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Abstract—In this paper, the classic rule of combination in
the Dezert-Smarandache theory is found to be not convergent
with the number increase of evidential sources since it leaves
out the denominator in the Dempster’s rule. That is, it is a
process of entropy productions. This means the final result
of combination is more uncertain, and can not give a good
decision. Several illustrative examples are given to explain
and testify this problem. Finally, a conclusion is given, in
order to point out the necessity of developing some simple
and convergent combinational rules in the Dezert-Smarandache
theory.
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I. INTRODUCTION

With the development of computer science and technol-
ogy, the belief function theory as one of important intelligent
information processing technologies is more and more pop-
ular. Many experts and scholars made great achievements in
this field[1]-[13]. In the Shafer model, an ultimate refine-
ment of the problem was possible so that singleton focal
elements were supposed to be exclusive and exhaustive in
the closed-world. Therefore, Dempster [6] proposed a well-
known combinational rule on the basis of the Shafer model
in (1) according to the Dempster-Shafer theory (DST). This
rule was widely applied in different fields. However, since it
can not deal with the highly conflictive sources of evidence
and its computational amount exponentially increases with
more and more focal elements, its application strongly
suffers from limitations.

‘ m(p) = 0
m1(X)mz(Y)
X2
— = e}
m(A) = = M) V(A=S @)e?2
X,Y e2°
XNY=g¢

Murphy [7] proposed a convex combination rule. This
rule consists actually in a simple arithmetic average of belief
functions associated with m¢ and m,. That is,

Belm (A) = %[Beh (A)+ Bey(A)] Ae2® )
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Dubois and Prade [8] in 1986 proposed a disjunctive rule
of combination, that is,

my, (@) = 0
my (A) = mi(X)mz(Y) V(A=¢)e2® (3
( X,Y e2°
XuY=A
In addition, according to the opinion of Dubois and Prade
[9], the two sources were reliable when they were not in
conflicts, but one of them was right when a conflict occurs.
Their combinational rule was given as follows:
m(¢) = 0
m(A) = mq (X)) mz (Y)
X,Y €2°
€ A F
¥ mi (X)m; (Y) ¢
X,Y e2°
XNY=A
XNY=¢
According to the opinion of Smets [10], the power-
set space was an open-world, and the positive mass may
be on the ﬂulllempty set, and the division is eliminated
by 1- m4 (X)mz (Y) like Dempsters rule. His
X,Y €2®
XNY=¢
combinational rule for two independent (equally reliable)
sources of evidence was given as follows:
‘ m(9) = kiz = mi (X ) ma (Y)
X,Y €2°
e ®)
I m(A) = m4 (X)mz (Y) V(A = @) € 29
X,Y €2°
@ XNY=A

According to the opinion of Yager [11][12], in case of
conflictjthe result was not reliable, so that the conflict factor
m+ (X ) m2 (Y) played the role of an absolute
XNY=¢
discounting term added to the weight of ignorance. The
commutative (but not associative) Yager rule was given as
follows:
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m () = [ 0
A= o, o
m(A) = mq(X)mz(Y) V € 2
X,Y e2° A=0
XNY=A
m(O% m+ (©) m2 ()
myq (X)) mz (Y) when A = ©
X,Y e2°®
XNY=g

Dezert and Smarandche have recently proposed a DSm
combinational rule in more refined framework[13], in order
to focus on the fusion of uncertain, highly conflictive and
imprecise sources of evidence.

The differences between the Dempster-Shafer theory
(DST) [6] and the Dezert-Smarandache theory (DSmT) [13]
are:

In the Shafer model, one considers a finite frame of pos-
sible exhaustive solutions ® = {64,...,6,}, and assumes
the exclusivity of 6 and defines belief masses on the classic
power set 2° [0 (O, u). In DSmT, the belief masses can
be directly defined on the Dedekind’s lattice/hyper-power
set D® (1 (©,u,N) and even on the super-power set
S° 1 (@, u,N,c(.)). In the sequel, the generic notation G®
is used for denoting either 22, D® or S®. A quantitative
basic belief assignment (bba) is a mapping m(.) : G® —
[0, 1] associate(hto a given body of evidence B, it satisfies
m(g=0and ,.go M(A)= 1.

In the free or static DSmMT model M T (@), for two reliable
evidence sources, i.e. Sq1 and S, over the same frame ©,
their belief functions Bel{(.) and Bely(.) are associated
with gbba m4(.) and my(.). The classic DSmT rule of
combination (DSmC) in (7) is given in [13]. This rule
submits to the conjunctive consensus of sources.

