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Algebraic problems and exercises for high school

Foreword

In this book, you will find algebraic exercises and problems,
grouped by chapters, intended for higher grades in high schools or
middle schools of general education. Its purpose is to facilitate
training in mathematics for students in all high school categories,
but can be equally helpful in a standalone work. The book can also
be used as an extracurricular source, as the reader shall find
enclosed important theorems and formulas, standard definitions
and notions that are not always included in school textbooks.
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Algebraic problems and exercises for high school

Notations

equality;
inequality;
belongs to;
doesn‘t belong to;
subset;

superset;

union;
intersection;
empty set;

(or) disjunction;
(and) conjunction;

I
)
By

p equivalent with g;

~
(=)

,1,2,3,4, ...} natural numbers

o g

~

., —2,-1,0,1,2,...} integer numbers set;

I
~

% mn €Zn * 0} rational numbers set;

H O NZ2T >< e D>Cciuin®mH

real numbers set;

C ={a+ bila,b € R,i? = —1} complex numbers set;
A, ={x€A|x>0},Ae{Z QR};
A_={yeAly<0}, Ae{ZQR};

A ={z€Alz+0}=A\{0}, A€{N,ZQR,C}

|x| absolute value of x € R;

[x] integer part of x € R;

{x} fractional part of x € R,
0<{x}<1;

(a,b) pair with the first element a

and the second element b
(also called "ordered pair");
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(a,b,c) triplet with corresponding elements
a,b,c;

AXxB ={a,bla € ADbEB} Cartesian product of set
A and set B;

AXBxC={a,b,cla€eAbeB,ceC}

Cartesian product of sets 4, B, C;
E universal set;
P(E) ={X|X € E} set of parts (subsets) of set E;

def
A=Bé(v)xEE(xEA<:>xEB)
equality of sets A and B;

AcBE WxeExedoxeB)
Aisincluded in B;
AUB ={x € E|lx € AV x € B} union of sets A and B;
ANB ={x € E|x e AAx € B} intersection of sets A and B;
A\B={x€E|xe€ ANx ¢ B} difference between sets A and B;

AAB = (A\ B)U (B \ 4) symmetrical difference;

C.(A)=A=E\A complement of set A relative to E;

a S AXB relation a defined on sets A and B;

f:A-B function (application) defined on A
with values in B;

D(f) domain of definition of function f:

E(f) domain of values of function f.
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1. Sets. Operations with sets

1.1. Definitions and notations

It is difficult to give an account of the axiomatic theory of sets at
an elementary level, which is why, intuitively, we shall define a set as a
collection of objects, named elements or points of the set. A set is
considered defined if its elements are given or if a property shared by
all of its elements is given, a property that distinguishes them from the
elements of another set. Henceforth, we shall assign capital letters to
designate sets: 4, B, C, ..., X, Y, Z, and small letters for elements in sets:
ab,c,..,x,,zetc.

If ais an element of the set A, we will write a € A and we will
read "a belongs to A" or "a is an element of A". To express that a is not
an element of the set 4, we will write a € A and we will read "a does
not belong to A".

Among sets, we allow the existence of a particular set, noted as
@, called the empty set and containing no element.

The set that contains a sole element will be noted with {a}.
More generally, the set that doesn’t contain other elements except the
elements a, a,, ..., a, will be noted by {a;, a,, ..., a,}.

If Ais a set, and all of its elements have the quality P, then we
will write A = {x|x verifies P}or A = {x|P(x)}and we will read: "A
consists of only those elements that display the property P (for which
the predicate P( x) is true)."

We shall use the following notations:

N =1{0,1,2,3, ... }—the natural numbers set;

N* ={0,1,2,3, ... }—the natural numbers set without zero;

Z={..,-2,-1,0,1,2,..}—the integer numbers set;

Z = {£1,+2,43 ...} —the integer numbers set without zero;

Q = {=|m,n € Z,n € N*} - the rational numbers set;
n

9
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Q* = the rational numbers set without zero;

R = the real numbers set;

R* = the real numbers set without zero;

R, = {x € R|x = 0}; R} = {x € R|x > 0};

C = {a + bila,b € R,i? = —1} = the complex numbers set;

C* = the complex numbers set without zero;

me{1,2,..n}em=1n;

D(a) = {c € Z*|a : c} = the set of all integer divisors of number
a € Z;

n(A4) = |A| = the number of the elements of finite set A.

Note. We will consider that the reader is accustomed to the
symbols of Logic: conjunction A (...and...), disjunction V (...or...),
implication =, existential quantification (3) and universal quantification
(V).

Let A and B be two sets. If all the elements of the set A are also
elements of the set B, we then say that A is included in B, or that A is
a part of B, orthat A is a subset of the set B and we write A S B. So

ACB o (V)x(x € A= x €B).

The properties of inclusion

a. (V) A, A c Alreflexivity);

b. (ASBABCC(C)= ACC (transitivity);

c. (WA 0CcA.

If Ais not part of the set B, then we write A € B, thatis, A &
Be (A)x(x € AAx ¢ B).

We will say that the set A4 is equal to the set B, in short A = B,
if they have exactly the same elements, that is

A=B © (ASBABCcA).

The properties of equality
Irrespective of what the sets 4, B and C may be, we have:
a. A = A (reflexivity);
b. (A = B) = (B = A) (symmetry);

10
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c.(A=BAB = C)= (A = C) (transitivity).
With P(A) we will note the set of all parts of set A, in short
X €EP(A) & X C A
Obviously, @, A € P(A).
The universal set, the set that contains all the sets examined
further, which has the containing elements’ nature one and the same,
will be denoted by E.

Operations with sets
Let A and B be two sets, A, B € P(E).
1. Intersection.
ANB={x€E|xeANx€EB},

l.e.
XEANB & (x € AANx €B), (2)
x¢ANBo (x ¢ AANx & B), (1)
2. Union.
AUB={x€E|xeAVx€EB}
i.e.
x€EAUB &S (x€AVxXEB), (2)
x¢AUBS (x2AVx &B), (2)
3. Difference.
A\B={x€E|lx€eANx &B},
i.e.
x€EA\B< (x€EANx & B), (3)
x¢A\B< (x¢AVx€B), 3)

4. The complement of a set. Let A € P(E). The difference E \
Ais a subset of E, denoted C;(A4) and called “the complement of A
relative to E”, that is
Cr(A)=E\A={x€E|x¢A}
In other words,
x €ECr(A) & x & A, (4)
x & Cz(A) & x € A. )

11
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Properties of operations with sets
ANA=AAUA = A (idempotent laws)
ANB=BNA,AUB = B U A (commutative laws)
AnB)NnC=An(BNC);

(AUB)UC = AU (B U () (associativity laws)
AUMBNC)=(AUB)N(AUC);
ANn(BUC)=(AnB)U (AN C) (distributive laws)
AU(ANB) =4
AN (AU B) = A (absorption laws)
Cg(AU B) = Cz(A) N Cx(B);
Cg (AN B) = C(A4) U Cx(B) (Morgan’s laws)
Two "privileged" sets of E are @ and E.
Forany A € P(E), we have:
PCSACE,
AU =A4, ANQ =0, Cg(0) = E,
AUE=E, AnE=4, Cg(E)=0,
AUCz(A) =E, AN Cz(A) = ¢,
Cr(Cx(A)) = A (principle of reciprocity).

Subsequently, we will use the notation Cz(4) = A.

5. Symmetric difference.
AAB = (A\ B) U (B\ A).
Properties. Irrespective of what the sets A, B and C are, we
have:
a. AAA = @;
b. AAB = BAA (commutativity);
c. AAQ = QAA = 4;
d. AA (AAB) = B;
e. (AAB)AC = AA(BAC) (associativity);
f.AN (BAC) = (AN B)A(AN C);
g.AAB =(AUB)\ (AN B).

12
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6. Cartesian product. Let x and y be two objects. The set
{{x},{x, y}}, whose elements are the sets {x} and {x, v}, is called an
ordered pair (or an ordered couple) with the first component x and
the second component y and is denoted as (x, y). Having three objects
x,y and z, we write (x,y,z) = ((x,y),z) and we name it an ordered
triplet.

Generally, having n objects x4, x5, ..., X, we denote

(%1, X2, 0, Xp) = (...((xl,xz)x3) ...xn)
and we name it an ordered system of nelements (or a cortege of
length n).
We have
(1, %2, 0, X0) = V1, Y2, ) V)
S X =Y AX =Y A Ay = V).
Let A, B € P(E). The set
AxX B ={(a,b)lae ANDb € B}
is called a Cartesian product of sets A and B. Obviously, we can define
AXBXxC={(x,y,z)[xeANyeEBAzEC}
More generally, the Cartesian product of the sets A4, 4,, ..., Ay,
Ay X Ay X X Ay = {(x1, X5, o, Xp)|X; € A;,i = 1,1}
ForA=B=C=A4, =4, =...= A,, we have
AXAS A2 AXAXAL A3 AXAX..XAE A"

n ori

For example, R = {(x,y,2)|x,y,z € R}. The subset
A={(a,a)la € A} € A?
is called the diagonal of set A2.
Examples.
1.LetA ={1,2}and B = {1,2,3}. Then
AXxB = {(1,1),(1,2),(1,3),(2,1),(2,2),(2,3)}
and
BxA = {(1,1),(1,2),(2,1),(2,2),(3,1),(3,2)}.
We noticethat A X B # B X A.
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2. The Cartesian product R =R X R can be geometrically
represented as the set of all the points from a plane to wich a
rectangular systems of coordinates xOy has been assigned,
associating to each element (x,y) € R? a point P(x, y) from the plane
of the abscissa x and the ordinate y.

Let A=1[2;3]and B =[1;5],(4,B S R). Then A X B can be
geometrically represented as the hatched rectangle KLMN (see Figure
1.1), where K(2,1), L(2,5),M(3,5), N(3,1).

-~ ¥
3+ L ] ﬂr’f
T~ kN
0l 1 2 3 x
Figure 1.1.

The following properties are easily verifiable:
a.(ASCABCSD)=AXBcS(CXxD;
b.AX(BUC)=(AXB)U((AxC(),
AX(BNC)=(AXB)Nn(AXxXC);
CAXB=0< (A=0VB=0),
AXB=0 <= (A+0OAB = 0).

14
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7. The intersection and the union of a family of sets. A family of
sets is a set {4;|i € I} = {4,};c; whose elements are the sets 4;,i €
I,A; € P(E). We say that A;,i €1,A; € P(E)is a family of sets
indexed with the set 1.

Let there be a family of sets {4;|i € I}. Its union (or the union of
the sets A;,1 € I) is the set

JAi={ze El(3)iel ze A}
i€l
The intersection of the given family (or the intersection of the
sets A;, i € I)is the set
[Ai={z € Elz € A, (V)i I}.
el
Inthe case of I = {1,2,...,n}, we write

Um:mumumu%=0m,
i=1

el

n
m_f-it =4dynd:n...n4d, = ﬂ A;.
el i=1

8. Euler-Wenn Diagrams. We call Euler Diagrams (in USA -
Wenn's diagrams) the figures that are used to interpret sets (circles,
squares, rectangles etc.) and visually illustrate some properties of
operations with sets. We will use the Euler circles.

Example. Using the Euler diagrams, prove Morgan'’s law.
{:IE{.:I. M H} = CL[.‘1} L CE[H]'.

Solution.
In fig. 1.2.a, the hatched part isA N B; the uncrossed one
(except AN B)represents Cx(A N B).
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E
N
NN
% \“3§§ \
g AN
7 s \s\ 0y
ANB
Figure 2.2.a Figure 3.2.b

In fig. 1.2b the side of the square hatched with “*\\\\” is equal
to C;(A) and the one hatched with “ /[ /[ " is equal to Cg(B). All the
hatched side forms Cz(4) U Cg(B) (the uncrossed side is exactly A N
B).

From these two figures it can be seen that Cz(A N B) (the
uncrossed side of the square in fig. 1.2.a coincides with Cz(4) U
Cg(B) (the hatched side of fig. 1.2.b), meaning

Cz(A N B) = Cg(A) U Cg(B).

1.2. Solved exercises
1. For any two sets A and B, we have
An B = A\ (A\B)
Solution. Using the definitions from the operations with sets, we
gradually obtain:

reA\V(A\B) S (zeAnzd(A\B)
13;][15_4 AMrzgAvzeR)) <
SllzeAdAnesdgA)V(zeAnz e B))e
slreArze BY¥reanB
From this succession of equivalences it follows that:
AV(AVB)C ANnBsi AnBC AN(A\B),

which proves the required equality.

16
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Remark. The equality can also be proven using Euler’s diagrams.

N\
ANB A\B A\(A\B)
SoANB = A\(A\B).

2. Whatever 4, B € E are, the following equality takes place:
(ANBYyu(AnB)=(AUuB)N(ANE).
Solution. The analytical method. Using the definitions from
the operations with sets, we obtain:
re(ANBYu(AnB) ¥ (2 ¢ (ANB)vze(ANB)) <

WiceAnzeB)VizreAnzc B) &

S{reAvaeA)njz e Avz e B)A

AMreBvred)n(ze Bvaze B) 2

SlrelAUB)A s g AV & RB)) ':111;}

‘Q (re{AuB)rz (AN B)) =
WieeAuBirze(ARBN Y s e (AUB N (AR E).

This succession of equivalences proves that the equality from

the enunciation is true.
The graphical method. Using Euler’s circles, we have

17
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B E
A
— 4
(ANB)J(ANB) (AUBN(ANB)
Figure 4.3.a Figure 5.3.b

In fig. 1.3.3, we have (A n E) U (Z n B), which represents the
hatched side of the square. From fig. 1.3.b it can be seen that

(AnB)u(AnB)=(AuB)n(ANnB).

3. Forevery two sets A, B € E, the equivalence stands true:

AVB=B'"A< A=E.

Solution. Let A\B = B\A. We assume that A # B. Then there
isa € Awitha € Borb € Bwithb & A.

In the first case we obtain a € A\B and a € B\A, which
contradicts the equality A\B = B\A. In the second case, we obtain
the same contradiction.

So,if A\B = B\A = A =B.

Reciprocally, obviously.

4. Sets A={1,234,5,6,7,8910},B ={2,4,6,8,10} and C =
{3,6,9} are given. Verify the following equalities:

a) A\(B U () = (A\B) n (A\C);

b) A\(B N C) = (A\B) U (A\C).

Solution. a) We have B UC = {2,3,4,6,8,9,10}, A\(BU C) =
{1,5,7}, A\B = {1,3,5,7,9}, A\C = {1,2,4,5,7,8,10}, (A\B) N (A\C) =
{1,5,7} = A\(B U C).

18
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b) For the second equality, we have
BnC={6} , A\(BNC)={123456,78910} , (A\B)U
(A\C) =1{1,2,3,4,5,6,7,8,9,10} = A\(B N C).

5. Determine the sets A and B that simultaneously satisfy the
following the conditions:

1)AUB = {1,2,3,4,5};

2)ANB = {34,5};

3)1 & A\B;

4) 2 ¢ B\A.

Solution. From 1) and 2) it follows that {3,4,5} € A € AU B and
{3,4,5} € B S AUB. From 3) it follows that 1 € Aor1 € B. If 1 ¢ 4,
then from AuUB ={1,2,3,4,5}it follows that 1 € B. But, if1 € B,
then 1 & A, because, on the contrary it would follow that1 € AN B =
{3,4,5}. So1 € Band1 & Aremain. Similarly, from 4) it follows that
2¢ B and so2€ A. In other words, {3,4,5} € A < {2,3,4,5} and
{3,4,5}c B< {1,345} with2€e AUB,1€ AUB and that is why
A=1{2345} and B = {1,3,4,5).

Answer: A = {2,3,4,5}, B = {1,3,4,5}.

6. The sets A= {11k +8|k€Z},B={4m|mez}andC =

{11(471 +1)—-3 |n € Z}, are given. Provethat AN B = C.

Solution. To obtain the required equality, we will prove the truth
of the equivalence:

x€EANB < xeCl.

Letxe ANB. Thenx € A and x € B and that is why two
integer numbers k,m €Z, exist, so that x =11k+8=4m &
11k = 4(m — 2). In this equality, the right member is divisible by 4,
and 11, 4 are prime. So, from 11k : 4 it follows that k : 4, givingk =
4t forone t € Z.Then

x=11k+8=11-4t+8=11-4t+11 -3 =11(4t+1) -3

19
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which implies x € C, in other words, we have proven the implication
xEANB>e€Cl(. (2)
Similarly, lety € C. Thens € Z exists with

y=11(4s+1)—3=11-45+11-3=11-4s+8 =4(11s+ 2)
Taking4s =u € Zand11s + 2 = v € Z, we obtain
y=11lu+8=4v € ANB,

which proves the truth of the implication
yeEC=>y€eANB. (2)
From (1) and (2) the required equality follows.

7. The following sets are given

2r <dr—6

A= { re R { 4z —11< 2z +1 }

andB =ANN.

Prove that:

a)all X setswith B U X = {3,4,5,6,7,8,9};

byally ={y € Z|y> € BUX},sothatBnY = (3}.

Solution. We determine the set A:

{2;54;-& #{Exijﬁ, ﬁ{m

dr - 11 <2xr +1 2r < 12 x
Then B = (3;6) N IN = {3,4,5}.
a) All possible subsets of B are
0, {3}{4H5H3,4H3,5}{4,5}{3,4,5} = B

The required X sets are such that X U B = {3,4,5,6,7,8,9} and
will thus be like X = C U {6,7,8,9}, where C € P(B), namely, the sets
required at point a) are:

X,{6,7,89} , X,{3,6,7,8,9}, X3{4,6,7,8,9}, X,{5,6,7,8,9},
X<{3,4,6,7,8,9}, X¢{3,5,6,7,8,9}, X,{4,5,6,7,8,9}, X5{3,4,5,6,7,8,9}..

b) Because y € Z,then ¥* € IV and vice versa. Considering
thaty? € BU X = {3,4,5,6,7,8,9}, we obtainy? € {4,9}, namelyy? €
{—3,—2,2,3} = M. The parts of the set M are:

20
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0,{-3}, {-2}, {2}, 38}, {-3,-2}, {-3,2}, {-3,3}, {-22},
{=2,3}, {2,3}, {-3,-2,2}, {-3,-2,3}, {-3,2,3}, {-2,2,3}, M.

From the condition B NY = {3} it follows thatY is one of the
sets

v, = {3}, Y, = {_3;3}, Y; = {_2;3}/ Y, = {2'3}, Ys = {_3, _2,3},
Yo ={-323}, Y, ={-223}, Y5 =M={-3,-2,23}.

Answer: a)X € {X', X2, X3,X* X5 X6 X7, X8}

b)Y € {Y1, Y2, Y3 Y% Y5 YC Y7 Y8}

8. Determine A,B,C € TandAAB,if

T ={1,2,3,456}, AAC={1,2}, BAC={56}, AnC=Bn
C ={3,4}.

Solution. FromANC =B N C = {3,4}, it follows that{3,4} €
ANnBnNC.

We know that

AAC= (A\C)U(C\NA) =AUO\NANO),

AAC= (B\C)U(C\B)=(BUCO\(BNO).

Then:

1EAAC@(1eAuC/\1eAnc)«:((leAvleC)/\
1¢ANC).

The following cases are possible:

a)1 ¢ Aandl € C;

byleAand1 ¢ C

(caseno.3,1€Adand1eC>1€AnC = {3,4}, isimpossible).

In the first case1 € Aand1 € C, fromB A C = {5,6}it follows
that 1€ B, because otherwise 1¢B and 1eC=>1€C\BC
BAC = {5,6}. So, in this case we have 1l € B nC = {3,4}which is
impossible, so it follows that1 € 4,1 & C. Similarly, we obtain 2 €
Aand2 ¢ Band2¢ (C,5€eBand5¢A,5¢Cand6€EB,6¢A4,6¢
A.

In other words, we have obtained:
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A={1234}, B ={3,456},C={34} andAAB = {1,2,5,6}.
Answer: A ={1,2,3,4}, B = {3,4,5,6}, C = {3,4} and
AAB = {1,2,5,6).

9. The sets A = {1,2}, B = {2,3} are given. Determine the fol-

lowing sets:
a)A X B; b) B X 4; c) A%
d) B?; e)(AxB)Nn(BxA4); f(AUB)XB;

g) (A x B) U (B X B).

Solution. Using the definition for the Cartesian product with
two sets, we obtain:

a)A x B = {(1,2),(1,3),(2,2),(2,3)};

b)Bx A= {(21),(2,2),(3,1),(3,2)};

0 A% ={(1,1),(1,2),(2,1),(2,2)};

d) B* ={(2,2),(2,3),(3,2),(3,3)}

e)(AXxB)n(BxA4)={(22)}

HAUB ={1,23}; (AUB) x B ={(1,2),(1,3),(2,2)

(2,3),(3.2),33)}

9) (Ax B)U (B x B) ={(12),(13),(2,2), (2.3),

(3.2),(33)} = (AUB) xB.

10. The setsA = {1,2,x}, B = {3,4,y}are given. Determine x
and y, knowing that {1,3} x {2,4} € A X B.

Solution. We form the sets AXB and {1,3} x{2,4} :
Ax B = {130 (L4 (L, (2.3 (2.4 (2, 0 (e 3) (2 4) (zon b

C = {13} x {2.4} = {(1,2), (1,4}, (3,2), (3,4)}

Because {1,3} x {2,4} € A X B, we obtain

(1.2YeC=(1.2)e AxB=(Ly=(1.2)=y=1

(3.4)eC= (3.4)e Ax B= (3,4)=(z.4) = 2 = 3.

Forx =3 andy = 2, we have (3,2) € A X B.

Answer:x =3,y = 2.

22




Algebraic problems and exercises for high school

11.1fA 2 B, then A x B = ({41 B) x B)U B

Prove.

Solution.B 2 A= (A\ B) UB = A andthatis why

Ax B ={{A\B)UB)x B = ((A\B)=xB)u(BxB)

= ({A\B)x B)uBR*

(we have used the equality (AU B) X C = (A X C) U (B X (C)).

12. How many elements does the following set have:

L & U n=m}?

"‘Z{EEQ Toamiintl]

Solution. The set A has as many elements as the fraction
(n? + 1) / (2n? + n + 1) has different values, when n takes the values
1,2,3,...,1000. We choose the values of n for which the fraction takes
equal values.

Letm,l € N*, m < 1 with

m? + 1 P+
Imam41 LI +1
Then

(mP+ (2P +I41) = (P+1)(2mP+m+1) &

- [i'n—f}{m.—f—mf-| 1y = Dngé!- mil=-ml+1l=

[+1
=0aemil-1={+1+m= ﬁﬂ:‘#

(1—1)+2 2
S e =14 —-
S m -1 = m +F—l
Butm € N* and consequently
: 2 . . I-1=1 1=2
m eIV & —— 2 IN" & 251 — ' =&
£ -1 c 22l -1) & I—1=9 [f-—f‘l.

For [ =2, we obtain m =3, and forl =3, we havem = 2.
Considering that m < [, we obtainm = 2 and [ = 3. So, only forn =
2andn = 3, the same element of the set A:x = 5 / 11 is obtained.
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Answer: the set A has 999 elements, namely n(A4) = 999.

13. Determine the integer numbers x, y that make the following
statement true (x — 1) - (y — 3) = 13.

Solution. We write

A={l{z,y) € Z*|P(x): (x=1)-(y - 3) =13}

As 13 is a prime number, and x, y € Z, the following cases are
possible:

{.z—]:l, {u:—l:—l. r-1=13, [ r-1=-13,
¥—3=13. y—3=-13, y—3=1, y=3=-1,
meaning the proposition P(x) is true only in these situations:
{r:'_!. ¥ =10, r = 14, r= =12
y =16, y= 10, =4, y=2.
14. Determine the set
A={reRlVatz+vb+z++/c+z=0. a,bce R).

