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PREFACE

In this book authors answer the question proposed by
Florentin Smarandache “Does there exist neutrosophic numbers
which are such that they take values differently and behave

differently from I; the indeterminate?”’. We have constructed a

class of natural neutrosophic numbers I, IT, If', 17 where

I x I =1, I"xI"=1I"and ["xI" = I" and I"xI" =

Ij and I'xI" = 1.

Here take m = 12, x =4, y = 9 and z = 6. For more refer
chapter one of this book. Thus we have defined or introduced
natural neutrosophic numbers using Z,,, under division.

Further there are more natural neutrosophic numbers in the
MOD interval [0, m). This concept is thoroughly analysed in

chapter two. Using all types of MOD planes and MOD intervals



we have generated both natural neutrosophic numbers and MOD
neutrosophic numbers.

Further the MOD intervals and MOD planes have a special
type of zero divisors contributed by units in Z,. Such type of
zero divisors are termed as special pseudo zero divisors leading
to the definition of special pseudo zero divisors and MOD
neutrosophic numbers apart from natural (MOD) neutrosophic
nilpotents, zero divisors and idempotents. Lots of open
problems are suggested in this book. Certainly this paradigm of
shift will give a new approach to the notion of neutrosophy.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this

book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

NATURAL CLASS OF NEUTROSOPHIC
NUMBERS

In this book for the first time authors define a new notion
called natural neutrosophic numbers. They are different from I
the indeterminate or the neutrosophic number defined by
Florentin [3].

As we proceed on to define them one can see how different
they are from other neutrosophic numbers. Infact they naturally
occur. This answers a problem by Florentin Smarandache about

the existence of a natural neutrosophic number.

Throughout this book Z, will denote the ring of modulo
integers.

Clearly {Z,, +, X} is a commutative finite ring of order n.

Take Z, = {0, 1}. % =1 but % is not defined and % =0

and % is not defined.

So if we define the operation of division clearly
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1 0
ZIZ ={1’0’ 6, 6}: {1,0, I(Z)}Where
2 1 0 ) . . .
I; = 0 = 0 that is any element divided by O in Z, is an

indeterminate and is denoted by I(z). They will be known as

natural neutrosophic numbers and I in particular the natural
neutrosophic zero.

12
Thus I—g = 1, (by definition).
0

This is just like 9 (n#0forallne Z\ {0} is defined as 0).
n

Thus { Z},/ } has the following table.

/ 0 1 I;
0 I; 0 I;
1 I; 1 I
I s I s

This is the way operation of division is performed on Z} .

Ez I? E =2 E= I?
Ié (VI O 0° I(z) 0°
1 2

— =1 and 2 =712

IS 0 1 0

Clearly / is a non commutative operation on Zj .

Is / operation associative on Z} ?
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Consider0/(1/1)=(0/1)=0 U |
Consider (0/1)/1=(0/1)=0 U |

So for this triple ‘/° is an associative operation.

Now consider Z; = {0, 1, 2}, Z; ={0,1, 2, 1(3)} is again a
closed under /.

The table for Z; is as follows:

/ 0 1 2 I
0 I 0 0 I
1 I 1 2 I
2 I 2 1 I
I I I I I

Thus I, and I; are the natural neutrosophic elements or

naturally neutrosophic elements of Z; and Z) respectively.

Now consider Z, = {0, 1, 2, 3}.

Zi ={0, 1, 2, 3,1, I; } for % is not defined so is é also

not defined.

%is not defined and %, % are all not defined and they are

denoted by T .
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’ ’

N | W
|
oo

%, are denoted by 1 .
IxI=1.

OxIp=I =1 xI

Iy x I}

I .
Thus Z} has two indeterminates Ij and I3 .

They are natural neutrosophic elements of Z,.

Thus if in Z,, n is not a prime we may have more than one
natural neutrosophic element.

Clearly Z, has two natural neutrosophic elements.

Next we find for
Zj = {0’ 1’ 2’ 3’ 4}

the natural neutrosophic elements
Z:=1{0,1,2,3,4, I} }.

Thus o (Zi) = o(Zi) but they are not isomorphic.

Consider
Zs=1{0,1,2,3,4,5}

Zi=1{0,1,2,3,4,5 15,15, 15, 1% ).

Clearly 3 € Zg is such that 3>=3butalso3x2=0s03isa

.. i, . .
zero divisor hence 5; 1 € Zg are all indeterminates.
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Hence |Zé| = 10 and Zg contributes to 4 natural
neutrosophic numbers.

DX =1=1x=1xI

[xI=1I, ExI$=1,
x5 =1, xS =15,
%18 =1°, IO xI$ =18,

This is the way natural neutrosophic product is defined.
4

o 4
But whatis = and — and -3 =Ij and
0 2 2

4
I2

= = I; and so on.
I0

Now product can be defined; addition can be made only in a
very special way. Once we write ZL it implies ZL contains all
natural neutrosophic numbers from Z,,.

Now in case of Z, = {0, 1, I} } if we have to define +

operation then the set
G={Z),+}=1{0,1, 1,1+ I}
is only a semigroup under + modulo 2 as
I; + Il = I} (is defined)

and G will be known as natural neutrosophic semigroup.
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{Z,,x}=1{0, 1, I, x}
is given by the following table.

We define 0 x I = I} only and not zero.

1 I;

0 0 5
0 1 I;

L L L L

Thus {Z}, x} is a semigroup under X, known as natural
neutrosophic product semigroup.

But
{Zy,+,x}={0, 1,1 +17, I}
is a semiring.

Clearly this is not a semifield.
{Z,, +, X} is a field.
Consider
{(Z,,+}=1{0,1,2, ,, 1+ ,2+ I} =S.
Clearly S is a semigroup under +, as
L+ =1
so nothing will make them equal to zero for

L+ +1 =1 #0.
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The table for Z} under X is as follows:

0 1 I 1+ 1

0 0 0 I; I;
0 1 I 1+ 1

I; I; I; I; I;
1+ 1 I; 1+ 1 I; 1+ 1

Thus S = {0, 1, I, 1 + I} is only a semiring in fact a
semiring of natural neutrosophic numbers and is of finite order.

This answers a very long pending question that of the
existence of finite semirings of finite special characteristic n;
2 < n <. However it is not the classical characteristic n and
semifields other than the ones got using distributive lattices L as
semirings or LG the group distributive lattices or LS the
semigroup distributive lattices.

Thus from this we get a class of finite semirings which are
not strict semirings as 1 + 1 =0 (mod 2) and 1 # 0.

7V ={0,1,2, B, 1+ 1,2+ | () =T and
L+ =1}
A+ +1+ 1 =2+1;.
I, + I, = I and (2+I(3))2 =1+ I, and so on.
Thus { Z, +} is only a semigroup under +.

{Z},x} is also only a semigroup.
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Thus { Z; , +, X} is a semiring of order 6.
Consider

Z,=1{0,1,2,3, I;, 5,1+ 1,2+ 13,3+ 13,2 +1;, 1 +I3,
340, 0 +1, 1+ 1 +1,2+ 1 +1,,3+ 1, + 10 /1) x I

=I, [IxI=I, LxL=0L,L+0=0,1+I, =1}
{Z,, +} is a semigroup this has idempotents and { Z;, X} is

a semigroup this has zero divisors and { Z}, +, X} is a semiring
of finite order and it is not a semifield.

Next we study
Z'={0,1,2,3,4, L, 1+L,2+L,3+ L, 4+ I} here

XD =L, 0+L=[;0xE =10 andt ] =1 forallt

€ Zs. Zihas 10 elements.
Infact Z! is a not semifield only a semiring of order 10.

Consider Z; = {0, 1, 2,3, 4,5, I{, 15,15, IS, IS + 15,

O+, +15, 15+ 15, I8 + 15, 1§ + 1S,
(18) =1, (1) = 18, I x I =18, 16 x 15 =15,
ExIS =1, ExE =1, I{xI{ =1,
OxI =0, Ex =1, 15xI =1,
ExE=I,1+1=I,5+1=I,

E+15=I,5+5=0}
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{ Zé , X, +} is only a semiring of finite order.

Now Z, ={0,1,2,3,4,5 6, I, 1 +I], 2 +1], 3 +1,
4 +1),5+1), 6 + I} is a semiring of order 14 infact not a
semifield as 4 + 3 =0 (mod 7).

In view of this we have the following theorem.

THEOREM 1.1: Let Z! = {0, 1,2, ... n— LI}, 1 + I}, ...,
n—1+ 1 }; naprime be the natural neutrosophic set. { Z! , +,

X} is not a semifield but only a strict semiring of order 2n.
Proof follows from simple number theoretic methods.

The total number of elements generated by
Zy =1{0,1,2,3,4,5 10, 15,15, B, 1+10,2+ 0,4+ 10,3 +
D1+ 15,2+ 15,4+ 15,3+15,1+15,2+ 15,3+ 15,4+ 15,
T+ 15,2+ 15,3+ 15,4+ 15,5+ 15,5+ 1,5+ 1,5+15, I
D+, + 1, L+, 8+, I+, 1+ +15,2
L+, 3+ +15,4+ 0+ 15,5+ +15, 1+15+15,2
F+E+ B3+ + 5,4+ +E,5+E+1,1+15+15,2
F I 3+ S+, 5+ IS+, 4+ 15+ 15,1+ 1S +10,2 +
B+, 1+ +15,3+E+10,5+1+15,4+15+15,2+
D+15,4+ 1 +18,3+1 +15,5+10 +15, 1+ 15 +15,2+
B+E,3+8 +15,4+E+15,5+05+15, L+15+18,
L+E+1, D+E+1, 5+ 5 +15,1+1 +15 + 15,3+
D+ +E,2+0+1+ B4+ +15+1E,5+1+15 +
B+ +E+15,2+ 0+ +5,4+0+15+15,3+10
FE A+ 5+ B+ + 5,1+ +8+15,2+ 15+ 15 + 15,
34+ + B+, 4+ +0+1,5+0 +E+15, 1+ 15 +
B+E2+E+E+18,3+8+0+15,5+15+15+15,4
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AR+, D+ E+ B+, 1+ +E+E+15,2+ 1
F+E+E+E3+0+0+E+15,4+0+15+0+15,5
+ D+ 0+ E+15}

The semiring { <ZIG>, +, X} is of order 96.

Consider Z{ = {0, 1,2, 3,4,5,6,7, [,L LT, ..
I +L+L+L+E, 240 +0+L+1,...,7 + L +L+
I, +1{} is a semiring of order 128. We make a notational
default by putting Z. for <Zfl> can be easily understood by

context.

However {Z;, +, X} is a natural neutrosophic semiring of
order 72.

Thus we cannot say with increasing n the cardinality of
Z, will increase.

Z, ={(0,1,2,3,4,5,6,7,8,9, I, I, I}, I, I, 1))}
The number of elements in <Z{O> is of cardinality 640.
Z, ={0,1,2, .., 11, I}, I, 17, I, I I, 12, I ))
is a semiring.
Clearly o(Z;,) > o( Z;, ).
In view of this we have the following theorem.

THEOREM 1.2: Let {Zfl, +, X} =S be a semiring.
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If n is the prime then S has only one natural indeterminate
generating S.

If n is a non prime which is a product of several distinct
primes then order of S is very large.

Proof is direct and hence left as an exercise to the reader.

It is to be noted that at each stage for I'; 0 <t < n say

I' x I is to be defined where 0 <m, s <n.

So finding the table of all product is an interesting and
innovative work.

This will be first illustrated by an example or two.

Three things are important to be observed.

i. Ifon Z| only product is defined.
ii. Ifon Z| only sum is defined.

iii. If on Z| both sum and product is defined.

In all the three cases the order of them are different.

First this will be illustrated by few examples.

Example 1.1: Let S = {Z;, +} be the semigroup of natural
neutrosophic elements.

Zé ={07 1727 3’4’ 5’ Ig’ Ig’ Ig’ IZ}

S=7={0,1,2,3,4,5 1), 15, 5, I, 1+ IJ,2 +17, 3 +
D, 4+0,5+ 10, 1415, 2+15,3+15, 4 +15, 5 +15, 1 +15, 2
+1, 3+ 15,4+, 5 +15, 1 +15, 2 +15, 3 +15, 4 +1S, 5 + 1S,

+15, 10 +15, 10 +18, I8 +15, 1S +15, IS +18, I0+ IS +15, I
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FE A+ B+, B+ 1+, +15+ 15 +15, 1+ I
FI,24+ 10 + 15,3+ 15 +15, 4+ 15 +15,5+ I + I3, 1+ I +
B2+ +1, 1+ +0+E5+15,..,5++15+1
+ 12}

Thus cardinality of S is
6+4+4X5+46+6%xX5+4+4%x5+1+5=96.
NowR={Z,,x}=1{0,1,2,3,4,5 I3, 15, 15, 1 |
DX =1, 1x15=0,1x=,15xI=IL,
ExI$=0, ExE=1,1xI =1,
ExE=1,ExI=1}.

This is the way product operation is performed and
cardinality of R is only 10 and R is a semigroup under product
X.

Let Q = { Z!, +, x} be the semiring; cardinality of Q is 96.

Thus o(Q) = o(S) = 96.

Infact we will give one more example of this situation.
Example 1.2: Let S = { Z., +} be a semigroup.

S=1{0,1,2,3,4, 1, 1+5,2+1,3+1,4+ [}
and o(S) = 10.

Let R={Z!,x}=1{0,1,2,3,4, [ }.

Clearly order of R is 6.
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Q={Z, +x}=1{0,1,2,3,4 L, 1+I,2+L,3 +IL,
4+ Ig, +, X} is a semiring of order 10.
In view of this we have the following theorem.

THEOREM 1.3: Let {Z;, +} = S be a semigroup of natural

neutrosophic numbers under +.

R={Z /1, X} be the natural neutrosophic semigroup under x

and Q = { Z,’,, X +} be the natural neutrosophic semiring
(p a prime). Then o(S) = 2p, o(R) = p + 1 and o(Q) = 2p.

Proof is left as an exercise to the reader.

Next we consider the case of Z! where n is a non prime.

Example 1.3: Let {Z;, +} = S be the natural neutrosophic
semigroup under +.

$=1{0,1,2,3,4,56,7, 1}, L, I}, I, 1 +I,
T+B, 1+, 1+, ., 7+ + 5+ 1 +15, +}
is semigroup of finite order.

However {Zs, If,, Ii, Ii, Iﬁ, x} is a semigroup of order 12
only.

Q= {Z;, +, X} is a natural neutrosophic semiring of finite
order.

Example 1.4: Let { Z),+} =1{0,1,2,3,4,5,6,7,8, I, I, I,
1+, 1+0, 1+ I, ....,8+ I, + I +I, , +} be a natural
neutrosophic semigroup of order 72.
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o({Zg, +}) >0({ Zy, +}).

R={Z),x}=1{0,1,2,3,4,56,7.8 [, I, I, x}
is a semigroup of order 12.

Q= {Z;, +, X} is a natural neutrosophic semiring of order
72 whereas,

Q={ Z; , +, X} is a natural neutrosophic semiring of order
128.

What will be the order of {Z) , X} = R, the natural
neutrosophic semigroup?

R={0,1,2,...,26, ', I/, I, I/,
127 127 127 127 I27

12> 715> 718 > “21° 24’X}'

Clearly o( ZL, , X) > o( Z.. , X).

23’

Similarly o( Z., , +) > o( Z}, , X).
Further o( Z, , +, X) > o( Z; , +, X).
In view of this we have the following theorem.

THEOREM 1.4: Let {Z;,,, +) =8, 8, = {Z;,,, +} (p and q are

primes p > q) be natural neutrosophic semigroups.
Then o(S;) > o(S3).

Proof follows from simple number theoretic arguments.

THEOREM 1.5: Let P; = {Zp,,, x} and P, = {Zq”, x} be any two

natural neutrosophic semigroups under X.
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o(P;) > o(P,) if number of divisors of p is greater than the
number of divisors of q.

Proof follows from simple number theoretic arguments.

We will first illustrate this situation by some examples.

Example 1.5: Let S, = {Z},, X} and S, = {Z,,, X} be two
natural neutrosophic semigroups under X.

o(Sy) > o(S,) but 15 > 12.
Consider the natural neutrosophic elements of Z,,,
| ESUD VRN Pl Gl Fell Pl bl
The natural neutrosophic elements of Z;s are
ERURERER N

So o(Z;,, X) > o(Z,5, X) however 15 > 12 but number of

divisors of 12 is 4 and that of 15 is only 2.

71, has more number of zero divisors than that of Z;5 that is

why (Z;,, X) has more number of zero divisors so is a natural

neutrosophic semigroup of larger order.

Example 1.6: Let {Z; } =1{0,1,2,3,...,15, I.°, I)’, 1\°, 1.°,
116 116 116 126 }‘

10> 712> 14>

Sum of any two elements is I}’ + I}> and so on.

16 16 _ 116 116 16 _ 116
LI'xIy =1, xI =1,
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I x I =1, I x L[y = 17,
16 16 16 16 16 16
LxIy =1, I xI” =1,

forallx € {2,4,6,8, 1, 12, 14}.

16 16 _ 116 16 16 _ 116
10 %116 =1 10 %16 =

12 122
I x 16 =1, L' x L} =1,
I x I =1i°, I° xS =T,
S S IS x I =1,
10 X1 =1, I°X I =1y,

16 16 _ 116 16 16 _ 116
I6 XIm—Iua I6 ><I12 =1

I x T =17, X I =17,
I°x IS =17, I < 13 =17,
L XIS =1, Lo XI5 =T,
TxIS =TS IoxIg=T,

16 16 _ 116 16 16 _ 116
I12><112—I IIZXIM_I

16 16 _ 116
16 x 116 =16,

Thus { Z, , x} is a natural neutrosophic semigroup of order
24.
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Now

{Z,, +} is a natural neutrosophic semigroup under +.

o(Z,, , +) is a very large natural neutrosophic semigroup.

Letx=8+ 1Y + [’ andy=3+ 1" + I’ € Z,,,

x+y=11+IL" +21° + 1
Example 1.7: Let Z), be the natural neutrosophic numbers.
Z,, ={0,1,2,..,19, I’, I, I}, I°, I, I, I, I},

120 120

2Ly, 12, 1Y ). Product can be defined for

I} x I’ = I} and so on.
However sum of I’ + I2° is taken as it is for every I.’;

xe {0,2,4,6,8,10, 12, 14, 16, 18, 5, 15} < Zy.

Thus o(Z}, , X) = of ZI20 ) however o( ZI20 ,+) # 0o ZIZO ).

20 °

We will illustrate this situation in case of
Z,=1{0,1,2,3,456,7,809 1, ), ', ', ', I" }.

1 10 10 10 10 10
{2107 +} = {0’ 1’ 2’ 3’ 4’ 5’ 6’ 7a 8a 9a I() s 12 2 I4 > 16 ’ Ig ’
10 10 10 10 10 10 10 10
I,a+ 1 ,a+ 1L ,a+ 1) ,a+ I ,a+ I, a+ 1 ,b+ I +
10 10 10 10 10 10 10 10 10
L,b+I) +1,,...b+ 1 + 1, d+ 1) + 1, + 1, ,e+1;

10 10 10 10 10 10 10 10 10
+ L+ 1, + 10, .., d+ I + 10 + 10, e+ I + 15 + I +
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10 10 10 10 10 10 10 10 10 10
L f+ 1)+ + 1, + 10 + L, . f+ I + 1) + 15 + 1,
10 10 10 10 10 10 10 10 10
g+ Iy + 0L + 1, + I + I, ..,g+ 1, +1I] + I, + I +
Lh+ 1)+ + I+ 1)+ I+ I ,ae Zip\{0},b,c,d,

e, f, g, he Zy} is only a semigroup under +.

For I)) + I) = 1I); 1) x I} = I} and

I+ 1 =1 forallx e {0,2,46,8,5}.

Infact { Z|,, +} is only a natural neutrosophic semigroup of
finite order which is commutative.

Clearly the set Ny = { ILO | x e {0,2,4,6,8,5}} also forms
a subsemigroup under + called as pure natural neutrosophic
semigroup.

Infact N; is an idempotent semigroup.

However all subsemigroups of { Z|,, +} are not idempotent
subsemigroups under +.

Infact even natural neutrosophic semigroup is a
Smarandache semigroup as {Z,, +} < { Z! , +} is a group.

But {Zfl, X} is a natural neutrosophic commutative

semigroup but is a Smarandache semigroup if and only if Z, is a
S-semigroup.

Several interesting properties in this direction can be
derived.
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Finding ideals, zero divisors, units, idempotents of { Zi , X}
happens to be a matter of routine.

Here we give one or two illustrative examples of them.

Example 1.8: Let S = {Z, +} be the natural neutrosophic
semigroup. S is a S-semigroup.

S=1{0,1,2,3,4,5,6,1p, 1 +Ip,2+ 1,3+ 1y, 4+ 1o, 5 + Lo,
6 + Iy, +} is a semigroup under +.

Order of S is 14. Infact S is a S-semigroup.

Example 1.9: Let S={Z!,,+} ={0,1,2, ..., 13, I}}, I}}, 1}/,

14 14 14 14 14 14 14 14 14 14
I L, Lo, Ip, Lya+ I a+ I+ 10, a+ I + I +

P+ L+ L+ 1 + 10+ 1 ae Zigx,ye {0,2,4,6,8,

10, 12, 7} } be the natural neutrosophic semigroup.

{S, +} is a S-semigroup. S has subsemigroups which are

idempotent subsemigroup.

P={0, Il'! + Il'} < S is an idempotent natural pure
neutrosophic subsemigroup of order two.

'+ I+ I+ I =1+ I as
L'+ 1) =1 and II' + II' = I*.
Considerx=7+ I}' andy =2+ 1 € S;

x+y=9+ L'+ L'
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However x +x=I' andy +y=4+ L)' .

So all elements of S are not idempotents.

Only some of them are idempotents.

Infact S has several idempotent subsemigroups.

Clearly all subsemigroups of S are not idempotent
subsemigroups.

Example 1.10: Let S = {Z , +} be the natural neutrosophic

18 »
semigroup. S has subsemigroups which are idempotent
subsemigroups.

S has subsemigroups which are not idempotent
subsemigroups. S is a Smarandache semigroup of finite order
which is commutative.

In view of this we give the following theorem.

THEOREM 1.6: Let {Z', +} = S be the natural neutrosophic

semigroup (p a prime).

(i) o(S)=2p.

(ii) S has only one natural neutrosophic element.

(iii) S has only two idempotent subsemigroups barring {0}
subsemigroup.

(iv) S is a Smarandache natural neutrosophic semigroup.

Proof is direct and hence left as an exercise to the reader.

1

n?

THEOREM 1.7: Let S = [ Z
natural neutrosophic semigroup.

+} (n a composite number) be a

(i) S is of finite order.
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(ii) S is a Smarandache semigroup.

(iii) S has subsemigroups which are idempotent
subsemigroups.

(iv) S has subsemigroups which are not idempotent

subsemigroups.
Proof is direct and hence left as an exercise to the reader.
We will illustrate this situation by some examples.

Example 1.11: Let S = {ZI7, +} be the natural neutrosophic
semigroup.

P =7, c S is a group so S is a S-natural neutrosophic
semigroup.

P, = {0, Ig } < S is an idempotent semigroup of S.
P, = {I]} < S is also an idempotent subsemigroup of S.

P; = {a + IZ) | a € Z;} < S is not an idempotent
subsemigroup of S.

Example 1.12: Let S = {Zfo, +} be the natural neutrosophic
semigroup.

S is a Smarandache semigroup as Z;, < S is a group under
+.

{ I’ } are idempotent subsemigroups x € {0, 2, 4, 6, 8, 5} of
order one we have six such subsemigroups.

{0, Iio} where x € {0, 2, 4, 6, 8, 5} are idempotent
subsemigroups of order 2.
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P, = {Iy + I, 0} is a subsemigroup. There exists 15
idempotent subsemigroups of order two.

R, ={I} + I"} < S is a subsemigroup. There are 15 such
subsemigroups which are idempotent subsemigroups.

T, ={I) + I’ + I} < S is an idempotent subsemigroup
of order one.

There exists 20 such idempotent subsemigroups.

L={L +1I + 1 + I + I + I’} is again an
idempotent subsemigroup.

Infact the largest idempotent subsemigroup is given by
V={0, 17, ', I, I, I, I 17 + 1), LI+ I 10+
L+, LR+ + 00+ 0+ )+, 1)+
B+ 1+ 10,0+ 0+ 1+ 10+ 10, ., 1)+ 1)+ 1+
I+ 10+ 5+ L)+ 10 + I+ I} S

Every proper subsemigroup of V is also an idempotent
subsemigroup of S.

Several interesting results can be got.

Next we proceed onto give examples of the notion of
natural neutrosophic semigroup under product.

Example 1.13: Let

S={Z,,x}=1{0,1,2,3,4,5,6,7,8,9,10, 11, I, 17,

I, 17, I, 1,2, I, I;’ } be a natural neutrosophic semigroup.
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S has several zero divisors. 4 X3 =0,2xXx6=0,6%x4=0
and so on.

Certainly the indeterminates cannot lead to zeros. For
product of two natural neutrosophic numbers are never zero.

However 1" x I’ = I, I’ X I’ = 1)’ so these natural
neutrosophic numbers are not idempotents in general that is

their product is not the same.

But some of them can be; for I} x I} = 17,
IP x I =17, I x I =17, I x IY = I;” and so on.
S has idempotent subsemigroups.

For take T, = {I}'}, T, is an idempotent subsemigroup of
order one.

T, = {0, 4, 9} is also an idempotent subsemigroup of order
three.

T; = {1, I, I’} is also an natural neutrosophic
idempotent subsemigroup of order three.

T,={I], I¥, 1.’ } is a natural neutrosophic subsemigroup
which is not an idempotent subsemigroup of S.

{17, I’} = Ts is a natural neutrosophic subsemigroup of
order three but is not an idempotent subsemigroup.

Te = {0, 1, I, I} is again a natural neutrosophic
subsemigroup of order four and is not an idempotent
subsemigroup.
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Thus { Z;,, x} has idempotents, units and zero divisors.

