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PREFACE

In this book authors for the first time introduce the notion of
special type of topological spaces using the interval [0, n). They
are very different from the usual topological spaces. Algebraic
structure using the interval [0, n) have been systemically dealt
by the authors. Now using those algebraic structures in this
book authors introduce the notion of special type of topological
spaces. Using the super subset interval semigroup special type
of super interval topological spaces are built.

Several interesting results in this direction are obtained.
Next six types of topological spaces using subset interval
pseudo ring semiring of type | is built and they are illustrated by
examples. Strong Super Special Subset interval subset
topological spaces (SSSS-interval subset topological spaces are
constructed using the algebraic structures semigroups, pseudo

groups or semirings or pseudo rings. These topological spaces



behave in a very different way. Several problems are suggested
at the end of each chapter of the book.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this
book.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

Study of algebraic structures using [0, n) has been carried
out extensively in [26]. Here we study algebraic structures on
subsets of [0, n). When we speak of subsets of [0, n) and also of
subsets which include also intervals. Two types of subsets can
be built. We give algebraic structures on them.

In chapter Il we introduce all types of algebraic structures
on subsets on [0, n) and on subsets which include also the
intervals.

We also study and develop subsets topological spaces of
different types.

On every collection of subsets in [0, n) excluding intervals
we have built 5 types of semigroups with min operation, max
operation, m, w and x. We have on the subset collection of
[0, n); the addition operation yields a group.

We also have three types of semirings using the two binary
operations {min, max} or {u, N} or {min, x}. In case of the
pair of binary operations {min, x} we see the subset interval
semiring is a pseudo semiring.
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We see the same can be defined in case of subsets of [0, n)
which include the intervals. {S([0, n), x, min} is a pseudo
subset interval semiring. All these algebraic structures are of
infinite cardinality.

Now these subsets with the operation + and x is a pseudo
ring. We call this as a pseudo ring as the distributive law
ax(b+c)zaxb+axcingeneral fora, b, c € {that pseudo
subset interval ring}.

We using these algebraic structures build subset semigroup
topological spaces of 3 types, subset interval group topological
spaces of three types, subset interval semiring topological
spaces of six types, pseudo subset interval ring semiring
topological spaces of six types. We obtain several results related
with them.

Finally these topological spaces behave in a very different
way from the usual topological spaces.



Chapter Two

ALGEBRAIC STRUCTURES ON
SUBSETS OF [0,Nn)

In this chapter we introduce algebraic structures on the subsets
of [0, n). In this first place subsets of [0, n) are of either
intervals of the form (a, b) or [a, b] b # n or x, x € [0, n) where
X # [X, X), or [X, X] or (a, b] b <n or [a, b). We know we cannot
say a< b for this < is not compatible with addition and product
mod n.

We denote by S([0, n)) = {All subsets of [0, n) = {x, X €
[0, n), [a, b] (b # a), (a, b] (b # a), (a, b), a, b € [0, n)}, clearly
(a, a) # a. We now define algebraic operations on S ([0, n)), get
a complete algebraic structure like a semigroup, group or lattice
or a pseudo ring and so on.

We first give min operation. We can find given any X, y,
X #y Xy € [0, n) smallest or min of x and y.

We see {S([0, n)); min} is a semigroup or a semilattice or
an idempotent semigroup.

DEFINITION 2.1: Let S([0, n)) = {Collection of all subsets of
[0, n)}. Define min operation on S([0, n)), {S([0, n)), min} is a
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semigroup defined as the interval subset semigroup which is an
idempotent semigroup or a semilattice.
We illustrate this situation by some examples.

Example 2.1: Let S ([0, 5), min) be the semigroup under min
operation.

For [2, 3] e S([0, 5)) we see min{[2, 3], [2, 3]}= [2, 3].
Letx = (3, 4) and y = (4.1, 4.8)e S([0, 5)).

min{x, y} = min{(3,4), (4.1,4.8)}

= (min{3,4.1}, min{4, 4.8}) = (3,4) = x.

Letx = [2.1,4.1) and y = (1.5, 3.6) e S([0, 5));

min{x, y} = min{[2.1,4.1), (1.5,3.6)}

= (min {2.1, 1.5}, min {4.1, 3.6)) = (1.5, 3.6)
=y e S([0, 5)).

Letx = [1.2, 3.7]and y = (1.5, 3.6) e S([0, 5));

min {x, y} = min{[1.2, 3.7], (1.5, 3.6)}
= (min{1.2, 1.5}, min{3.7,3.6}) = [1.2, 3.6).

Letx=3.1andy = (3.2, 3.9) e S([0,5)).

min{x, y}= min{[3.1, 3.1], (3.2, 3.9)} = [min {3.1, 3.2},
min {3.1,3.9}] =[3.1,3.1] =3.1=x.

Letx=2.1andy =(1.5,1.93) € S([0, 5)).

min{x, y} = min{2.1,(1.5, 1.93)}
= (min{l.5, 2.1}, min{1.93, 2.1}) = (1.5, 1.93) = y.

Letx=[14,19) andy = (1.5, 1.93) € S([0,5)).
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min(x,y) = min{[1.4, 1.9), (1.5, 1.93)}
={min{l1.4, 1.5}, min{1.9, 1.93}]
=[14 19)=x.

min{x,0} = 0 for all x € S([0,n)).

Thus {S, min} is an idempotent semigroup as min{x,x}= x.

(S([0, n)), min) is an infinite semigroup. Infact {S([0, n)),
min)} is a semilattice.

Example 2.2: Let M = {S([0, 12)), min} be the interval subset
semigroup o(M) = . M is commutative and is an idempotent
semigroup.

Letx=(0.8,5)andy = (0.1, 4] be in M.

min{x, y}= min{(0.8, 5), (0.1, 4]} = (min{0.8, 0.1),
min{5, 4}) =(0.1,4] =y € S.

min{0, x}=0.
min{0.75, 0.2}=0.2.
We see min {x, y} # xory.

We see every singleton set is a interval subsemigroup of
(S([0, 12), min).

Every pair P = {x, 0}; x € S([0,12) is also a subsemigroup
of S([0, 12)). But every pair is not a subsemigroup.

ForletP = {x =[0,9.2) and y = (0.3,5.4)} = S([0, 12)).
min{x, y} = min{[0, 9.2), (0.3, 5.4])

min{0,0.3}, {9.2, 5.4}]
0,5.4] € S([0, 12)); [0, 5.4] = x or y.

I
—r—
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Hence the claim.
But min{][0, 9.2], [0.3,5.4)} = [0, 5.4) #x ory.

Thus Pc ={[0, 9.2), (0.3, 5.4), [0, 5.4), [0, 5.4]} < S([0, 12),
min) is a completion of P, Pc is a interval completed
subsemigroup of S([0, 12), min).

We see none of these interval subsemigroups are ideals,
they are only subsemigroups.

Example 2.3: Let B = (S([0, 19)), min) be the interval
semigroup. B is commutative and of infinite order. B has every
element 0 € B to be the least element, however B has no largest
element.

We cannot say [0, 18.99] or 18.999 and so on are maximal
but none of them is the greatest for the greatest is defined as
(19, 19) # 19 by convention.

We see M = {[0, 3) [0, 2.9) [0,7)} is a subsemigroup of
S([0, 19)).

Now on similar lines we can define max operation on

S([0, n)).

DEFINITION 2.2: Let {S([0, n)), max} be the interval subset
semigroup under max.

We will illustrate this situation by some examples.
Example 2.4: Let {S([0,10)), max} be the interval semigroup.

Let x = (0.5, 2), y = (0.1, 8) € ([0, 10)), max {x, y} =
max{(0.5, 2), (0.1, 8)} = (max{0.5, 0.1}, max{2, 8})= (0.5, 8).

This is the way max operation is performed. However in
this case max{x, y} # x and not equal to y. Let x = (0.7, 9) and
y = (5, 9.5) € S([0,10)).
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max{x,y} = max{(5,9.5),(0.7,9)}
= (max{0.7,5}, max {9,9.5}) = (5,9.5) =v.
max {x,x} = x for all x € S([0,10)).

Letx =(0.71, 8) and y = (0.5, 9.1) €S([0,10));

max{x, y} = max{(0.71, 8), (0.5, 9.1)}, max {0.71, 0.5},
max{8, 9.1})

=(0.71, 9.1)e S([0,10)).

Thus the set P= {X, y}is not a subsemigroup only a subset of
S([0,10)).

But Pc = {x, y, (0.71, 9.1)} e S([0, 10)) is a subsemigroup
of S([0, 10)).

We see in S(([0,10)), max) every singleton is a
subsemigroup. Every finite subset of {S([0,10)), max} can be
completed to a subsemigroup.

Infact {S([0, 10), max} is an idempotent semigroup of
infinite order which is commulative.

Example 2.5: Let {S([0, 19), max}be the interval semigroup.
Letx = (6, 8.3) and y = (9, 4.2) €S([0, 19))

max{x, y}= max ({(6, 8.3),(9, 4.2})
= (max {6, 9}, max {8.3, 4.2}) = (9, 8.3) € S([0, 19)).

Now we will consider S([0, n)) to contain the natural class
of intervals; so if (5, 7) € S([0, n)) then (7, 5) € S([0, n)). That
is (a, b) € S([0, n) implies (b, a) € S([0, n)) and so on.

Example 2.6: Let {S([0, 24)), max} be the interval semigroup.

LetP={a, =0, a,,..., a, n can reach infinite, all values in
[0, 24)}, that is P does not contain any non trivial interval.
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P is a subsemigroup of infinite order, P is not an ideal.

Forifx=0.5 e Pand b =1[0.2,9.2] € S([0, 24)) then
max {0.5, [0.2, 9.2]}

= [max{0.5, 0.2}, max{0.5, 9.2}]

= [0.5,9.2] ¢ P.

Thus P is not an ideal of (S([0, 24)), max).

Finding ideals in {S{[0, n)), min} and {S([0, n)), max}
happens to be an open problem.

Let x =[0.8, 0] and y = [0.7, 9] (S([O, n)), max).
max{X, y} = max{[0.8, 0],[0.7, 9]}

=[max{0.8, 0.7}, max{0, 9}]

=[0.8, 9] € S{[0, 24), max}.

Letx =[23,2] and y = [5, 14) € S([0,24)).
max{x, y} = max{[23, 2], [5, 14)}

= [max{23, 5}, max{2, 14})

= [23,14) € {S([0, 24)), max}.

Now we can define on S([0, n)) a product x; (S([0, n)), x).
(S([0, n)), x) is a commutative semigroup of infinite order.

Example 2.7: Let (S([0, 12), x) be the interval subset
semigroup.

Letx =[0.3, 7]and y = [2, 0.12] e S([0, 12))

xxy =[0.3,7]x[2 0.12]
= [0.6, 0.84].

This is the way x operation is performed; X x y = 0 exist in S.

Letx =[0,3]andy =[5, 0] € S([0, 12)).
xxy=[0,3]x[5,0]=][0,0]=0.
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Letx=[0.3,2]and y =[0.1, 0] € S([0, 12))

x x y=10.3, 2] x [0.1, 0]
=[0.03, 0].

Thus we can find zero divisons.

Letx =[10,3]andy =[6, 4] < S([0, 12));
X x y=[10, 3] x [6, 4] = [0, 0] = 0.

Letx=(0.3,1.2) andy = (0.9, 0) € S([O, 12));
xxy=(0.3,1.2) % (0.9, 0)
=(0.27, 0) € S[0, 12).

Letx=[5,11)andy = (3, 5) € S([0, 12)).
x xy=1[5,11) x (3,5) =[3, 7] € S[0, 12).

Letx=[4,2]andy =[3, 6] € S([0, 12));
X xy=[4,2] x[3, 6]=[0,0] =0 e S[0, 12).

We see for every x € S([0, 12)); xx0=0xx=0.

For every X; 1 x x = x x 1 =1 in S([0, 12)) so 1 is the
multiplicative identity in S ([0, 12)).

Letx =5 e S([0, 12]; we see 5 x 5 = 1(mod12).
Like wise 6 € S([0, 12)); 6 x 6 =0 (mod 12).

Letx =[6,4]andy =[2, 3] € S([0, 12)); x x y =0 is a zero
divisor in S([0, 12));

Letx=[5,7] € S([0, 12)); x xx=[5,7] x [6, 7] =[1, 1] =1
is a unit in S([0,12)).

Letx =[7, 11] € S([0, 12)) is a unit in S([0, 12)) and so on.
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We can find units, zero divisors and idempotents in
S([0, 12)).We have subsemigroups.

Ifx = (0.7,5.1) and y = (8.4, 9) € S([0, 12));
x x y = (0.7,5.1) x (8.4, 9) = (5.88,9.9) e S0, 12).

This is the way operations are performed on S([0, 12)).

Let x=(2,5.6]andy = (10, 11) € S([0, 12));
X xy=(2, 5.6]x (10, 11) = (20, 61.6) (mod 12)= [8, 1.6).

Letx =[0, 2.1) andy =[5, 6) € S([0, 12));
x x y=[0, 2.1) x [5, 6) = [0, 12.6] = [0, 0.6].

Thus if in one of the interval a value is covered then we use
closed interval or if both of them are closed.

We have subsemigroups and ideals in S([0, 12)).
Example 2.8: Let P = (S([0, 19)), x) be the interval semigroup.
We see P has zero divisors, units and no idempotents x= (9, 10)
andy=(3,1) e P.

xxy=(9,10) x (3,1) = (27, 10) = (8, 10) € P.

This is the way product is performed.

Let x=(3.1,2.9)and y = (7, 10) € P.
x x y=(3.1,2.9) x (7, 10) = (21.7, 29) = (2.7, 10)  P.

This is the way product is performed.
x=[0,3]andy =[9.111, 0] € P;
x x y=[0, 3] x [9.111, 0] = 0 is a zero divisor in P.

x=[1,10]andy = [1, 2] € P is such that
xxy=[1,10] x[1,2] = 1.

Thus P has units.
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Study of P for ideals, subsemigroups are a matter of routine
and hence left as an exercise to the reader.

M ={(0, 1), (0, 2), ..., (0, 18)} < P is a subsemigroup of P
N ={[0, 1], [0, 2], ..., [O, 18]} < P is a subsemigroup of P.

Both M and N are of finite order. We see both of them are
not ideals of P.

Consider W = {[a, b] | a, b € Z19} < P is a subsemigroup of
finite order, x =[9, 10] and y = [2, 2] € P.
X xy=1[18,20] =[18,1] € W.

W is again a subsemigroup .W is also a finite subsemigroup
of P which is not an ideal of P.

Example 2.9: Let M = (S([0, 20)), x); be the interval subset
semigroup. W = {[0, 10], (0,0)} is a subsemigroup of order two.

P={0,[0, 5], [0, 10], [0, 15]} = M is a subsemigroup.

B ={[0, 2], [0, 4], ..., [0, 18], [0, O]} c M is a
subsemigroup of M. M has several subsemigroups of finite
order also. None of these finite order subsemigroups are ideals
of M.

Thus we see interval subset semigroups of three types one
under min operation, one under max operation and one under x
can be formed.

The next natural question is can we give on S([0, n)) a ‘+’
operation. First we study an example.

Let S = {S(]0, 6)), +} be a collection of subsets of [0, 6).

Letx=(3,4)andy=(4.21,2) € S
X+y=(3,4)+(4.21,2) =(7.21, 6) = [1.21, 0].

We see if x=(2.113, 1.21) € S then we have a unique
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y =(3.887,4.79) e S such that
X+y=(2113,1.21) + (3.887, 4.79) = (6, 6) = (0, 0) = 0.
Thus (0, 0) is additive identity.

Leta=(0.37,4.19) € S and b = (5.63, 1.81) € S we see
a+b=Db+a=(0,0). aisthe inverse of b and b is the inverse
of a.

Hence S([0, 6), +) is a group under +.

Now we technically make the definition of interval group.

DEFINITION 2.3: Let {S([0, n)), +} =S be the collection of all
subsets of [0, n) under the binary operation +.

Clearly for every x,y € S weseex+y € S.
Further x + y =y + xforall xy S. (0, 0) =0 is the
identity of S with respect to +.

Now for every x € S we have a unique y € S such that
x+y=y+x=(0,0) =0 called the additive inverse of S.

S is a commutative group of infinite order.

S is defned as the interval subset group or pseudo group of
[0, n) under addition modulo n.

We will just illustrate by an example or two this situation.

Example 2.10: Let S = {S([0,10)), +)} be the subset interval
group under ‘+’.

Foreveryx,yinS;x+y=y+xeS.0+x=x+0=xfor
allx € S.

Furtherif x = (0, 7.2) and y = (5, 4) € S we see
x+y=(0,7.2)+ (5 4)=(51.2) € S. Thus it is clear why the
authors demand (b, a) € Sforalla, b € S.
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Letx=(4,6)andy=(6,7.2) € S.

(4,6) + (6,7.2)
(4+6,6+7.2)
(0,32) €.

X+y

Letx = (3, 4.3) theny = (7, 5.7) € Sis such that
x+y=(3,43)+(7,5.7)=0.

Example 2.11: Let S ={S[0, 15), +} be the subset interval
group.

P ={Z;s, +} is a subgroup of finite order.

Let S; = {[0, 15), +} be the subset interval subgroup of S.

Letx=(0.3,7)andy =(10,8) € S; x+y =y +x=(10.3,0)
e S. This is the way + operation is done on S.

Now P, = {[0, 0], [0, 1], ..., [0, 14], +} < S is a subgroup of
finite order.

S has both finite and infinite interval subgroups.

P, = {[0, 0], [1, 0], [2, O], ..., [14, O], +} is again a interval
subset subgroup.

Study in this direction is important and interesting.

Example 2.12: Let S = {S([0, 26)), +} be the subset interval
pseudo group. o(S) = o0. S is commutative. S has both finite
and infinite subgroups.

As S is commutative and several classical results related
with finite groups cannot be studied.

Example 2.13: Let S ={S([0,43)), +} be the subset interval
pseudo group. S has both subgroups of finite and infinite order.
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Now we try to build algebraic structures using S([0, n)) with
two binary operations.

{S([0, n)), min, max} is an interval semiring of infinite
order.

Clearly {S([0, n)), min} and {S([0, n)), max} are
commutative semigroups and min and max are distributive over
each other.

{S([0, n)), min, max} is a interval subset semiring of
infinite order.

We will illustrate this situation by some examples.

Example 2.14: Let M = {S([0, 20)), min, max} be the interval
subset semiring. Clearly P = {subsets of the interval [0, 10)} is
subsemiring.

Let W = {subsets of the interval [0, 5)} be a subsemiring of
W.

B ={subsets from Z,} is a subsemiring under max, min of
finite order. This B is not an ideal of M, only a subset interval
subsemiring.

Example 2.15: Let M = {S([0, 15)), min, max} be the subset
interval semiring.

M is of infinite order.

Example 2.16: Let
S ={Collection of all subsets from [0, 9); max, min} be the
subset interval semiring.

Example 2.17: Let

S = {Collection of all subsets from the interval [0, 9); maXx,
min} be the subset interval semiring. S has subsemirings of
finite order as well as infinite order.
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Next we can construct using subsets of the interval [0, n)
product ony pseudo interval subset ring.

DEFINITION 2.4: Let S = {S([0, n)), +, x} be the set with two
binary operations; {S([0, n), +} be the group under + modulo n.
{S([0, n)), x} be the semigroup under x.

Weseea x(b+c) #a xb+a xcforalla, b, c € S([0, n)).

Hence we define S = (S([0, n)), +, x} as the interval subset
pseudo ring. o(S) = «wand S is commutative.

We will first give examples of subset interval pseudo ring.

Example 2.18: Let S ={S(]0, 23)), +, x} be the subset interval
pseudo ring.

Letx=[2,4],y =(7,10] we findx +y =[2, 4] +(7, 10]
=(9,14] e S.

Now X x y = [2, 4] x (7, 10]
= (14,17 € S.

Consider x =[2,10],y=[5,11]andz=[7, 20] € S.

X x (y+2)=[2,10] x ([5, 11] + [7, 20])
=[2, 10] x [12, 31]
=[2, 10] x [12, 8]
= [24, 80]
=1, 11] |

Xxy+xx2z= [2,10] x [5, 11] + [2, 10] x [7, 20]

10, 110] + [14, 200]

10, 18] + [14, 16]

24, 34]

1, 11] I

mman
— = — —
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I and 11 are identical. Hence in this case of X, y and z satisfy
the distributive law.

Now consider
Xx=(3.4,3.71),y=(5.2,1.2)and z = (10.4, 2.5) € S.

X x (y +2) = (3.4, 3.71) x ((5.2, 1.2) + (10.4, 2.5))
= (3.4, 3.71) x [15.6, 3.7]
= (7.04, 13.727) |

XXYy+XxZ=
(3.4,3.71) x (5.2, 1.2) + (3.4, 3.71) x (10.4, 2.5)

= (17.68, 4.452) + (12.36, 9.275)
= (7.04, 13.727) I

I and Il are identical in this case also we see
ax(b+tc)=axb+axc.

We now give atriplewhereax (b+c)zaxb+axc
Leta=10.5b=98andc=22.1¢S.

ax(b+c)=ax(9.8+221)
=10.5x (31.9)
=10.5x89
=145 I

Consideraxb+axc
=105x9.8+10.5x22.1
=10.9 +2.05
=12.95 I

I and |l are distinct we see the distributive law for this
triple is not true.

