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EXTENDED BANACH G-FLOW SPACES ON DIFFERENTIAL
EQUATIONS WITH APPLICATIONS

LINFAN MAO

ABSTRACT. Let ¥ be a Banach space over a field .. A 6—flow is a graph
G embedded in a topological space .¥ associated with an injective mappings
L:u? — L(u?) € ¥ such that L(u¥) = —L(v") for V(u,v) € X (6) holding
with conservation laws
Z L(v*)=0 for VUEV(EJ) ,
uENg(v)

where u? denotes the semi-arc of (u,v) € X (6), which is a mathematical
object for things embedded in a topological space. The main purpose of this
paper is to extend Banach spaces on topological graphs with operator actions
and show all of these extensions are also Banach space with a bijection with
a bijection between linear continuous functionals and elements, which enables
one to solve linear functional equations in such extended space, particularly,
solve algebraic, differential or integral equations on a topological graph, find
multi-space solutions on equations, for instance, the Einstein’s gravitational
equations. A few well-known results in classical mathematics are generalized
such as those of the fundamental theorem in algebra, Hilbert and Schmidt’s
result on integral equations, and the stability of such G-flow solutions with
applications to ecologically industrial systems are also discussed in this paper.

1. INTRODUCTION

Let ¥ be a Banach space over a field .#. All graphs @, denoted by (V(@), X(@))
considered in this paper are strong-connected without loops. A topological graph

5} is an embedding of an oriented graph 5 in a topological space €. All elements
— — —

in V(G) or X(G) are respectively called vertices or arcs of G.
—

An arc e = (u,v) € X(G) can be divided into 2 semi-arcs, i.e., initial semi-arc
u¥ and end semi-arc v*, such as those shown in Fig.1 following.
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Fig.1
— —

All these semi-arcs of a topological graph G are denoted by X 1 (G )

A wvector labeling GlonGisal—1 mapping L : G — ¥ such that L: u¥ —

— —
L(u”) € ¥ for Vu® € X1 (G), such as those shown in Fig.1. For all labelings G'*
on Zﬁ, define
Gl Gl = GUtle and AGE = G

Then, all these vector labelings on G naturally form a vector space. Particularly,
a 6—ﬂow on G is such a labeling L : u" — ¥ for Yu¥ € X1 (E’)) hold with

L (u¥) = —L (v*) and conservation laws

_
for Yo € V(G), where 0 is the zero-vector in ¥. For example, a conservation law

for vertex v in Fig.2 is —L(v"*) — L(v"2) — L(v"3) 4+ L(v¥4) + L(v"“s) + L(v¥s) = 0.

Fig.2

Clearly, if ¥ = Z and & = {1}, then the G-flow G is nothing else but the network
flow X(a)) —~ZonG.

Let @L, E')Ll, G2 be G-flows on a topological graph G and ¢ € Z a scalar.
It is clear thai 5“ + 6:2 and ¢ - E')L are also Zﬁ-ﬂows7 which impliei that all
conservation G-flows on G also _f)orm a lineil)" space over _)ﬁ with unit G° under
operations + and -, denoted by G, where G° is such a G-flow with vector 0 on
u? for (u,v) € X (6), denoted by O if 5) is clear by the paragraph..

The flow representation for graphs are first discussed in [5], and then applied

to differential operators in [6], which has shown its important role both in mathe-
matics and applied sciences. It should be noted that a conservation law naturally

o,
determines an autonomous systems in the world. We can also find G-flows by
solving conservation equations

Z L(v*) =0, UEV(@).

uENgG(v)
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Such a system of equations is non-solvable in general, only with G -flow solutions
—
such as those discussions in references [10]-[19]. Thus we can also introduce G-flows
by Smarandache multi-system ([21]-[22]). In fact, for any integer m > 1 let (i, 75)
be a Smarandache multi-system consisting of m mathematical systems (31;R1),
(X9;R2), -+, (Zm; Rm), different two by two. A topological structure G* [i, 7%}
on (i,ﬁ) is inherited by
V(GH[SR]) = (1,52, Sk,
E (GL [i;ﬁ}) ={(2,%,) %NS, #0, 1 <i#j < m} with labeling
L: EZHL(ZJ :Ez and L: (Zl,EJ)AL(EZ,ZJ):ZlﬂEJ
for integers 1 < ¢ # j < m, i.e., a topological vertex-edge labeled graph. Clearly,
~ =~ —
GL [E;R} isa G-flow if 3; (X, =v € ¥ for integers 1 < i,j < m.

The main purpose of this paper is to establish the theoretical foundation, i.e.,
extending Banach spaces, particularly, Hilbert spaces on topological graphs with
operator actions and show all of these extensions are also Banach space with a
bijection between linear continuous functionals and elements, which enables one to
solve linear functional equations in such extended space, particularly, solve algebraic
or differential equations on a topological graph, i.e., find multi-space solutions for
equations, such as those of algebraic equations, the Einstein gravitational equations
and integral equations with applications to controlling of ecologically industrial
systems. All of these discussions provide new viewpoint for mathematical elements,
i.e., mathematical combinatorics.

For terminologies and notations not mentioned in this section, we follow refer-
ences [1] for functional analysis, [3] and [7] for topological graphs, [4] for linear

spaces, [8]-[9], [21]-[22] for Smarandache multi-systems, [3], [20] and [23] for differ-
ential equations.

_
2. G-FLOW SPACES

2.1 Existence
Definition 2.1. Let ¥ be a Banach space. A family V of vectors v € ¥ is

conservative if
E v=0,

veV
called a conservative family.
Let ¥ be a Banach space over a field % with a basis {a1, @2, -, @dimy }. Then,
for v € V there are scalars «Y, 3, - ,xY,,4 € F such that
dim¥

v = Z xy .
i=1
Consequently,

dim¥ dim¥
Z Z xy oy = Z (inv)ai:o

veV i=1 i=1 veV
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implies that

Z zy =0
veV
for integers 1 < i < dim?¥".
Conversely, if
D 2y =0, 1<i<dim?,
veVv

define
dimy

7 A%
v = E T; O
i=1

and V = {v', 1 <i <dim?}. Clearly, > v =0,i.e., V is a family of conservation
veV
vectors. Whence, if denoted by xY = (v, «;) for Vv € V, we therefore get a condition

on families of conservation in ¥ following.

Theorem 2.2. Let ¥ be a Banach space with a basis {a1, a9, -, @dimy }
Then, a vector family V' C ¥ is conservation if and only if

Z (v,a;) =0

veV
for integers 1 < i < dim7¥".
For example, let V = {v1,va,v3,v4} C R? with
Vi = (17 15 1)5 Vo2 = (_17 17 1)7
vy =(1,-1,-1), vg=(-1,-1,-1)

Then it is a conservation family of vectors in R3.
Clearly, a conservation flow consists of conservation families. The following result
establishes its inverse.

