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PREFACE

Study of MOD planes happens to a very recent one. Authors
have studied several properties of MOD real planes R,(m); 2 <m
< oo, In fact unlike the real plane R x R which is unique MOD
real planes are infinite in number. Likewise MOD complex
planes C,(m); 2 < m < oo, are infinitely many.

The MOD neutrosophic planes Rnl(m); 2 <m < oo are infinite
in number where as we have only one neutrosophic plane R(I) =
(RUI) ={a+blI”=1Ia, be R}. Further three other new
types of MOD planes constructed using dual numbers, special
dual number like numbers and special quasi dual numbers are
introduced.

R,%(m) ={a + bg | g2 =0, a,b e [0, m} is the MOD dual

number plane.



R,"(m) ={a + bh | h* = h; a, b € [0, m)} is the MOD special
dual like number plane and R, *(m) ={a+ Dbk K’=(m- Dk;a,b
€ [0, m)} is the MOD special quasi dual number plane.

Finally we have only one MOD fuzzy plane R,(1); which is
unique.

Systematically algebraic structures on MOD planes like,
MOD semigroups, MOD groups and MOD rings of different types
are defined and studied.

Such study is very new and innovative for a large four
quadrant planes are made into a small MOD planes. Several
distinct features enjoyed by these MOD planes are defined,
developed and described in this book.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this

book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

MoD planes of different types was introduced in [24].

Now in this book authors give algebraic structures on MOD
planes or small planes. We aim here to study one single
associative binary operation on MOD planes. We use the term
only MOD planes in this book.

The main notations used are as in [24].

However to make easy for the reader we just recall some
essential notations. R,(5) denotes the MOD real plane built using
the semi open interval [0,5); R,(5) = {(a, b)/a, b e [0,5)}.

Thus in general R,(m) denotes the small real plane or MOD
real plane associated with the MOD interval [0, m), where m is a
positive integer.

Now R!(9)={a+blIla,be [0,9); =1} denotes the MOD
neutrosophic plane or small neutrosophic plane associated with
the interval [0, 9).

Hence in general RL (m) ={a+blla,be [0, m), F= 1}

denotes the MOD neutrosophic plane associated with the interval
[0, m).
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We call C,(10) = {a + bir | a, b € [0, 10), ié =9} to be the

MOD complex modulo integer plane associated with the interval
[0, 10).

Thus C,(m) = {a, + big |l a, b € [0, m); i; =m — 1} denotes

the MOD complex modulo integer plane associated with the
interval [0, m).

R.,8)g ={a+Dbgla, be [0, 8) g2 = 0} is the MOD dual
number plane.

So in general R,(m)(g) = {a + bg | a, b € [0, m), g2 =0} is
the MOD dual number plane associated with the interval [0, m).

Let R,(10)(g) = {a+ bgla, b e [0, 10), g2 = g} be the MOD
special dual like number plane associated with the interval
[0, 10).

Hence R,,(m)(g) = {a + bg | a, b € [0, m), g2 = g} denotes
the special dual like number plane associated with the interval
[0, m).

R, (15)(g) = {a+ bg | a, b € [0, 15), g2 = 14g} denotes the
MOD special quasi dual number plane associated with the
interval [0, 15).

Thus R, (m)(g) = {a + bg | a, b € [0, m), g2 =(m- 1)g}is
the MOD special quasi dual number plane associated with the
interval [0, m).

Finally we define the MOD fuzzy plane which is only one
plane given by R, (1) = {(a, b) I a, b € [0, 1)}. This plane will
replace the real plane appropriately.

Thus for more about these concepts refer [24].

In this book groups and semigroups of various types are
defined, described and developed.



Chapter Two

ALGEBRAIC STRUCTURES USING MOD
SUBSETS OF THE MOD PLANES

We have in [24] introduced the concept of MOD planes like,
real MOD plane R,(m), complex MOD plane C,(m), dual number
MOD plane R,(m)(g), neutrosophic MOD plane, fuzzy MOD plane
and so on.

Here we use the subsets of MOD planes and build algebraic
structures like semigroup and group.

Such study will later be used in the construction of MOD
linear algebras and MOD subset topological spaces of special

types.

DEFINITION 2.1: Let S = S (R,(m)) = {Collection of all subsets
of the MOD real plane}. S is defined as the MOD real subset
collection of R,(m).

Example 2.1: Let S(R,(9)) = {{(0, 0), (1, 7), (0.001, 0)}, {(0,
D}, {1, 0)}, {(0.1, 0.00052), (0, 0), (1, 0.2), (0.5, 0.1)} and so
on} be the MOD real subsets of R,(9).

Example 2.2: Let S(R,(11)) = {{(0, 10), (10, 0)}, {(0, 0), (1, 0),
(1, 10), (10, 0.1), (0.7, 0.5)}, {(0.7, 0), (0.8, 0.4), (0.5, 0.7)}, ...
and so on} be the MOD real subsets of R,(11).
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Example 2.3: Let S(R,(12)) = {{(0, 11), (11, 11), (3, 3), (2, 3)},
{10, 10), (3, 5), (5, 8), (8, 3)}, {(3, 8), (3, 3), (2, 2), (1, D}...
and so on} be the MOD real subsets of R,(12).

DEFINITION 2.2: S(C,(m)) = {Collection of all subsets of C,(m)
with i;: (m—1)} is defined as the MOD complex subsets of
C.(m).

We will illustrate this situation by some examples.

Example 2.4: Let S(C,(12)) = {{9 + 10ig}, {5 + 3.3if, 2.1,
5.6}, {5.31 + 0.3ig}, {0.72 + 3.2ig, 11.3 + 4.1ig}...; and so on

i; = 11} be the MOD complex subsets of C,(12).

Example 2.5: Let S(C,(17)) = {Collection of all subsets of
C,(17), the MOD complex plane} = {{(0, 0), (1, 0.1), (0.7, 0.8)},
{(1, 0), (1, 0.8), (0, 0.101), (0, 0)}, ... and so on} be the MOD
complex subsets of C,(17).

DEFINITION 2.3: Let S( R,f (m)) = {Collection of all subsets of
the MOD neutrosophic plane R,f (m)). S( R; (m), P = 1) is
defined as the MOD neutrosophic subset of the MOD
neutrosophic plane R’ (m).

We will illustrate this situation by some examples.

Example 2.6: Let S(R! (10)) = {{5 + 0.3, 0 + 41, 3.2 + 0.111},

{0}, {0, 1, I, 41, 0.00041} and so on} be the subsets of MOD
neutrosophic plane.

Example 2.7: Let S(Rfl (17)) = {Collection of all subsets of the
neutrosophic MOD plane R (17), P =1}

= {{0, I, 0.71, 0.2 + 41}, {0.4L, 0.7 + 0.21, 0.6I}... and so
on} be the MOD subsets of the neutrosophic MOD plane.
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DEFINITION 2.4: Let S(R,(1)) = {Collection of all subsets of
the MOD fuzzy set plane}. S(R,(1)) is defined as the MOD subset
of fuzzy MOD plane R,(1).

Example 2.8: Let S(Ry(1)) = {{(0, 0), (0, 0.5), (0.4, 0.1), (0.8,
0)}, {(0, 0), (0, 0.1), (0.4, 0.2)}, {(0.001, 0.001), (0.01, 0.01),
(0.4, 0.4)},... and so on} be the MOD subsets of MOD fuzzy
plane.

We have only one plane and only one MOD fuzzy subset
collection.

Next we proceed on to define the notion of MOD subsets of
MOD dual number plane.

DEFINITION 2.5: Let S(R,(m)(g)) = {Collection of all subsets
from the MOD dual number plane R,(m)(g); g2 = 0}. S(R,(m)(g))
is defined as the MOD subsets of the MOD dual number plane.

We will give an example or two.

Example 2.9: Let S(R,(20)(g)) = {{0.9 + 0.8¢g}, {0}, {g}, {0.7g,
0.9 + 1.2g}, ... and so on} be the collection of all MOD subsets
of the MOD dual number plane R,(20)(g).

Example 2.10: Let S(R,(11)(g)) = {{g}, {10g}, {10}, {g, O},
{10g, 0.1 + 0.48g},... and so on} be the collection of all MOD
subsets of the MOD dual number plane R,(11)(g).

Likewise we can define MOD subsets of special dual like
number MOD planes and MOD subsets of special quasi dual
number MOD planes.

We will illustrate this situation by some examples.
Example 2.11: S(R,(m)(g)) = {Collection of all subsets of the

MOD special dual like number plane R,(m)(g) with g” = g} is the
MOD subset special dual like number plane.
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Example 2.12: Let S(R,(12)(g)) = {Collection of all subsets of
the MOD special dual like number plane g* = g} = {{0, g}, {0.3
+4g, 0.8 + 0.93g}, {1, 0.3g, 1.4, 1.5 + 2.7¢g}, ... and so on} be
the MOD subset special dual like number plane.

Example 2.13: Let S(R,(13)(g)) = {Collection of all subsets of
the MOD special quasi dual number plane, where g* = 12g} =
{{0, 12g}, {g, 0.7 + 0.5g, 10g + 8}, {10+ 10g, 5 + 5g, g + 1, 2¢g
+2,3+3g,3,51,7}... and so on} be the MOD subsets of MOD
special quasi dual number plane.

Now with these notations we will define operations such as
‘+’> and ‘X’ on them and illustrate these situations by some
examples.

Example 2.14: Let S(Ry(6)) = {{0, 0}, {(3, 2.1), (1, 1.5)},
{1, D), (2, 2), (3, 3), 4, 4), (5 5} {1, 0.1), (2, 0.2), (0.2, 2),
(3,3)} and so on}.

Consider A = {(0.1, 2), (2, 0.3), (4, 2), (5, 0.001)} and
B = {(0,0), (1,2), (4,5),(0.1,0.2), (04,0.5), (1, 1), (2, 2)} €
S(R(6)).

We find A + B = {(0.1, 2), (2, 0.3), (4, 2), (5, 0.001)} +
{(0,0), (1, 2), 4, 5), (0.1,0.2), (0.4, 0.5), (1, 1), (2, 2) }

= {(0.1, 2), (2, 0.3), (4, 2), (5, 0.001), (1.1, 4), (3, 2.3),
5, 4), (0, 2.001), 4.1, 1), (0, 5.3), (2, 1), (3, 5.001), (0.2, 2.2),
(2.1,0.5), (4.1, 2.2), (5.1, 0.201), (0.5, 2.5), (2.4, 0.8), (4.4, 2.5),
(5.4,0.501), (1.1, 3), (3, 1.3), (5, 3), (0, 1.001), (2.1, 4), (4, 2.3),
(0, 4), (1,2.001)}e S(Ry(6)).

This is the way + operation is performed on the MOD
subsets of the MOD real plane R, (6).

It is easily verified {(0, 0)} € S(R,(6)) acts as the additive
identity for every

A€ S(Ry(6)); A + {(0,0)} = {(0,0)} + A = A.
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Thus {S(R,(m)), +} is defined as the MOD real subset
semigroup or subset pseudo group of the MOD real plane R,(m).
Clearly S(R,(6)) is not a group under +.

We see the cardinality of S(R,(m)) is infinite and the MOD
additive MOD real subset pseudo group or semigroup is always
commutative.

We see for every A in general we will not be in a position to
find a B such that A + B = {(0, 0)}.

Thus only a semigroup structure can be given.

Example 2.15: Let {S(R,(15)) + } = G be the MOD additive
subset pseudo real group (or a MOD subset semigroup).

LetP={(0,7),(,2),4,1.2),(1.5,0.1)} € G.
P+P=1{(0,14),(8,9),(1,4),(3,0.2), 4,8.2),(8,2.4),
(1.5,7.1), (12, 3.2), (9.5, 2.1),
(5.5, 1.3)} € S(R,(15)).
We can find addition
Let B={(0.3,0.2)} € G.
B+B={(0.6,0.4)},
B+B+B={(0.9,0.6)} and so on.

This is the way addition is performed on the subset MOD
pseudo real group or MOD real semigroup.

Thus finding MOD pseudo real subgroups or MOD real
subsemigroups happens to be a difficult task.

Example 2.16: Let {S(R,(19)), +} = B be the MOD real pseudo
subset group (MOD real subset semigroup).
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For the MOD subset A = {(0, 1), (0, 0), (0, 2), ..., (0, 17), (0,
18)} in Bisasuch A+ A =A.

But we take subsets of A say S; = {(0, 0)}, S, = {(0, 1),
0, 0)}, S; = {(0, 18), (0, 14)} and so on we see S, has no
additive inverse. Similarly S; has no additive inverse and so on.

—S3={(0, 1), (0, 5)} but S3 + (=S3)
=1{(0,18), (0, 1)} + {(0, 1), (0, 5)}
={(0,0), (0, 15), (0, 4)}.

Thus S; + (=S3) # {(0, 0)}.

S3+ S5 ={(0, 18), (0, 14)} + {(0, 18), (0, 14)}
={(0, 17), (0, 13), (0, 9)}.

{(0,0)} € B is such that for every A € B,
A+{0,0}={0,0}+A=A.

Hence B is a MOD real subset monoid.

Next we give examples of MOD subset complex pseudo
group (semigroup) using C,(m).

Example 2.17: Let S(C,(10)) = {Collection of all subsets of
C,(10) with ié =9} be the MOD subset complex modulo integer
interval pseudo group (or semigroup) undet the operation +.

We will just show how + operation is performed and
{S(C,(10)), +} is not a group as for A the MOD subset of
S(C,(10)), —A does not exist such that A + (-A) = {0}.

For take A = {3 + 0.4ig, 7ig, 0.8, 4.8 + 5.2ir} € S(C,(10)).
Clearly we cannot find a ‘-A’ such that A + (-A) = 0.

However for every A there is a unique —A but A + (-A) #
{(0, 0)} in general.

We have for every singleton MOD subset B = {5 + 2.7iz} a
unique — B = {5 + 7.3ig} such that B + (-B) = {0}.
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But not even a single MOD subset of cardinality two can
have inverse. That is why we call S(C,(10)) as only a MOD
subset complex pseudo group.

Example 2.18: Let M = {S(C\(7)), +} be the MOD subset
complex modulo integer pseudo group.

We see A = {0.7 + 2ir, 5 + 4ig, 0.071 + 3.002ig, 4 + 0.3ig)
and B = {2ig, 5,3 + 4.3iz) € M.

We find A + B = {0.7 + 4ig, 5 + 6i5, 0.071 + 5.002iE,
4 + 23ig, 5.7 + 2ip, 3 + 4ip, 5.071 + 3.002if, 2 + 0.3i
3.7+ 6.3ig, 1 + 1.3ig, 3.071 + 0.302ig, 0 + 4.06ip}e M.

This is the way addition operation is performed on M.

A+ A= {57+ 6ig 0.771 + 5.002i, 4.7 + 2.3ig, 1.4 + 4ip,
3 + ip, 5.071 + 0.002iz, 2 + 4.3ir, 0.142 + 6.004ip,
4.071 + 3.302ig, 1 + 0.6ir} € M.

This is the way addition is performed.

Example 2.19: Let B = {S(C,(12)), +} be the MOD subset
complex modulo integer pseudo group or semigroup. B has
subgroups of both finite and infinite order. B also has pseudo
subgroups or subsemigroups of infinite order.

Now having seen examples of MOD or small complex subset
semigroups (pseudo group) we will develop and describe by
examples MOD neutrosophic subset pseudo groups (semigroups)
in the following using MOD neutrosophic plane.

Example 2.20: Let B = {S(R!(20)), +} be the MOD

neutrosophic subset pseudo group. Clearly as in the case of
S(C,(m)) and S(R,(m)). B is also not a group only a pseudo
group or just a semigroup.
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In fact B has subgroups. But B is also a monoid for {(0, 0)}
acts as the additive identity.

Example 2.21: Let M = {S(Ri (12)), +} be the MOD or small
subset MOD neutrosophic pseudo group.

LetP={10+12+0.3L 0.7 + 41, 6 + 0.41, 8 + 2I} and
Q={5+02L7+3L 11+0.7,0.8 + 111} € M.

P+Q={3+12I,7+05L57+4.61 11 +06L 1+221, 5+
a1, 9+ 331, 7.7+ 71,1 + 34, 3 +5L, 9+ 1.7, 1 + I, 11.7 +
471, 5+ 1.1, 7 + 2.7, 10.8 + 0, 2.8 + 11.31, 1.5 + 31, 6.8 +
1141, 8.8 +I}e M.

This is the way addition is performed on M.

We can see {(0, 0)} acts as the additive identity, however
we cannot guarantee the existence of inverse for every A € M.

Example 2.22: Let {S(C,(11)), +} = B be the MOD subset
complex number pseudo group (semigroup).

We see B has subgroups of finite and infinite order.

Let P = {0.7 + 4.2ig, 3 + 7ig, 10.1 + 4.53ig, 3ig, 8ig, 7, 0,
421 +0.3ig) € B.

P+ P = {14+ 84ip, 6 + 3if, 9.2 + 9.06iF, 6if, SiF, 3, 0,
8.42 + 0.6if, 3.7 + 0.2ig, 10.8 + 8.73i, 0.7 + 7.2if, 0.7 + 1.2iF,
7.7 + 4.2ig, 10 + Tig, 10.1 + 4531, 7 + 3ig, 7 + 8ip, 7,
0.7 + 4.2if, 3 + Tip, 0.21 + 0315, 4.21 + 0.3if, 4.81 + 4.5iF,
7.21 + 7.3ip, 3.31 + 4.83ig, 4.21 + 8.3if, 0.21 + 0.3ig}e B.

This is the way ‘+ operation is performed on S(C,(11)).

Example 2.23: Let {S(C,(15)), +} = B be the MOD complex
subset pseudo group (semigroup).
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We see for any subset X, Ye B; X +Y € B.

Next we proceed on to describe once again the MOD
neutrosophic subset pseudo group by some more examples.

Example 2.24: Let M = {S(R!(12)), +} be the MoD
neutrosophic subset pseudo group (semigroup).

Let A={10+41,3 + 0.8, 10I, 2 + 5.31, 8} and
B={6+8[,4+9.2]I,6I 8 +4I} ¢ M.

A+B={4+0,9+88L6+6I 8+ 1.3 2+8I 2+ 1.2],
7+ 10I, 4 + 7.31, 6 + 2.51, 0 + 9.21, 10 + 101, 3 + 6.81, 41,
2 + 1131, 8 + 61, 6 + 8I, 11 + 4.8, 8 + 2I, 10 + 9.31,
4+ 41} e M.

This is the way + operation is performed on M.

Example 2.25: Let P = {R£(4), +} be the MOD subset
neutrosophic pseudo group.

For A ={3+2.5], 0.5, 21, 0.58, 21 + 0.7} and
B={2+35I24]3.8,3.19,09 + 21} € P.

We find A + B = {1+ 2I, 2.5 + 3.5, 2 + 1.51, 2.58 + 3.51,
27+ 151,3+0091, 0.5+ 241 041,241 + 0.58,041 + 0.7, 2.8
+ 2.51, 0.3, 21 + 3.8, 0.38, 3.77, 21 + 3.89, 3.9 + 0.51, 1.4 + 2I,
0.9, 148 + 21, 0 + 0.7} € P. This is the way + operation is
performed on P.

We now proceed on to give examples of MOD fuzzy subset
pseudo groups under +.

Example 2.26: Let M = {S(R! (1)), +} be the MOD
neutrosophic subset semigroup (pseudo group).

Let X = {0.3 + 0.81, 0, 0.31, 0.71, 0.31 + 0.2, 0.7111} and
Y ={05+0.2lL04,0.31I, 0.8 + 041, 0.71} € M.
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We now show how X + Y is calculated X + Y = {0.8 + O],
0.5+0.21,0.5+0.51, 0.21 + 0.21, 0.51+ 0.7, 0.5 + 0.9111, 0.7 +
0.81,0.4, 04 + 0.31, 0.11, 0.31 + 0.6, 0.4 + 0.711L, 0.3 + 0.111,
0.31L, 0.611, 0.71 + 0.311, 0.611 + 0.2, 0.011L, 0.1 + 0.21, 0.8 +
041, 0.8 + 0.71, 0.51 + 041, 0.71, 0.8 + 0.1111, 0.3 + 0.5I, O,
0.71 + 0.711, 0.2, 0.4111} € M.

That is each element of Y is added with every element of X.

Example 2.27: Let B = {S(R,(1)), +} be the MOD fuzzy subset
pseudo group. We have one and only one MOD fuzzy subset
pseudo group.

Let M = {{0}, {0.1}, {0.2}, {0.3}, {0.4}, {0.5}, {0.6},
{0.7}, {0.8}, {0.9}} < B is a subgroup of order 10.

In fact this MOD fuzzy subset semigroup (pseudo group) has
subgroups.

In view of all these examples we have the following
theorem.

THEOREM 2.1: Let {S(R.(m)), +}, {S(Cu(m)), +}, {R.(1), +} and
{ R! (m), +} be the MOD subset real pseudo group, MOD subset

complex pseudo group, MOD fuzzy pseudo group and MOD
subset neutrosophic pseudo group respectively.

Then all the four MOD subset pseudo groups (semigroups)
are Smarandache pseudo groups (Smarandache semigroups).

The proof is direct and hence left as an exercise to the
reader.

Next we proceed on to give examples of MOD or small
subset dual number semigroup (pseudo group).

Example 2.28: Let B = {S(R,(9)(g)), +, g2 = 0} be the MOD
subset dual number semigroup (pseudo group).
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Let X={6+2g,3+4g,5+6g,8+8g, g+2,4+7g}and
Y={0,8.5,8g,44+¢g,5g+2,6g+6,7+8g}e B.

X+Y={6+2g,3+4g,5+6g2,8+8g,g+2,4+7g,55+
2¢,2.5+4g,45+6g,75+8g,1.5+¢g,35+7g,6+¢g, 3+3g,
5+5g,8+7g,2,6g+4,1.4+3g,74+5g,04+7g,34,2g+
64,84 +82, 8+7g,5+0,7+2g, 1+4g,6g+4,6+3g,3+
8g,g,2+3g,5+5g,7g+8,1+4g,2+6g,5+¢g,1+3g,3+
5g,6+7¢g,0,2+ 6g}e B.

This is the way + operation is performed on the MOD subset
dual numbers semigroup.

Example 2.29: Let S = {S(R,(7)(2)), g* = 0, +} be the MOD dual
number subset pseudo group.

For A = {6g,3,3.5+2.8g, 5¢ +3.8,0} and
B={0,0.8,69g,g,5+4g,6+6.8g,1} € S.

We find A + B = {6g, 3, 3.5 + 2.8g, 5g + 3.8, 0, 0.8 + 6g,
38,43 +2.8g,4.6 +5g,0.8,59g,3 +69g,35+2.7g, 3.8+
49¢g,69g,3+¢g,35+38g 6g+38,g,5+3g, 1+4g, 1.5+
6.8g,2g+1.8,5+4g,6+5.8g, 2+6.82,2.5+2.6g, 2.8 +4.8g,
6+68g,1+6g,4,45+28g, 5¢g+4.8,1}e S.

Thus addition is performed for every element in A is added
with every element of B. Clearly S is a S-semigroup or S-
pseudo group.

Now we proceed on to describe with examples the notion of
MOD subset special dual like numbers pseudo group
(semigroup).

Example 2.30: Let B = {S(R,(3)(g)) where g2 =g, +} be the
MOD subset special dual like number pseudo group.

LetX={2+g,0,03¢g,04g,2,¢g,1,0.2g} and
Y={2+2g1,¢g,2g,g+1,0.5, 0.8g}e B.



20 | Algebraic Structures on MOD planes

X+Y={1,2+2g,2+23g,2+24g,1+2g,2,2g, 2+2.2¢g,
g, 1,1+03g,1+04g,0,1+¢g,1+0.2g,g 13g, 14g,2+g,
1.2g,2.3g,2.4g,2g+1,2.2g, 1 +1.3g, 1 + 1.4g, 1 +1.2g,2.5 +
g, 05,05 +03g,05+04g,25,05+¢g, 15,05+0.2¢g, 2 +
1.8g,1.1g,0.8g, 1.2g,2 + 0.8g, 1.8g, 1 + 0.8g}e B.

This is the way + operation is performed.

Example 2.31: Let M = {S(R,(10)g), g2 = g, +} be the MOD
subset special dual like semigroup (pseudo group).

Let X ={5,5g, 8¢g, 7g,2 + 0.5g, 0.5 + 2g, 0.4g, 0.6,
0.3+0.7g} and

Y={5+5g¢g0,2¢g,0.72,92,9,9 + 7g} € M.

X+Y={5g55+3g,5+2g,7+55g,55+7g,5+5.4g,
5.6 +5g,53+5.7g,5+¢g, 6g,9g, 8,2+ 1.5g, 0.5 + 3g, 1.4¢,
0.6+g,03+1.7g 7g,2+0.5g,0.5 +2g, 0.4g, 0.6,0.3 + 0.7g,
0,2 +2.5g,05+4g,2.4g,0.6 +2g, 03 +2.7g,5+0.7g,5.7g,
8.7g, 7.7g, 2 + 1.2g, 0.5 + 2.7g, 1.1g, 0.6 + 0.7g, 0.3 + 1.4g,
5+9g,4g,2+9.5g,05+g,94g,0.6 +9g,03 +9.7g,9 + 5g,
9+8g 9+ 7g 1+0.5g 95+ 2g, 9+ 04g,9.6,9.3 +0.7g,
4+7g,9+2g,9+5g 9+4g, 1 +75g 95 +9g, 9+ 74g,
9.6+7g,93+7.7g}e M.

Next we proceed on to give examples of MOD special quasi
dual number pseudo group.

Example 2.32: Let G = {S(R,(8)(g)), g2 = 7g, +} be the MOD
special subset quasi dual number pseudo group (semigroup).

It is important to keep in record that only the special quasi
dual number is dependent on [0, 8) that is the MOD interval over
which the MOD subsets are built.

Let A={7.1+2g,3+5g,0.1+0.7g,4.5+0.91g} and

B={5+2¢,1,0,0.3+4g,3¢g,7,6g} € G.
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A+B={41+4g, 7g 51+ 27g, 1.5+ 291g, 0.1 + 2¢g,
4 +5g, 1.1 +0.7g, 5.5 +091g, 7.1 + 2g, 3 + 5g, 0.1 + 0.7g,
45+091g,74+6g,33+g,04+47g,48+491g,7.1 +5g,
3, 0.1 + 3.7g, 45 + 391g, 6.1 + 2g, 2 + 5g, 7.1 + 0.7g,
35+091g,7.1,3+3g,0.1 +6.7g, 4.5+ 691g}e G.

This is the way addition is performed on G.

Example 2.33: Let B = {S(R,(5)g) | g2 = 4g, +} be the MOD
subset special quasi dual pseudo number group.

LetX={2+3g,0,g,1,4g,3.5,1.5+2.7g} and
Y ={2g,3g,4,2,3.7+39g,48+2.7g,0,4+4g,1+g} € B.

We find X + Y = {2, 2g, 3g, 1 + 2g, g, 3.5 + 2g, 1.5 + 4.7g,
2 +g,4g, 1 +3g,35+3g, 1.5+0.7g, 1 +3g,4,4+¢g,0,
4 + 4g, 2.5, 05 + 2.7g, 4 + 3g, 0.7 + 1.9¢g, 3.7 + 3.9¢g,
3.7 + 49g, 47 + 39g, 3.7 + 29g, 2.2 + 39g, 0.2 + 1.6g,
1.8 + 0.7g, 4.8 + 2.7g, 4.8 + 3.7g, 0.8 + 2.7g, 4.8 + 1.7g,
33+27g,1.3+04g,2+3g,0,g,1,4g,3.5,1.5+2.7, 1+ 2g,
4+4g,4,4¢g,4+3g,25+4g,05+1.7g,3+4g,1+¢g, 1+ 2¢g,
2+¢g,1,45+¢g,25+3.7g}e B.

This is the way addition operation is performed on B.

Now we define for every X in MOD collection of subsets the
cardinality of X to be the number of distinct elements in X and
is denoted by IXI.

X =n; n <o orn =o. We see if IX| = m and |Y| = n then
IXI' + Yl # m + n. IXI + IYl < m + n or greater than
m + n.

We have only inequality in general.

We will show this by an example or two.
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Example 2.34: Let G = {S,(10)g; g2 = 0, +} be the MOD dual
number pseudo subset group.

LetX={5+5g,2+2g,0}and Y={5+5g,3+3¢g}eG.

X+Y={0,7+7g,5+5g 3+3g,8+8g}e G
WelXI=3and | Y| =2and | X| + | Y| =5.

Let X ={2g,3,3¢g,4,5,7g,82,9} and Y = {5, 7g, 4}e G.
X+Y={5+2g8,32+5,9,0,5+7g,5+8g,4,9¢g,3+7¢g,
Tg+4,4g,52,9+7g,4+2g,7,4+3g,7g+4,4 +8g, 3}
={5+2¢g,8 32+5,9,0,3,4+8g,4+3g,5+7g, 5+ 8¢,
4,9¢,3+7g,7,7g+4,4+7g,4g,52,9 +7g, 4+ 2g}.
Xl +1Yl =20> 8 + 3.

Thus we see
IXI+1Yl=|X + Y|
XTI+ 1YI>IXI +1YI
Now let us consider
X={55g 5+5g}and Y = {5+ 5¢g}
X+Y={5g)5,0}.
IX+YI<IXI +|Y|=3+1=4.

