
Yay TP T e T e T o T w T Yy Ty
&B 07V &B v, JB, V. . .
+V,, &y &y ~+V, TB = -V, z?z B, o = P8, (Three lines per equation)

(Since all the terms are now in the same driver equation, let pg, "drive them" simultaneously.)

Step 5: Solve the above 28-term equation using the ratio method. (27 ratio terms)
The ratio terms to be used are respectively the following: (Sum of the ratio terms = 1)

ﬁ] ﬁz /33’61 ,b, c, dafa m,q,r,S, W, Wy, W3,04,05, Wg, )\.1, )\«2’ }L3, )L4, }\,5, )\,6,)\,7, )\'8’ )\,9

V., V. é‘V
: df%/c 2. Ey = 208, 3. dV = B308, 07tx =
- dv, IV,
dx ﬂlpgx d_y = ﬁngx /3)3pgx E
Vi = Bipgx + Cig V, = B3+ Cis V.= /53/08xZ +Cig V, =ag.t+C
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5. 6. 7
ap JB, J?B, _
o = PP8x P~ = P8« N5 = dps;
2
% = bpgx azx =cg, dde;x - _ dﬁ;’gx
P(x)=bpg,x +C dB, - g dB,  dpg.x +C
Bdt cg tx+ C dx 1 ’
x — Coéx 15 2
B, =_dp§;f'x +Cx +C
8. 9. 10.
92B, 2B, B,
N2 = P8 N3 = MPSy v = dP8x
dsz _ JPg. dzB _ _MP8y dx =
d?r a2 L X
dB, _ _ fpg.y B, __mpg.z - B = qpgxx+ Cio
o) d + G
dy n Z n
2 mpg,z
B =_fPéLny+C4y+(/5 B, =-=h 4 e G
11. 12. 13. 14.
oB oB aV, 4%
Wy =TrpPgy g = SP8 p‘f;Va—xx = W08 y 0—,; = W08
dB L= SP8 Vx . = W18y Vydvx - wzgxdy
d rpgx dZ d.x VV=CUgy+1/J (V)
y BZ =Spg,.Z+ C21 V. dV wlgxdx yox 26 Yoy
= rpgxy + C20 2 ngxy wy(vy)
Vx VX = V +
2T M8 y Yy
sz =28, X Vy =0
V. ==2w,8.x +C,
15. 16 17.
v, JB, JB,
PV, =52 = @308y B, =" = = 04up8; B,— % = wsuipg;
av, B.dB, = -w4upg,dz dB,
Vg = a8 BB, = ~w,upg,z+y,(B) | B ax = @508
V.dV, = w3g,dz B _ _©akps:Z Y-(B) B, fB = WsupPg . dx
VeV = w3gz+ 1 (Vo) | Bx B, " B, B
w38z Y,V) | B =0 ) sUPZ
V. = Vot e z 5
z z B, =2wsupg,x
V.0 B, =+ 2wsupg. x +C
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18. 19. 20
oB 0B 0B
Yy _ -4 X = Yy Y _
Byg = W6 UPZ MdBy oy = MP Ve gy = PaP8x
dB
B, e MO8y B, d_yx = A upg, V. dy -A 08,
By CZJB = W Upg . dx B,dB, = - upg.dy V.dB, = ~ypg.dy
i = WeUPG X B)’BX= _)"l‘upgxyﬂpy(By) VxBy = _)szgxy + Wx(vx)
22 _ x B, =_)¥1Mpgxy+q"y(3y) 5 _ _)\ngxy-'-q}x(vx)
By = 20 UPZ X By By y Vx Vx
B, = = 20supg,x+ C B, =0 V. =0
21. 22. 23.
aV, oB (W
_B W )\‘3pgx y ayx = }"4pgx x (9_)7 )"Spgx
v, dB, av,
By~ dy = —A308x vy d_y = Ayp8y B, dy = Aspg,
B,dV, = =5pg.dy VydB, = A48 dy B,dV,, = Aspg,dy

BV, = -A3p8.y +v,(B)) VB, = 2408,y + (V)