— — —
Theorem 2.3. A G-flow G exists on G if and only if there are conservation
families L(v) in a Banach space ¥ associated an index set V' with

L(v) ={L(w"“) € ¥ for some u eV}
such that L(v*) = —L(u") and

L)) (~L(w)) = L") or 0.

Proof Notice that

for Vv e V (E’)) implies

weNg(v)\{u}
Whence, if there is an index set V' associated conservation families L(v) with

L(v) = {L(v*) € ¥ for some v € V'}
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for Vv € V such that L(v*) = —L(u¥) and L(v) () (—L(u)) = L(v*) or (), define a
—
topological graph G by

V(?;’) =V and X (5’) = (J{(w w)lL(") € L(v)}

veV

— —
with an orientation v — w on its each arcs. Then, it is clear that G'* is a G-flow
by definition.

. ﬁI/ . =1
Conversely, if G* is a G-flow, let

L(v) = {L(w") € ¥ for Y(v,u) € X (6’)}

for Vv € V (5) Then, it is also clear that L(v), v € V (5) are conservation
families associated with an index set V =V (5) such that L(v,u) = —L(u,v) and

L") if (v,u) e X (G

L)Y (-2w) = 0 it (n,u) g X (G

by definition. (|
Theorems 2.2 and 2.3 enables one to get the following result.

Corollary 2.4. There are always existing 5-ﬂ0ws on a topological graph 5 with
— — —
weights Av for v € ¥, particularly, Aca; on Ve € X (G) if ’X (G) ‘ > ‘V (G) ’—1—1.

Proof Let e = (u,v) € X (E’)) By Theorems 2.2 and 2.3, for an integer

1 <i<dim7, such a G-flow exists if and only if the system of linear equations

> A =0, vev ()

uev (@)

is solvable. However, if

X (5’) ’ > ‘V (5’) ’ + 1, such a system is indeed solvable
by linear algebra. ([l

_
2.2 G-Flow Spaces

Define
(Eck D S PACB

(u,u)GX(E))
— —.
for VG* € G”, where |L(u")| is the norm of F(u?) in 7. Then
(1) H@LH >0 and H@LH = 0 if and only if GL=G°=o0.

(2) HZ?)@H =¢£ H@LH for any scalar .
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(3) H@Ll + Gl because of

< H@Ll

[

> La(u”) + La(u?)|

(u,v)EX(@)

H?f“ + Gl =

— —
< > @)+ Y @)l = |5+ |G
(u,v)eX(Ef) (u,v)EX(E))
—
Whence, || - || is a norm on linear space G'”.

Furthermore, if ¥ is an inner space with inner product (-, -), define
(Gh.Gl) = 3 (La(u?), La(u?)).
(u,v)GX(@)

Then we know that

—

(4) <Z:’L, Z:’L> = Y (L(u"),L(u?)) > 0 and <GL, E’L> — 0 if and only

if L(u”) =0 for Y(u,v) € X(a)), ie., GL=o0.
(5) <6L1,6L2> = <GL2, 5L1> for V@Ll,ab € G” because of
(@h G = 3 (L)L) = Y (L@, L))
(u,v)EX(a) (u,’u)EX(a)
=Y (La(w) L) = (Gl G
(u,v)GX(a)

(6) For E')L, 6L1,5>L2 € 5)7/, there is

(T8 4 @G
L

because of
(G 1 uGn, ) = (G 4 G, T

(u0)eXx(Q)
= S L), L)+ Y (uLa(u’), L(uY))
(uw)eX(G) (uv)EX(G)

= (G, G+ (e, G
= (@9, F) (T T,
Thus, 5}7/ is an inner space also and as the usual, let

&)= (e %)



EJMAA-2015/3(2) EXTENDED BANACH G-FLOW SPACES 65

=1 =1 . . .
for G € G”. Then it is a normed space. Furthermore, we know the following
result.

Theorem 2.5. For any topological graph 5’, 67/ is a Banach space, and
—
furthermore, if 7 is a Hilbert space, G” is a Hilbert space also.

_
Proof As shown in the previous, G” is a linear normed space or inner space
if ¥ is an inner space. We show that it is also complete, i.e., any Cauchy sequence

— — —
in G” is converges. In fact, let {GL"} be a Cauchy sequence in G”". Thus for

any number £ > 0, there always exists an integer N (¢) such that
o -3 <
if n,m > N(g). By definition,

|Enu?) = L] < || GEe = Gt

<e€

ie., {L,(u”)} is also a Cauchy sequence for V(u,v) € X (6), which is converges
on in ¥ by definition.
Let L(u¥) = lim L, (u") for V(u,v) € X (6) Then it is clear that

lim E')L" = E'}L.
— —

However, we are needed to show G € G”. By definition,
> La(’)=0

vENg (u)

forVueV (6) and integers n > 1. Let n — oo on its both sides. Then

lim Z L, (u") = Z lim L, (u")

e vENG(u) vENG (u) e
= Z L(u") = 0.
vENG(u)
Thus, GL € G7. 0

. . . =1 =1 =1 . .
Similarly, two conservation G-flows GZt and G2 are said to be orthogonal if
— —
<GL1, GL2> = 0. The following result characterizes those of orthogonal pairs of

_
conservation G-flows.

— — — — —
Theorem 2.6. Let G, G%2 € G”. Then G is orthogonal to G 2 if and
only if (Ly(u?), La(u®)) = 0 for Y(u,v) € X (5’)

Proof Clearly, if (Lq(u"), La(u?)) = 0 for V(u,v) € X (5}), then,

<5L1’5L2>: >, (L) La(u?)) =0,

(u,v)eX (8)
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— —
i.e., G is orthogonal to G 2.
— —
Conversely, if G'7* is indeed orthogonal to G2, then

<6L1’6L2> = Z (L1(u"), La(u”)) =0

(u,v)GX(a)
-
by definition. We therefore know that (L;(u), L2(u¥)) = 0 for Y(u,v) € X (G)
because of (Ly(u”), La2(u”)) > 0. O

Theorem 2.7. Let ¥ be a Hilbert space with an orthogonal decomposition
¥ =V @V for a closed subspace V C #. Then there is a decomposition

where,

— —
ie., for VG € G7, there is a uniquely decomposition
GG 4G
. — — n
with Ly X (G) = Vand Ly : X (G) - v,