Thus we can get the equality or inequality.

In view of this we have the following theorem.
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THEOREM 2.2: Let G = {S(R,(m)) or S(C,(m)) or S(R! (m)) or
S(R,(m)g); with g2 = 0 or S(R,(1)) or S(R,(m)g) with g2 = gor
S(R.(m)g) with g = (m — 1)g, +} be the MOD subset real or
complex or neutrosophic or dual number or fuzzy or special
dual like number or special quasi dual number respectively
pseudo group (semigroup).

Forany X, Y € G with |X|=mand|Y| = n we have

X +¥]= |x[+]y].

The proof is direct and hence left as an exercise to the
reader.

Now we proceed on to describe define and develop the
notion of MOD subset real semigroup, MOD subset complex
semigroup, MOD subset neutrosophic semigroup and so on and
give examples of them and enumerate the special properties
enjoyed by them.

DEFINITION 2.6: G = (S(R.m)), x} is defined as the MOD
subset real semigroup.

G is commutative and is of infinite order.

We will give examples of them and describe their
properties.

Example 2.35: Let S = {S(R,(12)), X} be the MOD real subset
semigroup.

0(S) = o and is commutative.
S has infinite number of zero divisors only finite number of

units and idempotents that too those X € S are such that
Xl =1.
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We will illustrate this situation.

Let
A

{(0, 4), (0, 2.001), (0, 5.3), (0, 9.2), (0, 1.32),
(0, 0.3), (0, 0.005)} and

B = {(1,0),(2,0),(3,0),4,0),(,0),(6.2,0),
(0.7, 0), (9.33,0), (1.008, 0), (1.2, 0)}e S;

AxXB=1{(0,0)}.

Thus we see we can find infinite number of pairs of subsets
for which the product is zero.

A=1{(4,8),(8,4),(4,4),(8,8)} and

B ={(0, 6), (3, 3), (6, 0), 3, 6), (6, 3), (6, 6),
(3,0),(0,3)} € S.

We see A X B ={(0,0)}.

Thus A and B are zero divisors of S.

We see X = {(9, 9)} € S is such that X* = X.

Y = {(4,4)}e Sissuch that Y> =Y.

S has finite number of idempotents P = {(4, 0)} is an
idempotent in S as PP=P, T = {(9, 4)} is an idempotent as
T? =T and so on.

We have MOD subset subsemigroups of S.

Example 2.36: Let B = {S(R,(11)), X} be the MOD subset real
semigroup.

B has infinite number of subset zero divisors, subset
idempotents of the special form
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A={(1,1),(1,0),(0, 1), (0, 0)} or

D = {(1, 1), (0, 0)} or

C={(0, 1), (1,0), (0, 0)} in B are such that
A’=A,D’=Dand C’=C.

Clearly all subset units X of B are such that IX| = 1,
T, = {(1, D}, T, = {2, D}, T; = {(1, 2)}, T4 = {(2, 2)},
Ts = {(1, 3)}, Ts = {3, D}, T; = {3, 3)}, Ts = {(1, D},
To = {4, D}, Tio = {4, H}, Ty = {(1, 5}, Tia = {(5, D},
Tiz = {5, 5}, Tiu = {(1, 6)}, T1s = {(6, D}, Tis = {(6, 6)},
Tz = {1, D}, Tis = {(7, D}, Tiw = {(7, D}, Too = {(8, D},
To ={(8,8)}, Tno = {(0, 8)}, ... T, = {(10, 8)} are units.

For instance for T, = {(10, 8)} we have T, = {(10, 7)} € B
such that T,xT, = {(1, 1)}.

However we have only finite number of subset units of B.

Let A = {(0.5, 8), (10, 4), (3, 2), (3.1, 4.7), (8.11, 0.11),
(4.05,7.1)} and

F={(0.2,2),(5,0.3),(3,04), (0.8, 10), (9,0.6)} € B.

A xF={(0.1,5), (2, 8), (0.6, 4), (0.62, 9.4), (1.622, 0.22),
(0.810, 3.2), (2.5, 24), (6, 1.2), (4, 0.6), (4.5, 1.41), (4.055,
0.033), (9.25, 2.13), (1.5, 3.2), (8, 1.6), (9, 0.8), (9.3, 1.88),
(2.433, 0.044), (1.15, 2.84), (0.4, 3), (8, 7), (2.4, 9), (2.48, 3),
(6.488, 1.1), (3.240, 5), (4.5, 4.8), (2, 2.4), (5, 1.2), (5.9, 2.82),
(6.99, 0.066), (3.45,4.26)}e B.

This is the way product is made. We see if both A and F are
finite sois A X F.

If one of them A or F or both is infinite and none of A or F
is {(0, 0)} then A X F is infinite.

| 25
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Example 2.37: Let V = {S(R,(20)), x} be the MOD subset real
semigroup.
Let A = {(0, 10), (10, 0), (10, 10)} € V.
We see A= {(0, 0)}.
Thus A is a subset nilpotent element of order two.
Let B={(1, 5), (1,1), (0, 5), (0, 0), (0, 1), (1,0)} € V.
We see B x B = B is a MOD subset idempotent of V.
V has subset zero divisors and subset idempotents.

We can define MOD complex subset semigroup {C,(m), X;
i; =m — 1} in a natural way as that of the MOD real subset
semigroup.

This is considered as a matter of routine.

We will illustrate this situation by some examples.

Example 2.38: Let W = {S(C,(6)), i = 5, x} be the MOD
complex subset semigroup.

Let A = {3 + 2.5if, 4.2 + 3.5ip, 3ig, 4.5if, 0.5if, 2.6, 1.4ig}
and B = {5, 5ig, 2 + 2if, 1 + Sig, 4 + 2ig, 3ip}e W.

We can find A X B = {(3 + 0.5ig), (3.0 + 5.5ip), 3if, 4.5iF,
2.5ig, 1.0, 7.0ig, 3ig + 2.5, 3ig + 5.5, 3, 4.5, 0.5, ir, 5, 5 + 5ig, 1.4
+ 3.4ig, 0, 3 + 3ig, 5 +1p, 5.2 + 5.2, 2 + 2.81g, 5.5 + 5.51, 1.7 +
0.51g, 4.5ig + 4.5, 0.5 + 0.51g, 2.6 + 3ig, 1.4 +ip, 1 + 4.51g, 2.2 +
5.51, 4, 4 + 0.5ip, 4 + 2.51f, 0.6 + 2ip, 4 + 3.4ip, 3 + 5.51p, 4.2 +
0.5ig, 0, 1.5iF, 3.5iF, 2.6 + 3ig, 4.4ig}e W.

This is the way X is performed on W.
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Let X = {if,0.3ig, 2.4iF, 4if, 5.2ig} and
Y = {0, 2if, 4iF, ip, Si, 3if, 0.5} € W.

XxY={0,4,3,2,515,1,45,25,075} € W.

X and Y are pure complex numbers and X X Y are real.

Example 2.39: Let P = {C,(5), if} = 4, X} be the MOD subset
complex semigroup.

Let B = {2.5iF, 0, 2.5, 2.5 + 2.5i¢} and
A=1{4,2,0,4 + 2ig, 4ir + 2, 2ig, 4ir}e P.
We see A X B ={0}.

Thus P has MOD subset zero divisors.

We see S(R,(5)) < S(C,(5)) is a MOD subset subsemigroup
and not an ideal.

M = {All subsets of Zs under X} is a finite subset
subsemigroup. Thus P has both finite and infinite subset
subsemigroups.

Now we will see examples of MOD subset neutrosophic
semigroups.

Example 2.40: Let
S = {S(Ri(9)), P =1 X} be the MOD subset neutrosophic
semigroup.

Let A={3+5L2,7 08 +0.2L L 5L 3.11} and
B =(8L4+4L6L3+4I) € S.

We find A x B = {1, 71, 21, 81, 41, 6.8, 8 + 8, 3 + 7, 1 + 1,
5+4.8I 6.8 31,6l 0.61,6 + 81,3+ 1,3.71, 2.4 + 4.61} € S.
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This is the way operations are performed on MOD subset
neutrosophic semigroups.

Example 2.41: Let S = {Rfl(ll), I’ = I, x} be the MOD subset
neutrosophic semigroup.

Let A= {5+5I,0.7+3.11, 6.8, 4.31, 2 + 0.91,
10 +5.21,3.51+ 4.7} and
B= {8,81,7,714,0.2L 0.51,0.9,0.2,1, 1,0} € S.

We find AXB={7+7L56+22l 1041, 14,5+ 7.2, 3
+ 8.61, 61 + 4.6, 31, 7.81, 10.41, 1.41, 1.21, 0.61, 10.6L, 2 + 21, 4.9
+ 10.71, 3.61, 8.11, 3 + 6.31, 6 + 3.4, 10.9 + 2.51, 41, 4.61, 3.6],
8.11,9.31, 9.41, 8 + 81, 2.8 + 1.41, 5.21, 6.21, 8 + 3.61, 7 + 9.81, 31
+3.8,0,0.1 +0.11, 0.14 + 0.621, 1.361, 0.86I, 0.4 + 0.181, 2 + I,
0.71+0.94,5 + 51, 0.7 + 3.11, 6.81, 4.31, 2 + 0.9, 10 + 5.2I, 3.51
+ 4.7, 8.21, 101, 3.81, 6.81, 4.31, 2.91, 421, 1 + I, 0.14 + 0.61],
1.361, 0.861, 0.4 + 0.181, 2 + 1.041, 0.71 + 0.94, 2.15I, 3.4,
1.451, 51, 1.91, 1.45], 6.61, 4.11, 4.5 + 4.51, 0.63 + 1.86I, 6.121,
3.871, 1.8 + 0.811, 9 + 4.681, 3.15 + 4.23}e S.

This is the way product operation is performed on the
neutrosophic MOD subset semigroup.

Clearly these semigroups also has ideals, zero divisors, units
and subsemigroups.

Now we proceed on to give examples of MOD fuzzy subset
semigroups.

We see we have only one MOD fuzzy subset semigroup.

Example 2.42: Let F = {S(R,(1)), X} be the MOD fuzzy subset
semigroup.

Let A = {(0, 0.1), (0.8, 0.5), (0.231, 0), (0.11, 0.52),
(0.1114, 0.881), (0, 0), (0.75, 0.01)} and
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B = {(0, 0.4), (0.2, 0.5), (0.7, 0.2), (0.9, 0.6), (0.7, 0.01),
(0.02,0.03)} e F.

We find A x B = {(0, 0.04), (0, 0.2), (0, 0), (0, 0.208), (0,
0.3524), (0, 0.004), (0, 0.05), (0.16, 0.25), (0.0462, 0), (0.022,
0.260), (0.02228, 0.4405), (0.15, 0.005), (0, 0.02), (0.56, 0.1),
(0.1617, 0), (0.077, 0.104), (0.07798, 0.1762), (0.525, 0.002),
(0, 0.06)., (0.72, 0.3), (0.2079, 0), (0.099, 0.312), (0.13326, 0),
(0.099, 0.312), (0.10026, 0.5286), (0.675, 0.006), (0, 0.001),
(0.56, 0.005), (0.1617, 0), (0.077, 0.0052), (0.07798, 0.00881),
(0.525, 0.0001), (0, 0.003), (0.016, 0.015), (0.0462, 0), (0.022,
0.0156), (0.002228, 0.2643), (0.015, 0.0003) }e F.

It has infinite number of zero divisors given by

A = {(0, 0.34), (0, 0.0001), (0, 0.004321), (0, 0.0001123),
(0,0.015)} and

B={(a,0)|ae [0, 1)} € Fis such that
AxB=1{(0,0)}.

It is important to keep on record that F is the one and only
MOD subset fuzzy semigroup.

However MOD subset real semigroups, MOD subset
neutrosophic semigroups and MOD subset complex semigroups
are infinite in number.

Now we proceed on to give examples of MOD subset dual
number semigroups.

Example 2.43: Let B = {S(Ry(7)g) | g2 = 0} be the MOD subset
dual number semigroup.

Let X={3+g 04+0.5g,0.8+0.9g,0.06g +4,0.7 +0.3g,
2.1 +3.4g} and
Y = {6g, 3g,0.2¢g,0.7g, 0.9, 0.5, 6, 2g, 5g, 0.g} € B.
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We find X X Y = {4g, 2.4g, 4.8g, 3g, 4.2¢g, 5.6g, 2¢g, 1.2g,
6.3g,2.4g, 5g,2.1g, 0.6g, 0.08g, 0.16¢g, 0.8g, 0.14g, 0.42g, 2.1g,
0.28g, 0.56g, 5.6g, 0.49¢g, 1.47g, 2.7 + 0.9g, 0.36 + 0.45g, 0.72
+ 0.81g, 3.6 + 0.054g, 0.63 + 0.27g, 1.89 + 3.06g, 1.5 + 0.5g,
0.2 +0.25g, 0.4 + 0.45g, 2 + 0.03g, 0.35 + 0.15g, 1.05 + 1.7g, 4
+6g,2.4+3g,4.8 +5.4¢g,3 +0.36g,4.2 + 1.8g, 5.6 + 6.4g, 6g,
0.8g, 1.6g, g, 1.4g, 4.2¢g, g, 2g, 4g, 6g, 3.5g, 3g, 0.3g, 0.04g,
0.08g, 0.4g, 0.07g, 0.21g}e B.

This is the way product operation is performed on B has
infinite number of MOD subset zero divisors.

Let D ={0.7g, 2g, 4g, 5g, 0.052¢g, 0.374¢g} and
E = {g, 2g, 4g, 5g, 0.224¢g, 6.735g, 4.332¢g} € B.
Clearly D X E = {0}.

Several interesting properties about these MOD subset dual
number semigroups can be got.

Example 2.44: Let S = {S(R,(10)(g)), g° = 0, X} be the MOD
subset dual number semigroup.

Take X = {9g + 8.5,2 +4g,5 +0.8g, 8.1 +4.5g, 7.5 + 8.2¢,
8g,6g,4+4g,2 +2g} and

Y ={0.7g, 4g, 5g, 3g, 0.8g,0.2g, g, 1, 2, 5, 6, 0.5, 0.2, 0.7}
e S.

X xY ={595g, 1.4g, 5.67g, 5.25g, 1.4g, 2.8¢g, 0, 8g, 2.4g,
2g, 2.5g, 5g, 0.5g, 7.5g, 5.5g, 6g, 4.3g, 2.5¢g, 2g, 6g, 6.8g, 1.6g,
4g,6.48g,3.2g, 1.7g, 0.4g, 0.g, 1.62g, 1.5¢g, 0.8g, 0.4g, 8.5¢g, 2g,
5g, 8.1g, 7.5g, 4g, 2g,9g + 8.5,2 +4g, 5+ 0.8g, 8.1 +4.5¢, 7.5
+ 8.2g, 8g, 62,4 +4g,2 +2g, 82+ 7,4 +8g,1.6g,6.2+9g,5+
6.4g, 8 +8g,5 +2.5g,5+4g,05+25g,75+¢g,4g+ 1,2+
4g,4.8g,8.6 +7g,5+9.2g,45g+4.25,1+2¢g,2.5+0.4g,4.05
+2.25¢,3.75 +4.1g,4g,3g, 1 + g, 1.8g+1.7,04 + 0.8g, 1 +
0.16g, 1.62 + 0.9g, 1.5 + 1.64g, 1.6g, 1.2g, 0.8 + 0.8g, 0.4 +
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0.4g, 6.3 +4.55g, 1.4 + 2.8g, 3.5 + 0.56g, 5.67 + 3.15g, 5.25 +
5.74g,5.6g,4.2g,2.8 +2.8g, 1.4 + 1.4g}e S.

S has infinite number of zero divisors, few units and
idempotents.

Example 2.45: Let M = {S(R,(13)g where g2 = 0, X} be the
MOD subset dual number semigroup.

We see M has infinite number of zero divisors, only finite
number of units and idempotents.

Let X={0.7+0.6g,g+1,2+2g,4+5g,0.5+0.8g, 4g +
2,10+ 5g} and

Y ={5g, 2¢g, 7g, 8g, g, 3g, 2, 5,10,7,0.1,0.5,04} € M.

X xY = {3.5g, 5g, 10g, 7g, 2.5g, 11g, 1.4g, 2¢g, 4¢g, 8¢, g,
4g, T7g, 4.9¢g, 9g, 5.6g, 3g, 5g, 6g, 0.7g, 0.5g, 10g, 2.1g, 11g,
1.5g, 1.4 +1.2g,2 +2g,4 +4g, 8+ 10g, 1 + 1.6g, 8g + 4,7 +
10g, 3.5 +3g,5 + 5g, 10 + 10g, 7 + 12g, 2.5 + 4g, 7g + 10, 8 +
12g,7+6g, 7+ 7g, 1 +11g,5+82,g+7,9+8g,49+4.2¢, 1
+g,2+9g 35+5.6g,0.1+0.1g,2g+ 1,5+ 9g, 0.07 + 0.06g,
0.2+0.2g,0.4 +0.5g, 0.05 + 0.08g, 0.2 + 0.4g, 1 + 0.5g, 0.35 +
0.3g,05+05g, 1 +g,2+25g, 025 +04g,2g+ 1,5+ 2.5g,
0.28 + 0.24g, 0.4 + 0.4g, 0.8 + 0.8g, 1.6 + 2g, 2 + 3.2g, 1.6g +
0.8,4 +2g}e M.

This is the way product operation is performed on M.

We see M has infinite number of zero divisors.

For A = {0.2g, 0.5g, 8g, 9¢g, 0.4g} and

X = {g, 8g, 0, 5g, 1.4¢g, 3.11g, 2.109g, 10.009¢g, 11.21g,
12.45g} € M is such that A X X = {0}.

Thus we can get infinite collection of zero divisors in M.
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Example 2.46: Let S = {S(R,(27)g), g2 = 0, X} be the MOD
subset dual number semigroup. S has infinite number of zero
divisors.

S(R,(27)) < S is a MOD subset real semigroup of infinite
order. Clearly S(R,(27)) is not an subset ideal of S.

Now we proceed on to describe with examples the notion of
MOD subset special dual like number semigroup.

Example 2.47: Let S = {S(R,(5)(2)) | g2 = g, X} be the MOD
subset special dual like number semigroup.

S is of infinite order and is commutative.

Let A={3+4g,2+22¢g,4g,2.5¢,05+0.7g,2 +4g,3.2 +
4.1g} and

B ={3g,2g, g, 1,4g,0.5g,0.2g, 0.8g}e S.

A X B ={g, 2.6g, 2¢g, 2.5g, 3.6g, 3g, 1.9¢g, 4g, 3.4¢g, 0, 2.4g,
4.6g,2g,4.2g,4g,2.5¢g,1.2g, g,2.3g,3 +4g,2 + 2.2g, 4g, 2.5g,
0.5+0.7g, 2 +4g, 3.2 +4.1g, 1.8g, 3.5g, 2¢g, 4.8g, 4.2g, 3.2¢,
0.6g, 1.5g, 3.65g, 1.4g, 0.84g, 3.36g, 0.8g, 0.24g, 1.2g, 1.46g,
0.96g, 0.48g, 0.84g}e S.

Example 2.48: Let B = {S(R,(12)(g)), g2 = g, X} be the MOD
subset special dual like number semigroup.

Let X = {0.8 + 4g, 5g + 10, 0.7¢g + 0.4, 6.5 + 3.5g, 2.1 +
5.2g,10.01 + 7.2g, 6g, 0.4g} and

Y ={0.8g,0.5g,0.6g,¢g,1,0,2,4,10} € B.
We now show how X X Y is found.
X xY = {3.84¢g, 0, 0.88g, 8g, 5.84¢g, 1.768g, 0.32g, 2.4¢,

7.5g, 0.55g, 5g, 3.65g, 8.605¢g, 3g, 0.2g, 2.88g, 9¢g, 0.66g, 6g,
4.38g, 10.326, 3.6g, 0.24g, 4.8¢g, 3g, 1.1g, 10g, 7.3g, 5.21g, 6g,
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0.4g, 0.8 +4g, 5g +10,0.7g + 0.4, 6.5 + 3.5g, 2.1 + 5.2g, 10.01
+7.2g,1.6+8g,10g+8,1.4g+0.8,1+7g,42+104g, 8.01 +
2.4¢,0.8¢,3.2 +4g,82+4,2.8z2+1.6,2 +2g, 8.4 + 8.8g, 4.01
+4.8g,1.6g, 8+4g,2g+4,7g+4,5+11g,9+4g, 4.1, 4g}e
B.

This is the way product operation is performed on the MOD
subset special dual like number semigroups. In fact B has subset
zero divisors.

Let X ={2g,4g +2,2g + 4, 8g,4g, 8 + 2g, 2 + 8g, 4 + 8¢,
8 +4g} and

Y = {6, 6g, 6 + 6g,0} € B.
Clearly X x Y = {0}.

Example 2.49: Let S = {S(R,(64)g), g2 = g, X} be the MOD
subset special dual like numbers semigroup. S has zero divisors.
S has MOD subset subsemigroups which are not ideals.

Next we briefly describe semilattices on S(R,(m)),
S(Co(m)), S(R} (), {S(R,(m)(g)) with g’ = 0}, {S(R,(m)(g))
with g° = g} and {S(R\(m)(2)) | g* = (m - 1)g}.

DEFINITION 2.7: Let S(R.,(m)) be the MOD subset of the MOD
real plane. Define ‘U on S(R.m)); {S(R.m)), U} is a
semilattice or an infinite idempotent semigroup. The same is
true if S(R,m)) is replaced by S(R,f (m)) or S(C,(m)) or
[S(R,(m)(g)) with g" = 0} or {S(R/(m)(g)) with &' = g} or
[S(R((m)(g)) with g* = (m— 1)g].

We will only illustrate all these situations.

Example 2.50: Let {S(R,(12)), U} be MOD subset real
semilattice or idempotent semigroup.
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For any X = {(3, 8), (2, 0), (3.114, 0.532), (0, 8.1102),
(0.11156, 6.7205)} and

Y = {0, 0.732), (6.32, 1.207), (1.31, 5.38), (3, 8),
(0.0710325, 8.31), (6, 0.36), (0.8, 0.841)} € S(R,(12));

X uUY={G@G 98, (2, 0), (3.114, 0.532), (0, 8.1102),
(0.11156, 6.7205), (0, 0.732), (6.32, 1.207), (1.31, 5.38),
(0.0710325, 8.31), (6, 0.36), (0.8, 0.841)} € S(Ry(12)).

This is the way U operation is performed on S(R,(12)).

Example 2.51: Let M = {S(Ri(S)), U} be the MOD subset
neutrosophic idempotent semigroup.

Let X = {3 + 2L, 2.001L 0.3211, 0.53 + L, 3.011, 0.1304 +
0.632511} and

Y = {1+ 1, 043211, 0.73 + 0.85L, 3 + 21, 2.001L, 0.7 + 0.4,
4.2 +4.31e M.

XuY={3+2],2.001I 0.3211, 0.53 + I, 3.011, 4.2 + 4.3],
0.1304 + 0.63251, 1 + 1, 0.43211, 0.73 + 0.851, 0.7 + 0.4I}¢ M.

This is the way operation is performed.

Example 2.52: Let P = {S(C,(8)), U} be the MOD subset of
complex modulo integer semilattice (idempotent semigroup).
We see P is commutative and is of infinite order.

Forevery X e P; Xu X =X.

Let
X = {0.73 + Tig, 1.8 + 3if, 6.5 + 6ig, 0.78ir, 0.42 + 0.8iF,
4 + 4ig} and
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Y =1{1,0,4,4 + i, 0.0001, 0.8ig, 0.78ig, 3 + 3ir} € P.

We find X U Y = {0.73 + 7ip, 1.8 + 3if, 6.5 + 6ig, 0.78iF,
0.42 + 0.8i, 4 + 4ig, 1, 0, 4, 0.0001, 0.8ig, 3 + 3ir} € P.

Next we give examples of MOD subset dual numbers
semilattices.

Example 2.53: Let S = {S(R,(12)(g)) g* = 0, U} be the MOD
subset dual number idempotent semigroup (semilattice).

Let X ={3+4.8g,0,g, 4+0.3g,0.04 + 6.03g, 3.0g, 4.2, 7g}
and Y = {0, g, 3g,0.7g, 5g, 2 + 4g, 10g, 4 + 5g}e S.

XuY={3+48g0,g, 4+0.3g, 004 +6.03g,3.01g, 4.2,
7g,0,¢g,3g,0.7g,5g, 10g, 4 + 5g,2 + 4g} € S.

Example 2.54: Let M = {S(R,(11)(g)) where g2 =g, U} be the
MOD subset special dual like number semilattice (or idempotent
semigroup).

Let X = {9 + 2g, 0.75 + 4.5g, 0.71 + 0.425g, 4g, 6, 7 + g,
0.001, 0.00004g} and

Y ={g, 2g,3g,4+ g 2+ 0.3g,0.74g, 0.21g, 0, 1, 0.224¢,
1.0059g, 9.58} € M;

XUY={9+2g 075 +4.5g, 0.71 + 0.425¢g, 4g, 6,7 + g,
0.001, 0.00004¢, g, 2g, 3g, 4 + g, 2 + 0.3g, 0.74¢g, 0.21g, O, 1,
0.224¢, 1.0059g, 9.58} € M.

This is the way operation U is performed on M.
Example 2.55: Let W = {S(R,(7)g) where g2 = 6g, U} be the

MOD subset special quasi dual number semigroup. W has
subsemigroups.
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In fact every subset X is a subsemigroup as X uUX = X.
Thus W has every singleton MOD subset to be subsemigroup.

LetX,Ye W, XUuYe Wifandonlyif XcYorYcX.
LetL={X={6+g,3g,4g, 0.33g, 0.889¢g, 0.0052} and
Y ={3,4¢g,4 +4g, 5g,0.7778, 0.22252,0.7 + 4g}} c W.

Wesee XUuX=XandYuY=YbutXuY={6+g 3g,
4g, 0.33g, 0.889¢g, 0.0052, 3, 4 + 4g, 5g, 0.7778, 0.2225g, 0.7 +
4g} ¢ L.

Thus L is only a subset of W but is not a subsemigroup.

However {X, Y, X U Y} is a subsemigroup which we
define as the completion of the subset L and denote it by L and
L°=Lu{XuUY}

THEOREM 2.3: Let M = {S(R,(m)), U} be the MOD subset real
semigroup (semilattice) (or S( R,f (m))), S(C,(m)), {S(R(m)(g) /
g = 0), (S(Rm)(g)). §" = g}, (S(Ru(m)(g)) | §" = (m — 1)g} be
the MOD subset neutrosophic semigroup or MOD subset complex
semigroup or MOD subset dual number semigroup, MOD subset
special dual like number semigroup or MOD subset special quasi
dual number semigroup.

Every subset collection P of M can be made into a
subsemigroup.

Proof is direct and simple hence left as an exercise to the
reader.

We will illustrate this situation by an example or two.

Example 2.56: Let S = {S(R,(5)(g)) | g2 = g, U} be the MOD
subset special dual like semilattice.
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Let P = {0.3g, 0.9, 2 + 4g, 0.38g + 4.02} € S.

We see P UP = P so P is a MOD subset subsemigroup of
order 1.

In fact S has infinite number of MOD subset subsemigroups.
Let P={0.13g, 2g + 0.8g, 2.4, 4 + 0.23g} and
Q=1{2,2¢g+1,021g+3} e S.

PUP=P,QuUQ=Qbut
PuQ={0.13g,2g + 0.8g, 2.4, 4 + 0.23g, 2, 2g + 1, 0.21g
+3} ¢ {P,Q}.

But B = {P, Q, P U Q} is subsemigroup of order three in S.

In fact all subsets of order two in S which are not
subsemigroups can be completed to form a MOD subset
subsemigroups of order three.

Further S has infinite number of subsemigroups of order
three.

Nextif T = {A, B} where

A ={3+4g, 2g, 0.3371, 0, 2.00056g, 0.8101g + 2.0114}

and B = {3 + 4g, 2¢, 0, 0.3371}.

Clearly AUA=A,BUB =B, AuB=AsoTisaMOD
subset subsemigroup of S.

In fact S has subset subsemigroups of all finite order and
also subsemigroups of infinite order.

Now in view of this we give the following theorem the
proof of which is direct.

THEOREM 2.4: Let S = {S(R,(m)), (or S(C,(m)) or S( R,f (m))),
or {S(R.(m)(g)) & = 0}, {S(R(m)(g)) & = g} or {S(R.(m)(g)) |
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g = (m — 1)g}} be the MOD subset semigroup under product
operation .

i. S has MOD subset subsemigroups of all orders.

ii. If P ={A, B} is a MOD subset of S of order 2. P is a
MOD subset subsemigroup if and only if A € B or B CA.

Next we proceed on to define MOD or small subset
semigroups under M. In first place for us to have closure

property under N we need to adjoin ¢ the empty set with
S(Ry(m)).

Now S = {{S(R,(m)) wd}, N} is a MOD subset real
semigroup defined also as the MOD subset real semilattice.

Clearly o(S) = « and every element in S is an idempotent
hence every singleton element in S is a subsemigroup of S of
order one.

We will illustrate all these situations by some examples.

Example 2.57: Let S ={S(R,(24)(g)) U ¢, N} be the MOD subset
semilattice under the operation M. S is of infinite order.