This semigroup is a S-semigroup which has idempotent
subsemigroups.

Example 1.14: Let S = {Z|,, X} be the natural neutrosophic
semigroup.

Clearly o(S) = 38. S has no zero divisors.

S is a S-semigroup of finite order. S has only
P={0,1, 1,1+ I } to be idempotents.

Infact P is an idempotent subsemigroup as

I xI) =10 and(1+ )X (1+ 1)) =1+1} .

If S is assumed to have addition also then by o(S) = 38. If S,
is just {0, 1,2, ..., 19, I) } then o(S;) = 20 and xI;’ = I}’ and
has {0, 1, I}’ } to be the set of idempotents.

All elements in S; \ {0, I;Q} are units and S; has no
nontrivial zero divisors. S; has subsemigroups given by

P, ={0,1, 1)},
P,={0,1, I}, 18},
Py={1, Iy},
P,={0, Iy },

Ps={1, I}, 18} and so on.
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In view of these two examples the following theorems can
be proved by any interested reader.

THEOREM 1.8: Let S = {Z', X} be the natural neutrosophic

semigroup (p a prime). Then the following are true.

(i) Sisoforderp + 1.

(ii) S is a S-semigroup.

(iii) S has no zero divisors.

(iv) S has only three idempotents.

(v) S has (p — 1) number of units including 1.

(vi) S has idempotent subsemigroups.

(viii) S has also subsemigroups which are not idempotent

subsemigroups.
Proof is direct and hence left as an exercise to the reader.

THEOREM 1.9: Let S = { Z,f, X} be the natural neutrosophic
semigroup, n a positive composite number.

i. o(S) is finite and the order of S depends on the number
of zero divisors and idempotents of Z,.

ii. S is a Smarandache semigroup if and only if Z, is a S-
semigroup.

iii. S has idempotents.

iv. S has zero divisors.

v. S has units.

vi. S has subsemigroups which idempotent
subsemigroups.

vii. S is not an idempotent semigroup.

viii. S has subsemigroups which are not idempotent

subsemigroups.
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Proof is left as an exercise to the reader.

Next we proceed on to define both the operations + and X
on Z! .

Already examples of them are given and Z! under + and x
is defined as the natural neutrosophic semiring of finite order.

Now we make a formal definition.

DEFINITION 1.1: Let S = (Z,f, +, X); clearly {(Z,f, +)} is an
abelian natural neutrosophic semigroup with 0 as the identity.

(Z", x) is a semigroup of natural neutrosophic numbers

n’

which is commutative.

Thus (S, +, x) is defined as the natural neutrosophic
semiring of finite order of special characteristic n.

We will first illustrate this situation by some examples.

Example 1.15: Let

S={Z ,+x)}=1{0,1,2,....9, I}V, IV, I, 1., I}, 1",
a+ L a+ L)+ L) ap+ ) + 1) + L) ag+ 10+ 17 + I
+ 10+ 0D+ )+ 0+ L)+ I as+ 1) + I+ I + I
+ 0+ 1Y lae Zi\ {0}, x,y,z,u,s € {0,2,4,6,8,5}, a, a,

a3, a4, as € Zyg, +, X} is the natural neutrosophic semiring.

Clearly S is not a semifield as S has zero divisors.
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Further a + b = 0 is not true with a# 0 and b # 0. So S can
never be a semifield for any Z! ; n any positive integer.

Let
x=9+ I + I+ 1)
and
y=3+1'+1eS
x+y =2+ + L+ 10+ 1Y + 1Y
and

xxXy =+ ++1)xC3+1 +1))

_ 10 10 10 10 10 10
=7+ +1Ig + I + 1, + 17 + I, €S.

This is the way + and X operations are performed on S.

This natural neutrosophic semiring has zero divisors, units
and idempotents.

Let
y=1"+1) + I andx = (I}’ +I") € S,

x+y=I1"+1V + I + I
xxx=(If+IE)x (I+L) = 1) + I + I #x.
So this element x in S is not an idempotent.
However I.” and I are idempotents of S.

yxy=I+L) + D) x(I+ I + I,))

=1 + I + 1) +I¢ #y.

Soy € S is also not an idempotent of S.
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) x I =1,
Let
s=I)+L)eS
sxs= (L +L)x (I + ) =L + L.
Thus s is an idempotent of S. S has idempotents all I\" ;
x € {0, 2,4, 6,8, 5} are not in general idempotents.
I} x I =1 and I x ) = 1.

Let

x=I'+1)eS;

xxx =(I+L) X (IX+1Y)
=I'+1) =xeS.

Thus x is an idempotent of S.

Next we can study the ideals and subsemirings of S.

Example 1.16: Let S = {(Z;,, +, X)} be the natural neutrosophic
semiring.

S={0,1,2,3, .., 10, I},l, X + Ii)l; x € Z;; \ {0}} be the
natural neutrosophic semiring.
Let

t=1 e S;txt=I x I = Ij =t.
Let
x=7+1'eS;

xXx=(T+L)x(7+H)=5+1#x.

Thus x is not an idempotent.
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T=1{0, I}/, 1, 1 + I' } is a collection of idempotents in S.

It is clearly verified T is not a subsemiring; however (T, X)
is an idempotent semigroup of order 4. S has no other
idempotents.

We see T; = {0, I} } is a subsemiring.

Example 1.17: Let S = {(Z},, +, X)} be the natural neutrosophic
semiring.

T={0,1,1+ 153, 1(2)3 } is the collection of all idempotents
in S.

However T is only a subsemigroup under X.

But T is not a subsemigroup under +. So T is not a
subsemiring.

Example 1.18: Let S = {{Z,;, +, X)} be the natural neutrosophic

semiring. S has subsemirings, idempotents, zero divisors and
units.
45 45 45 45 45 45 45 45 45 45 45
{13 ’IO’IG’I9’Il2’115’118’121’124’I27’ISO’
45 y45 745 145 45 p45 745 145 45 145
I33’ 136’ 139’ I42’ IS 4 IIO’ I20’ I25’135’ I4O}
are all natural neutrosophic numbers.

S has

45 45 _ 45 45 45 _ 745 145 45 _ 45
Lo X Ly = Tg, Tis X Lis = Ig7, Iy X I3 = Iy

and so on.

i.  All natural neutrosophic numbers in general are not

neutrosophic idempotents.
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ii. A natural neutrosophic number can be natural

neutrosophic nilpotent.

We say I is natural neutrosophic nilpotent if

I xI"=1.

n n_on.
iii. In general I\ X IT = I];y# x andy # 0 can occur
in case of natural neutrosophic numbers.
This is evident from Example 1.18.

For

45 45 _ 145 145 45 _ 145 145 45 _ 145 145 45 _ 145
'xL'=1, I X I =1, I X I, =15, Iy X I =15

and so on.
45 45 _ 145 45 45 _ 145
I xI.=1"and I}, X Ij; = I
are natural neutrosophic nilpotent elements.
45 45 _ 145
IlO X IlO - IlO
is defined as the natural neutrosophic idempotent.

As in case of the neutrosophic number I (or indeterminacy
I) we do not always have I* = I.

45 45 _ 145
e X Ty =L

is again a natural neutrosophic idempotent of S.
We see P, = {0, I3 } is a subsemiring.

P, = {0, I} } is again an subsemiring.
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P3 — {O, 145 145

45 45 45 45 45 45
362 110 Io > 136 +Io, I36 + IIO’ IIO + Io >
45 45 45
I+ I+ 1}
is again a subsemiring.

Clearly all the three subsemirings are idempotent
subsemirings.

Example 1.19: Let S = {( ZI25 , +, X)} be the natural neutrosophic
semiring.
S=1{(0,1,2,....,31, I, I, I}, 1>, I.?, I, I, I}, L2

20 10> 712> 714> 716

132 132 132 132 132 132

32
182 “20° —22° 724> 726° 28’I3O>}

under + and X operations.
32 32 32 32 32 32 32 32 _ 132
IS XIS _IO’116X116_IO’124X124_IO‘
This has no natural neutrosophic idempotent.
Further I X I = I3? or . or I’ only.

Clearly this semiring has no natural neutrosophic
idempotents.

Example 1.20: Let
S={(Z,,+x}=1{0,1,2,...26, ', I, 1.,
I, 15, I3, Iy, BT B0, +, %)

generates the natural MOD neutrosophic semiring.

27 27 _ 21 27 27 _ y27
L'xLE =L, I X' =1,
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27 27 _ y21 27 27 _ 27
16X16_I9’112X112_I9’
27 27 _ 21 q27 27 _ 27
115X115—I9’113X113—Io’
27 27 _ y21 27 27 _ 27
121X121—I9’124X124—I9'

Clearly S has no natural neutrosophic idempotents. But S
has natural neutrosophic nilpotents.

Example 1.21: Let

S = {<Z;59 +’ X>} = {<09 1’ 2’ AR 247 1(2)59 1259 11235 11255’ I§3>9

+, X} be the natural neutrosophic semiring.

PxIP =1,
LI I = 1,
L x Iy = I’ and
Lox Iy = 17,

All the natural neutrosophic elements are neutrosophic
nilpotent.

However there is no neutrosophic idempotent.

Example 1.22: Let S = ({(Z,., +, x)} = {0, 1, 2, ..., 124, 1325,

125 °

125 125 125 125 125 125 125 125 125 125 125 125
IS ? IIO ? IIS ’ I20 ’ I25 ? I30’ I35 ’ I40 ? I45 ? ISO ’ I55 ? I60 ?

125 125 125 125 125 125 125 125 125 125 125 125
I65 ? I70 ’ I75 ? ISO ’ I85 ? I90 ? I95 ’ IIOO’ IIOS’ Ill()’ IllS’ I120 >’ +,

x} be the natural neutrosophic semiring.
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125 125 125
Ly x Ly =17,

125 125 125

I x Iy =17,

125 125 125

2 x 12 =1, and

1125 % 1125

-1
100 100 = Yo

are the natural neutrosophic nilpotents.
S has no neutrosophic idempotents.
In view of this we leave open the following conjecture.

Conjecture 1.1: Let

S = {(Z:)n , +, X) | p is a prime and n a positive integer} be

the natural neutrosophic semiring.

(1) Can S contain natural neutrosophic idempotents?

(i) Find the number of natural neutrosophic elements
in S.

(iii) Find the number of natural neutrosophic nilpotents

in S.

Next we proceed onto describe the result by a theorem and
define the new notion of natural neutrosophic zero divisors.

THEOREM 1.10: Ler S = {(Z,f, +, XxJ)} be the natural

neutrosophic semiring. S has natural neutrosophic idempotents
if and only if Z,, has idempotents.

Proof: x € Z,\ {0, 1} such that x* = x and (n,x)=d=#0if and
only if I} € S is a natural neutrosophic idempotent of S.
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DEFINITION 1.2: Let S = { an , X} be the natural neutrosophic
semigroup.

Let I? and I} € S;if I} x I} = Ij (x #y) then we define

this to be the natural neutrosophic zero divisor.

First we will illustrate this situation by some examples.

Example 1.23: Let S = {Z;,, X} be the natural neutrosophic

12
semigroup.

I, 17, 17, 17, 1Y, I;, I € S contribute to natural

neutrosophic zero divisors.

12 6 _ 112 12 2 _ q12
I, x I =1, I x I, =1,
12 12 _ q12 12 12 _ q12
I xI7 =1, I xI, =1,
6 12 _ yl2 12 12 _ y12
LxI =1, " x I =1,

12 12 _ 2 12 12 _ yl2
Iy, xIy =1; and I x 1y =1
are the natural neutrosophic zero divisors of S.

Example 1.24: Let S = {Z!,, x} be the natural neutrosophic

132
semigroup. S has no natural neutrosophic zero divisors or
natural neutrosophic nilpotents or natural neutrosophic
idempotents.

In view of this we have the following theorem.

THEOREM 1.11: Let S = {Z[I,, X/}, p a prime be the natural

neutrosophic semigroup.

i. S has no natural neutrosophic nilpotents.
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ii. S has no natural neutrosophic idempotents.

iii. S has no natural neutrosophic zero divisors.
The proof is direct and is left as an exercise to the reader.

Example 1.25: Let S = {Z},, X} be the natural neutrosophic

semigroup. S has no natural neutrosophic zero divisors or
nilpotents of order two.

S has no natural neutrosophic idempotents.

Example 1.26: Let S = {Z},, x} be the natural neutrosophic
semigroup. S has natural neutrosophic zero divisors.

CxE =L, I'xE=I,
L'x ' = 1%, Lix =1
so on are all natural neutrosophic zero divisors.
L'x =1 and I x I} = I}
are natural neutrosophic idempotents.
Iy x I’} = 12! is the natural neutrosophic idempotent of S.
In view of this example we have the following theorem.

THEOREM 1.12: Let S = {Zi, X}, n a composite number be the
natural neutrosophic semigroup.

i. S has natural neutrosophic idempotents if and only

if Z, has idempotents.
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ii. S has natural neutrosophic nilpotents if and only if

Z, has nilpotents.

iii. S has natural neutrosophic zero divisors if and only

if Z, has zero divisors.

Proof is direct for if x, y is a zero divisor of Z, then I} and

I7 1s a natural neutrosophic zero divisor.

If z € Z, is an idempotent then I} is the natural

neutrosophic idempotent of S.

If t € Z, is a nilpotent element of order two.
I? is a natural neutrosophic nilpotent element of order two.

Hence the theorem.

Example 1.27: Let S = {Z|,, X} be the natural neutrosophic

semigroup.
x =10 € Z,s is an idempotent of Z;s.
I} in S is a natural neutrosophic idempotent of S.
15 15 15
I;x I, =1,;.x=10and

y =3 € Z;s1is a zero divisor in Zs.

Clearly I,), I € S is such that Ij, x I’ = I} sois a

natural neutrosophic zero divisor.
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I’ € S is a natural neutrosophic idempotent, clearly 6 is an
idempotent of Z;s.

However Z;s has no nilpotent so also S has no natural
neutrosophic nilpotent.

Example 1.28: Let S = {Z;,, X} be the natural neutrosophic
semigroup.

X =9 € Zg is such that 9 x 9 = 0. IJ' € S is a natural
neutrosophic zero divisor.

I} x I}y = I' is again a natural neutrosophic zero divisor.

S has no neutrosophic idempotents.

In view of this we have the following theorem.

THEOREM 1.13: Let S = { Z; .» X} p a prime be the natural

neutrosophic semigroup.

i. S has natural neutrosophic zero divisors.

ii. S has no natural neutrosophic idempotents.

The proof follows from simple number theoretic techniques.

Now we proceed onto give neutrosophic natural
idempotents.

Example 1.29: Let S = {Z},, X} be the natural neutrosophic
semigroup.

Let x= I’ € S. I’ x I;° = I is a natural neutrosophic

idempotent I'° € S is such that
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[ x I = I;° so I° is a natural neutrosophic nilpotent

element of order two.

I’ x I° = I;° is the natural neutrosophic zero divisor.
I$ is a natural neutrosophic nilpotent of order two.

3 3 . . . .
[ x I3° = I° is a natural neutrosophic zero divisor of S.

Thus S has natural neutrosophic zero divisors which are not
natural neutrosophic nilpotents.

S has natural neutrosophic nilpotents and S has natural
neutrosophic idempotents.

So in Z, if n is a composite number and is not of the form
p", p a prime then in general the natural neutrosophic

semigroup S = {Z , X} has natural neutrosophic idempotents,

natural neutrosophic zero divisors which are not natural
neutrosophic nilpotents and natural neutrosophic nilpotents of
order two.

I

In view of this we can say S = {Z , +, X} the natural

neutrosophic semiring can have natural neutrosophic
idempotents, natural neutrosophic zero divisors and natural
neutrosophic nilpotents of order two.

A natural question would be can natural neutrosophic
semirings have subsemirings and ideals.

Likewise can S = { Z! , X} have subsemigroups and ideals.
To this end we give the following examples.

Example 1.30: Let S = {Zl24 , +, X} be the natural neutrosophic
semiring.
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M, = {{0, 3, 6,9, 12, 15, 18, 21, II*, I3*, I*, I}, I*}, L%

12° 15>

I3, 121, +, X} is a subsemiring as well as an ideal of S.

M, = {0, 2,4,6,...,22, I*, ', I2*, ..., I})} is an ideal
of S.

P =7,, C S is just a subsemiring (or ring) which is not an
ideal of S.

Example 1.31: Let S = {Z{l, +, X} be a natural neutrosophic
semiring. S has no ideals. S has subsemirings.

We can derive several interesting properties about these
natural neutrosophic semirings.

We suggest the following problems for this chapter.
Problems

1. Find all natural idempotents of Z;q.

i. What is the order of { Z,, +}?

ii. What is the order of { Z;,, X}?

iii. What are the algebraic structures enjoyed by {Zj,, x}
and { Z|,, +}?

2. Can {Z,,,+} bea group?
3. Find the order of G = { Z}, , +}?

Find the order of { Z}, , X}.

5. LetS={Z),,x} be the natural neutrosophic semigroup.
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i.  Find all natural neutrosophic idempotents of S.
ii. Find all natural neutrosophic nilpotents of S.
iii. Find all zero divisors of S.

6. LetS={Z],, X} be the natural neutrosophic semigroup.

i. Can S be a Smarandache semigroup?

ii. What is the order of S?

iii. Study questions i to iii of problem 5 for this S.
iv. Can S have ideals?

v. Find all subsemigroups of S which are not ideals.
vi. Can S have S-ideals?

7. LetS={Z,,+} be the natural neutrosophic semigroup.

i. Prove S is only a semigroup.

ii. Can S have ideals?

iii. Is S a S-semigroup?

iv. Find subsemigroups which are not S-ideals.

v. Can S have idempotents?

vi. Can S have S-idempotents?

vii. Can S have idempotents which are not S-idempotents?

8. Let M= {Z},, +} be the natural neutrosophic semigroup.
Study questions i to vii of problem 7 for this M.
9. LetN={Z],,+} be the natural neutrosophic semigroup.

i. Compare M of problem 8 with this N.

ii. Which of the semigroups M or N has more number of
subsemigroups?

iii. Study questions i to vii of problem 7 for this N.

10. Let W = { Z,,, , +} be the natural neutrosophic semigroup.
Study questions i to vii of problem 7 for this W.



11.

12.

13.

14.

15.

16.

17.
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Let S = {Z,,,, +} be the natural neutrosophic semigroup.

i. Find all ideals of S.

ii. Find all subsemigroups of S which are not ideals of S.

iii. Can S have idempotent ideals?

iv. Find all subsemigroups which are idempotent
subsemigroups.

Find any interesting property associated with the semigroup
S={Z,+}.

Enumerate all properties associated with the natural
neutrosophic semigroup P = { Z! , X}.

Compare the semigroups P and S of problem 12 and 13 for
a fixed n.

Let S = {(Z,, , +), X} be the semigroup under X.

i. Whatis order of S?

ii. Find all subsemigroups which are idempotent
subsemigroups.

iii. Find all idempotents of S.

iv. Find all ideals of S which are idempotent ideals.

v. Can S have natural neutrosophic nilpotent elements?

vi. Find all natural neutrosophic idempotents in S.

vii. Find all natural neutrosophic zero divisors of S.

Let M = {(Z), , +), X} be the semigroup under X.
Study questions i to vii of problem 15 for this M.

Let S = {(Z},) +, X} be the natural neutrosophic semiring

generated under + and X.

1. Find o(S).
ii. Is S a semifield?
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18.

19.

20.

21.

iii. Is S a S-semiring?

iv. Find the number of natural neutrosophic idempotents in
S.

v. Find the number of natural neutrosophic elements in S.

vi. Find the number of natural neutrosophic nilpotents of
order two in S.

vii. Find the number of natural neutrosophic zero divisors in
S.

viii. Find S-ideals if any in S.

ix. Find all ideals of S which are not S-ideals.

x. Can S have idempotent subsemirings?

xi. Can idempotent subsemirings of S be S-subsemirings?

xii. Can S have S-zero divisors?

xiii. Can S have S-idempotents?

Find all the special features enjoyed by natural neutrosophic
semiring S = {(Z! , +, X)}.

Let M = {(Zj,, +, X)} be a natural neutrosophic semiring.
Study questions i to xiii of problem 17 for this M.
Let N = {(Z\,, +, X)} be the natural neutrosophic semiring.

Study questions i to xiii of problem 17 for this N.

Compare the natural neutrosophic semirings in problem 19
and 2.

i.  Which semiring N or M has more number of natural
neutrosophic elements?

ii. Which of the semiring N or M has more number of
neutrosophic zero divisors?

iii. Which of the semirings M or N has more number of
natural neutrosophic nilpotents?



Chapter Two

MOD NATURAL NEUTROSOPHIC
ELEMENTS IN [O,n), [0, n)g, [0, n)h
AND [0, n)k

In this chapter for the first time we define MOD natural
neutrosophic elements in the MOD interval or small interval [O,
n). Several algebraic structures are built on the MOD natural
neutrosophic elements of the MOD interval [0, n).

10, n) = {Collection of all elements of [0, n) together with

1" where I\"" are MOD neutrosophic elements}.

First we will represent them by examples.

Example 2.1: Let S = {'[0, 3); 1%V, 11} are the one of the

MOD neutrosophic zero divisors.

199 % 1199 = 192 but 1.5 2 =3 =0 (mod 3).

1.5 2.25

The problem is can we put I.%% as MOD neutrosophic

element.
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[0, 3) .
I1.7320508075 18 SUCh that
[0,3) [0,3) — 71l0,3)
IIA7320508075 X IL7320508075 - I() *
[0, 3) . . .
We call I}5,5s0s075 15 @ MOD neutrosophic nilpotent element.

We do not accept 1%¥ as a MOD neutrosophic element but

accept it as a pseudo MOD neutrosophic element as 2 € '[0, 3) is
such that 2 X 2 = 1(mod 3).

It is left as an open conjecture to find the number of MOD
neutrosophic elements in '[0, 3).

Consider the MOD interval [0, 2).

x = 1.4142135625 € [0, 2) is such that x> =2 = 0 (mod 2).

Hence 117 ..,s 1S @ MOD neutrosophic nilpotent element
of order 2.

It is still a open conjecture to find all MOD neutrosophic
elements of [0, 2).

At this stage the following are left as open conjectures.

Conjecture 2.1: Given '[0,n) the MOD interval to find all pseudo
MOD neutrosophic elements.

Conjecture 2.2: Given T0,n) to find the number of MOD
neutrosophic nilpotent elements.

Conjecture 2.3: Given T0,n) to find the number of MOD
neutrosophic zero divisors.

Conjecture 2.4: Given '[0,n) to find the number of MOD
neutrosophic idempotents.
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Example 2.2: Let [0, 12) be the MOD interval. Clearly if [0, 12)
is taken. I}” is not the MOD neutrosophic nilpotent.

Likewise 1 and I are not MOD neutrosophic zero
divisors.

Also 1Y is the natural neutrosophic idempotent but not the
MOD neutrosophic idempotent element of [0, 12).

However all natural neutrosophic elements of Z;, are also
present in [0, 12).

x =3.464101615 € [0, 12) is such that x X x = 12 (mod 12) = 0.

So 1% s is a MOD neutrosophic nilpotent element of
order two.

Consider the interval [0, 2) if we define the operation of
division '[0, 2) = {1, 0, 2, [0, 2), I.*?, 1.2 and so on}.

1.4142135625

If the interval [0, 3) is considered I[0,3) = {1, 0, 2, [0, 3),

[0, 3) [0, 3) [0, 3)
I() ? Il 5 0 IL7320508075 and SO On}‘

As said earlier all these remain as open conjectures.

However for the sake of better understanding we study the
MOD interval [0, 10).

Example 2.3: Let [0, 10) be the MOD interval.
We have already studied Zj,,.

Now what are the special properties enjoyed by '[0, 10],
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10, 10) = {0, 1,2, ..., 9, [0, 10), T, 11, 1110 1010,

[0, 10) [0, 10) [0, 10) [0, 10) [0, 10) [0, 10) [0, 10) [0, 10) [0, 10)
I6 ? IS ’ IZAS ? IIAZS ’ 1875 ’ ISAIZS ? I7A8125’ 1390625’ I7A5 ?

[0,10)  7[0,10)  ¥[0,10) [0, 10) [0,10) 1[0, 10)
I6‘25 > I1,5625 > 12,44140625’ I9‘53125’ 18‘125 4 15‘960464478 and so On}'

At this juncture we have no other option except to
conjecture that '[0,n) can have infinite number of MOD
neutrosophic number.

The other practical problems we face are what is the product
of a MOD neutrosophic number with a pseudo neutrosophic

number and so on.

This study is also left as an open conjecture.

Example 2.4: Let '[0, 5) = {0, 1, 2, ..., 4, I"” 1% and so

on}. Clearly 1% is a pseudo MOD neutrosophic number I\
and so on. 1% under product generates a set of pseudo MOD

neutrosophic numbers; we just call them so as it is generated by
a pseudo MOD neutrosophic number.

Similarly 2.5 x 2 = 0 so I):” is again a pseudo MOD
neutrosophic number.

The product of 1%¥ x 11%¥ = 1% is again a pseudo MOD
neutrosophic number.

[0, 5) [0,5) __ [0,5)
L7 XI5 = T555s-

Now it is also left as an open conjecture to find the class of
all MOD pseudo neutrosophic numbers and the MOD
neutrosophic numbers and their interrelations.
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As 5 is a prime Z. has no natural neutrosophic number

other than I .

In view of this first the following result is proved.

THEOREM 2.1: Let '[On) = {0, I, ..., n — 1, [0, n), ...} be the
MOD neutrosophic element interval. I[ 0,n) contains;

i. pseudo MOD neutrosophic elements.

ii. natural neutrosophic elements provided; n is not a
prime.

iii. MOD neutrosophic elements.

Proof: Every a = Ll only realized as a decimal in [0, n) and

not a rational paves way for a pseudo MOD neutrosophic
element.

For the interval [0, 6); 1.2 is such that 1%® is a pseudo MOD
neutrosophic element of 10, 6).