Proof By definition, L(u") € ¥ for V(u,v) € X (5}) Thus, there is a decom-

position
L") = Ly(u”) + Lo(u?)
with uniquely determined L;(u®) € V but Ly(u®) € V.
— — — —
Let [Gh} and [GL2] be two labeled graphs on G with L : X% (G) — V and
— n = = —

Loy : X% (G) — V~. We need to show that [G 1] , [G 2] € <G,“I/>. In fact,

the conservation laws show that

> L) =0, ie, Y (Li(u’)+ Ly(u’) =0

vENG(u) vENg (u)

for Vu e V (6) Consequently,

Yo L)+ D La(u’)=0.

vENG(u) vENG(u)
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Whence,
0 = < S L)+ Y L), > Li’)+ Y Lg(uv)>
vENg (u) vENg (u) 'UGNG(u vENG(u)
= < Z L1 Z L1 > < Z Lg(u”), Z LQ(UU)>
vENg (u) 'UGNC;(u) vENgG(u) vENgG(u)
+ < o L), Y Lz(uv)>+< > L), Y L1(U”)>
vENg (u) vENg(u) vENg(u) vENg (u)
= < S L), Y L1(U”)>+< > L), Y Lz(U”)>
vENg (u) vENg (u) vENg (u) vENg (u)
+ 0> (L"), Law)) + Y (La(u®), Ly (u”))
vENG (u) vENgG(u)
— < Yo L), Y Li(u > < > L), Y Lg(u”)>.
vENg(u) 'UGNC;(u vENgG(u) vENgG(u)

Notice that

< Z Ll(u”), Z Ll(u”)> 2 O, < Z LQ(UU), Z Lg(u”)> 2 0

vENG(u) vENG(u) vENg (u) vENg (u)

We therefore get that

< S L), Y Ll(u”)>_0, < S Lo(u”), Y Lg(u”)>—0,
) )

vENG (u) vENG(u vENg (u) vENg (u
ie.,
Z Li(v’) =0 and Z Ly(u’)=0
vENG (u) vENG(u)
— — —
Thus, {Gh} , {Gb] € G”. This completes the proof. O

2.3 Solvable 5-F10w Spaces

Let G be a G-flow. If for Vv € V (6), all flows L (v*),u € N&(v)\ {ug } are

determined by equations
Fo (L(W"); L(w"), we Ng (v) =0

unless L(v"0), such a G flow is called solvable, and L(v*0) the co-flow at vertex

v. For example, a solvable a—ﬂow is shown in Fig.3.
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U1 (07 1) V2
(1,
(O, 1) (1,0) (1,0) (O, 1)
(1,0)
V4 (07 1) V3
Fig.3

L (v“+) = Z Gy-L (u_v) ,

u~ENg (v)

with scalars a,- € % for Yo € V (5’) unless L (v“(T ), and is ordinary or partial

differential if L (v*) is determined by ordinary differential equations

d , ., v
LU(da:i;lngn) (L(U +);L(u ), u ENG(U))zO
or

+

L, (aixi;l <i< n) (L(v“ );L(uiv) ,um € Ng (v)) =0

unlessL(v“tT) foerEV(a),where, L, (dd ;1 §i§n>,LU (88 ;1 Sign)
i Xq

denote an ordinary or partial differential operators, respectively.
Notice that for a strong-connected graph G, there must be a decomposition

o~ (Ge)0(i")

B —

where C';, T'; are respectively directed circuit or path in G with m; > 1,mg > 0.
—

The following result depends on the structure of G.

Theorem 2.8. For a strong-connected topological graph G with decomposition
mi N ma N
:<UCZ>U(UT1>7 m1217m2207
i=1 i=1
— —
there always exist linear G'-flows G'*, not all flows being zero on G

Sk

. ral k, k Rt
Proof For an integer 1 < k < mq, let Cy = ujus - and L | uf "t | = vy,

where i + 1 = (mods). Similarly, for integers 1 < j < mo, if TJ = wiw)--w!, let
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L (wﬁw;“) = 0. Clearly, the conservation law hold at Vv € V (5) by definition,
k
and each flow L (ufu“) , 1+ 1= (modsy) is linear determined by

T R

J#i vENG (uf) Jj=1 vENT (uf)

= vk—I—O—I—f Z 0=vy.

Jj=1 veNL (uf)
i

— — —
Thus, G* is a linear solvable G-flow and not all flows being zero on G O

N
All G-flows constructed in Theorem 2.8 can be also replaced by vectors depen-
dent on the time ¢, i.e., v(t). Furthermore, if m; > 2, there is at least two circuits

- = — = —
C, C’ in the decomposition of G. Let flows on C and C’ be respectively x and
—
f(x,t). We then know the conservation laws hold for vertices in G, and similarly,
—
there are indeed flows on G determined by ordinary differential equations.

N
Theorem 2.9. For a strong-connected topological graph G with decomposition

G = (681>U(G?1>7 my > 2, mg > 0,
i=1 i=1
_

— —
there always exist ordinary differential G-flows G'*, not all flows being zero on G.

For example, the G -flow shown in Fig.4 is an ordinary differential G-flow in a
vector space if x = f(x,t) is solvable with x|t—, = Xo.

f(x,t)
U1 V2
x
f(x,t) X x f(x,t)
x
V4 U3
f(x,1)
Fig.4

N
Similarly, we know the existence of non-trivial partial differential G-flows. Let
x = (z1, 22, ,xp). If

r; = xi(t, 81,82, , Sn—1)
’U,:’U,(t,Sl,Sg,"' 7877,—1)
pi:pi(t7817827"'78n—1)7 Z:1727"'7/”
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is a solution of system

dvy  dry  dx,  du
Fpl sz Pn zn:pini
i=1
_ dpl _ _ dpn —dt
Facl +p1 By Fy, +pnkFy
with initial values
Tig = xio(Sl, 82, ,Sn71), ug = Uo(Sl, 82, ;Snfl)
pio:pio(ShSQa"'vSnfl)v 7::1527' ,
such that
F(x107w207 3 Tngy Wy Plgy P2gy 7pn0) =0
8’&0 - 8:Ei0
- — i :0; .:1725"'5’”_17
55, > P 55, j
1=0
then it is the solution of Cauchy problem
F(l’l,.’[]g, T, U, P1,P2, 0 0 7pn) =0
Tiy = Tig (51,52, , Sn—1), Uo = uo(81,52, " ,8p—1) ,

piozpio(‘slaSQv"'aSn*l)a i:1527"'7n

0 OF

where p; = gu and I, = I for integers 1 < i < n.
Ly Pi

For partial differential equations of second order, the solutions of Cauchy problem

on heat or wave equations

0%u " 9%u

Ou 5 = O%u =42 Z il

— = i 2 2

ot ¢ z; ox7 ot = 0z )

= U
uli—o = ¢ (x) umo =9 (%), | =v(x)
ot |,
are respectively known
1 T w24t @n—yn)?
U (X7 t) = (47-rt)% / e I <P(y1; . ;yn)dyl .. dyn
— 00

for heat equation and

0 1 1
U(I1;I2;I37t):& 47m2t/90d8 +47ra2t /wdS

M M
Sat Sat

for wave equations in n = 3, where S/ denotes the sphere centered at M (z1, z2, x3)
—

with radius at. Then, the result following on partial G-flows is similarly known to

that of Theorem 2.9.
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Theorem 2.10. For a strong-connected topological graph G with decomposi-
tion

G = (681>U(G?1>7 my > 2, mg > 0,
i=1 i=1
_

— —
there always exist partial differential G-flows G ¥, not all flows being zero on G.

