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Abstract

Dempster Shafer evidence theory has widely used in many applications
due to its advantages to handle uncertainty. Deng entropy, has been proposed
to measure the uncertainty degree of basic probability assignment in evidence
theory. It is the generalization of Shannon entropy since that the BPA is
degenerated as probability, Deng entropy is identical to Shannon entropy.
However, the maximal value of Deng entropy has not been disscussed until
now. In this paper, the condition of the maximum of Deng entropy has been

disscussed and proofed, which is usefull for the application of Deng entropy.
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1. Introduction

How to measure the uncertainty has attracted much attention [1, 2]. A lot
of theories has been developed, such as probability theory [3], fuzzy set the-
ory [4], possibility theory [5], Dempster-Shafer evidence theory [6, 7], rough
sets[8], DSmTI9, 10], generalized evidence theory [11] and D numbers[12, 13].

Since firstly proposed by Clausius in 1865 for thermodynamics [14], vari-
ous types of entropies are presented, such as information entropy [15], Tsallis
entropy [16], nonadditive entropy [17, 18, 19]. Information entropy [15], de-
rived from the Boltzmann-Gibbs (BG) entropy [20] in thermodynamics and
statistical mechanics, has been an indicator to measures uncertainty which
is associated with the probability density function (PDF).

Dempster-Shafer theory evidence theory[6, 7] is mainly proposed to han-
dle such uncertainty. In Dempster-Shafer evidence theory, the epistemic un-
certainty simultaneously contains nonspecificity and discord [21] which are
coexisting in a basic probability assignment function (BPA). Several uncer-
tainty measures, such as AU [22, 23], AM [21], have been proposed to quanti-
fy such uncertainty in Dempster-Shafer theory. What’s more, five axiomatic
requirements have been further built in order to develop a justifiable mea-
sure. These five axiomatic requirements are range, probabilistic consistency,
set consistency, additivity, subadditivity, respectively [24]. Existing methods
are not efficient to measure uncertain degree of BPA. To address this issue, a
new entropy, named as Deng entropy [25], is proposed to measure the uncer-

tainty of basic probability assignment for the evidence theory. In this paper,



a discussin of the maximal value of Deng entropy has been discussed and
proofed, which is useful for the real application of Deng entropy.

The paper is organized as follows. The preliminaries Dempster-Shafer
evidence theory and Deng entropy are briefly introduced in Section 2. Section
3 proofed and discussed the maximal value of Deng entropy. Finally, this

paper is concluded in Section 4.

2. Preliminaries

In this section, some preliminaries are briefly introduced.

2.1. Dempster-Shafer evidence theory

Dempster-Shafer theory (short for D-S theory) is presented by Dempster
and Shafer [6, 7]. This theory is widely applied to uncertainty modeling [26,
27, decision making [28, 29, 30, 31, 32, 33, 34], information fusion [35, 36] and
uncertain information processing [37]. D-S theory has many advantages to
handle uncertain information. First, D-S theory can handle more uncertainty
in real world. In contrast to the probability theory in which probability
masses can be only assigned to singleton subsets, in D-S theory the belief
can be assigned to both singletons and compound sets. Second, in D-S theory,
prior distribution is not needed before the combination of information from
individual information sources. Third, D-S theory allows one to specify a
degree of ignorance in some situations instead of being forced to be assigned

for probabilities. Some basic concepts in D-S theory are introduced.



Let X be a set of mutually exclusive and collectively exhaustive events,
indicated by
X:{017627"'70i7"'7‘9|X\} (1>

where set X is called a frame of discernment. The power set of X is indicated

by 2%, namely

2% = {@,{91},'“ 7{9|X|}7{01702}7"' 7{017927"' 791'}7"' 7X} <2>

For a frame of discernment X = {6;,0,,--- ,60,x|}, a mass function is a

mapping m from 2% to [0, 1], formally defined by:
m: 2% —[0,1] (3)
which satisfies the following condition:
m@) =0 and Y m(A)=1 (4)
Ae2X
In D-S theory, a mass function is also called a basic probability assignment

(BPA). Assume there are two BPAs indicated by m; and my, the Dempster’s

rule of combination is used to combine them as follows:

ﬁ . mu(B)my(C), A#0;
m(4) = BAC-A (5)

0, A=10.
with

K= Y m(B)my(C) (6)

BNC=0
Note that the Dempster’s rule of combination is only applicable to such two

BPAs which satisfy the condition K < 1.
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2.2. Deng entropy [25]

With the range of uncertainty mentioned above, Deng entropy can be

presented as follows

Z m(F;)log 2|F(|]i)1 (7)
where, F; is a proposition in mass function m, and |F;| is the cardinality
of F;. As shown in the above definition, Deng entropy, formally, is similar
with the classical Shannon entropy, but the belief for each proposition Fj is
divided by a term (2|F il — 1) which represents the potential number of states
in F; (of course, the empty set is not included).

Specially, Deng entropy can definitely degenerate to the Shannon entropy

if the belief is only assigned to single elements. Namely,

Zm 10g2‘9|_1 Zm ) log m(6;)

A lot of examples are given to show the effectiveness of Deng entropy.

