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Abstract: Let ¥ be a Banach space over a field .#. A a-ﬂow is a graph
G embedded in a topological space . associated with an injective mappings
L:u’ — L(u”) € ¥ such that L(u”) = —L(v*) for Y(u,v) € X (@) holding

with conservation laws

Z L(v")=0 for VvGV(Ei}),

u€Ng(v)

where u” denotes the semi-arc of (u,v) € X (@), which is a mathematical
object for things embedded in a topological space. The main purpose of this
paper is to extend Banach spaces on topological graphs with operator actions
and show all of these extensions are also Banach space with a bijection with
a bijection between linear continuous functionals and elements, which enables
one to solve linear functional equations in such extended space, particularly,
solve algebraic, differential or integral equations on a topological graph, find
multi-space solutions on equations, for instance, the Einstein’s gravitational
equations. A few well-known results in classical mathematics are generalized
such as those of the fundamental theorem in algebra, Hilbert and Schmidt’s
result on integral equations, and the stability of such G-flow solutions with

applications to ecologically industrial systems are also discussed in this paper.
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§1. Introduction

Let ¥ be a Banach space over a field .%. All graphs G, denoted by (V(E’)), X(a)))



considered in this paper are strong-connected without loops. A topological graph a
is an embedding of an oriented graph G in a topological space . All elements in
V(@) or X (@) are respectively called vertices or arcs of G.

An arc e = (u,v) € X(@) can be divided into 2 semi-arcs, i.e., initial semi-arc

u” and end semi-arc v"*, such as those shown in Fig.1 following.

Fig.1
. . —_— —_—
All these semi-arcs of a topological graph G are denoted by X 1 (G )

A wvector labeling E')L onGisal—1 mapping L : G — ¥ such that L: u? —
L(u’) € ¥ for Vu’ € X1 (@), such as those shown in Fig.1. For all labelings G
_ 2
on G, define

— 1 — Lo — L1+ — AL

G +G°=37 and A\G =G
Then, all these vector labelings on G naturally form a vector space. Particularly,
a @—ﬂow on G is such a labeling L : u” — ¥ for Yu’ € X% (@) hold with
L (u’) = —L (v*) and conservation laws
> L()=0
u€Ng(v)

for Vv € V(a)), where 0 is the zero-vector in 7. For example, a conservation law
for vertex v in Fig.2 is —L(v*') — L(v*?) — L(v"®) 4+ L(v*) + L(v"?) + L(v"¢) = 0.

Uy L(v") L(UU4)U4
up L) L)
v
U3 L(v"3) F(UUG)U()‘
Fig.2

Clearly, if ¥ = Z and ¢ = {1}, then the T-flow G is nothing else but the network
flow X(a)) —~Zon G.
—L =L —=L2

Let G , G ', G " be G -flows on a topological graph G and ¢ € .% ascalar.

It is clear that @Ll + @LZ and & - @L are also @—ﬂows, which implies that all
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conservation G-flows on G also form a linear space over % with unit @0 under
operations + and -, denoted by 5)7/, where Zio is such a G-flow with vector 0 on
u for (u,v) € X (@), denoted by O if G is clear by the paragraph..

The flow representation for graphs are first discussed in [5], and then applied to
differential operators in [6], which has shown its important role both in mathematics
and applied sciences. It should be noted that a conservation law naturally deter-
mines an autonomous systems in the world. We can also find G-flows by solving

conservation equations

ST LY=o, uev(ﬁ).
)

u€ENg (v

Such a system of equations is non-solvable in general, only with G -flow solutions
such as those discussions in references [10]-[19]. Thus we can also introduce G-flows
by Smarandache multi-system ([21]-[22]). In fact, for any integer m > 1 let (i ﬁ)
be a Smarandache multi-system consisting of m mathematical systems (31;R1),
(X9;Ra), -+ (Xn; Rin), different two by two. A topological structure G* [i, 75} on
(i; ﬁ) is inherited by

V(GH[SR]) = {21, Tk,

E (GL [iﬁ,}) = {(Z%) DN, #£0, 1 <i#j <m} with labeling

L: Y —L(()=% and L: (¥,%;)— L(3,%;) =%,
for integers 1 < ¢ # j < m, i.e., a topological vertex-edge labeled graph. Clearly,
Gr [i 7%] is a G-flow if YiNX; =v e ¥ for integers 1 < 4,7 < m.

The main purpose of this paper is to establish the theoretical foundation, i.e.,
extending Banach spaces, particularly, Hilbert spaces on topological graphs with
operator actions and show all of these extensions are also Banach space with a
bijection between linear continuous functionals and elements, which enables one to
solve linear functional equations in such extended space, particularly, solve algebraic
or differential equations on a topological graph, i.e., find multi-space solutions for
equations, such as those of algebraic equations, the Einstein gravitational equations
and integral equations with applications to controlling of ecologically industrial sys-

tems. All of these discussions provide new viewpoint for mathematical elements,

i.e., mathematical combinatorics.



For terminologies and notations not mentioned in this section, we follow ref-
erences [1] for functional analysis, [3] and [7] for topological graphs, [4] for linear
spaces, [8]-[9], [21]-[22] for Smarandache multi-systems, [3], [20] and [23] for differ-

ential equations.

82. G-Flow Spaces

2.1 Existence

Definition 2.1 Let ¥ be a Banach space. A family V' of vectors v € ¥ is conser-

ZV:O,

veV

vative if

called a conservative famaily.

Let ¥ be a Banach space over a field .# with a basis {1, g, -+ +, @gimy }. Then,

for v € V there are scalars xy, 2y, -, 2y, , € # such that

Consequently,

dim? dim?

veV =1 i=1 veV

invzo

veV

implies that

for integers 1 < ¢ < dim”?'.
Conversely, if

» ay =0, 1<i<dim?,

vev
define
dim¥?
vi= Z x] oy
i=1
and V = {v', 1 <i<dim?}. Clearly, >, v =0, i.e., V is a family of conservation
vev

vectors. Whence, if denoted by =y = (v, o) for Vv € V, we therefore get a condition

on families of conservation in ¥ following.
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Theorem 2.2 Let ¥ be a Banach space with a basis {cq, g, -+, Qgimy }. Then, a

vector family V. C ¥ is conservation if and only if

> (via) =0

veV

for integers 1 < i < dim7’.
For example, let V = {vy,va,v3, v4} C R? with

vi=(1,1,1), vo=(-11,1),
V3 = (17_17_1)a Vy = (_17_]-7_1)

Then it is a conservation family of vectors in R3.
Clearly, a conservation flow consists of conservation families. The following

result establishes its inverse.