Hence S is only a pseudo interval subset ring of infinite
order which is commutative.
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Example 2.19: Let S = {S ([0, 24)), +, x} be the pseudo
interval subset ring. S has zero divisors but only few
idempotents and units.

S has however subrings of finite order as well as ideals of
infinite order.

Let Pl = {224, X, +},

P, ={[0, 0], [0, n] | n € Zy, +, x} and

Ps = {[n, 0] | n € Zu, %, +} be a subset interval subrings
which is not pseudo.

P, = {[0, 24), +, x} is a subset interval subring which is
pseudo.

This is not an ideal of S for if x =[7, 15.2] € Sandy = 0.03
e P, thenx xy =[7,15.2] x 0.03 = [0.21, 4.56] ¢ P.

This is not an ideal of S.

Now we have pseudo interval subset rings built using

S([0, n)).

Almost all properties enjoyed by the pseudo ring [0, n) can
be adopted for the pseudo interval subset ring S([0, n)).

Now we just indicate how algebraic structures can be built
usings the semigroups, under min (or max or x), group under +
the semiring under min, max and the pseudo ring using

S([0, n)).
All these situations will be exhibited by examples.

Example 2.20: Let
S = {(a, a, a3, &) | & € S([0, 12)); 1 <i < 4, min} be the
interval subset row matrix semigroup.
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Let x = ([0, 3.2], [5, 10.12], 0.74, 9.801) and
y = ([0, 10.5], [3, 5.7], [2, 3.74], 8.107) € S.

min {x, y} = ([0, 3.2], [3, 5.7],0.74, 8.107) € S.

Every x e S is such that min {x, x} = x.

Thus every element in S is an idempotent.

Further if 0 = (0, 0, 0, 0) is the zero of S; min{x, 0} = 0.

Example 2.21: Let

= 1"7 | |x e S([0, 12)), 1 < i <8, min}

be the column matrix subset interval semigroup.

Let A=

0
0.71
[0,2.51]
[0.3,6.5]
(2.01,0.11]
[9,4.3]

0

. (0.715) |

and B =

[19.31,10.7] ]
(0.31,2.11)
0
[6.7,4.7]
(1.11,7]
[6.31,2.11]
[7.32,4.15]

[0.012,7.2]

e S.
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0
(0.31,0.71]
0
[0.3,4.7]
[1.11,0.11]
[6.31,2.11]
0
| [0.012,5] |

min{A, B} = e S.

This is the way operation is performed on S.

Example 2.22: Let

D ©
~ w
D QD
© =

a a
s=4d " ° ai € S([0, 7)), 1 <i <16, min}

i
[

be the pseudo interval semigroup; operations are done
componentwise.

IfA= (aij) and B = (bij) e S.
min {A, B} = (min {(aj), (by)}).
We will represent this by examples.

075 [0,0.8] [265] [30.21]

Liac| O [3,21] [6,1.3] [L4.01]
2311 0  [211.1 [4,3.05]

0 6.5 0 3.89

and
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0.93 0 [2.1,0.11] [2.11,1.11]
| 21y 0.89 0 [1.11,3.2]
- 0 [3,4.21] 1.902 0
[0.312,1.5] 0 (3.15,2.1) 2.17
min {A, B} =
0.75 0 [2,0.11] [2.11,0.21]
0 0.89 0 [1,3.2]
0 0 [1.902,1.1] 0
0 0 0 2.17

This is the way operation is performed on S.
Example 2.23: Let
a;, a, a, a
s=4q| 7 0 7 P |laes(o 15), 1 <i<40, min}

a37 a38 a39 a40

be the interval subset semigroup.
Example 2.24: Let
S ={(a1, a, a3z) | & € S([0, 12)), 1 <i <3, max} be the interval
subset semigroup.
Let A =([10.3, 6.3], [3.4, 5.71], [7.8, 6.5] and
B =([11.1, 3.1],[2.1, 8.5], [3.1, 6.5]) € S.

max {A, B} = ([11.1, 6.3], [3.4,8.5], [7.8,6.5]) < S.
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This is the way operation on S is performed.

Example 2.25; Let

*lai € S([0, 2)), 1 <i<6, max}

be the subset interval semigroup.

033 | [ 0.123
[1,1.5] [0.71,0.11]
0.7,0.51 0.111.5
Let A= [0.7,0.51] and B = [0.11,1.5]
[1.35,0.65] [1.99,0.3]
[1.31,0] [1.2,0.9]
[0.99,1.21] [1.2101,1.01] |
0.33
[1,1.5]
0.7,15
max {A, B} = [ ] € S.
[1.99,0.65]
[1.31,0.9]
[0.2101,1.21] |

This is the way operations are perfomed on S.
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Example 2.26: Let

al a‘2 a3
S=4la, a; ag||aieS([0,24),1<i<9, max}
a, a, a,

be the matrix interval subset semigroup.

[2.1,5.6] [18.3,20.4] [3.8,16.7]
Let A = [[9.8,0.2] 0 [19.3,22]
[19.2,8] [9.32,18.7] 19.71

25 19.5 0
andB=| [19.6,0] [19.63,8.751] 20.1 |beinS.
[16.7,11.3] [12.15,6.37] [21,6.3]

[2.55.6] [19.5,20.4] [3.8,16.7]
max {A, B} = | [19.6,0.2] [19.63,8.751] [20.1,22]
[19.2,11.3] [12.1518.7] [2119.71]

isin S. This is the way operation is performed on S.

We now give examples of subset interval semigroup
matrices.

Example 2.27: Let
P={(as, a2, a3, &) | & € S([0, 8)), 1 <i <4, x} be the subset
interval row matrix semigroup.

Let x = ([0, 3.1), (2.5, 1.7), [1.78,5.65], (7.8, 1.5)) and
y=(5,[2,4],6,[4,0]) P
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x xy=([0,31) x5, (2.5, 1.7) x [2,4], [1.78, 5.65] x 6,
(7.8, 1.5) x [4,0])
= ([0, 7.5], [5, 6.8], [2.68, 1.90], [7.2,0]) € P.
This is the way x operation is carred out. P has infinite

number of zero divisors only finite number of idempotents and
units.

Infact P; = {(a;,0,0,0) | a3 € S([0, 8)), x} < P is a
subsemigroup as well as an ideal of P.

Thus P has atleast ,C; + 4C, + 4C; number of
subsemigroups which are ideals.

Further P has atleast 4(,C; + 4C, + 4C3 + 4C4) number of
subsemigroups which are not ideals of P.

Example 2.28: Let

ai € S([0, 13)), 1 <i <7, x,}

S

(&

o

L »®» o D

N

be the subset interval column matrix semigroup.

S has atleast ;C; + ;C;, + ... + ;C¢ number of subsemigroups
which are ideals of S.

S has atleast 7(-:C; + ;,C, + ... + ;C;) number of
subsemigroups which are not ideals.
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S has infinite number of zero divisors, finite number of
units and idempotents.
Study of properties of S is interesting and innovative.

Example 2.29: Let

a'l aZ a3
a, a; a,
M=<la, a; a,|laeS(0,24)),1<i<15, x,}
a'10 a11 a'12
a, 4, a

be the interval subset matrix semigroup under natural product
Xne

M has infinite number of zero divisors and finite number of
units and idempotents.

P= aiEZZ4,1SiS15,Xn}
a13 al4 al5

is a subsemigroup which is not an ideal.

QD
iy

Pl = d; € S([O, 24), Xn} c M!

O O O O o
O O O O o

o O o o
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[0 a, O]
0 0 O
P,=40 0 0 |laeS(0,24), x}c=M, ...,
0 0 O
0 0 0
[0 0 0]
0 0 O
Ps=4l0 0 0 |laeS(0,24), xi} =M
0 0 O
10 0 ay|

are subsemigroups which are also ideals of M.
However P is finite. P;’s are of infinite order.

Example 2.30: Let

a, a, .. a
S - |: 1 2 8:|
ay A .. A

be a subset semigroup of infinite order. S has infinite order.

ai € S([0, 10)); 1 <i <16, x}

S has infinite number of zero divisors and only finite
number of units and idempotents.

Now we build subset interval matrix semiring which are
only illustrated by examples.

Example 2.31: Let S = {(a;, @, ..., a10) | & € S([0, 23)),
1 <i < 10, min, max} be the interval subset row matrix
semiring.
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S has subsemirings and ideals.

Example 2.32: Let

M= 4| a, ||a e S([0, 21)); 1 <i <18, min, max}

be the subset interval column matrix semiring.

M has several subsemiring of both finite and infinite order.
M has ideals which are only of finite order.

Example 2.33: Let

fa, a, .. a,]|
a, 8y - A
S=4la, a, .. a, ||la e S([0,124)),
a28 a29 a36
Az; Az Ays |

1 <i <45, min, max}

be the subset interval matrix semiring.

M has subsemirings which are not ideals of both infinite and
finite order. M has infinite number of zero divisors and only
finite number of idempotents.

Next we give examples of subset interval matrix pseudo
rings.
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Example 2.34: Let
X ={(as, a2, a3) | & € S([0, 50)), 1 <i < 3, min, max} be the
subset interval row matrix semiring.
Leta=([2.1,4.5], [5.3, 1.5), [9.3, 12.5)) and
b = ([10, 20], [40, 30], [20, 1]) € X;
min {a, b} = {([2.1, 4.5], [5.3, 1.5], [9.3, 1])}
and max {a, b} ={([10, 20], [40, 30], [20,12.5])} € X.

Now if we define x and + on X we see the + and x do not
distribute that is why we call them as pseudo ring.

a+b =([12.1, 24.5], [45.3, 31.5], [29.3, 13.5])
and a x b = {[21, 40], [12, 45], [36, 12.5]) € X.

This is the way operations are performed and are different,
X has infinite number of zero divisors.

X has units, (1, 1, 1) is the unit element of X under product.
X has only finite number of units and idempotents.

P; = {(a, 0, 0) | a; € S([0, 50), +, x} < X is a pseudo
subring as well as pseudo ideal of X.

P, = {(0, a, 0) | a; € S([0,50)), +, x} < X is a pseudo row
matrix subring as well as pseudo ideal of X.

Ps ={(0, 0, a3)] a3 € S([0, 50)), +, x} < X is a pseudo row
matrix ideal of X.

P12 ={(a1, a2, 0) | a1, @, € S([0, 50)), +, x} < X is a pseudo
row matrix ideal of X.

X has atleast 5C; + 3C, number of pseudo ideals.
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Example 2.35: Let
W=l a e S([0,43)); 1<i<9, + x}

be the pseudo interval subset column matrix ring.

W has atleast ¢C; + ¢C, + ... + 3Cg humber of pseudo ideals
W also has atleast 5 (4C; + oC, + ... + ¢Cg) number of pseudo
subrings which are not ideals of W.

Example 2.36: Let

[a, a, a, a,|
- VO B
V=4la, .. .. a,]|laeS([0,48));1<i<40,+, x}
_a37 a'40

be the subset interval matrix pseudo ring.

V has infinite number of zero divisors. Finite number of
units and idempotents.

Now we can in all other cases of semigroups, semirings and
pseudo rings replace the intervals S([0,n)) by the collection of
all of natural class of intervals (S(C([0, n)) or by S({[0, n)u I))
or by S(C{[0, n)u I)) and study those algebraic structures.

This work is considered as a matter of routine.When
S([0,n)) is replaced by S(C([0, n)) we call those algebraic
structures as subset interval finite complex modulo integer
semiring or semigroup or pseudo ring.
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When S([0, n)) is replaced by S({[0, n)u I)) we call those
algebraic structures as interval subset neutrosophic semigroup
(semiring or pseudo ring).

Finally if S([0, n)) is replaed by S(C(J0, n)u 1)) we call
those algebraic structures as subset interval finite complex
modulo integer neutrosophic semigroup (or semiring or pseudo

ring).
Finally if S([0, n)) is replaced by S(C{(J0, n)u I))) we call

those algebraic structures as subset interval finite complex
modulo integer neutrosophic semigroup (or semiring or pseudo

ring).
We will illustrate these situation by few examples.

As our main motivation in this book is to study topological
spaces using subsets from [0, n) and S([O, n)).

Example 2.37: Let P = {S(C(]0, 10))) = {Collection of all
intervals subsets in C([0,10))}, min} be a subset interval finite
complex modulo integer semigroup.

[3, 2ig] = [3 + 0ir, 0 + 2i] and so on. [3ig, 2 + 5ig] is again
[0 + 3if, 2 + 5ig].

We find min {a + igb, ¢ + dic}; min {a, c} + min {di, bic}
and so on.

Let x =[0.3 + 0.8ir, 9 + 6i¢] and
y =[0.15 + 7ig, 4 + 7ig] € P.

min {x, y} =[0.15 + 0.8ir, 4 + 6ig].
This is the way min operation is performed on P.

It is easily verified P is an infinite subset semiring. P is of
infinite order.
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Every singleton is a subset interval subsemiring of order
one.

Further a two element subset of P in general need not be a
subset interval subsemigroup.

For p={[0.3ir, 5]} and q={[2ic + 4, 2]} € P
min {p,q} = {0.3i, 2} ¢ P.

S ={p, q} is only a subset of P but is not a subsemigroup of
P. We see S; ={p, q, [0.3ir, 2]} < P is a subset interval
subsemigroup.

We see B = {x = [0, 8ig], [2 + 5i, 8 + 4ig] =y, z = [2 + 3i,
9ig]} < P is a subset of P.

min {X, y} = min {[0, 8ig], [2 + 5i, 8 + 4ie]}
= [0, 4i]; min {y, z} = [2 + 3iF, 4if];
min {x, z} = [0, 8ig] = x.

Thus Bec = {X, V¥, z, [0, 4ig], [2 + 3iF, 4iF]} < P is a subset
interval subsemigroup.

We can always complete the subset of P into a
subsemigroup under min operation.

Example 2.38: Let M = {S(C[0, 17)), min} be the subset
interval semigroup. M has subsemigroups ideals and
idempotents.

Example 2.39: Let P= {S(C{[0, 13)u I))), min} be the subset
interval neutrosophic semigroup.

Letx=[6.3+2l,7+5l]andy =[3.7 +4l,3+10I] € P,
min{x, y} = [3.7 + 21,3+ 5I] ¢ {x, y}.

So the completed subsemigroup is {x, y, [3.7 + 2I, 3 + 51]}.



Algebraic Structures on Subsets of [0, n) | 37

Example 2.40: Let T ={S({[0, 125) v I}), min} be the subset
interval neutrosophic semigroup.

Letx =[6.3 + 28I, 3 + 1201] and
y=[0.7+1101,45+8I] € T,

min {x, y} =[0.7 + 281, 3 + 8] ¢ {x, y}.

Thus the subset {x, y} can be completed into a
subsemigroup.

Example 2.41: Let P = S(C{([0, 53) u 1))), min} be the subset
interval neutrosophic semigroup. P has several subsemigroups
of order one, two and so on.

Example 2.42: Let M = S(C{([0, 41) U 1))), min} be the subset
interval neutrosophic complex modulo integer semigroup. M
has all properties of an interval subset semigroup.

Study in this direction is also a matter of routine and
interested reader can derive almost all results.

Let x = [3 + 2.1i¢ + 9.101 + 21iel, 4 + 21+ 3.4i¢ + 10i¢ 1] and
y =[2 + 8ig + 31 + 10iel, 7 + | + 0.2 + 7icl] € M.

min {X, y} = [2 + 2.1i¢ + 3] + 10i¢l, 4 + | +0.2i¢ + 7igl] ¢
{x, y}. Thus{x, y, min {x, y}} is a subsemigroup.

Now if the min operation is replaced by the max operation
we get interval subset semigroups and one can as a matter
routine derive all the properties.

Here we describe this by one or two examples.

Example 2.43: Let S = {S(C([0, 20)), max} be the subset
interval semigroup.
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Letx = [3||: +12, 4.5i + 8] and
y= [12||: +7, 2.5i|:+ 15] eS
max {X, Y} = [12i¢ + 12, 4.5i¢ + 15]¢ {X, y}.

Thus the subset {x, y} can be completed to form a subset
interval subsemigroup.

Example 2.44: Let M = {S(C([0, 7) U I})); max} be the subset
interval semigroup. Every singleton element is subset interval
subsemigroup.
Example 2.45: Let
A ={(ay, a, a3, &) | & € S(C([0,10)); 1 <i <4, max} be the
subset interval semigroup of row matrix.

All properties can be derived.

Example 2.46: Let

A= 17 |la € S(C[0, 12)); 1 <i<9, min}

be the subset interval semigroup of column matrix. A has
subsemigroups of all orders say one, two, three and so on. A
has ideals.

Infact A has atleast ¢C; + ¢C, + ... + ¢Cs number of ideals.

A has infinite number of subsemigroups.
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Example 2.47: Let

M=% ° ® | & e s(c([o, 24y0 1y);

1<i<36, min}

be the interval neutrosophic semigroup of matrices.
M has infinite number of subsemigroups.

M has atleast 35C; + 36C, + ... + 35C3s number of ideals.

Example 2.48: Let

al a‘2 a8
a a .eooa
M=4| ° ° " 1la e S(C([0, 28)uU 1));
al7 a18 a‘24
a25 a26 a32

1<i<32, min}

be the subset interval finite complex neutrosophic semigroup of
matrices.

M has astleast ;,C; + 3,C, + 3,Cs; number of ideals and
7(3C1 + 32C, + ... + 3,C3) number of subsemigroups which are
not ideals apart from the subsemigroups of order one, order two
and so on.
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Example 2.49: Let

i al aZ a3 |

a, a, a,

a, a, a,

vz %0 B B2l s, 24)0 1)) 1 << 24, max}

al3 al4 a15

alﬁ a17 alS

alg a20 21
|85 8y Ay |

be a interval subset super matrix neutrosophic semigroup.

Next we give a few examples of subset interval semigroups
under x using S(C([0, n)), S(C{[0, n)u 1Y) and S([0, n)u I)).

Example 2.50: Let

S = {S(C([0, 21)) = All intervals from C([0, 21), x} be the
interval subset complex finite modulo integer semigroup. S has
infinite number of zero divisors.

Leta=1[2.5+ 3.7i, 5 + 0.8i¢] and
b =[6+ 8ir, 9 + 4i] € S.

a x b= [19 + 0.2, 4 + 6.2i] € S.

This is the way product operation is performed.
X =5.2irand y =[7 + 5ig, 2 + 10i] € S.

XXYy= 5.2 x [7 + 5ig, 2 + 10||:]
= [36.4ir + 26 x 20,10.41ir + 52 x 20]
= [15.4ir + 16, 10.4i¢ + 11] € S.

S has finite subsemigroups which are not ideals.
S has infinite subsemigroups which are not ideals.
S has infinite subsemigroups which are ideals.
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Example 2.51: Let

A=1|"7 |la e S(C(0, 12))); 1< i <9, x,}

be the subset interval neutrosophic semigroup of column
matrices.

M has infinite number of zero divisors and atleast 4(,C; +
oCo + ... +4Cg) number of ideals.

Example 2.52: Let V = {S([0, 43) U I)), x} be the subset
interval neutrosophic semigroup. V has units, zero divisors and
idempotents. All ideals in S are of infinite order.

Example 2.53: Let
M = {(a;, @, a3, a4) | & € S(C([0, 15)), 1 <i < 4, x} be the
subset interval finite complex modulo integer semigroup. M

has infinite number of zero divisors. M also has subsemigroups
of finite order none of which are ideals.

Example 2.54: Let V = {S([0, 28) u 1)), x} be the
neutrosophic interval subset semigroup. V has zero divisors,
units and idempotents.

Py = {Z, x} is a subsemigroup of order 28.

P, = {{Zys U I}, x} is a subsemigroup of finite order.

Ps = {[0, 28), x} is the subsemigroup of infinite order.

P, = {{[0, 28) U I, x} is a subsemigroup of infinite order.
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M; = {[0, al] | a € [0, 28), x} is a subsemigroup which is
also an ideal of V.

Example 2.55: Let T = {S((C[0, 24) U I))), x} be the subset
interval finite complex modulo integer semigroup.

T has subsemigroups of finite and infinite order.
Example 2.56: Let
a1
M = af ai € S(C([0,23) U IY); 1 <i<18, x,}

a18

be the subset interval finite complex neutrosophic modulo
integer column matrix semigroup.

M has infinite number of zero divisors, finite number of
units and idempotents.

M has ideals all of which are of infinite order. M has finite
subsemigroups which are not ideals.

Example 2.57: Let

a, a, a,
W=<la, a; ag||aieS(C(0,23)ul));1<i<9, xp}
a, ag a4,

be the subset interval neutrosophic semigroup. W has infinite
number of zero divisors.

W has atleast 3[(C; + ¢C, + ... + gCg] number of subset
interval neutrosophic ideals.
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W has only finite number of units and idempotents.

Example 2.58: Let

a a4, | 83 a,
as dg
dy ap,
M = ai € S(C([0, 9) LU I);
a3 A
ayy a3
|3 Az |

1<i<24, x,}
be the subset interval neutrosophic super matrix semigroup.

M has infinite number of zero divisors only finite number of
units and idempotents.

1
1

R
=
)

is the unit of M.

S
N
S
S

[
=
-
[

M has P, = to be an idempotent.

o B O|— K
O R O|=— Bk
o o r|lo Pk
O - =k Kk

-
- P
H—
H—
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Likewise we have interval subset pseudo groups using
S(C(([0, n)), S([O, n) w 1)) and S(C([0, n) U I)).
Example 2.59: Let {S(C([0,19)), +}= {Collection of all
intervals from C(]0, 19)), +} = G be the subset interval finite

complex modulo integer pseudo group.