If n is a prime say p then % realized only as a decimal in

[0, p); is a pseudo MOD neutrosophic element of [0, p).

Take p = 19, then g = 9.5 is a pseudo MOD neutrosophic
element as 9.5 X 2 =0 (mod 19); 2 is a unit [0, 19). Hence proof
of ().

To find the proof of (ii) consider n a prime only I} is the
only natural neutrosophic element.

If n is not a prime every zero divisor of Z, paves way for a

(0. n)
X

natural neutrosophic element. Hence proof of (ii). Clearly I
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. n . . L .
exists for x = 5 if n is odd it will be a MOD neutrosophic

element.

. n . .
If n is even then Pl is a MOD neutrosophic element.
n p—

Thus the following are left as open conjecture.

Conjecture 2.5: Let '[0, n) be the MOD neutrosophic collection.

i. Characterize those '[0, n) in which product of two
pseudo MOD neutrosophic numbers is a pseudo
MOD neutrosophic number.
ii. Characterize those '[0, n) in which the product of
two MOD neutrosophic numbers is a MOD
neutrosophic number.

iii. Characterize those '[0, n) in which the product of
MOD neutrosophic number and pseudo MOD
neutrosophic number which are nilpotents.

Next we study the MOD neutrosophic elements and MOD
pseudo neutrosophic elements of the MOD dual number interval.

This will be first illustrated by an example.

Example 2.5: Consider (Zs U g) = {0, 1, 2,3, 4, g, 2¢g, 3g, 4g, 1
+g 1+2g, 1+3g,1+4g,2+¢g,2+2g,2+3g,2+4g,3+¢g,3
+2g,3+4g,3+3g, 4+ g, 4+ 2g 4+ 3g, 4+ 4g} be the

modulo dual number g” = 0; g - 2g = 0 and so on.

Now (Zsug) ={0.1,2,3,4,8 22 3g.4g. 1 +g2+g

g g
I, I,

e dtdg T I

260 I5 and so on}.
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Thus all dual modulo integer (Z, U g); g =0 evenif nis a
prime has natural neutrosophic numbers.

Several of them lead to natural neutrosophic nilpotent
elements of order two.

Example 2.6: Let
Zzsuwgy=1{0,1,2,g,2g, 1 +g,2+g, 1+2¢g,2+2g}.

(Zz;ugn=1{0,1,2, I, I, I, }.

0° “g°
g g _— 78 g g — & g g _ 718
ExL =L ExE=1Iand I, X I, =1f.

Example 2.7: Let(Zy L g)=1{0, 1,2,3,g,2g,3g, 1 + g, 1 +2¢,
1+3g,2+¢g,2+2g,2+3g,3+g, 3+2g,3+3g}.

<Z4U g>1= {<Z4U g> s Ig7 Ii’ Igg,l‘%, Ig Ig

g
3g7 “2+2g° I2+g’
I5, 5, } are natural neutrosophic dual numbers.

Clearly I§ X I§ =1, I§g X I‘;’g =15,

g g _ 78 g g — 78
I x L, =0, I;,, X L= L,

I§+2g X I§+g = I“jg and so on.
Example 2.8: Let (Zs L g)=1{0, 1,2, ..., 5, g, 2g, 3g, ..., 5g,
1+g 1+2g ...,5¢g+1,...,5g+2,...,5g + 5g} be the dual

number of modulo integers.

(Zew gn={Zsu g, 1§, I, I, I, 5,15, I{, I

2g° “3g° 4g° 15g 0
g g g
B.ogs Bisys Ii, 4, and soon.}.
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Clearly I5,,, x I3

— I8 g g — 18
303 = 155 1 x I =I5, and so on.

2+2¢g
Now it is left as an open problem.

Problem 2.1: Let (Z, U g); be the natural neutrosophic dual
numbers.

(i) For a given n how many such natural neutrosophic dual
numbers exists?

(i1) Find the number of natural neutrosophic dual numbers
which are idempotents.

(iii) Find the number of natural neutrosophic dual numbers
which are nilpotents of order two.

This study will yield lots of interesting results in this
direction.

However we will represent this situation by some examples.

Example 2.9: Let (Z, wg)=1{0,1,2,...,11,¢g,....,11g, 1 + g,
1+2g, ....,1+11g,2+¢g,...,2+ 11g, ..., 11 + 11g} be the

modulo dual numbers.

<212Ug>I: {<212Ug>’ Ig’ Ii’ IS, Ig’ Iigo’ Ii’ Igg’ ) Ilglg’

g g g g g g g g g g

IS’ I9’ IZ+2g’ IZ+4g’ IZ+6g’ I2+8g’ I2+l()g’ I2+9g’ I4+2g’ I4+4g’
g g

I 6o -oos Ig,o, and soon}.

Finding order of (Z;, U g); is a difficult task.

Infact (Z;; U g); has several neutrosophic natural dual
number.
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B, xE=F Lk xE=E
Ig x I =15 and ILxI§=1I5

is a neutrosophic natural dual numbers.
g T8 =18
I x I3, =13, and so on.

One of the important and interesting observations is that
(Z1» U g); can have natural neutrosophic dual numbers which
are idempotents or nilpotents of order two.

However finding all these natural neutrosophic dual
numbers is a very difficult task. Further defining on them some
algebraic operation like + and X happens to be still difficult.

However we are always guaranteed of more than one
natural neutrosophic dual number in (Z, U g); even if n is a
prime; for when n is a prime there is one and only one natural

neutrosophic number given by I .

When n is a prime (Z, U g); has at least n number of natural
neutrosophic dual numbers including Ij.

This is just illustrated by an example.

Example 2.10: Let (Z;3 U g); be the natural neutrosophic dual
numbers.

{5, 15, B, ..., I, } are the 13 natural neutrosophic dual
numbers.

Thus the following is true.
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THEOREM 2.2: Let (Z, U g); be the natural neutrosophic dual
numbers p a prime. (Z, U g); has at least p natural neutrosophic
dual numbers.
Proof is direct and hence left as an exercise to the reader.
Now how to define the operation + on (Z, U g);.

First we will describe this by some examples.

Example 2.11: Let (Z,; U g); be the natural neutrosophic dual
numbers.

Zpyug={0,1,2,...,9,g2¢g,...,9¢, 1 +g,2+¢g,....,9+
g 1+2g,2+2g,...,9+2¢g,...,9+9g} be the dual numbers.

<ZIO U g>I = {<ZIO U g>19 Ig s I%g s Iig s Iég s Igg s Igg 5 I§+2g 5

g g g g g g g g 18 18 18
I2+4g’ 12+6g’ I2+8g’ I4+2g’ I4+4g’ I4+6g’ I4+8g’ I2’14’16’18
and so on}.

It is not an easy task to find the number of natural
neutrosophic dual numbers.

g g _— 18-
I2+4g x I =I;
I5,,, X I§, = Ij and so on.

It is easily verified some of the natural neutrosophic dual
numbers are nilpotents and some are idempotents.

This study is both innovative and interesting.

Example 2.12: Let(Z, U g ={0,1,g, 1 + g, I, Ii }.



MOD Natural Neutrosophic Elements | 59

(Z, U g); under + generates the following.

The set of natural neutrosophic dual numbers set under + is
as follows:

S={(Z,ugL+}={0,1,g 1+g I, I§,1+ 5,g+ 15,1

+g+ G E+E. E+1L E+g e+ +E, 1+G+1, 1+¢

+E, 1+g+ 5+ 15}
Thus order of S is 16.

We define If+ If = If and I + [f = [ and there are

idempotents.

1+ 15 +1+ I = I§ and so on.

Thus this is only a semigroup as Ij + I} = I§ and is an

idempotent so S is only defined as the natural neutrosophic dual
number semigroup.

Example 2.13: Let (Z,w gh=1{1,2,0,3,g8,2¢g,3g, 1 +g, 1+

2g,1+3g,2+2,2+2g,2+3g,3+g3+2¢3+3g [}, I},

g g g
IZg ’ IZ ’ I3g’

Ig

24+2g°

Ig

g
2+g° IZ+3g }

S={Zvgh.+}={Ziog, 1 + [,2+ 5,3+ [§, g+
I,2g+ 15, 3g+ B, 1+g+ I§, 1 +2g+ 15, ...,3+3g+ I} +

+ I5

g
2+2¢g + I

g g g
E+1, +1 Yie

g
3g + I2+3g}‘

Thus S is only a natural neutrosophic dual number
semigroup.
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Problem 2.2: Let S = {(Z, U g);, +} be the natural neutrosophic
dual number semigroup.
i.  Whatis the order of S if n is a prime?
ii. What is the order of S if n is not a prime?
We have to find the subsemigroups of S.
We will first illustrate this by some examples.

Example 2.14: Let S = {{Zs U g), +} be the natural
neutrosophic dual number semigroup.

P, = {Zs, +} is a subgroup of S so S is a Smarandache
semigroup of natural neutrosophic dual numbers.

P, = {{(Zs U g), +} is also a subgroup of S.
P;={Zsg={0, g, 2g, 3g, 4g}, +} is a group under +.

<Z§ ) g>1 = {<Z§ ) g>, Ig s Iz , L, LE,

20 B L, 4+4g+ 15,4+
dg+ B, 4+4g+ I, .., 4+4g+ T+ 5+ 5, + 5, + I, }

has subgroups and subsemigroups which are not subgroups.

ForP,={Zs, I, IJ + 1, I +2, I + 3, I + 4} isonly a

subsemigroup of S and is not a subgroup of Sas I§ + I} = I5.

Example 2.15: Let S = {{(Z;5 U g), +} be the natural
neutrosophic dual number semigroup.

Nl = le, N2 = Zng and N3 = <le U g> are all
subsemigroups which are subgroups.

So S is a Smarandache semigroup.
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Finding order of S is a difficult job I3, I3, I, I§, If,, I,
and IZ are some of the natural neutrosophic dual numbers.

g g — 718
IlO + IlO - I10’

It + If = If and so on.
In view of all these the following theorem can be easily proved.

THEOREM 2.3: Let S = {(Z, U g), +} be the natural
neutrosophic dual number semigroup.

i. SisaSmarandache semigroup.

ii. S has idempotents.

iii. S has subsemigroups which has group structure.

iv. S has subsemigroups which do not have a group
structure.

Thus we by this method get natural neutrosophic dual
number semigroups which has idempotent under +.

Next we proceed onto define product operation on (Z, U g);.

There are two such semigroups of natural neutrosophic dual
numbers are just generated by (Z, U g); another S under the
operation X.

We will first illustrate this situation by some examples.

Example 2.16: Let
M = {{(Zs U g1, X} be the semigroup under X.

M=1{0,1,2 3,45, ¢g 2g 3g 4g, 5g 15, I, I, I,

L, L, I5,, I5,, X} and o(M) = 20.

2g°
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N, ={0,1,2,3,4,5} < M is a subsemigroup of order 6 and
6 X 20.

N2 = {Oa la 2a 3a 4a 5a 2, 2g, 3g, 4g, Sg} C M is a
subsemigroup of M.

Now N3 ={1,2,3,4,5,0, I]} < Mis also a subsemigroup
of G.

N, = {1, 5} < M is a subsemigroup which is a subgroup of
order 2. Thus M is a Smarandache semigroup.

This semigroup has zero divisors, idempotents and
nilpotents of order two.

Example 2.17: Let M = {{(Z; U g), X} be the natural
neutrosophic dual number semigroup.

M is a S-semigroup as Z; \ {0} €M is a group.

However M has other subsemigroups. Infact M has zero
divisors.

Ig, x I§, = I is a natural neutrosophic dual number

nilpotent element of order two.

I, X I§, = I so every natural neutrosophic dual number in

M is a nilpotent element of order two.

Example 2.18: Let M = {(Z,, U g), X} be the natural
neutrosophic dual number semigroup.

g g T8 18 T8 18 g g 78 g g g g

IO’ I2’I4’16’I8’IIO’II2’ Ig’I2g’13g’I4g""’ Il3g’ I2+2g’
g g g g g g g g g
I2+4g’ IZ+6g’ IZ+8g’ IZ+10g’ IZ+12g’ I4+2g’ I4+4g’ I4+6g’ I4+8g’
g g g g g g g
I4+10g’ I4+12g’ Ié+2g’ 16+4g’ ce I6+12g’ Tt Il2+2g’ IlZ+4g’ cee
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g g g g g
112+12g’ I7+7g’ I7+2g’ SR I7+12g’ I2+7g’ =

o IE

12+ 7, and so on} are

all natural neutrosophic dual numbers.

g g _ 18
I12+ 7g X IZg - IlOg

g g _ 718
I7+ 7g X IZg - IO

so this semigroup has zero divisors.
In view of all these we have the following theorem.

THEOREM 2.4: Let M = {(Z, U g), X} be the natural
neutrosophic dual number semigroup.

(i) M is a S-semigroup if and only if Z,, is a S-semigroup.

(ii) M has at least (m — 1) distinct nilpotent elements of
order two.

(iii) M has at least (m — 1) distinct natural neutrosophic
dual numbers which are nilpotents of order two.

Proof is direct hence left as an exercise to the reader.
Now having seen examples of natural neutrosophic dual
number semigroup under product we proceed onto study natural

neutrosophic dual number semigroup using S = {(Z, U g);, +}.

Clearly {S, x} is again a natural neutrosophic dual number
semigroup under X. Further M c {S, x}.

We will first illustrate this situation by an example or two.

Example 2.19: Let M = {{{Z;p U g)1, +}, X} be the natural
neutrosophic dual number semigroup.
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Ig

4g *-

1R CON GRS IR0 - GRS I

2g° “3g°

o 15

9g *

g g g g
L, + I, I5, + 15, and soon.

(B +1, +1, ) x (B, +15,) = L.
Thus M has zero divisors.
5><2=0,f0r5,2€ ZlO
Sgx2g=0for5,2¢e Zy
gx4g=0forg,4ge (Zu g).
Thus M has nilpotent elements of order two.
x = (I, +15, +1, + ) and
y= (B, +1, +1, +I¥) e M.
x Xy =I5 is a neutrosophic nilpotent element of order two.

Example 2.20: Let M = {(Z,, U g);, +, X} be the natural
neutrosophic dual number semigroup.

Letx = [}, + I5, + [} + I}, € M s such that

x X x = I} is only a natural neutrosophic dual number zero
divisor. M has several nilpotent neutrosophic zero divisor.

Letx=10+ [

1o and

y=2+1I e M.
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xxy=(10 +13). (2+1¢)
=215 + 101 = I + I e M.

Example 2.21: Let M = {((Z;y U g);, +) X} be the natural
neutrosophic dual number semigroup.

Py =79\ {0} < M under X is a group.

Thus M is a S-semigroup.

P, = {Z,0g, X} be the zero square subsemigroup.
P; = {{(Z1o U g), X} is the subsemigroup.

Example 2.22: Let W = {{{Z;3 U g), +), X} be the natural
neutrosophic dual number semigroup.

P, = {Zs, X} be the subsemigroup.

P, = {{Z1s U g), X} be the subsemigroup.

L g g g
L, 5, I I, I, ..., Ig, Izg, e I17g are some of the
natural neutrosophic dual numbers.

= I8 g g g
x=1,+ [, + Ij, + I}, and

g
+ Img

y=1I, + I, e W.
Clearly x x y = I§; thus this is a natural neutrosophic dual

number zero divisor.

Also x> = I{ and y* = I¥ are natural neutrosophic dual
number nilpotent elements.
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Example 2.23: Let W = {{{(Z;; U g)1, +), X} be the natural
neutrosophic dual number semigroup.

W has nilpotent elements, natural neutrosophic nilpotent
elements and zero divisors and natural neutrosophic zero
divisor.

Example 2.24: Let M = {((le ug>

neutrosophic dual number semigroup.

- +); X} be the natural

x=3andy=8¢€ Missuchthatxxy=0¢e M.

— I8 — 18 . — T8 1 1
x=Ij, andy = I}, € M; x Xy = If is natural neutrosophic
dual number zero divisor.
g
Il()g

nilpotent element of order two. 6 X 6 = 0 (mod 12) is a nilpotent
element of order two.

X If, = Ij is the natural neutrosophic dual number

Next we proceed onto describe the natural neutrosophic
dual number semiring.

S = {{Z, U g)1, +, X} is defined as the natural neutrosophic
dual number semiring.

Clearly S is of finite order so we get finite semirings a long
standing problem about semirings.

For semiring of finite order of finite characteristic were got
by finite distributive lattice and lattice groups taking finite

groups only or lattice semigroups taking finite semigroups.

Now we will first describe this situation by some examples.
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Example 2.25: Let S = {{(Z; U gh, +,x} = {0, 1,2, g, 2g, [}, I},
Ig

2g

T+ 15,2+ 015, g+ 15, 2g+ 15, 1+ 5,2+ £, 2g+ 5, g+

B, 1+ 1,2+, g+, 2g+ L, [+, 15+ 15, I§ +
Ig

T I IS L B T2 B I g I+ I, 2g 4

2g°

B+E 1+ + 05,2+ +1,, g+ 15+ 15,2+ I§ + I5,,
I+ B+ 15,2+ 6+, g+ 15 +15,,2g+ 15 + 15,1+ [+
L+ 15,2+ 0+ 15+, g+ L+ 1+ 15, 2g+ 5+ I +
Ig

200 x} be the natural neutrosophic dual number semiring.
o(S) = 40.

Clearly S has zero divisors. S also has natural neutrosophic
dual number zero divisors.

S has also nilpotents as well as natural neutrosophic dual
number nilpotents.

2g x g =01is a zero divisor.
g x g = 01is a nilpotent element of order two.

x = 1§ + I3, is such that x X x = I is a natural neutrosophic

dual number nilpotent of order two.

Letx=1 + I}, andy=If + I, € S.

Clearly x X y = I so is a natural neutrosophic zero divisor.

Thus S has zero divisors and natural neutrosophic dual
number zero divisor.

P, = {Z;, + x} is a field.
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Can S have semifields which are not fields? The answer is
no.

Several properties about them will be discussed in the
following first through examples and then by proving results.

Example 2.26: Let S = {(Z; U g), +, X} be the natural
neutrosophic dual number semiring; o(S) < oo.

S has zero divisors, natural neutrosophic dual number zero
divisors and nilpotents.

This semiring has subsemiring. Finding ideals in S is a
difficult task.

Example 2.27: Let S = {{(Z, U g), +, X} be the natural
neutrosophic dual number semiring.

S has subsemirings. Further S has zero divisors, natural
neutrosophic dual number zero divisors.

S has nilpotents as well as natural neutrosophic dual number
nilpotents of order two.

Several important properties can be determined.

THEOREM 2.5: Let S = {(Z, v g) + X} be the natural
neutrosophic dual number semiring. The following facts are
true.

i. 0oS)<ee

ii. S has zero divisors.

iti. S has natural neutrosophic dual number zero divisors.

iv. S has nilpotent elements of order two.

v. S has natural neutrosophic dual number nilpotent
elements of order two.

Proof is direct and hence left as an exercise to the reader.
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All properties of semirings is true in case of these natural
neutrosophic dual number semirings.

Next we proceed onto describe the notion of natural
neutrosophic special dual like numbers.

Example 2.28: Let B = {(Z, U h);, h> = h} be the special dual
like numbers.

P={(Z,uh;h’=h}={0,1,2,3,h,2h, 3h, | +h, 2 +h,
3+h,1+2h2+2h,3+3h 1+3h,3+2h,2+3h, 1", I, 1",
Ih

oh s I;‘h, Ig”h, L,n} be the natural neutrosophic special dual

like numbers. This is of finite order.

Example 2.29: Let L = {(Z,; Uh), h*=h} = {0, 1,2, ..., 10, h,
2h,...,10h, 1+h,2+h, ..., 10+h, 1+2h,2+2h, I', .. 10+

2h, 1 + 10h, 2 + 10h, L}, , ..., 10 + 10h, L}, , ..., I, } be the
natural neutrosophic special dual like numbers.

Next we proceed onto define some more operations on
{(Z,Uh), h*=h}.
Example 2.30: Let S = {(Z, Uh), +} = {0, 1,h, 1 +h, T}, T},
I 1+ 6, 1+ 01+, I+ 0L I+, I+ I,
L+0 +I,,, 1+ +0,1+1 +0I,,, 1+ L + I,

I+L+1 +1,, )
h
L+ =0, L +1) =1},
h

h _1h : :
L.+, =1, weseeS under +is only a semigroup.

Thus we have given a finite semigroup of order 18. S has
elements which satisfya+a=aforae S.
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Example 2.31: Let S = {(Zs U hy, h> =h, +} = {0, 1,2,3, 4,5,
h, 2h, 3h, 4h, Sh, 1 +h,2+h, ...,5+h, 1 +2h,2+2h, ..., 5 +
2h, 1 +3h,2+3h,...,5+3h, 1 +4h,2+4h,...,5+4h,5+h,
5+2h,...5+5h I, 0, 0,0, 0L, L, LILL,L,,,

h h h h h h h h
12+4h’ I4+2h’ I3+3h’ I4+2h’ 12+4h’ ISh+1’ I2+h’ I2h+1’

I

+h?

I',., It, ., 15 ., and so on} be the natural neutrosophic special
dual like number semigroup under +.

Now (Zs, +) = P; < S is a subsemigroup which is a group.
(Zs U h) =P, is also a group under +.

Thus S is a Smarandache semigroup.

In view of this we have the following theorem.

THEOREM 2.6: Let S = {(Z, U h), W* = h, +} be the natural
neutrosophic special dual like number semigroup.

i. S has natural neutrosophic idempotents.
ii. SisaS-semigroup.

Proof: Clearly I}, + I}, =1, forallk € Z,

Hence (i) is true.

Consider (Z,, +) < S; clearly (Z,, +) is a group so S is a
Smarandache semigroup.

Now we proceed onto define product on (Z U h);,. First we
represent this by examples.

Example 2.32: Let M = {(Zs U h)y, x} = {0, 1,2, 3, 4, h, 2h, 3h,
4h,1+h, 1+2h, 1 +3h, 1 +4h,2+h,2+2h,2+3h,2+4h, 3
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+h,3+2h,3+3h,3+4h,4+h,4+2h,4+3h4+4h, I},

Lo, L, L.b...0..0,,.1,., ] be the natural

2h > 3h
neutrosophic special dual like number semigroup.
Clearly M has zero divisors for x =2 + 3h and y = h.

x Xy =(2+3h)h=0(mod 5). x =3+ 2h and y = h is such
that x X y = 0.

x=1 andy=10,,, e M; xxy=1 x I} , = Ig.

Thus M has natural neutrosophic special dual like zero
divisors. P = {Zs \ {0}, x} is a group so S is a Smarandache
semigroup.

Example 2.33: Let
M = {(Zy U h);, h* = h, X} be the natural neutrosophic special
dual like number semigroup.

Letx=3andy=3h+3 e M.

x Xy =3x%x3h+3=0is a zero divisor.

Letx =6hand y =3 + 3h € M. x X y = 0 is again a zero
divisor. Consider I}, and I}, € M.

h h h - . . .
I3, x I, = I is a natural neutrosophic special dual like
number zero divisor.

Clearly h X h =h is an idempotent in M.

Similarly I x I} = I} is a natural neutrosophic special
dual like number idempotent.
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Example 2.34: M = {(Z,, U h);, X} be the natural neutrosophic
special dual like number semigroup.

M= {<ZZ4Uh>a Iga IZ,IZ,IQ,IZ,IQ, I?()y 1?27 1?47 I:l(,a I?gy

h h h h h h h h h h h
120’ I22’ I9’ IlS’ I21’ Ih’ IZh’ e 12311’ IZ+2h’Il+23h’123+h’ tet
I, »,, I,,,, and so on} be the natural neutrosophic special

dual like number semigroup.

M has zero divisors and nilpotents as well as natural
neutrosophic special zero divisors and natural neutrosophic
special nilpotents.

x=6andy=8+12he M.
X Xy=6x12h+ 8 =01is a zero divisor.

x=12h+handy=12+8he Missuchthatxxy=0isa
zero divisor. x = I}, andy =1}, ., € Missuchthatx xy= I}

is a natural neutrosophic zero divisors.

Consider x =12+ 12h e M;clearly x x x =12 + 12h x 12
+ 12h = 0 € M is a nilpotent element of order two.

— 10 . —_ 10
x=1I5, 0, € Mixxx=1;.

Now having seen the special elements we proceed onto give
more examples.

Example 2.35: Let

M= {(Zo,uhy,h’=hx}={0,1,2,...,9,h,2h, ..., 1 +h,
1+2h,...,14+9,2+h,2+2h,....,2+9h,...,9+h,9+2h,9
+3h,..,9+9%n L, I, I}, I, 1§, I, Iy, B0, B

b h b h h h
Loons Liisns Lions Liisns Livens lgian and so on} be the

natural neutrosophic special dual like number semigroup.
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S has zero divisors and idempotents also natural
neutrosophic special dual like zero divisors and idempotents.

We prove some theorems based on these examples.

THEOREM 2.7: Let M = {(Z, U h), > = h, x} be the natural
neutrosophic special dual like number semigroup.

i. M isa S-semigroup if and only if Z,, is a S-semigroup.

ii. M has zero divisors and special dual like number of
zero divisors.

iii. M has idempotents as well as special dual like number
idempotents.

Proof is direct and hence left as an exercise to the reader.

Now we can define the other type of natural neutrosophic
special dual like number semigroup built using the additive
semigroup {{Z, U h), +}.

We will first illustrate this by example.

Example 2.36: Let
S = {({Zs U h);, +), X, h®=h} be the natural neutrosophic special
dual like semigroup under product.

Clearly M = {{Z¢ U h)y, h*=h, x} < S as a subsemigroup.

Now S contains elements of the form

y=01 + 1 + 1, and

x=I10 + I}, + I € M.

xxy= (I +1, +I)x (I + 1 +13,)
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_ 1h h h h h h h h h
=L, +I)+I, +L +L, + I, + L, + I, + L,

_ 1h h h
=1, +L, +1,.

This is the way product is performed on S. This semigroup
has bigger cardinality.