Let A = {12g, 10 + 3g, 0.004g, 6.0025, 10.324g + 10.006,
0} and
B ={5g,4¢g, 2g, 20g, 21 + 0.88g, 0.44 + 23g} € S.

Clearly ANMA=Aand BN B =B.

Thus as in case of union ‘U’. We see also in case of ‘’; we
see every singleton subset of S is a subsemigroup of S.

Example 2.58: Let S = {S(R,(24)) w0, N}. Every subsets of
order two of S can be made into a subsemigroup under M if that
two element set is not a subsemigroup. However the completion
will lead to a three element set.
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Let A = {(10, 8), (0.2, 0.74), (10, 16), (19, 23)} and
B ={(5,2).(0,0).(,21),47}e S.
ANA=ABNnB=BandAnB=¢.

Clearly {A, B, ¢} = L is a MOD subset subsemigroup of
order three.

However {A, B} is not a subsemigroup of S.
Let M= {A={(0,5),(8,0.3), (0.4,9.82), (23, 1)} and
B=1{(0,5),(23,1),(5.772,8.3),(11.2,13.4)}} c S;

But A n B = {(0, 5), (23, 1)} ¢ M. So M is not a MOD
subsemigroup only a subset.

But {A, B, An B} < S is a MOD subsemigroup called the
completion of the subset M denoted by M°.

Infact a MOD subset of order three which is not a
subsemigroup only a subset can be completed to form a
subsemigroup. In fact the same is true for any subset collection
of any order.

Let N={A={(0,3),(7,5), 9,2},

B ={(0.337, 6.004), (7.331, 0), (4, 0.3), (2,4), (3, 7.23)},

C={(4,03),(0,3),(8.3,03)},

D = {(0, 3), (2,4), (4,0.3)}} < S be the MOD subset.

Clearly N is not a MODsubsemigroup.

We can obtain N° which will be a subsemigroup.
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N°={A,B,C,D,ANnB=90,AnC={(0,3)}, AnD=
{0, 3)},

BNC={4,03)},BNnD={(2,4),(4,0.3)} and
C n D = {0, 3), 4, 0.3)}} is the completed MOD
subsemigroup of the subset N.

N°={A, B, C, D, ¢, {(0, 3)}, {(4,0.3)}, {(2, 4), (4, 0.3)},
{(0, 3), (4,0.3)}}c S.

IN| =dand |N¢| =0,

It is left as an open problem to study the following.

Problem 2.1: Is it possible for one to say if ‘ P‘ =nand P c S,
where S is a MOD subset semigroup and P a subset of S. What is

[P<]2
(@ fP={X,,.... Xy} withXinX;=0fori<i,j<n.
(b) If X Xj# ¢ for only oneiandjandi #j.
(c) If Xim Xj# ¢ for a set of 3 elements in P.
(d) If X X;# ¢ for only a set of 4 subsets in P.

(e) Generalize for X; N X;# ¢ for a m set of elements and
m<n.

Example 2.59: Let S = {S(C,(10)) U {0}, N} be the MOD
subset complex modulo integer semigroup.

Every singleton set is a MOD subset subsemigroup.

LetA={3,2.5,7.5,8,0} € S,AnA=A.
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Thus A is a MOD subset subsemigroup.

Let B = {3iF, 2if, 0.77ig, 6.8051ig, 2.15ir} € S;

B n B =B so B is also a MOD subset subsemigroup.
Let A = {3 + 2if, 0.7if, 0.3321 + 9.2105i¢} and

B = {0.7iF, 0.8, 0.7389ir + 4.8, 5 + 5iF, 6 + 8ig} € S.
LetM={A,B}; wesee An B ={0.7ir} ¢ M.

Thus M® = {A, B, A n B} € S is a MOD subset
subsemigroup of order 3. M¢ is called the completion of M.

We can always complete any subset collection which is not
a subsemigroup to a subsemigroup.

In view of all these we mention the following theorem.

THEOREM 2.5: Let S = {{S(R(m)) U @}, (or {S(C,(m)) U @} or
{S(R! (m))U @}), or {S(R. (m)(g))U @, g =0} or {S(R. (m)(g))

U ¢ g =gl or (S(R(m)(g) Lp with g" = (m — 1)g}} be the
MOD subset real semigroup (semilattice) (or MOD subset
complex semigroup and so on).

Then

i. Every singleton subset is a subsemigroup.

ii. S has subsemigroups of order two, three and so on.

iii. Every subset of S can be completed to a subsemigroup
of S.

Proof is direct and hence left as an exercise to the reader.

Example 2.60: Let S = {{S(R,(11)(g)), U ¢}, g2 = 10g, N} be
the MOD subset special quasi dual like number semigroup.

| 41
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Let A={3+4g, 10g +3.33,0.9 + 0.32¢g} and

B = {g+ 0.72, 6.848 + 10.03g, 10g + 3.33, 0.999g, 2.22¢,
2.001} € S we see

M = {A, B} is only a subset and not a subsemigroup.

M = {A, B, AN B} C S is the completed subsemigroup of
the subset M.

Every subset in S can be completed to a subsemigroup.

Example 2.61: Let S = {{S(C,(24))ud, N} } be the MOD subset
complex modulo integer semigroup.

Let M = {Collection of all subsets from the set S(R,(24)) U} =
S is a subsemigroup of infinite order.

M is not an ideal of S only a subsemigroup.

M will be a S-subsemigroup if M has a subgroup under N
which is not possible.

THEOREM 2.6: Let S = {{S(R,(m))}, U} and R ={{S(R,(m)) i},
N} be the MOD subset semigroups. S and R are never
Smarandache subsemigroups.

Proof is direct and hence left as an exercise to the reader.

THEOREM 2.7: Let M = {S(R,(m)), X} be the MOD subset
semigroup. M is a S-semigroup if and only if Z,, is S-semigroup.

Proof is direct and hence left as an exercise to the reader.

THEOREM 2.8: Let T = {S(R,f (m)), x} (or S(C,(m)) or
S(R\(m)(g)) with & = 0 or S(R,(m)g) with g° = g or S(R,(m)(g))
with g8 = (m — 1)g) be the MOD subset semigroup. T is a S-
subsemigroup if and only if Z,, is a S-semigroup.
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The proof is left as an exercise to the reader.

All these MOD subset semigroups have finite subsemigroups
as well as infinite subsemigroups which are not ideals. However
all ideals are of infinite order.

Some of these claims are not true in case of the MOD subset
semigroups which are semilattices.

In fact we have every singleton element of MOD subset
semigroups which are semilattices to be a subsemigroup of
order one. These semilattices have subsemigroups of all order.
Further any finite subset of the MOD semilattice can always be
completed to be a subsemigroup. This is the striking difference
between MOD semigroups and MOD semilattices.

Study in this direction is interesting and innovative. Finally
we are not in a position to give group structure to any MOD
subset collection. Even under addition MOD subset is only a
semigroup which has always groups.

The following problems are suggested.
Problems

1. List out some special features enjoyed by MOD subset real
pseudo groups.

2. Let {S(R,(m)), +} = G be MOD subset real pseudo group.

(i)  Prove o(G) = co.

(i1)) Show G is commutative.

(iii) Can G have subgroups which are not pseudo?

(iv) Prove every subset of cardinality greater than or
equal to two cannot have inverse with respect to +.

(v)  Show G has subgroups of finite order.

(vi) Obtain any other special feature enjoyed by G.
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3. Let G; = {S(R,(15)), +} be the MOD subset real pseudo
group.

Study questions i to vi of problem two for this G;.

4, Let H = {S(R,(19)), +} be the MOD subset real pseudo
group.

Study questions i to vi of problem two for this H.

5.  Obtain the special features enjoyed by MOD subset
complex pseudo groups.

6. Let {S(C,(16)), if} = 15, +} = B be the MOD subset
complex number pseudo group.

@) Show B is commutative and is of infinite order.

(ii) Find some special features enjoyed by B.

(ii1) Show S has both finite and infinite subset groups
which are not pseudo.

(iv) Find all infinite pseudo subgroups of B.

7. Let M = {S(C,(43)), +, i; = 42} be the MOD subset
complex number pseudo group.

Study questions i to iv of problem 6 for this M.

8. Let S = {S(R)(m)), P’ = I, +} be the MOD subset
neutrosophic pseudo group.

(1) Obtain the special features enjoyed by S.

(ii) Compare a MOD subset real pseudo group with
the MOD subset neutrosophic pseudo group.

(iii) Find subgroups of S which are not pseudo.

(iv) Can S have a subgroup of finite order which is
pseudo?
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11.

12.

13.

14.
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Prove for all S = {(S(R,(m)), +} or S(Rf1 (m)), S(C,(m)),

S(Ry(m)(g)) with g* = 0, SRy(m)(2), g = & SRy(m)(g))
with g* = (m — 1)g} the MOD pseudo subset group (or the
MOD subset semigroup) is always a S-MOD subset
semigroup.

Let M = {S(R,(m)(g)), ‘+’ g2 = 0} be the MOD subset dual
number pseudo group (semigroup).

@) Find all finite MOD subset subsemigroups.
(ii) Can M have infinite pseudo groups which are not
ideals?

(ii1) Can M have ideals?

@iv) Prove in general a subset X of M has no inverse.

(V) Prove {0} is the additive identity of M.

(vi) Prove B = {all subsets from ag with a € [0, m)} is
only a subsemigroup of M but not an ideal.

Let B, = {S(R.(9)(g)), +; g2 = g} be the MOD subset
special dual like number semigroup.

Study questions i to vi of problem 10 for this B;.

Let T, = {S(R,(17)(g)), +; & = g} be the MOD subset
special dual like number semigroup.

Study questions i to vi of problem 10 for this T;.

Let W = {S(R\(93)(g)), +; g2 = 92g} be the MOD subset
special quasi dual number semigroup (pseudo group).

Study questions i to vi of problem 10 for this W.

Let M = {S(R!(18)(2)), +} be the MOD subset
neutrosophic semigroup.

Study questions i to vi of problem 10 for this M.
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15.

16.

17.

18.

19.

20.

21.

Let W = {S(R£(29)(g)), +} be the MOD subset
neutrosophic semigroup.

Study questions i to vi of problem 10 for this W.

Let T = {{S(R\(20)) U ¢}, N} be the MOD subset real
semilattice (semigroup).

(i) Prove T has subsemigroups of order 1, 2, 3, ... so
on.
(ii) Can every subset be completed to form a

subsemigroup?.
(iii) Obtain some interesting properties about T.

Let P = {{S(R,(43)) L}, N} be the MOD subset real
semilattice.

Study questions i to iii of problem 16 for this P.

Let M = {{S(R!(24)) L0}, N} be the MOD subset
neutrosophic semilattice.

Study questions i to iii of problem 16 for this M.

Let S = {{S(C,(92)) Lo}, N} be the complex modulo
integer semilattice.

Study questions i to iii of problem 16 for this S.

Let V = {{S(R,(24)(g)) U}, N, & = 0} be the MOD
subset dual number semilattice.

Study questions i to iii of problem 16 for this V.
Let W = {{S(R,(20)(g)) L0}, N, g’ = g} be the MOD

subset special dual like number semilattice.

Study questions i to iii of problem 16 for this W.
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23.

24.
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27.

28.

29.
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Let M = {{S(R,(29), U} be the MOD subset real
semilattice.

Study questions i to iii of problem 16 for this M.

Let X = {{S(R£(35)), U} be the MOD subset
neutrosophic semilattice.

Study questions i to iii of problem 16 for this X.
Let Z = {{S(C,(20)), U} be the MOD subset complex
modulo integer semilattice.

Study questions i to iii of problem 16 for this Z.

Let B = {{S(R,(19)(g)), U, g2 = 0} be the MOD subset
dual number semilattice.

Study questions i to iii of problem 16 for this B.

Let S = {{S(R.,(224)(g)), U, g2 = 0} be the MOD subset
dual number semilattice.

Study questions i to iii of problem 16 for this S.

Let B = {{S(R,(16)(g)), U, g2 = g} be the MOD subset
dual like number semilattice.

Study questions i to iii of problem 16 for this B.

Let S = {{S(R.(29)(g)), U, g2 = 28g} be the MOD subset
special quasi dual number semilattice.

Study questions i to iii of problem 16 for this S.
Let M = {S(Rf1 (43)), U, I* = 1} be the MOD subset
neutrosophic semilattice.

Study questions i to iii of problem 16 for this M.
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30.

31.

32.

33.

34.

35.

36.

37.

Let S = {{S(R} (24)), U ¢}, N, P'=1} be the MOD subset
neutrosophic semilattice.

Study questions i to iii of problem 16 for this S.

Let P = {{S(C,(43)), U0}, M, if =42} be the MOD subset
complex modular integer semilattice.

Study questions i to iii of problem 16 for this P.

Can P = {{S(R,(48)) Ud}, N} be a S-semigroup? Justify
your claim.

Can B ={{S(C,(47)) L}, N} be a S-semigroup? Justify
your claim.

Can P and B in problems 32 and 33 have subsemigroups
which are Smarandache?

Obtain any special and interesting feature enjoyed by
MOD subset neutrosophic semilattices.

Obtain some special properties related with MOD subset
complex modulo number semilattices.

Let M = {S(R,(24)), x} be the MOD subset real
semigroup.

(1) Prove M is commutative.

(1) Can M have ideals of finite order?

(ii1) Can M have subsemigroups of finite order?

@iv) Can M have zero divisors?

V) Can M have S-ideals?

(vi) Is M a S-semigroup?

(vii)  Can M have S-units?

(viii) Is it possible for M to have infinite number of
idempotents?



38.

39.

40.

41.

42.

43.

44.
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(ix) Can the concept of S-idempotent be possible in
M?

Let S = {S(R£(43)), x, I = I} be the MOD subset
neutrosophic semigroup.

Study questions i to ix of problem 37 for this S.

Let B = {S(C,(24)), x, i. = 23} be the MOD subset
complex modulo integer semigroup.

Study questions i to ix of problem 37 for this B.
Let T = {S(R,(17)), X} be the MOD subset real semigroup.

Study questions i to ix of problem 37 for this T.

Let W = {S(C,(53)), X, iz = 52} be the MOD subset
complex modulo integer semigroup.

Study questions i to ix of problem 37 for this W.

Let N = {S(R!(12)), x, " = I} be the MOD subset
neutrosophic semigroup.

Study questions i to ix of problem 37 for this N.

Let A = {S(R,(40)(g)), gZ =0, x} be the MOD subset dual
number semigroup.

Study questions i to ix of problem 37 for this A.
Let B = {S(R\(37)(2)), g = g X} be the MOD subset
special dual like number semigroup.

Study questions i to ix of problem 37 for this B.
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45.

46.

47.

Let C = {S(R,(42)(g)), & = 41g, X} be the MOD special
quasi dual number semigroup.

Study questions i to ix of problem 37 for this C.

Obtain  some  special features  enjoyed by
B = {S(R,(m)g); g’ = (m - 1)g, x}.

What are the special features associated with
S = {S(C(m)); iy =m—1,x}?



Chapter Three

MATRICES AND POLYNOMIALS USING
MOD SUBSET SEMIGROUPS

In this chapter we for the first time build matrices and
polynomials using MOD planes. However MOD polynomials
have been dealt with in [25-6].

Here we build matrices and polynomials using MOD subsets
and study algebraic structures enjoyed by them.

To this end we will define all types of MOD real matrices
and they can be easily extended to the case of MOD complex
planes etc.

The notations given in chapter II will be used in this chapter
also.

DEFINITION 3.1: Let M = {(ay,..., a,) fa,€R,(m); 1 <i <p} =
(X1, Y1) (X2, Y2)s s (X Yp)) i = (%3, i) Xi, yi€ [0, m); 1 <0 <
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pJ} be defined as the MOD real row matrix with entries from the
MOD plane R, (m).

We will illustrate this by a few examples.

Example 3.1: Let
P = ((0, 3), (0.771, 2), (5.1107, 8.01), (2.07, 11.37)) be a MOD

real 1 X 4 row matrix with entries from the MOD real plane
R,(12).

Example 3.2: Let X = ((0.001, 0.2), (0.112, 0.75), (6.113,
0.211), (0, 0), (1, 1), (5, 5), (2.00007, 0.8912)) be the MOD real
1 X 7 row matrix with entries from the MOD real plane R,(7).

On similar lines we can define MOD complex row matrix,
MOD neutrosophic row matrix, MOD dual number matrix, MOD
special dual like number matrix and MOD special quasi dual like
number matrix. This is a matter of routine so left as an exercise
to the reader.

We will now supply examples of them.

Example 3.3: Let

M = (3 + 5.1ig, 2 + 0.3ip, 0.32if, 7.021, 0.3 + 0.772ip) isa 1 X 5
MOD complex modulo integer row matrix with entries from
C.(10).

Example 3.4: Let P = {(0.4ig, 2 + 0.37ig, 0.337, 0.812 + 4i,
6.33312 + 5.035721ig, 0, 1, ip)} be the 1 x 8 MOD complex
modulo integer matrix with entries from C,(7).

Example 3.5: Let
B=(1+0.31,1,1+1 0334 + 0.8881, 4 + 51, 3.814 + 6.9321])

be the 1 X 6 MOD neutrosophic row matrix with entries from
R! (7).
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Example 3.6: Let
M=(0.7,81,0.2, 71+ 0.54,0,1, 1.32 + 1,1, 3,41+ 0.5) be a I X

10 MOD neutrosophic row matrix with entries from R 111 (10).

Example 3.7: Let

W=3+05g2¢g,7,0,g 081 +0.71g, 5g + 0.77) be a 1 x 7

MOD dual number row matrix with entries from R, (12)(g) with
2

g =0.

Example 3.8: Let

M = (0.3, 11.2g, 9, 12 + 0.475g, 0, 1, 4g, 5.007 + 2.18g) be a
1 x 8 MOD dual number row matrix with entries from R, (13)(g)
with g°= 0.

Example 3.9: Let B = (0.921, 0.7741g, 4, 5g, 8g + 0.779,
0.012g, 9 + 0.6642g, 2 + 5g, 10 + 9g) be a 1 x 9 MOD special
dual like number row matrix with entries from R,(11)(g) where

g=g

Example 3.10: Let

N = (10 + 2g, 4 + 8g, 0.2111g, 0.31115, 0.2114g + 9, 8 +
0.51231g, 0.332 + 0.12g) be a 1 x 7 MOD special dual like
number row matrix with entries from R,(15)(g) with g2 =g.

Example 3.11: Let M = (0, 1, 5g, 3, 2g, 0.11g, 0.15g, 7 + 8g, 10
+ 0.3315g, 0.712 + 8g, 0.57312 + 0.63215g) be a 1 x 11 row

matrix of MOD special quasi dual numbers with entries from
R,(11)g with g* = 10g.

Example 3.12: Let S = (0.331g, 0, 4, 2g, 6.331, 0.4895, 0.7 +
0.5g, 3g + 8, 0.831 + 7g, 6 + 0.4123g) be a 1 x 10 MOD special
quasi dual number row matrix with entries from R,(10)(g) with

g’ =9g.

Now we proceed to give various operations on MOD row
matrices of all types.
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DEFINITION 3.2: B = {(a, ,..., a,) [ a:€R,(m) (or R.(m) or
C,(m) or R,(m)(g) with g’=0 or R,(m)(g) with g’ = g or R,(m)g
with g = (m—1)g, 1 <i <p, +} is defined to be a MOD real row
matrix group or MOD neutrosophic row matrix group or MOD
complex modulo integer row matrix group or MOD dual number
row matrix group or MOD special dual like row matrix group or
MOD special quasi dual number group respectively.

We will illustrate these by some examples.
Example 3.13: Let
B = {(a}, ay, a3, a4) where a, = (x5, ¥;) € Ry(10), 1 £1<4, +} be

the MOD real 1 X 4 row matrix group under +.

We see ((0, 0), (0, 0), (0, 0), (0, 0)) acts as the additive
identity.

Letx =((3, 1), (2, 0.112), (0.1, 0), (0.72, 0.45)) and
y =((0, 0.7), (0.1, 0.1121), (0.571, 2), (0.5, 0.31)) € B.

x+y=(3,1.7),(2.1,0.2241), (0.671, 2), (1.22, 0.76)) € B.
This is the way ‘+’ operation is performed on B.

To every x € B there exists a unique y € B with
x+y=((0,0), (0, 0), (0,0), (0, 0)).

Let x = ((4, 0.33), (6.32, 6.75), (2.3, 6.2), (9.1, 2.7)) € B.

We have a unique y = ((6, 9.67), (3.68, 3.25), (7.7, 3.8),
(0.9, 7.3)) € B such that x + y = ((0, 0), (0, 0), (0, 0), (0, 0)).

We call y the inverse of x and x is the inverse of y. Thus B
is a MOD real row matrix group of infinite order.

Example 3.14: Let B = {(a;, a,, a3) | ;€ C,(12), +, 1 <1< 3} be
the MOD row matrix complex modulo integer group.
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B has subgroups of both finite and infinite order.

Example 3.15: Let
M = {(aj, a5, a3, a4, as) | a€ RIH(17), 1<1<5, +} be the MOD
neutrosophic row matrix group.

Example 3.16: Let
T={(ay, ..., a0) | &€ Ry(15)(g); 1 <1< 10, g =0, +} be the
MOD row matrix of dual numbers group.

Example 3.17: Let

S ={(an, a, ..., ai5) | a€R,(9)(g); 1 i< 15, +, g° = g} be the
MOD special dual like number row matrix group of infinite
order.

Example 3.18: Let

M = {(a}, a, ..., aj) | a€Ry(15)g, 1 <1 £ 16; +, g2 = 14g} be
the MOD special quasi dual number row matrix group of infinite
order.

Example 3.19: Let
T = {(ai, @ ..., &) | a€R,(19)(g); g* = 18g, 1 <i <20, +} be
the MOD special quasi dual number group.

Example 3.20: Let M = {(a;, &, a3) | a€R,(5)(2); & =g, 1 <i <
3, +} be the MOD special dual like number row matrix group.

Let x =(0.9 +4.2g,2.1 +0.3g, g) and
y=(4.1+0.8g,29+4.7g,4g) e M;

x+y=(0,0,0).

Example 3.21: Let
B= {(ab A, A3, Ay, as, aG) | a; € Cn(lo)a 1< 1 < 6’ +, 112: = 9} be
the MOD complex modulo integer row matrix group.

Let x = (9.2 + 4ip, 0.3iF, 2 + 3if, 0, 0.5 + 0.8if, 2.37) € B.
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We see y = (0.8 + 6if, 9.7if, 8 + 7if, 0, 9.5 + 9.2i;, 7.63)e B
issuch thatx +y=(0, 0, 0, 0, 0, 0).
Thus y is the inverse of x and x is the inverse of y.

Next we prove X can be defined on MOD row matrix
collection and they form a semigroup under X.

We will give examples of them.
Example 3.22: Let
M = {(x1, X2, X3, Xa) | %€R,(9)(8). & = 0, 1 <1 < 4; %} be the
MOD real dual number row matrix semigroup under product. M
has zero divisors. M also has subsemigroups as well as ideals.
x=(5+6.2g,0.32 +4.3g,0, g) we find
x X x=(7+8g, 0.1024 + 2.752g, 0, 0) € M.

This is the way product is performed on M.

Let x = (8.923 + 4.632g, 0, 0, 0) and
y=(0,2.71 +3.25¢,0,0) € M.

Wesee x Xy =1(0,0,0,0)e M.
Thus M has infact infinite number of zero divisors.
Letx=(1,5,2,1)e M.

Weseey=(1,2,5, 1) e Mis such that
xXy=yxx=(1,1,1,1). So M has units.

Letx =(0.7g, 0, g, 0.334g) and
y = (ag, bg, cg, dg) where a, b, c, d € [0, 9) is such that
xXy=(0,0,0,0)as g’ =0.
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Example 3.23: Let

B = {(ay, a,, a3, a4, as, ag) | a,€ R,(20); 1 <1 <6, X} be the MOD
real row matrix semigroup. B has infinite number of zero
divisors but only finite number of units and idempotents. In fact
B has atleast (C; + ¢C, + ¢C3 + ¢C; + ¢Cs number of
subsemigroups which are ideals of B.

Example 3.24: Let
S={(a, ....,a7) |a;e Cy(7); 1 <1 <7, ié = 6, X} be the MOD

complex modulo integer row matrix semigroup. S has units,
zero divisors and ideals.

Let x = (2ig, 0, 3if, 2.1iF, 1, ir, 3) and
y = (2.34 + 2.1ip, 0.7 + 2.14ip, 6.12 + 3.4ig, 4, 0.3771 +
0.523ig, 6.02134 + 4.0002ig, 5.2103 + 2.01ip) € S.

We find x X y = (4.68 + 4.2ig, 0, 0.56i, 1.4if, 0.3771 +
0.5231g, 6.02134ip + 3.0012, 1.6309 + 6.03ip) € S.

This is the way product operation is performed on S.

Example 3.25: Let
B = {(a;, &, a;) |[aje R (20), P =1, 1<i<3,x} be the MOD
neutrosophic row matrix semigroup.

Letx =3+ 14.11, 19 + 12.31, 4.311 + 2.758) and
y=(4+5I 6+ 8l 10 + 10I)e B.

We find x Xy = (3 + 14.11, 19 + 12.31, 4311 + 2.758) X (4 +
5L, 6 + 81, 10 + 10I)

= (12 + 56.41 + 151 + 70.51, 114 + 73.81 + 1521 + 98.41,
43.11+ 27.58 + 43.11 + 27.58])

= (12 + 191, 14 + 4.21, 7.58 + 13.78I) € B. This is the
way product is performed on B.
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Example 3.26: Let
M = {(a}, ay, a3, a4) | a;€ R,(10)(g), g2= 9g, 1 <i<4, X} be the
MOD special quasi dual number semigroup.

Let x = (5 + 2g, 7 + 5g, 3g, 5) and y = (0.32 + 8g, 4.2¢,
8.3g,2.5g) € M.

xXy=(5+2g,7+5g, 3g,5)%x(0.32 + 8g,4.2¢g, 8.3g,2.5g)
=(1.60 + 0.64g + 40g + 16 X 9g, 29.4g + 31.0 X 9g, 24.9 X 9g,
12.5g)
= (1.6 +4g, 18.4g,4.1g, 12.5g) € M.

This is the way product operation is performed on M.

Now we proceed on to describe MOD column matrix groups
and semigroups.

DEFINITION 3.3:

B = {Collection of all column matrices | a; || a; € R,(m),

(or Ry (m), Cy(m), Ry(m)(g) with g* = 0, Ri(m)(g) with g’ = g,
or R(m)(g) with g = (m — 1)g), 1 <i <p)} is defined as MOD
real column matrices (or MODneutrosophic column matrix or
MOD complex modulo integer column matrix or MOD dual
number column matrix or MOD special dual like numbers
column matrix or MOD special quasi dual numbers column
matrix).

We will illustrate these situations by some examples.
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Example 3.27: Let

(3.2)
(0.31,0.75) .

= be a4 X 1 MOD real column matrix with
0,0.7771)

(1,6.1102)

entries from R,(7).

Example 3.28: Let

3.01 +0.75i,
0.851+7.15i,
0+ig

T=1]3+0 be the 7 X 1 MOD complex modulo
2.007 +4.003i,
1.213+0.52i,

| 4.021+3 .21,

integer column matrix with entries from T.
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Example 3.29: Let

[0.21+0.51
3.01+6.0041
0.52 +0.71

B=[8+3I

0.74 +51

7+0.3311

8.331+6.31021 |

be the MOD neutrosophic column

matrix from the MOD neutrosophic plane R! (1).

Example 3.30: Let

[7+3.5¢
0.00152¢

Y=|0.111371
0.58+0.62g

|5.7+4¢g

be the MOD dual number column matrix

from the MOD dual number plane R,(12) ; g2 =0.
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Example 3.31: Let

[0.3¢g
0.0073
1+0.789¢

Y =0.452+3g be the MOD special dual like number

4+5¢g

5.002+3.11g

0

column matrix with entries from R,(16) (g) g2 =g.

Example 3.32: Let

0

1+4g

0.335+2.7¢

B=|6 be the MOD special quasi dual number
2.11+0.38¢
Sg

13.52+7.3g |

column matrix with entries from R,(1) (g) with g2 =9g.

Now having seen the concept of MOD column matrices we
proceed on to define two types of operations on the collection of
all t x 1 MOD column matrices which will be illustrated by some
examples.
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Example 3.33: Let

a,€ Ry(12); 1<i<6, +}

be the MOD real 6 X 1 column matrix group.

Clearly B is of infinite order and is commutative.

(0,
()
()
()
()

(O,

Further if A =

0) ]
0)
0)
0)
0)
0) |

[(0,3)

(2,0.112)
(3,1.1)
(0,0
(4,4)

(7.01,2.52) |

then — A =

[(0,9)

(10,11.888)
(9,10.9)
(0,0)

(8.8)

| (4.99,9.48) |

is the additive identity of the group B.

e Bis
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F0.0)]
(0,0)
(0,0)
such that A + (- A) = .
(0,0)
(0,0)
L(0,0)]
Example 3.34: Let
o]
a2
V=4la; || ae Ry(19);1<i<5,}
a4
L5 |

be the MOD subset real column matrix group under +. V has
subgroups of infinite order.