N
3. OPERATORS ON G -FLOW SPACES

3.1 Linear Continuous Operators

Definition 3.1. Let T € & be an operator on Banach space ¥ over a field .%.
— —
An operator T : G¥ — G” is bounded if

e (&) =<fle*]

— —
for VG € G” with a constant ¢ € [0,00) and furthermore, is a contractor if
HICORICS |

for VG L1, Gl € G with € € [0,1).

<efp-an

Theorem 3.2. Let T: G” — G” be a contractor. Then there is a uniquely
— —
conservation G-flow G* € G” such that

T (5’L) -Gt

— — . —
Proof Let G € G” be a G-flow. Define a sequence {GL"} by

=L . Ay . .
We prove {G "} is a Cauchy sequence in G”. Notice that T is a contractor.
For any integer m > 1, we know that

v e () - ()|
(@) (@

S 52 “5}me1 _ E)Lm—Q

<¢|Ghn - Gl

S...ngHﬁLl_aLo
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Applying the triangle inequality, for integers m > n we therefore get that
oo

< Ha’Lm _ GLma

oot |[Gle - G

S (g e ke x| G - G
n—1 _ ¢m -
-¢ 1—§5 d

SN

—

Gho

<

for0 <& < 1.

— —
Consequently, ||GLm — GLn

. —
— 0if m — 0o, n — o0o. So the sequence {GL“}

is a Cauchy sequence and converges to G . Similar to the proof of Theorem 2.5,
— —
we know it is a G-flow, i.e., G¥ € G”. Notice that

er-r (@) <

— —
Let m — oco. For 0 < £ < 1, we therefore get that HGL - T (GL)H =0, i.e.,
— —
T(Gr) =G*.
For the uniqueness, if there is an another conservation G-flow Gl eq” holding

with T (E’L/) — GL by

o

)

- (@) x (@) <<

— —
it can be only happened in the case of G* = G for 0 < £ < 1. O

Definition 3.3. An operator T : G” — G7 is linear if
T (XG4 pG) = xr (G0 4 (T2)

— — — — —
for VG, G2 € G” and A\, € F, and is continuous at a G-flow G %0 if there
always exist a number §(¢) for Ve > 0 such that

LICHRLICE

The following result reveals the relation between conceptions of linear continuous
with that of linear bounded.

—

’<5 if HGL—aLO < d(e).

—)’y ﬁ’1/ . . . . .
Theorem 3.4. An operator T : G” — G is linear continuous if and only if
it is bounded.

Proof If T is bounded, then

fr(3)-n (@) - [r(@-7)

<¢ E’L_E’LO
=< )



EJMAA-2015/3(2) EXTENDED BANACH G-FLOW SPACES 73

S —.
for an constant ¢ € [0,00) and VG, GLo € G”. Whence, if

|[Gr-@=| <o) wim a@):g, £#0,

then there must be
— —
|z (e -c*)

_
i.e., T is linear continuous on G'”. However, this is obvious for & = 0.

<

N
Now if T is linear continuous but unbounded, there exists a sequence {G L“} in

5)7/ such that

o2
Let
Gl = _1) x Gl
n H GLin
— - 1 — -
Then H Gln|l=—- =0, ie., HT (GLn) H — 0 if n — oco. However, by definition
n
N
. Gin
[z@) = || 7z
e
[z (@] »]e*
= 17
n ’ GL| " n HaL"
a contradiction. Thus, T must be bounded. (|

The following result is a generalization of the representation theorem of Fréchet
— — —
and Riesz on linear continuous functionals, i.e., T: G” — C on G-flow space G 7,
where C is the complex field.

Theorem 3.5. Let T : G” — C be a linear continuous functional. Then there
is a unique G € G” such that

T(G") = (G"G*)

for VGL € G
Proof Define a closed subset of G by
N (T) = {E’L e 5’"} T (EfL) - 0}
— . —
for the linear continuous functional T. If A (T) = G”, ie., T (GL) = 0 for
— — —=

VGE e G7, choose G = 0. We then easily obtain the identity

v (d) = (G437,

Whence, we assume that 4 (T) # G”. In this case, there is an orthogonal decom-
position

av i

G =4/(T)e /(T
with A (T) # {O} and A#+(T) # {O}.
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Choose a G-flow GLo € 4+ (T) with GlLo # O and define
v =(rfar))er - (r(cm))e"
for VG € G”. Calculation shows that
T(6) = (r(c"))r(G") - (r(G=))7(¢") =0
ie., Gl e A (T). We therefore get that
0 = <5’L*,5’L0>

(2(0) 0% (o)) o400
= T(GH) (G, G0y~ (Gho) (G G0,

2
# 0. We find that

Notice that <6L0,6L0> = H@LO

T (G Lo T (GLo
(") = }ém 2<5L’6L0>:<6L’ éLD —2 5)L°>'
Let
E')Z H (GL02) 5} EQLD
G Lo

(GLO) — — ., =7
where \ = W We consequently get that T (GL) - <GL, GL> .
G Lo

Now if there is another 52/ € 5}7/ such that T (E“) = <E’>L, 5E/> for VZ?)L €
— — . =2 — —
G, there must be <GL, Gl - G*L > = 0 by definition. Particularly, let G* =
—= —

GL — G¥'. We know that

H@Z ~ Gl <5>z _ Gl gt - 5’E/> =0,
which implies that G — GL' = 0, i.e., GL = GL'. O