Solution. Because:

Va+rz0,vhb+z=0, etz 20,
it follows that that equality
Va+tr+vhtr4 etz =0

is possible, if and only if we simultaneously have:

ot+r=btr=ct+r=022r=—-a=—-bh=—¢.
Then:
a) if at least two of the numbers a, b and c are different, we
cannot have the equality:
Va+r+vb+ao+ /et =0,
namely in this case A = @;
b)ifa=b =c,thenx = —aand A = {—a}.
Answer: 1) fora = b = ¢, we have A = {—2}; 2) if at least two of
the numbers a, b and c are different, then A = @.
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15. Determine the set

A={z € Z|min{r + 2,4 - 2/3) > 1}.

Solution. Possible situations:

x+2<4—x/30orx+2>4—-x/3.

We examine each case:

Jr+2<4-z/3e 3 +6<12-zedz<ber<3/2

In this case we have:

minfr+2.4-z/31 21 +221s12 2> -1

All integer numbers x for which —1 < x < 3 /2 applies, are:
-1,0,1.

Nz+2>4-z/3sz>3/2

Then
minlr+24—-z/3>1ed4-x/iz2lel2-r>232r<h

All integer numbers x for which 3 /2 <x <9 applies, are:
2,3,4,5,6,7,8,9.

We thus obtain:

A={-1,0, 1,2,3,4.5,6,7.8,9}.

Answer: A = {—1,0,1,2,3,4,5,6,7,8,9}.

16. Determine the values of the real parameter m for which the
set A={z€ Rj(m—-1)z* - (3m+4)zr +12m 4 3 = 0} has:

a) one element;

b) two elements;

c)is null.

Solution. The set A coincides with the set of the solutions of
the square equation

{ru—l].tz—{3m+~1].3+12?r4i-i¥=1] (1)
and the key to the problem is reduced to determining the values of the
parameter m € R for which the equation has one solution, two
different solutions or no solution.
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a) The equation (1) has one (two equal) solution, if and only if
D=0fora=m—-1#0orifa=m—-1=0.
We examine these cases:
D= (3m+4)?-4(m-1)12m+3) = -39m* +60m+28 =0 &
30 — 2,/408

m = y
30 +Ei'§9v’iﬁ

=~ .

2) For m =1, the equation (1) becomes =5x + 15 =0 © x = 3. So,
the set A consists of one element for

{;m —-2v/498 30+ EJ@E}
m e _—

e 30m? —60m - 28=0 =

39 ST
b) The equation (1) has two different roots, if and only if D > 0,
namely

D>0& 39m?—60m—28<0me (ﬂ‘-i@i ﬂﬁ'ﬂ"—*%)
39 34
c) The equation (1) doesn't have roots D < 0 & 39m? —
60m — 28 >
30 - 2V/438 | | (30 + 2//708
=04 me (— o0, iﬂ 32;!1‘-3&5) U ( 30 ::ﬂk Iﬂh‘ +xj.
Answer:
e 30 — 2,/498 , 30+ 2,/498
ajpr - v La H
o 39 39

b) m e {E‘J‘_‘ﬂ_g ‘H]_+3v-"m}
f 39 739 =

e [ o, 30-2VA%8 U 30 + 2V408
[ } = o, 39 30 OS]

17. Let the set A = {3,4,5} and B = {4,5,6}. Write the elements
of the sets AN B2 and (A\ (B \ 4)) X (B n A).
Solution. a) For the first set we have:
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A7 ={(3,3),(34),(3,5),(43),(44),(4,5),(53),(54),(55)},
B? ={(4/4),(4,5),(4,6),(54), (5,5),(56),(64),(6,5), (6,6)},
A2 N B? ={(4,4),(4,5),(5,4),(55)}.
b) For the second set we have:
B\A= {6}, A\(B\VA)=A, Bn A = {4,5}.
Then
A= (BnA)={(3.4), (3.5). (4,4), (4.5). [5.4). (5,5]}.
Answer:
A B? = {(4,4), (4,5), (5, n (5,5)};

AV(BVA) x (BN A)y={(3,4), (3,5), (4,4), (4,5), (5,4}, (5,5)}

18. Given the sets A ={1,2,3,4,5,6,7}and B = {2,3,4}, solve
the equations AAX = A\ Band (AAY)A B = C4(B).

Solution. In order to solve the enunciated equations, we use the
properties of the symmetrical difference: AA(AAB) =B, its
associativity and commutativity .
a)AaX=A\B=2Aa(AaX)=Aa(AnB)=X=4 1 (4" B).

But
A\VB ={1,5,6,7}, Ay (A\ B) = {234}, (A\B)\A=0©

Consequently,

X=Aa{A\ B =(A\(A\ B U((A\VB)Y A=

= A\(A\ B)={2.3.4} = B.
bh[Aﬁ}]&B—HHﬁ-{A&B]hY AVB &

S{AaBa((AaBlaY)={AaB)a(A) B)=

@Y =(AaB)a(A)\B).

We calculate
AprB=({A\B)U(B\A)={1,5,6T}Uu@={1.5,6,7}.

Thus ¥ = (AV B) a (A B) =

Answer: X = B,Y = .
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19. The following sets are given
A={reR|r-1+2-2/>3+2}.B = {z € R|(z? — 4) x

x(z + 3)(z + 2) < 0}.

Determine the setsAUB,ANnB,A, B,A\B,B\ A, (AUB)\
(B\A)andA x (B\ A).

Solution. 1) We determine the sets A and B.
ajrede|lr—1|+2-z|=3+zele-1+|r-2|>3+7 (+)

The inequation (*) is equivalent to the totality of the three
systems of inequations:

T[] ze(—0el) [ [ (-0, 1),
l—r+2-z>3+z. x < 0,

. e [1:2), xre[1;2),

(%) = {x—1+2—z>3+x. & {:{—2, =
€ [2+00). € [2+o0),
r—14+xr—-2>34r1, r>=6
r&{—x.0).

& | e @, e {—oo,0) U6, +2c).
€ (6, +ox)
So

A=(=ec, U6, +0oc).
blre Be(r—4)z+3)z+2) <0 (z+2z+3)2—-2) <
<0& 1€ (-0, -3 ul-22]
In other words,
B =(-0c,-3]U[-2;2].
2) We determine the required sets with the help of the graphical
representation
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32 0 2 5 x
a) AU B = (—2¢,2] U (6, +00)

b) AN B = (—oc, —3U[-2;0)

c) A=Cgr(A) = [0:6]

d}) B=Cgr(B)= (-3, -2)U (2. +0¢)

el AVE = (-3, -2)U (6, +oc}

f) B\ A=[0:2

g)(AuB)\(B\A)=o

h) Ax (B\ A)= {{x.y) € R*|z € [0;6], y € [0:2]

- i} 1
-3 -2 ] x

Va o
f ' i

J

.3 -2 2 -
/] : J;'} -3 =2 ] X
PN N
] 2 X

20. 40 students have a mathematics test paper to write, that
contains one problem, one inequation and one identity. Three
students have successfully solved only the problem, 5 only the
inequation, 4 have proven only the identity, 7 have solved not only the
problem, 6 students — not only the inequation, and 5 students have
proven not only the identity. The other students have solved
everything successfully. How many students of this type are there?
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Solution. Let A be the set of students who have correctly solved
only the problem, B — only the inequation, C — that have proven only
the identity, D —the set of students that have solved only the problem
and the inequation, E — the set of students that have solved only the
problem and have proven the identity, F — the set of students who
have solved only the inequation and have proven the identity, and G —
the set of students that have successfully solved everything.

From the given conditions, it follows thatn (4) = 3,n (B) =5,
n(C)=4,nD)=8,n(E)=7n(F)=09.

But, as each of the students who have written the test paper
have solved at least one point of the test correctly and, because the
sets A, B, C, D, E, F, G have only elements of the null set in common,
the union of the sets A, B, C, D, E, F, G is the set of students that have
written the paper.

Consequently,

n{AUBUCUDUEUFUG) = n(A)4n(B)+n(C)+

b DYyl E)4n( Fi4n(G).

So

() = n(AUBUCUDUEUFUG)-

—{A)=—n(B)=n{CYV=a{ D)=n(E)=n(F) = 40-3-5-4-8-T7-9 = 4.
Answer: 4 students out of all that have taken the test have
solved everything successfully.

21. (Mathematician Dodjson’s problem)

In a tense battle, 72 out of 100 pirates have lost one eye, 75 —
one ear, 8o —one hand and 85 — one leg. What is the minimum number
of pirates that have lost their eye, ear, hand and leg at the same time?

Solution. We note with A the set of one-eyed pirates, with B —
the set of one eared pirates, with C — the set of pirates with one hand
and with D —the set of the pirates with one leg.

The problems requires to appreciate theset ANBNCND.
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It is obvious that the universal set E is composed from the set
AN BNCnNDand the number of pirates that have kept either both
eyes, or both ears, or both hands, or both legs.

Consequently,

C = {ANBNnCnDYUAUBUTUD.

It follows that the setE is not smaller (doesn’t have fewer
elements) than the sum of the elements of the sets A, B,C,D and A n
BN CnND (equality would have been the case only if the sets 4, B,C
and D, two by two, do not intersect).

But,

n(A)=30,n(B)=25mn(C)= 20,5 nlD) =15

Substituting, we have n(E) =100 namely 100 <n(ANnBN
CnNnD)+30+ 25+ 20+ 15.

Consequently,n(AnBNCnND)>100—-30—-25—-20=10.

Therefore, no less than 10 pirates have lost their eye, ear, hand
and leg at the same time

Answer: No less than 10 pirates.

22. Of a total of 100 students, 28 study English, 8 — English and
German, 10 - English and French, 5 — French and German, 3 students -
all three languages. How many study only one language? How many
not even one language?

Solution. Let A be the set of students that study English, B -
German, C - French.

Then the set of students attending both English and German is
AN B, English and French -A n C, French and German -B N C,
English, German and French -4 N B N C, and the set of students
that study at least one languageis A U BU C.

From the conditions above, it follows that the students who only
study English form the set AA(ANB)U (ANC), only German -
B\(ANB)U (BN C(C),onlyFrench-C\(ANC)U (BnNC).
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But, because AN B S 4, we haven(A\((ANB)U (ANC(C))) =
n(A) —n((ANnB)UANC)) = n(A)—m(AnB)+n(AnC) —
n(AnBNnC)) = n(Ad) —n(AnB) —n(AnC) + n(ANnBnNC().

Similarly, n (B\((A NB)U (BN C))) =n(B) —n(ANB) —
n(BNnC)+n(AnBnC)nC\((AnC)N(BNC))=n(C)—
n(AncC)—n(BnC)+n(AnBnO0).

Let D be the set of students who only study one language, then
nD)=a(A\{(ANBYU{ANC N+ n(BA\{(ANBYU(BNC)))H
+r(CAN((ANCIU(BNCH)).

Consequently,

nDy=n(A)=n{ANB}=n{ANC)+n(ANBNC) 4

k(B -nm{ANB)—n(BNC)+niAnBnC)+

+n{C)=n(ANC)-n{BNC)+n(AnBnC) =

2n ANC)=2n(BNC)1+3In{ ANBNC) =

=20 ANC)=2n(BNC)+3In(ANBNC) =

= 28+4+30+42-28-210-25+3.3 =63.n(D) = 63.

The number of students who don't study any language is equal
to the difference between the total number of students and the
number of students that study at least one language, namely n(H) =
n(T) —n(AU B U C), where H is the set of students that don’t study
any language and T the set of all 100 students.

From problem 20 we have

HAUVBUC) = n(A)+ n(B) + nlC) —
n(ANC)—n(BNC)— n(AnBl+n(AnBNC) =

=28430+42-5—-10-54+3 =80,

Son(H) = 100 — 80 = 20.

Answer: 63 students study only one language, 20 students don't
study any language.
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1.3. Suggested exercises

1. Which of the following statements are true and which are
false?

alredrh b)r={z}h

¢y x # {z}: dy@e {@}:

e)@ = {@}; flee{ah

)@ ={ak h) @ € {a}:

i)y @ C {al; il {z} C {zh

k) @ C {@}; 1) {1,3,3} = {1,{2,3}.3}:

m) {1.2,3.4.5}={4,1,3.5.2,4,5}; n) {3-1.6+3}={2. 5+3}
o) {e+a} ={2a}, a € IR.

2. Which of the following statements are true and which are
false (4,B and C are arbitrary sets)?

aj{de BsiBe ()= Ac(;

b{ACBsiBe ()= Ael}

c)iA£Bsi B£C)=A#C:

N(ANBCCs§ AUCCB)=» ANC=a;

eV (AC(BUC ) BC(AUC))=> B=;

flIACBs§iBCCsiCCAy=A=RB=0C:

g) P{AU B) = {4, U B1|4; € P(A), B, € PiB}

hy P(An B)= P{A)n P(B);

HAC@= A=,

jJACBUC=ANBCC:

K)EC A= A=E;

JACB=BUCLCAUC;

mjACB=BCA;

nMACEBE={AnNB=@s AUB=E).

3.Let A={x€Q|x?—12x +35) =0},
B={x€Q|x%+2x+35 =0}C={xe€Q|x?+2x+35) =0}
a) Determine the sets A, B and C.

b) State if the numbers1/5,5,7,1/2 belong to these sets or
not.
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4. Determine the sets:
A={re N*|r=2n, n=1,9},
B={yeIN“ly=4m +fn, m=T1,3,n = —-f-[_]}

5.LetA={x€ N|x= 4n+ 6m,n,m € N*};
a) Write three elements belonging to set A.
b) Determine if 26, 28, 33 belong to A.

6. Indicate the characteristic properties of the elements
belonging to the sets: A=1{4,7,10}, B={3,612}, C=
{1,4,9,16,25}, D = {1,8,27,64,125}.

7- How many elements do the following sets have?
A={zeQlr=3nf(n+2), n=1.50).
B=IyeQly=(n-1)/(27*), n =110},

C={:c R|z=(an + b)j(en +d). a.be,d€ R, ed>0, n=1,p}?

8. Let there be the set A ={-3,—-2,—1,1,2,3}. Determine the
subsets of A:

Ay ={z € A|P(z): 2z 4+ 1 =z},
Ay = {y € AlQ(y): |yl = v}
Az ={z € AlR(z): |z| = -z}.

9. Determine the sets:

al A={zr € Zimin(r+1,4-05z) > 1}

b) B={reZlmax{z—-2,13-2z) <6}

¢} C =4z € N*|min(3z — 1, 2z + 10) < 20};

d) D= {r e IN*|max(20 — x, (45 = 2£)/3) > 13}
e) E={z € Z|min(2z + 7, 16 — 3z) > 0};

flF ={re Zlmax(z~1,1=-x)<4};
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g) G = {r € R|min{z = 1, (13- 1)/2) < 3};
hj H={re Rlmax(z4+1,7T-2)>5}

i) I={zcZjmax(zr+1.4-05z) < 1}:
NJd={re N |min(20 — z, (45 - 2z)/3) = 20};
kY K ={r€ Zlmin(x + 2, 10 - ) > -2},

VL ={zxeZ]|z—4] <8}

10. Compare (G, D, =, &, D) the sets A and B, if:

2n41 . B )
a.]A._{erx_ R ne IV }.H_{aré.uﬂ;r{?}-,
3In+1 . .
b) .rl_{.rEQr.r—uj_'_n. nel\ }.H—{r(—fr—i[?g:{ﬂ}.

c)A={reZlz?+324+10=n". ne N}, B={-6,-3,-2.1}
d)A={reZ|lz?+3r-3=n’, ne N}, B={-7,-4,1,4};
el A={zeZiz*+ 1lx +20=n% ne N}, B={-16,5};

f)A = {z e R||z=1|+|z=2| > 5}, B = {z € R|(5/(z-4)) > -1}
g)A={reRl|z|+|1-2|>2}, B={z€ Rz* -4z -3 > 0}:
h) A= {re€R|4z? - 42 -3 >0}. B = {z € R|(3/(z+1)) < 1}.

11. LetA=1{1,2,3,4,56,7},B ={5,6,7,8,9,10}. Using the
symbols U,N,\, C (complementary), express (with the help of 4, B and
N*) the sets:

a) 4y = {5,'5,?}:

b) Az = {1.2,3.4};

¢} Az = {1,2,3.4,5,6,7,8,9,10});
d) Ay = {8,9,10,...}:

D} 115 = {8 9, 10};

) As = {1,2,3.4,11,12,13,...};
g) Ar = {1.2,3.4,8,9,10}.
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12. Determine the set E, in the case it is not indicated and its
parts 4, B, C simultaneously satisfy the conditions:
a) AUB ={1,2,3.4,5,6.7}, AnB=1{1,2}. A\ B = {5}
b) A ={2.5,0,13,18,20}, B = {2,6,18, 20},
AU B =1{1,56,91314}
) ANE = {1, 3} A={56,7.9,10}. A B=1{24,589,10}
d) AUuB =11,2,3.4,5}, A\ B={1,4}, An B € {3.4.5}.
E=1{1,2.3,4.5}
e) AUBUC ={1.,2,3.4.5}, AnBNC={4}. A\ B ={1.2},
ur ={1,3},5¢ AU B, E=1{1,2,3,4.5}
_{1 334} le A, {24nB=2,3c AnNBNC, 4€ ANC.
ANBCC.BUCZ A AUBUC = E;
g) E={1.2,3,4,5}, AUB = E. AnB = {2,3}. {2,3,4,5}nB € A4,
{1,4}n A ¢ B;
h) E = {1.2,3}, AUBUC = E,ANB ¢ C.ANC ¢ B, BnC = {2},
1 BY
i) E=4{1,2.34.5},AUB=FE AnB={1.2}, 3¢ A\ B,
A has more elements than B;
VE=14{1,2,3456},AUBUC =E, AnBNC = {5},
AVE ={1.3.6}, A\ C = {1,2.4}:
k) E={1.2.3.4}. AnNB ={1,2}, A\ B ={1,2,4}. {1.2.3} ¢ B.
A has more elements than B;
A =1{1.2.3,456}, B = {1,5.6,7},
AUB = {2.3.4,7.8,9,10}, An B = {8,9,10};
m) E = {a.b.c.de. f.g.h.i}, AnB = {d. f.i}.
A e, d.e} = {a,e.d, e, f.h,3}, BU{d.h} = {b.e.d, e, f.g,h, i}
n) E={1,2.3,....9}. An B = {4,6,9},
AuU{3.4.5} = {1,3.4,5,6.8,9}, Bu {4,8) = {2.3,.... 9}.
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13. Determine the setsA,B,AUB,ANB,B\ A, A\ B, AAB,
AU(B\A4),,A\(B\A4),AxB,BxA (AUB)x A, Bx(A\B),if:

a) A= {; € n":: Sn m.neﬂ’}.
| In —
B {: . 21: _ 9n? ;:ain; 16 . n‘}:
hl A= {xeq[icgi—i_—;. nEI\'}.
B= {yE Qi!y= %J_L; k€ ﬂ"}:

. 4
¢) A= {:E I"n'|.r=-——n—.nE ﬂ}
| n+2

H:{ye Zlyzﬁn_‘-rfrzeﬂ’}:

In+1
12z 4+ 5
diA=<rec I AN
{t |-1""1-IE }
B o2t L dn 42 .
B—-{.E‘E—_ﬂlyn‘T;—q-——,MEﬂ'}:

- T
:]__
Fl\:{xez\, Jr:_>1} ﬂ_{:-:ru ra}
d+z a4
r+1 *+1 .
g].-l_{ EZE;I;;-EZ}B_{&EI\I_EEé}
|22 = 55 +
|-]1={:ez;ir w46 z}.
| T+3
Hz{renwﬂ;
43

iVA=dre Nz =2n,n=1,10},
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B={ye N*ly=4m +6n, m=1.3, n € {~1,0}};
jA={reR||jz— 7]+ |z+7 =14}
B={z e Z|lr+3|4 |z -9 = 14}

kjA={n?—3lne N}, B={n*+5/ne N}

1) A= {n?-50/ne IV}, B ={n*+30jn e N}
m)A={n?—3500ne W}, B={n*+3500/ne N}

n) A={r € Rlz—vVzi-1=v2}, B={z € R|82?—2v2r+3=0}.

14. Let
M= {,r & Qir I.—nrl_i:_:. ne ,-‘n"}.
a) Determine the sets:
A={r e Mz <6}, B={zeMlz<T},C={rc MreciZ}
b) How many elements does the set D= {x € M|x <
(699/100)} have?

15. Determine the sets A,B C E, if
AaB=1{2458910}, AnB={13}, A={5.6,7910}
E={1,2,3,4,50,7.89.10}.

16. Determine the set E and its parts A and B, if
A =1{2,5,9.13,18,20}, B = {2.6,18.20},
AUl ={1.5.6,913,14}.

17. Compare the sets A and B, if
a) A= {re RVz¥-25 <z +1},

| 1“-—!:}{)1 :
3={IEIR|{ - 25 < (z 4+ 1)? }
b) A = {z € RIva? = 16- (z* - 80) < vz - 16},

[ s2-16>0, |,
B:{zemi{ 22 — 80z < 1 }
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cfA={r e B|v6+2—2%> 2z 1},

| 6+ —2%>0,
E:{reﬂi’_ 2r—-12>0, :
Lt r -2t (2r - 1),

dj 4= {IEEE[E::—S— l, <::—f.--—-1_}7

r—5a r—-35

B={rciRj2r-3<az—1)

el A= {IER

—%fz—zz—ﬂ[z+4}<—g(;—:'f—ijgam;l;}.
B={reRlr+4<3z+1}:
fjJ—{zCﬂ?‘ 2 {D}B { EfHI( 2 2 1]
A= - ; = 4T H
vitl | v”:?+1) ) }

gl Ad={re RVr+3-vz-3<1/2},
B={reRj2\/(z+3)z-3) <1}

18. Determine the values of the real parameter m for which the
set A has one element, two elements or it is void, if:

a)A={rec Rlz2+mz+1=0}:

b) A ={zr € Rmz* -5z +m =0}

cjAd={re Rz -mz+3= 0}:

d) A= {z € R|z* - 2(m - 2)z + m? — 4m + 3 = 0}

ejA={reRl(m+ 1)z —(5bm+4r+dm+3 = 0}:

f) A={re Rjz*— mz+36 =0};

g) A= {z € R|(2m — 1)2* + 2(1 — m)z + 3m = 0};

hWA={ee Bimz?—(m+1)z4+m-1= 0}.

19. Determine the number of elements of the set A:
a)A={reQlz=(n?+3)/(n®+n). n= 1.50};
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z
bl A=< = — g . || € 45
’ {’EQI 2+ 6)(z 45 < }}'

)
c)Ad={z e Z|(z*+1)(5-2%) = 0};
d) A= {z € Z|(z? - 3)(z? - 33)(z? - 103)(z? - 203) < 0}:

e].-{:{.rez‘;r: zd_i--i,:EZ};
z+1

+
44
= e doy.
T E}

f','l A= {.rn‘;ﬂ'

]

20. The sets 4, B, C are given. Determine AN B N C.
a)A={10x+3lre W}, B={12y+Tiye IN}.
C={132+ 13z e IV}:

b) A = {150 — T00|n € IV}. B = {270 — 10m|m € IV},
€ = {48k + 56]k € IV}.

21. Determine A N B, if:

alAd={6n+7ne N}, B={ll4-Tmime IN};

by A={3p+28lpc N} B={107 - l4g|lg€ IN}:

) A={3n-2lne IN}. B= {1003 - 2mim € IN }.

22. Prove the properties of the operations with sets.

23. Determine the equalities (4, B, C etc. are arbitrary sets):
a) AVB=A\(AnB)=(AUuB)\ B

By AVIBUC) =(ANBIn{ANDY

) AV(BNO) ={AYByu(A\Ck

d) (ANB)\NC =(ANC)N(B\ L)

el (AVBINC = (ANC)\(BNC)=(ANC)\ B:
DAUBI\C=(A\CU{B\CO):

AV BN C=AV(BUC)

h)p AV(BNC) = (AN BIU(ANC):
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i) AN(BAC)=(ANB)a(ANCY
D(AnB)aA=A\B;
k) AU ﬂﬁ}_ﬂHLB‘J

=1 =1

AN () B) = Jtan Big
i=1

=1

m) AHCI By) = [(A\ By).
=1 =1

24. Given the setsA ={1,2,3}, B ={2,3,4},C ={3,4,5}and
D = {4,5, 6}, write the elements of the following sets:

alldx Ayn(B = BY);

by A% » O

cy (AN B) x (CY D)

d) (An B) =< (€N Bk

el (AU B) = (BU D)

A= B)\(Cx Dy

gliA\VB) = {Cn B

h) (ANC)Yy=x (B D)

DANVCND ) = ((D\ B)u A);

i(AaB) % (DaB).