1

a e Ry(19), +} CV,

=
I
oS O O o w

S}

M, = a € Ry(19),+} CV,

S O O v O




64 | Algebraic Structures on MOD planes

0
0
M;=4la, || a3e Ry(19),+} CV;
0
0

0
0
My=+|0 as € Ry(19),+} < Vand

a4

_0 _
0
0

Ms=+10 as € Ry (19),+} cV

0
L35

are 5 subgroups of infinite order of V.

Infact V also has subgroups of finite order.
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Example 3.35: Let

P={" || ae Ry(12)(g); 1<i<6,+g* =0}

be the MOD dual like number 6 X 1 column matrix group. P has
subgroups of both finite and infinite order.

[8+3¢g [3.11+4.72g
2+0.5¢g 3.2¢g
Loty o |8 andy = 7.32+4.37¢g
32+2¢g 2.15+7¢g
4 0.2g+11
| 4.11+3.13¢ | 10.371+2.3312¢ |
[11.11+7.72g |
2+2.5¢g
7.32+5.37¢g
XY= 153649
0.2g+3
| 4.481+5.4612¢ |

This is the way operations are made on P.

eP
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Further P has atleast ¢<C; + ¢C, + ... + ¢Cs number of infinite
order subgroups.

Example 3.36: Let

a

W= || & e R(6) (@) 1Si<d gP=g. +)
a

be the MOD special dual like number group.

al
0 .
Wesee V, = 0 a; € Zg, +} is a subgroup of W.
0
a,
0 .
V,= 0 a; € {0, 3} +} is a subgroup of W.
0
a,
0 .
V;= a; € {0,2,4}, +} is a subgroup of W.



V4:

S O v O
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a; € Zg, +} is a subgroup of W.

a; € {0,3} +} is a subgroup of W.

a, € {0,2,4} +} is a subgroup of W.

V7= az € Z6,+},

\£

a3 € {0’3}’ +},

w

0
0
a
0



68 | Algebraic Structures on MOD planes

0
0
Vo= a; € {0,2,4}, +} are subgroups of W.
a3
0
0
0
Vio= a € Zg, +},
0
a,
0
0
V11= 0 as € {0,3},+} and
a4
0
0
V= 0 a, € {0,2,4} +} are subgroup of W.
a4
a,
a,
Viz= 0 a, M€ Z, +},
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a;
a,
Vig= a, € Z, ;€ {0,3},+},

a;
a,

V15= 0 a'lE ZG’ a2€{0’294}7 +}7
0
a,
a,

Vie= 0 a e Zs a e {0,3},+},
0

V17 =

a € Zg,and a; € {0,2,4}, +},

S O v

a;, ap € {03}, +},

| 69
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Vl9= ? a;, 4 € {07294}7 +}7

V=12 ae {0.3) and ay € {0, 2,3}, +],

V21 = a2 a; € {07274}

and a, € {0, 3}, +} are all subgroups of W of finite order.
Likewise we get 9 x 4C, number of subgroup of finite order.

We can also consider.

Vo= a;, a, a3 € Zg, + },



<
[38]
(%)

1
f—/—\
B RN R
w N =

Vs =

V26 =

Vo =
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a;, a, a3€ {0,3} +},

a,
a,
V24= aj, a, a3 € {Oa 2a4} +}a

>l aj € Zg ay, a3 € {0,3} +},

w

a
a
a
0

: a; € Z69 dp, a3 {0’ 2’4} +}9

w

a
a
a
0

a1 € Zoeay €{0,3} a3 € {0,2,3}, +},

| 71
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Vas=4| °|lai € Ze,ar € {0,2,4) and a; € {0, 3}}

= RN -CHEE R
S

are subgroups of finite order.
We have 4 x 3 x 7 = 84 such subgroups of finite order.

Thus we have got a big collection of finite order subgroups
for W.

In view of all these we leave the following conjecture open.
Problem 3.1: Let B = {(aj, ... ,a,) | a; € (Ry(m)), +; m=p; p,
... p: (each p; is a prime different from other primes)} be the

MOD real row matrix group.

Find the number of subgroups of finite order in B.

Problem 3.2: Let

C= : || a; € Ry(m) m as in problem, +}

Find the number of finite subgroups and show both B and C
has same number of finite subgroups.

Problem 3.3: Find the number of finite subgroups if;
m= p/"py..pl;ou=1,1<i<t inR,(m).
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Example 3.37: Let

o

s=4" || aje Ru6)(g); 2= 0,1<i<6,+)
a
a,
be the MOD dual number column matrix group.

This has more number of finite subgroups than that of MOD
real column matrix group.

a4
0
LetVi=qf || aie (Zy U g).+}
0
a4
0
V,= 0 a; € Z6,+}
0
a,
0
V3= ap € {0a3}7+}
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al
0
V,= 0 a e {0,2,4}, +},
0
a,
0
V5= 0 a; € {0,3 +3g, 3g, 3}, +},
0
al
0
Ve = 0 aje {0,2,4,2g,4g,2+4g,2 +2g,4 + 2g,
0
4 +4¢g}, +}
and so on.

Thus a MOD dual number group has more finite subgroups
than MOD real group.

Example 3.38: Let

“Ilaje RL(12); 1<i<8,+}
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be the MOD neutrosophic column matrix group.

M also has several subgroups of finite order.

al_
0
B, = . a € Zyy, +},
0 —
_al
0
B2= . a; € {0,6},+},
10
al_
0
B3= . a € {09 29'-'9 10}7 +}9
0 -l
al
0
By=1]. || a1€{0,3,6,9}, +},
0
al
0
B5= . a € {07498}9+}7

| 75
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al
0
Bs=4|. || a1 e <212 UI>,+},
0
al
0
B,=4|. || ai € {0,6,6], 6+ 61}, +},
0
a
0
Bs =< . a, e {0,4,8,4I, 81,4+ 81, 8 + 4I,
0
4 + 41, 8 +81}, +}
a,
0
Bo= <] . ae {0,2,4,6,8, 10, 2L, 41, 61, 81, 10I,
0

2+2L2+41,2+61,2+ 81,2+ 10I... 10 + 101}, +}

and so on are all subgroups of M of finite order.

M also has infinite order subgroups.
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Example 3.39: Let

M= *||aeC, (20);1<i<9, +}

be the MOD finite complex modulo integer 9 X 1 column group.
We see M has several MOD subgroups of finite order.

Now we proceed onto define the notion of product of
column matrix. Of course we can have only have natural
product of matrices.

We see under natural product, M is only a semigroup.

We will illustrate this situation by some examples.

Example 3.40: Let

ae R,(10), 1<i<7,x,)

be the MOD real column matrix semigroup under natural product
Xp

B has zero divisors and is commutative B has
subsemigroups of finite order.
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Example 3.41: Let

L=14] *|la e Ry(10); 1< i<4,x,}

be the MOD real column matrix semigroup.

(0,0.21) (0.771,0)

1, 6.52) (0.971,0.2)
Letx = and y

(1.22,3.52) (0.7,5)

(3.125,1.112) (0.8,2)

(0,0)
: (0.971,1.304)
we find x X, y =
(0.854,7.60)

(2.5000,2.224)

This is the way natural product is performed on L.

’
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Example 3.42: Let

aje RL(6);1<i<7,%,}

be the MOD neutrosophic column matrix semigroup.
B has infinite number of zero divisors but only finite
number of idempotents and units. B has finite number of finite

order subsemigroups.

Example 3.43: Let

M=4la,||ac C,(24); 1<i<7, X}

be the MOD complex modulo integer column matrix semigroup.

M has several zero divisors but only finite number of units
and idempotents.

Infact M has only finite number of finite order
subsemigroups however all ideals of M are of infinite order.



80 | Algebraic Structures on MOD planes

Example 3.44: Let

a;

s=1J1" ||ae R, (12)(2), =0, 1<i<2, x,}
12

be the MOD dual number column matrix semigroup.

S has subsemigroups of finite order. All ideals of S are of
infinite order.

Example 3.45: Let

T=4a, || aeR,(19)(g).g"= g 1 <i<5, %,}

be the MOD special dual like number column matrix semigroup.

P, = a; € Ry(19); X,}

S O O O »

is an infinite subsemigroup which is not an ideal.

T has infinite number of zero divisors.
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Example 3.46: Let

S= 7 || ae Ru(29)(g) with 1<i< 10, g’ =28g, X}

be the MOD special quasi dual like number column matrix
semigroup. S has atleast 1(C; + 1¢C; + ... + 1(Cy number of
ideals.

Also S has 3(1()C1 + ... + 1()C9 + 1()C1()) number infinite
subsemigroups which are not ideals.

Next we proceed onto give examples of MOD matrix groups

and semigroups of matrices which are not column or row
matrices.

Example 3.47: Let

a, a, aj
B= a, as ag|laeR,(12);1<i<9,+}
a, a, a,

be the MOD real square matrix group.

B has subgroups of both finite and infinite order.



82 | Algebraic Structures on MOD planes

Example 3.48: Let

a  a, a0
a a a
1o ap 20 I . .
S= ae R, (43);1<1<40, x,}
a; Ay a3
a3 Ay Ay

be the MOD neutrosophic 4 X 40 matrix group of infinite order.

Example 3.49: Let

al a2 a3

a, a5 3 . :2
T=<|. . . ae Cy(27); 1 <1<42, 1,=26, +}

a,, a, a

be the MOD complex modulo integer matrix group. T has
subgroups of both finite and infinite order.

Example 3.50: Let

N

2 a e Ry(43)(g);

o
=

Il
O o o
~
O o oo o
o
O o oo o
®

g=0,1<i<24,+)

be the MOD dual number matrix group.

M has subgroups of both finite and infinite order.
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Example 3.51: Let

ae R, (18) (2 g =g

1 <1<40, +}
be the MOD special quasi dual like number group.

W has infinite number of subgroups.

W has atleast 5(4()C1 + 4()C2 + ...+ 4()C39 + 4()C4()) number of
subgroups of finite order.

W also subgroups of infinite order.

Example 3.52: Let

N

W
N

W
=N

ae R(24)(g); g =g 1<i<14,+}

=
=]

=}
(=}

—
Il
O o o o®» om m
S

O O o o o

be the MOD special dual like number group of infinite order.
T has several subgroups of finite and infinite order.

T has atleast 7(4C; + ... + 4Cy4) number of finite
subgroups.
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Example 3.53: Let

al a2 a3 a4
M=40 ¢ 1 i |laeR (1) (g =g
a21 a22 a23 a24
1<i<24,+}
is the MOD special dual like number group.
M has atleast 2(,4C; + »C, + ... + 24Cyy) number of

subgroups of infinite order.

M has atleast 5(24C1 + 24C2 + ...+ 24C23 + 24C24) number of
subgroups of finite order.

Now we proceed onto define and describe (MOD matrix
semigroup under X.

Let Ry(m) (or R} (m), Cy(m), Ry(m)(g) with g = 0,

R,(m)(g) with g* = g or Ry(m)(g) with g = (m — 1)g) be the
MOD real plane (or MOD neutrosophic plane or MOD complex
modulo integer plane or MOD dual number plane, MOD special
dual like number plane or MOD special quasi dual number
plane).

We built matrices using these planes and give algebraic
structure of product on them.

This is illustrated by examples.

Example 3.54: Let

a, a, a, a,
B= <{lay; a, a, ay ||aeR,(23);1<1<12,X%,}
a, a, a, a
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be the MOD real matrix semigroup under the natural product of
matrices.

Let
[(0,3) (2.1115,2) (0.3312,0) (1,4)
x={|(0.31L1) (5.221,3.101) (14,20.01) (3,0.31)
1(0.431,5) (6,7) (0,0) (2.110,3) |
and
(3.1115,2) (0,5) (0.2,8.1119)  (1.772,0)
y:
(6,5.213)  (1,0) (2,10) (10,0.2)
1(0,1.32) (10.0.77) (4.331,15.371) (2,0.7) |
e B.
We find x X, y
(0,6) (0,10)  (0.6624,0) (1.772,0) |
1 (1.866,5.213)  (5.221,0) (5,2.001)  (7,0.0622)
(0,66) (17,5.39) (0,0) (4.220,2.1)
i i e B.

This is the way product is defined on B. Infact B has infinite
number of zero divisors and only a finite number of units.
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Example 3.55: Let

ae R, (6); 1<i<4,x,)

be the MOD real square matrix semigroup under the natural

product X,
0,3) (0.3312,0.4423)
Letx = and
(4.2227,2.115) (3.9)
(5.17835,1.831) (0.3,2)
y= e M.

(4,5) (5.1113,4.235)

(0,5.493) (0.09936,0.8846)
We find x X,y = e M.
(4.9908,4.575)  (3.3339,3.175)

This is the way natural product operation is performed on
M.

When we replace the natural product X, by X; M which is a
commutative semigroup under X, is a non commutative
semigroup under X. We will show x X y # y X x in general.

(0.377,2) (1.5444,3.2)
Let A = and
(4.31,0) (0,5.21)
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3,2.1) (0,5
B= e M
0,49 1,49

(1.131,4.2)+(0,0.8) (0,4)+(1.544,0.8)
AXB =
(0.93,0)+(0,2.84) (0,0)+(0,2.84)

(1.131,5) (1.544,4.8)

(0.93,2.84) (0,2.84)

Now we find

(1.131,4.2) +(0,0) (4.632,0.72) +(0,2.05)

BxA=
(0,2)+(4.31,0) (0,0.8)+(0,2.84)

(1.131,4.2) (4.632,2.77)
= -1I

(4.3L2) (0,3.64)

I and II are different hence the MOD real square matrix
semigroup under usual product is a non commutative

semigroup.
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Example 3.56: Let

ae Cy(10), 12 =9, 1 <i<8,x,}

Il
o o o
W w2
O & o o
~

=

be the MOD complex modulo integer semigroup under the
natural product X,.

(2431, 0337, |

1+i 4.7772
Letx = and

417321, 2+3i,

19.221+3.88i, 8+ 2i, |
0.7784 5+5i,

y= eWwW
2 9.2
(0.7793+6.11192i,  4.7321+8.331i, |
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XXy =

[8.442+7.663i, +7.76i, +1.64x9  2.696i, +0.674x9 ]
0.7784+0.7784i, 3.8860 + 3.8860i
0.3464i, 8.4+7.6i,

0 4.7321+8.331i,

This is the way the natural product is carried out on W.

Further W is commutative under X,.

Example 3.57: Let

S={<las ... ... ... a,]||l ae Ry(6)(g);

e W.

1<i<15,87=0, %,)

be the MOD dual number semigroup matrix.

S has infinite number of zero divisors.

[2+3g g 0 02g 1

0 l+g 2 3¢ 2404
Let x = s s s

1 2¢  0.1405g 0  03g

and
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0.2¢g 0.1g 4+021g  0.3g 0.5+
Y=|4+0.2¢g 0.7g 0.32+0.11g 0.12g 4g
0.315+2.17¢ 0.7114g 0.52g 1.1117+2.32g 4.1g
We find
XX,y =
_0.4g 0 0 0 0.05+3g_
0 0.7g 0.64+022g 0 2g
0.315+2.17g 0O 0.052¢g 00

This is the way we find the product on S.

Further {S, X,} is a commutative semigroup.

3g

e S.

Infact S has only finite number of units and idempotents.

11111
The identity elementof Sis (1 1 1 1 1
11111

Example 3.58: Let

a, a,
B=1|a, a,|laec R (10)g g’ =g X,}

as  ag
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be the MOD special dual like number semigroup. B has zero
divisors units and idempotents.

0 1
Letx=|1 0 and
3g 2.11g

9.3321+0.33g 0
7.2152+5.33¢g | € B.

y=|0
0 0
0 0 5g g
Clearly x X,y=|0 O|.Letx=|5 6| € B;
00 6g 1

52 g
weseeX'=|5 6| € Bis an idempotent in B.
6g 1

We have several idempotents in x but they are only finite in

number.

a, 0
P,=<|0 0]] a, € Ry(10)(g)}
0 0

is a MOD subsemigroup which is also an ideal of B.
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a, 0
P,=410 0]] a; € Ry(10)}
0 0

is a MOD subsemigroup of B but P, is not an ideal of B and is of
infinite order.

a, 0
P;=</0 0|| a; € [0,10)}
0 0

is a subsemigroup of infinite order and is not an ideal.

a, 0
P,=<10 O0]| a; € Zp}
0 O

is only a subsemigroup of finite order and is not an ideal.

We have atleast (C; + ¢C, + ... + ¢Cs number of MOD
subsemigroups which are ideals of B.

1 9
T=1|1 1 |e Bissuch that
1 9

T>=1{1 1/ isa unitinB.
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Example 3.59: Let

a,€ Ry(7) g g2 = 6g, X,}

be the MOD special quasi dual number semigroup matrix under
natural product X,

0 3+2
Letx:[ £ 8 }and

1+g 5S¢ 2+g

0.3312+6.52g 2g 5g
y= e M.
3+0.41g 2+03g 0.5+0.7g

0 6g+4x6g S5x6g

XX,y =
Y 3+041g+ 3g+1.5x6g 1+1.4g

3g+0.41x 6g +0.5g+0.7x6g

0 2g 2g

3+6.87g 5g 1+6.1g

clearly the MOD semigroup is commutative and is of infinite
order.

Now we proceed onto build MOD subset matrix groups and
MOD subset matrix semigroups using MOD planes.
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We will define for one type and the rest of the work is
considered as a matter of routine so is left as an exercise to the
reader.

DEFINITION 3.4: Let

B = {(a;)e | a;j € S(Ry(m)); 1 i <5, 1 <j <t} be the collection
of all subset sxt matrices. B is defined as the MOD subset real s
Xt matrices.

Likewise we can define using (subsets of the MOD plane
S(R;, (m)), S(Cy(m)), S(Ry(m)(g)) with g* = 0, S(Ry(m)(g)) with
¢’ = g and S(Ry(m)(g)) with g* = (m - 1)g).

Now we will illustrate first all these concepts by some
examples.

Example 3.60: Let

B = {(X1, X5, X3, X4) | Xj€ S(R,(12)); 1 £i <4} is the MOD subset
real row matrix B has infinite number of elements.

X =({(0.8), (4.113, 0.88), (2.31, 4.26), (0, 1)}, {(0, 0),
(1, 0.2314), (1.521, 1)}, {(0.321,0.2), (0.441, 6.732)},
{(6.312, 6.3331), (7.51,9) (8,4)}) € B.

Observe the elements in the row matrix are subsets of
S(R,(12)).

Example 3.61: Let

i€ S(R,(5); 1 <i<4}

be the MOD subset column neutrosophic matrix.
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{3+0.71,0.532 +4.211,0.711,2.052I}

{0.3,2.71,0.331,0.2105}

{0,1,4,3.21371+4.7321}

| {2+3.000621,3 +4.021571,0.762151,1.22012} |

we observe elements of P are subsets.

Example 3.62: Let

a e S(Cy(10)), 1 <i<12, i2 =9}

be the MOD subset complex modulo integer matrix.

T=

[(3+4i..2+3i,} {0,033} {1,0.221,4.3i.} |
[4.33i.,3+6.33i.} {3i..0.34i,} {1,2,0}
(3,4,5,7i.} {4.331+8.538i.} {7,2,0,0.3i.}
(41420 344, (612574743, 344000k,

10337, +8.222)  8.01457+7i,} |

€ B.

| 95
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The entries of every matrix in B are subsets of S(C,(10)).

Example 3.63: Let

aie S (Ry(12) ()); g =0,

1<i<16}
be the MOD subset dual number square matrix.

[ {0,3+g,0.7
0.3+e.0.7eh 0 401 720.011g

49,0.7771
e & 01055228¢

{5}
0.777782¢

|{9+51231+0.8g 11.21g,2.112+3¢

{0.4g,0.5,0.11g} {2.8¢g}
{0.7,0.9,8¢g} {4.2¢g}
e W.
{0.111152} {6.2221}
{0} {4.2+3.77¢g} |

This is the way the elements of W look like.
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Example 3.64: Let
S ={(a}, ay, a3, a4) | 3; € S(R,(6)g); g2 =g, 1 <i<4} be the MOD
subset special dual like number row matrix.
P=({2g+0.331,1+0.5871g, 2 + 3g, 4 + 0.5g}, {g, 2,2 +
5g, 0.7771g}, {1 + 2.378g, 4.317 + 0.3315g} {0.7 + 2.31g,
0.77g,0.523}) is an elements of S.
Entries are subsets form S(R,(6)g).

Example 3.65: Let

P:{|:al az}
a, a,

be the MOD subset special quasi dual number square matrix.

a; € S(R,(15)g) with g* = 4g}

{0.8,4g,0.2¢g} {0.5g,2+¢g}
X = e P.
{0,1+0.3g} {1,4+2¢g}

The entries are subsets. Now are can define operations on
these MOD subset matrices.

They are as follows.

In this case we can define 4 types of distinct operations on
them viz. +, X, U and N.

We see under all the four operations they are only
semigroups.

They are not groups under + so only we also call these
semigrousp as subset pseudo groups.

We see in general any matrix may not have inverse with
respect to + that is why we call them as pseudo group.
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Example 3.66: Let

M = {(a;, a5, a3) | a; € S(R,(12)), 1 £i <3, +} is the MOD subset
real row matrix pseudo group or semigroup. We see ({0}, {0},
{0}) acts as the additive identity of M.

But for every x € M, we may not in general have an inverse
with respect to addition.

For take x = ({(10, 3), (2.11, 3.6), (0, 0.2)}, {(4, 3.11),
(2.001, D}, {(0,5.1), (2,1)}) be the element in M.

Clearly x has no additive inverse.
We show how we find x + x.

x + x = ({(10,3), (2.11, 3.6), (0, 0.02)}, {(4, 3.11), (2.001,
D}, {0, 5.1), 2, D} + {(10,3), (2.11, 3.6), (0, 0.02)}, {(4,
3.1D), (2.001, D}, {(0, 5.1), (2,1)})

= ({(8,6), (0.11, 6.6), (10, 3.02), (4.22, 7.2), (2.11, 3.62), (0,
0.04)}, {(8, 6.22), (6.001, 4.11), (4.002, 2)}, {(0, 10.2), (4.2),
(2,6.1)})isin M.

Clearly we cannot find a — x in M such that

X+ (=x) = ({0}, {0}, {O}).

Example 3.67: Let

B=1<la, || ae R.(10),1<i<3, +}

be the MOD subset neutrosophic column matrix pseudo group
(semigroup).
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[{3L,2+41,0.71}

Let x = | {0.33381+6.521,0} | and

{0.43+71,2+3.011}

[{2+0.21,7+5.31} |

y=|{7+03L41+02}| € B

{0.81+41)

[{2+3.21,4+4.2I,
2+009I,7+8.31,
9+9.31,7 + 61}

{3.521+6.38L,7 +0.31
4.33381+6.721,
41+0.2)

X+y= € B.

(111+1.24,
| 2.81+7.011}

This is the way sum is got in B.
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{0}
Further the additive identity is | {0} |.

{0}

Example 3.68: Let

2 || aie S(R(10) (g)), & =0,

w

wn
Il
» o »
~
O oo o o
>

=)

1<i<24)

be the MOD subset dual number matrix pseudo group
(semigroup).

S is commutative and is of infinite order.

Example 3.69: Let

a, as ag

a e Cy(20); if =19, 1<i<30, +)

be the MOD subset complex modulo integer semigroup.
This has subgroups of both finite and infinite order.

This has subsemigroups which are not groups are only of
infinite order.
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Example 3.70: Let

W= a € SR\9(@};

1<i<24, g’ =g, +}
be the MOD subset special dual like number semigroup.

Thus has atleast 2(4C; + 2xCsy + ... + 2Cy) number of
subsemigroups which enjoy group structure under +.

Example 3.71: Let

al a2 a3
M=1<la, a; a,|| ae S(R)®); g2 =12g,1<1 £9,+}
a7 aS a9

be the MOD quasi special dual like number subset matrix
semigroup.

M is commutative and is of infinite order.

Next we proceed onto give examples of MOD subset matrix
semigroups under product.

Example 3.72: Let B = {(a;, a5 a3) | 3, € S(R,(4)), 1 £i<3, %}
be the MOD subset real row matrix semigroup under X.

B has zero divisors.

{0} =((0, 0), (0, 0), (0, 0)) is the zero of B.
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Let x = ({(0, 3), (0.732, 0.0014), (2.312, 3.1119)}, {(2.112,
0), (1, 2), (2,0.7775)}, {(0,3) (0, 0.42) } } and

y = ({(0,3), (0.2, 1)}, {(0, 0), (1, 0.23)}, {(0.7, 0.1), (1,1H)})
€ B.

We find x x y = ({(0,1), (0, 0.0052), (0, 1.3357), (0, 3),
(0.1464, 0.0014), (0.4624, 3.1119)}, {(0,0), (2.112,0), (1, 0.46),
(2, 0.178825)), {(0,0.3), (0,0.042), (0, 3), (0, 0.42)}) € B.

This is the way product operation is performed on B.

Let x = ({(0,0)}, {(0.72, 0.65), (2.001, 0.725), (3.002,
0.412)}, {(0,0.0013), (0.44432, 0.9231), (0, 2), (2,0.0012)})

and y = ({(3, 2.115), (1.2, 3.2225), (1.432, 0.7352), (3.2114,
0.353)} {(0,0)}, {(0,0)}) € B.

Clearly x x y = ({(0,0)}, {(0, 0)}, {(0,0)}) € B.

Infact B has infinite number of zero divisors.

Example 3.73: Let

M= * || aje S(Cx(10)); 1 i<5, %,)

be the MOD subset complex modulo column matrix semigroup.
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[{3+0.2i,,0.72+4.3i,,4.311+5i,,]
6i.,7.3}

{0.721+6.352i,,4.3794+6.003i,
1.325+9.003i,}
Letx =
{0.39+7.2i.,4.333i,,
5.8997, 5.32+0.7i..}

{2+7.312i,,3.7214 + 5i,
3i., 8, 0}

[{0,1,2} |

{i, 0}

{31, 5}

| 4i,0.3)

We find the natural product X, on M.
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{0,3+02i,, 0.72+43i,,
43111+ 5i,, 6i.,7.3,6+0.4i,
1.44+8.6i,.,8.6222,2i_,4.6)

(0,0.721i, +7.168,4.379i, +4.027,
1.325i, +1.0027)
XY= 17,6991, ,5.961, +8.9,1.17i, +8.4,6.991
1.95+6i,.,5.96i, +8.9
1.95 +6i,.,1.665i,,4.985,

6.60+3.5i, )

{0,6+1.936i,.,9i1.1642 + 5i..,4
2i,4.8856, 8, +3.322}

This is the way the natural product X, is performed on M we
see M has infinite number of zero divisors.

M also has finite order subsemigroups.
However ideals of M are of infinite order.

Example 3.74: Let

S}

, || ae R (16); 1<i<15,x,}

o o o o
N

LI I R ]
0 w

o < o 1<
=N
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be the MOD subset neutrosophic matrix semigroup under the
natural product X,

We see B has only finite number of units, infinite number of
zero divisors.

All ideals of B are of infinite order but B has subsemigroups
of finite order.
Example 3.75: Let

v {[al az}
a, a,

be the MOD subset dual number matrix semigroup.

a e Ry(12) (2), g2=0,1<i<4,x}

V is a non commutative semigroup under the usual product.

{0.7,0.2g,4g,0.5} {0}
Letx = and
{0} {3+2¢g,0.2g,4,0.5}

{0.5,5g,3g,2+ g} {1}
y= e V.
{2} {4,2g+5}
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We findx Xy =

{0.35,0.1g,0,2g,0.25,3.5
2.5g,2.1g,1.5g,1.44+0.7¢g
0.4g,8g,1+0.5}+{0}

{6+4g,0.4g 8,1}

Consider y X x =

[{0.35,0.1g,0,2g,0.25,3.5
2.5g,2.1g,1.5¢,1.4+0.7¢g
0.4g,8¢g,1+0.5g}

{1.4,0.4g,8¢g,11}

{0.7,0.2¢,4¢,0.5)

{8g,0.8g,4,2,¢g,

8g+8 g+2.53+4g} |

{3+2¢,0.2¢,4,0.5)

{8¢,0.8g,4,2,¢,

8g+8g+2.5,3+4¢g} |

II

Clearly I and II are distinct, thus V is not a commutative

semigroup.

It is interesting to find subsemigroups, right ideals and left

ideals of V.

This task is left as an exercise to the reader.

However the MOD semigroup V under natural product X, is

commutative.
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[{0.35,0.1g,0,2¢,0.25,3.5 i
2.5g,2.1g,1.5g,1.4+0.7¢g (0}
0.4g,8g2,1+0.5

Forx x,y= &8 &
{8g,0.8g,4, 2, g,
{0}
L 3+4g,g+2.5} |

Clearly x X,y =y X, X.
Further x X, y #x X y.

Thus if natural product is defined on V, V becomes a
commutative MOD subset dual number matrix semigroup.

Example 3.76: Let

LS}
w

o || ae S(RL(15):1<i<15,x,}

o o o o
N

LI R R ]
w

o < o 1<
=N

be the MOD subset neutrosophic matrix semigroup under natural
product X,

Example 3.77: Let

ae SR, (10)(2): g =g,

X, 1 <i< 10}
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be the MOD subset special dual like number semigroup under
natural product X,.
P is commutative and of infinite order.

P has at least 4(1()C1 + 1()C2 + ... + 1()(C1()) number of finite
order subsemigroup.

P has atleast (C; + 1¢C, + ... + 10Cy number of distinct
infinite order subsemigroups which are ideals of P.