This semigroup has several subsemigroups.

Example 2.37: Let S = {{(Z;; U h);, +), X} be the natural
neutrosophic special dual like number semigroup.

S is a Smarandache semigroup as Z;; \ {0} = P, is a group
under product.

_ h h th h h h h
S = {<Z11 U h>’ Io’ Ih’I2h’ ] Ith’Il(H-h’ Il+10h’ I9+2h’
h h h h h h h
12+9h’ 13+8h s 18+3h’ I7+4h’ I4+7h’ IG+5h’ IS+6h and so on and

sums 2 +3h+ I} + I}, ,, andso on}.

Clearly o(S) < oo.

I,,, x I =1 is a natural neutrosophic zero divisor.

L., Il = It is again a natural neutrosophic zero
divisor.

2+9h x5h=0(@mod 11) and 2 + 9h x 4h = 0 (mod 11) are
both zero divisors of S.

In view of this we have the following theorem.

THEOREM 2.8: Let S = {((Z, U h), +) K = h, x} be the
natural neutrosophic special dual like number semigroup

i) S is a S-semigroup if and only if Z, is a S-
semigroup under X.
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ii) S has both zero divisors and natural neutrosophic
special dual like number zero divisors.

iii) S has idempotents as well as natural neutrosophic
idempotents.

Proof is direct and hence left as an exercise to the reader.

Next the notion of natural neutrosophic special dual
number semirings are developed and described.

Example 2.38: Let S = {(Z¢ U h);, +, x} be the natural
neutrosophic special dual like number semiring.

Clearly S has zero divisors as well as natural neutrosophic
zero divisors.

S has idempotents as well as natural neutrosophic special
dual like number idempotents.

For 3 x 3 =3 (mod 6)
4 x4 = 4 (mod 6) are idempotents of S.
Ixp=1 LoxI =1,

3

and I' x I' = I' are natural neutrosophic idempotents
of S.

Clearly 4 x 3h = 0, 2h X 3h = 0, 4 X 3 = 0 are zero divisors
of S.

h h _ 1h h h _ th
I2+4h ><ISh_IO’ Ih+5 ><I4h - IO’
h h _ th h h _ th
L, ., xL, =1, and L, xI, =1

are all natural neutrosophic special dual like number zero
divisors.
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Thus this semiring is not a semifield.

Further if o = Il31+3h + IZ+2h + I{l+5h + I?Jrh and

B=1,+I, +II +I, € Sthen a x B = I} is a natural
neutrosophic zero divisor of S.

Zs=P isaringin S.

{{(Z¢ U h)} = P, is again a ring in S. Thus S has also
subsemirings which are rings.

Under these special conditions we define yet a new notion
on semirings.

DEFINITION 2.1: Let S be a semiring. S is said to be
Smarandache Super Strong semiring (SSS-semiring) if S
contains a subset P which is a field S is said to be
Smarandache Strong semiring (SS-semiring) if S contains a
subset P which is a ring which is not a field.

We first give examples of the definition.

Example 2.39: Let
S = {(Z; U g), g =0, +, x} be the natural neutrosophic dual
number semiring.

Z; c Sis a field. So S is a SSS-semiring. (Z; U g) = Sis a
ring hence S is a SS-semiring.

Example 2.40: Let
S = {{Zis U )1, g8 =0, +, X} be the natural neutrosophic dual
number semiring.

S is a SS-semiring as (Z;s U g) < S is aring. P; = {0, 3, 6,
9, 12} < S is a field with 6 as the multiplicative identity.
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Clearly 12 is the inverse of 3 and vice versa as 3 X 12 =6
the identity of P;.

9 X 9 = 6 the identity of P,. Hence S is also a SSS-semiring.

Example 2.41: Let S = {(Zy, U h)y, h* =h, +, X} be the natural
neutrosophic special dual like number semiring.

Clearly P, = Sis aring so S is a SS-semiring.

P, = {0, 8, 16} < S is a field with 16 as the identity with
respect to product. Thus S is a SSS-semiring.

Example 2.42: Let

M = {((Z;7 U h)), h* = h, +, x} be the natural neutrosophic
special dual like number semiring. M is a SSS-semiring as well
as SS-semiring.

So a natural neutrosophic semiring can be both a SSS-
semiring as well as SS-semiring.

Next we proceed onto describe the concept of natural
neutrosophic special quasi dual number sets using Z, by some
examples.

Example 2.43: Let S = {{Zg U k)1, K= 7k} ={Zs, k, 2k, ..., 7k,
1+k2+k,...,7+k, 1+2k,2+2k,...,7+2k, 3k + 1,2 + 3k,
v T4+3k, o, TR+ 1,7k +2, .., Tk + 7, 5, I, 1L I, TS,

k 1k k k K k
Ik’ Lo oo By Il+7k’ IZ+5k’ I7+k’ ey

S is a natural neutrosophic special quasi dual number set.
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Example 2.44: Let
S={(Z;Uk), K =2k} = {0, 1,2, 2k, k, 1 +k, 2 +k, 1 +2k, 2
+2k, L,,., IY,,, It, I, I{ } be the natural neutrosophic

special quasi dual number set.

Example 2.45: Let
S={(Z,ukL K=k} ={0, 1,k 1 +k I, If, I, } be the

natural neutrosophic special quasi dual number set.

Example 2.46: Let
S={{Zsuk),kK=3k} ={0,1,2,3,k, 2k, 3k, 1 +k, 2 +k, 3 +

k142K 2+2k 3+2k 1+3k2+3k 3+3k I8, I§, I, I¥,

L. L., I',, I,,, I5,,, )} be the natural neutrosophic

3k

special quasi dual number set.

Example 2.47: Let S = {(Zs U k), K> = 4k} = {0, 1, 2, 3, 4, k,
2k, 3k, 4k, 1 +k,2+k,3+k 4+k 1 +2k 2+2k, 1+3k 2+
3k, 3+ 3k, 4 + 3k, 1 +4k, 2 + 4k, 3 + 4k, 4 + 4k, 3 + 2k, 4 + 2k,

kK 1k Tk k k K K K k k
I Ik’ IZk’ Ly I4k’ Il+4k’ I4+k’ I2+3k’ 13+2k’ I4+4k} be the

natural neutrosophic special quasi dual number set.

Example 2.48: Let S = {(Z; U k);, K = 6k} be the natural
neutrosophic special quasi dual number set.

S=1{0,1,2, ..., 6,k 2k, 3k, 4k, 5k, 6k, I§, I, I§ , I& .

k k k k k k k k k k
I I I I 16k+1’ I2k+5’ ISk+2’ I4+3k’ I3+4k’ I6+6k’ 1

4k> 15k T6k? Tk+6°
+k, 1+2k, 1+3k, 1+4k, 1+5k, 1+6k,2+k,2+2k, 2+ 3k,
2+4k,2+5k,2+6k,3+k, 3+2k,3+3k,3+4k,3+5k, 3+
6k,4+k, 4+2k,4+3k,4+4k, 4+5k,4+6k, 5+Kk, 5+ 2k,
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5+3k,5+4k, 5+5k,5+6k, 6 +k, 6 +2k, 6+ 3k, 6+4k, 6+
5k, 6 + 6k}

Example 2.49: Let S = {(Z); U k);, k> = 11k} be the natural
neutrosophic special quasi dual number.

S=1{0,1,2, ..., 11k, k, 2k, ..., 11k, 1 +k, 2 +k, ..., 11 +Kk,
142k 2+2k, ..., 11 +2k, 1 +3k, 2 +3k, 3 +3k, ..., 11 + 3k,
v MK+ 1, 11k + 2, o, 11+ 11K, IS, I I; §

1+11k > “1l+k?> **°° IS+7k’
117‘ s Ilg+ « } be the natural neutrosophic special quasi dual

number set.

Now we proceed onto give operations + and X on the set
S = {{(Z, U k);; K> = (n — 1)k} under + is described.

Example 2.50: Let

S={Zouky K=9% x}={0,1,2,...,9,k 2k, 3k, ..., 9k,
1+k 1+2k,...,1+9%,2+k,2+2k,2+3k,...,2+9k, 3 +k,
3+2k,3+3k ...,3+9%, 9+k 9+2k ...,9+ 9k,

k 1k 1k Tk k k k k k k k
IO’Ik’I2k’ISk’ SRR I9k’ Il+9k’ I9+k’ 12+8k’ IZk+8’ I3k+7’ I3+7k’
k k k K K k k k k k k
I4+6k’16+4k’ IS+5k’ 12’ 14’ 16, Is’ IS, IZ+4k’ I4+2k’ IZ+6k’
k k k K k k k k
16+2k’ 12+8k’ 18+2k’ I4k+4’ 12+2k’ I4k+6’ Iﬁk+4’ I4k+8’

K K K K
Ly v s> Toea6> Tokrss Isiis and soon, X}.

S has zero divisors and S has natural neutrosophic special
quasi dual zero divisors.

5kx2=0,2kx5=0,5kx6k=0,2k x5k =0,
Skx6=0,6kx5=0,8kx5=0,8kx5k=0.

8 x 5k are all zero divisors of S.
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K xL, =L, L

Kk _ 7k
5+ 5k 6+2kXISk =1

0

are some natural neutrosophic special quasi dual number zero
divisors.

This semigroup has also idempotents

K Ktk 7k Kk
L XI5 =1, Lg XI55 =15, 5

are natural neutrosophic special quasi dual number of
idempotents.

5k x 5k = 5k is an idempotent.

Ilé(k+8XIIS(=Ig I;

kK _ 1k
6k +8 X ISk - IO

are which are natural neutrosophic special quasi dual number
zero divisors.

Example 2.51: Let S = {(Z; U k), K = 6k, x} = {0, 1, 2, 3, 4, 6,
5, k, 2k, 3k, 4k, 6k, 5k, 1 + k, 1 + 2k, 1 + 3k, 1 + 4k, 1 + 5k,
1+6k 2+k 2+2k 2+3k 2+4k 2+5k 2+6k, 3+k, 3+
2k, 3 + 3k, 3 + 4k, 3 + 5k, 3+ 6k, 4 + k, 4 + 2k, 4 + 3k, 4 + 4k,
445k, 446k S+k 5S+2k 5+3k 5+4k 5+5k 5+6k, 6+

k, 6+ 2k, 6 + 3k, 6 + 4k, 6 + 5k, 6 + 6k, 1§, I}, I, 15, I},

k k k k k k k k
I I()k’ I1+6k’ I6+k’ 12+5k’ IS+2k’ I4+3k’ I3+4k’ ten X} be a

5k

semigroup of finite order.

S has zero divisors and natural neutrosophic special quasi
dual number zero divisors.

(4+3kk=0,3+4k)k =0,

(6 +k)k =0, (6k + 1)k = 0 and so on are zero divisors.
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k k _ ok
Ik XI6+k_IO’

Kk kK _ 1k
I, x I, =1;and

k kK _ 1k
I4+3kXIk =1,

are all natural neutrosophic special quasi dual number zero
divisors.

Can S have idempotents and natural neutrosophic special
quasi dual idempotents?

Example 2.52: Let S = ((Zis U k), K =17k, x} = {0, 1, 2, ...,

k k k k k k k
17, k, 2k, ..., 17k, 1y, I, L, I, .o, Ihes Lo L
B> Isioes oo Is,o and so on, x} be the natural

neutrosophic special quasi dual number semigroup.

S has idempotents and zero divisors. Further S has natural
neutrosophic idempotents and zero divisors.

Example 2.53: Let S = {(Zy, U k)1, K* = 19k, X} = {Z,0, kZo,
Ig’ Ill:’ IlZ(k’ cee Ii(9k’ Ii(+19k’ Ii(9+k’ Il;+18k’ Ii(8+2k’ e Ii(0+10k

and so on} be the natural neutrosophic special quasi dual
number semigroup.

S has zero divisors, idempotents and nilpotents. Similarly S
has natural neutrosophic special quasi dual number zero
divisors, idempotents and nilpotents.

We have to prove the following theorem.

THEOREM 2.9: Let S = {(Z, U k), k¥ = (n — 1)k, x} be the
natural neutrosophic special quasi dual number semigroup.
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i. SisaS-semigroup if and only if Z, is a S-semigroup.

ii. S has zero divisors, idempotents and nilpotents if Z,
has.

iii. If (ii) is true. S has natural neutrosophic special quasi

dual number zero divisors, idempotents and nilpotents.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe the natural neutrosophic
special quasi dual number semigroup under +.

Example 2.54: Let
S = {{Zy U k), K* = 3k, +} be the natural neutrosophic special
quasi dual number semigroup under addition.

S=1{0,1,2,3,k 3k, 2k, 1 +k, 2 +k, 3 +k 2k + 1, 2k + 2,
2k +3,3k+ 1,3k +2,3k+3, I§, I}, I§,, I, I}

K
s Lo L

K

1

k k k k k k k k k
3+k>° Il+3k’ ce0 IO + 12’ 13+k + 12’ IZk + I3k + IZ+2k’ I

143k

+I, + I + I} +3kand so on, +} is not a semigroup for

K K K k K kK 1k k k
Lo+ L, =L, [+ =1, L, +L ;=10

are all idempotents under +.

That is why S is only a semigroup under + and not a group
under +.

Example 2.55: Let

S ={{(Zs U k), K =4k, +} = {0, 1, 2, 3, 4, k, 2k, 4k, 3k,
1+k 1+3k, 1+2k, 1+4k,2+k, 2+ 3k, 2+2k, 2+4k, ...,
I(l;’ It’ IlZ(k’ I;(k’ I]ik’ Ii(+4k’ Il;-f—k’ Il3(+2k’ I];+3k’ I(l; + Ii(+4k +

3k, 1 +4k+ I, ., + 15, ,, and so on} is a semigroup under +.
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Example 2.56: Let S = {(Z;, U k);, k> = 11k, +} is a semigroup
under +. S has idempotents under +.

Next we proceed onto describe and develop the semigroup
on S = ((Z, U k), k* = (n - Dk, +} under x.

Example 2.57: Let S = {((Zo U k)1, K = (9 — Dk, +), X} be the
semigroup of natural neutrosophic special quasi dual number
semigroup under X.

S has nilpotents, idempotents and zero divisors as well as
natural neutrosophic special quasi dual number also has

nilpotents, idempotents and zero divisors.

This will represent by some elements.
a=IL +L+I,,, €8S
axo=15;3%x3=0

=1 + I, + L, + I, andy= 1§ € S is such that
By= I} is a natural neutrosophic special quasi dual number zero
divisor.

Thus the semigroup under X gives not only more elements
but more number of nilpotents, zero divisors and idempotents.

Example 2.58: Let S = {((Zy; U k), K> = 10k, +), x} be the
semigroup under product.

S is a natural neutrosophic special quasi dual number
semigroup. S has natural neutrosophic special quasi dual
number zero divisors, nilpotents and idempotents.

S is a S-semigroup for Z;; \ {0} under product is a group of
order 10.
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Example 2.59: Let S = {((Zy; U k)i, K = 22k, +), x} be the
natural neutrosophic special quasi dual number semigroup. S
has natural neutrosophic idempotents, zero divisors and
nilpotents.

Next we proceed onto describe the natural neutrosophic
special quasi dual number semiring.

Example 2.60: Let S = {(Z; U k)1, +, x} ={0, 1,2, k, 2k, 1 +Kk,
2+2k 2+k 2k+ 1, I, 15, If, I} L, 1+ k+ 1§ +

2k ? 2k+2°
I';k, 2+ 2k + If+k + It, ..., and so on +, X} be the natural

neutrosophic special quasi dual number semiring.

1+ke Sisanidempotentfor 1 +kx1+k=1+k.

I, xIf, =0, ,.2k+2k=0and I, xIf =1} isa

1+k

natural neutrosophic zero divisor and 1§ , +1I5,, +

L+ +15+01,, +1,, +1,,, is the natural neutrosophic

special quasi dual number idempotent.
Hence S is not a semifield.

Example 2.61: Let S = {(Zs U k)1, K> = 5k, +, x} = {0, 1, 2, 3, 4,
5.k, 2k, 3k, 4k, 5k, 1 +k, 1 + 2k, 1 + 3k, 1 + 4k, 1 + 5k, 2 + k,
2+2k,2+3k,2+4k, 2+ 5k, ....,5+k, 5+2k, 5+ 3k, 5+ 4k,
Ik

k k 1k 1k 1k 1k k k k
5 + 5k, Io’ Ik’I I I4k’ISk’ Il+k’ 143k > Il+4k’ IZ+4k’

2k "3k

k k k 71k k k k
... L, 5.I,,, andsumsof themas I, , + L, ., + L, +

L+15+ 1, +L,, +1, ... soon,+ x} be the natural
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neutrosophic special quasi dual number semiring. S has

idempotents and zero divisors which are given in the following.

3kx4=0
4+3Bk+3)=0
(1+k*=1+k).

Clearly If,, x I}, = I},, and I xI} =1} are some of

the natural neutrosophic idempotents and zero divisors of the
semiring S.

S has subsets which are rings like Z¢ and (Zs U k) so S is a
SS-semiring.

Further S has proper subsets which are fields like
P, ={0,2,4} < S. So S is also a SSS-semiring.
In view of this we have the following theorem.

THEOREM 2.10: Let S = {(Z, U k), + , X} be the natural
neutrosophic special dual quasi semiring.

i. SisaSS-semiring.

it. SisaSSS-semiring if and only if Z, is a S-ring.

iii. S has zero divisors.

iv. S has natural neutrosophic special quasi dual zero
divisors.

v. S has idempotents.

vi. S has natural neutrosophic special quasi dual

idempotents.

Proof is direct and hence left as an exercise to the reader.



86 | Natural Neutrosophic Numbers and MOD Neutrosophic...

Now we proceed onto define MOD natural neutrosophic dual
number interval in the following.

Let (10,5) U g) = {0,1,2,3,4, g, 2g,3g. 42, 1 +2g, 1 + g,
1+3g,1+4g,2+g,2+2g,x+2g,2+3g,2+4g,3+¢g,x+g,
x+4g,3+2¢g,3+3g,3+4g,4+¢g,x+3g,4+2g,4+3g, 4+

4g, I;, x +xg, I, B, B, I, Lsg Liase s, Lios, L x € [0,

S5)andsoon...}.

Here it is important to keep on record that ('[0, 5) U g) has
infinite number of elements.

However if only [0, 5)g alone is taken, we may have that
every element in [0, 5)g is a zero divisor so '[0, 5)g has infinite
number of natural neutrosophic dual number zero divisor.

Further '[0, 5)g < ({[0, 5) U g))) or ([0, 5) U g))

we can use any one of the notation both notations will be used
as a matter of convenience.

Consider ([0, 3) U g); = S and "0, 3)g = P the collection of
MOD natural neutrosophic dual numbers. Clearly the cardinality
of both S and P are infinite and P c S.

Further ([0, n) U g); = S and '[0, 3), = P are the infinite
collection of MOD natural neutrosophic dual number.

Here it is pertinent to keep on record; n € Z"\ {0}.

It is important to record that [0, n)g is such that ever
element in it contributes to a MOD natural neutrosophic number

as g a dual number Ifg ;a€ [0, n)is a zero divisor.
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By this method one gets an infinite collection of MOD
neutrosophic natural number.

Example 2.62: Let P = {'[0, 4)g | ag; g2 =0,a€ [0,4)} be the
collection of all MOD neutrosophic natural dual numbers.

P={[0,4)g ¥ ;x e [0,4); g =0}

-
I}, x I, = Ij is a MOD neutrosophic nilpotent element of

order two.

However I, x I, = I for all x, t € [0, 4) are MOD

neutrosophic zero divisors.

Thus P has infinite number of MOD neutrosophic natural
numbers.

Now we proceed onto describe some operations using them
we can define mainly two operations + and X.

Two types of products can be used.

One type of product is usual product other a product on the
sets ([0, n)g, +); and ([0, n) U g);, +).

We describe all the three situations by examples.

Example 2.63: Let S = {([0, 9)g);, +} = {ag, Ifg, Z Ifg all
ae[0,9)

sums I§ + I§,, I§ + If + I5,,s,te [0,n)ag+ I, ag + I§ + I,
... soon}.

S is defined as the MOD natural neutrosophic dual number
semigroup. S is a semigroup under +. S is of infinite order.
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fx=5+1, + I

0.33g and

y=6+ T thenx+y=2+ 1T + [{,;, + I5, € S.
Thus this is only a semigroup as I}, + Iz, = I, (by very

definition). S has subsemigroups of finite order.
S has subsets which are groups say (Zo, +) is a proper subset

of S which is a group. ((Zy U g), +) is again a proper finite
subset of S which is a group.

Thus S is a Smarandache semigroup of infinite order having
infinite number of MOD natural neutrosophic dual number
elements.

S has also infinite subsemigroups.

Example 2.64: Let S = {{[0, 12)g);, +} = {ag, 1

g g g g .
G+ I+ I+ s

ae [0, 12),

g .

ag ?

t, s, p e [0, 12); Z I, summation can
te [0,12)

be finite or infinite} is a semigroup of infinite order.

S is a MOD natural neutrosophic dual number semigroup
which has infinite number of MOD natural neutrosophic
elements.

In view of this we have the following theorem.

THEOREM 2.11: Let S = [([0, n)g), X} is a MOD natural
neutrosophic dual number semiring. S is a S-semigroup.

i. S has infinite number of zero divisors.
ii. S has infinite number of natural neutrosophic dual

number elements.
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Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe the two types of MOD
neutrosophic dual number semigroups under X.

Example 2.65: Let
S = ([0, 6)g)1, x} = {[0, 6)g, I, I} ; t € [0, 6), X} be a MOD

tg ?
natural neutrosophic dual number semigroup. S has infinite
number of zero divisor, all elements in S are such that they are
nilpotent elements of order two.

Infact S is a zero square semigroup. Every set with zero

MOD zero | (% in S finite or infinite is an ideal.

These semigroups have several such special properties. S is
not a S-semigroup.

Example 2.66: Let S = {([0, 11)g);, g* = 0, x} be the MOD
natural neutrosophic dual number semigroup.

S is a zero square semigroup.
Every subset of S with 0 and I are ideals of S.
In view of this we have the following theorem.

THEOREM 2.12: Let S = {([0, n)g); §° = 0, x} be the MOD
neutrosophic dual number interval semigroup.

i S is never a S-semigroup.

il S is a zero square semigroup.

iii. ~ Every proper subset with 0 and 1§ are always
ideals.

iv. S has subsemigroups both of finite and infinite
order.

v. S has ideals of both finite and infinite order.
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Proof is direct and hence left as an exercise to the reader.

Now we give semigroups of MOD neutrosophic dual number
semigroups got from the set

P= {<[O’ n) U g>1’ X}.
Clearly M = {{[0, 3) U g)1, X}

= {[0, 3), [0, 3)g, [0, 3) + [0, 3)g, I¢, Iﬁg, I‘ng where x, y
€ [0, 3); t,s € [0, 3) and t + sg is either a zero divisor or an
idempotent or a pseudo zero divisor; X} is a MOD neutrosophic
dual number semigroup of infinite order.

S = {{[0, 3)g), X} < M. Thus M has higher cardinality.
Clearly M is not a zero square semigroup.

First we will provide examples of them.

Example 2.67: 1et S = {{[0, 8) U g), X} be the MOD
neutrosophic dual number semigroup.

S = {[Oa S)a [Oa S)g’ I

nilpotent or a zero divisor or a pseudo zero divisor or an
idempotent, g* =0, x}.

x € [0, 8), I¢ with s + tg a

g .

Xxg s+tg

S is not a zero square semigroup as
B+52)x(2+3g)=6+10g + 9g (mod 8)
=6+3g=0.

Thus in general S is not a zero square semigroup. S has zero
divisors and units; for o0 = 1 + 4g is such that o’ =1.

Study of the substructure is an interesting task.
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Consider P, = {[0, 8), X} is subsemigroup of S which is not
an ideal.

P, = {[0, 8)g, x} is a subsemigroup which is a zero square
subsemigroup.

P; =7Zg < S is a finite subsemigroup of S.

Py = Zgg < S is a finite subsemigroup of S such that
P, x P, = {0} so is a zero square subsemigroup of S.

Several other interesting properties of S can be derived.

Example 2.68: Let S = {([0, 13)g), g® = 0, x} be the MOD
neutrosophic dual number semigroup.

This S also has zero square subsemigroups of both finite
and infinite order.

However S is not a zero square subsemigroup.

P, = {[0, 13)g, X} is a zero square subsemigroup of S as
P1 X Pl = {0}

P, = {Z;g| g’ =0, x} is again a zero square subsemigroup
of S as P, x P, = {0}.

Clearly S is a S-semigroup as {Z;3 \ {0}, X} is a group of
order 12.

P;={(Zz U g | g =0, x} is only a subsemigroup of S
which is not a zero square subsemigroup but P; is a S-

subsemigroup of S.

P, = {([0, 13) U g) | g =0, x} is a subsemigroup of S which
is a S-subsemigroup of S but is not a zero square subsemigroup.

In view of all these we have the following theorem.
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THEOREM 2.13: Let S = {([0, n) Ug), & = 0, X} is a natural
neutrosophic dual number semigroup.

i. SisaS-semigroup if and only if Z, is a S-semigroup.

ii. Sisnot azero square semigroup.

iii. S has subsemigroup of finite order which is a zero
square subsemigroup.

iv. S has subsemigroups of infinite order which is a zero
square subsemigroup.

v. S has nilpotent elements of order two.

vi. S has zero divisors other than nilpotents of order two.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe the notion of MOD
neutrosophic dual number semigroup under product got by
defining product on S = {{{[0, n)g);, +)}.

We will illustrate this situation by some examples.

Example 2.69: Let
S = ([0, 6)2, +), x} = {[0, 6)g, I, £, s x € [0, 6), L, ,

Z IS, . is such that it a pseudo idempotent a, b € [0, 6)} is a

MOD neutrosophic dual number semigroup. S is a S-semigroup
as Zg is a S-semigroup.