L
Theorem 2.3 A ﬁ-ﬂow G exists on G if and only if there are conservation

families L(v) in a Banach space ¥ associated an index set V' with
L(v) ={L(v") € ¥ for some u eV}

such that L(v*) = —L(u") and

Proof Notice that

for Vv € V (@) implies

weNg(v)\{u}
Whence, if there is an index set V' associated conservation families L(v) with
L(v) = {L(v") € ¥ for some u € V'}
for Vv € V such that L(v*) = —L(u¥) and L(v)((—L(u)) = L(v*) or (), define a
topological graph el by

174 (@)) =V and X (@) = U{(%UNL(UU) € L(v)}

veV

bt



L
with an orientation v — w on its each arcs. Then, it is clear that G is a G-flow
by definition.

Conversely, if @L is a @—ﬂow, let
L(v) = {L(v") € ¥ for Y(v,u) € X (5)}

for Vv € V (@) Then, it is also clear that L(v), v € V (ﬁ) are conservation
families associated with an index set V =V (5)) such that L(v,u) = —L(u,v) and

L(v") if (vu)e X (G

L) m(_L(U)) - 0 if (v,u) € X G

by definition. O

Theorems 2.2 and 2.3 enables one to get the following result.

Corollary 2.4 There are always existing a)-ﬂows on a topological graph G with
weights \v forv € ¥V, particularly, Acc; onVe € X (5)) if | X (@)‘ > ‘V (@) ‘—i—l.

Proof Let e = (u,v) € X (@) By Theorems 2.2 and 2.3, for an integer

1 <i<dim?, such a G -flow exists if and only if the system of linear equations

> Aaw =0, veV(T)

uev@)

is solvable. However, if ‘X (@) ‘ > ‘V (@)’ + 1, such a system is indeed solvable
by linear algebra. U

2.2 G-Flow Spaces

Define

= > zw
(u,u)éX(@)

for VG € Z:’V, where ||L(u)|| is the norm of F'(u”) in #". Then
—0

(1) H@LH >0 and H@LH = 0 if and only if G'=3d"=o.

(2) HEY)SLH =¢£ HE’)LH for any scalar &.
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H@wl + (e < H_)Ll H@Lz H because of
— 1 — Lo v v
e +a@”|| = X )+ L)
(u,v)EX(@)
v v —L —L
< Y ml+ Y L)) =@ +|[E”
(u,v)eX (@) (u,v)eX (ﬁ)
Whence, || - || is a norm on linear space a’.

Furthermore, if #" is an inner space with inner product (-, -), define

(@@= Y (L) L)

wex()
Then we know that
(4) <@L,@L> = ¥ (L@, L) > 0and <@L, 5L> — 0 if and only
(u )eX<G>
X(@ , Le., @L =

— L1 — Lo

€ )
<§>L2 @ > forVG ,G " € 5)7/ because of

—
—
b(
/\
\_/
I
(@]
S’
=
<
A

|| \_/

(@@") = Y (L) La(w) = (La(u), Li ("))
(u,v)eX (@) (u,w)eX <§>

(u,w)eX <E)>

—L — L1 —L»> —V

(6) For G ,G ,G ~ € G |, thereis

because of

(@ 4 @ T = (G Tt



= Z (AL1(u"), L(u®)) + Z (nLa(u’), L(u"))
(u,v)eX(@) (u,v)EX(@)
_ <3AL1’ aL> I <auL2’ aL>

_ A<G e >+u<G e )

4
Thus, G’ is an inner space also and as the usual, let

[@l=y(@"e")

L v
for G € G . Then it is a normed space. Furthermore, we know the following

result.

4
Theorem 2.5 For any topological graph Z?), G is a Banach space, and furthermore,
¥
if ¥ is a Hilbert space, G is a Hilbert space also.

4
Proof As shown in the previous, G is a linear normed space or inner space if
¥ is an inner space. We show that it is also complete, i.e., any Cauchy sequence in
¥ Ly . 4
G s converges. In fact, let {ﬁ } be a Cauchy sequence in G’ . Thus for any

number ¢ > 0, there always exists an integer N(e) such that

HLn HLm
<e€

if n,m > N(e). By definition,
—>Ln —Lm

L () — Lo (u® |<H e H<a

i.e., {L,(u")} is also a Cauchy sequence for V(u,v) € X (@), which is converges on
in 7 by definition.
Let L(u”) = lim L, (u") for V(u,v) € X (@) Then it is clear that

lim @Ln = @L.

n—oo

L ¥
However, we are needed to show G ed . By definition,

Z Ly(u’) =

vENG(u)



forVu eV (@) and integers n > 1. Let n — oo on its both sides. Then

lim (> L") ]| = Y lim L,(u")

"\ veNg (u) veNG@)
= ) L)=0
vENgG (u)
L ¥
Thus, G ed . O

L L
Similarly, two conservation G-flows G and G~ are said to be orthogonal if
Li —L

<E’) " G 2> = 0. The following result characterizes those of orthogonal pairs of

. —
conservation G -flows.

— L1 — Lo —

Theorem 2.6 let G ,G ~ € G . Then @)Ll s orthogonal to 5L2 if and only if
(Ly (), La(u?)) = 0 for ¥(u,v) € X (@)

—

Proof Clearly, if (Ly(u"), La(u")) = 0 for V(u,v) € X (G), then,

(@@ = Y (L) L) =0,
(u,v)EX(@)

L L
le., G s orthogonal to G

Conversely, if @Ll is indeed orthogonal to E)LQ, then
L —L
(@"G7) = > L) La() = 0
H
(u,v)EX( G)

by definition. We therefore know that (L;(u"), La(u¥)) = 0 for Y(u,v) € X (@)
because of (Ly(u’), La(u¥)) > 0. O

Theorem 2.7 Let ¥ be a Hilbert space with an orthogonal decomposition ¥ =
V @ V+ for a closed subspace V. .C ¥. Then there is a decomposition