Example 3.78: Let

al a2 al()
all a12 a20
B =1{la, a, ay || ae SRL(13)g): & = 12g,
a31 a32 a40
_a41 a42 aSO

1 <150, X,}
be the MOD subset special quasi dual number matrix semigroup
under natural product X,,.

B is of infinite order and is commutative B has infinite
number of zero divisors.

B has subsemigroups of finite order and B also has
subsemigroups of infinite order which are not ideals.

Next we proceed onto define MOD subset semigroups using
U and N.
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Example 3.79: Let
M = {a;, a5, a3, a4) | 3, € S(R,(24)) : 1 £1 <4, U} be the MOD
subset real semigroup.

Infact M is a semilattice.

Every element in M is an idempotent.

Infact every singleton element is a subsemigroup of order
one M has subsemigroups of order two order three and so on.

Example 3.80: Let

ae tS(R'(24):1<i<5,U)

(I R < I
w 8]

4
aS

be the MOD subset neutrosophic column matrix semigroup of
infinite order under L.

B has every element to be subsemigroup.

Example 3.81: Let

aie S(R(12)g);g* =0,

1<i<12,u)

be the MOD subset dual number matrix semigroup under U
which is also a semilattice as every element in W is an
idempotent.
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Example 3.82: Let

ae S(C(17)); i7 = 16;

1<i<24, U}

be the MOD subset complex modulo integer semigroup. B is of
infinite order.

Example 3.83: Let

aie S(Ry(15) g);

1<i<16, g’ =g, U}

be the MOD subset special dual like number semilattice of
infinite order which has subsemigroups of all orders.

Example 3.84: Let

4, a4, 343
M=1la, a, a,|laeSR(4)g:1<i<,
a; ag 4y

g’ =13g U}

be the MOD subset special quasi dual like number semigroup of
infinite order.
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M is commutative.

Now we give examples of MOD subset semigroup under M.
To have intersection we need to adjoin the empty set to

S(R,(m)) U {0}, S (R} (m)) U S(Ry(m)(2)) U {0}, S(R.(m)(g))
U {¢} and so on S(C,(m)) U {0}.

Example 3.85: Let

M = {(a;, ay, a3, a4, a5) | a;€ S(R(15)) U {¢}; 1 <i<5, N} be

the MOD subset real matrix semigroup under M.

Example 3.86: Let

8]
w

N
W
(=2

0

3,€ S(Ci(24) g ;1<i<21,n}

s
N
&

(=2
=

18

o~}
I
LI - Y Y I

[ = T -
I = T I - -

21

be the MOD subset complex modulo integer matrix semigroup.
Every element in B is a subsemigroup.

Subsets can be completed to form a subsemigroup. Infact B
has subsemigroups of all orders 1, 2, 3 and so on.

Example 3.87: Let

a; € S (Ry(20) (2)) L {9};

g=0,1<i<4,n)

be the MOD subset dual number matrix semigroup.
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{2+¢,0.335g, 0.2g} {4g,0,2}
Letx = and
{0.555¢g, 6.724+0.8g} {0, 1, 3g}

10, 2g, 0.2g, 0.55g} {0, 2, 8¢g}
2+g,5g}
y = €S
{0.555g, 7g, 2g, 5g. {0,1, 5¢g,
0.112+8g 5.311+6.2g} |

[2+2,02¢} (0,2}
XNy = .
{0.555¢}  {0,1)

This is the way ‘"’ operation is defined on S.

Now we see P = {x,y, x Ny } is a subsemigroup we call it
as the completion of the subset P = {x, y}.

Example 3.88: Let
M = {(a;, a3, a3, a4) l a; € S (Ry(10)g) L {0},
g=9,1<i<4;n)}
be the MOD subset special quasi dual number matrix semigroup.

Let P = {x, y, z} where x = ({0, 2.31 + 0.4g, 3.011 + 5g},
{0,0.3g, 0.4 +0.7g}, {0, 1, g}, {0, 4 + 5g, 1 + g}),

y = ({1, 2 + 3g, 4, 5g}, {2, 5g}, {0}, {4 + 0.3g, 0, 0.9 +
0.12g}) and
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z=({0, 1, 2g, 3.007 + 0.115g}, {2g, 4 + 0.007g}, {0.32g},
{1.5632,7.3214, 6.32¢,9.3021g}) € M.

xNy= ({0}, {6}, {0}, {0} =u
xnz=({0}, {9}, {0}, {0}, {o}) =V
zoy=({1}, {0}, {0}, {oD =w
unv=({0}, {¢}, {0}, {¢})=tand
unw=({0}, {9}, {0}, {0}),
vow= ({0}, {0}, {0}, {¢}).

Thus P = {x, y, z, u, v, w, t} is a MOD subsemigroup which
is the completed subsemigroup of the subset P of M.

Next we just mention the theorem the proof is left as an
exercise to the reader.

Now we study the MOD subset polynomial MOD real
polynomials, MOD complex modulo integer polynomials, MOD
dual number polynomials, MOD special dual like number
polynomials and dual special quasi dual number polynomials
have been studied in Chapter II.

These are pseudo groups under + but only semigroups under
X. These semigroups have ideals and zero divisors. So this
study is considered as a matter of routine and left as an exercise
to the reader.

Let S(R,(m)[x]) = {Collection of all MOD real subset
polynomials}; that is any A € S(R,(m)[x]) is of the form
A={ag+ax+ asx’, by + bix%, co + ¢;x’, dx* where ay, a;, as,
by, by, cp, ¢y and d € Ry (m)}.

We will illustrate this situation by some examples.
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Example 3.89: Let M = {S(R,(6)[x])} be the MOD real subset
polynomial.

Let A = {(0.3,4.2)x” + (0.7, 0)x* + (5.0221, 3.223), (0.3333,
0.6)x* + (0.818, 5.D)x’ + (2.1, 0.5)x% (4, 3)x’ + (0.33333,
0.4444)} € M is a MOD real subset polynomial.

However N = {S(R,(6))[x]} is also a MOD real polynomial
subset collection.

Any X € N is of the form X = {{(0.3, 4.2), (0, 0.7), (0.2, 2),
4, 3), (6.3, 2)}x’ + {(0.1, 5.2), (3, 2), (4.5, 0.3)}x* + {(0.312,
0.111), (4.1, 2.5), (3.01, 0.72) }x + {(0, 0), (0, 3), (3,0), (3,3)}}
e N.

Clearly X ¢ M and A ¢ M. Both are entirely different
collections.

We can define 4 different types of operations on M as well
on N.

We will illustrate this situation by some examples.
Example 3.90: Let S = {S(R,(7)[Xx]), +} be the MOD real subset
polynomial semiring. S has finite subsemigroups also elements

of M will be of the form

A = {(0,0.7)x* + (0.31, )x* + (6.311, 5.321), (0.3, 0.3)x* +
(0.771,4.23)x* + (1.27,6.3)} € M.

Let B = {(0, 0.5 + (2.12, 6.1), (6.3, 0.7)x* + (1.22,
0.1D)x* +(0.73,5.2)} € M.

We add the elements in M as follows:

A + B = {(0, 1.2)x* + (0.31, 4)x* + (1.43, 4.421); (0, 0.5)x*
+ (0.3, 0.3)x* + (0.771, 4.23)x + (3.39, 5.4), (0, 0.7)x* + (6.61,
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47x* + (1.22, 0.1DX° + (0.041, 6.021), (6.6, Dx* + (1.991,
4.34)x” + (2, 4.5)}.

This is the way ‘+ operation is performed on S(R,(7)[x]).

We find A x B = {(0, 0.35)x'%+ (0, 2)x'* + (0, 5.505)x"® + (0,
427)x° + (0.6572, 3.4)x* + (6.3792, 2.4581), (0, 0.49)x"* +
(1.953, 2.8)x* + (6.7593, 2.961)x* + (0, 0.77)x'" + (0.3682,
0.44)x” + (0.69942, 0.58531)x° + (0, 3.64)x® + (0.2263, 6.8)x" +
(2.20703, 6.6692), (1.89, 02Dx® + (5.2233, 2.994)x" +
(0.94062, 0.4653)x® + (1.22, 3.45)x* + (2.11223, 1.689)x> +
(0.9271, 4.76); (0, 0.15)x"* + (0, 2.115)x" + (0, 3.15)x* +
(0.636, 1.83)x* + (1.63452, 4.803)x° + (2.6924, 3.43)}e M.

Thus {S(R,(7)[x]), x} is the MOD real subset polynomial
semigroup of infinite order. This has infinite number of zero
divisors.

Now we consider A U B = {(0, 0.7)x® + (0.31, 4))(4 +
(6.311, 5.321), (0.3, 0.3)x* + (0.771, 4.23)x° + (1.23, 6.3),
0, 0.5)x* + (2.12, 6.1), (6.3, 0.7)x* + (1.22, 0.11)x’ + (0.73,
5.2)} e M.

Thus (S(R,(7)[x]), W) is a MOD real polynomial subset
semigroup.

In fact it is a semilattice and every element in S(R,(7)[x]) is
a MOD real polynomial subset subsemigroup.

Next we consider A M B = {0}.
Thus {S(R,(7)[x]) U {¢}, N} is a MOD real polynomial
subset semigroup which is a semilattice and every element in

SRy(ND[xD v {¢} is an idempotent.

We see all the four semigroups are distinct.
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On similar lines we can for (S(R,(m)[x])) the MOD real
subset polynomial define all the four operations which is
illustrated by the following example.

Example 3.91: Let B = {S(R,(12))[x]} be the collection of all
polynomials with coefficients as subset from R,(12).

Let X = {(0, 3), (0.4, 8), (4, 4), (6, 3)}x"* + {(0.2, 0.4), (0, 0),
(0.3,0.7)}x” + {(0.5,0.2), (6, 8), (7, 0)} and

Y = {(0.3, 0), (7, 1), (0.9, 1.6)}x> + {(0.7, 0), (0.8, 0),
(0,4)} € B.

Now we see one can define all the four operations +, X, U
and N.

X +Y ={(0, 3), (0.4, 8), (4, 4), (6, 3)}x* + {(0.5, 0.4), (0.3,
0), (0.6, 0.7), (7.2, 1.4), (7, 1), (7.3, 1.7), (1.1, 2), (0.9, 1.6),
(1.2, 2.3)}x* + {(1.2, 0.2), (6.7, 8), (7.7, 0), (1.3, 0.2), (6.8, 8),
(7.8,0),(7,4),(6,0), (0.5,4.2)} € B.

Thus ((S(R,(12))[x], +) is a MOD real polynomial subset
semigroup. All other properties associated with (B, +) is a
matter of routine.

X xY ={(@,0), (.12, 0), (1.2, 0), (1.8, 0), (0, 3), (2.8, 8),
4, 4), (6, 3), (0, 4.8), (0.36, 0.8), (3.6, 6.4), (5.4, 4.8)}x° +
{(0.06, 0), (0, 0), (0.09, 0), (1.4, 0.4), (2.1, 0.7), (0.18, 0.64),
(0.27, 1.12)}x* + {(0.15, 0), (1.8, 0), (2.1, 0), (3.5, 0.2), (1, 0),
(6, 8), (0.45, 0.32), (5.4, 0.8), (6.3, 0)}x* + {(0, 0), (0.28, 0),
(2.8, 0), (4.2, 0), (0.32, 0), (3.2, 0), (4.8, 0), (0, 8)}x* + {(0.14,
0), (0, 0), (0.21, 0), (0.16, 0), (0.24, 0), (0, 1.6), (0, 2.8)}x" +
{(0.35, 0), (4.9, 0), (0.63, 0), (0.4, 0), (4.8, 0), (5.6, 0), (0, 0.8),
0, 8),(0,0)} € B.

Thus T = {S(R,(12))[x], X} is the MOD subset real
polynomial semigroup. T has infinite number of zero divisors.
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All ideals of T are of infinite order. T has also finite
subsemigroups.
Now we find
XNY=¢e B.

Thus P = {SR,(12)[x]u{d}, N} is a MOD subset real
polynomial semigroup which is also a semilattice.

Every singleton subset of P is a subsemigroup. P has
subsemigroups of all order.

Further every proper subset of P can be completed to get a
subsemigroup.

Next we find X U Y = {(0, 3), (0.4, 8), (4, 4), (6, 3)}x* +
{(0.2, 0.4), (0, 0), (0.3, 0.7), (0.3, 0), (7, 1), (0.9, 1.6)}x* +
{(0.5,0.2), (6, 8), (7, 0), (0.7, 0), (0.8, 0), (0,4)} € B.

We see W = {S(R,(12))[x] U} is a MOD real subset
polynomial semigroup which is an infinite lattice and every
singleton set in W is a subsemigroup.

W has subsemigroups of all orders. Finally any subset of W
can be completed into a subsemigroup.

Now we give examples of various type of MOD subset
polynomial semigroups.

Example 3.92: Let S(R! (10))[x] = {iaixi aie S(R! (10))}

be the MOD neutrosophic subset polynomial set.
We can define all the four operations on S( Rfl (10)[x].

Let X = {3 + 2L 0.5 + 0.21, 8L, 5, 0.9 + 4I}x” + {0, 2I, 4 +
S5I, 71+ 1} and
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Y={2+1 0.6 +4I,5I, 8}x2 +{2.03+1,2+3I,6I+0.8, 4]
+0.9} € S(R! (10)[x].

X+Y={3+21,05+02L8L509+4}x’+{2+1,0.6+
41, 51, 8) x* + {2.03+ L 2+ 3L, 61+ 0.8,41+ 0.9, 2.03 + 31, 2 +
6I, 81 + 0.8, 61 + 0.9, 6.03 + 61, 6 + 81, I + 4.8, 91 + 4.9, 81 +

3.03,3,31+ 1.8, 1+ 1.9}e S(Ri(lO))[X].

Thus {S(Ri(lO))[X], +} is a MOD subset neutrosophic
polynomial semigroup.

Consider

X+Y={6+09I, 1.8+ 121, 51,0,4.51, 4 + 6l 4 + 1.6, 41,
72 +2L 1+ 1.1L 3, 1.8 + 2.91, 3.51, 0.3 + 41, 6.81, 2I}x° + {0,
6I, 9.2I, 8 + 91, 2.4 + 91, 51, 2, 2 + 2I, 6.2 + 0.6, 8 + 6I}x2 +
{0.15+1.106I, 4,9.061 + 6.09,91 + 6,2.4 + 1.61,2.7 + 1.81, 1 +
2.51, 0, 51, 1.8 + 2.71, 0.4 + 4.361, 4.41, 0.45, 0.45 + 2.98, 4.241,
9.21}x* + {0, 6.061, 3.61, 9.81, 8.121 + 0.15, 8 + 7L, 7.21 + 3.2,
0.51+3.6,2.21+2.03,2 + 81, 0.8 + 3.61, 0.9 + 8.31}.

Thus {S(Rlll(lO))[x], x} = B is a MOD neutrosophic subset
polynomial semigroup.

B has infinite number of zero divisors.

Consider X NY = {0}. Thus P = {S(Ri(lO))[X] v {0}, N}

is the MOD subset neutrosophic polynomial semigroup which is
also a semilattice.

Every singleton element is a subsemigroup. Infact P has
subsemigroups of all orders.

Every subset of P can be completed to a subsemigroup.
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Next we find X U'Y = {3 + 2L 0.5 + 0.2L, 8L 5, 0.9 + 4I}x’
+ {2 + 1, 0.6 + 41, 5I, 8}x2 + {0, 2,4 + 51, 71 + 1, 2.03 + 1,
2+3L6I+0.8,4I+0.9}.

This is the way the operation is performed on
S(R! (10))[x].

T = {S(Ri(lO))[x], U} is a MOD subset neutrosophic
polynomial semigroup.

Every singleton element is a subsemigroup T has
subsemigroups of all orders. Infact every proper subset of T can
be completed to form a subsemigroup.

Now we consider S = S(RIH(IO)[X]) = {Collection of all
MOD neutrosophic polynomial subsets}.

We can define all the four operations on S and S is different
from S(R! (10)[x].

We will illustrate this situation also.

Let X = {(4 + 3Dx” + (0.3 + 0.5Dx* + (5.3 + 6.21), (0.4 +
0.2Dx> + (0.7 + 0.2)} and

Y = {(0.3 + 7Dx* + (0.6 + 0.8D)x + (0.5 + 2I), 0, (6.8 + 2D)x*
+(0.4+0.7D}e S.

X+Y={#+3Dx"+ (03 +0.5Dx> + (5.3 + 6.2I), (0.4 +
0.2Dx’ + (0.7 + 0.2), (4 + 3Dx’ + (0.6 + 7.5Dx* + (0.6 + 0.8D)x +
(5.8 + 8.2D), (0.4 + 0.2Dx’ + (6.8 + 2Dx* + (1.1 + 0.9]), (4 +
3Dx” + (0.3 + 0.5Dx” + (6.8 + 2Dx* + (5.7 + 6.91), (0.4 + 0.2Dx’
+(03+7Dx*+ (0.6 +0.8Dx + (1.2 + 2.2D}e S

{S( RL (10)[x]),+} is a MOD neutrosophic polynomial subset
semigroup.
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We now find

X XY ={0, (1.2 +9.9Dx’ + (8.4 + 2.4)x® + (5.5] + 2)x” +
(0.18 + 0.94)x” + (0.09 + 5.75Dx* + (1.59 + 2.36D)x” + (2.65 +
3.7Dx* + (0.15 + 1.85D}e S

Thus {S(R In (10)[x]), x} is the MOD neutrosophic
polynomial subset semigroup.

This semigroup is of infinite number of zero divisors.
All ideals of this semigroup are of infinite order.

Next we consider the MOD subset complex modulo integer
polynomials and MOD complex modulo integer subset
polynomials by the following examples.

Example 3.93: Let
S(CL(9)[x]) = {Collection of all subsets from C,(9)[x]}.

We can define all the four binary operations on S(C,(9)[x])
in the following.

Let A = {(3 + 2ip)x’ + (2 + 0.5ip), (1 + 0.5ip)x> + (0.7 +
0.9ip)x, (5 + 0.3ip)x", (4ir + 3)x’} and

B = {(5 + 0.3ip)x", (2 + ipx* + (3 + 0.01if), (0.7 + 0.8ip)} €
S(C.(9)[xD).

A+ B = {3 +2ipx + 5+ 03ipx* + (2 + 0.5ip), (1 +
0.5ip)x> + (0.7 +0.9ip)x + (5 + 0.3ip)x", (1 + 0.6ip)x", dip + 3)x°
+ (5 + 03ipxY, B + 2ipx’ + 2 + ipx® + (5 + 0.51ip), (1 +
0.5ip)x> + (2 + ipx* + (0.7 + 0.9ip)x + (3 + 0.01ip), (5 + 0.3ip)x*
+ 2 +ipx’ + (3 + 0.01ip), @ip + 3)X° + (2 + ipX> + (3 + 0.01ip),
(3 +2ipx + (2.7 + 1.3ip), (1 + 0.5ip)x> + (0.7 + 0.9ip)x + (0.7 +
0.8ip), (1 + 0.5ip)x” + (0.7 + 0.9ip)x + (0.7 + 0.8ip), (5 + 0.3ip)x*
+ (0.7 + 0.8ip), (4ir + 3)x” + (0.7 + 0.8ip) }e S(C,(9)[x]).
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Thus {S(C,(9)[x]), +} is a MOD complex modulo integer
polynomial subset semigroup.

Now we proceed on to find A x B = {(1.8 + 1.9ip)x'" + (2.2
+ 3.1ipx* + (7 + 2.8ip)x” + (5.46 + 4.71ip)°, (7.81, 3ip)x®, ...} €
S(C.OxD).

Hence {S(C,(9)[x]), X} is the MOD complex modulo integer
polynomial subset semigroup.

We can find A N B and A U B and {S(C,(9)[x]), U} and
{S(C.O)[x]) U {¢}, N} are both MOD semigroups which are
MOD semilattices.

Next we just show

S(C.(9)[x] = {iaixi a;,e S(CL(9)) = subsets of C,(9)}.

We see S(C,(9))[x] is different from S(C,(9)[x]).

We can define four operations on S(C,(9))[x] under which
S(C.(9))[x] is a semigroup.

We will just give some examples to show how operations
are performed on S(C,(9))[x].

Let A = {3 + 0.5ig, 0.2 + 0.4ig) x> + {0.8, 4ig, 1 +ir} and

B = {4.2 + 0.4ip, 3ip}x’ + {1.2 + ip, 0.3}x% + {0.7, 4ip + 1}
e S(C,9)IxI].

A +B={7.2+09is 4.4 + 0.8if, 3 + 3.5ip, 0.2 + 3.4ip)x’ +
(1.2 +1g, 3ie}x> + (1.5, 0.7 + dig, 1.7 + ip, 4ip + 1.8, Sig + 1,2 +
Sigfe S(Cu(9)[x].

Thus {S(C.(9))[x], +} is a MOD subset complex modulo
integer polynomial semigroup.
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Now we find

A X B = {{3 + 0.5ip, 0.2 + 0.4ir} x {4.2 + 0.4ip, 3ip}x® +
{0.8, 4ip, 1 + ip}X {4.2 + 0.4iF, 3ip}x* + {3 + 0.5ip, 0.2 + 0.4ig}
X {1.2 +ip, 0.3}x° + {0.8, 4ip, 1 +ip} X {1.2 + i, 0.3} x x>+ {3
+0.51, 0.2 + 0.4ip} x {0.7, 4ip + 1}x* + {0.8, 4ip, 1 + i} % {0.7,
4ip + 1}}e S(Cu(9))[X].

Hence {S(C,(9))[x], X} is a MOD complex modulo integer
polynomial subset semigroup of infinite order.

We can find A N B and A U B also.

A N B =({3+0.5ig 0.2 + 0.4ig} N {4.2 + 0.4iE, 3iF})x3 +
{0} + ({0.8, 4ig, 1 +ig} N {0.7, 4ig + 1}) € S(C(9))[x].

We see {S(C,(9)[x] v {0}, N} is a MOD complex modulo
integer subset semigroup.

A UB = ({3 +0.5ip 0.2 + 04ir}U {4.2 + 0.4ip, 3ip))x’ +
(1.2 + ip, 0.3)x% + {08, 4ip, 1 + i} U (0.7, 4ir + 1} €
S(C9))[x]. So {S(C,9)[x], U} is a MOD complex modulo
integer subset polynomial semigroup.

The study of properties associated with them is considered
as a matter of routine and hence left as an exercise to the reader.

Next we give examples of MOD dual number subset
polynomials.

Example 3.94: Let S = {S(R,(15)(g))[x] that is all polynomials
in the variable x whose coefficients are from the MOD dual
number subsets from R, (15)(g)}.

Let

X = {2g, 5g + 0.3, 9.2g + 4}x> + {14g + 0.1, 12g, 10,
5+ 10g} and
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Y = {5g+0.3, 11g, 12, 11 + 5g}x* + {14g + 0.1, 10, 2g, 3g,
5g, 12} € S.

X+Y={7g+0.3, 10g + 0.6, 14.2g + 4.3, 13g, g + 0.3,
52gg +4,2g + 12, 5g + 12.3,92g + 1, 11 + 7g, g + 11.3,
142g, x> + 13g + 0.2, 11g + 0.1, 14g + 10.1, 9g + 5.1, 10.1 +
14g, 10 + 12g, 5, 10g, 14g, g + 0.1, 10 + 2g, 5 + 12g, 2g + 0.1,
0,10+ 3g,5 + 13g,4g + 0.1, 2g, 10 + 5g, 12.1 + 14g, 12 + 12g,
7,2+ 10g}e S.

Hence {S, +} is the MOD dual number subset polynomial
semigroup.

Consider

XxY={0.6g, 3g+0.09, 1.2 +7.76g, 0, 3.3g, 14g, 10g, 1.5
+13g, 5+ 11g)x* + {4.7g + 0.03, 3.6g, 5g + 3, 1.5 + 13g, g, 0,
1.1g, 10g, 9g, 1.2 + 13g, 1.1 + 4.5g, 12g, 5g + 5, 10}x” + {0.2g,
5g, 0, 9g, 3.6, 1.5g, 0.9¢g, 0.6g, 5g + 3, 0.03 + 4.7¢g, 2g + 10, 8g,
12g,3 + 5.4g, 0.4 + 11.92g}x> + {(14g + 0.1)>, 1.2, 5Sg + 1, 0.5
+ 11g, 10, 5 + 10g, 0.2g, 9¢g, 5g, 10g, 0.3g, 0, 0.5g, 1.2 + 3g} €
S.

Hence {S(R,(15)(g))[x], X} is the MOD dual number
polynomial subset semigroup. This semigroup has infinite
number of zero divisors.

XuUY-=1{2g 5g+03,92g + 4, 11g, 12, 11 + Sg}x2 +
{14g + 0.1, 10, 12¢g, 2g, 5 + 10g, 3g, 5g, 12} € S.

Thus {S, U} is the MOD dual number subset polynomial
semigroup.

This is a semilattice and every singleton element is a
subsemigroup.

Further every proper subset of S can be extended under the
operation U to form a subsemigroup. S has finite subsemigroups
of all orders.
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XNY={5g+03}x"+{l4g+0.1,10} € S.

Thus {S U {¢}, N} is a MOD dual number polynomial
subset semigroup. This is infact a semilattice.

Every subset can be completed into a subsemigroup. Finally
this semilattice has subsemigroups of all orders 1, 2, 3, ....

Now consider B = S(R,(15)(g)[x]) = {Collection of all MOD
special dual like number polynomial subsets}.

On B we can define all the four operations +, X, U, M and
under these operations.

B is a semigroup. We just show how the 4 operations are
performed on B.

Let X = {(3 + 0.42)x” + (0.2 + g), (7g + 0.8)x’, (2 + 4g)x*} and

Y = {(4g + 0.5)x> + (0.4g + 2), 2 + 4g)x4, B+4g)x+ 2+
g)} € B.

We find X + Y = {(4.4g + 3.5)x> + (2.2 + 1.4g), (7g + 0.8)x’
+(4g+0.5x>+ (0.2 + g), 2 +42)x* + (4g + 0.5)x* + (0.4 + 2),
(3+04g) x>+ (0.2 + ) + (2 + 4g) x*, (T2 + 0.8) x> + (2 + 4g)
x4 +82) x, 3+04g) x>+ (3 +4g) x + (2.2 + 22), (7g + 0.8)
x3+(3+4g)x+(2+g), (2+4g)x4+(3+4g)x+(2+g)} €
B.

Thus {B, +} is the MOD dual number subset polynomial
semigroup.

Now X X Y = {(1.5 + 13.5) x* + (1.3g + 0.1) x* +
Qg + 6) x> + (0.4 + 2.08g), (6.7g + 0.4) X’ + (1.6 + 14.32g) x°,
(10g + 1) x® + (8.8g + 4)x*, (6 + 12.82) x°+ (0.4 + 2.82) x*, (1.6
+229) x (4 + g x%, 9+ 1322 X + (0.6 + 3.82) x +
(6 +3.82) X* + (0.4 + 2.2g), (2.4 + 9.2¢) x* + (1.6 + 0.8g) x°,
(6 +52)x” + (4 +10g) x*} € B.
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Hence {B, x} is the MOD dual number subset polynomial
group.

Consider X U'Y = {(3 + 0.4g) X + (0.2 + g), (7g + 0.8) x°,
Q+49)x", 2+42) x* (4g+0.5) x>+ (0.4g + 2), B +4g) x + (2
+g)} e B.

{B, U} is the MOD subset dual number polynomial
semigrup. This is also a semilattice. Every singleton element is
a subsemigroup.

Consider X N'Y = {(2 + 4g) x4} € B, (B, N) is a MOD dual
number subset polynomial semigroup.

Clearly S(R,(15)g[x]) is different from S(R,(15)(g))[x] in
structure.

Likewise we can study MOD special dual like number
polynomials.

Example 3.95: Let B = S(R,(12)(g))[x] = {(collection of all
polynomials with coefficients from S(R,(12)(g)) subsets as from
the MOD special dual like number plane g = g}.

X = {3 +9.4g, 2.5 + 7.2g, 10.3g 4, 5g} x> + {6 + 2g, 4,
7.1 +0.2g) and

Y ={4,4g,3 +2g} + {1 +5g, 2g} x € B.

X +Y={3+94g 25+72g 103g, 4, 5g} x* + {10 + 2g,
11.1 +0.2g, 6 + 6g, 4 + 4g, 7.1 + 4.2g,9 + 4g, 7 + 2g, 10.1 +
22g}+ {1+5g,2g}xe P.

Hence {P, +} is the MOD special dual like number subset
polynomial semigroup.
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X xY ={l.6g, 10 + 4.8g, 2.8g, 4, 4g, 8, 8g, 5.2g, 6.9 +
6.6g, 9 + 4g, 7.5 + 5g} x* + {0.8g, 7.4g, 8g, 10g, 8.6g, 4 + 2g,
6g, 1.8g,3 +11.4g,2.5+7.7g} x>+ {8g,4,4.4 +0.8¢g, 4g, 5.2g,
6 + 10g, 9.3 + 3.2g} + {6 + 6h, 7.1 + 0.5g, 4g, 8g, 4 + 8g,
2.04g} x € B.

Thus {B, X} is a MOD special dual like number polynomial
subset semigroup of infinite order. {B, X} has no finite
polynomial subsemigroups, only finite constant subsemigroups.
Further {B, X} has infinite number of zero divisors.