25. Given the sets 4, B and C, solve the equations (AfB)AX =
C, where f € {u,n,\ A}:

a) A={1,4,6}, B= {579}, C={1,2,34,56.7,89)

b} A= {156}, B ={1,2.3.4,5.6,7}, C = {1,5,6,7}.

26. Determine the sets ANB,AUB,A, B,A\B,B\ A, AU
(B\A), An (A\ B), if
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a) A={r € R|(z-3)(24z)(4-2) > 0}, B={z € R|z*-7z412 < 0):
b)A={re RH41* - 12r +5< 0}, B={r e R|1/2< x < 5/2}:
) A={r € R|z*-524+6<0}, B={re R|1 €£2r 47 <3}
d)A={re R|(z*<4)z+1)>0}, B={re Rz?-2:r-3 > 0};
e)ld={z¢c R|2z(z47) = .1'1+3:c}, B = {.1' £ R‘ [ ;;?+:4ﬁzr'u }‘
flA={zr e R|(z*-4z)(r+1) < 0}. B = {z € R|z?-2:-3 < 0};
gld={rec R3z(z=2)=-(z+ 1)}z - 13) =0},

. #*+7=0, )
E*{"EH [13:1'-14;4-9:0 }
h) A= {z € MR3r-9°*=2r~-9)-16= 0},
22— 14z +49=0, }

9 4 39
“5(”5)-'-:

i)Ad={re RM4(22 -3 -4(22-3)+1 =0},
i 2 ; _

v {‘ cR ?ﬁ—ﬁt:’i o }‘
j) A={r € R||2x-1] < |ax+1|}. B={z € R||3z-1|-|2z+3| = 0}:
kyA={zeR||4-3z|>22-2},B={rc R||2r-3| 2 2= - 3};
JA={re Rl6z* -2z +1 <1}, B={z € R|z? +2Jz| -3 < 0};
m) A = {z € R||z|+|c-1| < 5}. B = {z € R||z+1|+|z-2| > 5}:
nA={ze R||lz-3|+1]22},B={r€ R||jlz-1]+ =zl <3}.

H={JER
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2. Relations, functions

2.1. Definitions and notations

Relations, types. Relations formation

Let A and B be two non-empty sets, and A X B their Cartesian
product. Any subset R € AX B is called a relation between the
elements of A and the elements of B. When A = B, a relation like R S
A X Ais called a binary relation on set A.

If there exists a relation like R € A X B, then for an ordered pair
(a,b) € A x Bwe can have (a,b) € Ror(a,b) € R. In the first case,
we write aRb and we read "a is in relation R with b", and in the second
case —aRb, that reads "ais not in relation R with b". We hold that
aRb < (a,b) ER.

By the definition domain of relation R € A X B, we understand
the subset by S A consisting of only those elements of set A that are in
relation R with an element from B, namely

br={re Al(3)y € B, (x,y] € R}.

By values domain of relation R € A X B we understand the
subset pp € B consisting of only those elements of set B that are in
relation R with at least one element of 4, namely

pn={ve Bl(F)z € A, (z,y) € R}.

The inverse relation. If we have a relation R € A X B, then by
the inverse relation of the relation R we understand the relation
R™1 € B X A as defined by the equivalence

(h,a)e B < (a,b) e R,

namely

R ={(b,a)e B x Al(a,b) € R}.
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Example 1. Let us have A ={1,2},B = {4,5,6}and also the
relations

o ={(1,5). (2,4), (2,6)} C A x B,

3 =1{(2,4),(2,5),(2.6)} C Ax B

¥ ={(4,1),(4,2),(5,1),(5.2)} C B = A.

Determine the definition domain and the values domain of
these relations and their respective inverse relations.

Solution.

a) f, = {1.2} = A, p, = {4,53,6} = B: a1 =

= {(5.1),(4.2),(6.2)}; 6, = B, Poa—t = A;

by bs = {2}, ps = {4,5.6) = By 37" = {(4,2). (5.2). (6,2)};
bg-1 = B, ps1 = {2}

o) &, ={4.5} py={1.2} = A; v ={(1,4), (2.4), (1.5), (2,5)};
b =A, poo =4(4,5)}.

The formation of relations. Let 4, B, C be three sets and let us
consider the relationsR S A X B,S € B X C. TherelationR oS € A X
C formed in accordance with the equivalence

(a.c)e RoS & (3)be B ((a,b) € B A (bye)e §),
namely
Reof ={la,c)e AxC|(I}be B((a,b) € R A (b.e) € ) <
C A=,

is called the formation of relation R and S.

Example 2. Let us have A, B, a, 3,v, from Example 1.

Determine @°@:- @0, aey, foy, 37 ca, §71e 3, y0 371,
y™top and (Boy) L.

Solution. We point out that the compound of the relations a <
C x D withB € E X E existsifand only if D = E.

Becausea S AX B, B € AXB,it follows thataoaand a8
doesn't exist.

bjaCAxBsiyCBxA=novec4dx A,

We determine a o y:
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(1.5)eas (5,1)ey=({l.1)eaox,
(Laleasi(5.2)ey= (1,2) € o,
24)eaand{(41),(42)}cy={21),22}Caq-y;
(2,6) €, but in y we don't have a pair with the first
component 6. It follows that
aey ={(L,1)(1,2), (2,1), (2.2)}.
) S AXB,yS AXB = [oy exists. By repeating the
reasoning from b),
Boy={(2,1), (2.2)}.
d) 7' CBxAsiaCAxB=03"'caCBxB,
37 oa = {(4,4), (4,6}, (5,4), (5,6), (6,4). (6,6]}.
3 CBxAsidCAxB=>3"13CHxB,
3'e 8 ={(4,4), (4.5), (4,6). (5.4). (5.5), (5,6), (6,4), (6.3),
(6,6)} = B2,
f1BCAxEB 5t 37'CBxA=> 00 'CAxA
and Bo Bt ={(2,2)}.
g)v'CAXB g 7 'CEBxA=4"lof"'CAxA
and y~to B71 ={(1,2),(2,2)}.
h) (Bey)™ ' = {(1,2),(2,2)} =y 1o g-L.
The equality relation. Let A be a set. The relation
l,={{r,z)jlr e A}l =4 CTAxA
is called an equality relation on A. Namely,
zl gy =y.
Of areal useis:
15tTheorem. Let A,B,C,D be sets and RS AXB,S S B XC,

T < C x D relations. Then,
1) (RoS)oT = R o (S T) (associativity of relations formation)
2y 1,0 R=Rolg = R;
3) {RUS]_] = 5 1s BL;
4) (R~Y)' = R.
The equivalence Relations. The binary relation R € A? is called:
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a) reflexive, if xRx whatever x € A is;

b) symmetrical, if (xRy = yRx), (¥)x,y € 4;

¢) transitive, if ((xRy A yRz) = xRz), (¥) x,y,Z € A;

d) anti-symmetrical, if (xRy AyRx) =2 x =y), () x,y,Z € 4;

e) equivalence relation on A, if it is reflexive, symmetrical and
transitive;

f) irreflexive, if xRx whateverx € A is.

Let R be an equivalence relation on set A. For each element x €
A, the set

R: = {?"' = F”TRE.I'}
is called the equivalence class of x modulo R (or in relation to R), and
the set

AR ={R:|z & A}
is called a factor set (or quotient set) of A through R.

The properties of the equivalence classes. Let R be an
equivalence relation on set A and x,y € A. Then, the following
affirmations have effect:

1Yz € K.

2y Ry = R, = sRy+ ye R

3R £ R BN R, =@

4 |J R = A,
reA

Partitions on a set. Let A be a non-empty set. A family of

subsets {4; | i €l}ofAis called a partition on A (or of A), if the
following conditions are met:

lyiel = A, # @,

442404 =a;

3) | A = A
red

2" Theorem. For any equivalence relation R on set 4, the factor
setA/ R ={R, |x € A} is a partition of A.
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3" Theorem. For any partition S = {4; | i € I} of A, there exists

a sole equivalence relation as on 4, hence

Afjos ={Ali e I}
The relation ag € A is formed according to the rule
razy e (A)iel (ze Ay A oye A

It is easily established that a is an equivalence relation on 4 and

the required equality.

Example 3. We define on set Z the binary relation a according to

the equivalence aab © (a —b) i n, wheren € N*, nfixed, (¥)a,b €

Z.

a) Prove that a is an equivalence relation on Z.

b) Determine the structure of the classes of equivalence.

¢) Form the factor set Z/a. Application:n = 5.

Solution. a) Leta,b,c € Z. Then:

1) reflexivitya — a = 0 i= naaa;

2) symmetry

aah = (a—bjim = ~(b—ajn = (b-a)n = boa:

3) transitivity

(aah A bac) = ((a—b)in A (b~ c)n) =

= (la=bl+(b~c)lin = (a - ¢)n = anc.

From 1) - 3) it follows that « is an equivalence relation on Z.
b) Let a € Z. Then

a,={b € Zlaab} ={b € Z|(b—a)n}=
={beZiAjteZ: b—a=nt}=

={beZ|(F}t€Z: b=a+nt} = {a+n|t € Z}.

In accordance with the theorem of division with remainder for

integer numbers a and n, we obtain

a=ng+ry, 0<r,<n-1.
Then
a+nt=nqg+r,t+nt=r,+int+ng)=r,+ns,
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where s =t + q € Z, and therefore

t, = {r, +nsls € Z}.
where 1, is the remainder of the division of a through n. But,

= N4 ry Sa - Ty = ng e la— Pa il & aar, < oy = 0.

In other words, the equivalence class of a € Z coincides with the
class of the remainder of the division of a through n.

) Because by the division to n only the remainders0,1,2, ...,
n — 1, can be obtained, from point b) it follows that we have the
exact n different classes of equivalence:

AT O PR o g

The following notation is customarily used

a; =1, i=0,n-1 Then

Zia={0.1.2..... n_:_l]-.
where { consists of only those integer numbers that divided by n yield
the remainder

L, i=0n— L

For n =5, we obtain

with
0 = {+0,£53,£10,£15....} = {51]t € Z},
1= {1+5glge Z} = {....=9,—-4.1.6,11,.. .},
d={245s)s €2} ={....-8-3,2,7.12,...},
J={3+5ulueZ}=4{...,-7,-2,3,8,13....}.

d={4+5vjreZ}={...,—-6,-1,14,9,14,...}.

Definition. The relation a is called a congruency relation
modulononZ, and classd = «, is called a remainder class modulo
n and its elements are called the representatives of the class.

The usual notation:

aab © (a—b)in<e a=b(moden) (ais congruent with b
modulo n),and
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Zja="2,=1{0.1.2.....n—-1}
is the set of all remainder classes modulo n.

Example 4 (geometric). Let m be a plane and L the set of all the
straight lines in the plane. We define L as the binary relation 8 in
accordance with

dyiddy & dy || ida, (W)dy.dy & L.

a) Show that S is an equivalence relation on L.

b) Describe the equivalence classes modulo f5.

c) Indicate the factor set.

Solution. a) It is obvious that 5 is an equivalence relation (each
straight line is parallel to itself; if d; Il d, = d, Il d; and

(dy |l dz A dy || da) = dy || da).

b) Let d € L. Then the class

B4 ={l € L|lad} = {l € L|i||d}
consists only of those straight lines from L that are parallel with the
straight line d.

olL/p = {ﬂd|d € L} is an infinite set, because there are an
infinity of directions in plane m.

Example 5. The setA = {1,2,3,4,5,6,7,8,9}is given and its parts
Ar = {1.2}, A3 = {3,4,6}, A3 = {5,7,8}, Ay = {9}, By = {1,2,
4}, By = {2.5,6}. By = {3,7,8,9,10}.

a) Show that S = {A,4,, A3, A, }is a partition of A.

b) Determine the equivalence relation a5 on A.

c)ls T ={B;,B,,B; } apartitionon A?

Solution. a) 1) We notice that

AES= A #0, i=TF

240 Ay = 1N ds = A3 nAdy = Aan o Aa = A oAy

=AznN Ay = @,

AU AU Az U Ay = A,
meaning the system S of the subsets of the set A defines a partition on
A.
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b) In accordance to the 3 Theorem, we have

(r.y)Eas S rasye ()i {1,234} (z e A; A ye A;).
So:
as
= (11, (12),(21),(2,2), 33), BA4), (36), (4:3), (4:4), (46, (63),
(64, (6,6), (5,5), (5,7), (58), (8,5), (88), (87, (7,5), (7.7, (7.8), (9.9)}.

c)1)B;eT =B, £@: i=1,3:

2y ByU Ba U By = A;
3 E;ﬁBg:{ﬂ}?f‘Z,
which proves that system T does not define a partition on A.

Order relations. A binary relation R on the setAis called an
order relation on 4, if it is reflexive, anti-symmetrical and transitive.

If R is an order relation on 4, then R™1is also an order relation
on A (verify!). Usually, the relation R is denoted by "<" and the
relation R™! by ">", hence

TSys Y2

With this notation, the conditions that "<" is an order relation
on the set A are written:

= reflexivity x EA = x < x;
= asymmetry (x S yAy<x)=>x=1y;
*  transitivity (x < yAy <z)=>x < z.

Example 6. On the set Nwe define the binary relationy in
accordance with

aybe (I)ke N{a=b-k).

Show that y is an order relation on N.

Solution. We verify the condition from the definition of order
relations.

1) Reflexivity

a=a-1= avya, (Yiac IV.
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2) Asymmetry. Leta, b € N with ayb and bya. It follows that
there are the natural numbersc,d € Nwitha = b.c andb = a.d.
Then
a=be=(a-d)-e=a-(d-¢)>d-c=1=d=c=1,
which implies that
g=hc=5bb1=b
3) Transitivity. Let a,b,c € N with ayb and byc. Then there
existsu,v € Nwitha = bu andb = cv hence,
a = bu = (cv)u = e(vu) = avye.
Because u, v € N, the implication is true
(ayb A byc) = aye,
which proves that y is an order relation on the setN.
Remark. The order relationy is called a divisibility relation on N
and it is written as a i b, namely
ath=abs (ke Na=b-k) < bla
(b | a reads "b divides a", and a i b "a is divisible through b").

Functional relations

Let A and B be two sets. A relation R € A X B is called an
application or a functional relation, if the following conditions are met:

1% x € A(Q)y € B, so as xRy;

2) (zRy A 2Rn) = y = 0.

An application (or function) is a triplet f = (4,B,R), where A
and B are two setsand R € A X B is a functional relation.

If R € A X Bis an application, then for each x € A there exists,
according to the conditions 1) and 2) stated above, a single element
Yy € B, so that xRy; we write this element y with f(x). Thus,

flz) =y <= zRy.

The element f(x) € Bis called the image of elementx € 4
through application f, set A is called the definition domain of f noted
by D(f) = A, and set B is called the codomain of f and we usually say
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that f is an application defined on A with values in B. The functional
relation R is also called the graphic of the application (function) f,
denoted, later on, by Gf. To show that f is an application defined on A

with values in B, we write f:A — B orALB, and, instead of
describing what the graphic of R (or f's) is, we indicate for each x € A
itsimage f(x). Then,

y=flr)e sRy < 2Rfiz) s (z, flz)) e B = Gr.

Gy={z.flz))lr € A} C Ax B.

The equality of applications. Two applications f = (4, B,R)
and g = (C,D,S) are called equal if and only if they have the same
domainA = C, the same codomain B = D and the same graphic
R = S. Iff,g:A— B, the equality f = gis equivalent to f(x) =
g(x), (¥)x € A, thatis to say

S=g& (Vizecd(flz)=glz)).

The identical application. Let A be a set. The triplet (4,4, 1,) is,
obviously, an application, denoted by the same symbol 1, (or €) and it
is called the identical application of set A.

We have

Lizl=ye(ry)cli, =y

Consequently,

1,:A — Aand 14(x) = x for (¥)x € A.

By F (4, B) we will note the set of functions defined on 4 with
values inB. ForB = A, we will use the notation F(A) instead of
F(4,4).

In the case of a finite set A = {aq,a,,..,a,}, a function
@: A — Ais sometimes given by means of a table as is:

= T o T o o] o]

2la) | wla) [ wlaa) | ... [ wlas) |
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where we write in the first line the elements a4, a,, ..., a, of set 4, and
in the second line their corresponding images going through ¢, namely
0(a1), (@), ) (ay).

When A = {1,2,...,n},in order to determine the application,
we will use ¢: A — A and the notation

1 2 3 n—1 m
v ( Pll) 9(2) #(3) ... pln—1} @(n) )
more frequently used to write the bijective applications of the set 4 in
itself. For example, if A = {1,2},then the elements of F(A) are:

(13) =) () - (03)

Iff:A— B,X € A, Y S B, then we introduce the notations:
FiXy={be Bli3)z e X: flz)=b}={flz)lr € X}C B
- the image of subset X through the application f.

Particularly, ¢(4) =Im¢e , the image of application ¢ ;
fFUY ={ac Al(TveY: fla)=y}={ec A|fla)eY}CT A
is the preimage of subset Y through the application f.

Particularly, fory € B, instead of writing f~({y}), we simply
note f~1(y), that s

FYy) = {a € Alfla) =y}
- the set of all preimages of y through the application f, and

J7Y(B) = {a € Al¢{a) € B}

- the complete preimage of set B through the application f.

The formation of applications. We consider the applications
f = (4B,R)andg = (B,(,S), so as the codomain of f to coincide
with the domain of g. We form the triplet g o f = (4,C,R © S).

Then g o fis also an application, named the compound of the
application g with the application f, and the operation "o" is called the
formation of applications. We have

(goflz) =z (2.2)€ RS =

& (NyeBllz.y)e RA(p.2) €5 =
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= (Aye B: Ry A yS: &
2 (yeB:(flz)=y rglyl=2)=
< glf(z))= =
namely
(go filx) = g(f(x)). (V)z € A,
4t Theorem. Given the applications

I g h
A—=B-=C=D ytfollows thata) (ho g)o f =h o (g o )

(associativity of the formation of applications); b) f e 1, = 1o f = f.

Example 7. We consider the relations RS RXR and S S
[0,+%) X [0,+), T € R X R, defined as it follows: xRy & x? =y,
xSyeox=y:xTyeoy=x+1.

A. Determine which of the relationsR,R™1,S,S™ %, T,T ! are
functional relations.

B. Find the functions determined at point A.

C. Calculate fog,gof,fohhof,hoh™  h" o h(f, g, h are
the functions from point B.)

D. Calculate (f e h)(=3), (h™t o h)(1/2),(h o f)(1/3).

Solution. We simultaneously solve A and B.

a) We examine the relation R.

xER=>x2eR=>y€ERie.

1)v¥ x € R(2)y = x2 € R, so that xRy;

) (zBy AzRy) = (y=2" Ay =2%) = g = .
which means that R is a functional relation. We write the application
determined by R through f, f = (R, R, R).

b) We examine the relation R™1 .

yh'r & rhy & y = 22,
which means that ifx € R = {a € R|a < 0}, then there is nox € R,
sothat yR™1x, which proves that R™1 is not a functional relation.

54




Algebraic problems and exercises for high school

c) For the relation S, we have: S and S~ are functional relations.
We denote by g = ([0, +), [0, +0),5),and g~ = ([0, +0), [0, +0),
S71), the functions (applications) defined by S and S, respectively.

d) We examine the relation T':

1) xER=>x+1€R andso

(Vire R(d)y=z+1¢ I,
sothat xTy;

NETyreTp)=y=c+lrpn=x+1)=y=un,
which proves that T is a functional relation.

e) For the relation T~1, we obtain:

yT- 'z 2Ty y=r+1=2z=y-L

1)(W)x ER@)x =y —1€R, sothatyT 1x;

20 (yT 'z n gyl tay) = (2Ty A nTy) = (y=2+1 Ay =
:11-.-'-]]::-.\:1+l=1--|-1=;.g_-1-:_1-_1
meaning that T~ 1is also a functional relation. We denote by h =
(R,R,T)and h™! = (R,R,T™1).

C. From A and B, it follows that:

fley=z* s e R, g(z) = Vo2 e [0, +x), h(z) =z + 1,

reER A YNr)=z-1.z¢ IR,

a) Then fog,gefandgohdon't exist, because the domains
and codomains do not coincide:

f=@RR,R), g=(0,+x),[0,+x),5), h = (R,R,T)).

b) We calculate f o h,ho f,hoh™tand h™1 o h.

(foh)z)= flhiz))= flz+1)=(z+1)%

{he fi(x) = h{f(x)) = h{z*) =2 + |;
(ho k™ 'Wz)=hh~YNe))=h(z -1 =(z- 1)+ 1=2 = 1g(z)
(hleh)iz)=h Yhiz))=hHe+l)=(z+1)=1=2=1gx(z).
Sofoh#hofandhoh™ =hloh =1
D. We calculate:
(foh)(=3)=(z+1)z=mz =4, (A7 o h)(1/3) =
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=1/2. (he F)1/3)=(2* + 1)/sm1/a = 1/3+ 1 = 10/9.

Injective, surjective and bijective applications. An application
f:A — Biscalled:

1) injective, if

flay) = flaa) = @y = ag, (V)aj,az € A

(equivalent: a; # a, = f(ay) # f(ay));

2) surjective, if

(V)be B(d)ac A: fla)j=0b

(any element from B has at least one preimage in A);

3) bijective, if f is injective and surjective.

Remark. To prove that a function f: A — B'is a surjection, the
equation f(x) = b must be solvablein Aforanyb € B.

Of areal use are:

5t Theorem. Given the applications A £> B C, we have:
a)if f and g are injective, then g o f is injective;
b) if f and g are surjective, then g o f is surjective;
) if f and g are bijective, then g o f is bijective;
d) if g o f isinjective, then f is injective;
e)if g o f is surjective, then g is surjective.
6" Theorem. The application f: A — B with the graphic Gy =
R is a bijective application, if and only if the inverted relation R"1is a
functional relation (f~1is an application).
This theorem follows immediately from
(yz)eE Rl e yR'z & fYy)=z < zRy & y = flz).
Inverted application. Let f: A — B be a bijective application
with the graphic G; = R. From the 6" Theorem, it follows that the
triplet f=1 = (B,A,R™1) is an application (function). This function is
called the inverse of function f.
We have
f~:B — A,andfory € R,
ffUy) =z yR 'z e zRy < flz] =y,

56




Algebraic problems and exercises for high school

[y...:'] S R = {;_f—l. =] I:-L_U:l EfH= fr'f.

7t Theorem. Application f: A — Bis bijective, if and only if
there exists an application g:B — Awithgof =1,andfog = 1.
In this case, we have g = f~1.

Real functions

The function f: A — B is called a function of real variable, if
A = D(f) € R. The function of real variable f: A — B is called a real
function, if B € R. In other words, the function f: A — B is called a
real function, if ACR and BS R. The graphic of the real
function f:A — B is the subset G of R*, formed by all the
pairs (x,y) € RZwithx € Aandy = f(x),i.e.

Gy={(z, f(z))|lz € A}.

If the function f is invertible, then

(y.x) € {;_rﬂ e (r,y) e f;f.

Traditionally, instead of f~1(y) = x we write y = f~1(x). Then
the graphic of the inverted function f =1 is symmetrical to the graphic
function f in connection to the bisectory = x.

Example 8. For the function

fr0,%) —[0,x), y= flr) =22,
the inverted function is

7l 0,00) — [0,00). y = f~Y=z) = /7.

The graphic of function f is the branch of the parabolay = x?
comprised in the quadrant I, and the graphic of function f~1is the
branch of parabola x = y? comprised in the quadrant | (see below Fig.
2.1).