3.2 Differential and Integral Operators

Let ¥ be Hilbert space consisting of measurable functions f(z1,z2, -+ ,2,) on
a set
A={x=(z1,22, - ,2n) € R"|a; <x; <b;j,1 <i<n},
i.e., the functional space L?[A], with inner product

o / x)dx for f(x),g(x) € L[A]
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=1 . =1 . . =1 . .
and G” its G-extension on a topological graph G. The differential operator and

integral operators
n —
; / /
D = a;— and ,
; ‘O A A

on G7 are respectively defined by

DGE = GPL")
and
/ Gt = / K(x,y)GLWdy = Gla Ky L@)lyldy
A
75’ = /maL[dey:afAmLm“)[ywy
A

= da; 0 . .
for V(u,v) € X(G), where a;, 3 € C"(A) for integers 1 < 4,57 < n and
Ly

K(x,y): Ax A — C e L*(A x A,C) with

K(x,y)dxdy < .
AxXA

Such integral operators are usually called adjoint for / = / by K (x,y)
A A

— — —
K (x,y). Clearly, for G, G2 € G” and \,u € F

D (Aa’mm“) 4 ué’Lz(“”)) -D (@Ll(u”wm(u”)) — ODPOLi(u")+uLa(u"))
— GDOLi(w)+D(uLa(u) — GDAL1(u") 4 GD(uLa(u")
-D (a’uLl(uv)) I a)(ub(uv))) —\D (5’L1<u”>) D (ua’Lz(u”))

for V(u,v) € X (5’), ie.,
D (/\6“ + NE’LQ) —ADGL + uDG L.

Similarly, we know also that

/()\GL1+MGL2 —)\/ Gl /5
A
7A ()\GLl—i—uGL?):)\/ GL1+u7

Thus, operators D, / and / are al linear on 5’"7.
A
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e e
t 1
t
¢l e “ 1 D_ 1 ¢ 11
t 1.
et et
¢ b(t)
_ oty
; t i f[o,l]’ f[o,l] a(t) ¢
ti € € Wt _— \ a( )
b(t (t)
t a(t)
et b(t)
Fig.5

For example, let f(t) =t, g(t) = e', K(t,7) = t> + 72 for A = [0, 1] and let Gr
—
be the G-flow shown on the left in Fig.6. Then, we know that Df = 1, Dg = ¢!,

1 1 2
t 1
/K(t,T dT—/ K(t,7)f dT—/ (t2+T2)TdT:5+Z:a(t),
0 0

1 1
/K(t,T dT—/ K(t,7)g dT—/ (> +77) eTdr
0 0
=(e—1)t*+e—2=0b(t)

. =L =L =L . . .
and the actions DG*, G~ and G are shown on the right in Fig.5.
1] [0,1]

[0,

— -
Furthermore, we know that both of them are injections on G'”.
—

Theorem 3.6. D: G” — G and / .GV -G,
A

— — — — —
Proof For VGL € G7, we are needed to show that DG’ and / Gt e@”,

A
i.e., the conservation laws

> DL@')=0 and > /

vENG(u) vENg (u)

hold with Vv € V (Zf)

= =
However, because of G*(*") € G, there must be

Z Lu’)=0 for YveV (@) )
vENg (u)
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we immediately know that

0=D| > Lw)|= > DL

vENG(u) vENg(u)
and
0= / oL = > L(u)
A vENG (u) vENG(u) A
for Vv e V (5}) O

_
4. G-FLOW SOLUTIONS OF EQUATIONS

As we mentioned, all G-solutions of non-solvable systems on algebraic, ordinary
or partial differential equations determined in [13]-[19] are in fact G-flows. We
show there are also G-flow solutions for solvable equations, which implies that the
G -flow solutions are fundamental for equations.

4.1 Linear Equations

Let ¥ be a field (#;+,). We can further define

GLio Gl — GLi-L2

with Ly - La(u’) = Li(u?) - La(u”) for Y(u,v) € X (5) Then it can be verified

— — —
easily that G is also a field (G&?; +, O) with a subfield .% isomorphic to % if

the conservation laws is not emphasized, where
Tz _ L AT A . o -
F —{G € G7|L(u") is constant in .% forV(u,v)EX(G)}.

Clearly, G7 ~ 9‘E<G)’ Thus ‘5}‘?‘ = pn’E(G)’ if |[#] = p"™, where p is a
prime number. For this .#-extension on 5}, the linear equation

—

aX = GF

is uniquely solvable for X = G 'L in G if 0 # a € % . Particularly, if one views
an element b € Z asb= G L if L(u¥) =b for (u,v) € X (E’)) and 0 # a € #, then

an algebraic equation
ar =1»

. . . . . . a1 .

in .Z also is an equation in G with a solution x = G* L such as those shown in
— —

Fig.6 for G = Cy, a = 3, b = 5 following.
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5
3
5 5
3 3
5
3
Fig.6

Let [Lij]an

the matrix [L;; (u”)],,.,,-
systems is known following.

be a matrix with entries L;; : u” — #'. Denoted by [L;], ., (u”)

-
Then, a general result on G-flow solutions of linear

Theorem 4.1. A linear system (LES!) of equations

a11 Xy +apXo + - +a, X, = Gh
=
a1 X1 + a2 Xo + -+ ag, X, = G2 (LES™)

AL
amIXI + am2X2 + -+ aman =G

— —

with a;; € C and GLi e G7 for integers 1 < ¢ <n and 1 < j < m is solvable for
—

X, e G”, 1 <i < mif and only if

rank [ag;], ., = rank [aij];x(nﬂ) (u”)

-
for V(u,v) € G, where

a1 a2 - ap Ly

lai; " _ | an a2 -+ asm Lo
Wimx(n+1) —

Am1 Am?2 Tt Amn Lm

— —

Proof Let X; = G%« with Ly, (u’) € ¥ on (u,v) € X (G) for integers
1<i<n. ForV(u,v) € X (6), the system (LES];) appears as a common linear
system

ar1Lyz, (u”) +ar2Ly, (u”) + -+ a1n Ly, (u¥) = Ly (u")
a91Ly, (u¥) + aga Ly, (u¥) + -+ + agn Ly, (u¥) = Lo (u?)

am1La, (u’) + amaLla, (u”) + -+ + amnLa, (u”) = Ly (u")
By linear algebra, such a system is solvable if and only if ([4])
rank [a;;],, ., = rank [aij];x(nH) (u?)

for V(u,v) € G.
Labeling the semi-arc u” respectively by solutions Ly, (u”), Ly, (u¥), -+, Ly, (u”)
— — — —
for V(u,v) € X (G), we get labeled graphs G =1, G w2 ...  GLen. We prove that

— — = —
Glor, Glez,.. [ Glon € G
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Let rank [a;;] = r. Similar to that of linear algebra, we are easily know that

mxn

m —
_ L;
Xjy =Y GVt e Xy, + e X,
2
= .y
Xj, =2 G +car1 Xy, + - can X,
1=1 )