XNY={4} and

XUY=({3+94g 25+72g 103g, 4, 5g} x>+ {1 + 5¢,
2g} x + {6 + 2g, 4, 7.1 + 0.2g, 4, 4g, 3 + 2g} € B are MOD
subset special dual like number polynomial semigroups which
are also semilattices.

Every singleton element is a subsemigroup and every subset
can be completed to form a semigroup.

Let S = {S(R,(12)(g)[x]} be the collection of all MOD
special dual like number polynomial subset}.

(S, +) {S, x} (S, U} ({S U ¢}, N} are four distinct MOD
special dual like number polynomial subsets semigroup. S is
different from B.

Likewise we can build MOD special quasi dual like number
polynomial subsets semigroups of two types using the special
quasi dual like number MOD planes.

We will describe them very briefly by an example.
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Example 3.96: Let M = {S(R.(7)(g))[x], g2 = 6g} be the
collection of all MOD special quasi dual number polynomials
with subsets from S(R,(7)(g)) {M +} is a MOD special quasi
dual number polynomial subset semigroup.

Likewise {S(Ry(7)(@)[x], x}, {SRu(()[x], U} and
{SRy(7) (@)Ix] U {0}, N} are all MOD special quasi dual
number subsets semigroup.

Any X € S(Ry(7)(g))[x] is of the form X = {0.77g + 6.53,
1.70001 + 0.77775g, 6.01g, 4.00001, 5.66661 +4.77772g} x> +
{2g, 3+5g, 0.00007g + 5.001, 6.0008g + 5.0062} x> + {g + 1, 0,
2 +6.089213g, 1.342000 + 6g}.

Now we can also define MOD special quasi dual like number
polynomial subset semigroups of four types using S(R,(7)(g)[x]
= {collection of all polynomial subsets from R,(7)(g)[x]}.

Any element Y of S(Ry(7) (g)[x]) is of the form

Y = {(0.37008 + 2g) x” + (4 + 3g) x° + (5.00092 + 2.0019)
X+ (6.01 + 0.72g), (3.0012 + 4g) x* + (0.1123, 4.003g),
(0.33337 + 0.8g) + (0.777776 + 0.999998g)x"}.

Operations such that +, X, U and M can be performed on S

RA(D(XD.

Study in this direction is a matter of routine and is left as an
exercise to the reader.

We suggest the following problems.
Problems:

1. Let B = {(aj}, a5, a3, a4, a5) la; € S (Ry(12); 1 <i<5, +}
be the MOD real row matrix group.
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i. Find all subgroups of B.
ii. Can B have subsemigroups of finite order?
iii. Can B have subgroups of infinite order?

a,

a
2. LetS=4| 2 || aje Ry(17); 1<i<09, +} be the MOD

a9

real column matrix group.

Study questions (i) to (iii) of problem (1) for this S.

3. LetN= 11 a e R,(40);

O o
O o o

>

1 £1<20, +} be the MOD real matrix group.

Study questions (i) to (iii) of problem (1) for thus N.

4. LetB={(a,ay...,a)l aje R.L(19);1<i<9,+) be

the MOD neutrosophic row matrix group.

Study questions (i) to (iii) of problem (1) for this B.
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al a2
a3 a4
aS a6
LetW=1{la, a || ae R, (24);1<i<14,+)be
a9 al()
all a12
a13 al4

the MOD neutrosophic matrix group.
Study questions (i) to (iii) of problem (1) for this W.

Let S = {(a}, a, ..., aj3) | 3, € R,(10)(g) where g2 =0,
1 <1<18, +} be the MOD row matrix dual number group.

Study questions (i) to (iii) of problem (1) for this S.

al a2 a'7
a8 a9 al4
a15 al() a21
LetP = a; € R, (13)(g) where
a22 a23 a28
a29 a30 a?S
_a36 a37 a42 a

g2 =0,1<1i<42, +} be the MOD dual number matrix
group.

Study questions (i) to (iii) of problem (1) for this P.
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8.  Let
V=A{(@a,..,a)lae C,(12) ilz: =11,1<i<0, +}
be the MOD complex modulo integer row matrix group.

Study questions (i) to (iii) of problem (1) for this V.

a a a
a a oo a .
9. LetP=4l "” 7% 1l aje C\(19); ip =18,
a a a
a a a

1 <£i1<72, +} be the MOD complex modulo integer matrix
group.

Study questions (i) to (iii) of problem (1) for this P.
a
10. LetM= 2:12 a;€ R, (10)(g), g2 =g, 1<i<15,+} be
alS
the MOD special dual like number column matrix group.

Study questions (i) to (iii) of problem (1) for this M.

a, a, ... aj,
11. LetS=4|a,, a, ... a5 |l ac Ry9); (g,
a, a a

39 40 57

g’ =8g, 1<i<57,+)} be the MOD special quasi dual like
number matrix group.



12.

13.
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Study questions (i) to (iii) of problem (1) for this S.

a, a, a,
a9 al() a16
a., a a
17 18 24
LetT = a e R, (14)(g),
a24 a25 a34
1857 Asg Ay

g’ = 13g, 1 <i < 64, +} be the MOD special quasi dual
number square matrix.

Study questions (i) to (iii) of problem (1)

Let B=[(a;, ..., a9) laj € R, (6),1<1<6,Xx} be the
MOD real row matrix semigroup.

i) Is B a S-semigroup?

i1)  Can B have infinite number of zero divisors?
iii) Can B have S-units?

iv)  Can ideals of B be infinite.

v)  Prove B can have finite subsemigroups.

vi)  Can B have S-idempotents?

vii) What are the other special features enjoyed by B?
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al a2 al()
all a12 a20
14. LetM= <{la, a, a,, || aie Ry(19); 1 £1<50,
a31 a32 a40
a4l a42 aSO

X,} be the MOD real matrix semigroup.
Study questions (i) to (vii) of problem (13) for this M.
a,
15. LetV=1"2{lae R.(10);1<i<9, x, L =1} be the
4
MOD neutrosophic column matrix semigroup.

Study questions (i) to (vii) of problem (13) for this V.

8]
w

N

16. Let W=

[T IR

O oM oo
S

O o

a
ag I ) .

ae R (23);1<i<16,
a
a

=

x, * =1, X,} be the MOD neutrosophic square matrix
semigroups.

Study questions (i) to (vii) of problem (13) for this W.

17. LetS={(ay, ..., ) la; € Cy(20), iz =19. 1<i<9, x,} be

the MOD complex modulo integer matrix semigroup.



18.

19.

20.

21.

22.
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Study questions (i) to (vii) of problem (13) for this S.

as  ag

ae C,(31); i7=30, 1 <i <30,

xX,} be the MOD complex modulo integer matrix
semigroup.

Study questions (i) to (vii) of problem (13) for this P.

Obtain some special featurs enjoyed by MOD real matrix
groups.

Study the nature of MOD complex modulo integer groups.
Let B = {(a, a, ..., a) | 3, € Ry (5)(g) with g* = 0,
1 €1 <9, x} be the MOD dual number row matrix

semigroup.

Study questions (i) to (vii) problem (13) for this B.

a, a, ... a,
LetM=14|a, a, .. a,| ae R,(14)gg =g,
a a a

21 22 30

1 £1i £ 30, X,} be the MOD dual number matrix
semigroup.

Study questions (i) to (vii) of problem (13) for this M.
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23.

24.

24.

a;
LetP=4| " || aie Ry(13)z =g, 1 <i<10,%,) be
a0

the MOD special dual like number column matrix
semigroup.

Study questions (i) to (vii) of problem (13) for this P.

Let

T=<a, a, a,|| ae R0, % ¢ =g

1 £1 <9} be the MOD special dual like number matrix
semigroup under usual product.

1) Prove T is non commutative.

i)  Prove T has right ideals which are not left ideals.

iii)  Prove T has right zero divisors which are not left
zero divisors.

iv)  Study questions (i) to (vii) of problem (13) for this
T.

Let

B={(a;, a, ...,ap) la;e R, (10) (g), g2 =9g,1<i1<12,
x} be the MOD special quasi dual number row matrix
semigroups.

Study questions (i) to (vii) of problem (13) for this B.



25.

26.

27.

28.
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[a, a, a; |
a() a7 alO
LetS=15|a,, a, a; || ae Ry(19)(g), with
al() a17 a20
_a21 a22 a25

g’ = 18g, 1 <1< 25, x,} be the MOD special quasi dual
number matrix semigroup under usual product X.

Study questions (i) to (iv) of problem (23) for this S.

Let V be the MOD special quasi dual like number
semigroup given in problem 25 under X the usual
operation is replaced by X.

Study questions (i) to (iv) of problem (23) for this V.
Compare S of problem 25 with this V.

Obtain some special and distinct features enjoyed by S
(R,(m)) under the four operations +, X, M and L.

Let V={(a;, a5 ...,a5) | a,€ S (R, (20)); 1<1<5,+}be
a MOD real subset row matrix semigroup.

1) Can V have finite order subsemigroups.
i)  Is V a S-semigroup?
iii)  Give atleast 5 subsemigroups of infinite order.
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a, a, a; a, as
a() al()

29. LetW=4|a, a, || ae S(Ry(19)),
alS a20
a21 a25

1 <i<25,+} be the MOD subset real matrix semigroup.

Study questions (i) to (iii) of problem (28) for this W.

a,

30. LetB=1{| 2| ae S(R.(10)),1<i<15,+]} be the

15

MOD subset neutrosophic column matrix semigroup.

Study questions (i) to (iii) of problem (28) for this B.

a, a, a,
a, a a I

31, Letw=<| % °° “1lae S(R,(19);
a5 A ay
ady Ay axg

1 <1 <28, +} be the MOD subset neutrosophic matrix
semigroup.

Study questions (i) to (iii) of problem (28) for this W.



32.

33.

34.
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Let M = (al a a; a; a5 3 j ac
a'7 a8 a9 al() all a12
(Ry(10)g), g =0, 1 <i < 12, +} be the MOD subset dual
number row matrix semigroup.
Study questions (i) to (iii) of problem (28) for this M.
_al a, _
a, a,
aS a6
LetL=1<la, a; || aae SR,(13)(g)), g’ =0,
a9 al()
all a12
_a13 a14_
1 <1< 14, +} be the subset dual number column matrix
semigroup.
Study questions (i) to (iii) of problem (28) for this L.
_31 a, a, a, as i
Qg a; ... ... A
LetS=<la, a, a5 || ai€ S(Ry(16)(g)
alé a17 a20
8y Ay . . Ay |

with g = g, 1 <i <25, +} be the MOD subset special dual
like number semigroups.

Study questions (i) to (iii) of problem (28) for this S.
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35.

36.

37.

al a2 a12
LetB=4la,;; a, ... a, || ae SR(19)(g);
Qys  Byg ... Ay

g’ =g; 1<i<36,+)} be the MOD subset special dual like
number matrix semgroups.

Study questions (i) to (iii) of problem (28) for this B.

a9 alO all a12

LetM=4|a,;; a, a5 a,]|lae SRy(12)g);
al7 alS a19 a20
a, a, a, a

g’=11g; 1<i<28,+} be the MOD subset special quasi
dual number matrix semigroup.

Study questions (i) to (iii) of problem (28) for this M.

LetS=1|a

a

7 ag a9 ap a; aAp a; €

13 a14 alS a16 a17 a18

S(R,(19)g), g2= 18g,1 <1 < 18, +} be the MOD subset
special quasi dual like number matrix semigroup.

Study questions (i) to (iii) of problem (28) for this S.



38.

39.

40.
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Let T = {(ay, &, ... ap) lay € S(Cy(12)), i2 =11;1<i<

12, +} be the MOD subset complex modulo integer matrix
semigroup.

Study questions (i) to (iii) of problem (28) for this T.

Let B = {(a}, a5, a3, a4, as, ag) | a; € S(Cy(43)); 1 <1 <6,
ié =42, +} be the MOD subset complex modulo integer

row matrix semigroup.

Study questions (i) to (iii) of problem (28) for this B.

a,
Let B = 'az a, € S(R,(9)),1<1<18,X,} be the

ag

MOD subset real column matrix semigroup.

1) Is B a S-semigroup?

ii))  Prove B has infinite number of zero divisors.

iii)  Can B have S-zero divisors?

iv)  Can B has S ideals of infinite order?

v)  How many subsemigroups of finite order does B
contain?

vi)  Find subsemigroups of infinite order which are not
ideals.

vii) Can B have S-units?

viii) Can B have idempotents?

ix) Can B have S-idempotents?

x)  Show the number of idempotents in B are only
finite in number.
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41.

42.

43.

al a2 a6
a'7 aS a12
Lets={|&® Y51 la e SRL(19));
a19 a20 a24
a25 a26 a30
_a31 a32 a36_

1 <1 <36, x} be the MOD real square matrix semigroup
under usual product of matrices.

1) Prove S is non commutative.
ii)  Study questions (i) to (x) of problem (40) for this S.

If in problem (41) the operation ‘X’ by replaced by X,
show S with X, commutative.

1) What are different properties enjoyed by {S, x,}?
ii)  Compare ideals of {S, x} with {8, x,}.

iii) Can an ideal in {S, X} be an ideal in {S, x,}?
Justify.

a
_J| % 2
LetM=<|. aje S (C\(20)), 1z =19, x,,

a9

1 €1 <10} be the MOD subset complex modulo integer
column matrix semigroup.

Study questions (i) to (x) of problem (40) for this M.



44.

45.

46.
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a, a, a; a, a; ag a,
g Ay
LetB=1<|a,; a, || ae
a22 a28
a29 a35

S(C4(43)), 1 <i <35, i7 = 42; x,} be the MOD subset

complex modulo integer matrix semigroup.

Study questions (i) to (x) of problem (40) for this B.

Let P= {(a;, a5, ..., a9) | a; € S(Ri1 (42); 1£1<9, X} be
the MOD subset neutrosophic matrix semigroup.

Study questions (i) to (x) of problem (40) for this P.

a4, a4, a;
LetW=1la, a, a,|laeS(R,(19);1<i<9,x}
a, ag a,

be the MOD subset neutrosophic square matrix semigroup
under usual product.

1) Study questions (i) to (x) of problem (40) for this
W.

ii)  Show W has right ideals which are not left ideals
and vice versa.

iii)  Show W has left zero divisors which are not right
zero divisors.
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47.

48.

49.

50.

Let W = a e S(Cy(12)); i2 =11; 1 <i<6, x,) be

the MOD complex modulo integer column matrix
semigroup under natural product X,

Study questions (i) to (x) of problem (40) for this T.

In problem 46 ‘X’ operation is replaced by X, show
{W, X,} is commutative semigroup.

Study questions (i) to (x) problem (40) for this {W, X,}.

N

a a
a, ... e .. o...oQ

LetB = a; €
a a
a a

S(Cy(29)); in =28; 1 <i <24, x,} be the MOD subset

complex modulo integer matrix semigroup.

Study questions (i) to (x) of problem (40) for this B.

Let

M = {(ay, ..., a;p) 1 a; € S(R(12) g); g2 =0,1<1<12, x}
be the MOD subset dual number matrix semigroup.



51.

52.

53.
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Study questions (i) to (x) of problem (40) for this M.

al a2 a9
alO all als
LetB=<|a, a, a,, || a;€ S(Ry(43)g);
a28 a29 a36
| 437 Adsg ays |

g2 =0;1<1<45, X,} be the MOD subset dual number
matrix semigroup.

Study questions (i) to (x) of problem (40) for this B.

SR.(11)g); g2 =g; 1 <1< 14, x,} be the MOD subset
special dual like number matrix semigroup.

Study questions (i) to (x) of problem (40) for this V.

_al a2 a3 a4 as a()_
a7 a12
Let W - Qi3 er e eee e A .
a9 Ay,
a25 a30
_a31 a36

S(R,(24)g); g2 =g; 1 <1< 36, X} be the MOD subset
square matrix semigroup under the usual product of
matrices.
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54.

55.

56.

57.

Study questions (i) to (iii) of problem (46) for this W.

If in W X’ is replaced by ‘X,” show W is commutative.

Enumerate the differences between the semigroup {W, X}
and {W, x,}.

LetS=1|a, a, a, || a€ S(R(12)g); " =1lg,

1 <1 <15, X,} be the MOD subset special quasi dual
number matrix semigroup under the natural product X,,.

Study questions (i) to (x) of problem (40) for this B.

N
w

w
=

LetM=

[ - <

O o o
S

R T I
¥

a
:S a € SR.(43)());
a

w

g’ =42g; 1 <i< 16, x,} be the MOD subset special quasi
dual like number matrix semigroup under usual product X.

Study questions (i) to (iii) of problem (46) for this M.

If in M ‘X’ is replaced by the natural product X,



58.

59.

60.
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Study questions (i) to (x) of problem 40.
Also compare (M, x} with {M, x,}.

Let M = {(a;, ..., a9) | 3, € S (R, (12)); U} is a MOD
subset real matrix semigroup (which is a semilattice)

1) Study question (i) to (x) of problem 40.

ii) ~ What are the questions in problem (40) which are
irrelevant?

iii)  Show every singleton is a subsemigroup.

iv)  Prove every subset can be completed into a

subsemigroup.
fa a, ]
a, a,
aS a6 .
LetV = a,€ S(R(13)); 1<i<12, U} be
a7 aS
a9 al()
_all a12_

the MOD subset real matrix semigroup.

Study questions (i) to (iv) of problem (58) for this V.

al a2 a3
a a a
LetB={|"* 7 "¢ llaeS(R.16); =T
a7 aS a9
a a a

1 <1 < 12,U} be the MOD subset neutrosophic matrix
semigroup.
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61.

62.

63.

Study questions (i) to (iv) of problem (58) for this B.

a a ... a
LetLZ ( 1 2 10]
Ay Ay e Ay

1 <1 <20, u} be the MOD subset complex modulo
integer matrix semigroup.

a; € S(Cy(21));

Study questions (i) to (iv) of problem (58) for this L.

LetB = a; 4 a),
a3 Ay a3
A Ay Ay

a; € S(R,(12)(g)); g2 =0; 1 <1< 24, U}be the MOD subset
dual number matrix semigroup.

Study questions (i) to (iv) of problem (58) for this B.

a, a, a, a, a; a, a

1 2 3 4 5 6 7
LetD = [ J

P O D

S(R, (14) g2 =g, 1 i< 14, U} be the MOD subset special
dual like number matrix semigroup.

a; €

Study questions (i) to (iv) of problem (58) for this D.
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65.

66.
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al a2 a3
a, as; a,
a7 a8 a9 2
LetE = a; € S(R(11)g); g” = 10g,

1 <1< 18, U} be the MOD subset special dual like
number matrix semigroup.

Study questions (i) to (iv) of problem (58) for this E.

Let S = {(a;, a5, ..., a;9) | a; € S(Ry(24)) U {0} be the
MOD subset real matrix semigroup.

Study questions (i) to (iv) of problem (58) for this S.

al a2 a3

a4 a5 a()
Jla; ay a I )
LetB = ae S(R, (10) U {0};

1<i<18, P =1, M} be the MOD subset neutrosophic
matrix semigroup.

Study questions (i) to (iv) of problem (58) for this B.
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67.

68.

69.

LetM=<la, a, a, a, a,]|l ae SR20)g U

{0}; 1 <1< 15, n} be the MOD subset dual number matrix
semigroup.

Study questions (i) to (iv) of problem (58) for this M.

a, a, .. a;
LetT=4|a, aj a,, ||ai€ S(Cy(10)) U {0};
a, a a

33

1 <1<33, N} be the MOD subset complex modulo integer
matrix semigroup.

Study questions (i) to (iv) of problem (58) for this T.

LetR = ae S[R3 uU{0};g*=0;1<i<6,

N} be the MOD subset dual number column matrix
semigroup.

Study questions (i) to (iv) of problem (58) for this R.
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71.

72.

73.

74.
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_al a2 a3 a4 aS ]
a, a9
LetV=1|a, a5 || ai€ S(Ry(8)g) L
a6 Ay
| 2y s

{0}; g=g, 1 <i<25, N} be the MOD subset special dual
like number matrix semigroup.

Study questions (i) to (iii) of problem (58) for this V.

Let B = {(aj, a, ..., a;p) l 3, € S (R, (15) g) U {¢};
g’ = 14g, 1 <i< 12, N} be the MOD subset special quasi
dual number matrix semigroup.

Study questions (i) to (iv) of problem (58) for this W.

Obtain all special features enjoyed by MOD subset
matrices.

Let M = {S(R,(20))[x], +} be the MOD subset real
polynomial semigroup.

i) Can M have finite subsemigroups?
ii)  Find atleast three infinite order subsemigroups.

Let R = {S(R,(29))[x], +} be the MOD subset real
polynomial semigroup.

Study questions (i) and (ii) of problem (73) for this M.
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75.

76.

7.

78.

79.

80.

Let T = {S(R! (27))[x], +} be the MOD subset

neutrosophic polynomial semigroup.
Study questions (i) and (ii) of problem (73) for this T.

Let S = {S(R(12)(2)[x] | g2 = 0; +} be the MOD subset
dual number polynomial semigroup.

Study questions (i) and (ii) of problem (73) for this W.

Let S = {S(R,(13)(g)[x]; g2 = g, +} be the MOD subset
special dual like number polynomial semigroup.

Study questions (i) and (ii) of problem (73) for this S.

Let P = {S(C,(15))[x], ié = 14, +} be the MOD subset

complex modulo integer polynomial semigroup.
Study questions (i) and (ii) of problem (73) for this P.

Let W = {S(R,(19)(g))[x], g2 = 18g, +} be the MOD subset
special quasi dual like number semigroup.

Study questions (i) and (ii) of problem (73) for this W.

Let B = {S(R,(29)[x], X} be the MOD real subset
polynomial semigroup under X.

1) Prove B has infinite number of zero divisors.

i)  Can B have finite subsemigroup?

iii)  Can B have ideals of finite order?

iv)  Can B have infinite subsemigroups which are not
ideals?



1.

82.

83.

&4.

85.

86.
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Let G = {S(C,(23))[x], ilz: = 22, X} be the subset MOD
complex modulo integer polynomial semigroup.

Study questions (i) to (iv) of problem (80) for this G.

Let W = {S(R! 43))[x] I* = I, x} be the MOD subset

neutrosophic polynomial semigroup.
Study questions (i) to (iv) of problem (80) for this W.

Let V = {S(R,(10)2)[x], g = 0, x} be the MOD subset dual
number polynomial semigroup.

Study questions (i) to (iv) of problem (80) for this V.

Let M = {S(R(14)g, g2 = g, X} be the MOD subset special
dual like number polynomial semigroup.

Study questions (i) to (iv) of problem (80) for this M.

Let X = {S(R,(17)g)[x], g2 = 16g, X} be the MOD subset
polynomial semigroup of special quasi dual like numbers.

Study questions (i) to (iv) of problem (80) for this X.

Let Y = {S(R,(10))[x], u} be the MOD subset real
polynomial semigroup.

1) Study questions (i) to (iv) of problem (80) for this
Y.

ii) Prove Y has subsemigroups of order 1, 2, 3, ...

iii)  Prove every subset of Y can be completed to a
subsemigroup of Y.
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&7.

88.

89.

90.

91.

92.

Let Z = {S(R! (15)[x]; I’ = I, U} be the MOD subset
neutrosophic polynomial semigroup.

Study questions (i) to (iii) of problem (86) for this Z.

Let P = {S(R,(16)(g)[x], g2 = 0, U} be the MOD subset
dual number polynomial semigroup.

Study questions (i) to (iii) of problem (86) for this P.

Let Q = {S(Ry(11)(2))[x], g = g U} be the MOD subset
special dual like number polynomial semigroup.

Study questions (i) to (iii) of problem 86 for this Q.

Let H = {S(R,(15)(g))[x], g2 = 14g, U} be the MOD subset
special quasi dual like number polynomial semigroup.

Study questions (i) to (iii) of problem (86) for this H.

Let S = {S (C,(23))[x], ilz: = 22, U} be the MOD subset

complex modulo integer polynomial semigroup.
Study questions (i) to (iii) of problem (86) for this S.

In problem (86), (87), (8), (89), (90) and (91) replace the
operation U by M and add ¢ to the set so that the resultant
1s a semigroup.

For those semigroups study questions (i) to (iii) of
problem (86).
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94.

95.

96.

97.

98.

99.

100.
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Enumerate any of the properties associated with
S(Ry(m))[x].

Let P = {S(R,(10)[x]), +} be the MOD real subset
polynomial semigroup

1) Is P a S-semigroup?
i)  Can P have finite subsemigroups?
1ii)  Find atleast 5 infinite subsemigroups of P.

Compare S(R,(10))[x] with S(R,(10)[x] as semigroups.

Let V = {S(RL(B)[X]), +} be the MOD neutrosophic
subset polynomial semigroup.

Study questions i to iii of problem 94 for this V.

Let M = {S(Ri (18)[x]), +} be the MOD neutrosophic
subset polynomial semigroup.

Study questions i to iii of problem 94 for this M.

Let W = {S(C,(23)[x]), +} be the MOD complex modulo
integer subset polynomial semigroup.

i. Study questions i to iii of problem 94 for this W.
ii. Compare S(C,(23))[x] with S(C,(23)[x]) as

semigroups.

Let B = {S((R,(14)(g))[x], +), +} be the MOD dual number
polynomial subset semigroup.

Study questions i to iii of problem 94 for this B.

Let D = {S(R(15)(g)[x]), +; g2 = g} be the MOD special
dual like number semigroup.
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101.

102.

103.

104.

105.

Study questions i to iii of problem 94 for this D.

Let S = {S(R,(24)[x]), X} be the MOD real subset
polynomial semigroup.

1. Can S have zero divisors?

ii.  Is S a S-semigroup?

iii.  Can S have S-idempotents?

iv.  Can S have S-ideals?

v.  Can S have finite subsemigroups?

vi.  Can S have finite ideals?

vii. Compare S(R,(24)[x]) with S(R,(24))[x].

Let B = {S(RL(IS)[X]), x} be the MOD neutrosophic
polynomial subset semigroup.

i. Study questions i to vi of problem 101 for this B.
ii.  Compare {S(R! (18)[x]), x} with {S(R! (18))[x],
X} as semigroups.

Let V = {S(C,(23)[x]); i = 22, x} be the MOD complex
modulo integer polynomial subset semigroup.

1. Study questions i to vii of problem 101 for this V.
ii.  Compare V with V| = {S(C,(23))[x], X} as
semigroups.

Let M = {S(R,(14)(g)[x]), g2 = 0, X} be the MOD dual
number subset polynomial semigroups.

1. Study questions i to vii of problem 101 for this M.

ii. Compare M with M; = {S(R,(14)(g))[x], X} as
semigroups.

Let T = {S(R.(24)(g)[x]); g2 = 23g, x} be the MOD special
quasi dual like number subset polynomial semigroup.

i. Study questions i to vii of problem 101 for this T.



106.

107.

108.

1009.

110.
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ii. Compare T with T = {S(R,(24)(g))[x], g2 =23g, X}
as semigroups.

Let B = {S(R,(15)[x]) U {¢}, N} be the MOD real subset
polynomial semigroup.

i. Study questions i to vii of problem 101 for this B.

ii. ~ Show every singleton element of B is a
subsemigroup.

iii.  Prove every subset can be completed to a
subsemigroup in B.

iv.  Prove B has subsemigroups of all orders 2, 3, ....

V. Compare B with the appropriate MOD real
polynomials with subset coefficients.

Let S = {S(Ri(9)[x]) U {0}, I = I, N} be the MOD
neutrosophic subset polynomial semigroup.

Study questions i to v of problem 106 for this S.

Let T = {S(C,(15)[x]) U {0}, i} = 14, N} be the MOD
complex modulo integer subset polynomial semigroup.

Study questions i to v of problem 106 for this T.

Let M = {S(R,(23)(2)[x]) U {0}, g = 0, N} be the MOD
dual number subset polynomial semigroup.

Study questions i to v of problem 106 for this M.

Let S = {S(R,45)(@Ix]) U {0}, g’ = g N} be the MOD
special dual like number subset polynomial semigroup.

Study questions i to v of problem 106 for this S.



156 | Algebraic Structures on MOD planes

111.

112.

113.

114.

115.

116.

117.

118.

Let M = {SR,(11)(@Ix]) U {0}, g = 10g, N} be the
MOD special quasi dual like number subset polynomial
semigroup.

Study questions i to v of problem 106 for this M.

In problems 106, 107, 108, 109, 110 and 111 replace ‘v’
and ‘U’ and study the problem.

Give any special applications of these new MOD algebraic
structures.

Can we say MOD algebraic structures makes the real plane
into a small plane depending on the number m which we
choose?

Is it true by using MOD structure one can save time?

Can one say the —ve numbers which cannot be visualized
can be overcome by MOD techniques?

Can replacing MOD complex planes by the complex plane
C advantages and saves time working with it?

As these are ages of computer will MOD methods lessen
the storage space of any appropriate document.



Chapter Four

ALGEBRAIC STRUCTURES USING
MOD Fuzzy PLANE R,(1)

Unlike usual MOD real plane or MOD complex modulo integer
plane or MOD dual number plane or MOD special dual like
number plane or MOD special quasi dual number plane we see
the MOD fuzzy plane is only one and rest of the planes are
infinite in number.

So we using the MOD fuzzy plane R,(1) = {(a,b) la, b €
[0, 1)} construct matrices and polynomials.