Algebra operations with real functions
Let f,g: D — R be two real functions defined on the same set.
We consider the functions:
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s=f+g:D—>R,

defined through s(x) = f(x) + g(x), (¥)x € D;
s = f + g-sum-function.
p=f9D—-R,

defined throughp(x) = f(x) - g(x), ¥)x € D;
p = f.g - product-function.
d=f—-gD—R,

defined through (x) = f(x) — g(x), ¥)x € D;
d = f — g-difference-function.
q = 5: D, — R,

defined through q(x) = @, (¥)x €D,

g(x)

whereD; = {x €D |g(x) * 0};
q = 5— guotient-function.
[fl:0— R,

defined through | £| (x) = | f (x) = {_f]gg,)f{ff}gg)io(’),}

for (v)x € D;

|f| - module-function.

Figure 2.1.
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Example 9. Letf,g:[0,+%0) — Rwith f(x) =x%?and g(x) =
Vx.Determinef + g,f-gandf/g-

Solution. As f,g share the same definition domain, the
functions f + g,f g and f/g make sense and

szy=(f+g)z)= flz)+glz) =2+ . (V)x € [0, +0);

d(z)=(f - glx) = flz)— glz) = 2% = . (V) z € [0, +oc):

plry= flz)-glz)=2* -z, (V)x € [0, 4o}

glz) = flz)fglx) = 2/ /z = 24/, (¥)z € Dy = (0, +=).

Example 10. Let f:R — [0, +), f(x) = x%and g: [0, ) —
R, g(x) = V/x. Determinea)g o fandb) f o g.

Solution. a) g o f = @ makes sense and we obtain the function
¢: R — Rwith
clz)=(go filz) = g(flz)y=g(z*) = Vel = |z]. (¥)z € R.
b) Y =f 0g:[0,+0) — [0,+0), also makes sense, with
w(z)=(fog)z)= flg(z)) = flvT) = (VP =z, (¥iz € [0.x).

2.2. Solved exercises
1. Let A = {2468} and B= {1357}, aSAXB,a=
{(x,Mx=60ry<1}:
a) What is the graphic of the relation a?
b) Make the schema of the relation a.
Solution.
a) Because x € 4, and y € B, it follows that
r2feore{68ly<ley=1l.
So:
a={(6,1),(6,3), (6,5), (6,7), (8, 1), (8,3), (8,5), (8,7),(2,1), (4,1)}
b) See Fig. 2.2 below.
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=)
R L

Figure 2.2.

2.Let A = {1,2,3,4}and B = {1,3,5,7,8}. Write the graphic of
the relation @ = {(x,y) | 3x+4y = 10} C AXB.

Solution. We observe that 3x + 4y = 10 3x = 2(5 —
2y) = xisevenand (5 — 2y) i 3. Considering that x € 4, andy € B,
we obtain: x € (2,4), andy € (1,7). The equality3x + 4y = 10is
metonlybyx = 2andy = 1.S0 G, = {(2,1)}.

3. LetA = {1,3,45}and B = {1,2,5,6}. Write the relation «
using letters x € 4, and y € B, if the graphic of the relation a is known.

Go = {(1,1).(1,2), (1,5), (1,6), (3,6), (5,5)}.

Solution. (x,y) € G, © yix.

4. On the natural numbers set N we consider the
relations a, ,y,w S N?, defined as it follows: (x,y € N):a =
{(35), (53), B3), 65)} ; xpyex<y; xyyey—x=12;
xwy © x = 3y.

a) Determine 64, P, 85, P 8y Pyr Bas Poo-

b) What properties do each of the relations «, 8, v, w have?

c) Determine the relationsa™, 71,y 1 and w™?!.

d) Determine the relationsf oy, yofB, y o L (Boy)™L,

1

yowandw o w.
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Solution:
a) 1) b5 = {35} = pa-
2)ds=fzr e N|(3lye IN: z8y}={z € IN|(Jly € IN: z < y}=IN
(for any natural numbers, there are natural numbers that exceed it).
pa = {y 13 I‘v’|{:l};r e IV: T‘jﬁl'} = {FE fl,"[]}_-f EN: < y} = IV
(for any natural numbers there is at least one natural number that
exceeds it).
Bb={re WDy e N: ayy}={z € N|(Iye IN: y - z=12}=
={re N|(Jjye N:z=y-12} = IN
(for example, equation 2 = x + 12 doesn’t have solutions in N).
Né,={reN|(NyeN:zwy}={ce N|(ye N: z=
=3y} = {2 € V|23) = {0.3,6,9,...) = {3k|k & IV}.
po={y e W)z e IN: 2=3y}={y € IN|(F)z € IN: y=2:3}=IN
(foranyn € N, we haven = 3n/n).

b) 1) @ is symmetrical, transitive, but is not reflexive. For
example (2,2) € a; because (3,3) € a: it follows that «a isn't
antireflexive either.

2)Bis  -reflexive(x < x,(¥)x € N),

- anti-symmetrical ((xBy A yBx) =

x<syAy <x)=>x=y),

-transitive (W < yAy < z) = x < 2).
So f is an order relation on set N.

3) y is antireflexive (x < x,(¥) x € N), anti-symmetrical
((xyy/\yyx) >(y—x=12andx—y=12)=2x—y=y—x =
x =y), but it is not symmetrical (xyy =2 vy —x = 12 2 x —y =
—12 = x¥y), and it is not transitive ((xyy Ayyz) = (y—x =
12Az—y=12) = z—x =24 = x¥2).

4) w is not antireflexive (x # 3x, (¥) x € N*,0 = 3.0), it is anti-
symmetrical ((xwy Aywx) = (x=3yAy=3x) =2 x=9%x=>x=
0 =y), andforx # 0 # y, the equalitiesx = 3yandy = 3x cannot
take place), it is not reflexive (for example, 1 # 3.1 = 1e1), it is not
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transitive  ((xwy Aywz) > (x=3yAy=3z) > x=9z+#3z ,
generally = x&z).

cj 1) a~! = {(5.3), (3.5),(3,3). (5.5)} = a.
2) 87" = {ly,z) € N¥|(z,y) € 8} = {(y.z) € IN*|z8y} =

={(y.2)e Nz <y} = {(y.2) € Ny 2 z}.

So

yilz ey > {1)
Niyz)ey ' e (ny)ereryyy-r=128=y-12.
ie.

yj'lrﬁ::-y—-lz {2)
Nyrewle(ryewer=lyey=1/3,
i.e.

wlr e y=12/3. (3)

djl)(r,y)e Fey e (NzeN: (z,2)Ef A (z,y)Ev &
& (rzeN:z<:Ay-2=12a (J)zeN:z<zAz=
- 12er<y-12er4+12<y,

i.e.

Boq={(z.y) € Nz 412 < y). (4)
2)(z,y) €0 e (3)2 € IN: (=, z‘Je Any)eBe (F)ze
EN: z=r=12A2<ye (J)zeN: z=2+412Az< y S 212 < y.

which implies
vod={(z.y) e Nz +12< y}.
3)(wv)€vVod™ & (Jwe N: (wv)€y ' Awr)€ 57" &
1%1{3“?'&_&': w=u—-12Aw>rveu-12>2vLu> v+l
ie.
17'e s = {(u,v) € N¥u> v+ 12}. (3)
1) (s,1) € (Bo)™" & (t,5) € oy D 1412 < s D (s,1) € v~ 1031
In other words,
(Boy) =710,
S)(ry)evyowe (Fze N: (z,2)Er A (5,y)Ewe (T)z e
EN:z-or=R2ANz=3y & (NzeN:=z+12Az= &
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& x + 12 = 3y, which implies
Yow = {(z,y) € N%z + 12 = 3y}.
6)({u,v)eclow e (we N: (uw)ew ! Aw,t)eEwe

(3 - ;
Fl(dlveN:e=wfirhw=3Iru=rv(ur)c ly,

which implies

wlow= 1.

5. We consider the binary relation defined on R as it follows:

ray e (z=y VvV ot+y=2L

a) Prove that a is an equivalence relation.

b) Determine the factor set R/a.

Solution.

1) Because x = x, (¥) x € R, we have xax, (¥) x € R.
QNaachb=>{a=bva+b=2)={b=aV b+a=2)= baa.

3) Letaab and bac, a,b,c € R. Then
faah A boc) = (la=bVa+b=2)aAlb=cVibie=2) =
=(la=bab=ciVia=babte=21V{a+b=2rb=¢c)Viatb=
=2Ab+e=2))={a=cV a+c=2)= anc.

In other words, the binary relation a is reflexive, symmetrical
and transitive, which proves that « is an equivalence relation on R.

b) Let @ € R. We determine the class a,of equivalence of ain
connection to a.

a, ={r€ Rlzaa} ={zce Rlr=a VvV erta=2}=

={rceRlz=aVaz=2—a}={a,2—a}.

Then the set factor is

Rj/a = {a.|r e R} = {{z.2 - z}|r € R}.

We observe that

gl =1lea=1; o =2 a# lj{a b= {0, =0y & ath=2)).

In other words, fora # 1, we havea # 2 — a and therefore
a, = ay_g, and the factor can also be written

Rioa={ozlac R, a>1}={{a.2—-a}ja>1}
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6. Let A = {1,23,45}and B = {a,b,c,d,e}. Which of the
diagrams in Fig. 2.3 represents a function defined on A with values in B
and which doesn’t?

Solution. The diagrams a), c), e) reveal the functions defined on
A with values in B. Diagram b) does not represent a function defined
on Awith values in B, because the image of 2 is not indicated.
Diagram d) also does not represent a function defined on A with values
in B, because 1 has two corresponding elements in B, namely a, d.

7. Let A ={1,2,3} and B = {a, b}. Write all the functions
defined on A with values in B, indicating the respective diagram.

Solution. There are eight functions defined on A with values in B.
Their diagrams are represented in Fig. 2.4.

Figure 2.3.
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Figure 2.4.

8. Letd = {1,2,3,4},B = {a,b,c},C = {x,y,z, t}and D =
{1,2}.

a) Draw the corresponding diagrams for two surjective functions
defined on A with values inB.

b) Draw the diagram of the injective functions defined on D with
valuesin B.

c) Draw the diagram of a function denied on B with values in C,
that is not injective.

d) Draw the corresponding diagrams for two bijective functions
defined on A with valuesin C.
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Solution. a) The diagrams of two surjective and two non-
surjective functions defined on A with values in B are represented in
Fig. 2.5a)and b).

a) b) /1)
| 7
AL B

Figure 2.5.

b) The diagram of the injective functions defined on D with
valuesin B are represented in Fig. 2.6.

c) The diagram of a non-injective function defined on B with
values in C is represented in Fig. 2.7.

d) The diagrams of the two bijective functions defined on A with
values in C are represented in Fig. 2.8.
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Figure 2.6.
l--ﬂ
[}
Figure 2.7.
|
[>T}
Figure 2.8.
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9. Let A = {0,1,5,6}, B = {0,3,8,15} and the function
f: A — B asdefined by the equality f(x) = x2 — 4x + 3,(W)x €
A.

a) Is the function f surjective?

b) Is f injective?

c)Is f bijective?

Solution. a) We calculate f(4) = {f(0),f(1),f(5),f(6)} =
{3,0,8,15} = B. So, f is surjective.

b) The function f is also injective, because f(0) =3, f(1) = 0,
f(5) = 8and f(6) = 15,i.e.x; # x, = f(x1) # f(x3)

¢) The function f is bijective.

10. Using the graphic of the functionf:A — B, f:R — R,

show that the function f is injective, surjective or bijective.
x—2,if x € (—,2),
2 f() = {Bx —6 {f x e([z, +oo)).
b) f: [1;5] — [-1:3]. flz)=|z® — 62+ 8.
—3x,if —1<x<0,
o f:[-1,+o] - R, f(x) = —x,if0<x <1,
—05(x+1),if x > 1.

d) f: B — [0,+x), flz)=max(sr+1.1-2z).

Solution. If any parallel to the axis of the abscises cuts the
graphic of the function in one point, at most (namely, it cuts it in one
point or not at all), then the function is injective. If there is a parallel to
the abscises’ axis that intersects the graphic of the function in two or
more points, the function in not injective. If E(f) is the values set of
the function f and any parallel to the abscises’ axis, drawn through the
ordinates axis that are contained in E(f), cuts the graphic of the
function f in at least one point, the function is surjective. It follows that
a function f is bijective if any parallel to the abscises’ axis, drawn
through the points of E (f), intersects the graphic of f in one point.

a) The graphic of the function f is represented in Fig. 2.9.
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We have E(f) = (—o0,4+) and any parallely = m, m € Rto
the abscises’ axis intersects the graphic of the function f in one point.
Consequently, f is a bijectve function.

£ :{x2—6x+8,ifx2—6x+820, _
—x2+6x—8,if x>?—6x+8<0
_ (x*—6x+8,ifx € (—00,2] U [4,+),
_{ —x% + 6x —8,if x € (2,4).

Figure 2.9.

The graphic of the function f is represented in Fig. 2.10.

We have E(f) = [0; 3] € [—1; 3]. Any parallely = m,m €
(0,1) intersects the graphic of the function f in four points; the
parallely = 1 intersects the graphic in three points; any parallely =
m, m € (1; 3]intersects the graphic of the function f in two points.
So the function f is neither surjective, nor injective.

c) The graphic of the function is represented in Fig. 2.11. We
have

D(f) = [-1,400), E(f) = (~c0,3].
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Any parallel y = mto the abscises’ axis cuts the graphic of the
function f(x) in one point, atmost (y = =3,y = 2,y = 4)and that
is why f(x) is injective. The equation f(x) = r € R has a solution
only forr < 3, hence f(x) is not a surjective function.

d) We explain the function f:
x+lLifl-x<x+1,

f(x):max(x+1,1—x)={1_x’ifx+1<1—X B

_{x+1,ifx20,
Tl -xifx<0.
JI.J.
3 -
2 y=3/2
- y=]
_ - y=1/2
0 x
Figure 2.10.
AV
U i y=4d
—+3
e R o o — —— o — ———— ¥ =2
. { ; .
i L i
i
3__
S | - y=-3
Figure 2.11.
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The graphic of the function f is represented in Fig. 2.12.

We have D(f) = R, E(f) = [1,+). Any parallely = m,
m € (1,4) intersects the graphic in two points, therefore f is not
injective. Straight line y = 1/2 € [0,400) doesn't intersect the
graphic of the function f, so f is not surjective either.

= p
-f 4

Figure 2.12.

11. Determine which of the following relations are applications,
and which ones are injective, surjective, bijective?

a) ¢ = {(z.y) € [N¥a - y = 3}

b) f = {(z,y) € [-1:0] x [~1;1]]e? + y? = 1};

c) g = {{z,y) € [0.+2¢) X {—o¢, +0)|y = =7}

dl v = {{x.y) € [0, 4+ )|y = 22},

For the bijective function, indicate its inverse.

Solution.

aj(rp)eror—y=3r=y+3.

Because

Dig)=b,={r e N|(F)ye N: x = y+ 3} # IV
the equation 2 = y + 3 doesn't have solutions in N, it follows that ¢
is not a functional relation.

by (z.y) & f & 4y = L.

Then, because D(f) = & = [—1;0], and
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() () - [35) s
() () - (3-5)es

withv/3/2 # —V/3/2, and f is not a functional relation.

c) We have: (x,y) € g © xgy © y = g(x) = x2. Then:

I}IE[D--I-O'C-] =y =z E.!R:b[r,.i:z}Eg;

) izgy N rgy) = = 2t =y

3) glar) = g(r2) = 7§ = 23 = |11] = || = 71 = 22,
because x1,x, € (0, 4+);

4) The equation g(x) = r € R has solutions in [0, +0), if and
only ifr = 0, which proves that g is not a surjection (number -2, for
example, doesn‘t have a preimage in [0, +0).

d) We have:

(z,y) € ¥ & zvy & y = ¥z} = z?

Repeating the reasoning from c¢), we obtain that ¥ is an
injection. Furthermore, the equation Y (x) =1 € [0,4) has the
solution x =+/r €[0,4), and that is why ¥ is a surjective
application. Theny is a bijective application and, in accordance with
the 6% Theorem, the relation 1 is also an application (function).

In accordance with the same 6t Theorem, we have

vz =1, €0, 4]

12. Let{A = 1,2,3,4,5,6,7,8,9}and ¢ € F(A) given; using the

following table:
e S —
l:; 1 [2T73T4]5[6]7[8T09
Grtrtetstits o

Nl el Bl

determine:
a) #112.3.5} ) #{1. 3.7, 83y Tmee.
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by ({1,2.3,4,5} ) ¢71{({2.3}): e ({7.8,9}).

c) Calculate @~ 1(1); @~ 1(4); @~ 1(7).
Solution.
©(12.3,51) = {@(2), w(3). 9(5)} = {2, 1,4}

{1 3,7.9}) = {(1), ¢(3), 2(7), (9} = {2,1.3,1} = {1,2.3};
Img =p(A) = {~p[l‘J-.'1-'»{'2]1»:[3’)-.;i-‘illqss{ﬁhf;iﬁ)‘~,¢{T_]~~,¢[B‘J1:.3ILH]} =

= {1,2.3,4,5}.

b) ¢ 1{1.2.3.4,5}) = {g,r € Alg(y) e {1,2,3,4,5}} = A
271(12,3)) = {a € Alp{a) € {2,3}} = {1.2,4, 7.8}
27H{7,8,9}) = {be Alp(b) e {7.8.9}} =@

¢) oY1) = {e € Alp(a) = 1} = {3.9}:

el (4) = {b g Alp(b) = 4} = {3}
T ={ce Alg(e) =T} = 2.

13. Let A = {1,2,3} and B = {a,b,c}. We examine the
relations

a = {(1.a).(2.b),(3.a),(3.¢)}.8 = {(1.b),(2.a),(3.¢]}.

v = {(2,a)(3.¢).{1.0)}.

a) Determine &4, &g, 6, and pq, P, Py -

b) Which of the relations a, B si y are applications? Indicate the
application type.

c) Determine the relationsa™®, =t and y~1. Which one is a
function?

d) Determine the relationsa o 71, foa ™ ,acy ™ L,yoa 1,0
y~1andy o 1. Which ones are applications?

Solution.

H']' "{'rx = {112-3} = ‘:l = 153 = l!l-:-,-,' Pa = {rl,fl1|.'} = E = ps;
Py = 'fﬂ-.f:},
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b) a is not an application, because element 3 has two images a
and c. B is a bijective application; y is an application, nor injective (the
elements 3 # 1 have the same image ¢), nor surjective (b doesn't have
a preimage).
¢} a7 = {(a,1}.(6,2),(a,3),(e,3)}, 87" = {(b,1),(a,2), (e;3)},

1= = {(a,2).(c. 3).{c. 1)}.

We have:

bo-t = B=fg1, bymi = {a,e} B, py-i = A= py-1 = por.

a~lis not an application, because the element a has two
images 1 and 3; B~ 1 is a bijective application; y "tis not an application,
because 5y—1 # B (the element b doesn't have an image);

dlae 3" = {{1,21.(2.1),(3,2).(3.3)};

doa~!={(1,2),(2,1),(2,3).(3,3)};
aoy ! ={(1,2),(3.2),(3.3).(3, 1)}
yoa~' = {(2,1),(3,3),(1.3),(2,3)}:
Goy~" = {(2,2).(3,3).(3,1)}:
ye 871 = {(2,2).(3,3).(1,3)}.
Only the relationy o B71is an application, neither injective, nor

surjective.

14. Given the functions: f,g: R — R,
3 - x, lfx S 2J

f(x)_{x—l, if x> 2,
showthat f = g.

Solution. The functions f and g are defined on R and have
values in R. Let's show that f(x) = g(x), (¥)x € R.

We explain the function g:

_B=xifx—1<3-x, (3-xifx<2 _
g(x)_{x—l,if3—x<x—1,_{x—1,ifx>2,_f(x)

no matter whatx € Ris.Sof = g.

g(x) = max(x — 2,3 — x),

74




Algebraic problems and exercises for high school

15. The functions f, g: R — R,
x+2,ifx <2, {

x—2,ifx <3,
fl) = {%w,if x >2 90 =

2x — 5,if x >3 are given.

a) Show that f and g are bijective functions.
b) Represent graphically the functions f and f~! in the same
coordinate register.
c) Determine the functions:s = f+g,d=f—-g,p=f.g.9=f/g.
d) Is function d bijective?

Solution. a), b) The graphic of the function f is represented in

Fig. 2.13 with a continuous line, and the graphic of f "1 is represented
with a dotted line.

A ¥ -J'r
Ty
5+ b
i+ f
/
T /
2 /
4
IT /
i I/ 1 1 1 L.
f T T T
/-'2 01,7 5 x
rd
A-2
rd
Figure 2.13.

We have:
gL f "t R— R,

f—1(x)_{x—2' ifx <4, o 1x+2, ifx <1,
~ Bx—10,if x >4, 9% T SC+5)if x 2 1.
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c) We draw the following table:

T

= (—00.2] (23) ] 3.4x) |
i 42 (xr+10)/3 (z+10)/3 |

g -2 r—2 2z -5
f+yq 2z | Hz+1)/3 (Tzr—5)/3
L f- g | 1 (16 —22)/3 (25— 5x)/3
| frg | =7-14 (¢ + 8¢ — 20)/3 | (22° + 152 — 50)/3
! 1/ '+2:’2 T+10 T+ 10 |
| M |22 F7 3z - 2) 3(2z — 5)
We have

2x,if x < 2,
4

\

3

4 <5
2,lfx_ ,

1
=(7x—=5),if x = 3,

2
d(x) =<§(8—x),if2 <x<3,

\

p(x) =

5

x2—4,if x <2,

1
§(x2+8x—20),if2 <x<3,

1
§(2x2 + 15x — 50),if x = 3,

(
|

x+2

x—=2'
x+ 10

if x <2,

q(x):{m,if2<x<3,

l

x+10
32x = 5)’

if x = 3.
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d) We haved(x) = 4, (¥)x € (—,2], therefore dis not
injective, in other words, d is not bijective. This proves that the
difference (sum) of two bijective functions isn't necessarily a bijective
function.

16. Let’s consider the function f: R \ {— d/c} — R\ {a/c},
flz) = (ax 4+ b)/(cz + d), ad — be £ 0, r:--.lfr 0.

a) Show that function f is irreversible.

b) Determine f 1.

¢) In what case do we have f = f~1?

Solution:

ary + b _ar + ]

.l.';I1 +d = rcratd

< acryxe + adey + bezy + bl = acrize + ber, + adrg 4+ bd &

a) 1) fim) = flxz)

& adzy + bery = adry + bez; & ad(zy — rz) = be(zy —x2) = 0 &
& (ad — bc)(x; — x3) = 0 © x; = x, = fisinjective.

2) Letx € R\ {a/c}. We examine the equation f(x) = r. Then
flz)=re(az+b)/cctd)=rsar+b=cre4dr
la—crjz=dr—1b ?% r=(dr=b)/{a=rcr)

If

= (dr-b)f{a—cr) = —-d/c & cdr—bc = —ad+edr & ad—be = 0.

Imposibile. So (dr — b)/(a —cr) € R\ {—d/c}, which proves
that the equation f(x) = r has solutions in R\ {—d/c}for any R\
{a/c}. This proves that f is a surjective function.

From 1) - 2), it follows that f is a bijective function, hence it is
also inversibile.

b) We determine

f71: Ry {ajc} — R\ {- -d/c}:
flz) =" ar + b —df(r)+ b

+d<.?{r:f{.r,'|—rzj.r_b— rIfl::r] d'__"_b cfiri—a
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= Y= jL+b
cCr — @
c) In order to have f = f~1, it is necessary that the functions f
and f~1 have the same definition domain and sod = —a. This
condition is also sufficient for the equality of the functions f and f 1.