BV, = Aspg,y + ¥ (B,)
A308,Y + v,(By) _ M4p8,y N v,y

- A (B,)
V. =- B. = - 5P8xY lpx x
x B, B, x 4 124 Vi B, * B,
B, = 0 v, = 0 B, =0
24. 25. 26
JB, av, oB
Vo5 = M6P8x B~ = A8y Ve = 808y
dB, av. dB,
Vodz = M6P8x By~ = 208« Vi = ~MsP8x
V,dB, = Agpg . dz B.dV, = A;pg.dz V.dB, = -Agpg . dz
Vsz = )"6pgxz + TPZ(VZ) Bsz = 7L7pgxz + Ipx(Bx) Vsz = _)"Spgxz + laU)c(V)c)
AP8xZ v AMpPgz | Y. (By) Agpgiz Y (V)
_ 6H5x Y ( ) V. = TS5 x x\Px B =-— X x\¥x
B, = V. + v, z B, * B, z V. * V.
V, = 0 B, =0 V.=0
27.
V.
Bz 07_ = )"9pgx
dv,

BZ dZ = _)“ngx
B dV —)Lgpgxdz
B Vx = _A’9pgxz +wz(Bz)
V. - - %ggxz N wZéBZ)

Z Z

BZ;:O
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Step 6: One collects the integrals of the sub-equations, above, for V., Vy V. By, By’ B, P(x)

Vo(x,y,z,t) = (sum of integrals from sub - equations #1, #4,#13,#14,#15,#21,#27)

. B V. B V. "B "V, "B

B V
Buog ek agt = 2org i+ z‘;s’xy_/lngxy, 038:2 Aopg:z ¥ (Vo) ¥y (B) ¥, (V) w (B) |

arbitrary functions

(integral from sub—equation #5)
P(x) = bpgxx +G

(sum of integrals from sub—equations #2,#23)

V) = apgy+ S8, WalB)

X

+ C3

.%f_/ .
arbitrary function

(sum of integrals from sub—equations #3, #25)

A B
V. (2) = B3pg 2+ — 57— 7pgx W +Cy
)C X

arbitrary function

(sum of integrals from sub - equations #6, #7, #8, #9, #10, #16,#19, #22, #24)
Bx(xayﬁzﬁt) =

__ P82 2 2 _
B, = 2 (dx” + fy+ mz°) + qpg, x + C,x + C,y + C z+ +cg,t B, + v, B.

)“6ng2+TPz(Bz),wy(By).wy(Vy)+WZ‘§VZ)+C

v B. " B, ", 2

arbitrary functions

MUPSY | A4P8xY _ ©O4UP8.Z

(sum of integrals from sub—-equations #11,#18,#20)
V)
= rpg,y % 206 1pg X~ 2'0 Sa) w"v + Gy

X
| —

arbitrary
function

(sum of integrals from sub—equations #12,#17,#26)

A’Spgxz IAUx(Vx)
T+ T + C21
%,—/

arbitrary function

B, = spg,z = \ 2wsupg . x -

X




Step 7: Find the test derivatives for the linear part

Magnetohydrodynamic Equations

1.

v,
ox - (ﬁlpgx)

v,

y

2.
= (ﬁZpgx

3.

av,
_tx = (agx)

p
ox

= (bpgx)

dB
;= (cgy)

7.

9?B, _ _dpg,

J92B,

8.
_ JP8,

072B

9.

_mpg,

10.

B
= gpg,

a2 0n

07y2

n

dz?

n

ox

11.
B

TP8x

dz

12.
= SP8x

Test derivatives for the nonlinear part

13.
é)Vx_ W18y

v,

14.
_ Wr 8y

av,

15.
- w38y

oB

16

X

_ ,up8,

ox V.

ay

vy

o0z

V.

Z

0z

17.

9B, _ 058,

ox B

Z

18.

JB,, _

We PS8 x

19.
B

x—_

MUPS,

B

ox y

T

B,

JB,, .

20.

}"Zpg X

B

22.
}"4pg X

x=

oy

V,

X

Yy

ay

23.
(?_Vy — )"Sng
ay B

X

JoB

x=

24.
)\’6pgx

25.
(?Vz — }‘7pgx

26.
JB

= _

)"8pgx

aV,

X

27.
_ Aopg,

oz

V.

Z

0z

B

X

dz

V

X

17/4

Z

Step 8: Substitute the above test derivatives respectively in the following 28-term equation

oB

oB.

n9?B,
ndz?
1 B ﬁBy
u Y ox

9V, .\
ox

W, |
ay
av

V.
oz
c9V
Yoy T

+‘/

v,

p , pIB,
ot

ox ot
V. 1, B

A% 0B

Vi X oz

~ nd?B, ~
ox2
[2:
u
v,

ZO')Z

no*B, _
nay?