VC €D®, myi(e)(C) = my (A)mz(B) (7)
A,BeD®
ANB=C

Seen from (7), the cIass'Lc DSmT rule of combination

(DSmMC) eliminates 1 - m4 (X)mz (Y) from the
XY e2°

XNnys=
denominator in the DST rule oqi‘ combination [6]. It over-
comes one of fatal deficiencies of the DST.
However, although the DSmC can deal with highly con-
flictive sources of evidence, etc., it has a fatal deficiency, i.e.
entropy production. In the section 11, we will explain it in

detail.

Il. THE ENTROPY PRODUCTION OF THE DSMC

The classic DSm rule of combination is difficultly con-
vergent, the combination is a process of entropy production.
Example 1. Suppose that there are n evidential sources,
they have the same discernment framework © = {64, 6,}.
Their gbbas are given in (8), and we sequentially combine

these evidential sources according to the classic DSm rule
of combination in (7).

S m(8) m(6)

Sq a 1- a
(6) S2 a 1-a (8)
Snh a 1- a
therefore, we get m(8,) = a", m(ez) = (j— a)",
m(e,Ne) = a(1- a) 1'1?1:1 + 120 aa) . When

n - <, m(®) >0 m(6) -0 m®BNG) - 1
With the increase of m (6, N 6;), the conflict value becomes
greater and greater, and the result becomes more and more
uncertain.

Example 2. Suppose that there are n evidential sources,
they have the same discernment framework © = {64, 6,}.
Their gbbas are given in (9), and we sequentially combine
these evidential sources according to the classic DSm rule
of combination in (7).

S m(8) m(6)
s; 1-a a
So a 1- a (9)
Sn a 1- a
when a 2 1, we get m(©) = a"'(1 - a),

m(6;) =ra(1-a)"" ", m(6 Ne) = an+ (1- a)" +
a(1-a) =22+ 2037 ° m(g) 2 m(6;). When
n—©, m(6)—0, m(ez)—>0and m (6, N6) — 1.
Example 3. Suppose that there are n evidential sources,
they have the same discernment framework © = {84, 6,}.
Their gbbas are given in (10), and we sequentially combine
these evidential sources according to the classic DSm rule

of combination in (7).

S m(6) m(6)
Sq a 1- a
So 1- a a
: : : (10)
si+1 1-a a
Snh a 1- a
we get m(8;) = a"~'(1- a), m(ez) =a(1-a)" '
m@Ne) = a L o+ (1-a)" U
a(l-a) =82 %4 120" U2 \when n — w,

m(6:) > 0, m(6,) - 0and m(6; NB) — 1.

Example 4. Suppose that there are n evidential
sources, they have the same discernment framework @ =
{61, 62,63}. Their gbbas are given in (11), and we sequen-
tially combine these evidential sources according to the
classic DSm rule of combination in (7).
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S m(8) m(6) m(6)

Sq a b 1-a-b

So C 1-c¢c 0 (11)
s.n c 1; ¢ O

we get m (8) = lim ac"” ' =0,
m(6) = lim b(1-¢)" "= 0,
m (6 NB,)
fza(1—c)+ bc+ ac(1-c)+ bc(1- ¢) l
lim , +ac®(1-c)+ bc(1—-c)’+ ---+
Y acd2(1-o)+ be(1- 9" % b
bc:71_(1_c°)n "+a(1- 0 o

n-1

1l
3

C
- C

a+b
m (61 NB;) = n'L"l ¢ '1-a-b=0,
m(6;N) = lim (1- 0" '(1-a-b=0,
m (61 N B, N Bs)
FQCU—a— by(1-c)+c(1—-a-b(1-¢c)+
2(1-a-b(1-c)+c(1-a-b)(1- c)?

=n|LnJol +-..+Cn_2(1_a_b)(1_c)+
c(1-a-b(1-9" 2 8
| -amm-0 020 |
= lim 0 +
T B
=1-a-b

Example 5. Suppose that there are n evidential sources,
they have the same discernment framework © = {64, 6,}.
Their gbbas are given in (12), and we sequentially combine
these evidential sources according to the classic DSm rule
of combination in (7).

S m(6) m(6) m(6N6y)
S a b 1-a-b
So a b 1-a—-b (12)
: : : 1-a-b
Sn a b 1-a—-b

when n — « , we get m(6,) = lim b’ = 0, m(6;) =
n— o
limb'=0m(6 NB)= lim1-a"- b = 1.
n—

N—s 0

Example 6. Suppose that there are n evidential sources,
they have the same discernment framework © = {64, 6,}.
Their gbbas are given in (13), and we sequentially combine
these evidential sources according to the classic DSm rule

of combination in (7).