It is true that, ifd = —a, the functions f and f ~lare defined on R\
{a/c}, take values inR\ {a/c}, and f~1(x) = ax+b —f(x) (W)x €

]R\{;}, namely f = f~L

17. Represent the function f(x) =+vV5x?—-2x+8 as a
compound of two functions.
Solution. We put
w(r) = 2 — 2z + 8 g viz) = VT
Then
f(z) = V522 = 2z + 8 = v(5z” — 2z + 8) = v{u(z)) = (voul{z).
Answer:

flz) = (vou)(z)cn u(z)=32% ~2r + 8, v(z)= VI,

18. Calculate f o g, g o f,(f o g)(4) and (g © f)(4), where:
a) f(x) = and g () = Vi
b) f(x) =vVx+3and g(x) = x? — 4;
x? +6x if x<-3
9f () = { 5 ifx=-3

d ()_{ 5x—2, ifx<1,
MCI) =2 —2x + 4, if x> 1.

Indicate D(f o g) and D(g ° f).
Solution: a) We have

3
(fog)z)= flag(z)) = flvT) = —=

CVE-1

(feg)d)= —,_-‘— -=3; D{fog)=[0:1)u(1,+20).
vd -1

78




Algebraic problems and exercises for high school

3 3 3

(0 NNe)=sU@)=5( 757 ) =y 7o i_r.meH}:\/;—,: 1

Digo f)=1(1,+x).

So (ge°f)(4) # (f o g)(4), which proves that the comutative
law of function composition, generally, does not take place: f o g #
gef.

b) (foglz)= flglx)) = V(22 -4)+ 3= V2T - T;
2€D(fog)erz’-1200 r€ (=00, ~1]U[l,+x)=D(fog)
(go f)z)=g(f(2))=9(Vx+3)=(vVT +3)* ~4=2~1; D{go f)=RR.
(fog)(4) = VAT=T=V15, (go f){1)=4-1=3.

c) To determine the functions f o g and g o f, in this particular
case we proceed as it follows:

. —(feo __{9° () +6g9(), if g(x) <3 _
(F e 9)0) = (F o g)9C)) == {9 0 P90 T 9= e
{ g*(x) +6g9(x) if g(x) < -3,

—2g(x) =5, ifgx)=—-3andx <1, =
—2(x?—-2x+4)-5, if (x) >—-3andx > 1
(5x —2)2+6(5x—2) if 5x —2 < -3,
{ —2(5x—2)-5,if5x—2>-3andx <1, =
—2(x2—=2x+4)—5, if5x—2>-3andx > 1
25x2+10x — 8 if x < —1/5,
—l-10x-1,if —1/5< x<1,
{ 2x% +4x —13, if x> 1.
(foghid)=-2.42+4.4-13= _29.

- _ 5f(x), if f(x) <1,
(92N = g(F) = oGt 1=

We notice that

{I:":'BIS]' {16[—3—\'Tﬁ.-3+\f’1_ﬁ;,

r< -3 <=3

flz) 1 2z -5<1, & _2r <6, -
2z -3 z>~3

@ [ : i[__-?_ VIi=3), 4 2 € [=3 - VIB; ~3) U[-3, +00)
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Sofor f(x) < 1, we obtain

5(x2+6x)—2, ifxe[-3-+10,-3
(gof><x>={ (o + 63) ifx €| )
5(—2x —5) -2, ifx € [-3, +o0).
Similarly,
{,rz-i-ﬁ.r} 1.
r< -3 z € (—00, -3 - V10),
flz)>1e =2z -5>1, 11"[{jrera-
x> -3

and that is why for f (x) > 1, we obtain
(go filz)=(a*+62)* = 2(z? + 6z)+4=a% + 1227 + B2? - 120 4 4
forx € (—o0,—3 — V10).
To sum it up, we have
(gefx) =
{x“ + 12x3 4 34x2% — 12x + 4, if x € (—o0,—3 —/10),

5x%4+30x—2, ifx €[-3V10,-3),
—-10x — 7, ifx = -3,

(gef)(4) =-104 —-27 = —67.

19. Solve the following equations:
a) (efeX)=(egeg)®), if f()=3x+19x) =

x+3;
ax+1

b)(f o f o /() = x,if f() = 2 a € R,x € R\ {~a};

A(feg)®) =(geHX), if f(x) =2x*-1,g(x) = 4x> — 3x.
Solution. We determine the functions (g o f o f)(x)and (f o

g g)(x):

lgofoflz)=glf(f(z)))=glf(3z+1))=9(3(3z+1)+1)=
=g(924+4)=92+44+3=92+T;

(fogegiz)= flglg(z))) = flglz+3)) = fl{(z +3)+3) =
=flz+6)=3zr+6)+1=3z+19.

The equation becomes
Or+T7=3z+10 & =2
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Answer: x = 2.
b) We calculate (f o f o f)(x):

(fofof)x)= J(S(S(z}) = f(f(f" s ’)) -

r+a
ar + 1 1
- f " Zta - az’ 4 r+2a\ _
N ar + | - Jar+ 1 +at)
+a
T+
alz+r+%a ]
‘Jar+l4al T _a@r+3ar+3a® 41 _

a’z+zr+2a T 3a’r+z+3a+a
2ar + 1 +a*

= ((a® + 3a)z + (3a® + 1))/((3a® + 1)z + (a® + 3a)).
The equation becomes

(a® +3a)z +(3a +1) s
{3n?#1}1+[a3+3{1]_1#':3” +1)z* =3+ 1 &

er-1le [ z=-1
xr = 1.
Answer: x € {—1,1}
c) We determine (f o g) and (g o f)(x):
(fog)z)= flg(z))= f(42® — 3z) = 2(42? - 3x)? - 1 =
= 322% — 4821 4+ 1822 - 1.
(go fi(z) = g(flz)) = g(22* - 1) = 4(22* = 1)* = 3(22% = 1) =
= H{8r% — 122" + 62 — 1) — 627 + 3 = 3225 — 4821 + 1827 - ]
The equation becomes
322% — 48x% 4 1822 - 1 = 3225 — 482 4+ 1822 - 1 2 0= 1,
meaning the equality is true for any x € R.
Answer: x € R.

20. Let f,g:R — Rgiven by f(x) =x?+x+12and g(x) =
x% — x + 2. Show there is no function ¢: R — R, so that
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(vo iz} +(¢pogiz)=1(geo fiiz), (¥}z e R. (A)

Solution. The relation (A4) can also be written
plr*+r++e(a®—z42) = (2 +r 42 - (2 + 2+ 2)+2. (4)

We suppose there is a function ¢: R — R that satisfies the
relation (A"). We putin (A") x = landx = —1. We obtain:

A+ e(2) = 14, 2(2)+ ¢(d) = 4, which implies @(4) +

©(2) # ¢(2) + @(4), contradiction with the hypothesis. So there is
no function ¢ with the property from the enunciation.

21. Determine all the values of the parametersa,b € R for
which (fog) = (g°f)(x), (¥) ER, where f(x)=x?—x and
g(x)=x%+ax+b.

Solution. We determine f e gand g o f:
(fegzi=flglz)l=fiz?+ar +b)=(z+az + b2 - (2 + az + b)=

=g+ 2az% + (20 = Da® + a®2® + b? ~ az — b + 2abzr =

=79 4+ 202 + (a® + 25— 1)7? 4+ (2ab—a)z + b* - b.

(go filz)=g(flz)) =gl —z) = (e -z} +alz’—z)+ b=
=zt -2 +{a+ x? —az + b
Then

(fog)z)=(go f)lz). (¥) z € R & z* + 2az® + (a® + 2b - 1)2°+
H2ab—a)r+ b —b=2' -2 (a4 1)’ —ar+ b &

2a= -2,
reR | a?+20-1=a+1, o= =1,
£ %ab—a = —a, *{ b= 0.
b=b"=b

Answer:a = —1,b = 0,g(x) = x? — x = f(x).

22. Given the functions f,g,h : R — R,
fley =2+ 423 +3, gla) =2+ + 35l h(z) = + 8.

Show that:
a) f is not injective;
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b) g is injective;
c) h is bijective and determine h™ 1.
Solution. a) Let f(x1) = f(x3).
Then
i+ 4] +3 = 23 + 423 + 3 & (2] — 23] + 13) + 421 - 12)x
x(zid oz +23) =04 2, = 13
For example, f(x) = x3(x + 4) + 3, takingx; = 0 and x, = —4,
we obtain f(0) = f(—4) = 3, x; # x,.
blglz) =gleg) @ e+ +3 =24+ +3 4
Sl -+ t+rxnt+ij=0asr =,
because
f+ gzt 23+ 1>00 (V) 2,22 € R
c} hiry) = hizg) & .r?-i—f.* =13+8 & I:f = I3 & 11 = I3,
so his an injective function.
We prove that h is surjective. Let r € R. We solve the equation
Mry=ref+8=rerf=r-8sz=yr-8
(the root of an uneven order exists out of any real number). Sohis a
surjection, therefore, h is a bijective function.
We determine h™1:
(1.1 €EGm @ (ry)€Gr e hir)=y=2"+8e " =y-8«
sr=Jdy—8eh Y=z -8

23. Let f:[1,+00) — [1,+00) with

flz) =%~ 32% + 621 — T2 + 627 - 3z 4+ 1.

a) Prove that f is a bijective function.

b) Determine f 1.

Solution. a) We have f(x) = (x? — x + 1) 3. We represent this
function as a compound of two functions:

u,v: [1,+0) — [1,+0), where u(x) = x3, v(x) = x? —x + 1.
Then f(x) = (uev)(x), which implies that f =uec v is bijective,
being the compound of two bijective functions.
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Then

So,

b)f7!=(uov) t=v1toul Wedeterminev=!and ut.
u™l: (1, 400) — [1,400), uz)= 7.

Because:

vr) = -2 4+1=y= zz—'z+'l-—y: 0.

We solve this equation according to x € [1, +0).

The discriminant is:

D=l—4{1—y]:4y—3 H 3!]'2:[;11:\#43.'—3};’2
(y> 144y -3 =0

The equation has only one root in [1, +o0):

T =(1+4/4y-3)/2.
v~ (z) = (1 + 3z = 3)/2.

fHz) = (v o) z) = v uHz)) = o7 () =
= (14 vV4Vx —3)/2, with f~1:[1,+00) — [1, +0).

24. Considering the function f: R — R with the properties:
1) flz1 4 22) = floa) + flza), (V) 21,22 € IR

2} f{H =1;

3) f(1/z) = /=% f(z), (¥)z € R".

a) Determine the function f.

b) Calculate f(\/W)

Solution. a) For x, = 0from 1), it follows that f(x;) = f(x;) +

£(0), which implies that f(0) = 0. For x, = —x; from 1), we obtain

Then

f0)= flz1) + fl—21) = 0= fl—2y) = —f(z1) = flz3) =
= —f(—z2) = f(—22) = — f(=2)-

flzy = 22) = flas + (~22)) 2 flz)) + f(~22) =
= flay) = f(za), (¥) 1,22 € R. (1)
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Letx & {0,1}. Then

13\ 9 _ oy S(1) = flz)
() ¥ g fa-0 9 1L 2)

X . .
=1+= implies

1-x+x

On the other hand, — =
1-x 1-x

()72 o ) o)
) A ) )
- 1+(1f1)1-(f(%)—ﬂ11) - =+(1—“£) -(}-ﬂ::}—l} -

z? 1-2z+ flz}
A A S e g ®)

i
=l oy
From (2) and (3) it follows that
fll) = flz) _1-2x+ flz)
(1-z)2 —  (1—z)?
Sof(x) =x,(¥) ER.
b) f(+/1998) = +/1998.

Answer: a) f (x) = x; b) f(+/1998) = v/1998.

= flz) = 2.

25. Using the properties of the characteristic function, prove the
equality:

AU(BnC)y=({AuB)N{AUC), A,B,CE€ P(M).

Solution. Using the propertiesA = B & f;, = f5, we will
prove the required equality by calculating with the help of fy, fz and
fc the characteristic functions of setsAU (B NnC)and (A U B) n
(A v 0):

fawoncs 2 fa+ fanc = fa~ Janc 2 fa+ fu-Jo = falfa-fo) =
=fat+fa-fo—fa- fa 0
fAuH}I‘-iAul:'] favs - f.4uc—[.f1+fn—f.4 fa)lfat fo— fx‘fc}:
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:f3+fn'ff‘_fi'Jrr+.lrs"fn+fﬂ'fc_fn'f.-.‘fc—f3'fa—
—f.1‘fs-‘ff+fi'fﬂ'.fﬁ':}::f.-l'i'fﬁ'fr_ —fA'fH‘fr:zf.imﬂﬁc;«
which impliesAU (B NnC)and(A U B)n (A U C).

2.3. Suggested exercises

1. Determine the definition domains and the values domains of
the following relations:

1) @ = {(2,4),(3,1).(2,-4),(0,27)};

2) 3 = {(100, 10}, (200,20}, (300,30, (400,40)};

3) % = {(1,5).(2,7),(3,9). (4. 11)};

1) 6= {(1/2.5)}

5)p={(=2,-5),{~2,0).(7,-2),(9.0)};

f)w = {.f_]_2}_.[—5;2}._{1},—2}.[uﬁﬁ]}.

2.letd = {2,4,6,8tand B = {1,3,5,7},a € A X B.
a) Determine the graphic of the relation a.
b) Construct the schema of the relation a:

na={xy) |x <3andy > 3};

2)a ={(x,y) |x>2andy < 5);

Na={xy)|x>60ry>7};

4) a = {{z,y)| max(z, y) < 3}:

3)a = {(z,y)| min(z, y) < 2}

i:n] a = {{r. y)|min(z, y) > B}
Ja={(z,y)| min(z,5) > max(y.3)};

8) @ = {(z,y)| max(z,6) > max(y, 5}}.
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3. LetA = {1,2,34}and B = {1,3,5,7,8}. Write the graphic of
the relationa € A X B, if:

l)a={{z.y)lz +y =9}

a={{zy)2z-y=1});

3)a= {(x, y)|e? -y =8}

la={{z.y)lz -y = 3):

5) @ = {(z.y)lyir):

6)a={(zr.y)dz +y = 11}:

7)a = {(z.yl(z + y):3);

8) a = {(z,y)lz = y}.

4. LetA = {,3,4,5},B = {[,2,5,6}and G be the graphic of
the relation a. Write the relation a with propositions containing letters
x andy, withx E Aandy € B:

1) G, = {(1.5).(4.2).(5.1)}:

2) G, = {(1,2).{4.5).{5.6)}:

3) G, = {(1,2),(1,5),(1,6),(3,5),(3,6).(4.5),(4,6),(5,6) }:

4) G, = {(1.5).(1,6),(3.5),(3,6).(4,5),(4,6),(5,1),(5,2),(5,5),

{5.6)}:

5) G, = {(3,2).(4,2).(5.2)}

6) G, = {(4,2),(4.6)}:

7) G = {(4.1).(4,2).(4,5),(4,6).(1,6),(3.6).(5,6)}:

8) Ga = {(1.1).(4,2}}.

5. Let A ={[, 2.3,4}. Analyze the properties of the relation a €
A?(var. 1-6) and @ € R? (var. 7-14):

1= {(1.1),(1,2),(1,3).(1,4),(2,2),(2,3),(2,4),(3.4) }:

2} e = {(1,2).(1,3),(2,1},(3, 1), (3.4).(4.3) };

3) = {(1,1),(1,2).(1,3},(2,1),(2,2),(2,3), (3.1).(3,2),(3,3)};

= {{1,1).(1.2).(2,2).(3,3), (4. 4)};

5) o = {(1,1),(2.2),(2.3).(3,3),(3,4). (4.9}
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6} e = §(1,1).(1,2).(2,1),(2,2),(2,3).(3,2),(3,3), (1. 4) }:

7)a={(x,y)e]R{2|x>1andy>1};

_ 21 (x>0, x<0,}
8)a—{(x,y)E]R |{y>00r{y<0

9)a={(x,y)eIR{2|x200ry20};
1o)a={(x,y)EIR2|xZ lory>1};

1) a={(z,y) € R*e*+z =" +uh

12) a = {(z,y) € R¥}z* -3z + 2= y? — 3y + 2}
13)a={(r.y)e Rz*+z =y" -y}

14) a = {(z.y) € R*|z* = y*}.

1

6. For each binary relation @ defined on set N:

a) determine the definition domain &, and the values domain p,;

b) establish the properties (reflexivity, ireflexivity, symmetry,
anti-symmetry, transitivity);

c) determine the inverse relation a~*(x,y € N):

1) ray < cmmde (z,y)=1; 2] ray &y <2x

3) ray & |y —z| =12 1) roy & r =y
5) ray < (z — y):3; i) ray & -y =30
Thzay & y=2r+ 1; Blrayewz<y+ 1
Oy zay & <y - 1 10) ray < y = 2x;
11) zoy < y* = % 12y zay < z-y=0.

7. Given the set A and the binary relation € A%, prove that a is
an equivalence relation and determine the factorset A/a.

1) A={1.2,3}, a={(1.1),(1,3),(3,1),(2,2),(3.3)};

2} A= {1,234} a={(1,1),{1,2).(1,3),(2,1),(3,1).(2.2),

(3,3),(4.4).(3,2).(2.3)};

3) A ={1,2,3,4}, a = {{1,4),(1,1),(4,1),(1,2),(2,1),(3,3),
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{2 2),(2,4).(4,2),(4.4)};

) A={1,2,3). o = {(1.1).(2,2),(3.3)};
5} A={1,3,5,6}. @ = {(1,6),(6.1),(1,1),(6.6).(3,3).(5.5)}:
6) A= {1,234}, e = {(1,3),(1.4),{1,1),(3,3).(3,1),(4,1),
(4,4),(2.2),(3,4).(4,3)};
TVA=N? (a,b)alc,d) s a+d=b+e;
B A=ZxZ* (ablaled)s=ra-d=b-e
0) A={1,2,3,4,6,9}, a={(1,1),(1,3),(3.1),(2,2),(1.2),
(4.4),(3,3),(2,1).(6,6).(9,9)}:
10) A = {1,2,3,5}, a = {(1.3),(1.1),(3,1), (1.2),(2.1),(2,2),
(3,3).(3.2),(2,3),(5.5)}.

8. Giventheset A = {1,2,3,4,5,6,7,8,9} and the subset system
S = {A; € A1 =1,n}, prove that S defines a partition on 4 and build
the equivalence relation as.

1) Ay ={1,2,3,8,9}, 4, = {4}, A3 = {5,6.7}:
2) Ay ={1.2}, Ay = {3.4}, A3 = {5,6}, 4, = {7.8}, 45 = {9}:
3) Ay = {1}, Az ={2,3,4}, A3 = {5,6}, 4y = {7.8,0);
4_} Av= {1}, Ay = {3,4,5}, 45 = {2,7}, Ay = {6,9}, 45 = {8);
5) Ay = {1,2}, A; = {3,9}, A3 = {4,8}, A, = {5.6,7};
6) A1 = {1.2}, Az = {3,8,9}, A3 = {4,5,6), 4y = {T}:
]4,_{| 9,7}, Az = {2,8,6}, A3 = {3,4,5);
8) 41 = {7.8}, A2 = {1,9}, Az ={2,3,4,5,6}:
= {1.8,9}, A2 = {2,7}, A3 = {4}, A4 = {5}, 45 = {3.6};
m; 41_ {1,3,5,7,9}, Ay = {2.4,6,8).

9. We define on R the binary relation a:
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ray < In‘z—Ilnz=Iny-Iny.
a) Show that a is an equivalence relation on R.
b) Determine the equivalence classes.

10. We define on R the binary relation §:
iy < sin®r - 2sinz =sin®y — 2siny.
a) Show that g is an equivalence relation.
b) Determine the equivalence classes.

11. Let € A%, where A = {-5,—4,—-3,-2,—1,0,1,2,3,4,5,6,
7,8} with Zay & 2% —y* = 2(z — y).

a) Is a an equivalence relation?

b) If so, determine the equivalence classes.

12. Determine: 8y, pg, @ Laoa,aca™t,a™toaq,if:
a={{z,y) € E‘h’ﬂyi:}:

2) a = {(z,y) € N¥ziy};

ea={{zy e Rr+y<i):

1) a = {(z.y) € R*|2z > 3y}:
5)a={(z.y)€[-n/2,—7/2)*|y = sinz}.

13. Determine the relations
aof, Boa,a™',p7Ha™t o B, (Boa)t;
lJa={(zr.y) e R¥z >y}, B={(z,y)€ Rz <y}
2)a={(z,y) e Rz >y}, B={(z.v)c Rz <y}
Na={{z.)e M|z +y<2), 8= {(z,y)€ W*2z -y > 0);
4) a={(z,y) € B |(z-1)P+y* >1}, 3={(r,y) € R*|z*+y* < 2};
5) a = {(x,y) € 72 |x —yis even},

B = {(x,y) € 7% | x — y is uneven};
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6)a={(z.1) e Z?|z| = |yl}). 8= {(z.y)€ Z%y =2}
Ta={(z.y)e N¥z:y}, 5={(z.y)€ N?yz}:
8)a= {(z.y)e Nz =1}, B={(z,¥)e N?zr-y=1}.

14. Let A ={1,2,3,4}, B = {a,b,e,d} . Determine the
definition domain and the values domain of each of the following
relations a, 8. Which ones are applications? Determine the application
type. Determine the relationa™loa, a0, Bo a ™, BoB7L Are
they applications?

Da={(1,a),(2,¢).(3,¢).(4,d)}, = {(1,d).(2,a).(3.c).(4,0)};

2) a = {(1.a),(1,¢).(2,b),(3,¢), (4.d)},
8={(l.a),(2,a).(3,a),(4.a)};

3) a = {{2,0),(3, f»‘} H ﬂ’} (1,b).(2,8)},

8= {(1,). (1,b),(1,¢),(1,d)}.

15. We consider the application ¢: R — R, ¢(x) = sinx.

Determing: PR 0P 2™ ([=1.0]), 71 (1/2), ¢H({1,2)), #7((1,2))-

16. The application ¢: A — B is given by the table below, where
= {1,2,3,4,5,6,7,8,9}and B = {a,b,e,d,e,i}.
r [1[2[3]4[5][6]7[8]9
ela) [ald{b]lflble|[b]d ¢ |

Determine:
wlA), aﬁt{iﬂ-ﬁ}L #({5,6,7.8}), ({1,3.7,9}),
b fel), e H{eel), @)

17. We consider the application ¢: R — Z, (x) = [x] ([x]is
the integer part of x). Determine
#({2,4,6,7}), #((1,5)), ¢l([-2.5;2]),
o ({245 and 9~ (-1).
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18. The following application is given: ¢:N — N, ¢(x) = x2.
Determine ¢ (A) and ¢~ 1(4),ifA={1,2,3,4,5,6,7,8,9,10}.

19. Let Aand E be two finite sets, |A| = m.|B|. How many
surjective applications ¢: A — B are there, if:
lln=1; 2In=2 d)m=4.n=3; 4m=5 n=13

Slm=5, n=4 Gim=n=5"7

20. Given the graphic of the relation a, establish if a is a func-
tion. Determine §, and p,.
Changing d, and p,, make a become an application injective,
surjective and bijective.
Draw the graphic for the relation @ ™1. Is relation @ ! a function?
What type is it?
l)a: z4+y=12 2a: 2+ ¥ =4

-y *ry

3 X

Na:y=r+1
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Jla:y=—-ri41 6la: r2P=-y*=9

g 8
=
e =i
o

a: y=4 -1
L ¥
2
-2 2
a x
Qa: y=|z-1| 10) a: y = 2
Ay 'T}'
™ i
¥ > J I .
0 ] X 1.1

21.letA={1,2,3,4},B=1{0,1,56}and C = {7,8,9}.

a) Draw the diagrams of two injective and two non-injective
functions defined on C with values in B.

b) Draw the diagrams of two surjective functions and two non-
surjective applications defined on A with valuesin C.

c) Draw the diagrams of two bijective and two non-bijective
functions defined on A with values in B.
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22. Let A={1,3,5,6} and B={0,1,2,3,5}, x€EA, yEB.
Which of the relations stated below represents a function defined on A
with values in B? And one defined on B with values in A? For functions,
indicate their type:

llocz+y=6; 2a:y=1zr+1; 3o xr =,

ay=2% 5 y=13—912+23x—15;

6)a: y* — 1yt + 41 —613° + 30y — 2+ 1 = 0.