Letx = [3 + 2ir, 5 + ie] and
y = [12 + Tir, 15 + 10ic] € G

X +Yy=[15+9ig, 1 + 11if] € G.

0 is the additive identity of G.

If x =[3i,5] and y = [7.2, i] € G then
X+y=[72+3i,5+ig] € G.

If x =[12.75 + 3.8iF, 10.37 + 9i¢] € G then

—X = [6.25 + 15.2if, 8.63 + 10i¢] € G is such that
X+ (-x) = [0, 0]

Thus every x € G may have an inverse in G.

Example 2.60: Let

M= <] a, ||a e S([0, 28)); +}

be the subset interval finite complex modulo integer pseudo
group.
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M is a commutative group of infinite order. H has
subgroups of both finite and infinite order.

Example 2.61: Let P = S(C{[0, 12) U 1)), +} be the subset
interval neutrosophic pseudo group of infinite order.

Let x = [9.31 + 31, 6.7 + 10.3I]
and y = [2.79 + 4.231] e P.

x+y=[0.1+7.23l,9.49 + 2.53I] € P.
This is the way + operation is performed on P.

Example 2.62: Let

al a‘Z a3
a4 a5 aG .

v=l T T (e e S(C([0, 24) U ) 1< i <21, +}
a19 a20 a'21

be the interval subset neutrosophic pseudo group V. V has
several subgroups of both finite and infinite order.

Example 2.63: Let W = {S(([0, 31) U I)), +} be the interval
subset neutrosophic pseudo group. W has finite subgroups as
well as infinite pseudo subgroups.

Example 2.64: Let W = {S(C([0, 24) U I}), +} be the interval
subset finite complex modulo integer pseudo subset group.
S = {Collection of all intervals from the (C{[0, 24) U I))}.

Let x = [3.2 + 10.5ir + 4.81 + 20icl, 16.3 + 5.4ir + 3.21 +
16i¢1]

andy =8+ 4ir + 51 + 6icl € S. Clearly x+y e W.
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Consider x x y = [25.6 + 84ir + 14.41 + 160igl + 12.8i¢ +
42i% + 19.2li + 80i21 + 16.01 + 52.5icl + 24.01 + 100igl +

19.2igl + 63i21 + 28.8icl + 120i21, 130.4 + 43.2i + 25.61 +
128igl + 65.2i + 21.6i2 + 12.8lir + 641i2+ 81.5] + 27.0i¢ +
16.01 + 80li¢ + 97.8i2 | + 32.4il +19.2lic + 962 1]

Simplify using i =23, i2 1> = 231 mod 24.
This is the way product is performed on S. This operation
product, x will be used when pseudo linear algebra is to be

defined.

S has infinite number of zero divisors, a few units and
idempotents. However (S, +) is a pseudo group.

Example 2.65: Let

W=1|a, ||aie{S(CO0,17) U I)); 1 <i<18,+}

be the finite complex modulo integer neutrosophic interval
subset pseudo group.

Example 2.66: Let B = {S(C{([0, 29) w 1)), +} be the subset
interval finite complex modulo integer neutrosophic pseudo
group of infinite order.

We will be using this concept to build subset interval
pseudo vector spaces and subset interval pseudo linear algebras.
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Example 2.67: Let

a1 a2 a3
a, a; a _
B= ai e S(C(0,23) U IY); 1<i<12, +}
a7 aS aQ
a'10 a‘ll alZ

be the interval subset finite complex modulo integer
neutrosophic matrix pseudo group.

Next we proceed onto give examples of them.

Example 2.68: Let V = S(C(0, 23)), +} be the pseudo vector
space of interval subsets of finite complex number over the field
Z,3. V has pseudo subspaces V of infinite dimension. V has
pseudo subspaces of finite dimension also.

S1 ={Z,3, +} is a pseudo vector subspace of V of dimension 1.

S, ={[0, a] | a € Z3,+} is again a pseudo vector subspace
of V and so on.

Example 2.69: Let V = S(C({[0, 29) U 1)), +} be the pseudo
vector space of subset interval complex neutrosophic integers
over the field Zy. V has subset interval pseudo subspaces of
both finite and infinite dimension over Zq.

Example 2.70: Let

W ={(ay, az, a3, a4, as, 8, a7) | & € S(([0, 7)), 1 <i< 7, +} be the
subset interval pseudo vector space over the field Z;. W has
several subspaces of both finite and infinite dimension over Z;.

Vi={(a,0, ...,0) |a; € S([0,7)), +} = W,
Vo={(0,,0, ...,0) |a € S([0,7)), +} = W, ...,
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V;={(,0, ..., 0, a;) | a7 € S([0,7)), +} are subset interval
pseudo subspaces of W such that Vi n V; = {(0, O, ..., 0)} if
i#],1<i,j<T.

Further W=V, +V,+ ... + V5.

Infact W has atleast ;C; + ;C, + ... + ;Cs number of pseudo
subspaces of infinite dimension over Z;.

W has atleast 4(;C; + ;C, + ... + 7C;) number of pseudo
subspaces of finite dimension over Z;.

Example 2.71: Let

M=1la, a, ag|laieS(([0,9),1<i<9, +}

be interval subset pseudo vector space over the field Z;5. M is a
interval subset finite complex modulo integer pseudo vector
space over Zjg.

Example 2.72: Let W = {S(C([0, 29)), +} be a subset interval
pseudo space over the field Z,q. If product is defined on W; W
becomes a pseudo linear algebra over Z,,. However W is
infinite dimension over Zy.

Example 2.73: Let

al a2 aQ
a'10 all a'18
M= qla, ay a,, ||a € S(([0, 53)), 1 <i<45, +}
a28 a29 a36
_a37 a'38 a'45_

be a subset interval pseudo vector space over the field Zss.
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However using the natural product x,; S is a subset interval
pseudo linear algebra over Zss.

Example 2.74: Let M = {S({[0, 61) U I}), +} be the subset
interval neutrosophic pseudo vector space over the field Zg;. M

is only a subset interval neutrosophic pseudo linear algebra over
ZGl-

Example 2.75: Let

W 5
QD
~ N

a € S(([0,43) U 1)), 1<i<12, +, %}

D Y v D ©»
~ 3
D QD
© o

QD

[y ©
L
= =
N ©

be the subset interval neutrosophic pseudo linear algebra over
the field Zs.

Dimension of V over Z,; is infinite. V has atleast 9(;,C; +
12C2 + ... + 12Cy1) + 8 number of linear algebras some of them
are finite dimensional and some are pseudo and some are not
pseudo.

It is interesting but a matter of routine to study them.

Example 2.76: Let

V=4la, a, a;|laeS(0 23)ul) 1<i<60,+, x,}
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be the pseudo subset interval linear algebra over the field Z,s.
Dimension of W over Z,; is infinite.

W has atleast 4C; + 5Cs + ... + 6Cse number of pseudo
subspaces of infinite dimension.

W has atleast 4(soCy + 6Cz + ... + 60Cs0) NUMber of finite
dimension vector subspaces which are not pseudo.

Example 2.77: Let

S= ° || ai e S0, 26) U ),

1<i<16, +, x}

be the non commutative pseudo interval subset linear algebra of
finite complex modulo integer neutrosophic matrices. S is of
infinite dimension has both subspaces of finite and infinite
dimension.

We can build vector spaces over pseudo S-rings like [0, n)
or C([0, n) or ([0, n) U I) or C(Z,) or {Z, w Iy or C({Z, v I)) or
C{0, n) u 1)) or S([0, n)) or S(C([0, n)) or SO, n) u I)) or
S(C([0, n) v I)).

When they are built over S([0, n)) or S(C([0, n)) or S({[0, n)
w 1)) or S(C{[0, n) w 1)) we call them as strong pseudo interval
subset linear algebra or strong subset interval vector space.

Only in case of strong interval subset pseudo linear
algebras, we will be in a position to built inner product or linear
functionals.

All these work is considered as a matter of routine and left
as an exercise for the reader.
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However to make the later chapters on pseudo topological
interval spaces, some examples are presented.

Example 2.78: Let

a, a, .. a
S=1la, a,; .. ag]l|laeS(O0 23Ul 1<i<27,+}.
9 8y .. Ay

S is a S-strong interval subset vector space over the subset
interval pseudo neutrosophic ring R = {S(([0, 23) U I )), +, x}.

S is a S-interval subset pseudo vector space over the subset
interval pseudo ring B = {S([0, 23)), +, x}.

Let S be a S-interval subset pseudo vector space over the
pseudo interval neutrosophic S-ring B = {S(([0, 23) U 1)), +,

x}.

Thus S is a S-interval vector space over several S-pseudo
rings but is a strong Smarandache pseudo vector space only
over the S-subset interval pseudo ring. {S({[0, 23) U 1)), +, x}.
Example 2.79: Let V = {(ay, a, a3) | & € S([0, 23)), 1 <i < 3,
+, x} be the Smarandahe strong interval subset pseudo vector
space over the S-subset interval pseudo ring S ([0, 23)).

V has subspaces.

V is a inner product space.

If X = (X1, X2, X3) and Y = (Y1, Ya, Y3) € V;

*¥)= Y xy, (mod 23)

i=1
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Let x = ([0, 2.3], [7.3, 2.5], 9.1) and
y=(9,[8, 4), (10,5)) e V.

X, y)=[0,2.3] x 9 + [7.3, 2.5] x [8, 4] + 9.1 x (10, 5))
= [0, 20.7] + [58.4, 14.0] + [91, 45.5] (mod 23)
=[11.4,11.2] € V.

This is the way inner product is performed on V.

Thus V becomes an inner product interval S-strong pseudo
vector space.

Example 2.80: Let
M=4la, a, ag||aeS(C(0,13))),1<i<09,+, xp}

be the strong Smaradache subset interval pseudo linear algebra
of finite complex modulo integers.

M is a inner product space.

f: M — S(C([0, 13)) is such that

f(A) = iai (mod 13); A € M;

i=1

fis a linear functional on M.
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Example 2.81: Let

1

S

a
a
a7

a
a
a

o

w

16

2

o

a
a
a

©

a
a
a

[

'S

17

a

©

ai e S([0,3) U ), 1<i<18, + x.}

3]

a
a1
a

18

be the Smaradache strong subset interval pseudo linear algebra
over the S-subset interval neutrosophic pseudo ring.

P = {S({[0, 3) u ), +, x}. M has several S-subset interval
neutrosophic pseudo subspaces and none of them are of finite
cardinality.

Example 2.82: Let

o

D D @
(9]

a e S(C(0,19) U 1)), 1<i <7, + x}

be the Strong Smaradache subset interval finite complex
modulo integer pseudo linear algebra of column matrices over
the S-subset interval finite complex modulo integer pseudo ring
S(C([0, 19) L I)), +, x}.
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Example 2.83: Let

o
a, a,
a; A _
S= a e S(C([0, 23) ), 1<i <12, +, x}
a'7 aS
ag a‘lO
_all alZ_

be the S-strong subset interval finite complex modulo integer
matrix pseudo linear algebra over the S-subset interval finite
complex modulo integer pseudo ring R = {S(C([0, 23)), +, x}.

S is a inner product S-strong pseudo space.

Several linear functional can be defined on S.

We can also define linear operators on S.

Let T : S — S be defined.

fa, a,] [a, O]
a, a, 0 a,
T{ a; A, 3= a;, 0
a, a 0 a,
ay Ay az 0
_all a12 i L 0 ag i

It is easily verified T is a linear operator on S.
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Example 2.84: Let

W = ) . || & € S(C([0,29) W 1Y),

1<i<64,+ x}

be the S-strong subset interval neutrosophic matrix pseudo
linear algebra over the S-subset interval neutrosophic pseudo

ring. R =S(C{([0, 29) U I)), +, x}.

Now we define super subset interval and super strong subset
interval of [0, n).

SS([0, n) = {all subsets of [0, n)}.
Clearly if x € [0, n), it is only a singleton not an interval.

We will first illustrate this situation by an example.

Let SS([0, 3)) ={{0}, {x}, x € [0,3), {X, y} (X #Vy), X,y €
[0,3){x,y, 2} =(x=y,y=z,and x#2), X,y, Z € [0, 3) and so
on}.

Thus SS([0, 3)) contains a P such that P is of infinite order.

To be more concrete take

P, = {0, 0.3, 0.752, 1.38, 1.1, 2.14, 1.441,0.105, 0.0132} is
an element of SS([0, 3)).

P, = {0.001, 1.005, 0.478921} is an element of SS([0, 3)).
Here Py N P, = ¢.

Now suppose we define on SS([0, 3) “w’, union operation
then, we see under the operation “U’, union SS([0, 3)) is closed.
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Similarly under ‘n” SS(]0,3)) is closed provided we agree
to induct or include in SS([0, 3)) the empty set ¢.

Thus {SS([0, 3)), U} is a semilattice or an idempotent
semigroup.

Likewise {SS([0, 3)) u ¢, N} is a semigroup.
Hence {(SS(]0, 3)) v {d}, U, N} is a semiring.
Now we can define this situation.

Let SS(J0, n)) = {Collection of all subsets from the interval
[0, n)}.

We see if P and Q are two subsets of SS([0, n)) then we can
define P n Q and P U Q. It may so happen that P » Q may be
empty so we adjoin the empty set ¢ with SS([0, n)).

Further {SS([0, n)) U {¢}, U, N} is a semiring.
We will first illustrate this with examples.

Example 2.85: Let {SS([0,10)), U} be the super subset interval
semigroup.

Let x = {0.53, 9.2, 3.001, 8.1031} and
y ={9.2,1.632, 3.001, 4.52, 5.3011, 0.0014} e SS([0, 10)).

x Uy ={0.53,9.2, 3.001, 8.1031, 1.632, 4.52,
5.3011, 0.0014} e SS([0, 10)).

This is the way operation is performed on SS([0, 10)).
Clearly x ux=xandy uy=x.

Every singleton set is a subsemigroup.
We see X is a subsemigroup. y is a subsemigroup.
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However P = {x, y} is not a subsemigroup for x Uy ¢ P
but Pc = {X, y, X U y} is a subsemigroup which is the
completion of the subset P.

Every subset of P can be completed to form a
subsemigroup.

Let A={3, 2,51, 7.5}

B={4,3,6.5, 1} and

C=4{2,1,7.312, 8,9.1} € SS([0, 10)).
Clearly M = {A, B, C} is not a subsemigroup.
ForAuB={3,2,51,75,4,65,1} ¢ M.
AuC=4{21,51,75,8,7312,91} ¢ M
BuC={4365,1,2,73128,9.1} ¢ M.
But {A, B, C,BucC, AuC, AuB}=Mcis the

completion of the set M and Mc is the subsemigroup of the
completed set M.

Example 2.86: Let B = {SS([0, 5)), U} be the super subset
interval semigroup. B is of infinite order. Every element is a
subsemigroup under L.

Consider P = {2.156} and Q = {3, 1.005} < B.

PuQ=4{3,1.005, 2.156} # P or Q.

Let {P, Q} = R is not a subsemigroup however
{P, Q, P U Q} is a subsemigroup called the completion of R
denoted by Rc.

Let x = {0.3, 0.251, 0.001}
y ={1.21, 2.36, 3.1114} and z = {0.3, 2.36, 1.247} € B.
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Let T ={x,vy, z} < B.

Clearly T is not a subsemigroup only a subset of B.

However Tc = {X,y,z, X Uy, xuz zuy}cBisa
subsemigroup of B called the completed subsemigroup of the

subset T.

Next we give examples of super subset interval semigroup
under intersection.

Example 2.87: Let {SS([0, 12)) U {¢}, N} = S be the super
subsemigroup interval semigroup.

Every element in S is an idempotent. Every element in S is
a subsemigroup.

Let x = {10.32,5.76} and y = {5.76, 3.21, 4} € S,
x Ny ={5.76}.

Clealry T = {x, y} is ony a subset and not a subsemigroup
of S.

Tc the completion of the subset T is a subsemigroup given
by {Xx, y, x " y} of order three.

Letx={4},y={2}andz={7} € S.

P={x,y,z} < S, Pisonly asubset. But P U {¢} =Pcis a
subsemigroup of S.

Thus if we have n sets Xy, ..., X, such that i~ x; = ¢ if i #;
1<i,j<nthen x ={Xy, Xy, ..., Xn, 0} < S is a subsemigroup.

Always every subset of S can be completed to form a
subsemigroup.



Algebraic Structures on Subsets of [0, n) | 59

Example 2.88: Let W = {SS([0, 23)) v {¢}, n} be the super
subset interval semigroup. o(W) = co. W has infinite number of
subsemigroups. All subsets of order one are subsemigroups of
W.

Every pair of elements in W are not in general
subsemigroups. Those which are not subsemigroups only
subsets can be completed to be a subsemigroups of W.
Likewise every subset of W can be completed to a
subsemigroup.

Let x = {0.31, 2.11, 8.131, 0, 4.28} and
y ={7.01,2.11,0,5.31, 428} € W.

xNny=4{0,211,428 e W.SoT={X, ¥, XxNny}cWisa
subsemigroup of W.

Example 2.89: Let {SS([0, 21)), min} = S be the super subset
interval semigroup. Let x = {3.15} and y = {2.12, 8.7} € S.

min {x, y} = {2.12, 3.15}; so P = {x, y, min {x, y}} is a
subsemigroup.

Let x = {0.213, 19.32, 6.11} and y = {0.532, 10.34, 4, 8.39}
e S.

min {x, y} = {0.213, 0.532, 6.11,10.34, 4, 8.39}.

Let x = {0.39, 1.23, 10.42} and
y={0.2,1.23,6.5, 12.16} € S.

min {x, y} ={0.2,0.39, 1.23, 6.25,10.42} € S.
Thus T = {X, y, min {X, y}} is a subsemigroup of S.

We can define min on SS([0, 21)) and S is a super subset
interval semigroup.
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Thus if SS([0, n)) is the collection of all subsets of [0, n)
then with min operation defined on SS([0, n)) we get a
semigroup.

Likewise we can define max on SS([0, n)). We first claim
all the four semigroups are distinct.

This claim will be illustrated by an example or two.
Example 2.90: Let S_ = {SS([0, 12)), U}, S~ = {SS([0, 12))A,
M}, Smin = {SS([0, 12)), min} and Siax = {SS([0, 12)), max} be

the four super interval subset semigroups.

Letx = {0.3, 1, 4, 10.8} and y = {0.5, 9, 4, 7.4} € S., S .,
Smin and Smax .

Now for X,y € S,

x Uy ={0.3,1,10.8,7.4, 4,9,05} - |
Forx,y e S, xny={4} €S, -1l
For X, ¥ € Snin,

min {x,y}={0.3,0.5,1,9,4,7.4} ... lll
For X, ¥ € Smax:

max {x,y}={05,9,4,7.4,108} ....IV

It is clearly evident all the sets I, II, Il and 1V are distinct.
Thus all the four semigroups are different.

Thus we get four distinct semigroups on SS([0, n)) all of
them are commutative.

In all these semigroups every element in SS([0, n)) is a
subsemigroup of order one.
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Now we can get yet another super subset interval semigroup
using SS([0, n)) under usual x.

Letx = {0.3, 7.2, 9.4, 8}
andy ={0.5, 8, 4, 0.01} SS([0, 10)).

x xy ={0.15, 3.6, 4.7, 4, 2.4, 57.6, 64, 75.2, 1.2, 28.8,
37.6, 32, 0.003, 0.072, 0.094, 0.08}

= {0.15, 3.6, 4.7, 4, 2.4, 7.6, 5.2, 1.2, 8.8, 2, 0.003, 0.072,
0.094, 0.08} e SS([0, 10)).

Thus {SS([0, n)), x} is a super subset interval semigroup of
infinite order.

Here we see elements in general are not idempotents
secondly we cannot complete subsets to get a subsemigroup.

We have only finitely many subsemigroups.

We have only finitely many subsemigroups of finite order.
Let x = {0.01, 0.1, 2} e SS([0, 5));

x? = {4,0.01, 0.0001, 0.001, 0.2, 0.02} € SS([0, 5))

x* = {3, 0.02, 0.0002, 0.002, 0.04, 0.04, 0.4, 0.001, 0.00001,
0.0001, 0.000001} and so on.

We see even x generates an infinite order super subset
interval subsemigroup.

DEFINITION 2.5: P = {SS([0, n)), x} is defined to be a super
subset interval semigroup of infinite order.

We will illustrate this situation by some examples.

Example 2.91: Let M = {SS(]0, 10)), x} be the super subset
interval semigroup.
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x = {5.1, 3.8, 6.007, 8.15} and y = {5, 0.4, 0.9, 0.8, 2} M.

x x y = {5.5, 9, 0.035, 0.75, 0.04, 1.42, 2.4028, 3.260, 4.59,
3.42, 5.4063, 7.335, 4.08, 3.04, 4.8056, 4.920, 0.2, 7.2, 2.014,
6.30} € M.

This is the way product is performed. We see M has zero
divisors. M also has idempotents.

Forx={0, 1,5, 6} € Missuch that x x X = X.

Example 2.92: Let B = {SS([0, 12)), x} be the super subset
interval semigroup under x.

Forx={3,6,9}andy={4, 8,0} € B we see

x x 'y = {0} so we have zero divisors in B.