G =Vaove

where,



L ¥
i.e., for VG €@ , there 1s a uniquely decomposition

—L —)L1 —)Lz

G =G"+7
witthX(@)eVandLyX(@) VL

Proof By definition, L(u") € ¥ for Y(u,v) € X (E‘)) Thus, there is a decom-
position
L(u’) = Ly(u") + La(u’)
with uniquely determined L,(u®) € V but Ly(u®) € V*.
Let [@Ll} and [@LQ} be two labeled graphs on G with Ly X% (@) —V
and Lo : X1 (G) — V1. We need to show that [@Ll] , [@LQ} € <@,7/>. In fact,
the conservatlon laws show that

> L(u ie, Y (Li(u’) + La(u”)) =0

vENG (u) vENG (u)

for Vu € V (@) Consequently,

> uw)r 3 b=

vENG (u vENG(u
Whence,
0 = < Ly(u”) + Z Lo(u”), Z Ly(u”) + Z L2(UU)>

vENG(u) vENG(u) vENG(u) vENG (u)

= < Ly (u”), > < Ly(u'), Y Lz(uv)>
vENG(u) UENG(u vENG(u) vENG(u)

. < L) S L >+< SIS L1<uv>>
vENG(u) UENG(U vENG(u) vENG(u)

- (2 b > < B, ¥ )
vENG(u) UENG(u vENG(u) vENG(u)

+ (L1(u”), Lo(u u’), Ly(u"))
vENG (u) UENG( )

:<2umzhww<2wwzhw>
vENG(u) vENG(u) vENG(u) vENG(u)
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Notice that

< oL, Y. Ll(u”)>20, < > L), > Lg(u”)>20.
) vENG (u)

vENG (u) vENG (u

We therefore get that

ez

UENG ) UENG(U UENg(u
ie.,
Z Li(u”) =0 and Z Ly(u
vGNg(u) UENG )
— L — Lo —=7 .
Thus, [G ] , [G } € G . This completes the proof.

2.3 Solvable G-Flow Spaces

Let @L be a G-flow. If for Vv € V (@), all flows L

determined by equations

Fo (L (w"); L(w"), we Ng (v

¥ n) -0

UGNG )

(v"),u € N&(v) \ {ug} are

) =0

unless L(v*°), such a G-flow is called solvable, and L(v*) the co-flow at vertex v.

For example, a solvable G-flow is shown in Fig.3.

U1 (07 1) V2

h (0.1 "

Fig.3

A G-flow G is linear if each L <v“+> ,ut € NG (v) \ {ug} is determined by

I (Uvﬁ) - Z Q- L (U_U) ;

u~E€Ng (v)

11



with scalars a,- € % for Yv € V (@) unless L (v“g >, and is ordinary or partial

differential if L (v") is determined by ordinary differential equations

L, <dimi;1 <1< n) <L(v“+);L (v™"),u” € N; (U)) =0

or

L, (%, 1<i< n) (L(v“+);L (u="),u” € N (v)) =0

d 0
unless L <v“3> for Vv € V (@), where, L, (d 1< < n), L, (a—;l <i< n)
i €T;
denote an ordinary or partial differential operators, respectively.

L
Theorem 2.8 For a strong-connected graph @’, there exist linear @)-ﬂows G , not

all flows being zero on G.

Proof Notice that G is strong-connected. There must be a decomposition
_ mi N m2
i=1 i=1

where E')i, ?j are respectively directed circuit or path in G with my > 1, mo > 0.

uk
For an integer 1 < k < mq, let ﬁk = u’fu’§ . u’;k and L (uf 1“) = vy, where
i +1 = (mods). Similarly, for integers 1 < j < my, if ?j = wiw)---wl, let
t
L (wg-wj“) = 0. Clearly, the conservation law hold at Vv € V (ﬁ) by definition,

and each flow L (ufu;c“) , 1+ 1 = (modsy) is linear determined by

L) = () rox Y Y L)+ X r(e)

J#i vEN, (uk) J=1 vENT, (uk)

Jj=1 vENTL (uf)
J

Thus, @L is a linear solvable G-flow and not all flows being zero on a. 0

All G-flows constructed in Theorem 2.8 can be also replaced by vectors depen-
dent on the time ¢, i.e., v(¢). Thus, if there is a vertex v € V (@) with p~(v) > 2

and p*(v) > 2, i.e., v is in at least 2 directed circuits ﬁ, E’W, let flows on C and C'

be respectively x and f(x,t). We then know the conservation laws hold for vertices

12



in 5), and there are indeed flows on G determined by ordinary differential equations

similar to Theorem 2.8.

Theorem 2.9 Let G be a strong-connected graph. If there exists a verter v €

1% (a)) with p~(v) > 2 and p*(v) > 2 then there exist ordinary differential G -flows
L

el , not all flows being zero on G.

For example, the G-flow shown in Fig.4 is an ordinary differential G-flow in a

vector space if x = f(x,t) is solvable with x|;—;, = xo.

f(x,1)
U1 V2
X
f(x,t)1 tx X f(x,1)
X
V4 - V3
f(x,1)
Fig.4
Similarly, let x = (x1, 2o, -+, x,). If
z; = xi(t, 81,82, Sp—1)
u= U(t, S1, 82, ", Sn—l)

pi:pi(tuslvs%'”vsn—l)v i:1727"'7n

is a solution of system

dry  dry _dr,  du
Fpl FPZ Fpn zn: pinl
=1
— —&:..:_&:dt
Fm +plFu Fxn+pnFu
with initial values
zio - xio(sla 82,00, Sn—l)a Uy = UQ(Sl, 89,0, sn—l)
pio:pio(81952a"'>sn—l)> '6.21,2,"',’)7,
such that
F(x10>$20a “ oy Tpgy Uy Plgy P2gs >pn0) =0
Oug  ~—~ Oy,

- i—ZOa ‘:1>2a"'a _]-7
8sj Zpo@sj J "

1=

13



then it is the solution of Cauchy problem

F(x1,$2,' *y T,y Uy P1, P2, 0 7pn) =0
Tig = T4 (81,52, Sp—1), Uo = Uo(S1, 82, "+, Sp—1)
pio:pio(81952a"'>sn—l)a ’6.21,2,---,’)7,
U or . .
— and F,, = — for integers 1 <17 < n.
8@- 8pi

Similarly, for partial differential equations of second order, the solutions of

where p; =

Cauchy problem on heat or wave equations

" 2 nooo2
Bu o= Pu 5’_?; — Y O
— =qQ JR—
ot —~ 0x} | ot = 0= 5
- w
uli=0 = ¢ (x) uli=o = ¢ (x) , BN =9 (x)
=0
are respectively known
1 T 2t @n—yn)?
u(x,t) = n/ e Py, yn)dyr - - dyn
(Art)z J_o

for heat equation and

0 1 1
u (z1, 9, r3,t) = prll lpen /gpdS +47Ta2t /@DdS

M M
S(Lt S(Lt

for wave equations in n = 3, where S denotes the sphere centered at M (xq, x5, z3)
with radius at. The following result on partial G-flows is known similar to that of
Theorem 2.8.