95,
< ox

B

X

T oox

Y

oy

1 p 9B,
B -V
u=r gy x&y

(Three lines per equation)

+ oz
JB, _3B v,

Y dy

oB

X

aB+
Y dy

+Bx 72

= P8x

dpgx )= n(- fpgx )= (= P8x ),

'(/a’lpgw +(B20gy) + (B30g,) + plag,) + (bpg,) + p(cg,)—n(- 0

B.(- 4Mng )+

) ) Mg )
(_ ltlépgx)_vx(_ Z)ng)_By(_ 3ggx)+vy( 4‘l/)g)C)+

(P8, + (rpg,) + (spg,) + PV, (—2x lg}f)+;oV< ngpV( 3gX>—
Z

WsUPE 1 WeUPSx\ _ 1
B B

(Four lines per equation)

A A A A A ?
Bx(%) + Vz( 608 x )+Bx( 7ng)_Vx(_ 8‘//)gX)_ Bz(_ 9Bng)=pgx
Z

BIP8, + 28y + B3Py + AP8y + bPL, +CP8y + dPg, + [0, +MPGGPE, + T8y + P8y + 108,
+W308, + W58y + WPy + AMUPS + A8, + A3PS+AyPS+ AsPS, + W08y + 308,
?

+Ac 08 +A708, + AP+ Ao P8, = 08, (Three lines per equation)
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ﬁlgx + /32gx + ﬁng +ag, + ng +Cg, + dgx + fgx +mg, g8, + 18y + 58, + W18y + W38, + W58,
? .
+weg, + )"lgx + )"ng + )"3gx+)\'4gx+ )"ng + w8, + W38, + )\’6gx+)\'7gx + )\’ng+)\’9gx =8x (2 lll’leS)

{gx(/jl+/32+/33+a+b+c+d+f+m+q+r+s+a)1+a)3 + W5 + A3+A4+ As + 0y + 03 + Ag +A5

+Wg + A+ Ay + Ag+Ag) Z 8y (Two lines per equation)
g. () ; 8 (Sum of the ratio terms = 1)
8 igx Yes
Since an identity is obtained, the solutions to the 28-term equation are as follows
Vi(x,y,z2,t) = (sum of integrals from sub - equations #1, #4,#13,#14,#15,#21,#27)
e S s e |

arbitrary functions

(integral from sub—equation #5)
P(x) = bpgxx + C2

(sum of integrals from sub—equations #2,#23)

)\'Spgxy wx(Bx)
B + B + Gy

X

Vy = ﬁZpgxy +

X

.%f_/ .
arbitrary function

(sum of integrals from sub—equations #3, #25)

)"7§ng+ wxlng) +C,

X
| —

arbitrary function

(sum of integrals from sub - equations #6, #7, #8, #9, #10, #16,#19, #22, #24)
B.(x,y,z,t) =

VZ = ﬁSpng +

MUPSY  A4P8rY  D4UP8,T
B L T

Y vy B,

B, = _%(dxz + 2+ mz?) + qpg. x + Cox + C,y + C 7+ +cg,t —
AP8Z + Y (BZ)+wy(By)+wy(Vy) + Yy (V)

V. B B V V.

z Z y y <

+C7

arbitrary functions

(sum of integrals from sub—equations #11,#18,#20)
A Vo)
B, =rpg.y = \20upg, X~ Zﬁfxy + wxéx =+ G

arbitrary
function

(sum of integrals from sub—equations #12,#17,#26)

3082 V)
B, = spaz s\ Tagupgr - 082, WD)
* *

arbitrary function
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Step 9: The linear part of the relation satisfies the linear part of the equation (in Step 8; and the
non-linear part of the relation satisfies the non-linear part of the equati. The solutions are above.

Analogy for the Identity Checking Method: If one goes shopping with American dollars and
Japanese yens (without any currency conversion) and after shopping, if one wants to check the cost
of the items purchased, one would check the cost of the items purchased with dollars against the
receipts for the dollars; and one would also check the cost of the items purchased with yens against
the receipts for the yens purchase. However, if one converts one currency to the other, one would
only have to check the receipts for only a single currency, dollars or yens. This conversion case is
similar to the linearized N-S equations, where there was no partitioning in identity checking.

Important insight
One observes above that the most important insight of the above solutions is the indispensability of

the gravity term in MHD.. Observe that if gravity, g, , were zero, all the non-constant terms in each

solution would be zero. These results can be stated emphatically that without gravity forces on earth,
there would be no magnetohydrodynamics on earth as is known. It would not therefore be
meaningful to write a system of MHD equations without the gravity term, since there would be no
magnetohydrodynmics.