Suppose x = {3.5,2.8,7.2,8.1}andy = {5, 10,6} € B
xxy={55,20,0, 45,3, 4,9, 48,12, 0.6}.

Let x = {0.01} e B we see x* = {0.0001}, x* = {0.000001}
and so on.

Thus singleton set is also not a subsemigroup.

Let V = {All subsets from Z;,} < B is a subsemigroup.
Letx ={0.5, 2, 0.4, 10} € B.

We see x does not generate a subsemigroup of finite order.
For x* = {0.25, 1, 0.2, 5, 4, 0.8, 8, 0.16},

x* = {0.125, 0.5, 1, 2.5, 8, 0.4, 4, 0.08, 2, 0.16, 0.32, 1.6,
3.2,0.064,10%} and so on.
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We see x ¢ x% x ¢ x®and so on. We find the cardinality
of x" increases with the increasing n.

Example 2.93: Let M = {SS([0, 7)), x} be the super interval
subset semigroup. SS([0, 7)) has zero divisors and units.

We see if x={0.1,0,0.8, 0.4} and y = {1.31, 2.52, 7.09} e
M then

x x 'y ={0.131, 0.252, 0.709, 0, 1.048, 2.016, 5.672, 0.524,
1.408, 2.836} € M.

This is the way x operation is performed on M.

Now we proceed onto define super subset interval
semiring using SS([0, n)).

We know {SS([0, n)), min} is a super subset interval
semigroup.

Similarly {SS([0, n)), max} is a super interval subset
semigroup.

Hence {SS([0, n)), min, max} is obiviously super interval
subset semiring of infinite order.

We will illustrate this situation by some examples.

Example 2.94: Let S = {SS([0, 15)), min, max} be super subset
interval semiring.

Let x ={0.7, 4.883, 9.12,10.7,12.4} and
y ={0.9,0.212, 4.73, 14.32} € S.

min {x, y} = {0.7, 0.212, 0.9, 4.73, 9.12, 10.7, 12.4}

and max {x, y} = {0.9, 4.73, 14.32, 4.883, 9.12, 10.7, 12.4}
e S. This is the way min, max operations are performed on S.
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Clearly every pair {{0}, x} < S is a subsemiring as
min{x, x} = X, min{x, 0} = 0 and max {x, x} = x and max {x,
0} =x.

Thus {{0}, x = {0.92, 10.4,14.5, 3.702,9.37}} =P c Sis a
subsemiring of order two. However pair of elements in general
are not subsemirings.

Forif x = {14.371, 10.3, 4}, y ={2.1,5.7, 11.2} and z = {0}
e S.

We see M = {x, y, z = {0}} is not a susemiring as
min {x, y} and max {x, y} ¢ M.

Consider min {x, y} ={2.1,5.7, 11.2, 10.3, 4} ¢ M and
max {x, y} ={14.371,11.2,5.7,10.3, 4} ¢ M.

Thus Mc = {X, vy, z, min {x, y}, max {X, y}} < S is the
subsemiring defined as the completion of the set M.

Every subset of S can be completed to get a subsemiring.
We have several subsemirings of any desired order.

Let x = {7.3, 45, 1.2}, z = {0}, y = {2.7, 5.8, 1} and
u={4.7,38,9 e S. T={x,Y, z, ul>.

min {x,y}={2.7,5.8,1,45,1.2} ¢ T,
min {x,u}={4.7,3.8,7.3,45,1.2} ¢ T,
max {x, y} ={7.3,5.8,1.2,2.7,5.8} ¢ T,
max {x, u} = {7.3,9,45,4.7,38} ¢ T,
min {y,u} ={2.7,4.7,3.8,1,5.8} ¢ T and

max {y,u} ={4.7,3.8,9,5.8} ¢ T.
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Thus Tc = {X, Y, z, u, min {X, y}, min {x, u}, min {y, u},
max{x, y}, max {x, u}, max {y, u}} < S is the completed
subsemiring of the subset T.

Example 2.95: Let S = {SS([0, 21)) min, max} be the super
subset interval semiring. S has subsemirings of order two, three
and so on.

Let {x = {0.7, 3.9}
y={12.9,14.7} and z = {0}} = P.

min {x, y} ={0.7, 3.9} = x and
max {x, y} ={12.9,14.7} =y.

P is a subsemiring of order 3.

Example 2.96: Let S = {SS([0, 17)), min, max} be the super
subset interval semiring. o(S) is infinite. S has subsemirings of
all orders. {{0}, x} = P for every x € S is a subsemiring of
order two.

We say two elements x, y e S are specially
min or (max) orderable if min {Xx, y} = x and max {x,y} =y

and X Smin y and y Zmax X.

For example if x = {10.3, 4.7, 8} and y = {12.5, 15.9,
16.99} € S.

min {x, y} = x and max {x, y} = .

So this pair x, y is specially both min and max orderable.
We cannot say any pair of elements x, y € S is specially min or
max orderable.

Let x = {3.8, 10.3, 11.2} and y = {2, 15.7,12.5},

we see min {x, y} = {2, 3.8, 10.3, 11.2} and
max {x, y} = {3.8, 15.7, 12.5, 10.3, 11.2}.
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So x and y are not specially min (and max) orderable. Thus
we can say S is partially orderable with respect to min and max
operation.

Example 2.97: Let S = {SS([0, 12)), min, max} be the super
subset interval semiring. S has subsemirings of both finite and
infinite order.

THEOREM 2.1: Let M ={SS([0, n)), min, max} be the super
subset interval semiring.

(1) M has subsemirings of both finite and infinite order.
(2) M is a specially partially ordered set.
(3) No finite subsemiring is an ideal.

Proof is left as an exercise to the reader.

Next we proceed onto define super subset interval semiring
under U and M.

DEFINITION 2.6: S = {SS([0, n)), min, max} is defined as a the
super subset interval semiring.

This is illustrated by examples.

Example 2.98: Let S = {SS([0, 7)), U, N} be the super subset
interval semiring.

Let x ={0.3,4.2,2.5, 4.801, 0.001} and
y ={4.801, 0.3, 2.5, 0.9918,1.082, 2.01,3.42} € S.

x Ny = {4.801, 0.3, 25} and x U y = {0.3, 4.2,2.5, 4.801,
0.001, 0.9918, 1.082, 2.01, 3.42} € S.

Further min {x, y} = {0.3, 4.2, 2.5, 1.082, 2.01, 3.42,
0.9918, 4.801} and

max {x,y} ={4.801, 0.3, 2.5, 0.9918, 1.082, 2.01,3.42, 4.2}.
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Thus {SS([0, 7)), N, U} is a different semiring from {SS(]0,
7)), max, min}.

Thus study of {SS([0, 7)), v, m} happens to be an
interesting problem as it is a Boolean algebra of infinite order as
SS([0, 7)) is of infinite order.

Every singleton element with subset {0} is a subsemigroup.
Forif P={x, {0}}, x n {0} =0and x n X =X U X =X,
xu {0} =x.

Hene the claim.

This semiring also has infinite number of subsemirings of
finite order none of them are ideals.

Example 2.99: Let S = {SS([0, 21)), U, N} be the super subset
interval semiring of infinite order.

Now we can define the notion of super subset interval
pseudo semiring.

S = {SS([0,n)), min, x} is defined as pseudo super subset
interval semiring. We call the semiring as pseudo since
ax min {c, d} = min {a x ¢, a x d} for a, ¢, d € SS([0, n)).

We will illustrate this situation by some examples.

Example 2.100: Let S = {SS([0, 20)), min, x} be the super
interval subset pseudo semiring.

Let x ={0.37, 4.8, 5.7, 10.8, 14.9} and
y={5,0,10,96} € S.

min {x, y} = {0.37, 0, 4.8, 5, 5.7, 10, 1.9, 6} and

x xy ={0, 185, 40, 85, 14, 145, 3.7, 8, 17,8, 9, 3.33,
3.2,11.3,17.2,14.1,2.22,8.8,14.2,4.8, 9.4}.
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Now we show in general
ax min {c, d} = min {a x ¢, a x d}.

Let a = {6.31, 7.52, 14.3}, ¢ = {15.5, 18.7,10.8, 16.5} and
d={19.2,16.8} € S.

Consider a x min {c, d}
=ax{15.5,18.7,10.8, 16.5}
={6.31, 7.52, 14.3} x {15.5, 18.7, 16.8, 10.8, 16.5}

= {17.805, 17.997, 6.008, 8.148, 4.115, 16.56, 0.624, 6.336,
1.216, 4.08, 1.65, 7.41,0.24,14.44,15.95} ... |

min {axc, axd} = min {{6.31, 7.52, 14.3} x {5.5, 18.7,10.8,
16.5}, {6.31, 7.52, 14.3} x {19.2, 16.8}}

= min {{17.805, 17.997, 8.148, 4.115, 16.56, 0.624, 1.216,
4.08, 1.65, 7.41, 14.44, 1595}, {1.152, 6.008, 4.384, 6.336,
14.56. 0.24}}

= {1.152, 6.008, 4.384, 6.336, 14.56, 0.24, 8.148, 4.115,
0.624, 1.216, 4.08, 1.65,7.41, 14.44} ... 1l

Clearly I and Il are distinct hence
ax min {c, d} = min {a x ¢, a x d}.

Thus the semiring is only a pseudo semiring.
This pseudo semiring has zero divisors and idempotents.
Letx ={0,5} € S; x x X = X and

y ={0, 16} € Sissuch thaty x y =y are idempotents.



Algebraic Structures on Subsets of [0, n) | 69

Example 2.101: Let S = {SS([0, 11)), x, min} be the super
subset interval subset pseudo semiring.

Letx={10} € S

we see x? ={1} = {1} is the unit.

Forifx={1}weseey x {1} =y foreveryy e S.

Let x = {4} theny = {3} e Sissuch that x x y = {1}.

x={6}andy = {2} € Sissuch that x x y = {1}.

That is x = {6} is the inverse of y = {2} and vice versa.

x ={1, 11} is such that x* = x thus x is an idempotent.

y ={1,6,2}e Sissuchthaty’={1,6,2,4,3} #y.

Let x = {9} and y = {5} e Sis such that xy = {1}.

Example 2.102: Let S = {SS ([0, 24)), min, x} be the super
interval subset pseudo semiring.

S has finite subsemirings which are not pseudo.

Let M; = {{0},{12}, {0, 12}}< S be a super interval subset
semiring of order 3 which is not pseudo.

M, = {{0}, {12}, {1}, {12, 1}, {12, 0}, {1, 0}, {0, 1, 12}}
is again a super interval subset semiring of finite order which is
not pseudo.

M; = {{0}, {6}, {12}, {18}, {0, 6}, {0, 12}, {0, 18},
{12, 6}, {18, 6}, {12, 18}, {0, 6, 12}, {0,6, 18}, {0, 6, 12, 18},
{6, 12, 18}, {0, 12, 18}} — S is a subsemiring of finite order.

We can get several such finite subsemirings of S all of them
are not pseudo.
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Now we proceed onto define super subset interval pseudo
rings.

DEFINITION 2.7: S = {SS([0, n)), +, x} be defined as the super
subset interval pseudo ring if;

Q) {SS([0, n)), +} is an additive abelian super interval
subset group.
(i) {SS([0, n)), x} is a super subset interval semigroup

which is commutative.
(i) ax(b+c)=zaxb+axcingeneralfora, b, c e
S

We will illustrate this situation by some examples.

Example 2.103: Let S = {SS([0, 10)), +, x} be the super subset
interval pseudo ring.

Leta={0.31,0.57, 9.2} and b = {0, 8.1, 4.5} S.
a+b={0.31,92 057 842 8.67,7.3, 481, 507,3.7} € S.
ax b ={0.31, 0.57, 9.2} x {0, 8.1, 4.5}

= {0, 2.511, 1.395, 4.617, 2.565, 4.52,1.4} < S.
Letc={28,57,7}€S;

ax (b+c)=ax ({0, 8.1, 4.5} +{2.8,5.7, 7})
=ax{28,57,7,09 73,38, 025.1, 1.5}

= {0.31, 0.57,9.2} x {2.8, 5.7,7,0.9,7.3,3.8, 0.2,
5.1, 1.5}
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= {0.868, 1.767, 2.17, 0.279, 2.263, 1.178, 0.062, 1.581,
0.465, 1.596, 3.249, 3.99, 0.513, 4.161, 2.166, 0.114, 2.907,
0.855, 5.76, 2.44, 4.4, 8.28,7.16, 4.96, 1.84,6.92, 3.8} ... |

Consideraxb+axc

= {0.31, 0.57, 9.2} x {0, 8.1, 4.5} + {0.31, 0.57,9.2} x {2.8,
5.7,7}

= {0, 2.511, 1.395, 4.617, 2.565, 4.52, 1.4} + {0.868, 1.767,
2.17,1.596, 3.249, 3.99, 5.76, 2.44, 4.4}

={0.868, 1.767, 2.17, 1.596, 3.249, 3.99, 5.76, 2.44, 4.4,
3.379, 4.278, 4.681, 4.107, 5.760,6.501, 8.271, 4.951, 6.911,
and so on} --- 11

It is left as an exercise for the reader to find the rest of the
elements.

However | and 1l are distinct soa x (b +c)#axbtaxc
forthisa, b, cin S.

Thus the ring is pseudo.

Example 2.104: Let S = {SS(]0, 19)), +, x} be the super subset
interval pseudo ring. S is S-super subset interval pseudo ring.

For P {{0}, {1}, {2}, ..., {18}} = S is a field.
Hence the claim.
S has subrings which are not pseudo of finite order.

Example 2.105: Let S = {SS([0,7)), +, x} be the super subset
interval pseudo ring. S is a Smarandache super subset interval
pseudo ring.

Example 2.106: Let S = {SS(]0,24)), +, x} be the Smarandache
super subset interval pseudo ring.
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Now using these super subset interval semigroups, groups,
semirings, pseudo semirings and pseudo rings we build matrices
and introduce algebraic structures on them.

These will be illustrated by some examples.
Example 2.107: Let
B ={(as, az ..., a7) | & € {SS([0, 12)), +}, 1 <i <9, +} be the
super subset interval row matrix group. B has infinite order
subgroups. B also has finite order subgroups and B is
commutative.

Example 2.108: Let
a4 5 a6 -
T=q . : .|| @ €{SS([0, 19)), +}, 1 <i<15, +}

be the super subset interval subset matrix group.

Example 2.109: Let

iy

N

ai € {SS([0, 5)), +},1<i<5,+}

1l
L o o o o
> W

(&)

be the super subset interval matrix group.

We show how operations are performed on M.
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[{0,3.2,1.5,1.02} |
{3,0.52,1.7}
LetA= {2,0} and
{3.12,0.571,4}
| {1.2,3.003,4.2} |

[{4.2,3.5}]
{0.2,13
B= | {0,0.6} | € M.
{0.2}
{1.2,3.8}

[{4.2,3.5,2.4,1.7,0.7,0,0.22, 4.52} |
{3.2,4,0.72,1.52,1.9,27}

A+B= {0,2,0.6,2.6}
{3.22,0.77,4.2}

{2.4,4.203,0.4,0,1.803,3}

This is the way operations are performed on M.

Example 2.110: Let

ol
a, a,

be the super subset interval matrix group.

a € {SS([0, 6)), +}, L <i <4, +}

0.3,5.2,0.6,1.7} {2.4,0.8,4.3,0.7
Letx = { H A }and
{0,4.3,5.8} {1,2,4.21}
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{0.8,3.71.4.52,4} {0,0.3,3.4,4.32,2.1}
= S
{1,1.23,0.42,0.5} {0,0.6,1,3}

It is easily verified x + ye P.

For every x € P we have a unique y € P such that

oy {{0} {0}}
o {03

Example 2.111: Let S ={(a; | a; a3) | & € {SS([0, 10)), +},
1 <i <3, +} be the super subset interval matrix group of super

row matrices.

Let A = {0.9, 9.2, 1.6, 6.4, 2.7} | {5.3, 4.2} {7.8, 1.2, 3})
and B = ({0.9, 5.2,6.4} | {7.6, 8.7}, {9.221, 6.45}) € S,

~A=({9.1,0.8, 8.4,36, 7.3} | {4.7, 5.8} {2.2,8.8,7}) € S
is such that A + -A = ({0}, {0}, {0}).

A+B={(18, 6.1, 73 0.1, 44,56, 2.5 6.8, 8, 7.3, 1.6,
2.8, 3.6, 7.9, 9.1} |{2.9, 4, 1.8, 2.9} {7.021,4.25,0.421, 7.65,
2.221,9.45}) € S.

This is the way “+” operation is performed on S.

Example 2.112: Let
M=<|a, || a € SS([0, 5)), 1<i<3, +}

be the super subset interval matrix group.
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{0.8,4.7,4.001,3.2,4,2,2.7,1}
Letx = {0.3,3,3.33} and
{2,2.22,4.2,2.8}

(3,2,1)
y=| (2111,4,2) | € M;
(4,4.44,4.82)

[{3.8,2.7,2.001,1.2,2,0,0.7,4, |
2.8,1.7,1.001,0.2,1,4.7,3,1.8,
0.7,0.001,4.2,3.7.2}

{2.411,0.111,0.441,4.3,2,
2.33,2.3,0,0.33}

{1,1.22,3.2,1.8,1.64,3.64,
2.24,1.82,4.2,3.62,2.04}

X+y=

isin M. This is the way ‘+’ operation is performed on M. This
group has subgroups of both finite and infinite order.

Next we proceed onto give examples of all the five types of
matrix super subset interval semigroups.

Example 2.113: Let M = {(a1, a2, a3, a1) | & € {SS([0, 7))),
min}, 1 <i <4, min} be the subset interval matrix semigroup. S
is of infinite order.

S has subsemigroups.

If x = ({0.7, 4, 2}, {0.221, 5} {0, 0.714, 0.001}, {0.8}) and
y = ({0.4, 5}, {0, 0.1} {0.8, 1, 4.32} {0.5, 0.2, 4}) € S.
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min {x, y} = ({0.4, 0.7, 4, 2}, {0, 0.1}, {0, 0.001, 0.714},
{0.2,0.5,0.8} € M.

This is the way min operation is performed.

For all x € M, min {x, x} = x for all x € M and

(0) = ({0}, {0}, {0}, {0}) e M.
min {x, (0)} = ({0},{0}, {0}, {0}) = (0).

Example 2.114: Let

iy

N

a; e SS([0, 12)), 1 <i < 6, min}

N

Z
11
D O Y D D ®»
o %]

o

be the super interval subset semigroup of column matrices under
the min operation.

[ {0.4,4.2} ] {0}
{0} {L2.13
Latyo | 07873 andy = {70004 |
{4.3,5,0 {0}
{0.2,0} {1.2,0.005}
{8,0.41,001} | {9,10,0.002} |
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{0}
{06}

. _ {0.78,1,0.004}
min {x, y} = o e N.
{0.2,0.005,0}
1{8,0.41,0.001,0.002} |

This is the way min operation is performed on N.

Example 2.115: Let

B=4la, a a,|| aeS(0,6)),1<i<9, min}

be the super subset interval matrix semigroup under min
operation. Let

{8,2.1,08  {0.5,6.2} {0}
x = | {0.116,000 {510} {0.001,0.2} | and
{0,0.0045,1.23y {0}  {0.72,0.117}

{1.2,0.116}  {0.201,0.45}  {0.113,7.8,6}
y =[{0.112,0.3 {0.7,0.813,091}  {0.0004} | B
{04,052} {0.74,8,9.331,10} {0.315,0.113}

min {x, y} =
{1.2,0.116,0} {0.201,0.45} {0}
{0.112,0.1,0.001} {0.7,0.813,0.91} {0.004}

{0,0.0045,0.4,0.52} {0} {0.315,0.113,.0.117}
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This is the way min operation is performed on B.

Example 2.116: Let M = {(ay, a,, as, as, as) | a; € SS([0, 40)), 1
< i <5, max} be the super subset interval semigroup of row
matrices under max operation.

Let x = ({0}, {0.8, 0.9, 17, 8} {1, 0.001}, {14,19, 24,0.111}
{0.1114, 2.8,14.5}) and

y = ({745, 9.3, 18.4, 27.4} {4, 0.3, 0.1125}, {0.,217, 4}
{0.3,0.1114, 0.00005}, {0.00000731, 14, 17.8, 14.6}) € M.

max {X, y} =({7.45, 9.3, 18.4, 27.4} {4, 0.8, 0.9, 17.8}, {4,
1, 0.217}, {14, 19, 24, 0.1114, 0.3}, {0.1114, 14, 17.8, 14.6,
14.5,2.8}) € M.

This is the way max operation on the row interval subset
matrix semigroup is performed.