Theorem 2.10 Let G be a strong-connected graph. If there exists a vertex v €
Vv (@) with p~(v) > 2 and p*(v) > 2 then there exist partial differential G -flows

L
G , not all flows being zero on G.

83. Operators on G-Flow Spaces

3.1 Linear Continuous Operators

Definition 3.1 Let T € & be an operator on Banach space ¥ over a field F. An

operator T : Z:’V — Z:’V 15 bounded if
[z (@) =<

14



L 4
for VG € G witha constant & € [0,00) and furthermore, is a contractor if

[r(@") - (")

forvG™, G e G withe € [0,1).

| <¢]

)HLl L2

)

v 4
Theorem 3.2 Let T : G — G be a contractor. Then there is a uniquely

conservation G-flow E’)L € @’V such that
(@) -3"

Proof Let @LO S @V be a G-flow. Define a sequence {@Ln} by

d—r(ad™),
av om (@) —m(a"),

LnY . . 4 . .
We prove {5’) } is a Cauchy sequence in G . Notice that T is a contractor.
For any integer m > 1, we know that

jo= - - [a (@) -2(¢)|
L L G I
S PPN [

Applying the triangle inequality, for integers m > n we therefore get that

H—>Lm HLn

< ‘ —>Lm _ Ewmq TR H@Lnﬂ _ ﬁLn
L
_(€m+€m—1+___+§nl H_)l
n—1_ ¢m
e g
n—1
g 5 H—>L1 LO for 0 < & < 1.

15



— Ly

Consequently, H@Lm -G

Ly,
— 0if m — 0o, n — 00. So the sequence {5’) }

is a Cauchy sequence and converges to G". Similar to the proof of Theorem 2.5, we
— L

Y
know it is a G-flow, i.e., G G . Notice that

[@"-r(@)] <le"-a|+]e -=(@)

R R Chch |

L L
Let m — oo. For 0 < & < 1, we therefore get that H@’ -T (E‘) )H =0, i.e.,

T(¢")-¢".
' v

For the uniqueness, if there is an another conservation G-flow ﬁL e q
holding with T <5>L ) = @L, by

o= =[x (@) -7 (")

|<¢fe” -

L L
it can be only happened in the case of G =G for0< E< 1. O

va —7

Definition 3.3 An operator T : G — G is linear if
(A?ﬁ“ /ﬁ“) — AT (@Ll) 4 uT (@L)

Ll —)L2

4 L
for \7el ,G € G and A\ € F, and is continuous at a a)-ﬂow G if there
always exist a number 0(e) for Ve > 0 such that

[r()-r (@)

The following result reveals the relation between conceptions of linear continu-

— Lo

)<g if H@L—G

(e).

ous with that of linear bounded.

4 4
Theorem 3.4 An operator T : G’ — G s linear continuous if and only if it is
bounded.

Proof If T is bounded, then
[z (@) -z (@) = |r(e"-e")

—L — Lo

for an constant £ € [0,00) and VG , G 5)7/. Whence, if

<¢(e"-a")

<5(e) with 5(5):2,

‘ ‘ —>LO

g%()’

16



then there must be

[r(@" @)

<

i.e., T is linear continuous on G . However, this is obvious for £ = 0.

Ly
Now if T is linear continuous but unbounded, there exists a sequence {6 }

Y%
in Zf such that

-

2

Let
— Ly —>Ln
G " H_)L” x G
. 1
Then HHL" =— —0, Le., (@ ") ‘ — 0 if n — oo. However, by definition
n
[z (@] -
n
|z (6 e~
nfje” \V“
a contradiction. Thus, T must be bounded. O

The following result is a generalization of the representation theorem of Fréchet
4 4
and Riesz on linear continuous functionals, i.e., T : G — Con G-flow space a ,

where C is the complex field.

Theorem 3.5 Let T : @7/ — C be a linear continuous functional. Then there is a

L 4
unique G e G such that

(2" - <a@>
for VE’)L € @’V

Proof Define a closed subset of EW by

N (T) = {ZﬁL c Z:’V) T (E’L) - 0}

17



for the linear continuous functional T. If A (T) = @V, ie, T (@L> = 0 for

V@L € 5)7/, choose @L = O. We then easily obtain the identity
r(c") - (T 7).

4
Whence, we assume that A4 (T) # G’ . In this case, there is an orthogonal decom-

position
—7

G =/ (T)e /(T)

with A (T) # {O} and A4 (T) # {O}.
Choose a G-flow G € N H(T) with ar # O and define

o (1(@) - (n(0")) "
for ‘v’@w € Z:’V. Calculation shows that
(@)= (r(¢))r (@)~ (r(e"))r(¢") -0

ie., ad" e A (T). We therefore get that

Notice that <ﬁLO, ﬁLO> = HﬁLon # 0. We find that
— Lo — Lo
r(e) - 2O gn gy <a r(© >@L°> |
e e
Let
—L T (ZﬁLO> a>LO B E»\L
=03 =
o
——=1Lo\
where \ = : <G ) . We consequently get that T (@L> = <Z¥>L, @E> :

— Lo 2

18



—L —I'

Now if there is another @L/ € G’ such that T (@L> = <G , G > for
, there must be <@) @L 5L,> = 0 by definition. Particularly, let

= E’) — @)L . We know that

o

which implies that ﬁL — ﬁL =0, ie., ﬁL = ﬁL . U
3.2 Differential and Integral Operators

Let ¥ be Hilbert space consisting of measurable functions f(xq,xs, -+, z,) on a set
A:{X: (xl,x2,~-~,xn) GRH‘CLZ' SZL’Z Sbl,l Szgn},

i.e., the functional space L?[A], with inner product
(F(x).960) = [ FoJaldix for fx),9(x) € L2

