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Abstract. In this paper we introduced Smarandache — 2 — edgestructure of R-Module
namely Smarandache — R-Module. A Smarandache -algebraic structure on a set N
means a weak algebraic structurgoh N such that there exist a proper subset M of N,
which is embedded with a stronger algebraic strecty, stronger algebraic structure
means satisfying more axioms, by proper subsetuaderstands a subset different from
the empty set, from the unit element if any, frava whole set. We define Smarandache-
R-Module and obtain some of its characterizationugh S-Algebra and BF Algebras.
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1. Introduction

New notions are introduced in algebra to study rmadreut the congruence in number
theory by Florentinsmarandache [2]. By <proper stihsf a set A, We consider a set P
included in A and different from A, differentfronhé empty set, and from the unit

element in A — if any they rank the algebraic dinoes using an order relationship.

The algebraic structures S1 << S2 if :both arengefion the same set :: all S1 laws are
also S2 laws; all axioms of S1 law are accomplighethe corresponding S2 law; S2 law
strictly accomplishes more axioms than S1 lawén @ther words S2 laws has more laws
than S1.

For example : semi group <<monoid<< groupring << field, or Semi group <<
commutative semi group, ring << unitary ring, etey define a General special structure
to be a structure SM on a set A, different frontracture SN, such that a proper subset of
Ais an SN structure, where SM << SN.

Definition 1. Let R be a module, called R-module.If R is saibécsmarandache — R —

module. Then thereexist a proper subset A of Rwli@n S- algebra with respect to the
same induced operations of R.
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Definition 2. The B-algebras an algebra (A;*,0) ofype (2,0) (i.e., a nonempstetA
with a binay operation * and a constant 0) safisf) the following axioms:

(Bl) x*x =0,

(B2) x* 0 =x,

(B) (x*y)* z=x*[z* (0~ y)].
In BH-algebras, which are a generalizatiorB&K/BCI/B-algebrasAn algebra(A; *, 0)
of type (2,0) is BH-algebraif it obeys (Bl), (B2), and (BHX* y=0 andy * x=0 imply
x =Y. InaBG-algebra § an algebra (A,;*,0) ofype (2,0) satising (Bl), (B2), and (BG)
X=(x*y)*(0*y).

Definition 3. A BF-algebrais an algebra (A;*,0) ofype (2,0) satiging (Bl), (B2), and
the following axiom:
BFR)O*(x*y)=y*x.

Theorem 1.Let R be a smarandache-R-module, if there exigt®per subset A of R in
which satisfies (B1) to (B6) then the following axis are true.

(@) 0* (0 *x) = x for all XA,

(b)if0 *x =0 *vy, then x =y for any, yLA;

(c)if x* y = 0.then y* x= 0for any x,yJA.

Proof. Let R be a smarandache-R-module. Then by definitiere exists a proper subset
A of R which is an algebra. By hypothesis A holds (B1) to (B6) then A is BF-
algebras.

Let A be a BF-algebra andlA. By (BF) and (B2)

we obtain 0 * (0 %) = x* 0 = x, that is, (a) holds.

Also (b) follows from (a). Let nowxy[JAandx*y=0. Then0-0*0=0fx*y) -- y*
x.This gives (c).

Definition 4. A BF-algebra is called BF;-algebra(resp. aBF2-algebralif it obeys (BG)
(resp. (BH)).

Theorem 2.Let R be a smarandache-R-module, if there exigt®per subset A of R in
which satisfies (B1) to (B6). Then thlgebraA = (A;*,0) of type(2,0)is a BR-algebra

if and only if it obeys the law8l). (BF).andBG).

Proof. Let R be a smarandache-R-module. Then by definitiere exists a proper subset
A of R which is an algebra. By hypothesis A holds (B1) to (B6) then A is BF-
algebras. Suppose that (Bl), (BF), and (BG) ar@valA. Let x[A. Substitutingy = x,
(BG) becomes = (x* x) * (0 * x). Hence appling (Bl) and (BF) we conclude that= 0

* (0 * x) = x* 0. Consequenyl (B2) holds. Therefore Ais BF;-algebra. The converse is
obvious.

Theorem 3.Let R be a smarandache-R-module, if there exigt®per subset A of R in
which satisfies (B1) to (B6)ThenA is a BF2-algebra if and only if A satisfi€¢B2).
(BF); and the following axiom

(BH) x*y =0<=>x=vy.
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Proof. Let R be a smarandache-R-module. Then by definitiene exists a proper subset
A of R which is an algebra. By hypothesis A holds (B1) to (B6) then A is BF-
algebras. Let A be BF;-algebra By definition, (B2) and (BF) are valid in.ASuppose
thatx * y = 0 for x, yLA. theorem (c) yieldsy * x = 0. From (BH) we see that=y. If x
=y, thenx* y =0 by (Bl). Thus (BH") holds in A

Let now A satisfies (B2), (BF), and (BHBH") implies (Bl) and (BH)Therefore A
is BFalgebra

Theorem 4.Let R be a smarandache-R-module, if there exigt®per subset A of R in
which satisfies (B1) to (B6) then the followingtstaents are equivalent:

(a) Ais a BF\-algebra;

(b)x=[x*(0*y)] *yforall x, yUA;

(C)x=y*[(0* x)* (0 * y)] for all x,yLIA.