It is pertinent to keep on record that these MOD fuzzy planes
will also find its applications in fuzzy models. Thus we are
interested in this special MOD fuzzy plane.

DEFINITION 4.1: Let R,(1) be the MOD fuzzy plane.

Any s Xt matrix P = (a;) where a;; € R,(1) will be defined
as the MOD fuzzy s X't matrix

1<i<s, 15<j<t,s=>1 and t=1.
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When s = I we call P as the MOD fuzzy row matrix.
It t = 1 we call P to be the MOD fuzzy column matrix.
It t = s we define P to be the MOD fuzzy square matrix.

We will give examples of different types of MOD fuzzy
matrices.

Example 4.1: Let X = ((0.331, 0.211), (0.9, (0.3815), (0.3,
0.754), (0, 0.342), (0.67537102, 0)) be a MOD fuzzy 1 X 5 row
matrix.

Example 4.2: Let

[(0.92,0.1114) ]
(0.213, 0.375)
(0.15,0.72)
(0.3,0.93) .
Y= be the MOD fuzzy 8 X 1 column matrix.
(0.04,0.001)
(0.119, 0.2134)
(0.612, 0.314)

| (0.751,0.75)

Example 4.3: Let

(0.03) 0.2,0) (0.0
(0.1,0.2) (04,0.3) (0.2,0)
(0.0) (0.5,0)  (0,0.3)
(0.7,0.9) (0.8,0.1) (0.7,(0.7)

be a MOD fuzzy 4 X 3 matrix.
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Example 4.4: Let

(0,0.4)  (0.7,0) 0,0) (0.1,0)
(0.5,0.1) (0,0) (0.7,0.5) (0,0.1)
(0.6,0.8) (0.7,0) (0,0.91) (0,0)

(0,0 (0.71,0.17) (0.31,0.13) (0,0.1)

be a MOD fuzzy 4 X 4 square matrix.

Now we will give some operations on the collection of MOD
fuzzy matrices of some order. The MOD fuzzy matrices under +
is a group and under X it is only a semigroup.

DEFINITION 4.2: Let M = {(ay, ... a,) a; € R(1); I <i <m, +}
under the operation of + is defined as the MOD fuzzy row matrix
group.

We will give one or two examples of them.

Example 4.5: LetT = {(a}, a5, a3) | a;€ Ry(1), 1 <1<3,+} be
the MOD fuzzy row matrix group.

Letx =((0.7,0.25),(0.31,0.02), (0.74,0)) e T
x+x =(0.4,0.5),(0.62,0.04), (0.58,0)) € T.

We see 0 = ((0, 0), (0, 0), (0, 0)) acts as the additive identity of
T.

0+x =x+0=xforallxe T.
We have a unique — x € T such that x + (- x) = 0.
For the given x

—x =((0.3,0.75), (0.69, 0.98), (0.26, 0)) € T is such that
X+ (—x) =((0, 0), (0, 0), (0,0)).
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We see T has subgroups of both infinite and finite order.

P = {((0, 0.5), (0, 0), (0, 0))) is a subgroup of order two
under addition as P + P = (0).

We also have subgroups of finite order.
Further T has subgroups of infinite order also.

Example 4.6: Let
a
a, ,
B= a,€ Ry(1);1<i<4, +}
a
a

be the MOD fuzzy column matrix group.

(0,0)

0,0
B has (0) = EO 0; to be the additive identity.

)

(0,0)
For every y € B we have a unique y’ € B such that y + y" = (0).

[(0,0.75)

(0.011,0.223)
Takey = €B
(0.771,0.305)

(0.9015,0.1572) |
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[(0,0.25)
(0.989,0.777)

(0.229,0.695)

| (0.0985,0.8428) |

is such that y + y” = (0); B has subgroups of both finite and
infinite order.

Example 4.7: Let

s A || e Ry(1);1<1i<9,+}
a, ag a,
be the MOD fuzzy square matrix group.

D has finite order subgroups as well infinite order
subgroups.

0,0) (0,0) (0,0
Wesee (0) = |(0,0) (0,0) (0,0)
0,0) (0,0) (0,0

is the additive identity of B.

(0.71,0.2)  (0,0.3) (0.51,0)
We see if x = | (0.13,0.31) (0.71,0.17) (0.5,0.7)| € B
(0.79,0.34) (0.26,0.14) (0.71,0)

then the unique x” € B such that x + x" = (0).
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0.28,0.8) (0,0.7) (0.49,0)
x" =1(0.87,0.69) (0.29,0.83) (0.5,0.3)|e B
(0.21,0.66) (0.74,0.86) (0.29,0)

is the unique inverse of x with respect to +.

Example 4.8: Let

M={la, a, a, | aeR,l),1<i<I5, +}

be the MOD fuzzy 5 X 3 matrix group.

M has subgroups of finite and infinite order.

Example 4.9: Let

_al a2 a9 1
alO all alS
A=1qla, a, .. ay||laeRy(l);1<1<45,+}
a28 a29 a?ﬁ
_a37 a38 a45_

be the MOD fuzzy 5 X 9 matrix groups.

A has subgroups of both finite and infinite order.
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fa, 0 ... O]
0 0 .. 0
X=410 0 ... 0||aeR)(]),+}cA
0 0 .. 0
0 0 - 0]

is a subgroup of infinite order.

00 0][05 0 0
00 0|0 O 0
Y=140 0 0[,;/0 0 0|+ cA
00 0|0 O 0
10 0 0/|0 0 0
is a subgroup of order two.
[0 0 0][025 0 0]
00 0[(0 0 0
N=1{0 0 0/,/0 0 0],
00 0[]0 0 0
10 0 0|0 0 0
(05 0 0][0.75 0 0]
0 0 0|0 0 0
0 0 0/,/0 0 0|t cA
0 0 0|0 0 0
0 0 0|0 0 0

is a subgroup of order four.
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—~

I
S O O O O
S O O O O
S O O O O
S O O O O
S O O O O
S O O O O

o oo o o
o o o o o
o o o o o
o o o oo
o o o o o
o oo o o

n

>

is a subgroup of order 10.

Next our motivation is to define X, the natural product on
the MOD fuzzy matrix collection.

We will illustrate this situation by examples.

DEFINITION 4.3: Let

M = {(ayne aj € R(1); 1 <i <m, 1 <j <t x,}); M is defined
as the MOD fuzzy matrix semigroup. M is of infinite order and M
is commutative.

We give examples of such MOD fuzzy matrix semigroup.
Example 4.10: Let

S ={(ay, ay, a3, a4, a5) l 3 € Ry(1) ; 1 <1< 5, X} be the MOD
fuzzy row matrix semigroup.

(0)= ((0, 0), (0, 0), (0,0), (0, 0), (0,0)) is the zero of S. For
any x € S; we see

x %X (0) =(0) xx=(0).
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Let x =((0.3, 0), (0.81, 0), (0.53, 0), (0.3314, 0) (0.75, 0))

andy = ((0, 0.7) (0, 0.94) (0, 0.33), (0, 0.315) (0, 0.001)) € S

xXy=(0). Let A={(a;,0,0,0,0) la; € R(1),x} S; Aisan

ideal of S and this ideal is of infinite order.

Example 4.11: Let

N={la, || aeRy(l),1<i<5,%,}

be the MOD fuzzy column matrix semigroup under natural

product X,
F0.0)]
(0,0
(0) = |[(0,0)] is the zero of N.
(0,0)
L(0,0)

Foreachx e N; x X, (0)=(0) x, x = (0).

a,.0))]

We see there exists for every A =

oS O O

have several B € N with Ax, B = (0).

of this form we
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For P =

we have a

such that P x, Q = {(0)}.

(a,,0)
(a;,0)
(a,,0)

"0.a)]

1 (0,a5) |

(0,a,)
(0,a;)
0,a,)

"@.0)]

| (a5.0)

(a, 0) € Ry(1); 1 <1<5,%,} cN

(0,a) € Ry(1); 1 <1<5,%,} N

Thus N has infinite number of zero divisors.

We see P, =

a; e Ry(1),%,} <N

is a subsemigroup which is an ideal of N.

a e Ry(1), x,} N,
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P;=<{a, || a3€ Ry(1), X,} €N,

P,= ags € Ry(1), x,} €N

and Ps = as € Ry(1), x,} <N

oS O o O

as

be the subsemigroups of N which are ideals of N.
N has atleast sC; + 5C, + 5C;5 + 5C4 number of ideals.

Example 4.12: Let

[a, a, a, a,|
a; a; a, ag
M= Jla, a, a,; a,||aecRy(l);1<i1<20,X,}
al? a14 a15 a16
_a17 a18 a19 a20

be the MOD fuzzy matrix semigroup of infinite order.

.. | 167
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M has infinite number of zero divisors and has atleast
20C1 + 20Cs + 20C3 + ... 20Ci9 number of ideals.

Example 4.13: Let

a, a, a
Q4 A 4
N=4la, a, ... as]|| ae Ry(l), X, 1<i<25}
a16 a17 a20
|32 Ay a5 |

be a MOD fuzzy square matrix semigroup.

We can have several interesting properties associated with
it.

This study is considered as a matter of routine and hence
left as an exercise to the reader.

Example 4.14: Let
|: 1 4:|
a; a

be the MOD fuzzy square matrix semigroup under the usual
matrix operation X.

ae Ry(1); 1<i<4, x}

We see B is a non commutative semigroup of infinite order.

1 0
[0 1} acts as the multiplicative identity.



Algebraic Structures using MOD Fuzzy Plane ... | 169

(0.31,0.25) (0.72,0.1)
Letx = and
(0.6,0.5) (0.3,0.8)

(0,0.4) (0,0.7)
y= € B.
(0,0.2) (0,0.9)

Consider
(0,0.02)+(0,0.1) (0,0.175)+(0,0.09)
XXy =
(0,0.2)+(0,0.16) (0,0.35)+(0,0.72)
(0,0.12) (0,0.265)
= I
(0,0.36) (0, 0.07)
(0,0.1)+(0,0.35) (0,0.04)+(0,0.56)
yXX =

(0,0.01) +(0,0.45) (0,0.02)+(0,0.72)
(0,0.45) (0,0.6)

(0,0.46) (0, 0.74)

Clearly I and II are distinct so the MOD fuzzy square semi
group is non commutative.
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This if we have MOD fuzzy square matrices M, M is a MOD
commutative semigroup under the product X, and non
commutative under the usual X.

Next we proceed onto define the concept of MOD subset
fuzzy matrices.

DEFINITION 4.4: Let
M = {(a;) | a;j € S(R,(1)} 1 <i <s, 1 <j <t} be the collection of
all s xt fuzzy matrices whose entries are subsets of R,(1).

We will give examples of them.

Example 4.15: Let B = {(a;, a5, a3) / a; € S(R,(1)); 1 i< 3} be
the MOD fuzzy subset row matrix collection.

Let x = ({(0.33, 0.201), (0.00042, 0.01), (0.025, 0),
(0, 0.0014)}, {(0.4, 0.1), (0.6, 0.93), (0.33, 0.101), (0.00001,
0.00072), (0.0015, 0.00152)}, {(0.54 0.589), (0.5, 0), (0, 0.5),
(0.3, 0.3), (0.000123, 0.0012), (0.5, 0.00123456)}) € B is a
typical element.

Clearly the entries of x are subsets from S(R,(1)).

Example 4.16: Let

M= q|a, || a3€ S(R(1)); 1 <i<5}

be the MOD subset fuzzy column matrices.
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[{(0,0.31), (0,0.1,0.7,0),(0,0.06),0.7,(0.3),(0,0.9) ]
(0.00035,0.2)}

{(0.1,0.1),(0.2,0.3)(0.4,0.5),(0,0.5)}
{(0.7,0.7)(0.32,0.25) (0,0.33372) }
{(0.57,0) (0.37253,0.74),(0.331,0.2)}
{(0.34,0.333333),(0.00005,0.243),
(0.842,0.752),(0.435,0.786)

1(0.0.3) (0.1,0.9) (0.2,0.8)}
is a MOD fuzzy subset column matrix.

Example 4.17: Let

N

a; e S(Ry(1)); 1 €112}

1
O o o
~
U "SI -C I V]
oo W
O o o o
(=)}

be the MOD fuzzy subset 4 X 3 matrix collection.
[1(0.3,0.2),(0,0.1),(0.7,0)}  {(0,0.6),(0.7,0.3)} {(0,0.9)}

1(0.7,02),04,06)} {(0,0.8)(0.8,0)} {(0,0.1),(0.2,0)}

{(0.5,0),(0.8,0.3),(0,0),  {(0,0.41112), {(0.9,0.9),
(0.75,0.83),(0.92,0)} (0.32227,0.999)} (0.9999,0)}

{(0.9999,0.090909), {(0,0.9903),

{(0,0.9), (0.99,0.9),
(0.08989,0.191999), (0.9909,0.309),

(0,0.999),(0.3,0.9)}
(0.42199,0.39999)} (0.311,0.889)}

e W
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is an element W.

Example 4.18: Let

ag A, a,€ s(R(1));1<iL15}

be the MOD fuzzy subset 5 X 3 matrix.

LetT =
[ {(0,0.3),(0.5,0)} {(0.43,0.72),(0,0)} {(0,0),(0.3,0.4)} 1
{(0.333,0.9999)}  {(0.38999),(0.0001)} {(0,0.1)}

{(0.999,0.09),

{(0.12,0.99)} (0.329,0.3399)) {(0,0),(0.3,0.1)}

HO11999.09). 5 0.9),(0.99,0.99 0.0.9
099,099  ((0:9:09.(099.099)) {(0.0.9)}
(0,03),(03,0.6),  {(0.999999,0.9),

1(0.6,0.9),(0.9,0)}  (0.99,0.999)} 1(09.0).(0.3,09)

T is a MOD fuzzy subset 5 X 3 matrix.
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Example 4.19: Let

a a, a;
S=<la, a5 a;||ae SRy));1<1<9}
a, a, a,

be the MOD fuzzy subset collection of square matrices.

[{(0.332,0),
(0.99,0.9), {(0,0)} {(0,0)}
(0.9,0.00099)}

{(0.992,0.45),
{(0,0)} (0.9992,0.1111),  {(0,0)}
(0.112,0.9999)}

{(0,0.9),
{(0,0)} {(0,0)} (0.999,0.9),
(0.9,0.999)}

is a MOD fuzzy subset square matrix.

Now on the MOD fuzzy subset matrices of same order we
can define four different operations viz. +, X, U and M and
under these four operations S is only a semigroup.

We will only illustrate this situation by some examples.

Example 4.20: Let

B = {(a}, ay, a3, a4) | a; € S(R,(1)); 1 £1i1 <4, +} be the MOD
fuzzy subset row matrix pseudo group (semigroup) under +.
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Let x = ({(0, 0.2), (0.11, 0.3) (0.5210, 0)}, {(0.1, 0)},
{(0.312, 0.631), (0.9215, 0.1115)}, {(0, 0.72), (0.15,0)}) and

y = ({0, 0), (0.1, 0.2)}, {(0.3, 0.4), (0.5, 0.6)} {(0.31, 0),
(0.62,0.3), (0.71,0.2)}, {(0.42, 0), (0.1, 0.5), (0.3, 0.7)}) € B.

x +y = ({(0, 0.2), (0.1, 0.3), (0.5210, 0), (0.1, 0.4), (0.21,
0.5), (0.6210, 0.2)}, {(0.4, 0.4), (0.6, 0.6)}, {(0.622, 0.631),
(0.2315, 0.1115), (0.932, 0.931), (0.5415, 0.4115), (0.022,

0.831), (0.2315, 0.3115)}, {(0.42, 0.72), (0.57, 0), (0.1, 0.22),
(0.25,0.5), (0.3, 0.42), (0.45,0.7)}) € B.

This is the way the operation + is performed on B.
It is clear for any x € B we do not have a — x in B such that
X+ (—x)=({0}, {0}, {0}, {0}) the additive identity of B.

B has several subsemigroups of both of infinite and finite
order.

Example 4.21: Let
a,
S= | ae SR1): 1<i<9,+)

a4

be the MOD subset fuzzy column matrix semigroup. S is of
infinite order.

{0}
{0}

(0)=| . | acts as the additive identity of S.

{0}
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Example 4.22: Let

a a, a;
M=<la, a5 a a,€ S(Ry(1));1<i1<9, +}
a, a, a,

be the MOD fuzzy subset square matrix semigroup of infinite
order.

al a2 a3
Pi=3la, a; a,||a€{0,05},1<i<9}cM
a, a, a

is a subsemigroup of finite order.

Example 4.23: Let

a, a, a9
a,, ap, Ay
Bol|® 2 B | e SRY1): 1<i<60,+]}
a3 Ay A4
a, a, a5
B A6

be the MOD fuzzy subset matrix semigroup.

B has several subsemigroups of both finite and infinite
order.

Now we provide examples of MOD fuzzy subset matrix
semigroups under X, or X the natural product on matrices of the
usual product.
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Example 4.24: Let B = {(a;, a5, a3) la; € S(Ry(1)); 1 <1 <3, x}
be the MOD fuzzy subset matrix semigroup of infinite order.

Let x = ({(0, 0.4), (0.3, 0.2), (0.7, 0.112), (0, 0.1)}, {(O,
0.4), (0, 0.3) (0, 0.6), (0.6, 0.7)}, {(0.1, 0.01), (0.002, 0.001),
(0.006, 0.2)}) and

y = ({(0.12, 0.16), (0.25, 0.02)}, {(0.15,0.09), (0.8,0.12)},
{(0.3,0.5), (0.12, (0.16)}) € B;

x Xy = ({(0, 0.064), (0.036, 0.032), (0.084, 0.01792),
(0, 0.016), (0, 0.032), (0, 0.075, 0.004), (0.175, 0.00224),
(0, 0.002)}, {(0, 0.036), (0, 0.027), (0, 0.054), (0.09, 0.063),
(0, 0.048), (0, 0.036), (0, 0.072), (0.48, 0.0084)}, {(0.03, 0.005),
(0.0006,0.0005), (0.0018,0.1), (0.012,0.0016), (0.00024,
0.00016), (0.00072,0.032)}) € B.

This is the way product operation is performed on B.

Infact ({0},{0}, {0}) = (0) acts as the zero of B.

We see B has infinite number of zero divisors.

(D) =({1}, {1}, {1}) acts as the multiplicative identity of B.
B has only finite number of idempotents.

Example 4.25: Let

1l aye S(Ry(1)); 1<i<4;%,)

<
I
[ "I I =]
(95}

be the MOD fuzzy subset semigroup matrix of infinite order.
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[1(0,0.32),(0,0.1)(0,0)} |

{(0.1,0.2)(0,0.8)}
Letx = and
{(0.4,0.5),(0.7,0)}

1{(0.12,0) (0,0.13)}

[{(0,0.2) (0.1,0.01),(0,0.5)} |

{(0,0.7)(0.3,0.2)(0.5,0)}
y= be in M
{(0,0),(0.1,0.2) (0.3,0.6)}

{(0.1,0.2),(0.1,0.3)}

[{(0,0.064),(0,0.02),(0,0), |
(0,0.0032),(0,0.001),
(0,0.15)(0,0.05)}

{(0,0.14),(0,0.56),
(0.03),(0.04),(0,0.16),
X %X,y =|(0.05,0),(0,0)}

{(00),(0.04,0.1),(0,0.7,0)
(0.12,0.3),(0.21,0)}

{(0.012,0),(0,0.026),
| (0.012,0),(0,0.039)}
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This is the way product operation X, is performed on M.
However M has infinite number of zero divisors.

M has atleast ,C; + 4C, + 4C; number of MOD subset fuzzy
ideals.

Example 4.26: Let

8]

a; € S(Ry(1));

o}
|
oI T B -
o
& v oW
= N
AR < R
¥

1<i<24, %,

be the MOD fuzzy subset matrix semigroup under the natural
product X,. B is of infinite order.

B has subsemigroup of finite under B has ideals of infinite
order B has atleast ,4C; + ... + 24C,3 number of ideals.

Example 4.27: Let

8]
W

a; e S(R(1)); 1116, x,}

o~}
|
P o o
W
P o o o
(=)}
o oo o oo
:\]
o oo oo oW
]

be the MOD fuzzy subset square matrix semigroup of infinite
order and B is commutative.

However if X, is replaced by X on B we see B is a MOD

fuzzy subset square matrix semigroup which is non
commutative.

To this end we give an example.
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Example 4.28: Let
a a
M = 1 2
a, a,

be the MOD subset fuzzy square matrix semigroup under the
usual product X M has zero divisors and M is non commutative.

a; e S(Ry(1)); 1 €1 <4, %}

[{(0,0.3) (0.2,0.1) (0,4,0.8), |
{( ) ( ) ( ) (0.0)]
(0,0) (0.1,0.1)}
Letx = and
{(0,0.4(0,0.2)
| H0.0) (0.3,0.1)}

{(0,0.3), (0,0.2),
(0.1,0)} {(0.3,0.1), (0.2,0.3)}

{(0,0.1), (0.2,0.3)} {(0.2,0.3),(0,0), (0.1,0.3)}

XXy =

[ {(0,0.3),(0,0.09),

(0.06, 0.01),
(0.04,0.03),(0.12,0.08),
(0.08,0.24),(0,0)
(0.02,0.03),(0.03,0.01)}

{(0,0.9) (0,0.03),
(0,0.24)(0,0),(0,0.03),
(0,0.06),(0.02,0),
(0.04,0), (0.01,0)}

{(0,0),(0.06,0.03),
{(0,0)} (0,0.06)(0,0),
(0,0.12), (0.03,0.03)} |
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yXX=
[1(0,0.09),(0,0.03),(0.0), {(0,0.04),(0,0.02),
(0,0.24), (0.06) (0,0.02), (0.09),(0.01),(0,0.04)

(0,0.16), (0.02,0),(0.01,0),(0.04,0)}  (0,0.06),(0,0.6,0.03)}

{(0,0.03),(0,0.01),(0,0.24),(0,0),
(0,0.06),(0,0.02),(0,0.16),(0.02,0),
1(0.04,0),(0.01,0)}

{(0,0),(0,0.12),(0,0.006),
(0,0.03),(0,0.03,0.03)}

Clearly x X y #y X X.

Thus the MOD subset fuzzy semigroup matrix is non
commutative.

Example 4.29: Let
M = {(ay, ay, a3, a4) | 3, € S(R(1)); 1 <1< 4, U} be the MOD

subset fuzzy row matrix semigroup.

Clearly M is a semilattice. Every singleton element in M is
a subsemigroup.

Example 4.30: Let

P=4la, || ae S(Ry(1); 1 <i<3,M}

be the MOD subset fuzzy column matrix semigroup.
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" {(0,0.3),(0,2,0.1),(0,0),(0.5,0)} ]

{(0.4,0),(0.3,0.2),(0.3,0),(0.7,0.9)}
Letx =

{(0,0),(0.1,0.3),(0.2,0.2)}

and

{(0.0.3),(0.771,0.885),(0.5,0),(0.9912,0.7753) }

{(0.4,0),(0.7,0.9),(0.331,0.4434),
(0.997,0.87031),(0.5006,0.7009) }

{(0.778,0.112),(0.993,0.11214),(0.993,0.73),
(0.091,0),(0,1)}

e P.

[ {(0,0.3),(0.5,0)} |

4,0),(0.7,0.
Weseex Ny= 1(0:4,0,(0.7.0.9)}

{(9.0)}
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Example 4.31: Let

a, a, aj
A=<la, a; a||ae SERy());1<1<9, U}

a, ag a,

be the MOD fuzzy subset matrix semigroup.

[{(0,0)(0.3,0)} {(0,0.2)(0.2,0)} {(0,0.31)}]

{(0.4,0.324)}  {(0.321,0.21)}  {(0,0.4)}

Letx =
{(0.1,0.3)} {(0.4,0.5)} {(0,0.7)}
[{(0.3,0.2)} {(0.1,0.5)} {(0.31,0)}
{(0.2,0.31)} {(0.11,0.21)} {(0.1,0)(0,0)}
andy =
{(0.4,0.5),
{(0,0)(0,0.2)} {(0,0)}

(0.1,0),(0,0.1)}

e A.
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XVUy=
[{(0,0),(0.3,0),  {(0.02)(0.2,0) {(0,0.31)
(0.3,0.2)} (0.1,0.5)} (0.31,0)}

{(0.4,0.324),  {(0.321,0.21), {(0,0.4),
(0.2,0.31)} (0.11,0.21)} (0,0),(0.1,0)}

{(0.1,0.3),(0.0) {(0.4,0.5),(0.1,0) {(0,0.7)
(0,0.2)} (0,0.1)} (0,0)}

e A.

This is the way ‘U’ operation is performed on A.

Example 4.32: Let

ae SR uUl<i<i2, A}

be the MOD subset fuzzy matrix semigroup S is a semilattice.

Infact every singleton element of S is a subsemigroup S has
subsemigroups of all orders.
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Example 4.33: Let

S
I~}

a e S(Ry(1)); 1 <i<24, U}

w
W

=}
[S]
(=}

O o o o ®
>
O o o o
=

3
N 2 - -
)

be a MOD fuzzy subset matrix semigroup. B has infinite number
of subsemigroups.

Example 4.34: Let

a; € SR, (1)) U {0};

1116, N}
be the MOD fuzzy subset matrix semilattice (semigroup).

We will illustrate by an example that all the four operations
‘+’ X, U and M are distinct.

Example 4.35: Let B = {(aj, a5, a3) | a; € S(Ry(1)); 1 <i<3} be
the MOD fuzzy subset row matrix semigroup.

We will show for a pair of elements x,yinBx Uy, x Ny,
x Xy and x + y are distinct.
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Let x = ({(0, 0.31), (0.9, 0.09), (0.1, 0) (0.2, 0.9)}, {(0,0),
(0.39, 0.9), (0.9, 0.29)},{(0,0.1), (0.1,0), (0.319, 0.29), (0.9,
0.39)}) and

y = ({(0.3,0.1), (0.9,0.09),0.1, (0.2)}, {(0, 0.1) (0.2, 0.1),
(0.3,0.1)}, {(0.1,0.2), (0.1, 0.9)}) € B.

xny = ({(0.9,0.09}, {o}, {¢}) I

xuy = ({(0,0.31),(0.9,(0.09),(0.1,0), (0.2,0.9),(0.3,0.1),
(0.1,0.2)} {(0,0), (0.39,0.9), (0.9,0.29, (0, 0.1), (0.2,0.1),
(0.3,0.1)}, {(0,0.1), (0.1,0) (0.319, 0.29), (0.9,0.39),
(0.1,0.2),(0.1,09}) II

x+y = ({(0.3,041), (0.2,0.19), (0.4,0.1) (0.5,0) (0.9,0.4),
(0.8,0.18), (0,0.9), (0.1,0.99), (0.1, 0.51) (0, 0.29), (0.2, 0.2),
(0.3, 0.1)} {(0, 0.1), (0.39, 0), (0.9, 0.39), (0.59,0), (0.2,0.1),
(0.1,0.39), (0.3,0.1), (0.69,0), (0.2, 0.39)}, {(0.1,0.3), (0.2, 0.2),
(0.419, 0.49), (0, 0.59), (0.1, 0), (0.2, 0.9), (0.419, 0.19),
(0,0.29)}) I

xxXy = ({0, 0.031), (0.27, 0.009), (0.03,0), (0.06,0.09),
(0, 0.0279), (0.81, 0.0081), (0.09, 0), (0.18, 0.081), (0, 0.062),
(0.09, 0.018), (0.01, 0) (0.02, 0.18)} {(0, 0), (0, 0.09), (O,
0.029), (0.078, 0.09), (0.18, 0.029), (0.117, 0.09), (0.27,
0.029)}, {(0, 0.02), (0.01, 0), (0.0319, 0.058), (0.09, 0.072), (0,
0.09), (0.01, 0), (0.0319, 0.261), (0.09, 0.321)}) v

It is clearly seen all the four operations are distinct thus we
get 4 distinct MOD fuzzy subset matrix semigroup.

We have MOD fuzzy polynomials as well as MOD fuzzy
subset polynomials.

a, e Ry(1)}.

R.(D[x] = {iaixi

i=0
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We can define only two operations viz + and X, where as
on S(R,(1))[x] we can define four distinct operations, +, X, U
and M.

We will briefly describe them by examples.
Example 4.36: Let R, (1)[x] be the MOD fuzzy polynomials any
p(x) = (0, 0.32) x" + (0.2, 0.51) x®* + (0, 0) X’ + (0, 0.1) x* +
(0,0) x> + (0.32, 0) x> + (0,0.91) x + (0.3, 0.1)

=(0,0.32)x" + (0.2, 0.51)x° + (0, 0.1)x* + (0.32, 0)x* +
(0,0.9D)x + (0.3,0.1).

Let p(x) € R(1)[x], we say degree of p(x) to be n if n is the
largest power of x in p(x) whose coefficient is non zero.

We call elements of R,(1) [x] as MOD fuzzy polynomials.

We have only one MOD fuzzy polynomial collection
denoted by R,(1)[x].

We can define two binary operations on R,(1)[x], + and X;
under X R,(1)[x] is only a commutative semigroup where as

under + R,(1)[x] is a commutative group.

We will just illustrate how operastion are performed on
Ry (1) [x].