»
and G its G-extension on a topological graph G. The differential operator and

oy it [ ]
D: ai— and 9
; 8$2 A A
—7

on GG are respectively defined by

integral operators

pat - gPre)
and
/ a) _ / K(x, y)@L[y}dy _ @)IA K(xyy)L(u“)[y}dy’
7 6 _ / Kix y y _ 6.]'AWL(U“)[y}dy
for V(u,v) ( ) where a;, 8 ¢ - € C°(A) for integers 1 < i,j < n and K(x,y) :
AxA—CelL*A XAC)Wlth

K(x,y)dxdy < oo.
AXA
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—|

Such integral operators are usually called adjoint for = / by K (x,y) =
— L1 — Lo —_— A A

¥
K (x,y). Clearly, for G ", G ~ € G and \,u € F,
H (A@Ll(w +M5>Lz(u”)) 5 (5AL1<u”>+uLz<uv>) FDOL () )

—sDOL1 () +D(uL2(u?))  —DAL1(u"))  —=D(uLa(u?)

=G =G +G
_p (@D LG o (GH) 4 p ()
for V(u,v) € X (@)), ie.,
D (A@Ll v M@LQ) —ADG" + DG,
Similarly, we know also that
[t @y = [t [ @
748 ol ol
— 1L — Lo — L
/ <)\G +uG ):A/ G +u/
A A A

[ %
Thus, operators D, / and / are al linear on G .
A A

Lo

Ql

T t
t 1 f[o,l]7 f[o,l] a alt)
t

- - (t)L Cl(t)

Fig.5

For example, let f(t) =t, g(t) = €', K(t,7) = t* + 72 for A = [0, 1] and let a’
be the G-flow shown on the left in Fig.6. Then, we know that Df =1, Dg = ¢!,

/OK(t,T)f(T)dT:/O K(t,T)f(T)dT:/O (t2+72)7d72%+i:a(t),

20



/ = /01 (t*+7%) eTdr

—(e— 1) +e—2=0b(t)

/KtT

and the actions DG , / E’)L and / @)L are shown on the right in Fig.5.
[0,1] [0,1]

¥
Furthermore, we know that both of them are injections on G .

Theorem 3.6 D : @W — @W cmd/ : @V — @”V.
A

Proof For V@L € EW, we are needed to show that D@L and / @L €
A

i.e., the conservation laws

> DL(u") =0 and Z/

UENg(u) UENG

hold with Vv € V (ﬁ) However, because of @)L(uv) € 5)7/, there must be
ST L) =0 for VoeV (ﬁ) ,
vENG (u)
we immediately know that
0=D| Y L@)|= > DL
vENG(u) vENG (u)

and

LX) 2 L

vENG(u) vENG(u

for Yo € V (ﬁ)

84. G-Flow Solutions of Equations

As we mentioned, all G-solutions of non-solvable systems on algebraic, ordinary or

partial differential equations determined in [13]-[19] are in fact G-flows. We show

there are also G -flow solutions for solvable equations, which implies that the G -flow

solutions are fundamental for equations.
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4.1 Linear Equations

Let 7 be a field (.#; +,-). We can further define

— L — Lo —L1-Lo

G oG =G

with Ly - Lo(u?) = Li(u®) - La(u?) for ¥(u,v) € X (Zﬁ) Then it can be verified
easily that @jm is also a field (@37 =+, o) with a subfield .# isomorphic to .Z if the

conservation laws is not emphasized, where

F = {éw € @)j|L (u’) is constant in % for V(u,v) € X (E’))} :

E<ﬁ>‘ if || = p", where pis a

Clearly, @j ~ 9‘E<ﬁ>‘ Thus ‘G

ﬁ . .
prime number. For this .%-extension on G, the linear equation

aX = E’)L
-1r —F
is uniquely solvable for X G in G if 0 # a € #. Particularly, if one views
an element b€ F asb= G if L(u’) = b for (u,v) € X (G) and 0 # a € #, then
an algebraic equation
ar =10
2 a~ 1L
in .% also is an equation in G with a solution z = G such as those shown in
Fig.6 for G = 6)4, a =3, b =75 following.
5
3
3 5
3 3
)
3
Fig.6

Let [Lijl,
the matrix [L;; (u?)]

be a matrix with entries L;; : u” — 7. Denoted by [L;] . (u")
mxne L1€1, a general result on G-flow solutions of linear systems

is known following.
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Theorem 4.1 A linear system (LES!) of equations

( Ly
CL11X1 + a12X2 + -+ CllnX = 6

L
CL21X1—|-CL22X2+"'—|—CL27LX”:E> ’ (LES")

\

—L;

4
with a;; € C and G~ € @ for integers 1 < i <mn and 1 < j < m s solvable for
V4
X, € G, 1<i<m if and only if

rank [a;],, ., = rank [aij]:zx(n—i-l) (u?)

for¥(u,v) € G, where

a1 a2 - A, Iy

+ | @21 Q22 - Q2p Ly
[a'ij]mx(n—l—l) -

Am1 Am2 - Amnp Lm

Proof Let X; = G with L., (u’) € ¥ on (u,v) € X (ﬁ) for integers
1 <i<n. ForV(u,v) € X (@)), the system (LES]) appears as a common linear

system

a1 Ly, (u”) + ara Ly, (u¥) + -+ + a1n Ly, (u”) = Ly (u”)
a1 Ly, (u¥) + aga Ly, (u®) + -+ + agn Ly, (u”) = Lo (u")

By linear algebra, such a system is solvable if and only if ([4])

rank [a;], ., = rank [aij]:zx(n—i-l) (u”)

for V(u,v) € G.

Labeling the semi-arc u" respectively by solutlons Ly, (u¥), Ly, (u¥), -+, Ly, (u?)
for V(u,v) € X (G), we get labeled graphs G ,E’)Lzz . E') . We prove that
g g g e
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Let rank [a;;] = r. Similar to that of linear algebra, we are easily know that

mXxXn
( m —)Ll
Xjp=2 G +ernXj, + 0 anX,
i=1
m %Li
XJ2 - Z G+ 027T+1Xjr+1 T+ C2an

@
I
—_

m —)Li
Xjr- = Z G+ CT7T+1XJT+1 + - 'CTann

Lo, . ¥
where {1, -+, jn} = {1,---,n}. Whence, if G e GO cG , then

Yo Lo W) = Y Y ali(u)

vENG (u) vENG(u) =1
+ Z C2J’+1ijr+1 () -+ Z C2anﬂ'n (u”)
vENG(u) vENG (u)
S At
1=1 vENG (u)
tezpnr Y Loy (W)t S Ly (u)=0
vENG (u) vENG(u)
. . =7
Whence, the system (LES!) is solvable in G . O

The following result is an immediate conclusion of Theorem 4.1.