Example 2.117: Let

N

w

a; € SS([0, 4)), 1 <i<6, max}

(&

LD D D D
£

o

be the super subset interval semigroup of column matrix under
the max operation.
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{0}
{1,14,2.6,1.7}
3.21,2.4,3.1,1.301
Letx = ! } and
{2.103,1.001,0.432}

{0.1107,0.07}
{0}

[{3.21,2.104,1.116,0.341,2.0072} |
{0}
{1,2,3,1.24,0.74}
{0.004,0.0125,3.4}
{4.9999}
{0.8,4.3,4.7,3.201,3,2,1}

[{3.21,2.104,1.116,0.341,2.0072} |
{1,1.4,2.6,1.7}
{3.21,2.4,3,3.1,2,1.301}
{2.103,3.4,1.001,0.432}
{4.9999}
{0.8,4.3,4.7,3.201,3,2,1}

max {x, y} =

isin N. This is the way max operation is performed.
Example 2.118: Let
a, a,

be the super interval subset matrix semigroup under max
operation.

a; € S([0, 20)), 1 <i<4, max}
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Loty | 108184198024} {191684.02,000%]
|{16,,17.2,4.35,3.74,0y  {2,2.4,3,0.51}

{0.1,0.0003,19,0.00001} {16,14.35,0.3333,4}
= S
{16.8,2.1,4,5.9} {16,14.3,19.99,18.32,7.5}

max {x, y} =

{0.8,19,18.4,19.8,0.2,4} {19,16.8,16,14.35,4.02,4,0.3333
{16.8,16,17.2,3.74,2.1,4.35,5.9,4} {16,14.3,19.99,18.32,7.5}

eT.

This is the way max operation is performed on T.

Example 2.119: Let
as ag .
M=l . k : . || & € SS([0, 14)), 1 <i < 40, max}

be the super interval subset matrix semigroup. M has several
subsemigroups of both finite and infinite order none of which
are ideals.

Example 2.120: Let
M = {(as, @, a3) | i € SS([0,6)), 1 <i<3, N}

be the super subset interval semigroup under the operation N of
row matrices.
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Let x = ({0.8, 2,4, 5}, {0.61, 1.2, 5.7}, {0.93, 1.52, 0}) and
y = ({08, 1, 2, 3, 4.5}, {0.3, 0.841, 1.2, 5, 5.3}, {{0, 1, 2, 3,
4.31}) e M.

xny={{0.8} {1.2}, {0}) € M.
We see every X € M is a subsemigroup.
Every set {x, 0} < M is also a subsemigroup.

Example 2.121: Let

N={|a, || & e SS(0,10)), 1<i<5, N}

be the super subset interval column matrix semigroup.

Every element x in B is a subsemigroup. Every element
X in B is an idempotent.

We can for any given subset S < B complete S to form a
subsemigroup.

Example 2.122: Let

[
a, a,

be the super interval subset semigroup.

a € S([0, 14)), 1 <i< 4, N}

Letx = [ {7,0.8,4,5} {0} }

{9.61,6.8,10.3 {4.3,5,7,1,3,2}
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o {1,2,35,7 {9,0.224,5,0.7}
= S
{10.1,4,08.3 {57,1,2,8.3}

Weseexmyz{{7'5} {0} } eP
{03 {12,57}

We see every element in P is a subsemigroup.
Infact ideals of P of infinite order exist.

Example 2.123: Let

S=1|a, || aeSS([0,12), 1<i<5 U}

be the super subset interval semigroup of column matrices.
S is of infinite order.

Every singleton element is a subsemigroup.

{0.4,8,2.71}
{5.2,7.93,0.112}
Let x = | {4.78,9.31,11.2106} | and
{4.01,3,2}
{8.41,5.32}
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{7,8,1.5}
{6,3.2,1.6}
y=[{9.2,1.402,531 | € S.
{0.413,3.12,4.6}
{7,2,1,10}

{0.4,8,2.71,7.15}
{5.2,7.93,0.112,6,3.2,1.6}
x Uy = |{4.78,9.31,11.2106,9.2,1.402,5.31} | € S.
{4.01,3,2,0.413,3.12,4.6}

{8.41,5.32,7,2,1,10}

Weseex ux=xforall x e S.

Thus every element in an idempotent and a subsemigroup of
order 1.

Example 2.124: Let P ={(ay, a2, as, as) | & € SS([0,9)), 1 <i <
4, U} be the super interval subset semigroup of infinite order.

Let x = ({4.9, 091, 2.113, 7.2, 6.05} {0.37, 4.1116,
2.003,1.118}, {4.08, 5.13, 1.9}, {0.3106, 4, 0}) and

y = ({5, 5.201, 3.4, 8.01, 7}, {1, 2, 0.0001, 7.005}, {4, 2,
8.001, 5.021}, {5, 6, 4.02}) < P.

x Uy = ({4.9,0.91, 2.113, 7.2, 6.05, 5, 5.201, 3.4, 8.01, 7},
{0.37, 4.1116, 2.003, 1.118,1, 2, 0.0001, 7.005}, {4.08, 5.13,
1.9, 4, 3, 8.001, 5.021}, {0.3106, 4, 0, 5, 6, 4.02})c P

This is the way U operation is performed on P.

Every x € P is such that x w x = x, hence every singleton is
a subsemigroup.
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Example 2.125: Let

B=4 7 7 77 7P| aeSS(o 40), 1<i<40,U}

be the super subset interval semigroup of infinite order. B has
several infinite subsemigroups of infinite order which are not
ideals of B.

Next we give examples of super subset interval semigroups
under x using matrices.

Example 2.126: Let
{(a1, a, a3, a1) | & € SS([0,12)), 1 <i < 4, x} be the super
interval subset semigroup. B has zero divisors.

Let x = ({0.3, 4.2, 0.7, 0.5, 0.01}, {0, 2.1, 4, 6.2} {10, 2.5,
4.3}, {1, 7,8.2}) and y = ({10, 5, 6, 8, 0.2}, {0.1, 0.5, 0.06,
0.9}, {5, 8, 1,0, 0.02}, {0, 0.7, 10}) € B.

x xy =({3, 6, 7,5, 1.5, 9, 3.5,2.5, 0.05, 1.8, 1.2,4.2, 3.5,
0.06, 2.4, 9.6, 5.64, 0.08, 0.06,0.84, 0.14, 0.1, 0.002}, {0, 0.21,
0.4, 0.62 1.05, 2, 3.1, 0.126,0.24, 3.72, 1.89, 3.6, 5.58}, {0,
2,05, 9.5, 8, 10.4, 10, 2.5, 4.3, 0.2, 0.05,0.086}, {0, 0.7,
4.9,5.64, 10}) < B.

This is the way product is performed. B has infinite number
of zero divisors. B has both finite and infinite order
subsemigroups.

Let S; = {{(as, az, a3, a4) | & € {Collection of all subsets of
Zp}, 1 <i <4, x} be asubsemigroup of finite order.

S, = {{(as, a2, as, a4) | & € {Collection of all subsets from
{0,6}}, 1 <i<4, x} isagain a subsemigroup of finite order.
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S3={{(as, 0, 0, 0) | a; € {Collection of all subsets from {0,

3, 6,9}},x} isagain a subsemigroup of finite order.

Example 2.127: Let

be the super subset interval column matrix semigroup.

a € S([0, 6)), 1 <i <6, x}

P is of infinite order. P has infinite number of zero divisors

and units.

Let

andy =

[{0.2,0.8,1.2,5.6,1.5,2.14} ]

{0}
{5.31.2,1.75}

{0}

| {0.2,5,4,3,04,07,0.8} |

{5,2,3,4}

{3.512,3.2005,1.205,1.7071,4.2013,5.007}

{4,5,2,1,0.3,0.5}

{4.321,5.2004,3.0099,1.50091, 2.2216}

{4,5,0.2,0.3}

e P.
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XXpy =

{1,4,0,2.0,1.5,4.70,0.4,1.6,2.4,5.2,3,4.28,
0.6,2.4,3.6,4.8,4.5,0.42,0.8,3.2,4.8,4.4,2.56}

{0}

{3.2,4.8,1.00,0,2.5,2.75,4.6,2.4,3.50,5.3,1.2,
1.75,1.59,0.36,0.515,2.65,2.75,0.875}

{0}
{0.8,2,4,0,1.6,2.8,3.2,1,2,3.5,4,0.04,

10.8,0.6,0.08,0.14,0.16,0.06,1.5,1.2,0.90,0.12,0.21,0.24} |

This is the way the product is performed.
Infact P has infinite number of zero divisors.

Example 2.128: Let

al a2 a3
a, a, a
B=q[ " ™ "l aes(o,12) 1<i<12, %}
a7 ag a'9
d,, 44 dp

be the super subset interval matrix semigroup.

{0y  {6,2.11,3.5} o

{0.11,0.26} n {5.21}
i) {3.2,4.5} {0}

{0.45,1.2} {0} {7.2,5.6}

Letx =

e P.



40993121031,
763510

BT}

y=| {13107
3257

{81045}

X%y =
Y

{0.55,1.30,1.1,
2.6,0.77,1.82}

{11.3,10.75,3.2,5.7}

{0.45,9.6,3.6,
4.8,1.4,6,3}
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#4625 {03121}
{457.1857} L7
eB
{2105} {0.7,8934.37}
{0.237,489,
3813} B3 |
{0,8.44,2,0.66, |
342255 {0.37,1.22,1.35}
{4.5,7.1,857} {5.21,0.47}
{7,9,8,4,10.5} {0}
{0} {0,9.6,8,6,4.8}

e B. This is the way product is performed on B. B has infinite
number of zero divisors.

Next we give some examples of semirings of two types.

Example 2.129: Let S ={(as, a,, a3) | & € SS([0, 10)), 1 <i< 3,
U, M} be the super interval subset matrix semiring.

Let x = ({5.31, 2.72, 1.003, 9.001}, {1, 2, 3, 8.003, 5.0251},
{8, 2,4.371, 5.102}) and
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y = ({9.001, 2.72, 5, 8.3, 7.91}, {2, 3, 7, 9.00632, 1.3}
{8,4.371,5, 3.331}) € S.

x Ny =({9.001, 2.72}, {2, 3}, {8, 4.371}) € S.

This is the way ‘~’ operation is performed on S.

x vy = {531, 272, 1.003, 9.001, 5, 8.3, 7.91}
{1, 2, 3, 8.004, 5.0251, 7, 9.00632, 1.3}, {8, 2, 4.371, 5.102, 5,
3.331}) e S.

Thus S is a semiring.

Every element with ({0}, {0},{0}) is the subsemiring of
order two.

Example 2.130: Let

iy

N

a; e SS([0, 24)), 1 <i <5, U, "}

1"
L o o o o
B W

(&)

be the super subset interval semiring.

M has subsemirings of both finite and infinite order.

8,
a,
P, = 0 || a1, @ € SS([0, 24)), U, N} =M

0

is a subsemiring as well as an ideal of M.
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Infact M has atleast sC; + sC, + ... + 5C, distinct
subsemirings which are ideals.

Example 2.131: Let

1

o
D D
o N
D D

® || & e SS([0, 15)),

©
=
S)

a
a
a
a

[SS I
D

13
1<i<16,u, N}

be the super interval subset semiring. M has ideals and
subsemirings which are not ideals.

Example 2.132: Let

al a2 a10
a'11 a12 a20
M=<la, a, a5, || a € SS([0, 40)),
a‘31 a'32 a40
_a41 a'42 a'50_

1<i<50,u, "}
be the super interval subset matrix semiring.

We now give one or two examples of super subset interval
matrix semiring under min and max operations.

Example 2.133: Let M = {(a;, a, a a, a) | & €
SS([0, 40)), 1 <i <5, min, max} be the super subset interval
row matrix semiring.

Let x = ({10, 14.5, 8}, {0}, {14.7, 16, 18, 19}, {39, 2},
{0.5, 0.001}) and
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y = ({14, 6, 9}, {8, 9}, {12, 16}, {34.9, 12}, {0.0001, 0}) e

M.

min {x, y} = ({10, 6, 9, 14, 8}, {0}, {12, 14.7, 16},
{2, 34.9, 123, {0, 0.0001}) and

max {x, y} = ({14, 10, 14.5, 9}, {8, 9}, {14.7, 16, 18, 19},
{39, 34.9, 12}, {0.5, 0.001}) are in M.

This is the way operations are performed on M.

Every element x € M with
(0) = ({0}, {0},{0},{0},{0}) is a subsemiring of M.

Example 2.134: Let

a
a

L »®» v »

2

3

N

(&)

6

1

a; € SS([0, 10)), 1 <i <6, min, max}

be a super subset interval column matrix semiring. M has ideals
and subsemirings.

QD
iy

O O O O O©o

a; € {Collection of all subsets of Z,,},

min, max} c M

is a subsemiring of finite order. Clearly P; is not an ideal of M.
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Example 2.135: Let

I al aZ a3 a4 a5 aG 1
a7 a12
a13 a18

M= | % % || 4 < SS([0, 15)),

a25 a30
a31 a36
a37 . . a42
43 A4

1 <i <48, min, max}
be the subset super interval semiring.

M has atleast 3(4sC1 + 45C, + ... + 45Csg) NnUmber of finite
super subset interval subsemirings.

Infact M has (45C1 + 4Cs + ... + 4C47) Nnumber of infinite
super subset interval subsemirings which are ideals.

Now we proceed onto describe pseudo super subset interval
semirings.

Example 2.136: Let
M = {(a;, a, a3) | & € SS([0, 4)), 1 <i < 3, min, x} be the
pseudo super subset interval semiring.

x = ({0.34, 2.41, 1.53}, {3.125, 1.631, 1.4211, 1, 0}, {1.5,
2.113, 2.431, 2.01}) and

y = ({0.6,0.7, 2, 0.1, 0.4}, {3, 0, 0.9, 0.8, 0.2}, {1, 2, 3, 0.5,
0.6,0.9}) € M.

min {x, y} = ({0.34, 0.1, 0.6, 0.7, 2, 0.1, 0.4}, {3, 0, 0.9,
0.8, 0.2, 1.631, 1.4211, 1, 0}, {1, 1.5, 0.5, 0.6, 0.9, 2, 2.431,
2.113,2.01}) and
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x xy = ({0.204, 1.446, 0.918, 0.238, 1.687, 1.071, 0.68,
0.82, 3.06, 0.034, 0.241, 0.153, 0.136, 0.964, 0.612}, {0, 1.375,
0.893, 0.2633, 3, 2.8125, 1, 1.27899, 1.4679, 2.250, 3.262,
2.8422, 2, 2.5, 1.3048, 1.13688, 0.8}, {1.5, 2.113, 2.431, 2.01,
3, 0.226, 0.862, 0.02, 0.5, 2.339, 3.293, 6.03, 0.75, 1.0565,
1.2155, 1.005, 0.9, 1.2678, 1.4586, 1.206, 1.35, 1.9017, 2.1879,

1.809}) € M.

This is the way the operations min and x are performed on
M. It is easily verified that a x min {b, c} # min {a x b, a x c}
in general fora, b, c € M.

Example 2.137: Let
a'l
a
B=1| || &eSS(0,25), 1<i<9, min, x}

dy

be the super subset interval column matrix pseudo semiring. B
has subsemirings of finite order which are not pseudo
subsemirings or ideals.

B also has pseudo subsemirings of infinite order which are
ideals.

Example 2.138: Let

I a‘l a2 a9 ]
alO all a18
w= | B o Bl g0, 3)), 1<i<54,
dyg  Qyg .. Agg
a37 a38 a45
a46 a47 a54

min, x,}
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be the super subset interval pseudo semiring.

Now we proceed onto describe by examples the notion of
super subset interval pseudo ring.

Example 2.139: Let W = {(as, a2, a3, a4) | & € SS([0, 15)),
1<i<4,+, x} be the super subset interval pseudo ring.

Let x = ({103, 7.5, 1.4}, {4.021, 3.152}, {13.215,
10.3151}, {8.131}), and

y = ({4, 6,10, 2}, {0.8, 0.7}, {9, 10, 1}, {1, 2, 3,5, 10}) e
W.

X +y = {143, 115, 5.4, 1.3, 135, 7.4, 5.3, 2.5, 11.4, 12.3,
9.5, 3.4}, {4.821, 3.915, 4.721, 3.852}, {5.215, 4.3151, 8.215,
5.3151, 14.215, 11.3151}, {9.131, 10.131, 11.131, 13.131,
3.131}) e W.

x xy = ({112, 0, 5.6, 1.8, 8.4, 13, 14, 5.6, 2.8}, {3.2168,
25216, 2.8147, 2.2064} {11.8935, 3.7359, 12.15, 13.151,
13.215, 10.3151}, {9, 10, 1, 3, 5, 2, 12, 0}) € W.

This is the way operations are performed on W. W is a
pseudo ring of infinite order.

Example 2.140: LetS=

fa, |a, a,|a, a a;|a,]

VN O T -

Qs | v e | e e e | Ay

Qpy | oo e | e e |8y || @ € SS([O, 42)),
8z dgs

A3 C)
_a43 a’49_

1<i<49+ x}
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be a subset super interval pseudo ring.

Clearly S is non commutative and is of infinite order.

Example 2.141: Let

S = {[al az}
a;, a,

be the super interval subset square matrix pseudo ring. S is nhon
commutative.

ai e SS([0,5)), 1<i<4,+ x}

Letx o {{2.1,3.2} {4.2,2.5}}
{0} {14}

andy = [ {4,213 {0.5,0.6}} S and
{0.7,0.8} {0.4,0.7}

X XY=
[{1.34,0.74,3.14,4.34,1.14, {2.73,1.47,2.02,3.28, ]
0.04,0.15,4.55,0.95,1.56, 2.94,1.68,3.60,2.34,
0.46,3.15,4.95,3.85, 2.05,1.3,2.6,1.85, €S,
1.76,1.16,2.56,4.76} 2.26,2.92,1.51,2.27}
{0.7,0.8,2.8,3.2} {0.4,1.6,0.}

Considery x x =

{0.5,0.6,2,2.4,2.3,
3.8,4.5,4.2,15,1.6,
4.9,3,3.4,3.1,3.9,4,0.4,
0.8,4.7,4.8,1.2,1.6}

0.7,0.8}x{4.2,2.5
(224147256168 00084225+
I {0.4,0.15}x{4.7}

{3.4,2.8,4.2,1.4,2.1,3.2}
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Itisclear x xy #Yy x X.

Thus S is a non commutative super subset interval matrix
pseudo ring. S has zero divisors which are infinite in number.

However in the above example if we replace the product
x by x, the natural product, then X x, y = y x, X commutative

. [{1} o
o o

} is the unit or identity with respect to x,.

Example 2.142: Let

al a2 a3
a4 a5 aG
a'7 a8 aQ
a10 11 a'12

a
a, a
S=4las a; ag||aeSS(0,14)),1<i<13,+ x}
a19 a'20 a'21
a, a
ay a

a

a28

a31 a32 a33

be the super interval subset column super matrix pseudo ring. B
is commutative and of infinite order.

B has infinite number of zero divisors. B also contains super
subset interval rings which are not pseudo.

Now we can construct super subset interval algebraic
structures by replacing [0, n) in SS([0, n)) by C([0, n)) or
{[0,n)u Iy or C({ [0, n)u I)).
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This study is considered as a matter of routine so is left as
an exercise to the reader. However we illustrate them by an
example or two.

Example 2.143: Let S ={(a;, az, a3, a4) | & € SS([0, 7)} =
{Collection of all subsets of the subset C([0, 7))}, 1 <i<4, +}
be the super subset interval group.

Ifon S, ‘U’ operation is taken it is a semigroup. On similar
lines under m or x or min or max S is only a semigroup.

If two operations (U or n) or {min and max} are taken S is
a semiring. If min and M is defined on S, S becomes a pseudo
semiring.
Example 2.144: Let
al
a
M= <7 || & e SS(C([0, 23) U 1), 1 <i <9, min}

dy

be the super subset interval neutrosophic column matrix
semigroup.

Example 2.145: Let

a'1 a‘2 a3
a, a; a, )

B= : : C|| ae SS(C([0, 8) U ), 1 <i <30, max}
a28 a29 a'30

be the super subset interval finite complex modulo integer
neutrosophic matrix semigroup.
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Example 2.146: Let

al a2 a3
a a; a
v=1 % % % |l 4 e sS(Cl0, 4), 1<i <12, x;}
a, ag ag
d ay 8

be the super interval subset semigroup of finite complex modulo
integers.

V has subsemigroups, ideals and infinite number of zero
divisors.

Example 2.147: Let
a1
a
M= <7 || & e SS(C[0, 14)), 1<i<18,u, N}

alS

be the super interval subset column matrix complex modulo
integer semiring.

Example 2.148: Let

a, a,
a, a,
a; a,
W=<la, ag]||aeSS(C]O0,5)ul)), 1<i<14, min, max}
a9 alO
a'll a'12
_a13 14 |
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be the super subset interval finite complex modulo integer
neutrosophic semiring of matrices.

Example 2.149: Let

M=4la, a; agl||a e SS(C(0,15)),1<i<9, min, x}
a7 a8 a9

be the super subset interval pseudo semiring of finite complex
modulo integers. Clearly M is non commutative.

Example 2.150: Let

N = a; € SS(([0, 20) L 1Y),

1<i<16, min, xp}

be the super subset interval neutrosophic matrix pseudo
semiring which is commutative.

Example 2.151: Let

a, a, .. @
a a e a

VERIRE . 1] & e SS(([0, 12) U 1Y),
A Ay we Gy
dyg Ay .. Qg

1<i<36, min, xp}

be the super interval subset complex finite modulo integer
neutrosophic pseudo semiring which is commutative.
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Example 2.152: Let

1 a2 a'3
a a a

W=t P e SS(([0,22) u Iy,
a31 a32 a33

1<i<33, min, x,}

be the super interval subset neutrosophic matrix pseudo
semiring.

Example 2.153: Let

a

msu|
w N |

a € SS(C [0, 13)), 1 <i < 11, min, x,}

su|m s»|m
(2] (4] £

D
® ~

QD
| £ | &

QD

11

be the subset super interval matrix finite complex modulo
integer pseudo semiring.