Proof. Let R be a smarandache-R-module. Then by definttiere exists a proper subset
A of R which is an algebra. By hypothesis A holds (B1) to (B6) then A is BF-
algebras (aF> (b): Let A be aBF;-algebra and,yLJA. To obtain (b), substituteOQy for
yin (BG) and then use Theorem 1(a).

(b) ==> (c): We conclude from (b) that 0c*=[(0 * x) * (0 * y)] * v.

HenceO * (0 *x) = y* [(0 * x)* (0 * y)] by (BF). But 0 * (0 *x) = x, and we have (c).
(c) ==> (a): Let (c) hold. (BF) clearforces

0*x=[(0*x)*(0*y)] *vy.(1)Using (1) withx =0*aandy =0*b

we haveO* (0*a)=[(0* (0 *a)) * (0 * (0 * b))y (0*bh).

Hence appling Theorem 1(a).we deduce tleat (a* b) * (0 * b). Consequenyl A is a
BF.algebra.

Theorem 5.Let R be a smarandache-R-module, if there exigt®per subset A of R in
which satisfies (B1) to (B6) then the followingtstiments are true:
(a) Ais a BG-algebra;
(b) For x,yL1A, x *y= 0implies x = y;
(c) The right cancellation law holds iA. i.e., If x*y = z*y, then x = z for any
XY, Z1A;
(d) The left cancellation law holds . i.e., if y*x = y*z, then x = z for any x.y,z
LA.
Proof. Let R be a smarandache-R-module. Then by definttiere exists a proper subset
A of R which is an algebra. By hypothesis A holds (B1) to (B6) then A is BF-
algebras (a) is a direct consequence of the defisi
(b): Let x,y UAandx *y=0. By (BG),x=(x*y) *(0*y) =0 * (0 * y).From Theorem
1(a) we concludethat=y.
(c) is obvious, since the right cancellation lavidsan evey BG-algebra.
(d) Follows from (c) and (BF).

Definition 5. A subsé | of A is called arideal of A if it saisfies:

(1 odl,
(12) x *y Ul andy Ol imply x I for any x,yUA.

101



N.Kannappaand and P.Hirudayaraj

We sy tha an ideall of A is normalif for any x,y,Z1A, x * y Ul impliegz* x) * (z* y)
Ul.
An ideall of A is saidto beproper ii | #A.

Theorem 6.Let R be a smarandache-R-module, if there exigt®per subset A of R in
which satisfies (B1) to (B6) ankét | be a normal ideal of a BF-algebrA. then the
following statements are true:

(@)xdl =>0*x Ul,

(b)yx*y Ll =>y *x I.

Proof. Let R be a smarandache-R-module. Then by definttiere exists a proper subset
A of R which is an algebra. By hypothesis A holds (B1) to (B6) then A is BF-
algebras

(@) Letx LIl. Thenx =x * OLII. Sincel is normal, (0 *x) * (0 * 0) LII.

Hence 0 *x L.

(b) Letx*y LIF By (a), 0*(x*y) LIIApplying (BF) we have/*x LI

Definition 6. A nonempy subseN of A is called asubalgebraf A ifx * y LIN for ary X,
y UN. It is eagto see that iN is a subalgebra of A, therIIN.

Theorem 7.Let R be a smarandache-R-module, if there exigt®per subset A of R in
which satisfies (B1) to (B6) anétlN be a subalgebra of A. If it satisfies x I, then

y * x ON.

Proof. Let R be a smarandache-R-module. Then by definttiere exists a proper subset
A of R which is an algebra. By hypothesis A holds {B1) to (B6) then A is BF-
algebras. Lex*y LIN. By (BF),y *x = 0* (x *y). Since OLIN and * y [1 Nwe see that 0

* (x *y) LUN. Consequeryl y * x LIN.

Theorem 8.Let R be a smarandache-R-module, if there exigt®per subset A of R in
which satisfies (B1) to (B6then | is a subalgebra oA satisfying the following
condition:

(NI) if x LA and yLII, then x *(x* y) UlI.

Proof. Let R be a smarandache-R-module. Then by definttiere exists a proper subset
A of R which is an algebra. By hypothesis A holds (B1) to (B6) then A is BF-
algebras. Lek[] Aand yLll. Theorem 3(a) shows that O fly. Sincel is normal, we
conclude that (x*0)*(x* y)UlI, i.e., x *(x *y)Ul. Thus (NI) holds. Let nowx,y(ll.
Thereforex* (x * y) Ul.By Theoren8(b), (x *y) * x UI. From the definition of ideal we
havex* y [l. Thusl is a subalgebra satygfig (NI).

Theorem 9.Let R be a smarandache-R-module, if there exigt®per subset A of R in
which satisfies (B1) to (B6)hen N is a normal subalgebra &fif and only if N is a
normal ideal.

Proof. Let R be a smarandache-R-module. Then by definttiere exists a proper subset
A of R which is an algebra. By hypothesis A holds (B1) to (B6) then A is BF-
algebras. Let N be a normal subalgebra of A.1Gte@ [IN. Suppose that* y LIN and

y LIN. Then 0 *yLIN. Since N is a subalgebra, we hgxe y)* (0 * y) I N. But(x* y)
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* (0 * y) = X, because evgB-algebra satisfies(BG). TherefoxelIN, and thus N is an
ideal. Let nowx,y, 21 Aandx* y LINBy (NS), (z* x) * (z* y)LIN. Consequery| N is
normal. The converse follows from Theorem 8. HatheeProof.
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