Corollary 4.2 A linear system of equations

a1121 + a12T9 + -+ ATy = bl

a91T1 + 999 + -+ AonTy — bg

Am1T1 + Q2T + -+ - + AppTy = bm

with a;;,b; € F for integers 1 <i <mn,1 < j <m holding with

= rank [a;;] "

rank [a;;] mx (n+1)

mxn

has @—ﬂow solutions on infinitely many topological graphs G,

Let the operator D and A C R” be the same as in Subsection 3.2. We consider

4
differential equations in G following.
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Theorem 4.3 For VG ¢ 5)7/, the Cauchy problem on differential equation

DG* = G*

b's L
15 uniquely solvable prescribed with el len=sf, _ [eh

Proof For Y(u,v) € X (@), denoted by F'(u”) the flow on the semi-arc u”.
Then the differential equation DGX = G transforms into a linear partial differential

equation
n

Zaiﬁgiﬁv) _ L(uv)

on the semi-arc u'. By assumption, a; € C°(A) and L (u’) € L*[A], which
implies that there is a uniquely solution F'(u") with initial value Lg (u") by the
characteristic theory of partial differential equation of first order. In fact, let
¢i (1,29, +, 2y, F'), 1 < i < n be the n independent first integrals of its char-

acteristic equations. Then

F(uv) =F (uv> - LO (xllvxé o 7x;L—1) S Lz[A]u

where, 2, 24, - -+ ) | and F’ are determined by system of equations
0 -
¢1 (21,20, -, T, 1y, F) = ¢y
o -
G2 (1, @0, -, Tp_1, Ty, F) = @y

Clearly,

vENG(u) vENG (u) vENG (u)

Notice that

> F(u) = ) L") =0.

vENG (u) o} vENG (u)
We therefore know that
Y F)=0
vENG (u)
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F v
G" € G’ for the equation

Thus, we get a uniquely solution @X =G
DG* = G*
O

—)L()

X
prescribed with initial data G len=af, _ G
We know that the Cauchy problem on heat equation

ou 5

is solvable in R" x R if u(x, tg) = ¢ (x) is continuous and bounded in R", ¢ a non-zero

L 4
constant in R. For G € G in Subsection 3.2, if we define

L L
el oL oG oL
T =G7” and =G™, 1<i<n,
4
then we can also consider the Cauchy problem in a , l.e.,
0X o= 0?X
_— C
ot —~ Oz}

with initial values X|;—;,, and know the result following.

L ¥
Theorem 4.4 For¥G € G and a non-zero constant c in R, the Cauchy problems

0X o= 0°X

ot - — Oz}

iZ ¥ ¥
with initial value X |i—yy = G~ € G’ is solvable in G if L/ (u’) 1s continuous and

bounded in R™ for V(u,v) € X (@)
Proof For (u,v) € X (@), the Cauchy problem on the semi-arc u’ appears as

on differential equations

—

O ox= 0%

with initial value u|;—g = L’ (u”) (x) if X = a’. According to the theory of partial

differential equations, we know that
_(11*y1)2+~--+(1n*yn)2
= L' (u”) (y1, = yn)dys - - dyn.

F (u") (x,t) = (4;)3 /_ ooe
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(5)), we get a labeled

) (x,t) for V(u,v)

Labeling the semi-arc u” by F'(
graph @F on G. We prove ﬁF € ﬁ/y/.
el HV, ie., forVueV (Zﬁ),

By assumption, G € G
Y W) (x) =

vENG(u)
we know that
> F(u)(xt)
vENG (u)
1 too |, ot (enyn?
/ S (u") (Y1, Yn)dys - - - dyn

- Zu (4nt)? )
oo (o —a 2 Z L,(uv) (ylj‘

vENG(u)
@1y %+ +(@n—yn)
4t
vENG (u)

1 too
 (4mt): /_ ‘
2
(0)dy:---dy, =0

00
(21 =y *+ 4 (zn—yn)
T

1 o0
e
2 J-x
@) Therefore, @F € Eﬂ/ and
o 02X

forVu eV
0X
— =
ot — Ou}

U

L v
with initial value X|;—, = G~ €@ issolvablein G
Similarly, we can also get a result on Cauchy problem on 3-dimensional wave

¥
equation in el following
and a non-zero constant ¢ in R, the Cauchy problems

Theorem 4.5 ForVG € G
?’X N ?’X N 0?
2 03

on differential equations
PX 5
=c
ot? ax% 03
v
" is solvable in G if L' (u’

) is continuous and

—>L’

with initial value X |i—y, = G
bounded in R™ for V(u,v) € X ( )
For an integral kernel K (x,y), the two subspaces A4, A4™* C L*[A] are deter-

mined by
{¢< ye 2]l [ Ky ol)dy = o >}
27
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we = ot e 2l [ Kielotiy = o |

Then we know the result following.

Theorem 4.6 For VG ¢ @)7/, if dim.A” = 0, then the integral equation
ot [Tt -
A
is solvable in 57)7/ with ¥ = L?*[A] if and only if
(@ .a") =0, va"en
Proof For ¥(u,v) € X (E’))
¢ [ @ =at ma (@E") =0 VG e
A
on the semi-arc u” respectively appear as
/ K (x,y) F'(y)dy = L (u") [x]
if X (u¥) = F (x) and
/ L) WL () [x]dx = 0 for VG & € 4.
A

Applying Hilbert and Schmidt’s theorem (]20]) on integral equation, we know

the integral equation
/ K (x,y) F(y)dy = L (u") [x]
is solvable in L?[A] if and only if
J EGI B ) ax = o

for VG € N*, Thus, there are functions F (x) € L?*[A] hold for the integral

equation

/ny y)dy = L (u) [x]
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for V(u,v) € X (@) in this case.
For Vu e V ﬁ), it is clear that

> (Fum - [ KeyF@)x) = ¥ L)k o

vENG(u)

/N

which implies that,

/A Kxy) [ Y FeyN|= 3 Fao)K

vENG (u) vENG(u)
Thus,
Z F ") [x]es.
vENG (u)