=1
where {j1, - ,jn} ={1,---,n}. Whence, if Glrirn o ,5Lmﬂ'n € 67/, then
> Le) = > > ewli(u)

vENG (u) vENg(u) i=1

+ Y crriLe, (W)t > oL, (uV)

vENG(u) vENG(u)
- S| ¥ onw)
=1 vENG(u)
+C2,7‘+1 Z ijr+1 (uv) + -+ con Z Lmjn (uv) =0
vENG (u) vENG(u)

Whence, the system (LES!) is solvable in G7. (]

The following result is an immediate conclusion of Theorem 4.1.
Corollary 4.2. A linear system of equations

a11%1 + a12%2 + -+ + 1Ty = by
2121 + A22T2 + - -+ + A2p Ty, = b2

Am1T1 + Am2Z2 + -+ + AppTn = bm
with a;5,0; € .F for integers 1 < i <n,1 < j < m holding with
rank [a;;] = rank [a;;]

+
mxn mx(n+1)

— —
has G-flow solutions on infinitely many topological graphs G.

Let the operator D and A C R"™ be the same as in Subsection 3.2. We consider
—
differential equations in G” following.

Theorem 4.3. For VG € @A’/, the Cauchy problem on differential equation
DGX =G*

. . . . _>X‘z 50 _>L0
is uniquely solvable prescribed with G ™ '#n=27 = G*°.
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Proof For V(u,v) € X (6), denoted by F (u”) the flow on the semi-arc u".

Then the differential equation DGX = G* transforms into a linear partial differen-

tial equation
n

Y =

on the semi-arc u¥. By assumption, a; € C°(A) and L (u’) € L?[A], which
implies that there is a uniquely solution F'(u”) with initial value Lo (u”) by the
characteristic theory of partial differential equation of first order. In fact, let

@i (x1,x2, - ,2,, F), 1 <i<n be the n independent first integrals of its charac-
teristic equations. Then

F@')=F (u") - Lo (17/1,:1:/2 e ,I;l_l) € L*[A],
where, z}, 24, -+ ,z,,_; and F’ are determined by system of equations

(bl ((El,.’[]g," : ,$n_1,$2,F) :§1
¢2 ((El,.’[]g," . ,$n_1,$2,F) = ¢2

Clearly,

D| Y Fw’)|= > DFu)= > L")=0.

vENG(u) vENG(u) vENG(u)
Notice that

> F) = Y Lo(u")=0.

vENG (u) en=20 VENG(W)
We therefore know that
> F@")=o.
vENG(u)

. . ﬁ")( ﬁ}7‘ ﬁ’y .
Thus, we get a uniquely solution G* = G* € G” for the equation
DGX = G*
. . e =X, _.o =L
prescribed with initial data G '*n=*" = G *0, O

We know that the Cauchy problem on heat equation

ou "L 9%u

- = 02 _2

ot Z ox?

i=1 g
is solvable in R™ x R if u(x,t9) = ¢(x) is continuous and bounded in R", ¢ a
—-
non-zero constant in R. For G € G in Subsection 3.2, if we define

— —
oGt — oGt
8t B G ' and 8171

2]

o~

Qf

— oL .
=G, 1<i<n,

N
then we can also consider the Cauchy problem in G 7, i.e.,
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with initial values X |;—,, and know the result following.

— = .
Theorem 4.4. For VG € G” and a non-zero constant ¢ in R, the Cauchy

problems on differential equations
0X o= 0%X
o o

. C o =L = AV . , . .
with initial value X =y, = G~ € G” is solvable in G” if L' (u”) is continuous

and bounded in R™ for ¥(u,v) € X (G)
), the Cauchy problem on the semi-arc u¥ appears as

-
Proof For (u,v) € X (G
U yx= O%u
with initial value u|;—o = L' (u”) (x) if X = Gr. According to the theory of partial
differential equations, we know that
+o0 2 2
_(@E1—y)) + -+ (@En—yn) v
s L (w?) (g s yn)dys -+ dyn.

1
F(u’ t) =
) et = oy [
Labeling the semi-arc u¥ by F (u”) (x,t) for V(u,v) € X (5)), we get a labeled

— — — —
graph G¥ on G. We prove GF € G”.
— — —
By assumption, G € G, i.e., for Yu € V (G),

Y L)x)=0,

vENgG(u)
we know that
> Fu)(x1)
vENgG(u)
1 O @yt
= Z am)F T L' (u®) (Y1, yyn)dys -+ dyn
vENG(u) >
1 OO @2t ten—yn)? "
peory B S ) ) | don
> vENG(u)
1 +oo _(m1*91)2+"'+(’tn*yn)2
forVueV (6) Therefore, GF € G7 and
0X o= 0’X
—¢ Z ox?
O

ot

. o egs =L —>7/ . . —>7/
with initial value X|;—¢, = G € G” is solvable in G”'.
Similarly, we can also get a result on Cauchy problem on 3-dimensional wave

. AV .
equation in G” following.
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Theorem 4.5. For VG L' € G” and a non-zero constant ¢ in R, the Cauchy
problems on differential equations
*xX <82X 02X 82X)

a2~ \ 922 " 02 " 02

— — —
with initial value X|;—y, = G¥ € G” is solvable in G if L’ (u") is continuous
and bounded in R™ for ¥(u,v) € X (5’)

For an integral kernel K (x,y), the two subspaces A4, 4* C L?[A] are deter-
mined by

Y :{ameHMHAK&JMMW=M@}

ae = {eweral [ Kayewiy =00}

Then we know the result following.

Theorem 4.6. For VG € 5"’/, if dim4” = 0, then the integral equation
R
A
N
is solvable in G with ¥ = L?[A] if and only if
(G- T ) =0, V¥ e

Proof For V(u,v) € X (5’)
G- [TV o6t (GRT¥)=0 VG e
on the semi-arc u? respectively appear as
Fi) = [ Ky P)dy = L)
if X (u¥) = F (x) and
/AWL’ (u’) [x]dx = 0 for VG e 1.