Let p(x) = (0.3, 0.2) x’ + (0.7, 0.4) x> + (0, 0.1) x +(0.3, 0) and

q(x) = (0.712, 0.5D)x* + (0.71, 0.92)x’ + (0.4, 0.3)x* +
(0.714,0.8)x + (0.923, 0.8) € Ry(1)[x]

We find
p(x) + q(x) = (0.712, 0.51)x* + (0.01, 0.12)x’ + (0.1, 0.7)x>

+(0.714, 0.9)x + (0.223, 0.8) € Ry(1)[x].
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This is the way + operation on MOD fuzzy polynomials are
performed. In fact p(x) + q(x) = q(x) + p(x).

We see (0, 0) = (0,00x" + (0, 0)x™" + ... + (0, 0)x + (0, 0) is
the zero polynomial in R,(1)[x].

Further (0, 0) + p(x) = p(x) + (0, 0).

To every p(x) € R,(1)[x] there exists a unique element
denoted by —p(x) such that p(x) + (— p(x)) = (0, 0).

Let p(x) = (0, 0.2)x° + (0.31, 0.8)x* + (0.34, 0.708)x” +
0.11, 0)x* + (0, 0314)x + (0.2, 0.46) be MOD fuzzy
polynomials in R,(1)[x].

The inverse of p(x) is —p(x) = (0, 0.8)x’ + (0.69, 0.2)x* +
(0.66, 0.292)x> + (0.89, 0)x*> + (0, 0.686)x + (0.8, 0.54) €
R,(1)[x] such that p(x) + (—p(x)) = (0, 0).

Thus R,(1)[x] is the MOD fuzzy polynomial group of infinite
order. R,(1)[x] is an additive abelian group.

Now we show how product of two MOD fuzzy polynomials
are made.

Let p(x) = (0, 0.2)x* + (0, 0.5)x* + (0.3, 0.7)x* + (0.4, 0.5)x
+ (0.7, 0.8) and

q(x) = (0.4, 0.3)x” + (0.5, 0.7)x> + (0.16, 0)x + (0.11, 0.12)
€ R,(D[x].

We find the product p(x) x q(x) = (0, 0.12)x” + (0, 0.15)x° +
(0.12, 0.2)x° + (0.16, 0.15)x* (0.28, 0.24)x> + (0, 0.14)x°® +
(0, 0.35)x> + (0.15, 0.49)x* + (0.2, 0.35)x” + (0.35, 0.56)x> +
0, 0)x* + (0, 0)x* + (0.48, 0) x> + (0.064, 0)x* + (0.112, 0)x +
(0, 0.024)x* + (0, 0.06)x> + (0.033, 0.084)x> + (0.044, 0.06)x +
(0.077, 0.096)



188 | Algebraic Structures on MOD planes

= (0, 0.12)x” + (0, 0.29)x°® + (0.12, 0.56)x’ + (0.31, 0.664)x"
+ (096, 0.65x° + (0.447, 0.644)x> + (0.156, 0.06)x +
(0.077, 0.096) is in R,(1)[x].

R.(1)[x] has zero divisors.

p(x) = (0.3, 0)x* + (0.8, 0)x” + (0.92, 0)x> + (0.144, 0) and
q(x) = (0, 0.8)x” + (0, 0.9)x* + (0, 0.632) € R, (1)[x].

Clearly p(x) X q(x) = (0, 0), but p(x) # (0, 0) and
qx) # (0, 0).

In fact {R,(1)[x], X} is a semigroup which has infinite
number of zero divisors. Solving equations has no meaning as
we have not get structured the MOD fuzzy polynomial with more

than one operation.

We have seen R,(1)[x] as a group under addition and R,(1)
[x] is a semigroup under X.

Next we give operations on MOD fuzzy subset polynomials
and describe them.

Let S(R,(1))[x] be the MOD fuzzy subset polynomial.

Elements of S(R,(1))[x] will be of the following form:

p(x) = {(0, 0.3), (0.4, 0.1), (0.8, 0)}x” + {(0, 0.5), (0.8, 0.4),
(0, 0.1114), (0.5, 0.7), (0.9, 0.12)}x° + {(0.402, 0.11142),
(0.1117, 0.1117), (0.0123, (0.13D)x> + {(0, 0), (0.1, 0.3),
(0.8, 0.4), (0.5, 0.63), (0.31, 0.23)} € S(R(1))[x].

This is a MOD fuzzy subset polynomial of degree 7.

Clearly coefficients of p(x) are in S(R,(1)).

Further {(0,0)} is the zero polynomial for
{(0,0)} = {(0,0)}x" + {(0,0)}x" " + ... + {(0,0)}x + {(0,0)}.



Algebraic Structures using MOD Fuzzy Plane ... | 189

We can on S(R,(1)[x]) define four types of distinct
operation and under all these operations S(R,(1)[x]) is only a
semigroup.

Let p(x) = a,x" + 2,1 X" + ... + 2 and

q(X) = bpx™ + by X™ '+ ...+ by; a;, bje S(Ry(1)).0<i<n
and 1 <j<m.

Clearly (S,(R,(1)) [x], +) is a semigroup defined as the MOD
subset fuzzy polynomial semigroup.

We will just show how the operation ‘+’ is performed on
S(Ra(D) [x].

Let p(x) = {(0,0.3), (0.8, 0), (0, 0), (0.3, 0.2), (0.5, 0.7)}x> +
{(0,0.4), (0.3, 0.2), (0.7, (0.4)}x* + {(0, 0.43), (0.31,0), (0.2,
0.4)} and

q(x) = {(0, 0.4), 0.2, 0.3)}x> + {(0.4, 0.3), (0.7, 0.8)} €
S(R,(D)[X].

p(x) + qx) = {(0, 0.3), (0.8, 0), (0,0), (0.3, 0.2), (0.5,
0.7)}x> + {(0, 0.8), (0.3,0.6), (0.7, 0.8), (0.2, 0.7), (0.5, 0.5),
0.9, 0.7)}x* + {(0.4, 0.73), (0.71, 0.3), (0.6, 0.7)), (0.7, 0.2),
(0, 0), (0.4,0.2)} € S(R(1)[x].

This is the way ‘+  operation on S(R,(1))[x] is performed.
Clearly S(R,(1))[x] is not a group only a semigroup or in
particular a monoid.

We see every p(x) € S(R,(1))[x] need not in general have
an inverse such that p(x) + (-p(x)) = {(0,0)}.

Interested reader is left with the task of studying the MOD
subset fuzzy semigroup.

We see S(R,(1))[x] has subsemigroups of finite order under
+ also.
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Now we briefly indicate how the product operation is
performed on S(R,(1))[x].

Let p(x) = {(0, 0), (0.20) (0.7, 0.4) (0, 0.5) (0.8, 0.1)}x* +
{(0, 0.3), (0.7, 0.8), (0.9, 0.2)}x + {(0, 0.7), (0.2, 0.4),
(0.5,0.9)} and

qx) = {(0, 0.7), (0.3, 0.2), (0.5, 0)} + {(0, 0.4), (0.3, 0.2),
(0.7, (0.8), (0.2,0.9)} x* € S (Ry(1))[x].

We find p(x) x q(x) = {(0, 0), (0, 0.06), (0, 0.20), (0, 0.04),
(0.06, 0), (0.21, 0.08), (0, 0.01), (0.24, (0.02), (0.14, 0),
(0.49, 0.32), (0, 0.4), (0.56, 0.08), (0.04, 0), (0.14, 0.36),
(0, 0.45), (0.16, 0.09)}x* + {(0, 0.12), (0.21, 0.16), (0, 0.32),
(0, 0.08), (0, 0.6), (0.27, 0.04), (0, 0.24), (0.49, 0.64), (0.63,
0.16), (0, 0.27), (0.14, 0.72), (0.18, 0.18)}x> + {}x + {(0, 0),
(0, 0.28), (0, 0.35), (0, 0.07), (0.06, 0), (0.21, 0.08), (0, 0.1),
(0.24, 0.02), (0.1, 0), (0.35, 0), (0.4, 0)}x* + {(0, 0.49), (0, 0.28),
(0, 0.63), (0, 0.14), (0.06, 0.08), (0.15, 0.18), (0, 0), (0.1, 0),
(0.25,0)} + {} x* ...

= {(0, 0), (0, 0.6), (0, 0.2), (0, 0.04), (0.06, 0), (0.21, 0.08),
(0, 0.1), (0.24, 0.02), (0.14, 0), (0.49, 0.32), (0, 0.4), (0.56,
0.08), (0.04, 0), (0.14, 0.36), (0, 0.45), (0.16, 0.09)}x* + {...} X’
+{}x°+ {} € SRa(1)[x].

This is the way product is performed on S(R,(1)) [x].

Let p(x) = {(0, 0.03), (0.2, 0.3), (0.1, 0.3)} + {(0.8, 0.7),
(0.1, 0.5)}x and

q(x) = {(0.3,0.2), (0.8, 0.7), (0, 0.5)} x + {(0, 0), (0.8, 0.2)}
€ S(R,(1)[x].

p(x) x q(x) = {(0, 0.06), (0.06, 0.06), (0.03, 0.06), (0, 0.21),
(0.16, 0.21), (0.08, 0.21), (0, 0.15) }x + {(0.24, 0.14), (0.03, 0.1),
(0.64, 0.49), (0.08, 0.35), (0, 0.35), (0, 0.25)}x> + {(0, 0),
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(0, 0.06), (0.16, 0.06), (0.08, 0.06)} + {(0, 0), (0.64, 0.14),
(0.08,0.1)}x.

= {(0.24, 0.14), (0.03, 0.1), (0.64, 0.49), (0.08, 0.35),
(0, 0.35), (0, 0.25)}x> + {(0, 0.06), (0.06, 0.06), (0.03, 0.06),
(0, 0.21), (0.16, 0.21), (0.08, 0.21), (0, 0.12), (0.6, 0.12),
(0.03, 0.12), (0, 0.27), (0.16, 0.27), (0.08, 0.27), (0, 0.15),
(0, 0.21), (0.16, 0.12), (0.22, 0.12), (0.19, 0.12), (0.16, 0.27),
(0.32, 0.27), (0.24, 0.27), (0.16, 0.21), (0.08, 0.12), (0.14, 0.12),
(0.11, 0.12), (0.08, 027), (024, 0.27), (0.16, 0.27),
(0.08, 0.21)}x + {(0, 0), (0, 0.06), (0.16, 0.06), (0.08, 0.06)} €
S(R,(1)[x].

This is the way product is performed on S(R,(1)) [x].

We can define U and M on S(R,(1)) [x], but it is a matter of
routine so we just give some examples to explain this concept.

Let p(x) = {(0.3, 0.4), (0.2, 0.5), (0.1, 0.6)} + {(0.2, 0),
(0,0.7), (0.4, 0.2)}x + {(0, 0), (0, 0.2), (0.3, 0)}x* and

q(x) = {(0.3, 0), (0.2, 0)} + {(0, 0.5), (0.31, 0.82), (0.4, 0.7),
(0.6, 0.9)}x°.

p(x) U qx) = {(0.3, 0.4), (0.2, 0.5), (0.1, 0.6), (0.3, 0),
(0.2)} {(0.2, 0, (0, 0.7), (0.4, 0.2)}x + {(0, 0), (0, 0.2), (0.3, 0),
(0,0.5), (0.31, 0.82), (0.4, 0.7), (0.6, 0.9)}x* € S(R,(1))[x].

This is the way ‘U’ operation is performed on S(R,(1))[x].
Next we proceed on to define ‘"’ on S(R,(1))[x] W {¢}.

Let p(x) = {(0, 0.3), (0.2, 0), (0.7, 0)}x* + {(0.7, 0.2), (0.3,
0.7), (0.5, 0.03), (0.03, 0)}x + {(0, 0.21), (0.31, 0), (0, 0), (O,
0.35), (0.001, 0.04)} and

qx) = {(0, 0.3), (0.2, 0), (0.711, 0), (0.5, 0.321), (0.312,
0.112), (0, 0), (0, 0.1)}x* + {(0.3, 0.7), (0.5, 0.03), (0.03, 0),
(0.031, 0.215), (0.0012, 0.013)}x + {(0, 0.21), (0.31, 0),
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(0, 0.35), (0.005, 0.000072), (0.00012, 0.3), (0.312, 0.064)} €
SR()[x] v {0}.

p(x) N q(x) = {(0, 0.3), (0.2, 0)}x* + {(0.3, 0.7), (0.5, 0.03),
(0.03,00}x + {(0, 0.21), (0.31, 0), (0, 0.35)} € S(RR(1)[x] L

{0}.

This is the way +, X, U and M operations are performed on
SR(D)) [x].

We see {S(Ru(DI[x], }, {SRu(DIx], x}, {SR(D)[x], U}
and {S(R,(1))[x], N} are all four distinct MOD subset fuzzy
polynomial semigroup of infinite order and all the four groups
are commutative.

Let p(x) = {(0, 0.3), (0.71, 0.2), (0.7, 0.2), (0, 0.5),
0.2, 0)}x* + {(0.3, 0.1), (0.21, 0), (0.33, 0.5), (0.12, 0.16),
(0,0)}x + {(0.7, 0.5), (0.7, 0), (0.5, 0), (0.5, 0.2), (0.2,0.3)} and

q(x) = {(0, 0.3), (0.71, 0.2), (0.2, 0) (0.5, 0.5), (0.7, 0.3)}x*
+ {(0.3,0.1), (0.21, 0), (0, 0.5) (0.2, 0)} x + {(0.7, 0.5), (0.7, 0),
(0.5, 0), (0.001, 0.02) (0.04, 0.005)} € SR()[x] U {D}.

Now we find p(x) + q(x) = {(0.3, 0.4), (0.01,0.3), (0, 0.3),
(0.3, 0.6), (0.5, 0.1), (0.21, 0.3), (0.92, 0.2), (0.91, 0.2),
(0.21, 0.5) (0.04, 0.7) (0.41, 0), (0.33, 0.8), (0.03, 0.7), (0.33, 0),
(0.53, 0.5), (0.12, 0.46), (0.83, 0.18), (0.7, 0.2) (0, 0.5),
(0.19, 0.18), (0.12, 0.21), (0.2, 0), (0.14, 0.16), (0, 0.3),
(0.71, 0.2)} + {(0.3, 0.1), (0.21, 0), (0, 0.5), (0.2, 0), (0.6, 0.2),
(0.51, 0.1), (0.63, 0.6), (0.41, 0), (0.53,0.5), (0.15, 0.26), (0.42,
0), (0.5, 0.1) (0.32, 0.16), (0.54, 0.5), (0.33, 0.16), (0.3, 0.6),
(0.21, 0.5), (0.33, 0), (0.12, 0.66)}x + {(0.4, 0), (0.4, 0.5),
(0.2, 0.5) (0.2, 0.7), (0.9, 0.8), (0.2, 0), (0.2, 0.2), (0.9, 0.3),
0.2, 0.5), (0.2, 0), (0,0), (0, 0.2), (0.7, 0.3), (0.701, 0.52),
(0.701, 0.02), (0.501, 0.02), (0.501, 0.22), (0.201, 0.32), (0.74,
0.505), (0.74, 0.005), (0.54, 0.005), (0.54, 0.205), (0.24, 0.305)}

I

Thus p(x) + q(x) € S(R,(1))[x].
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Next we find

p(x) X q(x) = {(0, 0.09), (0, 0.06), (0, 0.15), (0, 0), (0, 0.04),
(0.497, 0.04), (0, 0.1), (0.142, 0) (0.142, 0), (0.14, 0), (0.04, 0),
(0, 0.15), (0.355, 0.1), (0.35, 0.1) (0, 0.25), (0.497, 0.06), (0.49,
0.06), (0, 0.15), (0.14, 0)}x* + {(0.09, 0.01), (0.063, 0), (0.099,
0.05), (0.036, 0.016), (0, 0), (0.063, 0), (0.0441, 0), (0.0393, 0)
(0.0252, 0), (0, 0.05), (0, 0.25), (0, 0.08), (0.06,0) (0.042, 0),
(0.066, 0), (0.024, 0)}x + {(0.49, 0.25) (0.49, 0), (0.35, 0),
(0.14, 0.15), (0.14, 0), (0.25, 0), (0.00033, 0.1), (0.00012,
0.0032), (0.012, (0.0005), (0.0084, 0), (0.0132, 0.00025),
(0.0048, 0.0008) } e II

That is p(x) X q(x) € S(Ry(1))[x].

Clearly one and two are distinct
p(x) N q(x) = {(0, 0.3), (0.71,0.2), (0.2,0)x* +{(0.3,0.1),
(0.21, 0)}x + {(0.7, 0.5), (0.7, 0), (0.5, 0)} I

p(x) N q(x) € S(Ry(1)[x].

Clearly all the three p(x) + q(x), p(x) X q(x) and p(x) N q(x)
are different.

Now consider

p(x) U q(x) = {(0, 0.3), (0.71, 0.2), (0.7, 0.2), (0, 0.5), (0.2,
0), (0.5, 0.5), (0.7, 0.3)}x* + {(0.3, 0.1), (0.21, 0), (0.33, 0.5),
(0.12, 0.16), (0, 0) (0, 0.5), (0.2, 0) }x + {(0.7, 0.5), (0.7, 0), (0.5,
0), (0.5, 0.2), (0.2, 0.3), (0.001, 0.02), (0.04, 0.005)}
v

Clearly p(x) U q(x) € S(R,(1)[x].

IV is different from I, IT and III. Thus all the four operations
on S(R,(1)) [x] are distinct from each other giving four different
MOD subset fuzzy semigroups of infinite order.
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Now we define MOD fuzzy polynomial subset as all subsets
from the MOD fuzzy polynomial R,(1)[x] denoted by

SRA(DXD.

Clearly S(R,(1)[x]) is different from S(R,(1))[x] we will
illustrate this situation by some examples and also define
operations on them.

p(x) = {p(x), q(x), r(x), t(x)} € S(Ry(1) [x]), to be more
exact p(x) = {(0, 0.3)x’ + (0.3, 0)x* + (0, 0.71), (0.32, 0.671)x"
+ (0.1114, 0.551), (0.621, 0.853)x> + (0.31, 0.61)x> + (0.421,
0.53)} € S(RL(D)[x]).

Elements of S(R,(1)[x]) are sets of MOD fuzzy polynomials
from R, (1)[x].

We will describe all t he four distinct binary operations +, X,
M and U under which, S(R,(1)[x]) is a MOD polynomial subset
semigroup.

Let P(x) = {(0.02)x* + (0.3, 0)x*> + (0.1, 0.2), (0.2, 0.5)x* +
(0.3,0.4)}

Q(x) = {(0.2, 0.5)x* + (0.3, 0.4), (0.4, 0.8)x* + (0, 0.1)} €
SRa(DIXD.

We show how the four operation +, X, N and U are
performed on S(R,(1) [x]).

Px) + Qx) = {(0, 0.2)x + (0.3, 0)x* + (0.4, 0.6) +
(0.2, 0.5)x*, (0.4, 0) x* + (0.6, 0.8), (0, 0.2)x* + (0.7, 0.8)x* +
(0,0.5)} € S(Ry(D)[x]) I

S(Ry(D[x]) is a semigroup known as the MOD fuzzy
polynomial subset semigroup under +

P(x) + Q(x) = {(0, 0.1) x" + (0.06, 0)x° + (0.02, 0.1)x" + (0,
0.08)x* + (0.09, 0)x*> + (0.03, 0.08), (0.04, 0.25)x® + (0.06,
0.2)x* + (0.06, 0.2)x* + (0.9, 0.16); (0, 0.16)x” + (0.12, 0)x* +
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(0.04, 0.16)x*> + (0, 0.02)x> + (0, 0.02), (0.008, 0.4)x® + (0.12,
0.32)x> + (0, 0.05)x* + (0, 0.04)} = {(0, 0.1)x’, (0.06, 0)x° +
(0.02, 0.D)x* + (0, 0.08)x” + (0.09, 0)x* + (0, 0.3, 0.08), (0.04,
0.25)x® + (0.12, 0.4)x* + (0.9, 0.16); (0, 0.16)x° + (0.12, 0)x* +
(0.04, 0.16)x*> + (0, 0.02)x> + (0, 0.02), (0.08, 0.4)x° + (0.12,
0.32)x* + (0, 0.05)x* + (0, 0.04)} I |

This is the way X operation is performed on S(R,(1)[x]) and
{S(R,(1)[x]), x} is the MOD subset polynomial fuzzy semigroup.

Clearly I and II are distinct so they form two different
semigroup.

Next we consider
P(x) U Q(x) = {(0, 0.2)x> + (0.3, 0)x* + (0.1, 0.2), (0.2, 0.5)x* +
(0.3, 0.4), (0.4, 0.8)x* + (0, 0.1)} 11

Clearly{S(R,(1) [x]), U} is a semigroup in which every
element is a subsemigroup of order one. Further this semigroup
is different from the other two semigroups.

Now consider
P(x) N Q(x) = {(0.2, 0.5) x* + (0.3, 0.4)}
e SR.(D[x] U {0}.

We see {S(R,(1)[x]) U {¢}, N} is a semigroup defined as
the MOD fuzzy polynomial subset semigroup and is different
from the rest of the three semigroups just described and
developed.

All properties related with this semigroup can be studied by
any interested reader as it is considered as a matte of routine.

Now we proceed on to give some problems for the reader.
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Problems:
1. What are the special features enjoyed by the MOD fuzzy
plane R,(1)?
2. Obtain some important properties associated with the
MOD fuzzy group G = {R,(1), +}.
(i) Can G have subgroups of finite order?
(ii) Can G have subgroups of infinite order?
(iii)) Can G be isomorphic with the group H = {(a, b) |
a,be R}?
3. Let H = {R, (1), X} be the MOD fuzzy semigroup.
(i)  Prove H is commutative and is infinite order.
(ii) Can H be a Smarandache semigroup?
(i11) Can H have ideals of finite order?
(iv) Can H have subsemigroups of finite order?
(v) Can H have S-ideals?
(vi) Can H have S-zero divisors?
(vii) Can H have idempotents?
(viii) Can H has units? (Justify)
(ix) Obtain any other interesting feature associated with
H.
4. Let B = {(a, a5, a3, a4, a5) l a; € Ry(1); 1 <1 <5, +} be the

MOD fuzzy row matrix group.

(i) Prove B has both subgroups of finite and infinite
order.

(ii) Find any interesting feature about B.
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N

N

LetP=

(I R
IR
]
©

a
4y . .
a; € Ry(1); 1<1<40,
a
a

+} be the MOD fuzzy matrix group.

Study questions (i) and (ii) of problem 4 for this P.

a, a,
a, a,
aS a6 :
Let M= a,€ Ry(1); 1<i<12,+} be the
a, a,
a9 al()
_all a12

MOD fuzzy matrix group.

Study questions (i) and (ii) problem (4) for this M.

Let B ={(aj, a5, a3, ..., a3) | a;€ Ry(1); 1 £i<9, x} be
the MOD fuzzy matrix semigroup.

Study questions (i) to (ix) of problem (3) for this B.
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a, a, 4
a, ay a5
a a a
19 Ay ... Ay .
8. LetT= a, e Ry(1); 1 £1L56,

dyg Ay Az
dy; Ay ays

|46 Ay as6

X,} be the MOD fuzzy matrix semigroup under the natural
product.

(i)  Study questions (i) to (ix) of problem (3) for this T.

(i1) Show all ideals of t are of infinite order.

a, a, a
a4, 4

9. LetL=<la, a, ... a; aie Ry(1); 1<1<25,
4 Ay Ay
(321 A ays

X} be the MOD fuzzy square matrix semigroup under the
usual product.

(i) Prove L is a non commutative group.

(i) Find atleast 2 right ideals in L which are not left
Ideals.

(iii)) Find 3 left ideals which are not right ideals.

(iv) Prove L has atleast ,5C; + ,5C,... + 25C,5 number of
ideals which are both right and left.

(v)  Can L has left zero divisors which are not right zero
divisors?

(vi) Can L have S-ideals?

(vii) Can L have S-idempotents?

(viii) Can L have S-units?

(ix) Obtain any other special feature associated with L.



10.

11.

12.

13.

14.

15.

16.

17.

18.
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LetM = © || a e Ry(1); 1£1< 18, X, } be the MOD

18

fuzzy column matrix semigroup.

Study questions i to ix of problem 9.

aS
LetB =
a9 al() all a'12

| a; e Ry(1);

A6

1<1< 16, X,} be the MOD fuzzy square matrix semigroup.
Study questions i to ix of problem 9 for this B.

Obtain any important features enjoyed by MOD fuzzy
matrix semigroups.

Show these concepts can be used in fuzzy models?

Find the special features enjoyed by MOD fuzzy subset
S(Ry(1))?

Show {S(R,(1)), +} is only a MOD fuzzy subset
semigroup and not a group.

What are the special features associated with
{SR«(1)), +}?

Can G = {S(R,(1)), +} be a MOD fuzzy smarandache
semigroup?

Can G have subsemigroups of finite order?
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19.

20.

21.

22.

Let H = {S(Ry(1)), X} be the MOD subset fuzzy
semigroup.

(i) IsHa S-semigroup?

(i1)) Find ideals of H.

(ii1) Can ideals of H be of finite order?
(iv) Does H have S-ideals?

(v) Can H have finite subsemigroups?
(vi) Can H have zero divisors?

Let B={(aj, a, ..., a9) | ;€ S(R,(1)); 1 <1< 9, X} be the
MOD subset row matrix semigroup.

Study questions i to vi of problem 19 for this B.

Let M = lai e S(R(1)) 1 <i<6,x,} be the MOD

subset column matrix semigroup under natural product.

Study questions i to vi of problem 19 for this M.

al a2 al()
a, a a
11 12 20
LetV = la; e S(R,(1));
a21 a22 a30
a; Ay Ay

1 £1<40, X,} be the MOD subset matrix semigroup under
natural product.



23.

24.

25.

26.

27.

28.
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Study questions i to vi of problem 19 for this V.

al a2 alO
LetM=4{|a,, a, a, || a € S(Ry(1));
a21 a22 a30

1 €£1<30, X,} be the MOD subset matrix semigroup under
natural product.

Study questions i to vi of problem 19 for this M.

a, a, a, a, ag
aé a'7 al()

LetV=3la,, a, .. ... as]||ae SRy (D))
a16 a17 a20
|32 Ay ays

1<1 £ 25, X} be the non commutative MOD fuzzy matrix
semigroup.

(i)  Find atleast 5 ideals of V.
(i) Find atleast 3 right ideals which are not left ideals.

(iii) Find right zero divisors if any which are not left
zero divisors.

(iv) Show V has infinite number of zero divisors.

Find any of the special features enjoyed by R,(1)[x].

Can R, (1)[x] have zero divisors?

Find ideals if any in R,(1)[x].

Study and analyse the MOD subset fuzzy polynomials
(SR.(D)[x] =R.
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29.

30.

31.

32.

33.

34.

Can R have zero divisors?
Can R have S-ideals?

Let S = {S(Ry(1))[x], +} be the MOD subset fuzzy
polynomial semigroup.

(i)  Find all interesting properties associated with S.

(i) Compare S with B = {R,(1)[x], +}.

(iii)) What are the special and distinct features enjoyed
by B?

Let M = {S(Ry(1))[x], X} be the MOD subset fuzzy
polynomial semigroup.

(i) Find all interesting properties enjoyed by M.

(i) Compare {R,(1)[x], x} with {S(R,(1))[x], X}.

(iii) Prove M has infinite number of zero divisors.

(iv) Can M have ideals of finite order?

(v) Prove in general all subsemigroups of M are not
ideals of M.

(vi) Can M have S-idempotents?

Let S = {S(R,(1))[x], U} be the MOD subset fuzzy
polynomial semigroup.

(i)  Study any other interesting properties associated
with S.

(ii) Prove every subset M of S can be completed into a
subsemigroup.

(ii1) Can M have ideals?

Let M = {S(R,(1))[x] U {0}, N} be the MOD subset fuzzy
polynomial semigroup.

(i) Compare M with {R,(1)[x], X}
(i1) Can M have ideals?



35.

36.

37.

38.
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(iii) Prove every subset N of M can be made into (or
completed into) a subsemigroup.

(iv) Obtain some interesting properties associated with
M.

Let B = {S(R(1)[x])} be the MOD fuzzy polynomial
subsets of R,(1)[x].

(i)  Obtain all the special features enjoyed by B.
(i) Compare B with D = S(R,(1))[x].

Let S = {S(R,(1)[x]), +} be the MOD fuzzy polynomial
subsets semigroup under +.

(i) Can S have finite order subsemigroup?
(ii) Can S be a S-subsemigroup?
(iii)) Find atleast 2 subsemigroups of infinite order.

Let W = {S(R,(1)[x]), x} be the MOD fuzzy polynomial
subset semigroup.

(i) Can W have S-ideals?

(i) Is W a S-semigroup?

(iii) Can W have S-zero divisors?

(iv) Prove W has infinite number of zero divisors.
(v)  Can W have finite subsemigroups?

(vi) Can W have S-idempotents?

(vii) What are the special features enjoyed by W?

Let B = {S(R,(1)[x]), U} be the MOD fuzzy polynomial
subset semigroup.

(i) Prove every element is a subsemigroup.
(i) Prove every subset of B can be completed into a

subsemigroup.
(iii) Find any special features enjoyed by B.
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39.

Let D = {SR(D[x]Du{o}, N} be the MOD fuzzy
polynomial subset semigroup.

(i)  Study the special features enjoyed by D.

(ii) Prove every element in D is a subsemigroup.

(iili) Prove every subset of D can be completed into a
subsemigroup.
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