However, if dim.4" = 0, there must be

> F)[x]=0

vENG (u)

—F

for Vu € V (@), ie, G € @7/. Whence, if dim.4#” = 0, the integral equation
o' [dt-a
A

is solvable in G with ¥ = L? [A] if and only if

<—>L — L

GG ) =0, VG e
This completes the proof. O

Theorem 4.7 Let the integral kernel K(x,y): A x A — C € L*(A x A) be given
with
|K(x,y)]?dxdy >0, dimA =0 and K(x,y)= K(x,y)
AXA
for almost all (x,y) € A x A. Then there is a finite or countably infinite system
G -flows {@)L} L, C L*(A, C) with associate real numbers {\;},_; , . CR such

that the integral equations

—L; [X}

/ K(x, y)@LiMdy =\NG
A
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hold with integers i = 1,2, - -+, and furthermore,

M| > A2l >--->0 and lim A\, =0.

1—00

Proof Notice that the integral equations

— L, [X}

/ K(x, y)@LiMdy =\NG
A

is appeared as
J KO 3L: (@) ¥y = ML ()

on (u,v) € X (@) By the spectral theorem of Hilbert and Schmidt ([20]), there
is indeed a finite or countably system of functions {L; (u") [x]}i=1,2,... hold with this

integral equation, and furthermore,

1— 00

Similar to the proof of Theorem 4.5, if dim.4#" = 0, we know that

> Liw)[x]=0

vENG(u)
i 4 . .
for Vu € V (@), ie., @L € G for integers 1 = 1,2, - - -. O

4.2 Non-linear Equations

If G is strong-connected with a special structure, we can get a general result on

G-solutions of equations, including non-linear equations following.

Theorem 4.8 If the topological graph G is strong-connected with circuit decompo-
sition l

i—1

such that L(u’) = L; (x) for ¥(u,v) € X (C,-), 1 <i < and the Cauchy problem

~

gi (X,U,Uzl,' Ty Uy Ugyzgy ) =0
Ulx, = Li(x)
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is solvable in a Hilbert space ¥ on domain A C R™ for integers 1 < i <, then the

Cauchy problem
{ gz (X,X,Xxl, e >XxnaX:c1:c2> o ) =0

Xl =0C"

—7

such that L (u’) = L;(x) for ¥Y(u,v) € X (6,) is solvable for X € G

Proof Let X = G with Ly (u¥) = u(x) for (u,v) € X (5)) Notice that
the Cauchy problem

gi (XaXaXxU o '>XI7L’X1‘1502>' ' ) =0
Xy, = G

then appears as
gi (X, Uy Ugyy oy Ugyyy Ugyag,y ©° ) =0
Ulxy = Li(x)

on the semi-arc u’ for (u,v) € X (ﬁ), which is solvable by assumption. Whence,

there exists solution u (u¥) (x) holding with

F; (X,u,uxl’ cr Ug, Uy gy ) =0
u|Xo = L,(X)

Let G be a labeling on G with u (u*) (x) on u® for V(u,v) € X (Zf) We
show that G "™ € G . Notice that

l
a-Uz,
1=1

and all flows on C; is the same, i.e., the solution u (u”) (x). Clearly, it is holden
with conservation on each vertex in 6’2 for integers 1 < i < [. We therefore know

that

S L, () =0, uev(ﬁ).

vENG(u)
—)Lu(x) — v .
Thus, G € G . This completes the proof. O

There are many interesting conclusions on G-flow solutions of equations by

Theorem 4.8. For example, if .%; is nothing else but polynomials of degree n in one
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variable x, we get a conclusion following, which generalizes the fundamental theorem

in algebra.

Corollary 4.9(Generalized Fundamental Theorem in Algebra) If G s strong-

connected with circuit decomposition

l
i=1
and L; (u’) = a; € C for Y(u,v) € X (6’2) and integers 1 < i < I, then the
polynomaial

—)Ln+1

FX)=G  oX"+ 00X 4. 4y G oX+ G

always has roots, i.e., Xy € T such that F(Xo) =0 if a" # 0O andn > 1.

Particularly, an algebraic equation
2" + agx" Tt + -+ @ + apy =0

C
with ay # 0 has infinite many @—ﬂow solutions in G on those topological graphs
!
i=1
Notice that Theorem 4.8 enables one to get G -flow solutions both on those
linear and non-linear equations in physics. For example, we know the spherical

solution

1
ds? = f(t) (1= 2) di* = - dr® = *(d6” + sin? 0g?)

T

for the Einstein’s gravitational equations ([9])
1
R — Ry = —8GT"

with RM = RE = g,s R R = g,,R", G = 6.673x1078cm?/gs?, k = 871G /c* =
2.08 x 10~8cm=1. g~1. 2. By Theorem 4.8, we get their G-flow solutions following.

Corollary 4.10 The Einstein’s gravitational equations

1
R — _Rg" = —8xGT",
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C
has infinite many EY)-ﬂow solutions in G , particularly on those topological graphs
!

G = U ﬁz with spherical solutions of the equations on their arcs.

i=1

For example, let G = 5')4. We are easily find ﬁ4—ﬂow solution of Einstein’s

gravitational equations,such as those shown in Fig.7.

U1 Sl V2
54 A f S2
V4 S3 V3

Fig.7

where, each S; is a spherical solution
1

Tdrz — 12(d6* + sin? Od¢?)

@2=f@(1—%)ﬁ?—1_

of Einstein’s gravitational equations for integers 1 < i < 4.
As a by-product, Theorems 4.5-4.6 can be also generalized on those topological

graphs with circuit-decomposition following.

Corollary 4.11 Let the integral kernel K(x,y): Ax A — C € L?*(A x A) be given
with
| IsGoy)Paxdy >0, Koy - Kexy)
AXA

for almost all (x,y) € A X A, and
—L : —
¢ =7
i=1

such that L(u") = Ly (x) for V(u,v) € X (ﬁ,) and integers 1 < i < 1. Then, the
integral equation
- [T -
A
. =Y . .
is solvable in G with ¥ = L*[A] if and only if
<—>L — L

elie. >:Q V@ e
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Corollary 4.12 Let the integral kernel K(x,y) : Ax A — C € L*(A x A) be given
with
| Ky Paxdy > 0. Fxy) = Kxy)
AxXA

for almost all (x,y) € A x A, and
L
i=1
such that L(u”) = Ly (x) for V(u,v) € X (ﬁl) and integers 1 < i < I. Then,
C L*(A,C) with

associate real numbers {)\,-}2:1727,“ C R such that the integral equations

L;
there is a finite or countably infinite system a)-ﬂows {Zﬁ }

i=1,2,-

—)Li [X}

/ K(x, y)@LiMdy =\NG
A
hold with integers i = 1,2,---, and furthermore,

M| > A2l >--->0 and lim \;=0.