Supporter Equation Contributions (see also viXra:1405.0251)

Note above that there are 28 terms in the driver equation, and 27 supporter equations, Each supporter
equation provides useful information about the driver equation. The more of these supporter
equations that are integrated, the more the information one obtains about the driver equation.
However, without solving a supporter equation, one can sometimes write down some characteristics
of the integration relation of the supporter equation by referring to the subjects of the supporter
equations of the Navier-Stokes equations. For example, if one uses (d?B, /dx?) as the subject of a
supporter equation here, the curve for the integration relation obtained would be parabolic, periodic,
and decreasingly exponential. Using p(dV/dt) as the subject of the supporter equation, the curve

would be periodic and decreasingly exponential. Using (dp/dx), the curve would be parabolic.

Comparison of Solutions of Navier-Stokes Equations
and
Solutions of Magnetohydrodynamic Equations

Navier-Stokes x—direction solution

n z ¥,(V) v,
Vo(x.y.z.1) = —%(ax% by*+cz?) + Cyx +C3y + Csz +fg+ \/2hgx+ % + %+ yV LS ‘E )

y z y z
arbitrary functions

P(x) =dpg x (V,=0,V,=0)

For magnetohydrodynamic solutions, see previous page
1. V, for MHD system resembles the V, for the Euler solution part of N-S solution.
2. P(x)) for N-S and MHD equations are the same.
3. V, and V, for MHD are different from those of N-S solution.
4. B, is parabolic and resembles V, for N-S, except for the absence of the square root function.
5. B, and B, resemble the Euler solution part of the N-S solution.
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Conclusion

The author proposed and applied a new law to solve the system of magnetohydrodynamic equations.
This law states that in magnetohydrodynamics, all the other terms in the system of equations divide
the gravity term in a definite ratio, and each term utilizes gravity to function. The experience gained
in solving the Navier-Stokes equations guided the author to solve the MHD equations.

It was shown that without gravity forces on earth, there would be no magnetohydrodynamics on
earth as is known. The equations in the system of equations were added to produce a single equation
which was then integrated. Ratios were used to split-up the single equation, and the resulting sub-
equations were readily integrated; and even, the nonlinear sub-equations were readily integrated.
Twenty-seven sub-equations were integrated. The linear part of the relation obtained from the
integration of the linear part of the equation satisfied the linear part of the equation; and the relation
from the integration of the non-linear part satisfied the non-linear part of the equation. Comparison
of the solutions of MHD equations with the solutions of the N-S equations revealed the following:

(a) Vi for MHD system resembles the V, for the non-linear part of the N-S solution; (b) P(X)) for
N-S and MHD equations are the same; (c) Vy and V, for MHD are different from those of N-S

solutions; (d) B, is parabolic and resembles V, for N-S solution, except for the absence of the
square root function; and (e) By and B, resemble the non-linear part of N-S solution.
By solving algebraically and simultaneously for V,, V|, V, By, B, B,, the solutions could be

expressed in term of X,Yy,Zand t.

In applications, the ratio terms may perhaps be determined using information such as initial and
boundary conditions or may have to be determined experimentally. Finally, for any
magnetohydrodynamic design, one should always maximize the role of gravity for cost-
effectiveness, durability, and dependability. Perhaps, a law for magnetohydrodynamics should read
"Sum of everything else equals pg" ; and this would imply the proposed new law that the other
terms in the system of equations divide the gravity term in a definite ratio, and each term utilizes
gravity to function.

Note: The liquid pressure, P at the bottom of a liquid of depth h units is given by |P = pgh| .
L — . . dp _ S
From the MHD solutions in this paper, |P(X) = bpgX| from integrating ax = bpg where b is ratio

term. Each of the other terms in the MHD equation must also be set equal to the product of a ratio
term and pg. This result implies that the approach used in solving the MHD equations is sound.

P.S.

The author spent more time on " vector juggling" than on the integration of the equations, since no
complete system without vector notation was available either in textbooks or on-line. The
integration took less time because of the experience with the N-S equations. Any error in the vector
juggling part, if any, can be integrated within minutes.

References:

For paper edition of the above paper, see Appendix 8 of the book entitled "Power of Ratios"

by A. A. Frempong, published by Yellowtextbooks.com. Since ratios were the key to splitting the
combined 28-term MHD equation into sub-equations and solving them, the solutions have also been
published in the " Power of Ratios" book which covers definition of ratio and applications of ratio
in mathematics, science, engineering, economics and business fields.

10



	Abstract
	Solutions of Magnetohydrodynamic Equations
	Comparison of MHD and N-S Solutions
	Conclusioin
	Some Conversion factors
	Mathematical Modeling