S m(6) m(6) m(6 uby)

Sq a b 1-a—-b

So a b 1-a—-b (13)
: : 1-a-b

Snh a b 1-a—-b

when n — « , we get
a(1-bp" "+a(1-a-b(1-b" *+
a(1-a-b>(1-p" 3+ -
+a(1-a-b" ?(1-b+a(1-a-b" "
(1-b" "+ (1-a-b(1- bh" %+
limal (1-a-p?*(1-b" >+
A +(1—?—b)“‘2(1—b)ir(1—§2—b"-1

= lim |

n—

4+ 1-a-b, 1-a-b +
= lim a(1—b)”_1l S J
n— o4 l-a-b
0 1-b
_(1-a-by\n
= lim a(1- b)n_1 s ) 15 Ta- b)
n—e T-b
=0
m (62)

’ b(1-a)" "+ b(1-a-b(1-a)" 2+ l
lim  b(1-a-b?(1-a)" >+ -+ |
" b(1—a—b)n_2(1—a)+Db(1—a_Tn—1

4+ 1-a-b 4 1—a—bD2
= lim b(1- a)""" "~ s
n— e l F oot 1—_a;b ]
O

_ _ oyt 1= (520

= nanol b(1- a) o Tah 1—173;b

=0

m (81 NB2) 0 0

2ab+ b (l_b)z_“_jj_ b)> +
- -(1-a- +

T

i +aD(1—a)3—(1—a—b)3D+---+

b[D(1—b)"'1—(1—a—b)”_1D+

a (1—a[)”_1—(1—a—b)”_1[

(1- b)? 1—(1—b)“‘ZD

(1—a—b)zj1—(1—a—b)"_2D+ 2ab+

LJ 0J

(1-a)? 1-(1-a)"" 2 ‘

(1-b?- (1- a- b)?+ 2ab+ (1- a)?

1

n—e

lim l

m (6 u6) = lim (1-a- b" =0
Example 7. Suppose that there are n evidential
sources, they have the same discernment framework @ =



{61, 62,63}. Their ghbbas are given in (14), and we sequen-
tially combine these evidential sources according to the

classic DSm rule of combination in (7).

S m(6) m(6) m(6 N6s)
S a b 1-a—-b
So a b 1-a-b
: : 1-a-b
Sn a b 1-a-b

when n — =, we get m(6) =
lim b' = 0,

n—

[(1_b)n—1+ ]
= i (- A | @(1-D"?
m(91093)—nlLrpo(1 a b)l +82(1_b)n—3]
+...+an_1
[ 0

~
—_
+
J;‘m
+

= lim (1-a-b)(1-b"”~
n—e 4 o.. _a

= lim (1- a- by(1- p" " ()
n— 1-b

N
o

=0
m (6 N 82} .
3@+ )" %+ a2+ 1P (a+ b *
= lim abl + a®+1® (a+b)" %+
T + an 3+ p-3 (a+ b) + a2+ g2
[ (a+ b)n—z+ a(a+ b)n—3+ az(a+ b)n—4 ]
+a3(a+ b)" %+ -+ a3(a+ b+
= lim ab| a2+ (a+ b)" *+ b(a+ )" 7+
P (a+b" *+ P (a+ b+
+b"3(a+ b)+ b2
{ 1+ 2 4 a2 a ]
a+b = (atb)® * (a+b)®
-2 +oeet anz""]
= lim ab, (a+ b)" T @ g
n— +a+b+ (a+b)2+w
oo B2
O o 1(?1"‘b)n o
= lim abf(a+ b)""? (2s)" 1 (a+b)
n— o 3+ D
=0

(14)

nILnl a" =0 m(&) =

]
J

m (6 N B N 63)
2b(1-a-b+P(1-a-b+
b(1-b)(1-a- b) sl
2ab(1-a-by+ bP(1- a- b+

21— a-p 2Gs)
b(1- b)* (1= a= b) 21
_ + (a+b’-al-b (1-a-b)
= Jim

= nIer; (1-a-b)

= nILrpo (1-a-b)

= nILr[\o (1-a-b)
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B (1-a= b+ b(1- b’ (1—a—b)1 (=5 ,,)
+ (a+ b)* - a* -
B 1(1-a- b)+
b(1- "% (1- a- b {5
+((a+ b"

5 (1-a-by+ -

-—a"-b)(1-a-b

b(+b2+b3+- “+ P+
1+ (1- 5 )
SRS i =

(1- by lre) (:’