Example 2.154: Let

M = {(a1, @, as, a4, as) | & € SS({[0, 23) U I)), 1 <i <5, +, x}
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be the subset interval neutrosophic row matrix pseudo ring. M
has zero divisors.

Example 2.155: Let

o @
IN) 5

|| D
|& ]

a

a € SS(C([0,10) U IY), 1<i<9,+, xo}

|

D QD
0 ~

QD
©

be the super subset interval finite complex modulo integer
neutrosophic super column matrix pseudo ring. M has infinite
number of zero divisors.

Example 2.156: Let

fa, a,|a, a, a,|
dg Ay
e a < SS(C [0, 19))
Qg e | e e Ay
a21 a25
_a26 a’30_

1<i<30, + %}

be the super subset interval finite complex number super matrix
pseudo ring. T has infinite number of zero divisors.
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Now we can built all the three types of vector spaces using
SS([0, n)) or SS(C([0, n)), or SSKO, n) u ) or
SS(C([0, n) U 1)).

We will illustrate these situations by some examples.
Example 2.157: Let
V ={(ay, a, ..., a10) | @& € SS([0, 17)), 1 <i<10, +}

be the super subset interval vector space over the field Z;;.

Example 2.158: Let

a

S a:2 a; € SS(C([0, 13)), 1 <i <18, +}

a'18

be the super subset interval finite complex modulo integer
column matrix vector space over the field Zy3.

S can be a S-super subset interval finite complex vector
space over C(Zys).

S can be also realized as a pseudo S-vector space over the
pseudo S-ring {[0, n), +, x}.

S can be defined as super strong S-pseudo vector space over
the S-super pseudo ring {SS([0, n)), +, x}.

Example 2.159: Let

al a2 a3
S=1<la, a; ag||aeS(011)ul),1<i<9,+ x}
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be the S-strong super subset interval pseudo linear algebra ove
the S-super interval subset pseudo ring.
R ={SS(([0, 11) U 1)), +, x}.

Clearly on S we can define pseudo inner product and linear
functionals.

If S is defined over Zy; or (Z; w Iy or {[0, 11), +, x} or
{0, 11) U I), +, x} then both inner product and pseudo linear
functional cannot be defined.

Example 2.160: Let

V=12 | & e SS(C(0, 13) U 1)), 1 i <9, +, x.}

be the S-super subset interval finite complex modulo integer
pseudo linear algebra over the S-super subset interval pseudo
ring R ={SS(C([0,13) u I)); +, x}.

On V we can define inner product.

Example 2.161: Let

a, a, a; a,
a;, a, a, ag
M=4la, a, a,; a,||aeSS(CO,5)ul)),

D
&
QD
IS
o o o
&
D
&

1<i<20, +, xp}
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be the S-super subset interval pseudo linear algebra over the
S-super subset interval pseudo ring of finite complex
neutrosophic modulo integers R={SS(C([0, 5) U I}), +, x}.

M has infinite number of zero divisors.

Example 2.162: Let

a'l
V={la,||aeSSC(0,5) Ul + x), 1 <i<3, + x}
a3

be the S-super subset interval pseudo linear algebra of complex
finite modulo integers over the S-super subset interval pseudo
ring of complex finite modulo integers R ={SS(C([0, 5)), +, x}.

Define( ):VxV —R;for

{2i. +3,0.3i.,2} {2+3.1i.,0,2i. + 4}
X = {0} , Y= {4,3+2i.} e V.
{0.32i. +0.43,2} {0.4+2i.,3i.+2}

xy) = {2i + 3, 0.3ir, 2} x {2 + 3.1ir, 0, 2 i + 4} + {0} x
{4, 3 + 2i} + {0.32ir + 0.43, 2} x {0.4 + 2ir, 3ir + 2}

={4ir +6 + 6.2 x 4 +9.3if, 0, 0.93 x 4 +0.6ir, 4 + 6.2if, 4 x
5+ 6ig + 12 + 8ir, 0.6 x 4 + 1.2i¢ + 4ir + 8} + {0} + {0.8 + 4iF,
6ir + 4, 0.128ir + 1.72i + 0.64 x 4 +0.172 + 0.96x 4 + 1.29i¢
+0.64ir +0.86}

= {3.3ir + 3.2, 0, 3.72 + 0.6ir, 4 + 1.2if, 2 + 4ir, 0.4 + 0.2}
+ {0} + {0.8 + 4ir, 4 +iF, 1.848i + 2.722, 1.93if, 4.7}

={0, 3.3ir + 3.2, 3.72 + 0.6ir, 4 + 1.2if, 2 + 4ig, 0.4 + 0.2,
0.8 + 4ig, 4 + i, 1.848i + 2.722, 1.93i + 4.7, 4 + 2.3i¢, 2.2 +
4.3ir, 0.148ir + 1.4, 2.9 + 0.23i, 4.52 + 4.6if, 2.72 + 0.8iF,
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2.448ir + 1.542, 2.53i¢ + 3.42, 4.8 + 0.2i, 3 + 2.2i, 3.048i¢ +
1.722, 3.7 + 3.13if, 2.8 + 3ig, 1, 0.848ir + 4.722, 1.7 +0.93iF, 1.2
+4.2i, 4.4 + 1.21ig, 2.248i + 2.922, 0.1 + 2.13ic} € R.

This is the way inner product is performed on V.

Example 2.163: Let

V - al a2 a3
a, a; a
be the S-super subset interval pseudo linear neutrosophic matrix

pseudo linear algebra over the S-pseudo subset interval
neutrosophic ring R ={SS([0, 7) U I), +, x},

a; € SS(C{[0,7) U 1), 1<i<6, +, x}

(y:V xV — Rresults is subsets in SS{[0, 7) U I))).

For if x = {Xl Xz Xg} andy = {yl Y2 y3};x,y eV
X4 X5 XG y4 y5 y6

and x;, ¥i € R.

6
X, Y)=D.xy; =z € Risasubset of R.

i=1
Now we can define pseudo linear functional f: V —» R;
by f(X) = X; + X + X3 =m € R is a subset.
For instance if x =

{0.7+21,6.1+5.2I
041, 3,21,4+1
0.171+2,4} 0Lz ¢

{6+61,0.51,0.441, {L.371+2,

{0}
0.671+6.72} 0.7211+3
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fx) = {0.7+2l,6.1+5.2l, 0171 + 2,4} + {0, 1, I, 2}+
{3,21, 4+1}

={0.7+21,6.1+521,0171 +2,4,1.7+21,0.1 +5.2l,3 +
0.171,5, 0.7 + 31, 6.1+ 6.21, 1.171 + 2, 4 + 1, 2.7 + 21,1.1+ 5.2I, 4
+0.171,6} +{3,21,4 + I}

=37+2l,21+5215+0.171,0, 47 +2l,31+5.2l,6+
0.171,1,37+ 31,21 +6.2l,5+ 1171, 1, 5.7 + 21, 4.1 + 5.2I,
0.171, 2, 0.7 + 41, 6.1 +0.21, 2171 + 2, 21 + 4, 41 + 1.7, 0.21
+0.1, 2.171 + 3,21 + 5,51 +0.7, 1.21 + 6.1,2 + 3.171,4 + 31, 2.7 +
41,4 + 31,021+ 1.1,4 + 2.171,6 + 21, 4.7+ 31, 3.1 + 6.21,1.171 +
6,1+ 1,57+3l41+6.2I, 1171, 2 + 1, 4.7+ 41, 3.1 + 0.2,
2171+6,1+21,31+6.7,6.21 +5.1,1 +1.171,3 + I} R.

This is the way linear functionals are defined. For linear
functionals can be defined over the same ring from which
entries are taken.

We can find subspaces, the concept of linear operators and
linear transformations which is taken as a matter of routine for
they can be carried out with appropriate modifications.

Example 2.164: Let

1

3

a
a

S= a2 aj € SS(C([0, 3)), 1 <i<4, +}
a4

and

a, a, a
R - 1 2 3
a, a; a

be any vector spaces over Zs.

a; e SS(C([0, 13) U 1)), 1 <i <6, +}
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We can define linear transformation from S — R as well as
linear transformation from R to S.

DefineT:S—>R

a'1

2| [a {0} a
I, )'{ag 0} aj'

a4

T is a linear transformation from S to R.

We can also define linear transformation P from R to S.

a, +a,

is a linear transformation from R to S.
Here a;’s are subsets from SS(C([0, 13)).
We can also define linear operators from Sto S (R to R).
We just give an example of each.

T,:S — S defined

a, a, +a,

a a, +a
by T. (] )=| 2% *|es.
a, a; +a,

a, a,+a,

T, is a linear transformation on S.
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Define P; : R — R defined by

a1 a2 a3 _ al a2 {0}
P.[ 1= -
a4 a5 ae {0} a3 a4
P, is a linear transformation on R. The study of the
algebraic structure enjoyed by Hom (R,R) and Hom (R, S),

Hom (S, R), Hom(S,S) is a matter of routine but is an
interesting problem.

Example 2.165: Let

B = {(a1, &, as, &) | & € {SS(C([0, 23) U 1)), +, x}, 1 <i <4}
be the S-super subset interval row matrix S-vector space over
the S-neutrosophic pseudo ring, R = {{[0, 23) U 1)), +, x}.

We can define T : B — B the collection of linear operators
on B.

Example 2.166: Let

e a]
aS a‘4
M=4la;, ag || aeSS(C(0,19)ul),1<i<10,+, x,}
a, a4
_a9 a‘10

be the S-super pseudo subset interval neutrosophic matrix
vector space (S-linear algebra) over the S-super subset interval
pseudo ring R = {SS({0, 19) U I)), +, x}.

We can define linear functionals using M is an inner
product space.

We suggest some problems for the reader, some at research
level, some easy and some of them difficult.
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Problems:

1. What are the special features enjoyed by the natural
classes of interval algebraic structures built using
S([0, n))?

2. Compare the algebraic structure on [0, n) with that of

S([0, n)).
3. Prove ([0, n), max) < [S([O, n)), max}.
4. s problem 3 is true if max is replaced by min or x?

5. Prove intervals of the form [a, b] and [b, a] must be
taken for x to be compatible.

6. Let P = {S([0, 24)), max} be the interval subset
semigroup.

(i) Find all ideals which are not S-ideals.

(i1) Can P have ideals which are not S-ideals?

(iif) Can P have ideals of finite order?

(iv) Prove P can have interval subset subsemigroups of
finite order.

(v) Prove P can have subset subsemigroup of infinite
order.

(vi) Can P have subsemigroup which is not a S-

subsemigroup?

7. Let S = {S(]0, 23)), max} be the interval subset
semigroup.

Study questions (i) to (vi) of problem 6 for this S.

8. Let M = {S([0, 48)), min} be the interval subset
semigroup.

Study questions (i) to (vi) of problem 6 for this M.
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9. Let S = {S([0, 29)), min} be the interval subset
semigroup.

Study questions (i) to (vi) of problem 6 for this S.

10. Let T = {S([0, 12)), x} be the interval subset
semigroup.

Study questions (i) to (vi) of problem 6 for this T.

11. Let B = {S([0, 19)), x} be the interval subset
semigroup.

Study questions (i) to (vi) of problem 6 for this B.

12. Let L = {(a;, az ..., a10) | & € S([0, 10)), 1 < i <10,
min} be the interval subset semigroup.

(i) Study questions (i) to (vi) of problem 6 for this L.

(ii) Prove L has infinite number of zero divisors.

(iii) Prove every element in L is an idempotent.

(iv) Is the number of ideals in L finite or infinite in
number?

13. Let S = {(a; | @& a3 | & as as | a7) | & € S([0, 23)),
1 < i <7, min} be the interval subset semigroup of
super row matrix.

Study questions (i) to (vi) of problem 6 for this S.
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14.

15.

16.

al aZ a20
a21 a22 a40
LetW=<la, a, .. ag|laeS(C]O0,43)ul)),
_a61 a62 a80_

1 < i < 80, min} be the interval subset matrix
semigroup.

Study questions (i) to (iv) of problem 12 for this W.

iy

N

D O o o
AW

LetS= ai € S([0, 12)); 1 <i <9, min} be the

subset interval column matrix.

Study questions (i) to (iv) of problem 12 for this S.

Let P ={(a;, a2, ..., a12) | & € S([0, 15)); 1 <i <12,
max} be the subset interval row matrix semigroup.

Study questions (i) to (iv) of problem 12 for this P.
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17. Let M ={(a; &, | as a4 | as as a7 | ag) | & € S([0, 47));
1 <i <8, max} be the subset interval row super matrix
semigroup.

Study questions (i) to (iv) of problem 12 for this M.

a, a, a; a, a a,
a a a

18. LetL = T 2la e
A3 Ay e e e Qg
Qg Apy e e e Ay,

S([0, 48)); 1 <i < 24, max} be the subset interval
semigroup super matrix.

Study questions (i) to (iv) of problem 12 for this L.

a1 a2 a3 a'4 a'5 ae
a'7 a8 a‘12
a'13 a'14 a18
19. LetW =<8,y a, a, ||a €
a25 a26 a30
a31 a'32 a36
a‘37 a38 a'42_

S([0, 9)); 1 <i <42, max} be the subset interval matrix
semigroup.

Study questions (i) to (iv) of problem 12 for this W.

20. Let S = {S([0, 23)), x} be the interval subset semigroup.
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21.

22.

23.

(i) Prove S has infinite number of zero divisors.

(ii) Can S have S-zero divisors?

(iii) Prove S has only finite number of units and
idempotents.

(iv) Can S have S-units?

(v) Can S have S-idempotents?

(vi) Can S have S-ideals?

(vii) Can S have S-subsemigroup?

(viii) Can S have ideals which are not S-ideals?

(ix) Obtain any other special feature enjoyed by S.

Let M = {S([0, 124)), x} be the interval subset
semigroup.

Study questions (i) to (ix) of problem 20 for this M.

al
a
LetL = 4| 7 ||ai e S([0, 12)); x} be the subset

a18

interval column matrix semigroup.

Study questions (i) to (ix) of problem 20 for this L.

a, a, a, a, a

a a

LetB={| ° * 1la e S([0, 127));
VOO -
ale aZO

1 <i <20, x} be the subset interval matrix semigroup.

Study questions (i) to (ix) of problem 20 for this B.
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[a, a,|a, a, a|

a‘G alO

all a'15

a16 a'20

24. LetM=<|a, a, ||a € S([0, 28));

a26 a30

a31 a35

a36 a'40

a41 a45

1 <i <45, x} be the subset interval semigroup super
matrix.

Study questions (i) to (ix) of problem 20 for this M.

25. Let B = {S ([0, 15)), min, max} be the subset interval
semiring.

(i) Prove o(B) = .

(i) Prove B has subsemirings of order one, two, three
and so on.

(iii) Can B have ideals of finite order?

(iv) Is it possible to define S-subsemirings and S-ideals
on B?

(v) Is B a S-semiring?

(vi) Can B have zero divisors?

(vii) Can the concept of S-idempotents be defined in B?

(viii) Can B have finite lattices?

26. Let S = {S ([0, 18)), min, max} be the subset interval
semiring.

Study questions (i) to (viii) of problem 25 for this S.
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27.

28.

29.

Let A = {(a1, @, a3, &4, 8, 5, &7) | & € S([0, 43)), min,
max} be the subset interval row matrix semiring.

Study questions (i) to (viii) of problem 25 for this A.

a1
a
LetB=<| 7 ||a e S([0, 44)); 1<i < 18, min, min}

a18

be the subset interval column semiring.

Study questions (i) to (viii) of problem 25 for this B.

a'1 a2 a3 a9

alO a'11 a'12 a18
LetM=1la, a, a, .. ay |la e S(0,43)),

a28 a'29 a'30 a36

_a‘37 a'38 a39 a45

1 <i <45, min, max} be the interval subset matrix
semiring.

Study questions (i) to (viii) of problem 25 for this M.

a, a, a,|a,

I T 8 .

30. LetS = a; € S([0, 48));
9 a’lO a1l a'12
al3 a'14 a15 alG
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32.

33.

34.

35.
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1 < i < 16, min, max} be the subset interval super
matrix semiring.

Study questions (i) to (viii) of problem 25 for this S.

Obtain any other special and interesting properties
enjoyed subset interval semiring.

Obtain all special properties enjoyed by subset interval
pseudo ring.

Let B = {S([0,23)), +, x} be the subset interval pseudo
ring.

(i) Prove o(B) = .

(if) Prove distributive laws are not true in general in P.

(iii) Find pseudo ideals of P.

(iv) Is every ideal of B is of infinite order?

(v) Can P have S-pseudo ideals?

(vi) Can P have S-pseudo subrings which are not
S-ideals?

(vii) Can P have S-zero divisors?

(viii) Can P have units which are not S-units?

(ix) Can P have S-idempotents?

(x) Can S have semi idempotents?

Let M ={S(]0, 48)), +, x} be the pseudo interval subset
ring.

Study questions (i) to (x) of problem 33 for this M.
al
a
LetW =<l 7 ||a e S([0, 7)); L <i <18, +, x,} be the

a18

pseudo subset interval column matrix semiring.
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36.

37.

38.

39.

40.

Study questions (i) to (x) of problem 33 for this W.

LetV ={(a;, a,, ..., @) | @ € S([0, 23)), 1<i<9, +, x}
be the subset interval row matrix pseudo ring.

Study questions (i) to (x) of problem 33 for this V.

a, a, a, .. a
LetT=4la, a, a, .. ag|laeS(O0,43));
dig Ay Ay e Ay

1<i<27, +, x,} be the pseudo subset interval matrix
ring.

Study questions (i) to (x) of problem 33 for this T.

Let S={(as, a, ..., &) | & € S(C[0, 3)); 1L <i <9, x} be
the subset interval matrix semigroup.

Study questions (i) to (x) of problem 33 for this S.

Lot W = {al a, a, .. ag}
a'10 a11 a‘12 a'18

S0, 9) U I); 1 <i <18, x,} be the subset interval

finite complex modulo integer neutrosophic semigroup.

adj €

Study questions (i) to (x) of problem 33 for this W.

a a, . a
a,; @, .. Ay
LetB =4|a, a, .. ay ||la < SK[0,18)u ),

dg 8 .. Qg |



41.

42.
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1 <i <90, x,} be the subset interval neutrosophic
matrix semigroup.

Study questions (i) to (x) of problem 33 for this B.

LetP =3l a; a, a, a, ||ae S0, 7)ul));

1 <i <12, min} be the subset interval semigroup of
finite complex modulo integer matrices.

Study questions (i) to (x) of problem 33 for this P.

Letw = | % a; e S(([0, 45) U Iy);

1 < i <16, min} be the subset interval neutrosophic
matrix semigroup.

Study questions (i) to (ix) of problem 20 for this W.
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43.

44,

45.

a'1 a2
a‘3 a'4
a5 aG
a7 a8
a9 a'10
LetS ={|a, a, ||aeSC0,3)uUl);1<i<22

fiky
w
QD
fiky
~

ke
o

QD
=
o

fiky
©
QD
N
(=]

O oo o o o
5
&

min} be the subset interval super matrix finite complex
modulo integer semigroup.

Study questions (i) to (ix) of problem 20 for this S.
Let M = {(a;, az, a3, ..., a9) | & € S(C([0, 11)),1<i <9,
max} be the subset interval row matrix finite complex

modulo integer semigroup.

Study questions (i) to (ix) of problem 20 for this M.

al
a
LetT=1<| "7 ||lae S(0,7) U D); 1<i<9 max}

dy

be the subset interval finite complex modulo integer
neutrosophic semigroup.

Study questions (i) to (ix) of problem 20 for this T.
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a, a, a; .. a,
a8 a9 alO a14
46. LetL=<la, a, a5 ay ||ai e
a‘22 a23 a24 a28
_a29 a30 a‘31 a35_

S({[0, 15) U I)); 1 <i < 35, max} be the subset interval
neutrosophic semigroup.

Study questions (i) to (ix) of problem 20 for this L.

47. Let W ={(ay, ay, ..., azg) | @ € S(C{[0, 1) U I)); 1 <i <
18, x} be the subset interval finite complex modulo
integer semigroup.

(i) Study questions (i) to (ix) of problem 20 for this W.
(if) Can W have finite subsemigroup?

(iii) Prove every ideal of W is of infinite order.

a, a, ‘ a, a, a
a, a, |a; a, a
48, LetS=4{| & T 1 8 9 104 ¢
a'11 a'12 | a13 a14 a‘15
alG a'17 alS alQ a20

S([0, 19) U I); 1 <i <20, x,} be the subset interval
finite neutrosophic semigroup.

Study questions (i) to (iii) of problem 47 for this S.
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49.

50.

w

o

LetV = a e S(C[0, 12) U IY); 1 <i <8, x,} be

(&

o

S

D D DD D D D©

©

the subset interval finite complex integer neutrosophic
semigroup.

Study questions (i) to (iii) of problem 47 for this V.

Let M ={(ay, az, ..., a1g) | & € S([0, 9)); 1 <i <18, min,
max} be the subset interval finite complex modulo
integer semiring of row matrices.

(i) Prove o(M) = oo,

(if) Show P = {{(0, ..., 0), x} | x € M} is a subsemiring
of order two.

(iii) Is P an ideal?
(iv) Can ideals in M be of finite order?
(v) Show every element in M is idempotent.

(vi) Can we have order three, order four, ..., order n
(n > 1) subsemirings?