S has infinite number of MOD neutrosophic elements some
of which are MOD neutrosophic zero divisors and some are MOD
neutrosophic idempotents and some of them are MOD
neutrosophic pseudo zero divisors.

This semigroup is different than the earlier MOD
neutrosophic dual number semigroups.
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Example 2.70: Let S = {{[0, 10)g, +), X} be the MOD
neutrosophic dual number semigroup.

t

S={[0,10)g, I§, I, D I8 :t=2,3,4,.. 00, x}isa

mg
i=0

semigroup. Every element is nilpotent of order two.

So S is a zero square semigroup and not a S-semigroup

_ (1¢ g g
X = (IO.Sg + I7.3g + I6.332g) and

T g _ e
y= I9‘33lg + IoA33s9g € S.xxXy=1§

is a MOD neutrosophic zero divisor.

In view of this we have the following theorem.

THEOREM 2.14: Let S = {([0, n)g, +), & = 0, X} be the MOD
neutrosophic dual number semigroup.

i. Sisazero square semigroup.

ii. SisnotaS-semigroup.

ii. P={(0, g), +} S is a subsemigroup of infinite order
which is also an ideal of S.

iv. S has subsemigroups P of finite order which are ideals

provided 0 and I} are in P.

Proof is direct and hence left as an exercise to the reader.

Example 2.71: Let S = {{{[0, 8) U g), +)1, X, g’ = g} be the MOD
neutrosophic dual number semigroup.



94 | Natural Neutrosophic Numbers and MOD Neutrosophic...

Clearly S is not a zero square semigroup. S has
subsemigroups which are not ideals. S has subsemigroups of
finite order which are not ideals.

Thus o= (I2;, +I2

75 T Igg) and

B= (I, +I5, +3) e S.axP=I.

So every pair does not in general contribute to zero divisor.

However P, = {[0, 8), x} is a subsemigroup of infinite order
which is not an ideal.

P, = {[0, 8)g, x} is a subsemigroup of infinite order which
is not an ideal by P, x P, = 0.

P; = {Zs, X} is a subsemigroup of finite order.
P, = {Zgg, X} is a subsemigroup of finite order.
Ps= {(Zs U g), X} is a subsemigroup of finite order.

Ps = {{(Zs U g)1, X} is a natural neutrosophic subsemigroup
of finite order.

P; = { Z, X} is also a natural neutrosophic subsemigroup of
finite order.

Py = {(Zy),, X} is also a finite natural neutrosophic

subsemigroup of finite order P; C Ps.
#

Example 2.72: Let S = {({[0, 11) U g)y, +), g =0, x} be a MOD
natural neutrosophic dual number semigroup.

S is a S-semigroup as P; = {Z,;\ {0}, X} is a group.

P, = {Z,,g, X} is a zero square subsemigroup.
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P; = {{Z; U g), X} is a subsemigroup.
P, ={[0, 11), X} is a subsemigroup of S of infinite order.

Ps = {[0, 11)g, x} is a subsemigroup of S of infinite order
which is a zero square subsemigroup.

P = {{[0, 11) U g), X} is a subsemigroup of infinite order.

P; = {{[0, 11);, X)} is a MOD neutrosophic subsemigroup of
infinite order.

Py = {(Z,,), X} is a natural neutrosophic subsemigroup.
Py = {{Z;; U g)1, X} is a natural neutrosophic subsemigroup.
Py = {Z;,g X} is a natural neutrosophic subsemigroup.

P11 = {{[0, 11)g){} is a MOD neutrosophic subsemigroup.

Thus these MOD neutrosophic semigroups has special
features very much different from other semigroups.

Example 2.73: Let S = {{{[0, 18) U g)i, +), X} be the MOD
natural neutrosophic dual number semigroup. S is of infinite
order.

S has infinite number of zero divisors and MOD
neutrosophic zero divisors.

S has finite subsemigroups as well as infinite
subsemigroups. S is a S-semigroup if and only if Z, is a S-
semigroup.

THEOREM 2.15: Let S = {((]0, n) U g}, +), X} be the MOD
neutrosophic dual number semigroup. The following are true.
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i S is a S-semigroup if and only if Z, is a S-

semigroup.

ii. S has finite order subsemigroups.

iii. S has infinite number of zero divisors and nilpotents
of order two.

iv. S has infinite number of MOD neutrosophic zero
divisors and MOD neutrosophic nilpotents of order
two.

V. S has infinite order subsemigroup.

Proof is direct and hence left as an exercise to the reader.

Next the notion of MOD natural neutrosophic semirings are
analysed.

We will illustrate this by an example.

Example 2.74: Let S = {{[0, n) U g);, +, X} be the MOD natural
neutrosophic dual number semiring.

We can define P = {{[0, n)g);, +, X} be the MOD natural
neutrosophic dual number semiring.

Both S and P are semirings. Infact P < S is a subsemiring.
We will develop this through examples.

Example 2.75: Let S = {([0, 20)g);, g* = 0, +, x} be a MOD
neutrosophic dual number semiring.

g g

Ilgg, I19g eS

g g — I8
I18g X Ilgg =1I5.

Thus S has MOD neutrosophic dual number zero divisors.
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ExIE=If is a MOD neutrosophic dual number
idempotents.

Infact this semiring is a zero square semiring. Every
additive subsemigroup P or subsemiring P is a zero square

semiring provided P contains 0 and I} is an ideal.

Thus every subsemiring is an ideal.

Example 2.76: Let S = {{[0, 23)g);, +, X, g = 0} be the MOD
natural neutrosophic dual number semiring.

S is not a S-semiring. Every subsemiring which contains I
is an ideal for every subsemiring contains 0.

Example 2.77: Let S = {{[0, 42)g), g2 =0, +, X} be the MOD
natural neutrosophic dual number semiring. This semiring is not
a S-semiring.

Zyg is a subsemiring but is not an ideal. If P = (Zp,g U 1§)
then P is an ideal.

In view of this the following theorem is proved.

THEOREM 2.16: Let S = {([0, n)g), g§° = 0, +, X} be the MOD
natural neutrosophic dual number semiring.

I S is not a S-semiring.
il S is a zero square semiring.

iii. ~ Every subsemiring P is an ideal of S'if 1§ is in P.

Proof is direct and hence left as an exercise to the reader.

Next we describe the MOD natural neutrosophic dual
number semiring which are not zero square semiring.
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Example 2.78: Let S = {([0, 12) U g);, g = 0, +, X} be the MOD
natural neutrosophic dual number semiring.

S is not a zero square semiring as X = 10.32 in S is such that
x X x=x"#0.So S in general is not a zero square semiring.

Letx=15 andy = [,

xxy= [, # If. Thus S is not a zero square semiring. S has

subsemirings which are not ideals. For Z;, is a subsemiring
which is not an ideal.

Likewise (Z;, U g) is a subsemiring of S which is not an
ideal.

S has zero divisors MOD neutrosophic zero divisors, S has
idempotents as well as MOD neutrosophic idempotents and S has
nilpotents as well as MOD neutrosophic nilpotents.

For 3 x 8 =0and I§f x I§ =I5, I}, x I§, = I,
I, x I§, = I§, 2g x 11g = 0 this accounts for some zero

divisors in S.

Let Ig, x Ig, = I§ is a MOD neutrosophic nilpotent of order
two. I§, x I}, = [f forall x € [0, 12) thus S has infinitely many

MOD neutrosophic nilpotents of order two. 6 X 6 =0 (mod 12) is
a nilpotent in [0, 12).

Also I x I{ = I and I x I = I are both MOD
neutrosophic idempotents of S.

Clearly 4 X 4 =4 (mod 12) and 9 X 9 = 9 (mod 12) are
idempotents of [0, 12).

Next P = {[0, 12)g, +, X} is a subsemiring which is a zero
square subsemiring and is not an ideal of S.
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Let P, = {{[0, 12)g);, +, X} be the subsemiring which a zero
square subsemiring but is not an ideal of S.

P c P, both are not ideals.
+

In view of all these we have the following theorem.

THEOREM 2.17: Let S = {([0, n) U g), g° = 0, +, X} be the MOD
natural neutrosophic semiring.

i S has zero square subsemirings.

ii. S has subrings so S is a SS-semiring.

iti. SisaSSS-semiring if and only if Z, is a S-ring.

iv. S has nilpotents of order two.

V. S has MOD neutrosophic elements of order two.

vi. S has zero divisors.

vii. S has MOD neutrosophic zero divisors.

viii. S has idempotents.

ix. S has MOD neutrosophic idempotents.

X. S has both finite order subsemirings as well infinite

order subsemirings which are not ideals.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe natural neutrosophic special
quasi dual number sets and properties enjoyed by them with
additional operations on defined on this set.

Example 2.79: Let
S={Z,hh=h0 I, ', I, .. I} } be a natural
neutrosophic special dual like number set.
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Example 2.80: Let
S={Z,hh=h T, 1!, L, ..., I, 0, h, 2h, 3h, ... 18h} be

2h >
the natural neutrosophic special dual like number set.

We can define the two basic operations + and X on S.

We will first illustrate this by some examples before the
properties enjoyed by them are enumerated.

Example 2.81: LetS = { Zi;h,h*=h, 0, 1h, 2h, ..., 14h, I, T,
L., Ib, ..., I, , X} be the natural neutrosophic special dual
like number semigroup.

Clearly 5h x 3h = 0, 10h x 10h = 10h are zero divisors.
I x I =1 and

I, X I!, =1} are neutrosophic zero divisors.

Igh X Igh = I?()h Il;h X Il;h = I:
X, =1, o 1
Il71h X Il71h = IZh I:l()h X 1111011 = 1111011 !

It is easily verified I and II are natural neutrosophic
idempotents.

P, =Z,;sh c S is a subsemigroup of S and is not an ideal of
S.

P, = {0, 3h, 6h, 9h, 12h} < S is also a subsemigroup of S
which is not an ideal.
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P,={0, 15,10, 1o, I,,, It } S is again an ideal of S

as 3h x I' = I} for the product of any element which is not a

neutrosophic element has no effect on that neutrosophic element
and the neutrosophic element remain the same.

Example 2.82: Let M = {Z;h | b = h, x} be the natural
neutrosophic special dual like number semigroup.

714, Zosh are subsemigroups which are not ideals.

12h x 4h =0, 12h x 6h =0, 12h x 12h =0, 7h x 7h = h, 3h
x 8h =0, 4h x 12h = 0 and so on can contribute to zero divisors.

h h o _ h h b th
Lion X Iy, =15 I, xIg, =1, and

I, x Iy, =1} are neutrosophic zero divisors.
I, x I, =T is a neutrosophic idempotent.
I, X Igy, =Ty Lon X Iy =1
IZh X Igh = Ig Irzh X 1111211 = Ig

is a neutrosophic nilpotent.

Now we have the following which behaves differently from
the above two examples.

Example 2.83: Let S = { Z\h, x} = {0, h, 2h, 3h, 4h, 5h, 6h, 1",
L, B, I, I, Ii, I, x} be the natural neutrosophic

special dual like number semigroup.

Clearly this semigroup has no zero divisors and no
neutrosophic zero divisors. This has only two subsemigroups
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P, = {0, h, 2h, 3h, 4h, 5h, 6h} and

Pp,={L, I}, 05 ,0L. I, I

h
2h> “3h > “4h° 5h’16h}‘

In view of all these we have the following theorem.

THEOREM 2.18: Let S = {Z'h, h* = h, x} = {0, h, 2h, ...,
(m—Dh, 1}, 1}, 1), ..., I(’;_Uh, X} be the natural neutrosophic

special dual like number semigroup.

i. S has zero divisors and neutrosophic zero divisors if
and only if n is not a prime.

ii. S has more than two subsemigroups if and only if n
is not a prime.

iii. S has nilpotents of order two and neutrosophic
nilpotents of order two if and only if n is not a
prime.

iv. S has idempotents other than h if and only if n is not

a prime.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe neutrosophic special dual
like number semigroup using Z, h.

Example 2.84: Let S = {(Zg U hy, X} = {0, 1, 2, 3,4, 5, h, 2h,
3h,4h,5h, 1 +h,2+h, 3+h,4+h 5+h 1 +2h,2+2h,3+
2h,4+2h,5+2h, 1+3h,2+3h3+3h,4+3h5+3h 1+
4h,2 +4h, 3 +4h, 4 +4h, 5 +4h, 1 + 5h, 2 + 5h, 3 + 5h, 4 + 5h,

h h h h h h h h h h h
5 +5h’ IO’ Ih’ IZh’ I3h’ I4h’ ISh’ IZ’ I3’ I2+2h’I3+3h’I4+4h’
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h h h h h : :
L Livons Bans Lsns Ly sp s --v5 X} 18 @ semigroup of natural

neutrosophic special dual like number.

Clearly S has zero divisors, neutrosophic zero divisors,
idempotents, neutrosophic idempotents.

S has subsemigroups which are not ideals. 2h x 3h =0, 2 X
3h=0,3%x4=0,3hx4=0,4hx3=0,2hx 3 =0and so on.

4x4=4,3x3=3,4hx4h=4h,3hx3h=0,hxh=h,

Ix =0, xI) =1,

h h _ th
o Ly X Ly =1

4h o

=1

h
x 1 1+3h>

Ih
1+3h 1+3h

=1

h
x 1 1+5h>

h
I 1+5h

1+5h

h h _ th h h _ th h h _ th
I3hXI4_IO’I4hXI3_IO’I3+3hXI4h_IO‘

So has zero divisors and neutrosophic zero divisors. Zg is a
subsemigroup of S. (Zs U h) is again a subsemigroup of S. Zj is
a natural neutrosophic subsemigroup of S.

Z¢h is also a subsemigroup of S. ZI6h is a neutrosophic
subsemigroup of S. None of these are ideals of S.

Example 2.85: Let S = {{Zs U h);, x} = {0, 1, 2, 3, 4, h, 2h, 3h,
4h,1+h,1+2h,3h+1,1+4h,2+h,2+2h,2+3h,2+4h,3

+h,3+2h,3+3h,3+4h,4+h,4+2h,4+ 3h,4+4h, Ig,

h h h h
00 LD LS LR

Finding zero divisors other than those

1+4hxh=0,4+hxh=0,2+3hxh=0,
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2h+3xh=0,1+4hx2h=0,1+4hx3h=0,
1+4hx4h=0,h+4%x2h=0,h+4x3h=0,
h+4%x4h=0,2+3hx2h=0,3+2hx2h=0,

2+3hx3h=0,3+2hx3h=0,2+3hx4h=0,

3 +2h x 4h =0 are zero divisors of S. I, ., I}, ., I} .,
and I, , multiplied by I},I},, I) and I}, lead to

neutrosophic zero divisors. Zs \ {0} is a group so S is S-
semigroup.

Example 2.86: Let S = {(Z;, Uh), h>=h, x} ={0, 1,2, ..., 11,
h, 2h,3h,...,11h, 1 +h,2+h, ..., 11 +h,2+2h, 1 +2h, ..., 2h
+11, .., 11+ 110 1), B, 1, B, 10,1, 1, I),IL,L,, ...,

h h h h h h h h
Illh ’ IZ+2h ’ I4+4h > e IlO+10h’ Il+llh’ IZ+10h’ I3-+—9h’ cee I6+6h ’
...} be the natural neutrosophic special dual like number
semigroup.

S has zero divisors, idempotents and nilpotents of order two
as well as neutrosophic zero divisor, neutrosophic idempotents
and neutrosophic nilpotents of order two. S has subsemigroups
and ideals.

We prove the following theorem.

THEOREM 2.19: Let S = {(Z, U h), h° = h, x} be the natural
neutrosophic special dual like number semigroup.

i S is a S-semigroup if and only if Z, is a S-
semigroup.

ii. S has zero divisors and neutrosophic zero
divisors even if n is a prime.

iii. S  has idempotents and neutrosophic
idempotents.

iv. S has subsemigroups which are not ideals.



MOD Natural Neutrosophic Elements | 105

Proof is direct and hence left as an exercise to the reader.
Next we describe the operation of ‘+’ addition on S.

Example 2.87: Let

S={Zih, +} =10, 1h, 2h, 3h,4h, 5h, I}, ', L, , I, , I}, , I,
h+ 10,20+ 10, ..,3h+ ) + I} + I, + 1, + 15, + I8, ...,
+} be the natural neutrosophic special dual like number a

semigroup. S is semigroup.

I + 1 =1, 1, + I, = I, so this is only an
idempotent.

{Zsh, +} is a group so S is a S-semigroup.

Example 2.88: Let S = {Z{9 h, +} be the natural neutrosophic
special dual like number semigroup. S is a S-semigroup.

S has subsemigroups. S has idempotents.

In view of this we have the following theorem.

THEOREM 2.20: Let S = {Z'h [ W’ = h, +) be the natural
neutrosophic special dual like number semigroup.

i. S is a S-semigroup.

ii. S has neutrosophic idempotents.
iii. S has subsemigroups.

Proof is direct and hence left as an exercise to the reader.

Next we describe (Z, U h); under addition by some
examples.
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Example 2.89: Let S = {(Zy U h);, h* = h, +} be the natural
neutrosophic special dual like number semigroup.

S has subgroups given by Z, and (Zo U h) so S is a
S-semigroup both Zy and (Zy L h) subgroups of S under +.

Ip, 5, I, 1!, I?, are some of the idempotents in S;

for ) + I =10, I}, + I}, = 1!, and so on.

Example 2.90: Let S = {(Z,; U h);, h* = h, +} be the natural
neutrosophic special dual like number semigroup.

S is a S-semigroup.
Ip + 1) =15 + 1} =1} and so on.
In view of this we have the following theorem.

THEOREM 2.21: Let S = {(Z, U h), I’ = h, +} be the natural
neutrosophic special dual like number semigroup.

i. SisaS-semigroup.
ii. S has several additive idempotents.
iii. S has subsemigroups if Z,, has proper

subsemigroups which are not groups.

Proof is direct and hence left as an exercise to the reader.

Next we study { Zi h} and {{Z, U h);} under + and Xx.

We will illustrate this situation by some examples.
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Example 2.91: Let S = { Ziz h, h*>=h, +, x} be the neutrosophic
special dual like number semiring. S has zero divisors,
idempotents and nilpotents of order two.

S has also neutrosophic special dual like zero divisors,
idempotents and nilpotents of order two.

3hx4h=0,3 x4h =0, 6 X 6h = 0 are zero divisors.
6h x 4 =0, 6h X 6h =0, 6 x 6 = 0 nilpotent of order two.
4x4=4,9x9=09 are idempotents.

I x I =1, I}, x I!, = I is the neutrosophic nilpotent

elements of order two.

h h _ th h h _ th h h _ th
I, x L, =1, L, x I =1;, I, xI, = I, are some

neutrosophic zero divisors of S.

Finally I} x I} =1}, I} x I =1y, I}, x I}, = I}, and

I, x I}, =13, are neutrosophic idempotents of S.

Every subset with I} and 0 is not a subsemiring.

Clearly S is SS-semiring as Z;, is a subring.

S is
SSS-semiring as P = {0, 4, 8} is a field. S has subsemirings
which are not ideals.

Example 2.92: Let S = { Z{Q h, h> = h, + and X} be the natural
neutrosophic semiring.

S is SSS-semiring as well as SS-semiring.

Further 15 +4hxh =0,
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3+ 16hxh=0,
10 + 9h X S5h = 0 are zero divisors of S.

h x h = h is an idempotent I! x I} = I is a neutrosophic

idempotent and I}, ,, x It =17,

I1s X Igy = I§ and so on are neutrosophic zero divisors

and idempotents of S.

In view of this we prove the following theorem.

THEOREM 2.22: Let S = {Z,fh /W = h, + X} be the natural
neutrosophic semiring.

i S is a SS-semiring.

ii. SisaSSS-semiring if and only if Z, is a S-ring.

iti. S has zero divisors as well as neutrosophic zero
divisors.

iv. S has idempotents and neutrosophic idempotents.

V. S has neutrosophic nilpotents if and only if Z, has
nilpotents of order two.

Proof is direct and hence left as an exercise to the reader.
Next we illustrate this situation by some examples.

Example 2.93: Let S = {(Zy4 U h);, h> = h, +, x} be the natural
neutrosophic semiring.

S is a SS-semiring as Zy, is a ring under + and X. S is a SSS-
semiring as Z,4 is a S-ring.
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S has zero divisors and neutrosophic zero divisors. S has
idempotents as well as neutrosophic idempotents.

S has nilpotents of order two as well as neutrosophic
nilpotents of order two.

h h _ th h h _ th
IIZXIlz_IO’IIZXIIZ_IO’
h h _ th h h _ th
L, xI, =1, I, xIT =1

are some neutrosophic nilpotents and neutrosophic zero
divisors.

Example 2.94: Let S = {(Z; U h),, h* =h, +, X} be the natural
neutrosophic semiring. S has zero divisors and idempotents.

S is a SSS-semiring as Z,; is a field and a SS-semiring as
(Z13 U h) is aring.

h h _ th
L X1 = 1§ and

I:’MH 7 X IZh = Ig are neutrosophic zero divisors.

6h+7x4h=0and (12+h)xh=0.

THEOREM 2.23: Let S = {(Z, Uh), h* = h, +, x} be the natural
neutrosophic semiring.

i. SisaSS-semiring.

ii. SisaSSS-semiring if and only if Z, is a S-ring.

iii. S has zero divisors as well as neutrosophic zero
divisors.

iv. S has idempotents as well as neutrosophic idempotents.

Proof is direct and hence left as an exercise to the reader.
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Next we proceed onto develop MOD neutrosophic special
dual like number sets and the algebraic structures which can be
defined on them.

Example 2.95: Let S = {'[0, 3)h, h* = h} be the MOD
neutrosophic special dual like number set.

S = {ah, I:h; ah € [0, 3)h}. S is of infinite cardinality.

Example 2.96: Let P = {'[0, 12)h | h* = h} be the natural
neutrosophic special dual like number set.

Example 2.97: let B = {I[O, 14)h, h? = h} be the natural
neutrosophic special dual like number set.

We can define operations + and X on P.
We will illustrate the product operation on this set.

Example 2.98: Let S = {'[0, 10)h, h* = h, x} be the MOD
neutrosophic special dual like number semigroup.

0(S) = oo. S has zero divisors and MOD neutrosophic zero
divisors.

I, x Il =1 is a MOD zero divisor. If, x I, = I isa
MOD idempotent.

I: X I: = I:, Ig’h X Iks‘h = Ig and so on.

Clearly this semigroup has no nilpotents.

Infact 1}, X1, =10, ; this is the way product operation

is performed on MOD neutrosophic numbers.
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Example 2.99: Let

S = {1[0, 1Dh, X, h* = h} be the MOD natural neutrosophic
special dual like number semigroup.

S is not a S-semigroup. S has zero divisors and MOD natural
neutrosophic zero divisors.

h h _ th h
Ly <L, =1 L5,

h _ th
0 xI,, =1

0>

h h _ th
I2.75h X I4 - Io

and so on are some of the MOD neutrosophic zero divisors of S.

Now we can prove the following theorem.

THEOREM 2.24: Let S = {'[0, n)h | W* = h, x} be the MOD
natural neutrosophic special dual like number semigroup.

i. S has zero divisors and MOD neutrosophic zero divisors
which are infinite in number.
ii. S has nilpotents if Z, has nilpotents.

iii. S has idempotents and MOD neutrosophic idempotents.

Proof is simple and direct hence left as an exercise to the
reader.

Next sum on '[0, n)h is defined and their properties are
analysed.

Example 2.100: Let S = {'[0, 6)h, h*> = h, +} be the MOD
neutrosophic special dual like number semigroup.

S is of infinite order.

S has idempotents for I', + I, = I for every ah € [0, 6)h.
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Clearly S is a S-semigroup as {Zgh, +} is a group under +.

Example 2.101: Let S = {'[0, 19)h; h* = h, +} be the MOD
neutrosophic special dual like number semigroup.

S is a S-semigroup. S is of infinite order and has infinite
number of MOD neutrosophic idempotents;

like I', + I, = I}, for all ah € [0, 19)h.

In view of this we have the following theorem.
THEOREM 2.25: Let S = {'[On)h, I’ = h, +} be the MOD
neutrosophic special dual like number semigroup. Then the

following are true.

i. SisaS-semigroup.

ii. S has infinite number of idempotents.

Next we proceed onto study the notion of semigroup built
using S = {1[0, n)h, +}.

Example 2.102: Let

S={[0,6)h,+}={[0,6)h, > I,

ah e [0, 6)

this summation runs over 2 elements, 3 elements so on upto
infinite number of terms, +} X} be a MOD neutrosophic special
dual like number semigroup.

Example 2.103: Let S = {'[0, 28)h, h”> = h, +}, x} be a MOD
neutrosophic special dual like number semigroup.

S is of infinite order. S has infinite number of zero divisors
and MOD neutrosophic zero divisors.

In view of this we have the following theorem.
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THEOREM 2.26: Let S = {/[On)h, i* = h, +}, x} be the MOD
neutrosophic special dual like number semigroup.

i. SisaS-semigroup if and only if Z, is a S-semigroup.
ii. S is of infinite order.

iti. S has infinite number MOD neutrosophic numbers.

Proof follows directly from the definition.
Example 2.104: Let

S = {(I[O, n)h, h* = h, +), X} be the MOD neutrosophic special
dual like semigroup.

S is of infinite order and S has infinite number of MOD
neutrosophic number.

Next we proceed onto describe MOD neutrosophic semiring
S = {'[0, n)h, h® = h, +, x}.

S is an infinite semiring which has infinite number of MOD
neutrosophic elements.

Example 2.105: Let S = {'[0, 12)h, h” = h, +, x} be the MOD
natural neutrosophic special quasi dual number semiring.

S has zero divisor. S is a SS-semiring as Z;;h < S is a ring.
As P = {0, 4h, 8h} < Sis a field so S is a SSS-semiring.

S has several MOD neutrosophic zero divisors.
h h _ th th h _ th +h h _ th
I, xIy,, =1, I, x I =1, I, x I, =1, and so on.