Applying Hilbert and Schmidt’s theorem ([20]) on integral equation, we know
the integral equation

Fx) = [ K@y Fly)dy = L)
is solvable in L?[A] if and only if
/ L (u?) [x]L' (u") [x]dx =0
A

for VG € ™. Thus, there are functions F (x) € L?[A] hold for the integral
equation

F@—Amemww=uwm
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=1 . .
for V(u,v) € X (G) in this case.
For Vu e V (Zf), it is clear that

> (Fem- [ KeyFa)x) = 3 )k =o

vENG(u) vENG(u)

which implies that,

[RGB ST D ST}

vENG(u) vENg(u)
Thus,
> F)[x] e
vENg(u)

However, if dim.4" = 0, there must be

Z F”)[x]=0

vENg (u)

— — —
forVueV (G), ie., G € G”. Whence, if dim.#” = 0, the integral equation
ax- [E oo
A
_
is solvable in G with ¥ = L?[A] if and only if
(GHG) =0, WG e
This completes the proof. (I

Theorem 4.7. Let the integral kernel K(x,y) : A x A — C € L*(A x A) be
given with

/ |K(x,y)|?dxdy >0, dimA =0 and K(x,y)= K(x,y)
AxXA

for almost all (x,y) € A x A. Then there is a finite or countably infinite system

G -flows {ZfL} C L?(A,C) with associate real numbers {\;},_,, . C R
i=1,2, 2,

such that the integral equations

/ K(x,y)GLWdy =\, GLi
A

hold with integers ¢ = 1,2, ---, and furthermore,
|)\1|Z|)\2|ZZO and hm )\iZO.
Proof Notice that the integral equations
A
is appeared as

AKWWMWﬂM®=MMWWM
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on (u,v) € X (5}) By the spectral theorem of Hilbert and Schmidt ([20]), there is

indeed a finite or countably system of functions {L; (u") [X]}i=1,2,... hold with this
integral equation, and furthermore,

M| >[Xo|>--->0 with lim A\, =0.

11— 00

Similar to the proof of Theorem 4.5, if dim.4#" = 0, we know that

> Liw’)[x]=0

vENG(u)

— — —
forVueV (G), ie., Gl e G” for integers i = 1,2, -. O

4.2 Non-linear Equations

N
If G is strong-connected with a special structure, we can get a general result on

N

G -solutions of equations, including non-linear equations following.

Theorem 4.8. If the topological graph G is strong-connected with circuit
decomposition

!
G-z,
i=1
such that L(u’) = L; (x) for V(u,v) € X (81), 1 <¢ <[ and the Cauchy problem
{ fg.l (X7u7u117' oy Ug,, Ugqgasy ) =0
ey = Li(x)

is solvable in a Hilbert space ¥ on domain A C R" for integers 1 < i <[, then the
Cauchy problem

fg.i (XuXuXLE17"' 7Xwn7Xw1127"') =0
—
Xy, = GE

— —
such that L (u¥) = L;(x) for V(u,v) € X (C’Z) is solvable for X € G”.

Proof Let X = GLut with Lyx) (u”) = u(x) for (u,v) € X (E’)) Notice that
the Cauchy problem
2 (XaXaXl‘u" : 7X1n7X11127" ) =0
X|x, = GE

then appears as

‘gzi (Xvuauzla' Uy, Uz zg,y ) =0

u|Xo = Ll(x)
on the semi-arc u” for (u,v) € X (5’), which is solvable by assumption. Whence,
there exists solution u (u”) (x) holding with

eg.i (X,u,Umla"' 7u$n7u$1127...) = 0
u|xo = Ll(x)
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— — —
Let G'Lu be a labeling on G with u (u?) (x) on u® for ¥(u,v) € X (G) We
show that GLu) € G”. Notice that

l
a-Ue.
i=1

and all flows on 81 is the same, i.e., the solution u (u”) (x). Clearly, it is holden
—
with conservation on each vertex in C; for integers 1 < ¢ < [. We therefore know

that
N
S L () =0, uev(G).
vENG(u)
— —
Thus, G« € G”. This completes the proof. O

There are many interesting conclusions on G -flow solutions of equations by The-
orem 4.8. For example, if .%; is nothing else but polynomials of degree n in one
variable x, we get a conclusion following, which generalizes the fundamental theo-
rem in algebra.

Corollary 4.9.(Generalized Fundamental Theorem in Algebra) If G is strong-
connected with circuit decomposition

l
a-Ue.
=1

(2

and L; (u’) = a; € C for V(u,v) € X (61 and integers 1 < ¢ < [, then the
polynomial

F(X)ZE)LIOXn—Fa)IQOXn71+"'+a)L"OX+aL"+1

N———

always has roots, i.e., Xo € G such that F(Xo) =0if Gh #0 and n > 1.
Particularly, an algebraic equation

arz"™ + CLQ{En_l +--+anr+aps1 =0
with a; # 0 has infinite many G -flow solutions in G on those topological graphs
l
Gwith @ = ()T
i=1

N
Notice that Theorem 4.8 enables one to get G -flow solutions both on those linear
and non-linear equations in physics. For example, we know the spherical solution

ds? = f(t) (1 - %9) a2 — 1

= dr? — r2(d6? + sin? 0dp?)

for the Einstein’s gravitational equations ([9])
1
R — §Rg‘“’ = —8rGT"
with R = REY = gaﬁRo‘“ﬁ”, R = guR", G = 6.673 x 1078em3/gs?, k =
—
87G/ct = 2.08 x 1078em =t - g7 . 2. By Theorem 4.8, we get their G-flow
solutions following.
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Corollary 4.10. The Einstein’s gravitational equations

1
RHY — gRg”” = —8nGT"",
. . =1 . . _)C . .
has infinite many G-flow solutions in G*, particularly on those topological graphs
=1 l =1 . . . . .
G = U C'; with spherical solutions of the equations on their arcs.
i=1

— — —
For example, let G = C'4. We are easily find C4-flow solution of Einstein’s
gravitational equations,such as those shown in Fig.7.

V1 S1 V2
S4 A SQ
V4 5’3 V3

Fig.7

where, each S; is a spherical solution

d52 — f(t) (1 — T?S) dt2 — 1_—&d’r2 — Tz (d92 + Sin2 9d¢2)

of Einstein’s gravitational equations for integers 1 < i < 4.
As a by-product, Theorems 4.5-4.6 can be also generalized on those topological
graphs with circuit-decomposition following.

Corollary 4.11. Let the integral kernel K(x,y) : A x A — C € L?(A x A) be

given with
[ EyPaxdy >0, Koy - Kexy)
AXA
for almost all (x,y) € A x A, and
1
a -z,
i=1

such that L(u") = L (x) for V(u,v) € X (81) and integers 1 < i <. Then, the

integral equation
aGx - / [ehel
A
N
is solvable in G with # = L2[A] if and only if

(@) =0, va¥ e
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Corollary 4.12. Let the integral kernel K (x,y): A x A — C € L*(A x A) be
given with

/ K(x,y)Pdxdy >0, Ky = K(x.y)
AXA

for almost all (x,y) € A x A, and
1
a -z,
i=1

such that L(u") = Ly (x) for VY(u,v) € X (81) and integers 1 < ¢ < [. Then,
there is a finite or countably infinite system G -flows {aLl} C L?*(A,C)
i=1,2,

with associate real numbers {)‘i}i:I,Q,m C R such that the integr:ﬂ equations
/ K(x,y)G Py = A/ G L
A

hold with integers ¢ = 1,2, ---, and furthermore,

[Adi] > |A2] >--->0 and lim A\; =0.