23. Using the graphic of the function f: A — B, show that f is
injective, surjective or bijective. If bijective, determine f~and draw
the graphic of f and f~tin the same register of coordinates..

) fi (=2,0) U2, 4¢) — [0, +o0), f(z)=|z|:
2) J: R — [2.420), f(z)=|e|+ |z - 2];

(29 o) — [0, oo _ [ -z/2, 25z <0,
3) f: [=2, o) — [0, +o0), f(x) {r+[, >0

C T I RESE |
R0 el flz) = { 0, z>1;
f:{0,1,3} — {-2,0,4}, f(z) =2z -2

5)
6) f: {~3,0,2} — {1,11/5.3,4}, f(z) = 0.2(2z + 11).

24. Which of the following relations a € R? are functions?
Indicate the definition domain of the functions. Establish their type:
a2y -32=19 2a:z-y=9; 3)o: 3z -~ T4+ 5y =0

Yo 20%43y—6=0; 5)a: y=+72-2 6)a: Ty—-2y+ar—T=10)
TVa:2? = (y-2)=0; 8)a:34-52)+4(y+5) =1;

9ja: (z=1P+(y+3) =4 1W0)arz?—y+7r=13;

Mo dr-2y=92+y; 12)o: y* +2zy+1=0:

13)a: ¥4y =16; M)z y=2*-3z41; 15)a: 22y = ¥ +5.
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25. Given the relation a with 8, = [—3; 5] and p, = [—4; 7]:
a) Does pair (—4, 5) belong to the relation a? Why?
b) Indicate all the ordered pairs (x,y) € @ with x = 0. Explain.

26. Given the function f(x), calculate its values in the indicated
points.

1) flz) = =75 fi4), f(-3), fle), e R;

2) flz) = [a® = 2z[; f(5), f(=2). f(=T7), f(1,4);

3) flz) = 2* —2® =z = 3; f(0), f(-1), f(2+¢c);

.
BVIOR M AR CRONIO!

x24+1, if x>0
) =1 -4 ifx=0 fG) f(=1),f(1/2);
1-2x, ifx<0

6) flz) =22 =5z + 2 (f(1+e)= f(1))/e. c€ R

27. Determine D(f), if:

1) flz)= (22 +3)/(Jlz - 4]} 2) f(z) = /[2r +1;

3) fir)=5/(z* +z+ 1); 1) flz)=3-2/(5-12);
5) flx) = V627 + 13z = 5; 6) flz) = (42)/(9 — 42?);
7) flz) = (52)/ (VI =3z} 8)f(z)=m;

9) f(x) = (5z)/(z* = 2x - 15).

28. Given the functions f(x) and g(x), determine the functions
f+gf —gf  gandf /g, indicating their definition domain.
—_ S— 2
Df(z)=vz-35,g(z)=vz-3: 2)f(z)= Ty ) =224

Nfir)=z-5.9(z)=22+1; ) flz) =23, g9(z)=2/x;
5)flz) = 2% =4, g(z)=1-2% 6) flz) = 3fx, g(z) = 4/x;
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Nflz)=z-10(z)=2%-52+6: 8)f(z)=VI-17 g(z) = :
9 flz)=5.9(x)= -3 lﬂ}f{i‘}=l—zi_g[:]=-|x.

29. Represent the function f(x)as a compound of some
functions:
1) flz) =Tz -9+ 4  2) flz)=(22432)} +(22432)} = T:
3) flz) = 1 VET=T5; 4) fz) = 4(2? =3¢ - T;
5) flz)==2z+5+10; 6) f(z)=(2x =32 =(2x =3+ 1;
Nfz)=vViT+z-2 8) fir)=(z -1t 4 (z-1)F - 4

9) f(z) = (3z +5)% 4 3(3z +5)% +7; 10) fiz) = F"ETE_E_'
9 =J3r

30. Given the functions f (x) and g(x), determine the
functions f o g and g o f and calculate (f o g )(3)and (g o f)(3)in
options1) — 6)and (feg )(—1)and (go f)( -1) in options7) —
12).

1) flz)=z+2. g(z)=2-1; 2) flz)=z*+8.g(z)=z - 3;
3) flz)=glz)==; 1) flz)=2 =1, g(z)=2+1;
5) fix)=2e2+1, glz)=22~1;  6) f(z)=2%, g(r)=2*

7} flz)=z*42z41, g(z)==222-1; B) f(z)=32242, g(z)=2-3;
9) flz)=2r4 442741, g(2)=241;10) fl2) = 2z — 8, g(z)=|z|;
11) fiz)=lz+1|=g(z); 12) f(z)=z-1,9(z)=z+1.

31. Given the functions f(x) = x2, g(x) = 3xand h(x) = x —
1, calculate:

1) (foglil): 2) (ge fi(1): 3)(ho f)3)
4 {feh)3): ) (ge f)-2); 6} (f o k) -3}
T {goh)(-2); 8) (heg)(-2): 9) (feh)~1/2);

10} (go f)(-1/2);  11)(feh)(v2+3) 12) (fog)(l+v2);
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13) (feg)e) 14) (g e h)e): 15} {folgoh))ek
16) ({fo g} h)ic).

32. Determine if in the function pairs f and g one is the inverse

of the other:
| flr)=2r+1.9(x)= : 2) flz)==2243, glz)=2r-3;

1) flz)=z+1, glz)=z-1;
6} f[:}:z-;zl-. girj=2r+1;

3 firi=z+4. glz)=

||‘-|
+.I'.|.h.|
||.—

5) f(z)=4z-5. g(z)=" ‘1

7) flz)=z, g(z)=—x; R) flz)=-2243, g(r}=-22-3.

33. The value of function f is given. Calculate the value of the
function f~1

1) fl3) =4 2) f(1/2) = 6; 3) fla) =
1) fla+ 1) =2 5) fim+n) = p.

34. Determine f 71, if

1) fiz) = (= + 2)/2; 2 flz)= (22 + 1)/x;
3) filz)=1/yx 4+ 2; 4}:‘::}-- (1/z)%
5) flz) = (af(z + 4))% 6) f(z) = e[z - 1);

Nz =z-Djz +1); 8) fm SV s
9) fiz)=((z=3)/(z+1))% 10) fiz) = (VZ/(z + 1) - 2%

35. The function: f: € R — Ris given:

_f2t-2z-2, z>1,
HIJ_{EI—L r <],
a) Prove that f is bijective.

b) Determine f~1
c)Calculate f o flsif 1o f.
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36. Given the functions f( x) and g( x), determine the functions

(feg)(®)and (g° ), g:R — R):

) filz)=jz-1|4+2; glx)=jz-2|+ 1;
, a -1, <0, ] dx-2 z <0,
E}I{I}_{—E@-—L x>0 H{I}_{Erﬂ—l z >0

37. Prove the equality of the functions f and g:

1) fog: {=1,0.1,2} — R, flz)=a* - 22® = 2% + 22 + 1;
gla)=2f =2V =32 4+ 22 + 2z + L

2) f.g: {=1,0,1} — R, flz)=2%—-2z, glx)=sinnrz;

3) f.g: [1;3] — IR, flz)=max{(-1* + 4t -3), 1<t <=z
-t +4r-31<r<2
9(z) = 1 2<z<3;

0 for it — m e ={ T EEY,
glz)=max(-z+1, 2+ 1)

5 fog: {1=1,0 — R, f(z) =14z, g(z)= 1=z

6) f.g: {=1,0} — IR, f(z)= =1+ 4+ 2z — 2%
glz) =1-+/=22 = 2%

7) fog: {0.2) — R, f(z)=2-1, glz)=Va-2%

8) f.g: {0.2}) — R, f(z)=V1-1%
Elﬂzi'r-v’:i.r——:f:

9) f,9: [LL+x) — R, flz)=Vz+ 2/ -1+Vr-2y/z-1:

2, 1<z<2,
y{x}z{gv“?—_l,r‘;‘z:

10} fog: {k7.2k7 £ %H; € Z} — IR, f(z)=sinz, g(z)= sin2z.

38. Determine the functionss= f+g,d=f—g,p = f.g
andq = f/g:
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1) f: {1,2,3.4} — {0,1,3.5,6}. f(1)=0, f(2)=1, f(3)=3, f(4)=6;
g: {1,2.3,5} — {1.3.4.5}.9(1)=1, 9(2)=4. ¢(3)=3, g(5) =4

. ) . r+2,r<3, _Jx-2z<0D
2)f.9: R R. J(z)= {—I{-E.:‘:.»TI: g{”-{!‘f-l.z}ﬂ:

. < =],
£ oFs-l =1,z <0
glx)=

3) fog: R~ IR, J’[H:{—:.—lf.rcl. .
" r, r=0
g, z=>1:

1) f:[0,4x)— R, flz)= {2:+ 1.0<x <2,

1. rs>2
-x, r<0,
9: (-2.5| =R, g(r)= 1, r=0,
r,0<zr<5.

3) fig: R — R, fir)=max(z+1,1%); ¢(z) = min(~z,2).

39.LetA = {1,2,3,4}, B = {0,1, 3,4} and the functions

frA— B, filll=0, fi2)=0, fi3)=1. fi4) =%

g B— A gi0j=2 0(1)=1,4(3) =4, g(4) = L.

Can the functionsf o g, g o f be defined? If so, determine
these functions. Make their diagrams.

40. a) Show that the function f is bijective.

b) Determine f 1.

c) Graphically represent the functions f and f~1in the same
coordinate register.

Vf: R— R, ,f(z)= 6z -2

2) f [0, 40c) — [1,+2), flz)=3z+1;

3) f2 (o, 0)U[204] — (=00, 4], flz) = —2? + 4x;

z4+3, =10,

4) f: B — (-0, 3)U[4, +00), flz) = { ;z 4 250
sinz, 0<z<nx/2
cosz, wm/2<z<w.

5) f: [0,7] — [-1,1], f(;}:{
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41. Show that the function f:€ R — R, f(x) = x% — 6x + 2
admits irreversible restrictions on:

a) (—oo,3); b [3,4=); ¢} (—o0,0] U [3,6).

Determine the inverses of these functions and graphically
represent them in the same coordinate register.

42. Using the properties of the characteristic function, prove the
following equalities (affirmations):
DAN(BUC)={AnBIU(ANCY);
2Q){AUB=BnA)= (A= B)
AnEB=A4An
3) ﬂuﬂ:aug }:}[B:m‘
H(AaB)aC=Aa(BACY;
AN(BaC)=({AnB)a (ANC);
6) Aa B=(AUB)n{Au B):
TNWA AaB =AaB;
B)A"A B=AAR,
NNALB=02 A=E5,
WAaB=AUEB = AnEB=g;
1YANB=A\Be A=g2;
12VAUB=A\B & B =@
13) (AVB)NC = (A\C)\ B
MyA\B=B\A&« A=8B.
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3. Elements of combinatorics

3.1. Permutations. Arrangements.
Combinations. Newton’s Binomial

In solving many practical problems (and beyond), it is necessary
to:

1) be able to assess the number of different combinations
compound with the elements of a set or a multitude of sets;

2) choose (select) from a set of objects the subsets of elements
that possess certain qualities;

3) arrange the elements of a set or a multitude of sets in a
particular order etc.

The mathematical domain that deals with these kind of
problems and with the corresponding solving methods is called
combinatorics. In other words, combinatorics studies certain
operations with finite sets. These operations lead to notions of
permutations, arrangements and combinations.

Let M = {a,,a,, ..., a,} be afinite set that has n elements. Set
M is called ordered, if each of its elements associates with a certain
number from 1ton, named the element rank, so that different
elements of M associate with different numbers.

Definition 1. All ordered sets that can be formed with n elements
of givenset M (n( M) = n) are called permutations of n elements.

The number of all permutations of n elements is denoted by the
symbol P, and it is calculated according to the formula:

Po=al(nl=1-2.3-...-n), ne IV. (1)

By definition, it is considered Py = 0! =1 = 1! = P;.

Definition 2. All ordered subsets that contain m elements of set
M with n elements are called arrangements of n elements taken m at
atime.
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The number of all arrangements of n elements takenm at a
time is denoted by the symbol A7} and it is calculated with the formula

n!

mo__
A7

TR (=1} {n-m4+1p;0<m<n n.me . (2)
Definition 3. All subsets that contain elements of set M with n
elements are called combinations of n elements taken m at a time.
The number of all combinations of n elements taken m at a time
is denoted by the symbol CJ* and it is calculated with the formula

n! '_E{n—l:l-...-[n— m {—l]_al:'__ F (3)

L p— —

" mln—m) m! P_.ﬂ - P:m
wherem,n € N;0 <m <n.

Remark. In all the subsets mentioned in definitions 1 - 3, each
element of the initial set M appears only once.

Along with the combinations in which each of the differentn
elements of a set participates only once, we can also consider
combinations with repetitions, that is, combinations in which the same
element can participate more than once.

Let n groups of elements be given. Each group contains certain
elements of the same kind.

Definition 1'. Permutations of n elements each one containing
a; elements i, 0y elements i, , A elements a, where a; + a, +
-+ ay, are called permutations of n elements with repetitions.

The number of all permutations with repetitions is denoted by
the symbol pa1,a2,---,ak and it is calculated using the formula:

-, _legtast...tax) n!

o laval o ooyt

~adag e
Definition 2' . The arrangements of n elements, each one
containing m elements, and each one being capable of repeating itself
in each arrangement for an arbitrary number of times, but not more
thanmtimes, are called arrangements of n elements taken mat a

time with repetitions.
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The number of all arrangements with repetitions of n elements
taken m at a time is denoted by the symbol A™* and it is calculated with
the formula

Am =n™, n,me IN". (5)

Definition 3'. The combinations of n elements each one
containing m elements, and each one being capable of repeating itself
more than once, but not more than m times, are called combinations
of n elements taken m at a time with repetitions.

The number of all combinations with repetitions is denoted by
the symbol C* and it is calculated with the formula

— +m—1)! re
Cm=Cr. . 1= E:!;_MZT:!L n,m e V" (6)
In the process of solving combinatorics problems, it is
important to firstly establish the type (the form) of combination. One
of the rules used to establish the type of combination could be the
following table

Caution is advised to the order the elements are arranged in:

\ 4 v

If the order isn’t important, If the order is important,

we have combinations; we have arrangements
or permutations:

A\ 4

Arrangements if not all of Permutations if all
the elements from the elements of the initial
initial set participate; set participate;

It is often useful to use the following two rules:
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The sum rule. If the object A can be chosen in m ways and the
object B in n ways, then the choice "either A or B" can be made inm +
n ways.

The multiplication rule. If the object A can be chosen in m
ways and after each such choice the object B can be chosen in n ways,
then the choice "A and B" in this order can be made in m .n ways.

We will also mention some properties of combinations, namely:

L. C=0C3"".
I CR'+CF =Cy,.

M. Ct=Crkl+Cki+Clls . + O]

(Cr -t =Crrf + O 4+ CRTi™ + .+ CLy).
IV. C04Cl+C24...+Cn=2"
The formula
(24a)” = CRea"+Cp 2" La+ Ol 2 a+. 40 za" T O a" (T)

is called Newton’s Binomial formula (n € N*).

The coefficients C2,CL,C2,..,C* from Newton's Binomial
formula are called binomial coefficients; they possess the following
qualities:

V. The binomial coefficients from development (7), equally set
apart from the extreme terms of the development, are equal among
themselves.

VI a. The sum of all binomial coefficients equals 2™.

VI b. The sum of the binomial coefficients that are on even
places equals the sum of the binomial coefficients that are on uneven
places.

VIIl. Ifnis an even number (i.,e.n = 2k), then the binomial
coefficient of the middle term in the development (namely C¥) is the
biggest. If n is uneven (i.e. n = 2k + 1), then the binomial
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coefficients of the two middle terms are equals (namely C¥ = Ck+1)
and are the biggest.

VIIIl. Term CEx™*a*, namely the (k + 1) term in equality (7),
is called term of rank k + 1 (general term of development) and it is
denoted by Ty, ;. So,

Ther = CFo2™ % af, k=0,1,2,...,n. (8)

IX. The coefficient of the term of rank k + 1 in the
development of Newton’s binomial is equal to the product of the
coefficient term of rank k multiplied with the exponent of x in this
term and divided by k, namely

k41
ch=2"2T" ¢k, (9)
k
n+1
X. Cii= T T oud (10)

3.2. Solved problems
1. In how many ways can four books be arranged on a shelf?
Solution. As order is important and because all the elements of
the given set participate, we are dealing with permutations.

So
Pi=4'=1-2-3:-4=24,
Answer: 24.

2. A passenger train has ten wagons. In how many ways can the
wagons be arranged to form the train?

Solution. As in the first problem, we have permutations of 10
elements of a set that has 10 elements. Then the number of ways the
train can be arranged is

Py = 10! = 3628 800,

Answer: 3 628 80o0.
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3. In how many ways can 7 students be placed in 7 desks so that
all the desks are occupied?

Solution.

Pr=71=1.2.3-4-5-6.7 = 5040.

Answer: 5 040.

4. How many phone numbers of six digits can be dialed:

1) the digit participates in the phone number only once;

2) the digit participates more than once?

(The telephone number can also start with 0.)

Solution. We have 10 digits on the whole: 0,1, 2,3,4,5,6,7,8,9.
As the phone number can also start with 0, we have:

1) arrangements of 10 digits taken 6 at a time, i.e.

Afy=10-9-8-7-6-5 = 151200;

2) because the digit can repeat in the number, we have
arrangements with repetitions, i.e.

Afp = 10% = 1000 000.

Answer:1) 151 200; 2) 1 000 000.

5. The volleyball team is made out of 6 athletes. How many
volleyball teams can a coach make having 10 athletes at his disposal?

Solution. As the coach is only interested in the team'’s
composition it is sufficient to determine the number of combinations
of 10 elements taken 6 at atime, i.e.

. 10! 10-9-8.7
Clo=Cy = T5.3.4

e 1.2.3.4 A0

Answer: 210.

6. How many 5 digit numbers can be formed with digits 0 and 1?

Solution. As the digits are repeating and their order is important,
we consequently have arrangements with repetitions. Here, m = 5,
n = 2.
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From digits 0 and 1 we can form A—g numbers of five digits.
But we have to take into consideration that the number cannot

begin with the digit zero. So, from the numberA—gwe have to begin

with zero. Numbers of this type are A—‘z*. Therefore, the number we
seek is

A=~ Af=2-21=15.

Answer: 16.

7- How many three digit numbers can be formed with the digits
1,2,3,4,5, if the digits can be repeated?

Solution. As the digits repeat, we obviously have arrangements
with 5 digits taken three times. Therefore, there can be formed

A2 = 53 numbers of three digits.
Answer: 125.

8. Using 10 roses and 8 Bedding Dahlias, bunches are made that
contain 2 roses and 3 Bedding Dahlias. How many bunches of this kind
can be formed?

Solution. Two roses (out of the 10 we have) can be chosen in
CZ, ways, and three Bedding Dahlias (out of 8) can be taken in C3 ways.
Applying the rule of multiplication, we have: the total number of
bunches that can be formed is C%,. C3 = 1 890.

Answer: 1890.

9. 12 young ladies and 15 young gentlemen participate at a
dancing soirée. In how many ways can four dancing pairs be chosen?

Solution. The 12 young ladies can be distributed in four person
groups in Cf;, ways, and the 15 young gentlemen - in Cis ways.

Because in each group of young ladies (or young gentlemen)
order is an issue, each of these groups can be ordered in P,ways.
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As a result (we apply the multiplication rule), we will have
Cl,.Py.Cls = A%,. C = €. A = 16216200.
Answer: 16216200.

10. To make a cosmic flight to Mars, it is necessary to constitute
the crew of the spacecraft in the following distribution: the spacecraft
captain, the first deputy of the captain, the second deputy of the
captain, two mechanical engineers, and a doctor. The command triplet
can be selected out of the 25 pilots that are flight-ready, two
mechanical engineers out of the 20 specialists who master the
construction of the spacecraft, and the doctor — out of the 8 available
doctors. In how many ways can the crew be assembled?

Solution. Choosing the captain and his deputies, it is important
to establish which of the pilots would best deal with random steering
commands. So, the distribution of the tasks between the triplet’s
members is equally important. So, the commanding triplet can be
formed in 435 ways.

The tasks of the two engineers are more or less the same. They
can accomplish these tasks consecutively. So the pair of engineers can
be formed in CZ, ways. Regarding the doctor — the situation is the
same, namely the doctor can be chosen in €3 ways.

Using the multiplication rule, we have: a pair of engineers can be
assigned in CZ, ways to each commanding triplet. We will have, in
total, A3. CZ, quintets. To each quintet a doctor can be associated in
Ca ways.

As a result, the spacecraft's crew can be assembled in
A3..C3,.CE ways, or

Ajs - C}, - CE = 20976 000.

Answer: 20 976 000.
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11. In how many different ways can 5 cakes, of the same type or
different, be chosen in a cake shop where there are 11 types of
different cakes?

Solution. The five cakes can all be of the same type or four of the
same type and one of a different type, or three of the same type and
two of a different type, etc., or all can be of different types.

The number of the possible sets comprised of five cakes out of
the existing 11 types is equal to the number of the combinations with
repetitions of 11 elements taken five at a time, i.e.

- (114 5-1}! 15!
b= S o1y - snel - 000
Answer: 3003.

12. In a group of 10 sportsmen there are two rowers, three
swimmers and the others are athletes. A 6 person team must be
formed for the upcoming competitions in such a manner that the team
will comprise at least one representative from the three nominated
sport types. In how many ways can such a team be assembled?

Solution. a) In the team there can be one rower, one swimmer
and four athletes. The rower can be chosen in C] ways, the swimmer in
C+ ways, and the athlete in C2 ways. Using the multiplication rule, we
have C}.C1.C2 ways.

b) In the team there can be one rower, two swimmers and three
athletes. According to the aforementioned reasoning, the numbers of
the teams of this type will be C;.C3.Cs .

) In the team there can be one rower, three swimmers and two
athletes. The number of teams in this case will be C3. C3. C2.

d) In the team there can be two rowers, one swimmer and three
athletes. We will have C2. C3. C2 of these teams.

e) In the team there can be two rowers, two swimmers and two
athletes. The number of teams will be C2.C2.C2.
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f) In the team there can be two rowers, three swimmers and one
athlete. The number of teams will be C%.C3. C2.

Using the addition rule, the total number of teams that can be
assembled is:
C}-CY-C+C}-CE-C+CHCE-CI+CE-CLC4CE-C3-CE+C3-CH-Cl =
(%

Answer: 175.

13. Givenk = 15 capital letters, m = 10 vowels andn = 11
consonants (intotalk + m + n = 36 letters) determine: How many
different words can be formed using these letters, if in each word the
first letter has to be a capital letter, among the other different letters
there have to be u = 4 different vowels (out of the m = 10 given)
and v = 6 different consonants (out of then = 11 given).

Solution. We choose a capital letter. This choice can be made in
k ways. Then from m vowels we choose u letters. This can be done in
! ways. Finally, we choose v consonants, which can be made in C¥
ways. Using the multiplication rule, we can choose the required letters
to form the word in k. CL.. C¥ ways.

After placing the capital letter at the beginning, with the other
w+ v letters we can form (u+ v)! permutations. Each such
permutation yields a new word. So, in total, a number of k. CL. C¥ (u +
v)! different words can be formed, namely 15.C},C?,. 10!

Answer: 15.C},C%,. 10!

14. In a grocery store there are three types of candy. The candy
is wrapped in three different boxes, each brand in its box. In how many
ways can a set of five boxes be ordered?

Solution (see Problem 11).
C(345-1)0 T
OB (3-1) T B2
Answer: 21.

;u&i

=21,
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15. In order to form the 10 person guard of honor, officers of the
following troops are invited: infantry, aviation, frontier guards, artillery;
navy officers and rocket officers.

In how many ways can the guard of honor be assembled?