In view of all these we have the following theorem.
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THEOREM 2.27: Let S = {'[0, n)h, + X} be the MOD
neutrosophic special dual like number semiring.

i. SisaSS-semiring.

ii. SisaSSS-semiring iff Z,h is a S-ring.

iii. S has zero divisors and MOD neutrosophic zero
divisors.

iv. S has idempotents and MOD neutrosophic

idempotents.

The proof is direct and hence left as an exercise to the
reader.

Next we study the semigroup built using ([0, n) U h),
h*=h.

Example 2.106: Let
S = {{[0, 10) U hy;, h* = h} be the MOD neutrosophic special
dual like number set.

Example 2.107: Let
S = {([0, 15) U h);, h* = h} be the MOD neutrosophic special
dual like number set.

These sets are of infinite cardinality.

Example 2.108: Let
S = {{[0, 14) U h, h® = h, X} be the MOD natural neutrosophic
special dual like number semigroup.

0(S) =00, 7x2h=0,7hx4h=0,7x8=0,7h x2=0.
Thus S has zero divisors. I}, x I}, = I, I} x I} = I} isa
MOD neutrosophic idempotent.

Il x I' = I} is a MOD zero divisor. S has subsemigroups
which are not ideals.
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Example 2.109: Let
S = {<[07 11) U h>17 h2 = h7 X}
be the MOD neutrosophic special dual like number semigroup.

S has idempotents and zero divisor as well as neutrosophic
idempotents as well as zero divisors.

5.5hx2=0,55%x2=0,

5.5%x2h=0,55hx2h=0,
275%x4=0,2.75%x4h=0,2.75hx4=0,2.75x8 =0,

2.75hx4h=0,2.75x8h =0.

Further

h h  _ th h h _ th
IZ XISS _IO’IZJSXIS _IO’

h h _ th th h  _ th
Ly, xLs=1, L xL,=1

are some of the neutrosophic zero divisor.

Z,, is a subsemigroup. Z;; \ {0} is a group so S is a S-
semigroup.

In view of all these we have the following theorem.

THEOREM 2.28: Let S = {([0, n) U h), > = h, x} be the MOD
neutrosophic special dual like semigroup.

i. SisaS-semigroup if and only ifZ,is a
S-semigroup.
ii. S has idempotents and MOD neutrosophic

idempotents.
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iti. S has zero divisors and MOD neutrosophic zero

divisors.

The proof is direct and hence left as an exercise to the
reader.

Next we proceed onto describe + operation on
S = {([0, n) U hY, h* =h}.
Example 2.110: Let
S = {([0, 18) U h), h* =h, X, +}
be the MOD neutrosophic special dual like semigroup.
S has MOD neutrosophic idempotents for

=1

h h
IOA9h +1 09h *

09h
LetIj, x b =, I} xI =0, I, x L, =1} .
Example 2.111: Let
V = {([0, 13) U h), h* = h, X, +}
be the MOD neutrosophic special dual like number semigroup.
Ih

h
6.5h + I6A5h

=1

h h _ th

6.5h * 1645 X IZ - IO

this V has pseudo MOD neutrosophic zero divisors also
Goow X Ty =I5, Ty X Ty = T

10 + 3h

and so on are all MOD neutrosophic zero divisors.
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h . . . . e
I, X I!, =17 is again a MOD neutrosophic zero divisor.

Example 2.112: Let
M = {([0, 12) U hy;, h* = h, X, +}
be the MOD neutrosophic special dual like semiring.

L+ =0, LxL=1,LxIL =1, xL =0

h h _ th
andsoon. I, x I, =I, .

THEOREM 2.29: Let S = {([0, n) Uh), I’ = h, +} be the MOD
neutrosophic special dual like semigroup.

i. oS)=ce
ii. SisS-semigroup.
iii. S has no idempotents but has only MOD neutrosophic

idempotents.

Proof follows from simple techniques.

However if both + and X is defined then S = {{[0, n) U h)y,
h’> = h, +, x} is the MOD neutrosophic special dual like semiring.

We will illustrate this situation by some examples.
Example 2.113: Let
S = {([0, 20) U hy, h* =h, X, +}
be the MOD neutrosophic special dual like number semiring. S is

SSS-semiring as P = {0, 4, 8, 12, 16} < S is a field with 16 as
the multiplicative identity.
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The table for + and X are as follows:

+ 0 4 8 12 16
0 0 4 12 16
4 4 8 2 16

8 8 12 6 0 4
12 12 16 4 8
16 16 0 4 8 12

P is a group under +.

16 | 16 12 8
12 | 12 4 16

[e A NN

N
N
o]
—
N
— | —
(@291 \S]

is a group.

Thus P is a field. So S is SSS-semiring. M = Z,, is a ring so
S is a SS-semiring.

S has idempotents, MOD neutrosophic idempotents and zero
divisors.

Example 2.114: Let
S = {([0, 12) U h), h* = h, +, x}
be the MOD neutrosophic special dual like number semiring.

P={0, 4,8} c Sisafield. So S is a SSS-semiring. S is also
a SS-semiring.

All interesting and special elements in S can be obtained.
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For I x I', = 1§, Ih, x It = 1",
I}, x I! =1 and so on.

LxL=01,IxL=10.

Thus S has MOD neutrosophic zero divisors, nilpotents and
idempotents.

In view of all these the following result is true.

THEOREM 2.30: Let S = {([0, n) Uh), h° = h, +, X} be the MOD
neutrosophic special dual like semigroup.

i. SisaSS-semiring.

ii. SisaSSS-semiring if and only if Z, is a S-ring.

iti. S has infinite number of MOD neutrosophic zero
divisors and zero divisors.

iv. S has MOD neutrosophic idempotents.

v. S has subsemiring of both finite and infinite order.

Proof is direct and hence left as an exercise to the reader.
Next we can now study the notion of natural neutrosophic
special quasi dual numbers and MOD natural neutrosophic

special quasi dual number.

We first give one or two examples.

Example 2.115: Let S = {Z, k, kK’ = 9k} be the natural
neutrosophic special quasi dual number set.

S={Zpk, I}, I§, I, ..., I§, , 15, I, I, 1§, 1% ).
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Example 2.116: Let
P={Zk kK =6k} ={0,k, 2k, ..., 6k, I}, I{, I, ..., I§, } is
the natural neutrosophic special quasi dual number set.

On S = { Z' k, k* = n — 1} we can define both the operation

+ and X.

S under + is a natural neutrosophic special quasi dual
number semigroup.

S under X is a natural neutrosophic special quasi dual
number semigroup.

We just enumerate a few of the properties associated with
them.

Example 2.117: Let S = {Z,,k, k¥’ = 11k, x} is the natural
neutrosophic special quasi dual like number semigroup.

S has zero divisors and neutrosophic zero divisors.
I, xI, =1, I, xI, =15,
I, XI5, = and so on.
3k x4k =0 3k x 3k =3k
4k x 4k = 8k 6k x 6k =0
Skx5k=11k 2k x 2k = 8k and
8k x 8k = 8k.

Thus 3k and 8k are idempotents and I§ xI§ =I5 and

I, x If, =I§, are neutrosophic idempotents of S.
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I xI§, =I5, If, xI, =1 are neutrosophic zero divisor.

Now we can define on S = { Zfl k, k> = (n - Dk, +} the plus
operation S under + operation is only a semigroup known as the
natural neutrosophic special quasi dual number semigroup.

This will be illustrated just by an example.

Example 2.118: Let S = {Z;;k, kK’ = 14k, +} be the natural
neutrosophic special quasi dual number semigroup.

k k _ 7k k k _ 71k _ Tk k k
I7k + I7k - I7k’ I3k + I3k - I3k’ X= IZk + I4k + ISk

is the same it cannot be further reduced. Thus S has
idempotents.

These examples provide a nice collection of finite
semigroup under + which has idempotents.

Next the semigroup using the set S = {{Z, U k),
k> =(n- Dk}.

S under X is a semigroup. S under + is a semigroup.
We will illustrate this by examples.

Example 2.119: Let S = {{(Z1y U k)1, K* = 9k, x} be the natural
neutrosophic semigroup.

5k x 3k = 5k, 5k x 5k = 5k is an idempotent and so on.

(3 + 4Kk)2k = 6k + 8 x 9k
=8k

(2 +8k)k =2k +8x9k
= 4k
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(2+7k)k =2k+ 63k
= 5k and so on.

I}, x If, =I5 is a neutrosophic idempotent of S.

I, X Iy, 4, =1 is a neutrosophic zero divisors.

Thus S has both zero divisors and neutrosophic zero
divisors.

Example 2.120: 1et S = {(Z;, U k), +} be the natural
neutrosophic special quasi dual semigroup.

k kK _ 7k
I6k + I6k - I(yk

k k

I, + I is the same.

Iox I =15, I xIs =15 .

Example 2.121: Let S = {(Z; U k);, kK* = 6k, X} be the natural
neutrosophic special quasi dual number semigroup.

I} xI5, =1 and so on.
k Kk _ 7k 1k k _ 1k
Ly xL, =1, L xI; =1

6k

Ik

kK _yk 1k S G k _ 7k
(6+k)XI2k_I s <L =11 XI, =1j.

3k 1.75k

Thus S has neutrosophic zero divisors.

I}, X I¥, =1¥ is aneutrosophic idempotent
ok <tk = Lok p p .

Example 2.122: 1let S = {(Zs U k), +} be the natural
neutrosophic special quasi dual number semigroup.



MOD Natural Neutrosophic Elements | 123

I¥ + 1§ =%, I§ + I§ = x cannot be further simplified.
x=3+1§ +If, andy=4+ 15 + 1} € S.
x+y=2+1L+1 +15.

This is the way + operation is performed on S.

All properties in case of natural neutrosophic special quasi
dual number semigroups can be derived as in case of natural
neutrosophic special dual like numbers and natural neutrosophic
dual numbers.

This task is left as an exercise to the reader.

Next the concept of natural neutrosophic semirings using
the set

S={Z\k + x}and S, = {(Z, U k), K’ = (n-1)k, +, X} can
be obtained as in case of semirings of natural neutrosophic
special quasi dual numbers and natural neutrosophic special
quasi dual numbers.

However we will just illustrate this situation by some
examples.

Example 2.123: Let S = {(Z;; U k), K = 10k, X, +} be the
natural neutrosophic special quasi dual number semiring.

S is SSS-semiring. S is a SS-semiring. S has natural
neutrosophic idempotents.

Example 2.124: Let S = {(Zyy U k)i, kK> = 19k, +, x} be the
natural neutrosophic special quasi dual number semiring.

S has zero divisors and neutrosophic zero divisors. S has
idempotents and neutrosophic idempotents. S is a SSS-semiring
and SS-semiring.
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Several interesting and important results in this direction are
obtained.

Almost all results on natural neutrosophic special quasi dual
number semigroups and semirings can be derived as in case of
natural neutrosophic special dual like numbers and natural
neutrosophic dual numbers.

Next the MOD natural neutrosophic special quasi dual
numbers sets and the corresponding algebraic structures can be
derived as in case of earlier ones.

We will illustrate this situation by some examples.

Example 2.125: Let
S = {[0, 9h | h? = 8h} be the MOD special quasi dual number
set.

Example 2.126: Let
S={[0,11)h| h? = 10h} be the MOD special quasi dual number
set.

Example 2.127: Let
P = {[0, 20)h | h> = 19h, x} be the MOD special quasi dual
number semigroup. P has zero divisors and idempotents.

Example 2.128: Let
W = {[0, 19)h | h* = 18h, x} be the MOD special quasi dual
number semigroup. W has several zero divisors.

For more about these structures [21].

Example 2.129: Let
S = {'[0, 5)k, k* = 4k} be the MOD neutrosophic special quasi
dual number set.

Example 2.130: Let
W = {I[O, 24)k, K = 23k} be the MOD neutrosophic special
quasi dual number set.
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Example 2.131: Let
M = {1[0, 3)k; K = 2k, x} be the MOD neutrosophic special
quasi dual number semigroup.

M = {[0, 3)k, IZ& ak € [0, 3)k, X} be the MOD neutrosophic
special quasi dual number semigroup.

M has zero divisors, MOD neutrosophic zero divisors and
pseudo zero divisors and MOD neutrosophic pseudo zero divisor.

Example 2.132: Let P = {I[O, 12)k, K> = 11k, x} be the MOD
neutrosophic special quasi dual number semigroup.

I x5 =15 4k x 6k = 0

0
Il3(k X Iljk = Ig 3k x 8k =0 and so on.
4k x 4k = 8k 3k x 3k = 3k is an idempotent

so I§, x I§, =1k is a MOD neutrosophic idempotent.

I, xI§, =15 and 8k x 8k = 8k are MOD neutrosophic
idempotent and idempotent respectively.

Example 2.133: Let
S ={[0, 12)k | k* = 11k, +} is a MOD special quasi dual number
group of infinite order [21].

Example 2.134: Let
M = {[0, 15)k; K* = 14k, X, +} is only a pseudo MOD special
quasi dual number ring of infinite order [21].

Example 2.135: Let
M = {[0, 19)k; kK* = 18k , +, x} is also a pseudo MOD special
quasi dual number ring of infinite order.

Example 2.136: Let
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M= {I[O, 10)k, K = 9Kk, +, x} be the MOD neutrosophic special
quasi dual number pseudo semiring of infinite order.

For I x I} =1£ ; ak € [0, 10)k.

Since the distributive laws are not true. M is only a pseudo
semiring.

Example 2.137: Let
S = {I[O, 12)k, K = 9k, +, x} be the MOD neutrosophic special
quasi dual pseudo semiring which has zero divisors, MOD
pseudo zero divisors, MOD neutrosophic zero divisors and
pseudo zero divisors.

Next we proceed onto develop MOD neutrosophic special
quasi dual number sets.

Example 2.138: Let
S = {{[0, 5) U k), k* = 4k} be the MOD neutrosophic special
quasi dual number set.

Example 2.139: Let
S = {{[0, 15) U k);; k* = 14k} be the MOD neutrosophic special
quasi dual number set.

We can define the + and X operation on S and under both
these operations S is only a semigroup.

Example 2.140: Let

S = {{[0, 12) U k), k¥* = 11k, X} be the MOD neutrosophic
special quasi dual number semigroup. S has subsemigroups and
ideals.

I, x If, =I§and so on.

Example 2.141: Let S = {([0, 7) U k);, k> = 6k, +} be the MOD
neutrosophic special quasi dual number semigroup.
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{[0, 7), +} is a group but I§ xI§ =15 is only an
idempotent so S is only a semigroup. S is always a
S-semigroup.

All properties of these MOD special quasi dual number
semigroups under + or X can be developed as in case of dual
numbers or special dual like numbers.

Example 2.142: Let

S = {{[0, 18) U k), K> = 17k, +, x} be the MOD neutrosophic
special quasi dual number pseudo semiring.

Iﬁk + Iﬁk = Izk ng + ng = ng
I];k X I:k = Il(; ng x Ilz(k = Ig
are MOD neutrosophic zero divisors.
Ilgk X Ilgk =1 ng x ng = ng

0

are neutrosophic nilpotent of order two and an idempotent of
order two.

All properties can be derived in case these MOD
neutrosophic structures using special quasi dual numbers.

Next we proceed onto suggest problems some of which are
very difficult and challenging and a few are simple.

Problems

1. Obtain any special feature associated with MOD
neutrosophic elements of Ijo, .

2. Given [0, 19) find all pseudo zero divisors.

3. Let S =(Z; U g); be the natural neutrosophic set.
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What are the special features enjoyed by S?

4. Define a product operation on S in problem 3 and find the
algebraic enjoyed by (S X).

5. Let {{Z;; k), x} =8, k* = 10k be the natural neutrosophic
special quasi dual number semigroup.

i. Find all ideals of S.

ii. Find all subsemigroups of S which are not ideals.

iii. Find all neutrosophic idempotents.

iv. Find all nilpotent element of S.

v. Find all neutrosophic nilpotent elements of order two.
vi. Find all neutrosophic zero divisors.

6. Let M = {'[0, 8); X} be the MOD neutrosophic semigroup.

i. Find all ideals of M.

ii. Find all MOD neutrosophic subsemigroups which are
ideals.

iii. Find all MOD neutrosophic zero divisors.

iv. Find all MOD neutrosophic idempotents

v. Find all MOD neutrosophic pseudo zero divisors.

vi. Find all MOD neutrosophic find subsets which are not
ideals.

7. Characterize those neutrosophic semigroup S = { Zfl } which

contain the neutrosophic elements of order two for various
n.

8. Consider the MOD neutrosophic interval semigroup
S ="[0, n).

i. Find all ideals of S.

ii. Find all MOD neutrosophic zero divisors.

iii. Find the MOD neutrosophic idempotents.

iv. Find the MOD neutrosophic nilpotents of order two.

9. LetS, = {1[0, 12), x} be the MOD neutrosophic semigroup.
Study questions i to iv of problem 8 for this S;.
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10. Let S, = {1[0, 23), x} be the MOD neutrosophic semigroup.
Study questions i to iv of problem 8 for this S,.

11. Let M = {{(Z;, U g), g° = 0, x} be the neutrosophic dual
number semigroup.

i. Find all zero divisors and natural neutrosophic zero
divisors.

ii. Find all idempotents and neutrosophic idempotents.

iii. Find all ideals of M.

iv. Find all subsemigroups which are not ideals.

v. Is M a S-semigroup?

12. Let N = {(Zy U g1, g2 = 0, X} be the neutrosophic
semigroup.

Study questions i to v of problem 11 for this N.

13. Let T = {{Z;3s U 21, g2 = 0, X} be the natural neutrosophic
semigroup.

Study questions i to v of problem 11 for this T.

14. Obtain all special features associated with natural
neutrosophic dual number semigroup
S={(Z,u gy g =0,x}.

15. Let L = {(Z4, U h),, h* = h, X} be the natural neutrosophic
special dual like number semigroup.

Study questions i to v of problem 11 for this L.
16. Let M = {(Zs3 U h);, h* = h, X} be the natural neutrosophic

special dual like number semigroup.
Study questions i to v of problem 11 for this M.
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17.

18.

19.

20.

21.

Let Z = {{Z, U h)y, h* = h, x} be the natural neutrosophic
special like number semigroup.

Study all the special features enjoyed by Z for varying n; n
odd non-prime, n even and n a prime.

Let S = {(Zin; U k)i, K& = 120k, x} be the natural
neutrosophic special quasi dual number semigroup.

Study questions i to v of problem 11 for this S.

Let P = {(Zp U k), kK* = 28k, x} be the natural
neutrosophic special quasi dual number semigroup.

Study questions i to v of problem 11 for this P.

Let S = {{[0, 20) U g)y, g2 =0, +} be the MOD neutrosophic
dual number semigroup.

i. Show S is a S-semigroup.

ii. Prove S has neutrosophic idempotents.

iii. Can S have idempotents?

iv. Find all subsemigroups of S which are not ideals.
v. Can S have ideals?

vi. Can S have S-ideals?
vii. Can ideals of S be of finite order?

Let P = {(Z,s U g)1, g = 0, X} be the natural neutrosophic
dual number semigroup.

i. Prove P have neutrosophic idempotents.

ii. Can P have idempotents?

iii. Is P a S-semigroup?

iv. Find S-ideals if any in P.

v. Can P have zero space subsemigroups?

vi. Can P subsemigroups which are not ideals?
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23.

24.

25.

26.

27.
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Let W = {(Zy; U g)i, g = 0, +} be the neutrosophic dual
number semigroup.

Study questions i to vi of problem 21 for this W.

Let N = {{Z4 U h)y, h? = h, +} be the natural neutrosophic
special dual like number semigroup.

Study questions i to vi of problem 21 for this N.

Let M = {(Zy U k), k¥ = 39k; +} be the natural
neutrosophic special quasi dual number semigroup.

Study questions i to vi of problem 21 for this M.

Let V = {(Zy U k), K = 28k, +} be the natural
neutrosophic special quasi dual number semigroup.

Study questions i to vi of problem 21 for this V.

Let M = {(Zes U k), K = 63k, +} be the natural
neutrosophic special quasi dual number.

Study questions i to vi of problem 21 for this M.

Let P = {((Z;s U gy, +), g = 0, x} be the natural
neutrosophic dual number semigroup.

Study all special features associated with P.

1. Find o(P)

ii. Find ideals in P.

iii. Find neutrosophic idempotents of P.

iv. What are the special features enjoyed by elements

of the form;

15 15
e+ + I

15 15 15
+ 1 6e+o + Ligg

_ 15
x_m+I3g+I 5+ISg 3+6g

(me Zs5)in P.
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28.

29.

30.

31.

32.

Let W = {((Z,y U h), +), x, h*> = h} be the natural
neutrosophic special dual like number semigroup under X.

i. Find all properties enjoyed by W.
ii. Study questions i to iii of problem 27 for this W.

Let S = {([0, 15) U g), +), & = 0, x} be the MOD
neutrosophic dual number semigroup under product.

i. Prove S has infinite number of zero divisors.

ii. Prove S has ideals and subsemigroups which are zero
square subsemigroups.

iii. Prove or disprove S can have ideals of finite order.

iv. Obtain any other special feature associated with S.

Let M = {{[0, 23) U h);, X} be the MOD neutrosophic special
dual like number semigroup.

i. Can M have zero divisors?

ii. Can M have S-idempotents?

iii. Is M a S-semigroup?

iv. Can M have S-zero divisors?

v. Can M have ideals of finite order?

vi. Can M have S-ideals?

vii. Find S-subsemigroups of finite order.

viii.Prove the number of MOD neutrosophic elements in M
is infinite.

ix. Can M have S-MOD neutrosophic zero divisors?

x. Can M have MOD neutrosophic idempotents?

Let V = {([0, 45) U k); kK® = 44k, x} be the MOD
neutrosophic special quasi dual number semigroup.

Study questions i to x of problem 30 for this V.

Let W = {([0, 14) U g}, +), & = 0, x} be the MOD
neutrosophic dual number semigroup.
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34.

35.

36.

37.

38.
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Study questions i to x of problem 30 for this W.

Let Y = {(([0, 29) U k), +), k* = 28k, x} be the special
quasi dual number semigroup.

Study questions i to x of problem 30 for this Y.

Let V = {(([0, 40) U h);, +), x; h* = h} be the special dual
like number semigroup.

Study questions i to x of problem 30 for this V.

Let X = {([0, 123) U k), +), x; kK’ = 122k} be MOD
neutrosophic special quasi dual number semigroup.

Study questions i to x of problem 30 for this X.

Let P = {{Zo U g)1, +, g2 = 0, x} be the natural neutrosophic
dual number semiring.

1. Find o(P).

ii. Can P have ideals?

iii. Prove P is a semiring.

iv. Find all natural neutrosophic elements of P.

v. Find subsemirings of P which are not ideals.

vi. Prove there are zero square subsemirings in P.

vii. Find any other related properties of P.

Let M = {(Zss U h), +, X%, h* = h} be the natural
neutrosophic special dual like number semiring.

i.  Study questions i to v of problem 36 for this M.
ii. Obtain any other special features enjoyed by these

semirings.

Let W = {(Zy U k), k¥* = 28k, +, x} be the natural
neutrosophic special quasi dual number semiring.

Study questions i to vii of problem 36 for this W.
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39.

40.

41.

42.

43.

44.

45.

Let S = {{[0, 24) U g), +, X, & = 0} be the MOD
neutrosophic interval dual number semigroup.

i.  Study questions i to vii of problem 36 for this S.
ii. Can S be a S-semiring?
iii. Does this S enjoy any other special features?

Let M = {([0, 47) U h);, +, %, h* = h} be the MOD
neutrosophic interval special dual like number semiring.

i.  Study questions i to vii of problem 36 for this M.

ii. Enumerate all the special features enjoyed by this M.
iii. Can M have S-idempotents?

iv. Can M have S-MOD neutrosophic idempotents?

All the special features associated with the MOD
neutrosophic interval dual number semirings.

S = {([0,n) U g), g =0, +, x} — Study and enumerate.

Study all special features enjoyed by the MOD neutrosophic
interval special dual like number semiring.

R = {<[O9 m) ) h>17 h2 = hv +7 X}
Compare S in problem 41 with this R.

Let P = {{[0, p) U k)i, K> = (p — Dk, +, X} be the MOD
neutrosophic interval special quasi dual number semiring.

Compare P with S in problem 41 and compare M with P in
problem 42.

When will P in problem 43 be a SS-semiring and SSS-
semiring?

Let M = {(Z, U g)1, g° = 0, +, x} be the neutrosophic dual
number semiring.



46.

47.

48.

49.
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i. Find the number of neutrosophic elements in M. (This
includes elements of the form:

k+1§+lgg+lgg+lg;ke Z., X € Z, is either an

idempotent or a zero divisor).
ii. Can M have S-natural neutrosophic zero divisors?
iii. Can M have natural neutrosophic idempotents?

Let B = {(Z, U h);, h® = h, +, x} be the natural neutrosophic
interval special dual like number semiring.

i.  Study questions i to iii of problem 45 for this B.
ii. Compare M with B and bring out the similarities and
differences.

Let D = {(Zn U k)i, k¥ = (m — 1k, X, +} be the natural
neutrosophic special quasi dual number semiring.

i.  Study questions i to iii of problem 45 for this D.
ii. Compare D with M and B in problems 46 and 45.

Let M = {([0, n) U g), +, X, g = 0} be the MOD
neutrosophic dual number semiring.

i. Prove M has infinite number of MOD neutrosophic zero
divisors.

ii. Can M have MOD neutrosophic S-zero divisors?

iii. Can M have MOD neutrosophic idempotents?

iv. Can M have S-MOD neutrosophic idempotents?

v. Is it possible to find finite order ideals in M?

vi. Can M have S-ideals?

vii. What will be structure enjoyed by the collection of MOD
neutrosophic elements?

Let T = {(0, n) U h), h® = h, x, +} be the MOD
neutrosophic special dual like number semiring.

i.  Study questions i to vii of problem 48 for this T.
ii. Compare T with M in problem 48.
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50.

51.

52.

53.

54.

55.

Let V = {{[0, n) U k), kK> = (n — Dk, +, X} be the MOD
neutrosophic special quasi dual number semiring.

i.  Study questions i to vi of problem 48 for this V.
ii. Compare T and M with V of problems 49 and 50
respectively.