+(1- )“ 21(1 b)b

+(a+ b+ (a+ b+ -+ (a+ b"
-—a2-a3- ---a" - - Y o
( b P+b+ ---+ P 1+

( - (2 )’ |
1+ (1- b i)+

_ 1-(1*'*—.,)3
o (1707
(1-b )41 (1 b)

1-a-b
+(1- )n 11- (1ab)b
+(@a+ b+ (a+ b+ -+ (a+t b"
_32_63_...an_ - - -

T 1—12—13 ]

P+ 2+ B+ -
1-a- b+ "
(1- b)? &_ 2

+(1—b) ﬁ_ Es

FW_ 0

+(1-b)*
5
H +(1‘b)"m1
1- 5
+(a+b)2+(a+b)3+---+
(a+b"-af-at----a" - P
—BP -




{ b+b2?.b3+...+tj1—1+

1- b+ (1- b)°
+(1-D°+ (1-b)°
+ ot (1- b)”‘1
—a-a2- g3
_ = an—1
+ (a+ b)2+ (a+ b)3+
et (a+ b)n_az_ a3

1-a-b

lim (1- a- b)
n—

0 —---:an“—bz—Lp‘Q'—---I:i1
(4 oA b-b? , 1-a% . (atb)?
=(1-a-b =%+ 55+ ias

1

Example 8. Suppose that there are n evidential
sources, they have the same discernment framework © =
{61, 62,63}. Their ghbbas are given in (15), and we sequen-
tially combine these evidential sources according to the
classic DSm rule of combination in (7).

S m(6) m(6) m(6 uB;)
S a b 1-a-b
S2 a b 1-a-b (15)
: : 1-a-b
Snh a b 1-a-b
m (6 N@2) i O )

_ 2 _ _ _ 2
| b (1-BP-(1-a- b + ab?

noe o 4b (1-b)°- (1-a-b)® + abd J
0 O

+-..+b(1_b)n—1_(1_a_b)n_1 +aUT—1
{ b(1—b)+b(1_b)2+...+b(1_b)n—1]
- “ml +ab+ aP+ ab® + ---+ ap !
n—= | —b(1-a-b - b(1-a- b)?

, —b(1-a-p"’ "
' (1-¢-p ") 1= (p)"
b(1- b) . + ab! {2

= lim "4
nee —p(1-a- by ITUza T

- 1_ b _ b(1-a-b)

=1-b+ - T

m (6 N (61 UBs)) |

= lim(1-a-b) b+ B+ -1 +
[h—w 0
b 1-a-b+ (1-a-bp?+ -~ (1-a-p"’
lim b(1-a-b) =0 L+ b(1- a-b)

n
_ b(1-a-b) _ b(1-a-b)
-b a+b

a+b

m (61)

(| a2+ 0 )
2a(1-a-b)
. lm—m+ J“_m+J“-m
= Jim a(1- a- b)?
a(1-a-b)°
+-a(1-a-bp" '
a2(1-b" ?+a(1-a-b(1- " ?
+a(1-a-b(1-b" %+
= lim  a(1-a-b>(1-b" %+
" a(1- a- b3(1-b" *+ ‘
~-+a(1-a-b" "
‘ (1—b)"_1+(1—a—b)(1—b)”_2+‘
- lim a (1-a-b?(1-b" 3+

n=e 7 (1-a-b°(1-b" *+ |
e+ (1-a- b

1+ 1za-by 1-a-b
=n|ima(1—b)“‘1l o v Uh D,HJ
- + 1-a-b + ... 1-a-b
1-b 1-b
_(1-a-by\n
= |lim a(1_ b)n_1 115 11:ab7b
n—® L0 0 1{)5”]
= nlLr[]o (1_ b) 1- 1_ab
=0

m (6;) = nIi_)rr.)o b'=0
m (6 U B3) = nILrpo (1-a-b" =0

I1l. THE PROBLEM AND SOLUTION

Through the aforementioned several illustrative examples,
we find the DSmC has a fatal deficiency, that is, if ev-
idential sources are combined by using the DSmC, their
final combinational result is of entropy production, which
means the final result of combination becomes more and
more uncertain and is very difficult to give a right decision.

How to solve this problem? In fact, Dezert and Smaran-
dache gave 5 proportional redistribution rules (From PCR1
to PCR5) in the past[14]. For example, the PCRS5 rule for two
sources is defined by: mpcrs(@ = 0and WX € GO\ {Q

mMpcrs(X) = maa(X )+
. m1(X)?my(Y)
m4(X) + ma(Y)

m2(X)?m.(Y)
mz(X) + m4(Y)

1 (16)

Y eGP\ {X}
XNY=9@

where each elemeﬂt X, and Y, is in the disjunctive normal
form. m2(X) = . x,cge M1(X1)mz(Xy2) corresponds

. . X 1NX 2= X
to the conjunctive consensus on X between the two sources.