Solution. We have 6 categories of officers. Repeating the
reasoning from problem 10, we have to calculate combinations with
repetitions of 6 elements taken 10 times each, as follows

L {6+ 101} _ 15! _ 15- 14 - Ilql_zl_l

o (6=1)t-10!  Al-10! 1-2:-3-4-5

Answer: 3 003.

= 3003.

16. On a shelf there are m + n different books. Among them m
have a blue cover, and n a yellow cover. The books are permutated in
every way possible. How many positions do the books have, if:

a) the books with the blue cover occupy the first m places;

b) the books in the yellow covers sit beside them?

Solution. a) The books with blue covers can be placed in the first
m places in P,, = m! ways. With each such allocation, the books with
yellow covers can be placed in P, = n!ways. Using the multiplication
rule, we have in total m! - n! positions in which the blue covers books
occupy the first m places.

b) Let the books in blue covers sit beside. It follows that right
beside them on the shelf there can be eithern books with yellow
coversorn—1, orn — 2, ..., or no book with yellow covers. We can
thus place the books with blue covers so that they follow each other in
n + 1 ways. In each of these positions, the books with yellow covers
can be permutated in any way, also the books with the blue covers can
be permutated in any way. As a result, we will havem!.n!.(n + 1)
different positions for the books.

Answer:a)ym!- nl;bym!- n!- (n + 1).

111




lon Goian = Raisa Grigor  Vasile Marin = Florentin Smarandache

17. Determine the fourth term of the development of Newton'’s
binomial:

(227 — 7 )8,

Solution. According to the formula (9), the rank 4 term has the
form

Ty = {.?[Exﬁ}ﬂaﬂ . [_£1f3)3 - _(:'E:. Lab, p18(2 .

8:7-6 . 1 y
= 22 LI b TP SR B b e LU

Answer: —1792 - x17/2,

18. Determine the biggest coefficient in the development of the

binomial
(14 z)(1/z - )™,
Solution.

1 m f{l+z)(1l-x) "'_{'I—:e“}’”_
[araG-0]"= (F2) =
=z Y CR(=1)F 2%

k=0

If mis an even number, ie. m = 2s,s € N*, then the
development of the binomial contains 2s + 1 terms, and according
to the VII property, the coefficient C3; is the biggest.

If mis an uneven number, i.,e. m = 2s + 1,s € N, according
to the same VII property, the development of the binomial contains
two terms have the biggest coefficients C5,..1, Csa:Y.

Answer: C3;, if mis an even number; Cq,q,Casiy if mis an
uneven number.

19. Determine which term do not contain x in the development
of the binomial:

[(1+2)(1 4 1/2)]".
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Solution.
a1+ - 22

ITI.

The term of rank k + 1 in the development of this binomial has
the form

Tk-r-i = }]ﬁf-‘;;rk = t”l?ll A

This term does not containxonlyifk — n = 0 © k= n. So
the term that doesn’t contain x is Tp, 1.

Answer:Tp,4.

20. In the development of the binomial

2ald — b vad . .
(ay/a/3 —b/vVa®) determine the terms that contains a to the

power of three, if the sum of the binomial coefficients that occupy
uneven places in the development of the binomial is equal to 2 048.

Solution. We will first determine the exponent n. Based on the
VI property, the sum of the binomial coefficients is 2" . Because the
sum of the binomial coefficients that occupy uneven places in the
development of the binomial is equal to 2048, and based on the VI b
property, it is equal to the sum of the coefficients that occupy even
places in the respective development, we have

2048 = 2771 o 21 = -1 gy = 12,

Therefore, the degree of the binomial is 12. The term of rank
k + 1takesthe form

Tipr = Chlad/af3 )25 (—1)% - (b) Va3 ) =

- (.1*2 (=1 }.‘rﬂ,.'l:a['i‘i-k-}lﬁ} . {‘ﬂl:i,."5]12—fr e LT

Considering the requirements of the problem, we have
(124} 3k 5 T12—6k 3k

) T =0 & = ——=3]
5 i

S 24-T-2-Thk=5k=3519k=133 k=T,
and

il

113




lon Goian = Raisa Grigor  Vasile Marin = Florentin Smarandache

Te=Cly-a®-371 - (=1)7- b7 = —264a”b".
Answer: —264a3b”.

21. For what value of n the binomial coefficients of the second,
third and fourth term from the development of the binomial
(x + y)™forms an arithmetic progression?

Solution. Based on the formula (8), we have

To=Clan=ly, Ta=Clz" ¥y, Ty=C32n 30,
and from the conditions of the problem the following relations issues
nln—1)n-2) 5. nin =1}

6 B 2

Cl+C3=2C2& n+

& n(6+(n-1)(n—2)=6(n-1)) = 0 "EX’ n2_gn414=0e | "=
i

The conditions of the problem are verified by the valuen = 7.
Answer:n = 7.

22. Prove that the difference of the coefficients x¥*1 and x¥ in

the development of the binomial (1 + x)™*1 is equal to the difference

k+1 and x*~11 in the development of the

of the coefficients of x
binomial (1 + x)™.

Solution. The coefficients of xk+1

and x* in the development of
the binomial (1 + x)™* are CXfland C¥, , respectively. We assess the

difference

. . 13}{ﬂ+1}—k1k <k ﬂ-+1—k E

'ﬁil - C':-}] = _k__T_'l_'-("u+l "_E:"n-b'l = (k—-i-]. - J‘) .Cﬂ+1 =

n+l=-k-k-1 (n+1)! (n=2k)-(n+1)! C(e)
T k1 Mn+1-k)! (k+1)-(n+1-k) ‘

In the development of the binomial (1 + x)™, the coefficients of
x**1 and x¥"1are CK*! and CF~1, respectively. We assess the
difference
n=-k
k+1

ka@n-k n-k+1

kbl _ prk=1 (9 k 2
Cs Ca = Co—Cn k41 ke

= k=
o1k
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_ (1n—k1{n—k+1}_1)f:_1=

(k+ 1)k
_(n—kP (k) -k -k a! -
T (k + 1)k (k= 1ln—k+1)

_(n+1){in=2k)-n! _ (n=2k)-(n+1)! _
Tk+ D n—k+1) " (k+1)(n-k+ 1)
As the members from the right in (*¥) and (**) are equal, the

(+)

equality of the members from the left results, i.e.
ki ok k1 k-1
Cat1 = Can =Cat =Gy,

which had to be proven.

23. Comparing the coefficients of x in both members of the

equality
(L+&)™- (14 2)" = (1+2)™,

prove that
Cke® 4 cEel + ..+ COCE = CF (A)
Solution.

(1+z)™-(142)" = (CE4+CLz4+CE 2% +.. 4 CEzF 4. 4
+Cp e ™) (CR+Che+CRz 4
too A CELF 4 OP 1 ),
In the right member of this equality, the coefficient of x*is
CO.-Chk+CL-CEryCl.CE2 4
+... 4+ CL.CE1 L 0. Ck
and in the development of the binomial (1 4+ x)™*™, the term of rank
k + 1hasthe form
Tepr = Chpn - 25
As the polynomials (1 4+ x)™. (14 x)™ and (14 x)™*™ are
equal and have the same degree, the equality of the coefficients beside
these powers of x result and this also concludes the demonstration of
the equality (4).
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24. Prove the equality

o9 Cl c? on 2 1
_—n_ o, ¥m ., =m0 T . .
n+1 n+n-l+ + 1 n+l( 2)
Solution. Let:
C'E C}; Cz Cy L cn=t
—n_4n +. =A% Zn__
n+l+n+ -1 +1 n+1+ n +

:-—'2 10

ceed — = A

+n—1+ +1

We multiply both members of the last equality with (n + 1).
We obtain

n+1C:+n+lC:_,l n+1|_:,,,_2
n+1 l
Fot "‘“C" An+1)'8

& I[T.r=;+| + Chpy + Cagr +

+ . {‘::1‘]1 = An+1) &
g II!'_'D-I-I + Cn-l-l CEH + ...+ C:ﬂ
v

Co + Aln + 1) <
&2 =CRy + A+ ) e 2 - CRL = A+ ) @

,H:?“*‘_-lﬁhi.(zn_l)

n+1 n+l 2
Returning to the initial expression, we have
cy Cl C? oy 2 1
- CaG 2 (p ]y
n+4 1 * n o on-1 N 1 n+ T

that had to be proven.

25. Prove that
nCY —(n—=1)Cl+(n-2)CE - (n—3)C3 +
+ ot (=110 =0,

Solution. We write the development of the binomial (x — 1)™:

116




Algebraic problems and exercises for high school

(z=1)"=Cz" = Clz" ' + Cz"? = Clz" 3+
+oo 4+ (=)0 4 (-1)C (A)
We derive both members of the equality (A) according to x. We
obtain
n(z — 1)* 1 = nC2" 1 — (n - 1)C2z"2 + (n - 2)C3z"3—
~(n=3)Coz" " .+ (~1)"Or (++)
We placein (**) x = 1.Then
0=nCl~(n=1)Cl+(n-2)C%=(n-3)C3+
A (=1)nlon-l
that had to be proven.

26. Prove that the equality
1 -10C3, + 10:C3, - 10°C3, + ... - 10™"-1CL +10%"
is true.
Solution. We notice that the expression
1-10C}, + 10°C3, — 10°C, + ... - 10*"-1C) +10°"
represents the development of the binomial (1 —10)2" =92" =
(81)™, that had to be proven.

27. Bring the expression P, + 2P, + -+ + nP, to a simpler form.

Solution. We will make the necessary transformations by
applying the method of mathematical induction. Let

Po+2P;+...+nP, = A,. (%)

For:

n = 1,wehaveP, =4, © 4, =1;

n =2, wehaveP,+2p, =4, ©14+22!=4,5=4,
3l—1=4,oP;—-1=A4,

n =3, we have P +2p, +3P, =A; © A, +3P; =43 ©
SN-143-¥=A33(1+3)-1=A34 - 1=
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=Ase Py—1= A;.

We assume that forn = k the equality (*) takes the form

Pi4 2P 4 ...+ kPe=(k+1)! -1, (h4)
We calculate the value of the expression (*) forn = k + 1.We

have

Pi+2P 43P 4. 4 kPt (k+1)Ppyy =

(k+1)!=14+(k+1D)Pea = (k+1)! = L+ (k+1)(k+ 1)1 =
(k+ D14+ k+1)=1=(k+2)!-1= Py - L

Based on the principle of mathematical induction, we reach the
conclusion that

P] -f-ng-i;- ...-I-F?R; ={?‘l+]:l‘— | :Pn.-f-l_i'

Answer:

Po+2P4...4+nP, =P, - 1.

28. Prove that indifferent of whatm,n € N, are m! .n! divides
(m + n)!

Solution. According to the definition 3, (mmlﬂrll)" =C}ynis the
number of the subsets that have n elements of a set with (m + n)
(m+n)! .

no
elements, namely CJ},, is a natural number. Consequently, pra—

an integer number, or this proves that m! . n! divides (m + n)!

29. Deduce the equality
(n = k)CE — (k4 1)CE = (n - 2k - 1)CF1L.
Solution. We use propertyX. We have:

CHU = (n = k)f(k+ DCEL, Ch=(k+1)/(n+1)CH].

As a result,

(n = k)CEFY = (k + 1)CF =

{"__'.E}_z.{'*ﬂ - it Mg
n+1 "H n+1 "l
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_ _[_ﬂ-kiiz'tk‘l'l}z‘ckﬂ -

n_+_1 4+l T
(ko ke Dkt k) g _
B n41 ¥l
(n=2k-=1){n+1) .
= — -C,fl'::{n——tk—l]-ﬂ“ﬁﬂ
that had to be proven.

30. Calculate the sum
3 4 n+4 2
T T T TN BT AR A By PRy By P T
Solution. We notice that term a,, of this sum can be transformed
as it follows:

Fn

. = n+2 _ n+2 B
"Taltn+ )+ (n+2) n{l+n+1+(n+1)(n+2))
_ n+2 _ 1 _ n+1 .

al{n +2)2 " nln+2)  naln+1)(n+2)

n+l  (n42)-1_ 1 1

Tt (n+2)  (n+l) (at2)
Then the sum S, takes the form
I 1 1 1 1 1

=g atyat o THooitetT
SO SN SRS S SR S
(n+1)! (r+1) (n42) 2 (a+2)
Answer:

S.=1/2=1/(n+2)!

31. Solve the equation

C} +6C2 4 6C2 = 92° - 14z.
Solution.

Cl+60C%+60°% =927 — 14z &
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(z—1) z(z - 1)z -2)
T3 6 1-2-3
>0

1::»;1'-1-31:{9:—1}+z(1-—1][z-—2}=9:2-143&
&}g1+32—3+’£2-—~ Izr42-9c+14=0%

f::nn-.r+ﬁ-;r =9z% - 14z =

r=12,

= 7,

@rl-9r+14=0% [
Because C3 has meaning only forx > 3, it follows that the
solution of the initial equationis x = 7.

Answer:x = 7.

32. Solve the equation
CIl 4203 =17z -1).
Solution.
C:_T_f + ?Cg_l =Tz-1)&
(z+1)! (z-1)¢ __
{1—2]![{:+I]—(:-2]}!+2 (zr—1-3) =7z-De
(1—2}![:::—1}3{:+1}+2_{.1:—4]![:—3}{;—-2](3:-—1)

{z=2}"-3! (z—=4)!- 3!
=7(z-1) 83 (2-1)z(z+1)+2(z~-3)(z-2)(z—1) -
-42(z-1) =04 z7-3z-10 =

A

=n=>[1=_21 = zr=35
r=235

Answer: x = 5.

33. Solve the equation

(AL} Peoy)/Pecy = T2. (A)

Solution. As: Aﬂll ={z+1)1(z-y)!, Poy = (2 -y,
P_r—l - {I - ].]I'.

We have:
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(z+1)! (z-y)

- 21
(4) Gyl G- Teh%? 2z +1) =
—70e | T8 =M. o

r=-9
Asy e Nandy < x,wehavey €{0,1,2,3,4,5,6,7,8}.
Answer:x = 8;y€{0,1,2,3,4,5,6,7,8}.

34. Determine the values of x that verify the equality

(24 2)=-156(z = 1)1+ 5[z + (2 + 1))

Solution.

(z+2)=-15(z - 1)'+ 5[z + (= +1)]] &

@ (z-1)z(z+1)z+2) =

=15(z=1)1+5[(z—1 Yz +(z - 1)z(z+1)] &

(z = 1)lz(z + 1)(z + 2)

= {:.,-— 1)=15 4 5z 4 Sz(r 4 1)] <&

&z 4324+ 2) =

==-154+52+ 10z 2°-222-B8r+15=0&
r =13,

# r =
= 22 4r-5=0 = 3

¢

r>]

because the solutions of the equationx? 4+ x —5 = 0 are irational
numbers.

Answer:x = 3.

35. Solve the equation

AP (2 = n)! = 90(z — 1)!
Solution.

Azt (z—-n)!=90(z - 1)! & (z-

:}1

=90(z ~ 1)} 2= (z-1)lz(z+1)=
=00z -1 2?42z -90=0e
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[3:9, =r=10

z=-=10
Thenn € {0,1,2,3,4,5,6,7,8}.
Answer:x = 9,n €{0,1,2,3,4,5,6,7,8}.

36. Solve the system of equations
A% Po  + 08 =126
¥ T o 1 B
{ Poyq = T20. (B)
Solution. From the conditions of the problem, we havex,y € N
withx > 1and <.Based onthe formulas (1) — (3), we have

R S LY
(B)& {(y—z)! (z-1)! (y-2z)lz! "' &
(z+1)1=720
ylz+1) _y-6
P TS T A IS G i (-l
(z41)!'=6! r4+1=6
— - _— — - BRI,
#{ (y=4)(y=3)y-2)(y-1)y=5!-21,
z=5
5 _ 4 I -5 2 — 9E —
@{i _;uy + 35y% — 50y% + 24y — 2520 = 0, (+)

The divisors of the free term in (*) are the numbers

+1; £2; £3; +4; +5; £6; £7; +£8; £9; £10; ....
We use Homer’s scheme and the Bezout theorem to select the
numbers that are solutions of the equation (). Asy €N, we will
verify only the natural numbers. It verifies that numbers {1, 2, 3,4, 5, 6}

are not solutions of the equation (*).
We verifyy = 7.
|1 —-10 35 -50 24 -2520

7|1 -3 14 48 360 0

So
(#) e (y=-TNy" -3y + 14p* + 48y + 360) =0 & y = T.

because fory > 7,the expression y* — 3y3 + 14y2 + 48y + 360 > 0.
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Hence, the solution of the system (B) is the pair (5,7).
Answer: {(5,7)}.

37. Findxandy, if
C¥1: (CY_, 4+ CY2 4+ 2075):CY*! = 3:5:5. (C)
Solution. We will first bring to a simpler form the expression

‘+{§ _|_2{'ul1_1:("1'1.'2_'_('-}]J+[{-y1+(1y2]”

r=1 =

—_ ﬂy”_fty

_IITTI_

As a result, the system (C) takes the form

y=1 5
(..,;...1:{_?:{_'};“‘1 =3:5:5%{gy (Fl"{:i_g ; g:,
2! 3
(- Dz —y+ D gz -y~ 5
= 4 N
z! x
Wz -y (z-y-1)y+1)
y“f‘f?:?}-l‘ -3
T=bi(z-y+1)+ 5
" -
E=r—~Lly+ D+ _
ez -y
5y=3z-3y+3, , [Sy=6y+3+3, , [y=3,
{y+1=:-y MCELZS Tl

Answer: {(7,3)}.

38. Determine the values of x, so that
(z{z+1/(2-2!) <22+ 9.
Solution. From the enunciation it follows that x € N. Then
z(z+ 1) z-zle+1)
—_— 2 —_——t

2.2 ~ s 2! =
<4+9e '+ <4+ 186, 3 18<0 e

e (r+3)r-6)<0ER s _6<0e0<2<6
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andx € N.Sox €{0,1,2,3,4,5,6}.
Answer: x € {0,1,2,3,4,5,6}.

39. Determine the values of x that verify the inequation
- CE23 - 70225 < 8(z - 2). (%)

Solution. (*) has meaning forx € Nand x > 3. Because

: 9 = 1}xr-2 _
ci=ci, =52 1]_{; 2), Cid=Cia=z-2,
it follows that
=1}z -2
(#) & Hz-1=2) T(z=-2)<8z-2) &

S {r-z(z-1)-30)<0& (z-2)(a* -2 -30) <0 &

& (z—-2)(z +5)(z - 6) < 0 =L

@(z-2)0z-6)<0&2<z<6= i '

Answer: x € {3,4,5,6}.

40. Solve the system of inequations:
Ci;i-czil <100,
143 - Poys (D)

C .- ——" <.
45T 06 Prag
Solution.
1 '
(D) (x J L S| el -

(z + 5)! 143 - (z 4+ 5)!
Al(z+1)  96-(x+3)
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(r—l)x(x + ]! rir+1)

2!

- < 100,
2 3
&= g

0

(z+2)(z+3)(z+4)(z+5) 143(z+4)(z+5) .

T 96

2% -32? -4z -600<0,
292 {13—31"3—41'—60{]'5{]. r=2

e \z€{2,3) & (2232242 -600<0,”
=3
{STlE—B-ﬁUD*_iﬂ.
r =2, z=2
=
27 -27-12-600< 0, :}[r 3.
r=3

Answer: x € {2,3}.

3.3. Suggested exercises

1. A commission is formed of one president, his assistant and
five other persons. In how many ways can the members of the
commission distribute the functions among themselves?

2. In how many ways can three persons be chosen from a group
of 20 persons to accomplish an assignment?

3. In a vase there are 10 red daffodils and 4 pink ones. In how
many ways can three flowers be chosen from the vase?

4. The padlock can be unlocked only if a three digit number is
correctly introduced out of five possible digits. The number is guessed,
randomly picking 3 digits. The last guess proved to be the only
successful one. How many tries have proceeded success?
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5. On a shelf there are 30 volumes. In how many ways can the
books be arranged, so that volumes 1 and 2 do not sit beside each
other on the shelf?

6. Four sharpshooters have to hit eight targets (two targets
each). In how many ways can the targets be distributed among the
sharpshooters?

7- How many four digit numbers, made out of digits o, 1, 2, 3, 4,
5, contain digit 3, if: a) the digits do not repeat in the number; b) the
digits can repeat themselves?

8. In the piano sections there are 10 participating persons, in the
reciter section, 15 persons, in the canto section, 12 persons, and in the
photography section - 20 persons. In how many ways can there a team
be assembled that contains 4 reciters, 3 pianists, 5 singers and a
photographer?

9. Seven apples and three oranges have to be placed in two
bags such that every bag contains at least one orange and the number
of fruits in the bags is the same. In how many ways can this distribution
be made?

10. The matriculation number of a trailer is composed of two
letters and four digits. How many matriculation numbers can there be
formed using 30 letters and 10 digits?

11. On a triangle side there are taken n points, on the second
side there are taken m points, and on the third side, k points.
Moreover, none of the considered points is the triangle top. How many
triangles with tops in these points are there?
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12. Five gentlemen and five ladies have to be sited around a
table so that no two ladies and no two gentlemen sit beside each other.
In how many ways can this be done?

13. Two different mathematic test papers have to be distributed
to 12 students. In how many ways can the students be arranged in two
rows so that the students that sit side by side have different tests and
those that sit behind one another have the same test?

14. Seven different objects have to be distributed to three
persons. In how many ways can this distribution be made, if one or two
persons can receive no object?

15. How many six digit numbers can be formed with the digits 1,
2,3, 4, 5, 6, 7, in such a way that the digits do not repeat, and that the
digits at the beginning and at the end of the number are even?

16. How many different four digit numbers can be formed with
the digits 1, 2, 3, 4, 5, 6, 7, 8, if in each one the digit one appears only
once, and the other digits can appear several times?

17. To award the winners of the Mathematics Olympiad, three
copies of a book, two copies of another book and one copy of a third
book have been provided. How many prizes can be awarded if 20
persons have attended the Olympiad, and no one will receive two
books simultaneously? Same problem, if no one will receive two copies
of the same book but can receive two or three different books?

18. The letters of the Morse alphabet is comprised of symbols
(dots and dashes). How many letters can be drawn, if it is required that
each letter contains no more than five symbols?
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19. To find their lost friend, some tourists have formed two
equal groups. Only four persons among them know the surroundings.
In how many ways can the tourists divide so that each group has two
persons that know the surroundings and considering they are 16
persons in total?

20. Each of the 10 radio operators located at point A is trying to
contact each of the 20 radio operators located at point B. How many
different options for making contact are there?

Prove the equalities:

21. C:%-'rl R {:'m—l + 2(_‘;&-; {“\:U-:_'rl

42 1
22. CM 4+ CM, + Ol = Cr — L
23. {.',1‘+2r:.‘§+:;(?3 +..4nll=q 20
24, CO42C+3CE+ ... +{(n+1)C" = (n+1)-271,
1 1 cr 1
25, C0 - —ChL 4+ =CE— 4 (=10 =B = :
n 9 n + g T |: :I ntl nel’
Cl zc’ L, 3CE nCt nin+1)
26. - b= T
o T (”7 * S ont 2
27.cﬂ-sz1+-?cQ +...+2°C" =37,
21 kP agntl e ar=1 _
28. 200 + 2-§ f PG, GBS L
3 n41 n+t1
.['i' ('F;+n 9(h+1

S CrrCE T O o T gy o
(wheren, k € N,n >k + 3);
gn 21‘1—] 2:1—2 20 an
30. - - = —
T Tmo it e Tt T

31. E:LHkiﬁkz

k=0
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32.

33.

34.

35.

36.
a8,
40.
42,
44,

45.

48.
48,
50.

b2.
54.

56.
5&.

60.
62.

B4.

6.