Can there be a MOD natural neutrosophic dual number set
S = {{[0, n) U g);, X} which has no MOD neutrosophic
idempotents forn e Z"\ {1}.

Can there be a MOD natural neutrosophic special dual like
number set P = {{[0, m) U h), h*=h, X} which has no MOD
neutrosophic zero divisors for some me Z"\ {1}?

Can P in problem 52 have no MOD neutrosophic nilpotents
of order greater than two?

Give examples of those P for which P has MOD
neutrosophic nilpotent element of order greater than or
equal to three.

Let M = {{[0, t) U k)i, K* = (t — Dk; +, X} be the MOD
neutrosophic special quasi dual number set.

i. Can M have MOD neutrosophic zero divisors?
ii. Can M have MOD neutrosophic idempotents?
iii. Can M have MOD neutrosophic nilpotents?



Chapter Three

NATURAL NEUTROSOPHIC NUMBERS IN
THE FINITE COMPLEX MODULO INTEGER
AND MOD NEUTROSOPHIC NUMBERS

In this chapter we for the first time study natural
neutrosophic numbers in the ring C(Z,) and that of MOD
neutrosophic complex numbers in C([0, n)).

Also natural neutrosophic numbers are introduced in
(Z, u I) and MOD natural neutrosophic numbers in [0, n)I and
([0,n) U D).

These situations are described in the following.

Example 3.1: Let B = {C(Zs) | i; =4} = {0, 1, 2, 3, 4, ig, 2ip,
3ip, 4iF, 1+ i]:, 2+ i]:, N 4 + 411:}

The natural neutrosophic complex modulo integer are
Cl(Zs) = (C(Zs). T; ).

We denote the natural neutrosophic complex modulo
integer of C(Z,) by Cc\z..
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Example 3.2: Let
M = {C(Zy) | if: =3} be the finite complex modulo integers.

The natural neutrosophic complex modulo integer;

C C
Il+3iF’I

3 +ig

C'Z) = (CZy, L, LI L, L

I+ig?

} is

the natural neutrosophic complex modulo integer set.

Example 3.3: Let
M = {C(Z) | if: = 1} be the finite complex modulo integers.

The natural neutrosophic complex modulo integer set.

C'(Zy) = {0, 1,ip, | +ig, IS, IT,. ).

1+ig
Clearly o(C'(Z,)) = 6.

Example 3.4: Let P = {C(Z5) | if: = 2} be the finite complex
modulo integers.

C'(Z3) = {0, 1,2, ig, 2ig, | +ip, 2 +ip, 2 + 2ip, 1 + 2ip, I} is
the natural neutrosophic finite complex modulo integer set.

Example 3.5: Let W = {C(Zy) | if: = 5} be the finite complex
modulo integers.

C'(Zs) = {0, 1,2, 3,4, 5, ip, 2if, 3ip, 4ip, Sip, 1 +ip, 1 + 2ip, 1
+ 3ip, 1 + 4ip, 1 + 5ip, 2 + i, 2 + 2ip, 2 + 3ip, 2 + 4ip, 2 + Sip, 3 +

ip, 3 + 2ip, 3 + 3ip, 3 + 4ip, 3 + Sip, 4 + ip, 4 + 2ip, 4 + 3ip, 4 +

4ip, 4 + Sip, 5 +ip, 5 + 2ip, 5 + 3ip, 5 + 4ip, 5 + Sip [,

C C C C C C C C C C C
12’14’I3’12iF’I4iF’13iF’Il+iF’ Il+21F’ Il+3iF’ Il+4iF’ I

1+ 5ig?

IC

c c c c c c c c
2+ig? IZ+21F’ IZ+4iF’ I2+5iF’ I3+iF’ I3+3iF’ I4+iF’ I4+21F’ I4+4iF
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and so on} is the natural neutrosophic finite complex modulo

integers.

Example 3.6: Let C(Z;) = {0, 1,2, ..., 6, i, 2ig, ..., 6ig, 1 + i, 1
+ 2ig, ..., 1 + 6ig, 2 + i, ..., 6 + 6ig} be the finite complex
modulo integers.

CI(Z7) = {C(Zy), I}, we are yet to find some natural
neutrosophic finite complex modulo integers.

Example 3.7: Let C(Zg) = {0, 1,2, ..., 7, i, 2iR, ..., 7ip, 1 +ip, 4
+ip, ..., 7 + 7ip} be the complex modulo integer.

CZ)=1{0,1,2,...,7, i, ..., Tip, | +1ip, ..., 5 + 6ip, ..., 7 + Tip,

C C C C C C C C C C C

Io > 12’ 14’ Ié’ IZiF’ I4iF’ IéiF > 12+21F’ I4+4iF’ 16+6iF’ 12+6iF’
C C C C C C C C C
IG+21F’ I4+21F’ Iz+4ip’ I4+61F’ 16+4iF’ IiF+7’ Il+7iF’ I3+51F > Is+3iF

and so on} be the natural neutrosophic complex modulo

integers.

Example 3.8: Let B = {C(Zy) | ii = 9} be the finite complex
modulo integer.

1 _ c c c c c c c c
C (ZIO) - {C(ZIO)a I() ) Iga IZiF B I4’ I4iF B I()iF s 16’ ISiF s
c c c c c c C c c c
IS’ IS’ ISiF’ Il+iF’ 12+21F’ I5+SiF ’I4+4iF’ IG+GiF’ IS+8iF’ IZ+4iF’
c
I4+2iF ’

the natural neutrosophic finite complex modulo integers.

c c c c c .
Iﬁ+2jF’I aI 12+31F’I ,I and so On} 1S

2+6ip* "8+ 2ip? 6 +4ip > T4+ 6ip

Example 3.9: Let S = {C(Z,5), if: = 14} be the finite complex
modulo integers. C'(Z5) = {C(Zys), I, I, I, I LT,

C C C C C C C C C C
Lo T s Tsi Doi s B I Tois Toisis Gy Loy, @nd  so
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on} is the natural neutrosophic finite complex modulo integer
set.

Example 3.10: Let S = {C(Z1)) | if: = 10} be the finite complex
modulo integer.

C\(z) = {C(Zy)), I, one has to find more elements} is the
natural neutrosophic finite complex modulo integer set.

From these examples the following result is prove.
THEOREM 3.1: Let C(Z,) be the finite complex modulo integer.
i. CZ,)is always different from C(Z,).

ii. CYZ,) has more than one natural neutrosophic
number (element) if n is positive integer.

Proof: Since 0 € C(Z,). I is always a natural neutrosophic

element as % is undefined for all x € C(Z,).

Hence proof of (i) is true.
Consider C(Z,) where n is a composite integer.

So Z, has p, q € Z, such that p X q = 0. Hence this paves
way for I} and I for natural neutrosophic elements.

Further I, and [ also are natural neutrosophic elements
of CY(Z,).

Hence the result.

However the following problem is given as an open
conjecture.



Natural Neutrosophic Numbers ... | 141

Conjecture 3.1: Let S = {C(Z,), ii =n — 1} be the finite
complex modulo integer. If n is a prime.

1. Can C'(Z,) have more than one natural neutrosophic
element?

ii. Can C'(Z,) have zero divisors if n is a prime?

iii. Can CYZ,) have nontrivial idempotents if n is a
prime?

Next we proceed onto describe some algebraic operations
on C'(Z,). Let us first describe product operation on C(Z) by
an example.

Example 3.11: Let S = {C(Zy) | if: = 5} be the finite complex
modulo integer.

CI(Z6) = {C(Z), I; > I;’ IZ’ I;, I;iF > IZiF > I;iF > I§+21F > IZ+41F >
I I I N I It

4+ 2ip* 73 +3ig? I+ip > “2+4ip > Tip+2°

IC

2 +4ig°

the natural neutrosophic complex modulo integers.

I, and so on} is

Define X operation on C'(Z. S = {CI(Z6), x} is defined as
the natural neutrosophic complex modulo integer semigroup. S
is a semigroup.

c c _ ¢ c c _ ¢ c c  _7c
ExE =0, ExE=0,1 x[ =L,

c c
I3iF+3 XI

_ T° c c _1c
L+ip IO ’ I4+3iF X I3+3iF = I3+3iF and so on.
This is the way product operation is performed on S.

We see S can have natural neutrosophic complex modulo
integer zero divisors and idempotents.

c c _ Tc¢ c c  _ 7
LxE =L, I xI; =I5 and so on.
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Example 3.12: Let
S = {C'(Z)), if: = 11, x} be the natural neutrosophic finite
complex modulo integer semigroup.

S has natural neutrosophic zero divisors and idempotents.

Example 3.13: Let
S = {C(Zy); if: = 19, X} be the natural neutrosophic finite
complex modulo integer semigroup.

S has zero divisors and idempotents.

C C
L, xI

— I¢ (8 c _ 7¢ c c __ ¢
o =10 15 I =T, XIS =15,

S has subsemigroups which are not ideals as well as S has
ideals.

Take C(Zy) < S is a subsemigroup of S which is not an
ideal.

P = {0, 10, 10ig, 10 + 10ig, I, Ij,, IfmF’ IfOHOiF } € Sisan
ideal of S.

Hence the claim.

Example 3.14: Let
S = {CI(ZB), ii = 12, x} be the natural neutrosophic complex
modulo integer semigroup.

S has finite subsemigroups. Finding ideals in S is a difficult
problem.

In view of this we propose the following conjecture.
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Conjecture 3.2: Let

S = {CI(ZP), ii =p - 1, p a prime, X} be the natural
neutrosophic finite complex modulo integer semigroup. Can S
have ideals?

Next we proceed onto describe + operation on the natural
neutrosophic finite complex modulo integers by examples.

Example 3.15: Let
M = {CI(ZIG), +; if: = 15} be the natural neutrosophic finite
complex modulo integer semigroup.

Mis only a semigroup as Iy + I =1Ig, Ig + I =Ty + I
and I, +1I5, =I5, so only idempotents under + so S cannot be
F F F

a group only a semigroup under addition.
S is of finite order.

M has subsets which are groups; viz, Z;s and C(Z;s) are
groups hence M is a Smarandache semigroup.

So we have several such subgroups in CI(ZIG).
Working with these structures is innovative and interesting.

Example 3.15: Let S = {CI(Zlg), +} be the natural neutrosophic
finite complex modulo integer semigroup.

C(Zy9), Z19 and Zygir are the proper subsets of S which are
groups under +. Thus S is a Smarandache semigroup.

Now in view of this the following result is proved.
THEOREM 3.2: Let S = {C'(Z,), +} be the natural neutrosophic

finite complex modulo integer semigroup. S is a Smarandache
semigroup.
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Proof follows from the fact C(Z,), Z, and Z.,f are
subsemigroups of S under + which are groups. Hence the claim.

Next we proceed onto give the product structure on the
additive semigroup. S = {CI(ZH), +}.

This will be illustrated by some examples.

Example 3.17: Let S = {(C'(Z)), +), x} be a natural
neutrosophic finite complex modulo integer semigroup under X.

Clearly
S={C(Zy, i, 15, L, 5, . I, , 1+, 1+ I,

I+ig ?

L+, T+ L2405 2400, 2+ 07, 2+ 15,

I+ 1+ig

3+ 1,345, .3+

I+ig ?

c
I+ig °

3+ L, +5, . Ip +1

3+ I+ I°2'iF + 5+ IfHF }.

I;iF, I; +i, are also known as natural neutrosophic complex

numbers for I = I3 in our usual notation,

Superfix c is used to denote the structure is from the finite
complex modulo integers.

Further 2 € C(Zy) as well 2 € Z, this is only an analogous

identification.

I; X IY‘FiF = I§+21F
Consider

I;il,- X ITHF = I;il,- +2°

This is the way natural neutrosophic finite complex modulo
integer products are performed.

C C
I21F+2 x1

_ T
2ip +2 =1.

There are many nilpotents of order two.
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2+, +L+1,, =x€eS.
2 c c c c
x=I+1 +I2iF +I2+2iF
¢ _ 7C ¢ _ 7C
For 2I2iF = I2iF + I2iF = IZiF.

This is the way operations are performed on S.

Example 3.18: Let
S = {{(C'(Z,), +), x} be the natural neutrosophic finite complex
modulo integer semigroup.

Finding natural neutrosophic finite complex modulo
integers, zero divisors and idempotents is a difficult job.

Let us now proceed onto develop the notion of natural
neutrosophic finite complex modulo integer semirings.

We will first describe this situation by some examples.

Example 3.19: Let
S = {(CI(Zm)); +, X} be the natural neutrosophic finite complex
modulo integer semiring.

Clearly o(S) < oo that is this is a finite semiring which has
natural neutrosophic complex finite modulo integer zero
divisors and idempotents.

For I x I =1, I;iFXI§=I;,

I;iF X I;iF =1, IZ+4iF X I§+5il,- =15,
I;Jr()i,_- X I;il,- =15, I;iF X I;+5il,- =15,
I o xIs =15
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and so on are the natural neutrosophic complex finite modulo
integer zero divisors.

It x I =I5 and
[l X I{ = are idempotents which are in Z;, .
Now I xIg =1I; and
L, <L, =1,
Can we have pure natural neutrosophic idempotents?

C C
IS+51F x1

e .
s+s, =1y 18 a zero divisor.

— T LT c c .
x=1I +I2iF+ISiF +Is+4iF be in S.

C
8+ 4ig

xxx=1I+1g +1 +L+I5 + 15 ., €8S

This is the way product operation is carried out in S.

Clearly Z,, is a subsemiring which is a ring so S is a SS-
semiring.

C(Z,p) is again a subring; B = {0, 5} < Sis a field so S is a
SSS-semiring.

Example 3.20: Let
S = {C'(z)), if: = 10, +, X} be the natural neutrosophic finite
complex modulo integer semiring.

Z, is afield in S so S is a SSS-semiring. C(Z,;) is a subring
in S so S is also a SS-semiring.
Finding zero divisors is a difficult job.
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However forx=1+I; € S.

x*=(1+ ) =1+ I =x is an idempotent.
Letx=5+1I,andy=4+ 1) € S.
xXy=08+I)x@+I)=9+1 € S.

Example 3.21: Let S = {CI(24), ié = 23; +, X} be the natural

neutrosophic finite complex modulo integer semiring. S has
zero divisors, natural neutrosophic zero divisors, complex finite
modulo integer zero divisors and natural neutrosophic complex
modulo integer zero divisor.

We see Ii,, Ig, I, I5, Iy will give natural neutrosophic zero
divisors.

2,3, 4,8, 12, 6 etc will give zero divisors. 2if, 4ig, 3if, 8if,
12iF, 6ir can give finite complex modulo integer zero divisors.
LcwrzliF

neutrosophic finite complex modulo integers.

C C Cc
Isi6i, > Iy and I are some of the natural

Now we have also mixed zero divisors contributed by x = 8
+ I;iF + I§+81F + I and

y=6+1I; +I

6r3i, Tlg, € Sisthatisxxy=Ij.

We see if n is a composite number then certainly C'(Z,) has
zero divisors.

However if n is a prime we are not always guaranteed of
zero divisors.

Finding subsemirings and ideals in case of these finite
natural neutrosophic complex modulo integer semirings is
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considered as a matter of routine and hence is left as an exercise
to the reader.

Next we proceed onto study MOD neutrosophic interval
finite modulo complex numbers.

Example 3.22: let S = {CI([O, 6))} = {Collection of all
elements from [0, n), C([0, n)) and those I, where x is an

element in [0, n) such that it is a zero divisor or an idempotent
or a pseudo zero divisor}.

CI([O, 6)) = {C(0, 0)), Ig’ Igip > I;’ I;ip > I;+2ip > I§+31F >

I},, I}, and so on} is the collection of all MOD neutrosophic

finite complex modulo integers.

Example 3.23: Let P = {C([0, 7)), i = 6} be the MOD
neutrosophic finite complex modulo integers.

P={I, L5 L5, I;Si,_- ’ Ig.SiF +35° IY.751F » C([0, 7)) and so on}.

Example 3.24: Let M = {C'([0, 12)), iz = 11} be the MOD
neutrosophic finite complex modulo integer interval.

M = (Cq0, 12), L, LILIL L, LI

C C C C C :
> ISiF + 1, IIAZiF’ 11A21F+1A2’ I241F +24 and so on} is the MOD

IC

3+ 3ig

neutrosophic finite complex modulo integers.

Thus it is a difficult problem to find the number of MOD
neutrosophic finite complex modulo integers. It may be infinite.

However the open problem is can it be for any prime p be
finite?

This problem is little difficult.
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Now having seen examples of MOD neutrosophic finite
complex modulo integer elements we proceed onto study or
employ algebraic structures on them.

Example 3.25: Let S = {CY([0, 4)), x} = {C([0, 4)), L, I,
L Lo Bass I and so on} be the MOD neutrosophic

L+ig

finite complex modulo integer semigroup.

This semigroup has zero divisors and MOD neutrosophic
zero divisors.

However finding idempotents happens to be a difficult
problem for this S.

Infact S has subsemigroups which are not ideals and of
finite order.

Finding even ideals in S is a difficult task.

Example 3.26: Let A = {C([0, 5)), x} = {C([0, 5)); I,
I;As’lgﬁp’ Ichzs’IizsiF’ I;5+2A5ip’ Ich25+1A251F’ etc} be the MOD

neutrosophic finite complex modulo integers.

Clearly 2.5, 2.5ig, 1.25, 1.25iF, 2.5 + 2.5iF, 1.25 4+ 1.25ig, 2.5
+ 1.25ig, 2.5if + 1.251g, 3.75, 3.75ip, 3.75 + 3.75i, 3.75 + 2.5iF,
3.75ig + 2.5 and so on are all only pseudo zero divisors for their
product with a unit 4 or 2 leads to give zero divisors hence this
study is new and in these semigroups we have pseudo zero
divisors which help to pave way for MOD neutrosophic pseudo

divisors.
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However I, xIJ, =17, but it is clear none of these can
lead to MOD neutrosophic zeros for both 4 and 2 are

neutrosophic as i is 4 and % = 3 so they are units in Zs.

Such type of tricky but innovative study is left open for any
interested researchers.

This sort of situation mainly prevails when one uses in the
MOD interval of complex finite modulo integers C([0, n)), n a
prime number. Hence a special type of study is needed for n a
prime value.

We will just illustrate this situation by one more example
before we proceed on to study other algebraic structures on

C([0, n)).

Example 3.27: Let B = {CI([O, n)), X} be the MOD neutrosophic
finite complex modulo integer semigroup.

5.5, 5.5ig are both pseudo zero divisors as
55%x2=0(mod 11)
5.51gx 2 =0 (mod 11)
5.5+5.5iFx2=0(mod 11)
5.5%x4=0(mod 11)
5.5x8=0(mod 11)
5.5+ 5.5k x 12=0 (mod 11).

But none of the elements 2, 4, 6, 8 10 or 12 can be
neutrosophic as all of them are units.
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Similarly 2.75, 2.75ig, 2.75 + 2.75iF, 2.75 + 5.5ip, 2.75iF +
5.5 are all only pseudo zero divisors.

Similarly 1.1, 2.2,3.3,4.4, ..., 9.9 and 1.1ig, 2.2ig, 3.3i, ...,
9.9i are all pseudo zero divisors for 10 acts on them to make
them zeros.

1.375, 1.375ig, 1.375 + 1.375ig lead to pseudo interval zero
divisors.

For 8 which is a unit in 11 makes them zero.

The study of pseudo zero divisors in MOD intervals is a
challenging problem for they cannot be MOD neutrosophic zero
divisors and pseudo zero divisors.

In view of all these we have the following conjecture.

Conjecture 3.3: Let S = {CI([O, n)), n a prime, X} be the MOD
neutrosophic finite complex modulo integer semigroup.

i. Can S have zero divisors?
ii.  Can S have pseudo zero divisors?

iii. Can S have MOD neutrosophic pseudo zero
divisors? (How to develop this notion?)

iv. Can CY[0, n)), n not a prime have MOD
neutrosophic pseudo zero divisors?
(Clearly if n is not a prime then also [0, n) has
pseudo zero divisors).

Next we define the notion of + operation on CI([O, n)).

Let S = {CI([O, n)), +} = {Collection of all MOD
neutrosophic finite complex modulo integers under +}. S is

only a semigroup and not a group as I, + I, = for all x €
C'([0, n)); is an idempotent.
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We will illustrate this situation by some examples.

Example 3.28: Let S = {CI([O, 6)), +} be the MOD neutrosophic
finite complex modulo integer semigroup.

_ . c c c yc Tc c c c

S - {<C([0a 6))> I() 9 Iz ) Ig ) 147 IZiF s I4i}-‘ ’ I3i1~' ’ 12 +2ip 2
C C C C C C C C

I3 +3ig? " I 4 ILS 4 ILSiF ’ IIAS +1.5ig ? Il.2 4 IlA2iF 4 IIAZ +1.2ip and SO On>}

is a semigroup generated under +.

. . c c _TC
Clearly we define in general I/, + I =I5 andsoon.

Hence this is an idempotent under +.

This semigroup has subsemigroups of both finite and
infinite order.

There are both subsemigroups which are groups under + of
infinite and finite order.

For Zg is a group under +. C(Zg) is again a group under +.
[0, 6) is a group of infinite order under +. [0, 6)ir is also a group
under + of infinite order.

C([0, 6)) is also a group under + is an infinite group.
Thus S is a Smarandache semigroup.

Example 3.29: Let M = {CI([O, 7)), +} be the MOD neutrosophic
finite complex modulo integer semigroup.

c c
I8.5 +8.5i ? 14‘25 ’

M = {C(0, 17), L, L5, I

8.5 ?
C C C C C
I4A251F’ I4A25+4A25ipa Los + I&Sip + I4A25+4A25iF and so on), +} be the

MOD neutrosophic interval semigroup. M is a S-semigroup of
infinite order.
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Example 3.30: Let
S = ({C'([0, 24)), +)} = {C([0, 24), x + [, x + [, + I

12, and

so on} be the MOD neutrosophic finite complex modulo integer
semigroup.

This is only a semigroup as MOD neutrosophic elements
under the operation of addition is only an idempotent.

Several interesting properties can be derived which is
considered as a matter of routine and left as an exercise to the
reader.

Next we prove a theorem.

THEOREM 3.3: Let S = {C([0, n)), +} be the MOD neutrosophic
finite complex modulo integer semigroup.

i. SisaS-semigroup.

ii. S has subgroups of both finite and infinite order.
iii. S has idempotents.

iv. S has MOD neutrosophic idempotents.

Proof is direct and hence left as an exercise to the reader.
Next we illustrate the semigroup under product using the
additive MOD neutrosophic finite complex modulo integer

semigroup under + by examples.

Example 3.31: Let S = {(C'([0, 3)), +), x} be the MOD
neutrosophic finite complex modulo integer semigroup under X.

Clearly S contains elements of the form x = 2.532 + I +
[, ,5 andy=0.273 + I}, + I and so on.

XXy=2532Xx0273+ I + L5, 5, + L5 + Los oo, -
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This is the way product operation is performed on S. If x =
1.5 is a pseudo zero divisor x°, x3, x4, ... are also assumed to be
pseudo zero divisors.

Likewise I, I;Z,I;,...,I;, ... are all assumed to be

pseudo zero divisors.

So we may also have infinite sums of MOD neutrosophic
elements in S.

This study is new and innovative. So far there has been no
research in this direction.

Example 3.32: Let
S = {{C'([0, 10)), +), x} be the MOD neutrosophic finite
complex modulo integer semigroup.

S has pseudo divisor, zero divisor, MOD neutrosophic zero
divisors and pseudo zero divisors.

S has subsemigroups of both finite and infinite order.

Example 3.33: Let
S = {{C'([0, 29)), +), x} be the MOD neutrosophic finite
complex modulo integer semigroup.

S has MOD neutrosophic pseudo zero divisors. S has
subsemigroups.

Next we proceed onto describe MOD neutrosophic finite
complex modulo integer semirings by examples.

Example 3.34: Let
S = {CI([O, 16)), +, X, if: = 15} be the collection of all MOD
neutrosophic finite complex modulo integer semiring.
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S has zero divisors and MOD neutrosophic zero divisors. S is
not a semifield. S is only a pseudo semiring as + and X are not
distributive.

Let us consider x = Ij + I +I;, and y = I} +
L +1i +L,q €S.xXxy= I is a MOD neutrosophic finite

complex modulo integer zero divisor.

Several properties of infinite semirings can be adopted to
these pseudo infinite semiring with appropriate changes.

Example 3.35: Let M = {C'([0, 10)), +, X} be the MOD
neutrosophic finite complex modulo integer pseudo semirings.

Letx=I + I +I5,, €M

xxx=(I5+15 +I, 5 )

=I5+ Igip + I§+5ip +1,
# X.
Butx + x =x.
This is the way product and + operation is performed on M.

M has subsemirings which are rings so M is SS-semiring.
Also M has a subset which is a field so M is SSS-semifield.

Finding ideals in these pseudo semirings is a difficult
problem.

Example 3.36: Let S = {C'([0, 29)), +, X} be the MOD
neutrosophic finite complex modulo integer pseudo semiring.
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S has pseudo zero divisors 14.5, 14.5ig, 14.5 + 14.5ig, 7.25,
7.25ig, 7.25 + 7.25ig, 2.9, 5.8, 7.7, 2.9ig, 5.8ig, 7.7if, 11.6ir and

so on contribute to pseudo zero divisors.

Y (Y C Y :
Hence I, Iy, Isg, I,y and so on are MOD neutrosophic

pseudo zero divisors.

Study in this direction is innovative and interesting.

Since this study of pseudo semirings using MOD
neutrosophic finite complex modulo integers considered as a
matter of routine.

This work is left as an exercise to the reader.

Next the concept of natural neutrosophic finite neutrosophic
modulo analogue using the MOD intervals ([0, n) U I); is

developed and described in the following.