1- (1—a-b)" " " All denominators are different from zero. If a denominator is

zero, that fraction is discarded. No matter how big or small
the conflicting mass is, PCR5 mathematically does a better
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redistribution of the conflicting mass than the Dempster’s
rule and other rules. This is because PCR5 goes backwards
on the tracks of the conjunctive rule and redistributes the
partial conflicting masses only to the sets involved in the
conflict by considering the conjunctive normal form of
the partial conflict. In addition, Arnaud Martin proposed
PCR6[14], it is said that PCR6 is more precise than PCR5.

Whatever for PCR5 or PCR6, both of them seems very
complex with the number increase of focal elements, the
computation amount will obviously increase. Therefore, for
the Dezert-Smarandache theory, to develop some simple and
convergent rules will become an urgent need.

1V. CONCLUSION

In this paper, we give several illustrative examples to
explain the problem of entropy production of DSmC, in
order to show the necessity of developing some simple and
convergent rules and point out our research direction in this
field in the future.

ACKNOWLEDGMENT

This work was supported by the National Natural Sci-
ence Foundation of China (No. 60804063, 61175091), the
Natural Science Foundation of Jiangsu Province under
grant (No. BK2010403), the Science and Technology In-
novation Foundation in Southeast University under Grant
(No. 3208000501), the Aeronautical Science Foundation of
China under Grant (No. 20100169001), the Excellent Young
Teacher Foundation in the teaching and science research
by Southeast University and the Excellent Young Teacher
Foundation sponsored by the Qing Lan Project. The author is
very grateful to the anonymous reviewers for their valuable
remarks to help to clarify and improve the overall quality of
this paper.

REFERENCES

[1] X. li, J. Dezert, F. Smaradache, et al, “Evidence Supporting
Measure of Similarity for Reducing the Complexity in Infor-
mation Fusion”. information Science, 181(10), pp.1818-1835,
2011.

[2] X. li, X. Dai, J. Dezert, et al. “Fusion of imprecise qualitative
information”, Applied Intelligence, 33(3), pp.340-351, 2010.

[3] X. li, J. Dezert, F. smarandache, et al, “Combination of Qual-
itative Information Based on 2-Tuple Modelings in DSmT”.
Journal of Computer Science and Technology, 24(4), pp.786-
798, 2009.

[4] X. Li, J. Dezert, X. Huang, et al, “A Fast Approximate
Reasoning Method in Hierarchical DSmT(A)”. ACTA ELEC-
TRONICA SINICA, 38(11), pp.2566-2572, 2010.

[5] X. Li, W. Yang, X. Wu, et al, “A Fast Approximate Reasoning
Method in Hierarchical DSmT(B)”. ACTA ELECTRONICA
SINICA, 39(3A), pp.31-36, 2011.

[6] G. Shafer, A mathematical theory of evidence, Princeton
University Press, Princeton, NJ, 1976.

[7] C.K. Murphy, “Combining belief functions when evidence
conflicts”, Decision Support Systems, Elsevier Publisher, \Vol.
29, pp. 1-9, 2000.

[8] D. Dubois and H. Prade, “A Set-Theoretic View of Belief
Functions”. International Journal of General Systems,\Vol.12,
pp.193-226, 1986.

[9] D. Dubois, H. Prade, “Representation and combination of
uncertainty with belief functions and possibility measures”.
Computational Intelligence, Vol.4, pp. 244-264, 1988.

[10] Ph. Smets and R. Kennes, “The transferable belief model”,
Artif. Intel., 66(2), pp. 191-234, 1994.

[11] R. R. Yager, “Hedging in the combination of evidence”.
Journal of Information and Optimization Science, 4(1), pp. 73-
81, 1983.

[12] R. R. Yager, “On the relationships of methods of aggregation
of evidence in expert systems”. Cybernetics and Systems, \Vol.
16, pp. 1-21, 1985.

[13] F. Smarandache and J. Dezert(Editors), Advances and Appli-
cations of DSMT for Information Fusion (Collected works),
Vol.1, American Research Press, Rehoboth, June 2004.

[14] F. Smarandache and J. Dezert (Editors), Advances and Ap-

plications of DSMT for Information Fusion. Vol. 2, American
Research Press, Rehoboth, 2006.

647