1—00

85. Applications to System Control

5.1 Stability of G -Flow Solutions
LU X Lu X . .
Let X = G ™ and Xy = G be respectively solutions of

g(vawu"'7X:Bn7Xr19Ezv"') =0

—)Ll

on the initial values X |y, = T or Xl|xo =G in G with ¥ = L2 [A], the Hilbert
space. The G-flow solution X is said to be stable if there exists a number & (¢) for

any number £ > 0 such that

[ X1 — Xaf = HaLul(x) G| <.

if
HﬁLl - 5”“ < 6(e).
By definition,

= > @) =L@



and
H@Lw(x) _ @hue

= ) wm@w) (x) —u(w”) (%)
(u,v)EX(@)

Clearly, if these G-flow solutions X are stable, then
lur (@) (0) —u @) I < Y o () (x) —u () (x)[| < e
(u,v)EX(@)
if
1L (@) =L)< > I (u) = L) <6(e),
(u,v)EX(ﬁ)
ie., u(u’)(x) is stable on u" for (u,v) € X (E'))
Conversely, if u (u") (x) is stable on u” for (u,v) € X (@)), i.e., for any number

/e (@) > 0 there always is a number §(¢) (u”) such that

£

()

L1 (w?) = L (u”)] < d(e) (),

[ur (w”) (x) = u (w”) ()| <

if

then there must be

if

Whence, we get the result following.
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Theorem 5.1 Let ¥ be the Hilbert space L*[A]. The ﬁ-ﬂow solution X of equation

ﬁ(X’X’ XSUl? o 'aXmeﬂClm? o ) =0
Xl =3"

in G is stable if and only if the solution u(x) (u") of equation

—L

y(x’u’um17...7uwn7uw1w27..-) — 0
Uy = G

is stable on the semi-arc u’ for ¥(u,v) € X (@))

This conclusion enables one to find stable G-flow solutions of equations. For ex-
ample, we know that the stability of trivial solution y = 0 of an ordinary differential
equation

- [Aly

dx
with constant coefficients, is dependent on the number v = max{Re) : A € o[A]}
([23)), i.e., it is stable if and only if v < 0, or v = 0 but m/(\) = m(\) for all
eigenvalues A with ReX = 0, where o[A4] is the set of eigenvalue of the matrix [A],

m(A) the multiplicity and m’(\) the dimension of corresponding eigenspace of A.

Corollary 5.2 Let [A] be a matriz with all eigenvalues X < 0, or v = 0 but
m/(A) = m(X) for all eigenvalues N\ with Re\ = 0. Then the solution X = O of

differential equation
dx

dx
4
is stable in G , where G s such a topological graph that there are @—ﬂows hold

with the equation.

[A]X

For example, the G-flow shown in Fig.8 following

(1 g(m) U2
(@) f(z
i@ o R
va 9(x) v
Fig.8



is a G-flow solution of the differential equation

Cf;X + 5% +6X =0
with f(z) = Cie " + C1e " and g(z) = Coe™** + Che3*, where Cy, C; and Cy, CY
are constants.
Similarly, applying the stability of solutions of wave equations, heat equations

and elliptic equations, the conclusion following is known by Theorem 5.1.

Corollary 5.3 Let ¥ be the Hilbert space L*[A]. Then, the @—ﬂow solutions X of

equations following

PX L [(PX  PX\ 4L
e C (%*%) =C
X|t0 _ HL¢(JL1 xz)7 a_XI _ 6L¢(1-1,x2)7 X‘aA _ 6Lﬂ(t'w1'w2)

ot |,
02X_ 0X _at 92X 82X 82X o
ot? dry and Ox? 8x2 8m3
X|t0 _ —>L¢(E1 z3) X|8A _ —>Lg(x1 2g,w3)

v
are stable in G , where G is such a topological graph that there are Z?)—ﬂows hold

with these equations.

5.2 Industrial System Control

An industrial system with raw materials M, My, - -+, M, products (including by-
products) Py, Py, -+, Py, but wy, we, - -, ws wastes after a produce process, such as

those shown in Fig.9 following,

IE T Y1 {:|P1




i.e., an input-output system, where,

(ylvy27"'7ym) :F(SL’l,IQ,H-,SL’n)

determined by differential equations, called the production function and constrained

with the conservation law of matter, i.e.,

Zyi +Zwi = Zl'z
i=1 i=1 i=1

Notice that such an industrial system is an opened system in general, which
can be transferred into a closed one by letting the nature as an additional cell, i.e.,
all materials comes from and all wastes resolves by the nature, a classical one on
human beings with the nature. However, the resolvability of nature is very limited.
Such a classical system finally resulted in the environmental pollution accompanied
with the developed production of human beings.

Different from those of classical industrial systems, an ecologically industrial
system is a recycling system ([24]), i.e., all outputs of one of its subsystem, including
products, by-products provide the inputs of other subsystems and all wastes are
disposed harmless to the nature. Clearly, such a system is nothing else but a G-flow
because it is holding with conservation laws on each vertex in a topological graph Z:’,
where G is determined by the technological process for products, wastes disposal
and recycle, and can be characterized by differential equations in Banach space @7/.
Whence, we can determine such a system by T with L, :u’ — u(u)(t,x) for

(u,v) € X (@), or ordinary differential equations

— Lo de — L dk_lX — Lyt
G o—+G o——4+...+G " =0
dtk L o
L x Ly (x - Ly, .
X\t:m:@)ho”,— :@}1()’...77 :@’kﬂ()
dt |,_, dte=1 |,_,
=to —to

for an integer £ > 1, or a partial differential equation

— Lo 0X — L1 0X

— Ly 8X o HLu(t,x)
O Ot T g, T
— Lu(x
X‘t:tOZG )

Ly .
and characterize its stability by Theorem 5.1, where, the coefficients el ,1 > 0 are

determined by the technological process of production.
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