Example 1. Assume there is a mass function m(a) = 1, the associated

Shannon entropy H and Deng entropy E4 are calculated as follows.
H=1xlogl=0

=0

E;=1x1
d 0g21_1

Example 2. Given a frame of discernment X = {a, b, c}, for a mass function
m(a) = m(b) = m(c) = 1/3, the associated Shannon entropy H and Deng
entropy E4 are

1 11 11 1
H=—=xlog= — = xlog = — = x log = — 1.5850
3 083 T3 X083 T 3%y



1 1/3 1 1/3 1 1/3
Bq=—-5xl — 5 xlog 53— — = x1 = 1.
d 3>< ong_1 3>< og21_1 3><og21_1 5850

Clearly, Example 1 and 2 have shown that the results of Shannon entropy
and Deng entropy are identical when the belief is only assigned on single

elements.

Example 3. Given a frame of discernment X = {a,b, c}, for a mass function

m(a,b,c) =1,

E;=—1xlog =2.8074

23 —1
For mass function m(a) = m(b) = m(c) = m(a,b) = m(a,c) = m(b,c) =

m(a,b,c) =1/7,

— 1/7
E,—— i
/ % 212/—71 — 7 x log 212/—71 — 7 x log 2%’/—71
= 3.8877
For mass function m(a) = m(b) = m(c) = 1/19,m(a,b) = m(a,c) =
m(b,c) =3/19,m(a,b,c) =7/19,
By = —L x1o 1/19 1/19 1/19
_3 3/19 3/19 3/19 7/19
% =1
=4.2479
Example 4. Given a frame of discernment X = {ay,as, -+ ,an}, let us

consider three special cases of mass functions as follows.
e my(F) =mi(F;) and Y- mi(F;) =1, VF,F;CX, F,F;#0.

o my(X)=1.
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Figure 1: Deng entropy as a function of the size of frame of discernment in three types of

mass functions
e m3(a;) = mg(ag) =--- =mg(ay) = 1/N.
Their associated Deng entropies change with N, as shown in Figure 1.

Example 5. Given a frame of discernment X with 15 elements which are

denoted as element 1, element 2, etc. A mass function is shown as follows.
m({3,4,5}) = 0.05,m({6}) = 0.05,m(A) =0.8,m(X) =0.1

Table 1 lists various Deng entropies when A changes, which is graphi-

cally shown in Figure 2. The results shows that the entropy of m increases
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monotonously with the rise of the size of subset A. It is rational that the

entropy increases when the uncertainty involving a mass function increases.

Table 1: Deng entropy when A changes

Cases Deng entropy
A={1} 1.8454
A={1,2} 2.7242
A=1{1,2,3} 3.4021

A={1,---.4} 40118
A={1,---,5} 45925
A={1,---,6} 5.1599
A={1,---,7} 5.7207
A={1,---.8} 6.2784
A={1,---,9} 6.8345
A={1,---,10}  7.3898
A={1,--- 11}  7.9447
A={1,---,12} 84994
A={1,---,13}  9.0540
A={1,---,14}  9.6086
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Figure 2: Deng entropy as a function of the size of A
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3. Discussion of the maximum Deng entropy

Theorem 3.1 (The maximum Deng entropy). The mazimum Deng entropy:

Zm( )10g2|p|zllfcmd only if m (F;) = 2‘Fi|.—1

s alfil 1
Proof.
F;
=2 m{F)ls achs (8)
Zm (F) =1 9)
Dy == m(F;)log 272'(]?1 +A (Zm (F) - 1) (10)
0Dy _ m (F) 1 1
G (F) —log o3 (F3) 27}(f’)1 R +A=0 (11)
log 277;{?1?)1 1 1a +A=0 (12)
m (F1) m (F) m (F,)
ol 1 9l —1 T 9F. _1 (13)
m (Fy) m (Fy) m (Fy,)
SR _{ ol 1~ T omIi_1 " (14)
m(F;) =k (27 —1) (15)
1
k= S ol — 1 (16)
olF:| _
m (Fy) = > 2lF _11 (17)
Z L]

10



D entropy

2 x=0.2,y=0.2,maximal D=2.3219

% X
% SRR

LSRR SRS
SRR RN
'c,’q,#,z.‘.:. XX
s

Figure 3: Deng entropy when frame of discernment is {a, b}

Let X ={a,b}, m(a) =2,m(b) =y,m(a,b) =1—x —y, which is under
the condition of 0 < x < 1,0 <y < 1,0 < 1—2x—y < 1, then relation

between Deng entropy and (z,y) can be denoted as the Figure 3.

4. Conclusion

Deng entropy which is the generalization of Shannon entropy is used to
measure uncertain degree in evidence theory. In the case when the BPA is

degenerated as probability, Deng entropy is degenerated as Shannon entropy.
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In this paper, the condition of the maximal value of Deng entropy has been

discussed and proofed, which is helpful for the application of Deng entropy.
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