Example 3.37: Let S = {(Zo U I);} = {Collection of all natural
neutrosophic numbers in (Zy U I) got by adopting division in

(Zo U D} = {{(Zo U ), Ié’ I;’ IIG’ Ii’ 1121’ I;I’ Iil’ e I;I’ I;+31’
I, and soon}.
Finding order of S is a difficult job.
I;+31XIE+GI:I(I) I;+31XI;+31:I§)
IIG+6IXIIG+6I:I§) I;IXI;HI:H) and so on.

Thus S has zero divisor and natural neutrosophic zero
divisors.

Study in this direction is interesting and innovative.
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Example 3.38: Let
W = {{(Zys v D), X} be the natural neutrosophic finite
neutrosophic modulo integer semigroup.

W= {((Zs U ), I, I; n € Zy and so on, X} is a

n
semigroup for I” = I and I is an invertible neutrosophic number
which is also assumed to be an indeterminate.

Example 3.39: Let
M = {{Z; u I), X} be the natural neutrosophic finite
neutrosophic modulo integer semigroup.

M has both zero divisors, idempotents and natural
neutrosophic idempotents and zero divisors.

Next we give on (Z, U I), the operation of addition.

Example 3.40: Let S = {{Z; u ), +} =1{0,1,2,0, L2, 1 + [, 2
+1L2+2L 1+2L I, I}, I}, and so on, +}.

(I, + I} +1I,, = x we see x + x = x) be the natural

neutrosophic finite neutrosophic modulo integers semigroup
under +.

Example 3.41: Let M = {{Z, U Dy +} = {(Zy U D,
Ié’llz’Igl’112+21’If+21’12+1’11+31’1§+1 and so on, +} be the
natural neutrosophic finite neutrosophic modulo integer
semigroup.

x=L,,+L,y=L+L ,eM
y+y=1 + I;+21 €M

x+y=I +0L ,,+L+1,, €M
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Example 3.42: Let P = {(Zg U D, +} = ((Zg U D), 1,, I}, 1},

Lo B Bags Ly I, I and so on, +} be the MOD

neutrosophic finite neutrosophic modulo integer semigroup.
1 1 1
I, +1, =1,

I, +1,,, + 1, and so on are elements of P.

6+ 61
Example 3.43: Let M = {(Z;, U D)y, +} = {(Zn U D), 1,
..., 0,00 0,1, I, 0, 1), I}, + I, Il, + I and so on,

+} be the natural neutrosophic finite neutrosophic modulo
integer semigroup.

We see M is a S-semigroup.

P, = {Z,, +} is a group under +.

P, =(Z; U 1) is a S-semigroup. Thus M is a S-semigroup.
The following theorems are proved.

THEOREM 3.4: Let S = {(Z, U 1), X} be a natural neutrosophic
finite neutrosophic integers semigroup.

i S is a S-semigroup if and only if Z, is a S-
semigroup.

ii. If S has zero divisors then S has natural
neutrosophic zero divisors.

iti. S has subsemigroups.

iv. S has idempotents and natural neutrosophic
idempotents.

Proof is direct and hence left as an exercise to the reader.

THEOREM 3.5: Let S = {(Z, v 1), +} be the natural
neutrosophic finite neutrosophic integers semigroup.
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i S is always a S-semigroup.
ii. 0o(S)< oo
iti. S has neutrosophic idempotents.
Proof is direct and is left as an exercise to the reader.
Next we proceed onto define a new product on the additive
semigroup built using
S={Z, U, +). o(S) <o but o(S) > o({{Z, U Dy, X}).

We will first describe this situation by an example.

Example 3.44: Let P = {{((Zs U I), +), X} be the natural
neutrosophic finite integer neutrosophic semigroup.

S has idempotents zero divisors and neutrosophic zero
divisors and neutrosophic idempotents.

Forx = Ij + I + I} € Pis such that
xxx =(Ip+L+L)x (I +1, +1;)

=0+ 1+ I+
=L + I, eP.

This is the way product operation is performed on P.
y = I} + I, is a natural neutrosophic zero divisors.

Thus x is a natural neutrosophic nilpotent element of order
three.

Example 3.45: Let W = {{{Z;, U I);, +), X} be the natural
neutrosophic finite neutrosophic semigroup.
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Letx=1, + I}, + I, + I}, andy= Iy + I, € W.

XXy= (I;I + Ifu + Iél + I;I) X (Ié + Ii+41)
=0+ I + 1, + 1, + 1,
=L +I,, +I, e W.

W is a S-semigroup.

This is the way product is performed on W.

Example 3.46: Let V = {{({Z;; U 1), +) X} be the natural
neutrosophic finite neutrosophic integer semigroup.

V  has neutrosophic idempotents. Thus V  has
subsemigroups.

Infact V is a S-semigroup.

Next we proceed on to develop the neutrosophic interval
semirings.

All properties associated with natural neutrosophic
semigroups can be derived as matter of routine so left as an
exercise to the reader.

Example 3.47: Let S = {{(Zo U I), +, X} be the natural
neutrosophic finite neutrosophic modulo integer semiring.

o(S) is finite and this is the first time naturally finite
semirings are constructed.

These semirings solves the open conjectures; does there
exist semirings of finite characteristic.
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The answer is yes we can have semirings of finite
characteristic some of them are of infinite order and some are of
finite order.

Example 3.48: Let S = {(Z;, U D), +, X} be the natural
neutrosophic finite neutrosophic modulo integer semiring.

Clearly S is of characteristic 12. We see S has both zero
divisors and natural neutrosophic zero divisors.

Several properties associated with them can be derived. S
has also natural neutrosophic idempotents.

Forx=1,,,y=1,z= 1, + I,, + I are all natural

neutrosophic idempotents in S.
Forx*= (Ij + I}, + I, ) x (I + I}, + I,

1 1 1
=1, +1, +1; =x.
Hence z is a natural neutrosophic idempotent.
S contains a subring so S is a SS-semiring.
Several properties regarding natural neutrosophic finite
neutrosophic modulo integer semirings can be derived and it is
considered as a matter of routine and is left as an exercise to the

reader.

Next we proceed onto describe MOD neutrosophic interval
semigroup under + and X and the pseudo semirings.

Example 3.49: Let B = {{[0, 6) U I);, X} be the MOD natural
neutrosophic interval semigroup.

B has zero divisors, idempotents, MOD neutrosophic zero
divisors and idempotents.
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1 I _ql 1 1 _ql
I3XI3—I3’ I3IXI3I_I3I’

I 1 _ql I I _ 11
I4IXI4I_I4I’ I4XI4_I4

and so on are MOD neutrosophic idempotents in B.
Consider I} x I, =T, L xL, =1,
I, xI =1}

and so on are MOD neutrosophic zero divisors in B.

Example 3.50: Let M = {{[0, 7) U I), X} be the MOD
neutrosophic interval neutrosophic semigroup of infinite order.

I, I;, I,,, I} are in M and some of them are idempotents.

41>

However pseudo zero divisor and MOD neutrosophic zero
divisors of M are given.

1 I ql 1 1 I
Lo s, Lisoss Lgss Lgsps Lgs 4195 and so on.

Study of existence MOD neutrosophic idempotents and zero
divisors happens to be an interesting and a difficult problem,
when the MOD intervals [0, n), where n a prime is used.

Example 3.51: Let S = {([0, 18) U I), x} be the MOD
neutrosophic interval neutrosophic semigroup.

S has zero divisors, pseudo zero divisors as well as MOD
neutrosophic zero divisors and pseudo zero divisors.

I S I
Lo oo Lo Lys, Lysps Iy 6 @nd so on.

I, L, L, L1, 1

91> ~61°

I I _ql I I _ 9l
I121><1121 _Io I6IX161 _Io
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and so on are MOD neutrosophic zero divisors of S.
1 I _ 91 1 I _ql
I, x I, =1, and I, x Iy, =15,

=L

1
XI 9 +91

1
I 9+91

9+91

are some of the MOD neutrosophic idempotents of S.
In view of this the following theorem proved.

THEOREM 3.6: Let B = [([0, n) U 1), x} be the MOD
neutrosophic interval neutrosophic semigroup.

i. B has MOD neutrosophic zero divisors if Z, has zero
divisors.

ii. B has MOD neutrosophic idempotents if Z, has
idempotents.

iii. B has MOD neutrosophic pseudo zero divisors if [0, n)
has pseudo zero divisors.

Proof is direct and hence left as an exercise to the reader.

Next we generate MOD neutrosophic interval neutrosophic
semigroup under the operation +.

This is illustrated by some examples.

Example 3.52: Let S = {{{[0, 6) U I), +)} be the MOD
neutrosophic interval neutrosophic semigroup as

I, + I, =1L, and

L,.,+L,,, =1L,,, are idempotents under sum.

2I+2

Further as P; = ([0, 6) U I) S and P, is a group.

Likewise P, = [0, 6) is also a group under +.
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P; = (Z¢ U I) is again a group under +.
P4 =Z¢ is again a group under +.

Thus P, € P; € P; < S is chain of group and hence S is a
S-semigroup.

Several interesting properties in this direction can be
derived and it is considered as a matter of routine and left as an
exercise to the reader.

Example 3.53: Let W = {{([0, 7) U I);, +} be the MOD
neutrosophic interval neutrosophic semigroup.
I(I)’II II II3.5+3.51’ I;75’ I{.751’ I;75+14751

355 L3515 are all some of the

MOD neutrosophic idempotents of W.
In view of all these we have the following result.

THEOREM 3.7: Let
S = {0, n) Ul), +)} be the MOD neutrosophic interval
neutrosophic semigroup generated under +.

I S is a S-semigroup.

ii. S has MOD neutrosophic idempotents..

iii. S has subsemigroups of infinite order which are not
ideals.

The proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe MOD neutrosophic interval
neutrosophic semigroups under X on the semigroup
([0, n) U I}, +) by examples.

Example 3.54: Let M = {({[0, 10) U I);, +), X} be the MOD
neutrosophic interval neutrosophic semigroup under product.
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M is of infinite order. M has zero divisors, idempotents,
pseudo zero divisors, neutrosophic zero divisors, idempotents
and neutrosophic pseudo zero divisors.

Example 3.55: Let B = {({[0, 11) U I);, +), X} be the MOD
neutrosophic interval neutrosophic semigroup under X.

B is a S-semigroup.

We define I x I, = I, as we give more importance to the

natural neutrosophic numbers only so I X IIIJl = IIIJI ,pe [0,11).

Study in this direction is interesting and innovative and is
left for the reader as it is considered as a matter of routine.

Next we proceed onto give examples of MOD neutrosophic
interval neutrosophic semirings.

Example 3.56: Let S = {{[0, 9) U I), +, X} be the MOD
neutrosophic interval neutrosophic pseudo semiring.

S has MOD neutrosophic zero divisors and MOD
neutrosophic idempotents. S is only a pseudo semiring as the
distributive laws are not true in general.

1 1 1 1
| L, L L.; are some of the

3+31°

IER I 0 LI

61°

MOD neutrosophic elements of S.
1 I _q1 qI I _ql
Wesee I x I, =1,, I, X1, =1, and so on.

Example 3.57: Let S = {{[0, 14) U I);, +, x} be the MOD
neutrosophic interval neutrosophic pseudo semiring.

S is not a semifield. S has zero divisors and MOD
neutrosophic zero divisors.

I, x L, =1, I,, x I}, = are neutrosophic zero divisors.
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1 I _ 9l 1 I _ ¢l
LI, =1, I x I =1} and
I I 1l
I7I+7XI7+7I_I7+7I

are MOD neutrosophic idempotents. Z;, < S is a ring so S is a
SS-ring. Likewise S can be proved to be SSS-semiring.

Thus study in this direction is interesting and innovative and
it is left as an exercise to the reader.

Example 3.58: Let M = {{[0, 12) U I);, +, x} be the MOD
neutrosophic interval neutrosophic pseudo semiring.

I I I 1
Letx=1, + I, + 1,4 + 1, and

y= Ift"'lfuzu +I§1 eM;

xXy=1I

thus M has MOD neutrosophic zero divisors. So M is not a
pseudo semifield. Now Z;, < M is a subring of M so M is a
SS-semiring.

Clearly if x= I, + I}, € M.
xxx= ([ +1,) x (I, + I},
=1, + 1, + I, +1,
=I,+1, =xe M.

Thus M has MOD neutrosophic idempotents.
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Also I, + 1, =1, is a MOD neutrosophic idempotent with
respect to + of M.

Letx=1Iy + I, + I;, + I, + [, € M.

x X x =L+, + L+, + I, =x is also an idempotent
which is MOD neutrosophic.

Let P =[0, 12)I € M; clearly P is a pseudo ideal of M.
R =10, 12) is only a pseudo subsemiring of M.

Thus M has ideals of infinite order as well as subsemirings
of infinite order which are not ideals.

In view of all these we have the following theorem.

THEOREM 3.8: Let S ={([0, n) v 1), +, X} be the MOD
neutrosophic interval neutrosophic pseudo semiring.

i o(S) = e

ii. S has MOD neutrosophic zero divisors if [0, n) has
zero divisors.

iii. S has MOD neutrosophic idempotents.

iv. S has [0, n)l = P < S to be the MOD neutrosophic
pseudo ideal.

. R = [0, n) € S is a MOD neutrosophic pseudo
subsemiring.

vi. SisaSS-pseudo semiring.

vii. S is a SSS-pseudo semiring if and only if Z, is a S-
ring.

Proof is direct and hence left as an exercise to the reader.

We suggest the following problems.
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Problems

1.

Give some interesting properties associated with C'(Z,) the
natural neutrosophic finite complex modulo integers.

Let S = {CI(Z40), x} be the natural neutrosophic finite
complex modulo integer semigroup.

i. Is S a S-semigroup?

1i.  Find o(S).

iii. Can S have S-ideals?

iv. Can S have S-zero divisors?

v. Can S have natural neutrosophic S zero divisors?
vi. Can S have idempotents?

vii. Can S have natural neutrosophic S-idempotents?
viii.Obtain any other special property associated with S.

Let S = {CI(Z27), x} be the natural neutrosophic finite
complex modulo integer semigroup.

Study question i to viii of problem 2 for this S.

Let W = {CI(Z47), x} be the natural neutrosophic finite
complex modulo integer semigroup.

Study questions i to viii of problem 2 for this W.

Let M = {CI(Zn), x} be the natural neutrosophic finite
complex modulo integer semigroup.

Obtain all special features enjoyed by M when;
i. nisaprime

ii. nis a composite number

iii. n=p'"; paprimet> 0.

Let S = {C'(Zy), +} be the natural neutrosophic finite
complex modulo integer semigroup under +.

1. Find o(S).



10.

11.
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ii. Find S-ideals if any in S.

iii. Is S a S-semigroup?

iv. Find subsemigroups which are not ideals.
v. Find idempotents of S.

Let P = {C'(Zy), +} be the natural neutrosophic complex
modulo integer semigroup.

Study questions i to v of problem 6 for this P.

Let S = {CI(ZH), +} be the natural neutrosophic finite
complex modulo integer semigroup.

Study all the special features enjoyed by S when
i. nisa prime.

ii. nis a composite number.

iii. n=p' paprimet>2.

Let V = {(C(Z,0), +), X} be the natural neutrosophic finite
complex modulo integer semigroup under X.

1. Find o(V).

ii. Find all natural neutrosophic elements of V.

iii. Find all natural neutrosophic zero divisors of V.
iv. Find all natural neutrosophic idempotents of V.
v. Is V aS-semigroups?

vi. Can V have S-ideals?

vii. Can V have S-zero divisors?

viii.Obtain any other property enjoyed by V.

Let W = {(C'(17), +), x} be the natural neutrosophic finite
complex modulo integer semigroup under X.

Study questions i to vii of problem 9 for this W.

Let X = {(C'(64), +), X} be the natural neutrosophic finite
complex modulo integer semigroup under X.

Study questions i to vii of problem 9 for this X.
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12.

13.

14.

15.

16.

Let S = {CI(ZIS), +, X} be the natural neutrosophic finite
complex modulo integer semiring.

1.  Find o(S).

ii. Show S is a semiring of finite characteristic 15.
iii. Find all idempotents of S.

iv. Is S a S-semiring?

v. Can S have zero divisors?

vi. Prove or disprove S has ideals.

vii. Can S have subsemirings which are not ideals?
viii.Find any other special feature enjoyed by S.

ix. Is S a SS-semiring?

x. IsS aSSS-semiring?

Let M = {C'(Z4y), +, X} be the natural neutrosophic finite
complex modulo integer semiring.

i.  Study questions i to x of problem 12 for this M.
ii. Obtain any other special or distinct feature enjoyed by
M.

Let W = {CI(Z243), +, X} be the natural neutrosophic finite
complex modulo integer semiring.

Study questions i to x of problem 12 for this W.

Let S = {C([0, 20));} be the MOD neutrosophic finite
complex modulo integer set.

i.  Study all the special features enjoyed by S.
ii. If 20 is replaced by 29 study the special features and
compare them.

Let B = {CI([O, 24)), x} be the MOD neutrosophic finite
complex modulo integer semigroup.

i. Prove o(B) = oo,
ii. Can ideals of B be of finite order?



17.

18.

19.

20.

21.

iii.
1v.

V.

Vi.

Vii.
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Is B a S-semigroup?

Find all MOD neutrosophic zero divisors.

Is it a finite collection or an infinite collection?

Find all MOD neutrosophic idempotents. (Is it a finite
collection?)

Can B have S-MOD neutrosophic zero divisors?

Can B have S MOD neutrosophic idempotents?

viii.Obtain any other special feature enjoyed by B.

Let M = {CI([O, 19)), x} be the MOD neutrosophic finite
complex modulo integer semigroup.

Study questions i to viii of problem 16 for this M.

Let W = {CI([O, 64)), x} be the MOD neutrosophic finite
complex modulo integer semigroup.

Study questions i to viii of problem 16 for this W.

Let V = {C'([0, 64)), +} be the MOD neutrosophic finite
complex modulo integer semigroup.

Study questions i to viii of problem 16 for this V.

Let S = {{C([0, 45)), +);} be the MOD neutrosophic finite
complex modulo integer additive semigroup.

1.
ii.
ii.
1v.
V.

Find all MOD neutrosophic idempotents of S.

Can S have ideals?

Prove S is always a S-semigroup.

Can S have any other special feature enjoyed by it?
Prove S has also finite order subsemigroups.

Let W = {{C([0, 37)), +)1} be the MOD neutrosophic finite
complex modulo integer semigroup.

Study question from i to v of problem 20 for this W.
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22.

23.

24.

25.

26.

Let A = {{(C([0, 128)), +);} be the MOD neutrosophic finite
complex modulo integer semigroup.

Study question from i to v of problem 20 for this A.

Let V = {{(C([0, 48)), +)1, X} be the MOD neutrosophic finite
complex modulo integer semigroup under X.

i.  Show o(V) = oo,

ii. Show V has infinite number of MOD neutrosophic zero
divisors.

iii. Show V has infinite order ideals.

iv. Can V have finite order ideals?

v. Can V have S-subsemigroups?

vi. Can V have S MOD neutrosophic idempotents?

vii. Can V have S-MOD neutrosophic zero divisors?

viii.Can S have nilpotents of order two?

ix. Obtain any other special feature enjoyed by S.

Let W = {{C([0, 23), +);, X} be the MOD neutrosophic finite
complex modulo integer semigroup.

Study questions i to ix of problem 23 for this W.

Let V = {{C([0, 625), +);, X} be the MOD neutrosophic finite
complex modulo integer semigroup.

Study questions i to ix of problem 23 for this V.

Let D = {C'([0, 28), +, X} be the MOD neutrosophic finite
complex modulo integer pseudo semiring.

i.  Find o(D).

ii. Can D be a S-semiring?

iii. Is D a SS-semiring?

iv. Can D be a SSS-semiring?

v. Can D have MOD neutrosophic idempotents?
vi. Can D have MOD neutrosophic zero divisors?



27.

28.

29.

30.

31.

32.

33.
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vii. Can D have S-MOD neutrosophic zero divisors?
viii.Can D have pseudo S-ideals?

ix. Can S have pseudo ideals of finite order?

x. Obtain any other special feature enjoyed by S.

Let V = {CI([O, 37)), +, X} be the MOD neutrosophic finite
complex modulo integer pseudo semiring.

Study questions i to x of problem 26 for this V.
Let M = {C'([0, 256)), +, X} be the MOD neutrosophic finite
complex modulo integer pseudo semiring.

Study questions i to x of problem 26 for this M.

Let S = {(Zg U I);} be the natural neutrosophic modulo
integer set.

i.  Study all properties enjoyed by S.
1i.  Find o(S).

Let Z = {{(Z,; U I);} be the natural neutrosophic finite
neutrosophic modulo integer set.

Study questions i and ii of problem 29 for this Z.

Let Y = {{(Z4ss u I);} be the natural neutrosophic finite
neutrosophic modulo integer set.

Study questions i and ii of problem 29 for this Y.

Let L = {(Zys¢ U I);} be the natural neutrosophic finite
neutrosophic modulo integer set.

Study questions i and ii of problem 29 for this L.

Let M = {{(Z4; U I);, X} be the natural neutrosophic finite
natural neutrosophic modulo integer semigroup.

1.  Find oM).
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34.

35.

36.

37.

38.

39.

ii. Can M have S-ideals?

iii. Is M a S-semigroup?

iv. Can M have natural neutrosophic zero divisors?
v. Can M have natural neutrosophic S-idempotents?
vi. Find any other special feature enjoyed by M.

vii. Can M have ideals which are not S-ideals?
viii.Obtain any other special feature enjoyed by M.

Let N = {(Z,4 U I);, X} be the natural neutrosophic modulo
integer semigroup.

Study questions i and viii of problem 33 for this N.

Let P = {{(Z,s¢ U D)1, X} be the natural neutrosophic modulo
integer neutrosophic semigroup.

Study questions i and viii of problem 33 for this P.

Let L = {({Z,s U I), +)1} be the natural neutrosophic modulo
neutrosophic integer semigroup under +.

i. Prove L is a S-semigroup.

ii. Show L is not a group as it contains idempotents
under +.

iii. o(L) < oo prove.

iv. Can L have ideals?

v. Can L have finite order subsemigroups?

Let Q = {{((Zys U I) +);} be the natural neutrosophic finite
neutrosophic modulo integer semigroup.

Study questions i and v of problem 36 for this Q.
Study questions of problem 36 for Z,s replaced by Zs;.
Let W = {Q, x} (Q as in problem 37) be the natural

neutrosophic finite natural modulo integer neutrosophic
semigroup under X.



40.

41.

42.

43.

44.
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i. Find o(W).

ii. Is W a S-semigroup?

iii. Can W have S-ideals?

iv. Can W have S-idempotents?

v. Find all natural neutrosophic elements of W.

vi. Find subsemigroups which are not ideals.

vii. Can W have natural neutrosophic zero divisors?
viii.Can W have S-natural neutrosophic zero divisors?

M = {{{Z4s U D);, +), X} be the natural neutrosophic finite
neutrosophic modulo integer semigroup under X.

Study questions i to viii of problem 39 for this M.

Study question i to viii of problem 39 by replacing Z4s by
Z,5 in problem 40.

Let M = {(Z4, U D)1, +, X} be the natural neutrosophic finite
modulo integer neutrosophic semiring.

i. Prove o(M) is finite.

1. Prove characteristics of M is 40.

1ii. Show M is never a semifield.

iv. Prove M has additive idempotents.

v. Prove M has idempotents under product.
vi. Prove M has zero divisors.

vii. Prove M have S-zero divisors.

viii.Can M have ideals?

ix. Can M have S-ideals?

Let N = {{Z,;7 U ), +, X} be the natural neutrosophic finite
neutrosophic modulo integer semiring.

Study questions i and ix of problem 42 for this N.

Let T = {{Z;4 U I);, +, X} be the natural neutrosophic finite
modulo integer semiring.

Study questions i and ix of problem 42 for this T.
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45.

46.

47.

48.

49.

50.

Let M = {{([0, n) U I);} be the MOD neutrosophic interval
modulo integer set.

i.  Study all properties associated with M.
ii. Study if n is replaced by 4, 5, 81 and 48.

Let B = {{[0, 20) U I);, X} be the MOD neutrosophic interval
semigroup.

i. Prove B is of infinite order.

ii. Can B be a S-semigroup?

iii. Can B have MOD neutrosophic zero divisors?
iv. Can B have MOD neutrosophic idempotents?

v. Can ideals of B be of finite order?

vi. Can B have S-MOD neutrosophic zero divisors?
vii. Can B have S-MOD neutrosophic idempotents?

In problem (46) in B, [0, 20) is replaced by [0, 43), study
questions i to vii of problem 46 for that B.

Let M = {{[0, 49) U I), X} be the MOD neutrosophic
interval semigroup.

Study questions i to vii of problem 46 for this M.

Let L = {{([0, n) U I}, +)} be the MOD neutrosophic interval
semigroup under +.

i. Prove L is always a S-semigroup.

ii. Prove L has idempotents.

iii. Obtain all special features enjoyed by L.

iv. Can L have ideals?

v. Can L have subsemigroups of infinite order which are
not ideals?

vi. Obtain all special features enjoyed by L.

Let S = {{[0, 9) U I), +, X} be the MOD neutrosophic
interval pseudo semiring.



51.

52.

53.
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1. Prove o(S) = .

ii. Can S have ideals of finite order?

iii. Can S have S-idempotents and S-MOD neutrosophic
idempotents?

iv. Can S have S-ideals?

v. Can S have S-zero divisors and S-MOD neutrosophic
zero divisors?

vi. Prove S is a SS-semiring.

vii. When will S be a SSS-semiring?

viii.Obtain any other special features enjoyed by S.

Let V = {([0, 48) U I);, +, X} be the MOD neutrosophic
interval pseudo semiring.

Study questions i to viii of problem 50 for this V.

Let W = {{[0, 143) U I);, +, X} be the MOD neutrosophic
interval pseudo semiring.

Study questions i to viii of problem 50 for this W.

Let M = {([0, 144) U I);, +, X} be the MOD neutrosophic
interval pseudo semiring.

Study questions i to viii of problem 50 for this M.
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