(vii) Obtain any other special property associated with
this type of semirings.
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51. Let

fa ]
a; a,
a'5 a6

V =4la, ag|laieS(O 11)ul);1<i<14,

4y
all alZ

_al3 a14

min, max} be the subset interval neutrosophic matrix
semiring.

Study questions (i) to (vii) of problem 50 for this V.

52. Let

S=4<la;, a, a a, a,]|laie
all alZ a13 a14 a’lS
S({(C[0, 15) U I)); 1 < i < 15, min, max} be the subset

interval complex modulo integer neutrosophic
semigroup.

Study questions (i) to (vii) of problem 50 for this S.
53. Let W = {(a, a, ..., &) | @ € S(C[0, 19)); 1 <i < 29,
U, N} be the finite complex modulo integer interval

semiring.

Study questions (i) to (vii) of problem 50 for this W.
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54.

55.

56.

LetB=<|a, ||ae SK0,19)ul));1<i<7,u,Nn}be

the subset interval neutrosophic column matrix
semiring.

Study questions (i) to (vii) of problem 50 for this B.

al aZ a3 a4 a5

a6 alO
Lets= | e

alG a20

a21 a25

_aZG a30

S(C{[0, 23) U I)); 1 <i <30, U, N} be the subset
interval finite complex modulo integer neutrosophic
matrix semiring.

Study questions (i) to (vii) of problem 50 for this S.

Compare semirings with min, max operations with
semirings under w and m operations.

Avre they identical or distinct? Justify.
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57. Let S = {(ay, a, ..., a10) | @ € S(C([0, 5)); 1 <i < 10,
min, x} be the finite complex modulo integer pseudo
semiring.

(i) Study questions (i) to (vii) of problem 50 for this S.

(if) Show we can have subsemiring to be both a pseudo
filter and pseudo ideal.

(iii) Show S has infinite number of zero divisors.
(iv) Can S be a S-pseudo semiring?

(v) Can S have S-zero divisors?

(vi) Can S have S-idempotents with respect to x?

(vii) Can S have S-units?

58. Let
I a1 a2 a3 a4 a5 aG ]
a'7 a'12
P=4la; a, ||ai €
a19 az4
| A a3 |

S([0, 13) u I)); 1 <i <30, +, x,} be the subset interval
neutrosophic super matrix pseudo ring.

Study questions (i) to (vii) of problem 57 for this P.
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59.

60.

iy

N

w

LetS= a e S0, 12) U 1)); 1 <i <7, +, x,} be

a

D Y o Y v O ©
(=3} S

<

the subset interval neutrosophic column matrix finite
complex modulo integer pseudo ring.

Study questions (i) to (vii) of problem 57 for this S.

Let V ={(a;, a, ..., @) | & € S(C([0, 13)); 1 <i <9, +,
x}be the finite complex integer matrix pseudo ring.

(i) Prove a x (b + ¢) # a x b + a x ¢ for some
a,bceV.

(i) Prove V is commutative.

(iii) Can V have zero divisors?

(iv) Can V have S-zero divisors?

(v) Can V have S-units?

(vi) Can V have S-idempotents?

(vii) Is V a S-peudo ring?

(viii) Can V have S-pseudo subrings?
(ix) Can V have S-pseudo ideals?

(x) Can V have S-subrings which are not S-ideals?



61.

62.

63.
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(xi) Give some interesting features enjoyed by these S-
pseudo rings.

LetS=
a a, a 4a, a a; a;, ag a,
a10 all a18
i €
Qg 8y e we Ay
8y Ay a3

S([0, 15) U I)); 1 <i < 36, +, x,} be the subset interval
neutrosophic matrix pseudo ring.

Study questions (i) to (xi) of problem 60 for this S.

a
LetS = 1| 2 ||a e SCUI0, 12) U 1) 1< <9, +, x.}

dy

be the subset interval finite complex modulo integer
neutrosophic pseudo ring.

Study questions (i) to (ix) of problem 60 for this S.

Lot M = [al a, . aw}

a,; 8, .. Ay
1<i<20, +, x,} be the subset interval finite complex
modulo integer matrix pseudo ring.

a; € S(C(([0, 8) v ));

Study questions (i) to (ix) of problem 60 for this M.
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64.

65.

66.

67.

Obtain any of the special features enjoyed by subset
interval pseudo rings (built using S(C([0, n)) or
SK[O, n)u 1)) or S S(C([0, n)u ).

LetV = {(ay, ..., &) | & € S(C([0, 17)); 1 <i <9, +} be
the subset interval finite complex modulo integer vector
space over Z;;.

(i) Is V finite dimensional?

(ii) Find a basis of V over Z;.

(iii) Can V have several basis?

(iv) Write V as a direct sum of subspace.

(v) Enumerate some special feature enjoyed by V.

(vi) Find Hom,_(V,V)=S.

(vii) What is the algebraic structure enjoyed by S?

(viii) Is S a subset interval vector space over Z;7?

(ix) If S a vector space over Z;7, what is the dimension
of S over Z;7?

(x) Is it possible to define inner product on V?

(xi) Can we define linear functionals on V and get V*
(V* dual space of V).?

(xii) Will V* = V?

al
LetV = af ai e SH[0,19) U )):1<i<9 +}bea

dy

subset interval neutrosophic column matrix vector space
over the field Z,.

Study questions (i) to (xii) of problem 65 for this V.

Let S = {(ay, ..., a7) | & € SS([0, 5)), +} be the super
subset interval group of row matrices under +.
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(i) Prove o(S) = o0 and is commutative.

(ii) Prove S has subgroups of finite order.
(iii) Can S have subgroups of infinite order?
(iv) Write S as a direct sum of subgroups.

(v) Give any other property enjoyed by S.

al
a
LetB=<| * ||a e S(C[0,12)); 1<i<20, +} be

a20

the super interval subset column matrix group of finite
complex modulo integers.

Study questions (i) to (v) of problem 67 for this B.

a, a, a, a, a,
a, a, 4, a a

Let M — 10 11 12 13 18 ai e
alQ aZO a21 a'22 a27
a‘28 a29 a30 a31 a36

S([O, 14) U I)); 1 <i < 36, +} be the super subset
interval matrix group of neutrosophic values.

Study questions (i) to (v) of problem 67 for this M.



128 | Special Type of Topological Spaces using [0, n)

70.

71.

72.

LetT = [al a, a, a, .. ag}
a10 a11 a12 alS e a'18
S(C{[0, 18) U I)); 1 <i < 18, +} be the super subset

interval finite complex modulo integer neutrosophic
group.

Study questions (i) to (v) of problem 67 for this T.

a, a, a, a, a
_ a‘6 a'10 .
LetS = a; e SS([0, 18));
a'11 a15
a a

1 < i <20, min} be the super subset interval matrix
semigroup.

(i) Prove o(S) = o0 and S is commutative.

(ii) Prove every element in S is an idempotent and a
subsemigroup.

(iii) Can S have subsemigroups of all order?

(vi) Can S be a Smarandache semigroup?

(v) Is it possible for a subsemigroup to be a S-
subsemigroup?

(vi) Can S have S-ideals?

(vii) Can S have S-idempotents?

Let B={(ay, ..., ) | & € SS(C([0, 9)), L <i <9, min}
be the super subset interval finite complex modulo
integer semigroup.

Study questions (i) to (vii) of problem 71 for this B.
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73. Study problems 71 and 72 when min is replaced by
maximum.

a'1
a

74. LetW = 1| 7 [|a € SS([0, 14) U I)); 1 <i <12, max}
a12

be the super subset interval neutrosophic column matrix
semigroup.

Study questions (i) to (vii) of problem 71 for this W.

a a, .. a
75. LetV = { S 15}
g 87 .. Ay
1 <i <30, min (or max)} be the super subset interval
finite complex modulo integer neutrosophic semigroup.

a;i € S(C(([0, 19) L I});

Study questions (i) to (vii) of problem 71 for this V.

(a, a, |a, a, a, |a, a, |
aS a'14
a'15 aZl
76. LetM=4la,, .. | .. .. .| .. Au|laéi€
8z A5
Ay a,
ER cyy

SS([0, 12)); 1 <i <19, n} be the super subset interval
semigroup of super matrices.



130 | Special Type of Topological Spaces using [0, n)

77.

78.

79.

80.

81.

82.

(i) Study questions (i) to (vii) of problem 71 for this M.
(ii) Does M enjoy any other special feature?

Study problem 76 when in M ‘"’ is replaced by the
operation ‘U’.

Let V = {(a, &, a3, ..., an) | & € SS(C([0, 27)),
1 <i <12, n} be the super subset interval finite
complex modulo integer semigroup.

Study questions (i) to (vii) of problem 71 for this V.

Study problem 78 when ‘~’ is replaced by u.

al aZ alO
a'11 a'12 a20
LetS=1la, a, a,, ||ai € SS(([O, 18) LU 1)),
a31 a33 a'40
_a4l a'42 a'50_

1 <i <50, U} be the super subset interval neutrosophic
matrix semigroup.

Study questions (i) to (vii) of problem 71 for this S.
Study problem 80 replacing ‘U’ by ‘" in S.

Let M = {(a;, a,, a3, ..., a9) | & € SS(C({[0, 15) U I})),
1<i<9,n (or )} be the interval super subset of finite
complex modulo integer neutrosophic row matrix

semigroup.

Study questions (i) to (vii) of problem 71 for this M.
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83. Let S=4dla, .. .. .. aplla e SS(0, 24));

1 <i <15, x,} be the super subset interval matrix
semigroup.

(i) Show o(S) = .

(ii) Show S has infinite number of zero divisors.

(iif) Show S has only finite number of units and
idempotents.

(iv) Can S have S-zero divisors?

(v) Can S have S-units?

(vi) Can S have S-idempotents?

(vii) Is S a Smarandache semigroup?

(viii) Can S have S-subsemigroups?

(ix) Can S have S-ideals?

(x) Specify any other special feature enjoyed by S.

(xi) Can S have ideals or S-ideals or finite order?

al aZ a3 a4 a5
_ ]| 2 ajo .
84. LetS = ai € SS([0, 43));
a;; a5
a a

1<i<20, U, N} be the super subset interval matrix
semiring.

(i) Prove o(S) = oo.

(ii) Prove S has finite order subsemiring.

(iii) Can S have finite order ideals?

(iv) Can S have S-subsemirings of finite order?
(v) Can S have S-idelas of finite order?

(vi) Can S have filters?

(vii) Can ideals in S be a filters in S?
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85.

86.

87.

a a

LetV = ! 2 la e
a, T P
a19 a24

SS(CI0, 12))); 1 <i <24, U, N } be the super subset
interval complex modulo integer semiring.

Study questions (i) to (vii) of problem 84 for this V.
al
a
LetW =<1 7 |la € SS([0, 1)) U I)); 1<i<9,n, U}

dy

be the super subset interval neutrosophic column matrix
semiring.

Study questions (i) to (vii) of problem 84 for this W.

I a a 83 |4, |8 85 |3 |
dg Ay
a5 ay

Lot S = Ay e - | Qo &

dyg e - | Agg
A36 ay
Ay3 Ays

_a46 ase_

SS(C([0, 23) u I)); 1 <i <56, U, N} be the super
subset interval finite complex modulo integer
neutrosophic super matrix semiring.
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89.

90.
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Study questions (i) to (vii) of problem 84 for this S.

LetP = {(al, dyg, Az, ..., a]_l) | dj € SS([O, 42)), 1<i< 11,
min, max} be the super subset interval row matrix
semiring.

(i) Study questions (i) to (vii) of problem 84 for this P.

(i) In P if max and min is replaced by W and N
compare them.

a A, .. Ay
LetM=<la, a, .. a,|laeSS(C([O,15)));
Ay 8y .. Ay

1 < i < 30, min, max} be the subset super interval
complex integer modulo semiring.

(i) Study questions (i) to (vii) of problem 84 for this M.

LetL=4la, a, a, ||la e SS([O0,37)ul));

1 <i < 36, max, min} be the subset super interval
neutrosophic semiring.

Study questions (i) to (vii) of problem 84 for this L.
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91.

92.

93.

a, a, .. a
LetM=<la, a;, .. ag||laeSS(C{[O,24)) v
Qi 8y .. Ay

1))); 1 <i <27, min, max} be the super subset interval
complex modulo integer neutrosophic semiring.

(i) Study questions (i) to (vii) of problem 84 for this M.
Compare M when min, max operations in M is replaced
by nand L.

Let S ={(ay, a, a3, ..., a12) | & € SS([0, 24)), L <i <12,
min, x} be the super subset interval pseudo semiring.

(i) Show o(S) = .
(ii) Prove S has infinite number of zero divisors.

(iii) Can S have subsemiring which is both a pseudo
filter and pseudo ideal?

(iv) Can S have S-subsemirings?

(v) Can S have infinite number of idempotents and
units?

(vi) Can S have S-units?
(vii) Can S have S-idempotents?

(viii) Find any other special and distinct features
enjoyed by the pseudo semiring S.
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al
a
94. LetS=1| 7 ||a € SS(C[0, 12)); 1 <i <9, min, x} be

dg

the super subset interval finite complex modulo integer
pseudo semiring.

Study questions (i) to (viii) of problem 93 for this S.

a, a,|a, a,|a
6 alO
A e | e e | A
95. Let B = a; e SS(([0, 24) U
Qg o | e e | 8y
a'21 a25
_aZG a'30_

)); 1 <i <30, x,, min} be the super subset interval
neutrosophic super matrix pseudo semiring.

Study questions (i) to (viii) of problem 93 for this B.

fa, a, a, a, a, |
a10 a'll a'12 a'13 a18
96. LetL=1q|a,, @, a, a, a, |la€
a'28 a‘29 a‘30 a31 a36
_a37 a38 a39 a'40 a'45 i

SS(C({[0, 15) LU IY)); 1 <i <45, min, x,} be the super
subset interval finite complex modulo integer
neutrosophic pseudo semiring.
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97.

98.

99.

Study questions (i) to (viii) of problem 93 for this L.

Let S ={(as, a, as, ..., a15) | & € SS([0, 18)), 1 <i <15,
+, x} be the super subset interval pseudo ring.

(i) Show 0o(S) = .

(ii) Prove S has infinite number of zero divisor?
(iif) Can S have infinite number of S-idempotents?
(iv) Can S have infinite number of units?

(v) Can S have S units?

(vi) Can S have S-ideals?

(vii) Can S have S-subrings which are not S-ideals.
(viii) Prove S has no ideals of finite order.

(ix) Find any stricking feature enjoyed by S.

I al a2 a3 a4 1
a5 a'8
LetB=]| %2 | |3 € SS(C(O, 25));
dyg . . Ay
al7 aZO
L 82 Az

1<i<24, +, x,} be the super interval subset complex
modulo integer semiring.

Study questions (i) to (ix) of problem 97 for this B.

e SS(([0, 27)) U I)); 1 <i <16, +, x,} be the super
interval neutrosophic super row matrix pseudo ring.
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Study questions (i) to (ix) of problem 97 for this T.

a‘1 a2 a10

a‘lZ alZ a20
100. LetM=<la, a, .. ay|lae

a'31 a32 a40

a'41 a'42 a'50

e SS(C(J0, 15) u IY); 1 <i <50, +, x,} be the super

subset interval finite complex modulo integer

neutrosophic matrix semiring.

Study questions (i) to (ix) of problem 97 for this M.
101. Let M = {(a1, @, ..., ai5) | & € SS([0, 29));

1<i<15, +} be the super subset interval vector space

over F = Zy,.

(i) What is the dimension of M over F?

(ii) Find a basis of M over F.

(iii) Can M have several basis over F?

(iv) Find subspaces of M of finite dimension over F.

(V) Write M as a direct sum of subspaces.

(vi) Find Hom(M, M) = S.
Is S a super subset interval vector space over F?

(vii) Describe any other special feature enjoyed by M.



138 | Special Type of Topological Spaces using [0, n)

fa, a, a, a, a,|
Qg e e e Ay
102. LetS=<la,; .. .. .. a5 |la € SS(C[O, 23));
alﬁ aZO
a'21 a'25_

1 <i< 25, + } be the super subset interval vector space
of finite complex modulo integer matrix over the field
223.

Study questions (i) to (vii) of problem 101 for this S.

103. If S in problem 102 is defined over the S-ring
C({Zy3 w I)) and renamed as V.

Study questions (i) to (vii) of problem 101 for this V.

104. If S in problem 102 is defined over the S-ring C(Z3)
and renamed as W.

Study questions (i) to (vii) of problem 101 for that W.

105. If S in problem 102 is defined over the S-pseudo ring
R = {[0, 23), +, x} and S be the renamed as B.

Study questions (i) to (vii) of problem 101 for this
S- pseudo vector space B over R.

106. Let W = a e SS(([0,7) U ly); 1<i<6,+}
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be a super subset interval vector space defined the field
F= Z7.

(i) Study questions (i) to (vii) of problem 101 for this
W.

(if) If W in problem 105 is defined over the S-ring
P = (Z; U I) that is the changed and denoted by W, W;
the S-vector space over P.

Study questions (i) to (vii) of problem 101 for this W;.

107. Let S = {(ay, a2, a3, a4, as) | & € SS([0, 43)); 1 <i <5,
+} be the strong pseudo super subset interval vector
space over the super strong subset interval pseudo ring
R = {SS([0, 43)), +, x}.

Study questions (i) to (vii) of problem 101 for this S.

108. Let W = a; € SS(C[0, 3)); L<i <6, +, x}

be the super subset interval S-super strong pseudo linear
algebra over the S-super strong pseudo ring
R = {SS(C([0, 3)), +, x}.

(i) Study Hom (W, W).

(ii) Find a basis of W over R.

(iii) Can W be made into a pseudo inner product space?
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109.

110.

111.

112.

113.

(iv) Find W',

(v) IsW =W’ over R?

(vi) Is W finite dimensional over R?

(vii) Can spectral theorem be derived for W?

(viii) Write W as a direct sum and obtain projections
and related results.

Find some special features associated with S-pseudo
super subset interval super strong linear algebras over
R = {SS([0, n)), +, x} (or {SS(C[O, n)), +, x} or
{SS(I0, n) w 1)), +, x} or {SS(C(([0, n) w 1)), +, x}).

Prove on S-super interval subset vector spaces over
C(Z,) one cannot define pseudo inner product.

Prove on S-super subset interval vector spaces over the
S-ring R = {S([0, n)), %, +} one cannot define pseudo
inner product.

Obtain a necessary and sufficient condition for a
S-super interval subset strong vector space to be a
pseudo inner product space.

Let V be S-super subset interval vector space over a
S- pseudo ring, R = {S([0, n)), +, x}.

Study all the special features enjoyed by V.

Differentiate V from the usual vector space.
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a, a, a, a,
a5 ae a7 aS
114. Suppose V = a €
9 a'10 all alZ
a13 a14 alS alﬁ

SS(C(([0, 23) U 1)), 1 <i < 16, +, x,} and

al a2
WE af a;‘ ai € SS(C(([0, 23) U 1)), 1 <i < 20,

a'19 a20

+, xn} be two S-super strong subset interval finite
complex modulo integer neutrosophic vector spaces
over the S-super strong subset interval pseudo ring;

R ={SS(C(([0, 23) LU I))), +, x}.

() Find T = {Homg(V, W)}.

(i) What is the algebraic structure enjoyed by T?

(iii) Find B = {Homg(V, V) and D = {Homg(W, W)}.
(iv) Is B = D as spaces?

(v) Is V and W inner product spaces?

(vi) Find V" and W* and show V = V" and W = W’

(vii) Can V" and W’ be related through f, where
f:V —> W is a S-linear transformation of V to W?
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115. Obtain any special feature enjoyed by S-subset super

116.

interval vector space over the S-ring C(Z;) or
((Zp U 1) or C((Zy L 1Y).

Obtain some special features enjoyed by the S-pseudo
special super subset interval linear algebras (vector
spaces) defined over the S-pseudo subset ring;
S([0, n)) (or S(C([0, n)) or SS({[0, n) U 1) or
S(CKIO, ) w D).



Chapter Three

SPECIAL TYPE OF TOPOLOGICAL SPACES
BUILT USING [O, n)

In this chapter we define, develop and describe several special
type of topological spaces built using subsets of [0, n) or
intervals of [0, n).

We use the notations from chapter two. For sake of
completeness we just recall the notations given in chapter two.

S([0, n)) = {All elements of the form [X, y) or [X,y] X,y €
[0, n); that is intervals and naturals class of intervals as X >y is
also permitted}.

SS([0, n)) = {Collection of all subsets from the elements in
S[0, n)}.

We define topology of S([0, n)) or SS([0, n)) using the basic
algebraic structure enjoyed by the sets.

DEFINITION 3.1: Let

S = {Collection of all subsets of the semigroup P = {[0, n), *}.
S is a subset interval semigroup under the operation *. We
define three types of interval topological spaces called the
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ordinary or usual or standard interval topological spaces of the
interval semigroup P.

LetS'=S {4}

T, = {S’, u; M} is the ordinary or usual or standard type of
subset interval topological space of the super subset interval
semigroup S.

To={S, y, *}and T, = {S, »n, *} will be known as the
special type of super subset interval topological spaces of the
super subset interval semigroup S = {{SS([0, n)), *}.

We will first illustrate this situation by some examples.
Example 3.1: Let S = {Collection of all subsets of the
semigroup, P = {[0, 7), min}} be the subset super interval
semigroup; S = {SS([0, 7)), min}.

To = {S' = S U {0}, U, N} is the subset interval super
special ordinary topological space of S.