Y (pCE =0 O3

p—l

ko, m-—k mo,
Z G, = Cpig

Zt—l}"f-“; = (=1 Oy

S ep-ck=cp-2rm

k=m

Solve the equations and the systems of equations:

A2:CF) = 48; 37. CIP 4200 =T(x - 1);
AL (A3, - 05 ) = 24/23; 39, A + CF7% = l4a:

A2 - 24 =3A%; LAY Cj':‘ = 336:

AZ3 = g P o 43. Poya:{AZT) - Pa) = 210;
AZL 4 2P, = (30/7) - Fu

c";_"—l + (’_*11_--2 + C:—.‘!- 4. C:-E Cr-—ﬁ ( r=10 _ = 1023:

Pryai(A%-Pps) = 720, 47. O3 cgﬁ" = 2/3;
Al -Cl=19 49.3C2, - 24l =z;

C2.,:C3 = 4/5; 51. 12CL + €2, = 162;

AR 4+ OTE (x4 1) 58 P (AT P) =240,
=715 A3, 55.C2,,:C3=6:5:

C2 - A2 —dz® = (A})%  B7.3C%, + Py x =44

Al =C3 4+ 20 59. (2 4+ 4= 1107,

1102 = 402, 61. (A%, + AL):AS_| =90

AME - (z=n)t = 90(z - 1):63. C2 = C;

3 =202, 65. A% — 242C} = 114%;

A2, +Cx2 =101 or. L _ L _ -1

Pz-l P: P.'I.'Ti
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68. 12051} = 5542, ; 69. 07, . =C

70. A3 = 184%_,: 71. (A0 — A%): A® = 109;
A¥ + 3CY = 90,

72. (n+2)1: (A% - (n— k))) = 132, T3 )
AY - 2C¥ = 40;

T‘ia 'E-‘£+1 H g+1 :Gr_l = 6‘:5 H 2;

75. (AY_| +yAY")): AT = 10:2: 1

76. AL AY 1 (CE_, +CETY) = 21:60:10;

II.‘.'ly‘l P_r-y- — laP;—]-

=1 !

TT.CY.c¥:C¥ = 2:3:4;  78. o
9C?,, = 16CHH,

1o | A 84T =0, g [AE=TAET,
gcd et =, 6CE = 5CET;
b oty s K (7Chy e = A
— -
81. ne1 k-1 °% Ciy™™? -2t = A,

k= .
20— Y= 110343 2% = Al

Solve the inequations and the systems of inequations:

(z-1) (n+2)!
83, ———= < 72 . < 1000;
-3y~ (n+ D)(n+2)
85. z(r — 3)! < 108(z — 4)!; 86. C% < CY,
87.C% > Cl; 88. €3, ' < Oy
89. Ci% > O 90. C3 < C3,
91. Cf, < CL% 92. Ci* > Ci
93.Ct < C4 94. 5C3 < Cfya
95. CI7, > 3/% 96. 2CE > 11C2_;
97. C271 < €% 98. C3: 7% > 3714
99. $CZ22 = 10275 < 8(z — 2);100. C277 — CE71 < 100;
5
101, A%, 0573 > 14Py; 102.C1, - €2y - 7422 < 0;
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143 Fr45 Ajip 143
Ol ———— <0 104, =52 "2 o
108, C,; %P < 0 04 Py, 1P
- =t <21,
Che > Ciss e
105. 108. { 503 < Ci,,,

T T4
Cis < O35 (_'.*I:f t A, < 1:14Ps.

T

107. Determine the fifth term from the development of the

binomial (227 - /7)°.

108. Determine the middle term from the development of the
binomial (2% + ¥/2)".

109. Determine the value of exponent m from the development
of the binomial (1 + a)™, if the coefficient of the 5t term is equal to
the coefficient of the gt term.

110. Determine A2, if the 5 term from the development of the

binomial VT +1/z)" doesn’t depend on x.

111. In the development of the binomial (VI+z-Vi-z)
the coefficient of the third term is equal to 28. Determine the middle
term from the development of the binomial.

112. Determine the smallest value of m's exponent from the
development of the binomial (14 a)™, if the relation of the
coefficients of two neighboring arbitrary is equal to 7: 15.

113. Determine the term from the development of the binomial
= )3 16
(Vz+1/V%) that contains x3.
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114. Determine the term from the development of the binomial
1 =1 115
(Va+vae™) that doesn’t depend on a.
115. Determine the term from the development of the binomial
; L8 n
((av/a)/6+ 1/ Va* )" pat doesn't contain a, if the sum of

the coefficients of the first three terms from the development is equal
to 79.

116. Determine the term from the development of the binomial

(1/Va? + Va7

" that doesn’t contain a.

117. Determine the free term from the development of the

(VVE + 2/ 1o,

binomial

118. Determine the third term from the development of the

e - Ao
binomial {2° + 1/2 - ¥/Z ™, if the sum of the binomial coefficients is
2048.

119. Determine the term from the development of the binomial
T AT o
(1/v6? = V/b/Va? J™ that contains b®, if the relation of the
binomial coefficients of the fourth and second term is equal to 187.

120. Determine the term from the development of the binomial

(¢ - 1-"f'f’£‘r_5]'n that doesn’t contain x, if the sum of the
coefficients of the second term from the beginning of the
development and the third term from the end of the development is
equal to 78.
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121. The relation of the coefficient of the third term to the
coefficient of the sth term in the development of the binomial

'(.1"-3"{2— N .
‘ W is equal to2/7. . Determine the term from the

development of the binomial that contains x~5/2.

122. Determine x,y and z, if it is known that the 2"¢, 37 and 4t

terms from the development of the binomial =+ 1) are equal to
240,720,1080, respectively.

123. For what value of the exponentn, the coefficients of the
2nd, the 3rd and the 4th term from the development of the binomial

{x + )" form an arithmetic progression?

124. Determine the terms from the development of the

R R |
binomial (V3+ V2 1™ that do not contain irrationalities.

125. How many rational terms does the following development

of the binomial contain (VZ 4 ¥/3)1007

126. Determine the ranks of three consecutive terms from the
development of the binomial (a + b)?3 the coefficients of which form
an arithmetic progression.

127. Determine the term from the development of the binomial

(vVx + Vx=3)" that contains x®5, if the g™ term has the biggest
coefficient.

128. The 3 term from the development of the binomial
(sx + %)m doesn’t contain x. For which value of x is this term equal to

the 2" term from the development of the binomial (1 + x3)3°?
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129. For what positive values of x the biggest term from the
development of the binomial (5 + 3x)1? is the 4™ term?

2;&)" the first

three terms form an arithmetic progression. Determine all rational

130. In the development of the binomial (+/x +

terms from the development of this binomial.

131. Determine the values of x for which the difference between
the 4th and the 6th term from the development of the binomial
Rz

B
binomial is smaller by 20 than the binomial coefficient of the 3rd term

+ ?)m is equal to 56, if it is known that the exponent m of the

from the development of this binomial.

132. Given that n is the biggest natural number only if
logi;sn + llogy;sn > 0, determine the term that contains b? from

the development of the binomial (va — V/b)™.

133. Determine x for which the sum of the 3rd and al sth term

from the development of the binomial (v2x 4+ v21=%)"is equal to
135, knowing that the sum of the last three binomial coefficients is 22.

134. Determine x, knowing that the 6th term from the
development of the binomial (a + b)*, where a = Vv218(10-3%) p =

V26-2)193 js 21, and the coefficients of the binomial of the terms
ranked 2, 3 and 4 are respectively the 1%, the 3 and the 5% term of an
arithmetic progression.

135. Are there any terms independent of x in the development
o 1388
(u”%? . ‘zftﬂ) !

of the binomial Write these terms.
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136. How many terms from the development of the binomial
(V3 + /7)36 are integer terms?

137. In the development of the binomial

(5+2%)
2%/ the first three coefficients form an arithmetic
progression. Determine all terms from the development of the

binomial that contain the powers of y with a natural exponent.

138. Determine x, if the 3rd term from the development of the

(g £ nlgzyS
binomial (% T Z#%)" is equal to 106.

139. In the development of (14 x —x?)?® find the term
corresponding to the exponent of x that is 3 times as big as the sum of
all the development’s coefficients sum.

140. Determine the rank of the biggest term from the
development of the binomial (p + q)" according to the descending
powers of p, assuming thatp > 0; q > 0; p + ¢ = 1. In which
conditions:

a) the biggest term will be the first?

b) the biggest term will be the last?

c) the development will contain two consecutive equal terms
that are bigger than all the other terms of the development?
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Answers

Note. For chapters 1 and 2 only the less ,bulky” answers have
been provided and those that are relatively more complicated (in our
own opinion).

1. Sets. Operations with sets
3.a)A= {57 B ={-7,2}; C={1/7}.
4. A={2,4,6,8,10,12,14,16,18}; B = {2,4,6,8,12}.

5. a) A = {10,22,24....}: b) 26,28 € A, 33 € A
(because A consists of even natural numbers).

6. A={reN°|Jz=143n,n=13} B={zre Nz =
=3-22NL n=13)sC={yc ﬂr'[y-n? n= 13}
={:E .nl_.— .n-. 41}.

7. n(A) = 50; n(B) =

a)ifad —bc=0=>C ={§}; b) if ad — bc # 0 = C has p elements

R. .-‘-‘1 = {—]}: .."lg = {1.2.3}: _43—': {~].—2,—-3}_

9. A={0,1,2,3.4,5.6}; B={4,5.6,7.8}; C={1,2,3,4,5.6,7):
D={1,2.3,4,5,6}; G=(—00,4) U (7, +2c); H=(-00,2)U{4,+¢) stc.
10, a) B C A, B £ A ete.

11. Ag=Cn+(B); A7 = A7 B.

12, a) A = {1,253}, B = FE = AUB; b) A = {1,6,14}. B =

= {1,5,9.13, 14}, E = {1,2,5.6.9,13,14,18,20}: ¢) A = {1,2.3,4.8}.
B = {1.3,5,9.10}, E = {1,2,3,4,5,6,7.8,9,10}; d) A = {1,2,4}.
B = {2,3,5}: e) A = {1.2,3.4}. B = {3,4}, C = {2,4.5};
fl A = {1.3.4}, B = {13}, C = {2.3,4}; g) 1) A = {1,2.3},
B =FE\{1.2}2) A = {1,2,3,5}. B = {2,3,4}; 3) A = {2.3.4).
B=FE\{4): 4) A = E\ {5}, B = {2.3,5; h) 1) A = E,
B={1.2,C={23:x2A4= {13}, B={1,2), C ={2.3)
i) A={1,2,3,4}, B={1,2,5);j) A= E, B = {2,4,5},C = {3,5,6);
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k) A= {1,2}, B={1,24}; ) E = {1,2,... 10}, A = {7,8.,9,10},
B = {2,3,4,8,9,10}; m) A = {a,d, [ h,i}, B = {b,c,d,e, f.g.i};

n) A ={1,4,6,8,9}, B = {2,3,4,5.6,7,9).

13. a} A = {6,10,20}, B —{-4r ~8,13,22} etc; b) ANE =
ete.; L}A_{ﬂ23}B {-5,—1,1,5}etc.;d) A = {0,2}, B = {2.4}
ete;e) A = {~1,0.1.2}. H:{l]?}er.c f) A ={-4,-3,-2,-1},
B = a etc.; g) A = {~1,1,2,4,57}, B = {1,2,4,5.7} etc;
h) A = {-33,-18,-13,-9,-8,-6,-5,~-4,-2,-1,0,2,3,7,12,27),
B = {0,2,3,7,12,27} ete.; i) A = {2,4,6,8,10,12,14,16, 18,20},

B = {24,6812} etc; j) AU B = [-1;7] U {10},
A\B = [-Ti-0)Uu(-4:7], B\ A = {10} etc.; k) ANB = @ etc.;

1) AnB = {626} etc.; n) AUB = {\F 3:{-}

4. a) A={z€Qlz=(Tn—4)/(n+3), n<22, ne IV}, B=M,
C={2,6}: b)n(D)=2497.

15. 4= {1,2,3,4,8}; B ={1,3,5,9,10}.

16. A = {1,6,14}: B = {1,5.9,13,14}; F = {1.2.5.6,9,13. 14,
18, 20}.

17. a) A=[5,+x), B=(1,4), A C B; b) A= B=[-9;—-4]U
U4:9]: ¢) A = [-2:0.5(1 +v5)), B = [0.5:0.5(1 + v5)), B € A;
djA=(-x.-1).B=A:e) A= B =(3/2,+x);)A =B =&
g) A = [3:v37/2], B = (—V/37/2: -3) U [3;V37/2).

18. a)m € {-2,2}, m € (—o00,-2) U (2,+oc), m € (=2;2);
b) m € {-5/2,5/2}, m € (~5/2,5/2), m € (-0, -5/2) U (5/2,+c);
¢)m € {-2v3.2v3}, m € (—20,-2V3) U (2v3,4x); d) m €
EG, me M me @ elm = -2/3, m # -2/3, m € @&
flm e {~12,12}, m € (-oc,~12) U (12,4x), m € (-12;12);

O m e {1—6\f’_1+:’_}, m e (l—ﬁv"_:- 1+6J_)
st
E( T ) 'E( ; )(3+3 *“)‘
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19. a) n(A) = 47T; b) n{A) = 82; ¢) n(A) = 4: d) n(A) = 16;
elnidy=4; [n(Ad)=2

20. a) ANBNC = {60t - 17|t € IN*}: b) An BN C = {200}.
21. a) ANB = {37,79}:b) ANB = {37.79}; ¢) ANB = {6k+1k €
€ 2, ke [0;166]}.

24.  a) {(2.2),(2.3).(3.2).(3,3)}: b) {(3.3)}: ¢ {(L.3)}
d) {(2.4), (3.4). (2.5), (3.5)}: €} {(1,4),(2.4),(3,4),(4,4)}: ) {(1,2),
(1.3 (1.4)(4. 41} g) {{1,4))} etc.

26. a) A = (=20, -2)U [1:4), B = [3:4] etc.: b) A = B etc;
) A =[23], B=[-3-2ete:d) A =(-2-1)U(2,+4x), B =
= (=0, —1)U(3.+x) etc.:e) A= {0,-11}, B = {-4/5,0,6/5} etc.;
flAd={-x-1JU(04). B={-1:3)etc;28) A =03, B =@ ete,;
h) A = {7,35/3}; B = {-219/8,T} etc.; i) A = {7/4} = B etc.;
NA=({—2,-1)u(0,+x), B = (=2,-2/3)U[4,+x) etc.; k) A =
= (=00, 1] U[3/2,+0¢), B = Retc; 1) A=[0,1/3], B = [=1;1] ete.:
mjA=(-2:3), B=(-x-2)u(3,+x)etc;n) A = (-oc,2)U
U4, +x), B = (—20,2) ete.
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2. Relations, functions

2. 1) G, = {(2,5).{2,7)}; 2) G5 = {(4.1),(4,3),(6,1).(6.3),
(8,1),08,311: 3) Go={(8,1).(8,3), (B,5).(8, ) 4) Go={(2,1),(2,3) };
5) Go=1{(2,1),(2,3),(2,5),(2,7).(4.1),(6,1).(8,1)}; 6) G, ={(8, T} };
T) G = {(4.1),{4,3),(6,1),(6,3),(8,1),(8,3)}: 8) G = {(2,1),(2,3).
(2.5).(4,1).(4.3),(4,5),(6,1),(6,3).(6.5).(8,1). (8.3).(8,5),(8.7)}.
3. 1) G, = {(1,8).(2,7).(4.3)}); 2) G, = {(1.1),(2,3),(3,5),
(4.7)1:3) G =431} G, = {4, 1)}1:5) G ={(1.1),(1,3).(1,3),
(1,7).01,8),(2.8).{3.3),(4.8)}; 6) G, = {(1,7).(2.3)}; T) G, =
= {{L5),(1.8),(2,1),(2,7).03,3),(4,5),(4.8)}: 8) Go = {(1,1),{2,1),
(3,1),(3.3),(4,1),(4.3}}.

4 1)x+y=6; 2)y=x+1; 3)x <y; 4) max(x,y) >4; 5) min
(x,y) = 2; 6)cmmdc (x,y) = 2;7) xisevenory = 6; 8) x = y2.

5. 1) transitive; 2) symmetrical; 3) symmetrical and transitive; 4)
reflexive, transitive; 5) reflexive; 6) reflexive, symmetrical; 7), 8)
reflexive, symmetrical, transitive; g) reflexive, transitive; 10) transitive
etc.

6. 1) 6, = py =N, symmetrical; 2)8, = p, =N, reflexive; 3)3, =
Pa = N, symmetrical, antireflexive; 4) 8, = {1,4,9,...,n%,..},po =N
anti-symmetrical; 5) ) 6, = po = N,, reflexive, symmetrical, transitive
etc. 6) 6, = po = {1,2,3,5,6,10, 15,30}, antireflexive, symmetrical;
7) 6 =N,p, = {3,4, 5,...}, antireflexive, symmetrical; 8) §, =
pe = N, reflexive, anti-symmetrical, transitive; 9) 6, =N,p, =
{3,4,5,...}, antireflexive, anti-symmetrical, transitive; 10) &, =
N,pe = {0,2,4,...}, anti-symmetrical; 11) 6, = p, = N, reflexive,
symmetrical, transitive; 12) §, = p, = N, symmetrical.

9.14= {a,e/a},a € R,a ¢§;2)a =+/e, we have d = {\/E}

10.4= {x€ER|x=a+2kmorx=m—a+2mnkmeZ}.
11. a) yes;
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b)é={a,2-a),1={1},8={8).

12. 1),2)é, = p, = N.aca=a,aca"' =aloa = N?%
3)é, = po=R.a'=a.aca=ac'loa =aca! = R
{)ba=pa=R,a0ca={(z,y) € B4z > %}, aca™! = a~!

= R%: 5) 6, = ——*—] Py = [——1;%]. aoca = {{z,y) €

o=

€ IR¥sin(sinz) < y}, aca™! = [._f;f 2. aloa = {(z,y) €

: _ 2'2
€ Rz.ye |- 1;7/2]}.
15. @(R) = [=1;1); @((0;7)) = (0;1); ~Y([-1;0)) = U[{zk -
keZ
~1)a, 2k]; {{-nng + nrin € Z); {x/2+ 2kslk € 2} @
16. B; {b,d}: {b,c.d}: {a.b.e}; {3,5,7.4.6}; {6,9}); {2.8}.

18. {1,4,9,16,25,36,49,64,81.100}: {1.2,3}.

23. 1) bijective; 2) not bijective; 3) bijective; 4) not bijective; 5) bijective:

6) not bijective; 7) bijective; 8) not bijective; 9) injective; 10) not

injective; 11) injective; 12) surjective; 13) not surjective; 14) surjective;

15) surjective.

20. Du(z)=dz =9, v{z) = Te* 4+ 4, flz)=(vou)(z) 2) n{r -
=224 32, v(z) = 2?3 4 23 -7, fz) = (vou)(z); 3) u(z) = 22 - 3,

v{r)=1/yz, flr) = (vou)(z)ete.

30. 1) (foglz)=z+1 =1(g0f)z) 4 4 2) (fogllz) =
=(2=32+8 (gof)z)=224+5:8:14:3) (fog)lz) = flz)=g(z): 3
3:4) (fog)z)=224+2x, (go f)(z) =22 12;9;5) (fog)(z) = 224 -
—4x743, (gof)(z) = 22% +42%; 129: 360; 6) ( fog)(z) = z° = (gof)(z):
729: 729;: T) (feg)z) = 4z, (go fi{z) = =22V — 82 — 1227 — 8z - 3;
4 =1:8) (fog)(z) = 322 — 182 + 29, (go f)(z) = 32z% — 1; 50; 2 etc.

31. 1) 9; 2)3; 3) 8 4) 4, 5) 12; 6) 16; T) —-9; 8) =7; 9) 2.25;
10) 0,75: 11) 64+4v/2; 1‘2}‘27+ISJ2—; 13) 9¢c%; 14) 3¢=3; 15) 9e2 = 18¢4-9;
16) 9¢* — 18¢+ 9.

32.1) yes; 2) no; 3) yes; 4) yes; 5) yes; 6) no; 7) no; 8) no.

33. 1) f71(4) = 3:2) f71(6) = 0.5; 3) f'(B) = a; 4) f7H(2) =
=a+1:5) f~'p)=m+n.
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3. 1) [ 2) = 312 @) = =5 9) [ @) =
DN = g 8) ) = 1 0) 1) = g
M) [ Yx)= ;:Z_J;%: 8) fFUz) = (2* + 2P =29) f~Yz) = ffﬁ
10) J-1(a) = AT

woueso={, 20 ee={, %)

(4z -2 -1, <0,
2) (f o g)lz) = (327 = 2)? = 1, z € (0:/2/3),
~5(3z2 -2 -1, z>/2/3;
H2-1)=-2, z<-1,
(gof)z)=¢ 4z*-1)-2, -1<z<u,
4=5r-1)-2, z>0.
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3. Elements of combinatorics

1. 42. 2. 1140. 3. 364. 4. 124. 5. 30! - 2.29' 6. 2520.
7. 204. 8. 2027025. 9. 105. 10. 30°-10. 11. n-m- k.
12. 2(P5)? = 2- (12052 13. 2(Ps)? = 2-(720)%. 14. A] = 37 - 15,
15. A3- A} = 120. 16. 4-7° = 1372. 18. C§,- Pe: O3y - O3, - Cl,.
19. 62. 20. 05C7-C§, = 2772. 36. 4. 37. 5. 38. 5. 39. 5.

40. 3. 41. 14. 42. 7. 43. 5 44. 7. 45. 10, 46. T, 47T. 4.
48. 11. 49. 5. 50. 7. 51. 8. 52. 4. 53. 10. 54. 10. 55. 8. 56. 9.

57. 3. 58. 3. 59. 13. 60. 10. 61. 9. 62. 9. 63. 8. 64. 8 65. 0.
66. 10. 87. 1; 3. 68. @. 69. 3. 70. 9; 10. 71. 19. 72. 10. 73. (5.3).
T4. (83). 75. (7.4 Te. (7.3). TT. (34,14). T& (15.79).
2 k(k-1)(2k-n)
79. (83). 80. (104). 81. (C_.’: W) 82, .
83. {3,4,5,6,7.8.9;. 84. {1,2,3,4,5,6}. 85. {4.5,6.7.8,9,10,11}.
86. {r>1llze IN}. 87. {T<z<1llzc IN}. 88. {1 <z <10z €
€IN}. 89, {9<r <18, rc IV} 90. {5,6,7}. 91. {0,1,2,3,4.5}.
92. {11,12,13,14,15,16,17,18}. 93. {6,7,8,9}. 94. {z > l4|z €
€ IN}. 95. {z > 2|lr € IN}. 96. {z > 12|z € IN}. 97. {5.6,...}.
98. {10}. 99. {3.4,..., 13}. 100. {2,3,4,...,9}. 101. {n > 8|n €
€ IN}. 102. {5.6,7.8,9,10}. 103. {1,2,3,}. 104. {2< r < 36|z €

€ IV}, 105. @. 106. @. 107. 1120z7 - /z. 108. T0z'y'. 109.

22k+15

12.110.240.111. 70(1 — x?)%. 112.m = , the smallest value

k = 6,then m = 21.C5 . x3.114. Tg = C5.115. Ts = C7, . 677. 116.

Ty = Cf;. 117, Tigrs = €355 - 297 118, T3 = 552900,

119.  C36% 12, 120. Cf, = Ty 121. 84z°5/2,

122. (2.3,5). 128, 7. 124. Ty4yy = 36010, 125. 26.

126. {T9,Tio.Tun} §i {T14. Ths. The}. 127. Ty = Cfg - 2% = 153455,
128. 2. 120. 5/8 < z < 20/21. 130. {Ty. Ty Ts}. 131. 1.
132, T; = 28ab2. 133. {-1.2}. 134. {0,2}. 135. Tuy =

= C)2 . 21920 136 {T;,Ti6.Tm}.

137.n =8, we have T} = y*, Ts =3—85y;n =4,wehaveT; = y2.

138. 10.
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In this book, you will find algebra exercises and problems, grouped by
chapters, intended for higher grades in high schools or middle schools
of general education. Its purpose is to facilitate training in mathematics
for students in all high school categories, but can be equally helpful in a
standalone workout. The book can also be used as an extracurricular
source, as the reader shall find enclosed important theorems and
formulas, standard definitions and notions that are not always included

in school textbooks.
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