11— 00
5. APPLICATIONS TO SYSTEM CONTROL

5.1 Stability of G -Flow Solutions

— —
Let X = GLue0 and Xy = G169 be respectively solutions of
y(X,le,--- 7Xacn7XﬂC1127"') =0
— — —
on the initial values X|,, = G¥ or X|x, = G in G” with ¥ = L2[A], the

Hilbert space. The G-flow solution X is said to be stable if there exists a number
d(e) for any number £ > 0 such that

[ X1 — Xof = HE)L“NX) _Gluwo || < ¢
if Ha)Ll - 6LH < §(¢). By definition,
=1 —
(e S DR | A OO AR
(mv)eX(ff)

and - -
H GLul(x) _ GLu(x)

= Y m@)®) -u@) ).
(u,v)EX(a)
Clearly, if these ﬁ-ﬂow solutions X are stable, then
lur () () —u @) < D Ju (@) (%) —u @) (x)] <e
(u,v)GX(Ef)
if
Ly @) =L)< > L1 (u”) = L()] < 6é(e),

(u,v)GX(E‘))

ie., u(u”) (x) is stable on u” for (u,v) € X (Zﬁ)
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Conversely, if u (u”) (x) is stable on v for (u,v) € X (5), i.e., for any number

g/e (6}) > 0 there always is a number §(g) (u”) such that

€

s (") () = (") (0) | < —=v
- ()

if |Ly (u¥) = L (u?)|| < 6(g) (u”), then there must be
5

S b)) =) (9] <= (F) x- G

(u,v)EX (6)

if
L1 (") = L (u®)]|

IN

— —
where ¢ (G ) is the number of arcs of G and

d(e) = min {(5(5) (u”) |(u,v) € X (5) } .

Whence, we get the result following.

Theorem 5.1. Let ¥ be the Hilbert space L?[A]. The G-flow solution X of
equation
y(X,X,Xml,"' 7an7X11127"') =0
—
Xlx, = G*

in G” is stable if and only if the solution u(x) (u) of equation

{ ﬁ(x,u,uwl,--- uuwnaumlmga"')zo
=7
Ulx, = G

is stable on the semi-arc u” for V(u,v) € X (5})

This conclusion enables one to find stable a—ﬂow solutions of equations. For ex-
ample, we know that the stability of trivial solution y = 0 of an ordinary differential
equation
dy
ax [Aly
with constant coefficients, is dependent on the number v = max{ReA : A € o[4]}
([23]), i.e., it is stable if and only if v < 0, or v = 0 but m/(A) = m(X) for all
eigenvalues A with ReX = 0, where o[A] is the set of eigenvalue of the matrix [A],
m(A) the multiplicity and m’()) the dimension of corresponding eigenspace of \.

Corollary 5.2. Let [A] be a matrix with all eigenvalues A < 0, or v = 0 but
m/(A) = m(\) for all eigenvalues A with ReA = 0. Then the solution X = O of
differential equation

dX
— =[A4]X
- = Al
— — —
is stable in G”, where G is such a topological graph that there are G-flows hold
with the equation.
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For example, the G -flow shown in Fig.8 following

U1 g(z) v2
@) flz
f(x) g(x) g(x)] 1@
v @) o
Fig.8

isa 6—ﬂow solution of the differential equation

X dX
— +5—+6X=0
dx? + dxz +

with f(z) = Cre™2* + Cle 3 and g(z) = Coe 2% + Che=3*, where C1,C] and
Cy, CY are constants.

Similarly, applying the stability of solutions of wave equations, heat equations
and elliptic equations, the conclusion following is known by Theorem 5.1.

Corollary 5.3. Let 7 be the Hilbert space L2[A]. Then, the G-flow solutions
X of equations following

32X_ , (0?°X  0°X _aL
ot? 0z Ox3

= X
Xty = GLo@ien) v

)

L Val?
= G o) X|8A = G letzr.z2)

to
0?°X 50X _ oL ?X  09*X 0*X -0
ot2 18:1:1 B and ox? ﬁ)}x% ox3
X|sy = GLo@ie X|oa = Gloereaes

. — — . . —
are stable in G, where G is such a topological graph that there are G-flows hold
with these equations.

5.2 Industrial System Control

An industrial system with raw materials My, My, --- , M, products (including
by-products) Py, Pa,---, P, but wi,ws, -+ ,ws wastes after a produce process,
such as those shown in Fig.9 following,
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T2 Y2
@)

= o
ws]. . . [Wy]

Fig.9
i.e., an input-output system, where,

(y17y27"' 7ym) :F(.’I]l,.’IIg,"' ,(En)

determined by differential equations, called the production function and con-
strained with the conservation law of matter, i.e.,

m S n
YIRS LD o2
i=1 =1 =1

Notice that such an industrial system is an opened system in general, which can
be transferred into a closed one by letting the nature as an additional cell, i.e.,
all materials comes from and all wastes resolves by the nature, a classical one on
human beings with the nature. However, the resolvability of nature is very limited.
Such a classical system finally resulted in the environmental pollution accompanied
with the developed production of human beings.

Different from those of classical industrial systems, an ecologically industrial
system is a recycling system ([24]), i.e., all outputs of one of its subsystem, including
products, by-products provide the inputs of other subsystems and all wastes are
disposed harmless to the nature. Clearly, such a system is nothing else but a G -flow
because it is holding with conservation laws on each vertex in a topological graph E'),
where 5 is determined by the technological process for products, wastes disposal
and recycle, and can be characterized by differential equations in Banach space 57/.
Whence, we can determine such a system by Gl with Ly v’ — u(u) (t,x) for

(u,v) € X (6), or ordinary differential equations

"X =, dUX

61/00 + Gto +...+5}Lu(t,X):O
dtk dtk—1 b1
X|t:t — @L;Lo(x)7 d_X — GLh,l(x), e dX— — 6Lhk—1(x)
’ dt |, i P
=to =to
for an integer k > 1, or a partial differential equation
5’&) o 8_X + a)Ll o _8X + -+ aLn o 8_X = a)l‘u(tx)
ot o0x1 oxy,
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and characterize its stability by Theorem 5.1, where, the coefficients EjLi,i >0 are
determined by the technological process of production.
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