Now T™" = {{SS([0, 7)), U, min}

= {S, U, min} is a super interval special topological space
of the super subset interval semigroup.

We can also have a super interval subset topological space
T™ ={SS([0, 7)) U {¢}, N, min}.

We will show by illustration that all the three spaces are
different.

Let A = {2.07, 5.21,0.71, 5, 6} and
B = {0, 2.07,5.21,0.9, 1.2, 4, 3, 2.4, 0.8} € SS([0, 7)).

Let us consider A, B € T,.

AN B={2.07,5.21} and
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A uB={0,207 52109, 1.2, 4, 3, 24, 0.8, 0.71, 5, 6}
are in T,.
LetA,Be T™;

min {A, B} = {0, 2.07,0.9, 1.2, 0.8, 5.21, 4,3, 2.4, 0.7} and
AuB={0,207,52109, 1.2 4,3,24,08,0.7, 5.6} are
in T™.

LetA Be T™,

min {A, B} = {0, 2.07, 0.9, 1.2, 0.8, 5.21, 4, 3, 2.4, 0.7}
and

ANB={207, 521} ¢ T™.

Thus T,, T™ and T™ are three distinct topological spaces
of infinite order.

Thus using a semigroup we get three super subset interval
topological spaces.

Example 3.2: Let S = {Collection of all subsets from the
interval semigroup of P = {[0, 12), min} = {SS([0, 12)), min}.

We have 3 super subset interval special topological spaces.
To={S' =S u{¢}, U, N},

T™ ={S, U, min}
and T™ ={S, N, min}.

All the three spaces are of infinite order.
However all the three spaces have subspaces of finite order

(By finite order we mean the space has finite number of
elements in them).
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Example 3.3: Let S ={Collection of all subsets from the
interval semigroup; P = {[0, 24), max}}
= {SS([0, 24), max}.

We can define three different types of special topological
spaces.

To={S' =S u{¢}, U, N}
T7 = {S, U, max} and

T = {S', N, max} are the three super subset interval

special topological spaces. All the three spaces are of infinite
order and distinct.

Let A = {9.3, 8.74, 14.5, 20.7, 0.32, 6.637, 8.1001, 5.026,
4.4,7.07,10.37, 4.003}

and B = {9.3, 8.1001, 10.37, 21.5, 14.32, 6.003,10.31, 8.34} €
To;

A U B ={93, 874, 14,5, 20.7, 0.32, 6.637, 8.1001, 8.34,
5.026, 4.4, 7.07,10.37, 4.003, 21.5, 14, 32, 6.003,10.31} ... |

and An B ={9.3,8.1001, 10.37} are in T,.
LetA, B e T7™.

max{A,B}= {9.3, 10.37, 21.5, 14.32, 10.31, 8.74,14.5, 20.7,
6.637, 6.003, 8.1001, 7.07, 8.34} and

AU Bisgivenin .

Both max{A, B} and A U B e T"™ are different from each
other.
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Likewise we can find T™ and it is clear that all the three
spaces are distinct however the cardinality is the same.

Further all the three spaces are disconnected.

Example 3.4: Let S = {Collection of all subsets of the interval
semigroup, P = {[0, 5), max}} = {SS([0, 5)), max}.

On S we can define three distinct super special subset
interval special topological spaces. S is of infinite cardinality

viz T, T7™ and TT™ .

All the three of them are distinct. Infact S has
subtopological spaces of finite order.

For take A = {All subsets from the set Zs}, S,
S'® and S™™ be three distinct subspaces all of them are of
finite order 2°.

Infact based on this example we just have the following
theorem.

THEOREM 3.1: Let S = {Collection of all subsets from the
interval semigroup P = {[0, n), min} or (P = {[0, n), max})} =
{SS([0, n)), min (or max)} be the super subset interval
semigroup.

(1) On S we have three distinct super special subset
interval topological spaces viz T, T™" and T™ (or T,

T and T™) of infinite cardinality.
() To, T™ and T™ (or T, T™and T™) has infinite

number of super special subset interval topological
subspaces of finite order.

(3) To, T™ and T™ (or T,, T™and T™) also have
subspaces of infinite order.

4) T, T™ and T™ (or T,, T™and T™) are not
connected.
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The proof is direct and hence left as an exercise to the
reader.

Example 3.5: Let S = {Collection of all subsets from the

interval semigroup P = {[0, 12), min}} = {SS([0, 12)), min} the
super subset interval semigroup.

Let A={0.4,6,8.10.3,5.7, 43} € T, (T™or T™).

M, = {A, ¢} < T, is a subspace of the super subset interval
topological space.

M; = {A, ¢, U, min} < Tj“” is a subspace of cardinality
two.

M, ={A, ¢, N, min} = T™ is a subspace of T™".

Let L ={A={4.3,10.7,2.8,4.03} and
B={9.3,6.7,4,10,53}} c To (T™or T™).

We now complete L in T,

L°={A, B,AuUB,ANB}
={A B, ¢, {4.3,10.7,2.8,4.03,9.3,6.7,4,10,5.3}} c To.

L is a topological subspace of cardinality four. The basis
for L is {A, B}.

Consider L as a subset of T™" .

To find the completion of L with respect to the operations
min and L.

Let W be the completion of L; W ={A, B, {4.3, 4, 9.3 6.7,
5.3, 10, 2.8, 4.03}, {4.3, 10.7, 2.8, 4.03, 9.3,6.7, 4, 10, 5.3}} <
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T™ is the completion of the set L and W is a topological
subspace of T™.

A basis for W is {A, B}.

Consider L ¢ T™, L is only a subset of T™ . To find the
completion L to a subspace of T™.

Let V be the completion of the set L under the operation
min and M.

V={A B,ANB=¢ {43 28, 403,93, 67,10, 4, 53}}
< T™ is a subspace of T™ and a basis of V is {A, B}.

Thus if L is a set with two elements which are not singleton
sets. AxB(AcBorBc AorA=¢or A=S} then the
completion of L in a topological subspace has cardinality to be
always four.

LetL={A={3.7}and B={9.17}} c T..

The completion of L into a topological space of T, is as
follow:

L°={A, B, {3.7,9.17}.

The completion of L as a topological subspace of T™
denoted by W = {A, B, ¢, {3.7, 9.17}}.

The completion of L as a topological subspace of T™
denoted by V = {A, B, ¢}.

Thus [V| = 3 and |W| = 3 but |L°| = 4. However the basis is
{A, B}.

Let L = {A ={3.4}, B = {6} and C = {2.4}} be a subset of
To. The completion of L into a topological space denoted by
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LS = {A, B, C, ¢, {3.4, 6}, {2.4, 6}, {2.4, 3.4}, {34, 6,
2.4}} < T, is a subspace of cardinality 8. Let L < T™.

To find the completion of L say W as a subspace of T™".

W ={A, B, C, {34, 2.4}, {2.4, 6}, {3.4,6}, {2.4, 3.4, 6}}
T™ is a subspace of cardinality 7.

Let V be the completion of L as a subspace of T™.

V ={A, B, C, 4} c T™ is a subspace of order 4. Thus we
get several spaces of different orders.

Thus we leave the following problem as an open conjecture.

Conjecture 3.1: Let T, be a super subset interval special
topological space.

Let L = {A4, A,,..., A} be a collection of singleton subsets
of To; JAI| =1 and Aj = A ifi #].

If |L| = n, what is the cardinality of L in T,?

Conjecture 3.2: Let L = {Ay, A,,..., An} be n distinct singleton
sets in T™ (T™). Let V be the completion of L in T™ that

the subtopological space generated by L under min and U
operation (max and U operation).

If |L| = n find o(V).

Conjecture 3.3: Let L = {A4, A,..., An} be n distinct singleton
sets inT™ (orT™). Let W be the completion of L in T™

(or T™) that is subspace generated by L.

If |L| = n find order of W.
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Compare the orders of LS, W and V of T,, T;”‘“ and T™
respectively.

Example 3.6: Let S = {Collection of all subsets of the
semigroup P ={[0, 13), min} ={SS ([0, 13)), min} the super
subset interval semigroup. T, ={S' =S u {¢}, U, N}, T™ =
{S, min, U} and T™ = {S’, min, "} are all super subset interval

special topological spaces of infinite cardinality and they have
infinite basis.

However T,, T™ and T™ have subspaces of finite
cardinality.

Now we can get topological spaces of semigroups built
using SS([0, n)), which will be illustrated by the following
examples.

Example 3.7: Let S = {Collection of all subsets from the
semigroup P ={(a;, a,, ..., as) | & € [0, 9), max}} be the super
interval special subset interval row matrix semigroup.

To={S' =S U {¢}, U, N},

T = {S, max, U} and T™ = {S’, max, N} are the super
subset interval row matrix special topological spaces.

Let A ={(0.3, 4, 2, 5, 0), (6, 0, 7, 3.2, 4.5), (0.9, 2, 0, 1,
3.1)}and B ={(0.9, 2,0, 1, 3.1), (2.7, 3.5, 4.8,5.6, 7.2)} € To.

A~B={(0.9,20,1,3.1)3}=Dand

AUB={03,4,2750),(6,0 7 32 45), (0.9, 2, 0, 1,
3.1), (2.7,35,4856,7.2}=C e Te.

Further P = {¢, A, B, D, A u B =C} is a subspace of T,.

LetA, Be T™.
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Now max{A, B} = {(0.9, 4, 2, 5, 3.1), (6, 2, 7, 3.2, 4.5)
0.9,2,0,1,31),(2.7,4,4.8,5.6, 7.2), (6, 3.5, 7, 5.6, 7.2), (2.7,
3.5,48,56,7.2)} =E.

M= {( A, B, E, C)} € T ™ generates a subspaces of T ™.

When matrices are used this is the way operations are
performed.

Example 3.8: Let

a
P=4| /|| ael0 14),1<i<9 min}

dy

be the subset interval semigroup.

Let S; = {Collection of all subsets of P, min} be the super
interval subset special subsemigroup under min operation.

To={S' =S u{¢}, u, N}
T™ = {S, min, U} and T™ = {S’, min, N} are the three
types of super subset interval special topological spaces of

column matrices.

Now it is pertinent to keep on record S and S; in examples
3.7 and 3.8 are different from

R: = {(ay, ay, a3, a4, as) | & € SS([0, 9)), min} and
a‘1

a
Rz=1<| || a e SS([0, 14)), 1 <i <9, min} respectively.
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a’s in R, and R; are subsets from SS([0,14)) where as
elements in S and S; are matrix subsets.

That is x = ({0.3, 4.5, 7}. (2, 4.6, 3.1}, {0}, {2.3, 8.1},
{8.101}) ¢ Sbhut x e Rwhereasy ={(0.3,0, 1, 0.7, 8.1), (6.1,
45,32,4.01,0.71)} e Sandy ¢ R.

The same is true in case of S; and R;. Thus S; and R; are
different. Similarly S; and R, are different.

Example 3.9: Let M = {(a, a,, a3)| & € [0, 19), 1 <i < 3, min}
be the subset interval semigroup.

B = {Collection of all subsets from M, min} is the special
super subset interval semigroup. M; = {(bs, by, bs)| b; € [0, 19),
1 <i <3, min} be the super subset interval semigroup.

Clearly M and M; are different.

Example 3.10: Let
al aZ
a, a, : .
M = : : a; € [0, 25), 1 <i <30, min}

a29 a'30

be the interval subset semigroup.

Let P = {Collection of all subsets from M, min}. P is also a
super interval subset semigroup.

al a16
— a2 a‘l? - .
LetB = : : a; € SS([0, 25)), 1 <i <30, min}

a'15 alG



154 | Special Type of Topological Spaces using [0, n)

be the super subset interval semigroup. Clearly B and P are
distinct.

So B gives way to topological spaces which are different
from the three topological spaces given by P.

Example 3.11: Let S = {Collection of all subsets from the
semigroup

a, a, a, a,

a P -

P=4| ° ® 11 a €e[0,27),1<i<16, min}}
g .. .. Ay
PP - PN

be the super special subset interval semigroup.

. b, by

4

o O

® || bi € SS([0, 27)), 1 < i < 16, min}

9 1

N

b

b
S]_ = b5

b

o T

13 16

be the super subset interval semigroup.
Clearly S and S; are distinct.

Using S we get three super subset interval special
topological spaces To, T™ and T™.

Similarly for S; we get three super subset interval
topological spaces P,, P™ and P™ and T, # P,, P™ = T™
and Tz pm°

Studying these two spaces comparing them happens to be
an interesting research work.
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Further {SS([0, n), min} = {Collection of all subsets of the
semigroup P = {[0, n), min}} as super special subset interval
semigroups. Only when the matrices are built both the spaces
are distinct.

THEOREM 3.2: Let M = {Collection of all subsets from subset
interval semigroup P = {m x n matrices with entries from [0, s);
min}} be the subset interval semigroup.

Let M; = {m x n matrices with entries from SS([0, s)), min}
be the super subset interval semigroup.

Q) M; = M (that is M and M; are distinct as
semigroups).

(i) The 3 topological spaces associated with M is
different from the three topological spaces
associated with M;.

The proof is left as an exercise to the reader.

In the theorem if “min’ operation is replaced by max still the
result holds good.

Example 3.12: Let S; = {Collection of all subsets from the
subset interval matrix semigroup.

a, a, .. a,
a a ..o a

Pl - 10 11 18 a| c ([O, 11)),
dig Ay e Gy
dyg Ay v Agg

1 <i <36, max}, max}

be the super subset interval semigroup.
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bl b2 b9
b, b b
p,= 4| © "u ® 1| b e SS([0, 11)),
by Dby b,
b, b b

36
1<i<36, max}

be the super subset interval matrix semigroup.

Clearly P, and P, are distinct. Hence the three topological
spaces associated with them are also distinct.

Example 3.13: Let S; = {Collection of all subsets from the
interval semigroup matrix

a a |
P, = |: 1 2 18:|
dig dyy ... Qg

be the super subset interval matrix semigroup.

.- [bl b, .. bw}
)=
by by .. Dby

be the super subset interval matrix semigroup.

a € ([0, 12)), 1 <i <36, x}}

bi € SS([0, 12)), 1 <i < 36, x}

Clearly S; and S, are distinct. Both the semigroups have
infinite number of zero divisors.

We have super subset interval special topological spaces
associated with them viz;

To={S, =S1u {¢}, u, N},

T, ={S1, x, u}and T ={S;, N, x}.
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The three super subset interval special topological spaces
associated with S, is P, = {S, =S, U {0}, L, N},

Po = {8 x, U} and P1={S;, N, x} are three distinct
super special subset interval topological spaces different from
To, T and T* associated with S;.

The topological spaces P*, P*, T and T: has infinite
number of zero divisors.

Example 3.14: Let L = {Collection of all subsets from the
subset interval semigroup P = {(as, a,, a3) |a € [0, 4), 1 <i<3,
x}} be the super subset interval semigroup.

Let x = {(0.3, 1.4, 2), (2.4, 2, 0.6), (3, 2, 1), (0, 3.4, 0.2)}
and
y=9{(0.7,2,1),(0.4,05,3),(2,1,0)} e L.

x xy=(0.21, 2.8, 2), (1.68, 0,0.6) (2.1, 0, 1), (0, 2.8,0.2),
(0.12,0.70, 2), (0.96, 1, 1.8), (1.2,1, 3), (0, 1.70, 0.6), (0.6, 1.4,
0), (0.8,2,0), (2, 2, 0), (0, 3.4,0)}.

This is the way operation is performed on L.

To= (L', u, n)where L' =L u {0}.

T ={L, u, x} and T = {L’, n, x} are the three subset
super interval special row matrix topological spaces associated

with L.

Let x = {(0.3, 0, 1), (0.8, 1, 3.2), (2.01, 0,2)} and
y ={(2.4,2.11, 3), (0.7, 0.9, 0)} € To,

xuy=(030,1)(08,1,3.2), (2.01, 0,2), (1.407, 0, 0),
(2.4,2.11,3),(0.56,09,0)}andx Ny =¢ € T,.

Letx,y e T ;
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x xy = {(0.72, 0, 3), (1.92, 2.11, 1.6), (0.824, 0, 2), (1.407,
0, 0), (0.21, 0, 0.56), (0.56, 0.9, 0)} --- D

and x Uy = {(0.3, 0.1), (0.8, 1,3.2), (2.01, 0,2), (2.4, 2.11, 3),
(0.7,0.9,0} € T*.

Letx,y e T ;

XxNny=dandxxy=De T:.

All the three spaces are distinct.

Infact T* and T has non trivial zero divisors.

Let x = {(0, 2.1, 1.4), (0, 0, 3.2), (0, 3, 2.144), (0, 2, 0.5)}

and y = {(2, 0, 0), (0.115, 0, 0), (2.0004, 0, 0), (0.712, 0,0),
(0.03015, 0, 0), (1.0052, 0, 0)} € T* (or T*).

Clearly x x y = {(0, 0, 0)}.

Example 3.15: Let

S=1la, || aeSS(0,5),1<i<3, x}

be the super subset interval semiring.

To={S=Su{o}, n,u}, TS ={S,u, x}and T ={S,
N, x} are the three super subset interval special topological
spaces.
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{0.3,4,2,1.2}
Letx= | {0.5,3,0.6}
{3,2,1,4}

{0.7,0.8,4,2}
andy=| {3,2,06,0905 |eT,.
{1,2,3,0.1,0.01,0.002}

[ {0.3,4,2,1.2,0.7,0.8}
XUy= {0.5,3,0.6,0.9,2} =pand
1{1,2,3,0.1,0.01,0.002, 4}

{42
xNny=14{3,050.6}| =qeT,.
| {L2,3}

Now we take X,y € T, andxuy,xny e T.

{0.21,2.8,1.4,0.84,0.24
3.2,1.6,0.96,1.2,1,3,4.8,
0.6,3,4,2.4}

xxy= [{15411810,1.2, =r.
3,45,2.7,0.4,0.25,1.5,0.3}

{3,2,1,4,0.3,0.2,0.1,0.4,
0.03,0.02,0.01,0.04,0.006,
| 0.004,0.002,0.008}

Considerx,y e T..xny=qandxxy=reT’.
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This is the way operations are performed on topological
spaces.

We see T and T have infinite number of zero divisors.

Example 3.16: Let S ={Collection of all subsets from the subset
interval semigroup

a, a,

be the super subset interval semigroup. P has zero divisors.

a € [0,6), 1<i<4,x} x}

T,, T and T. are three distinct topological spaces such
that T and T has zero divisors.

07 41[5 21][0 3.6127[4.123 0
Letx = , , , and
o ollo oflo o 0 0
_ffo o7fo 0][ 0 O
Y=V o8 1502 ollo63 1.25/
o o0 ][0 o] o 0
, , eT? (or T)
0 352|'|4 53121 1.3121

Clearly x x, y {O 0}}
Xp Yy = .
00

Hence T~ and T have infinite number of zero divisors.
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Infact T and T: are known as super subset interval
special topological spaces with zero divisors.

Example 3.17: Let

e
a, a,

be the super subset interval semigroup. T,, T'» and T be the
super topological subset interval spaces associated with S.

ai € S([0, 6)), 1 <i<4, x,}

To, T and T2 have infinite number of zero divisors.

Lot Az {{0.3,0.7,2,4} {0} } nd

{3,0} {2,4}

_ [ {0} {3.8,45,06,3.2}

= } e T (or T").
{2,4} {3,0}

Clearly A x, B = [{0} {O}} .

{0y {0}
Thus we can have infinite number of zero divisors.
Let

B {0} {2,4,3.2,4.2,5.7,3.771,1.205}
" 1{0.7,4.32,5.1,3.13F  {2.001,4.112,5.0116,3.8}

and

. {{0.31,3.715,4.32,5.117,2.12} {0}

© {0}} e T (or T ).
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Clearly A x, B = {{O} {0}} .
{0} {0}

THEOREM 3.3: Let S = {Collection of all subsets from the
subset interval semigroup P = {m x n matrices with entries from
[0, s), x}} be the super subset interval matrix semigroup.
Associated with S are three super subset interval special

topological spaces T,, T (or T.").

T rand T2 are zero divisor super special subset interval
topological spaces.

Proof is left as an exercise to the reader.
THEOREM 3.4: Let

S; = {m xn matrices with entries from SS([0, s)), x,} be the
super subset special interval semigroup. Associated with this S;

we have three distinct topological spaces T,, T and T .

T» and T » are super subset special interval zero divisor
topological spaces.

Proof is direct hence left as an exercise to the reader.
Remark : The S and S; in Theorem 3.3 and 3.4 are distinct
hence the 3 super subset interval special topological space are
also distinct.

All other properties can be had as from [ ].

Next we define, describe and develop the topological spaces
associated with a super subset interval semiring.

DEFINITION 3.2: Let R = {Collection of all subsets from the
pseudo ring S ={[0, n), +, x}}. R is a subset pseudo semiring of
type I.
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Example 3.18: Let S = {Collection of all subsets of the subset
interval pseudo ring R = {[0, 12), +. x}}. S is a semiring of
type | under the operation w and M.

Example 3.19: Let M = {Collection of all subsets of the subset
interval pseudo ring R = {[0, 19), +. x}}. M is a semiring of
type 1.

Example 3.20: Let M = {Collection of all subsets of the subset
interval pseudo ring; R = {(a;, a, ..., @) | & € [0, 16), 1 <i <6,
+, x}} be the subset semiring of type I.

Example 3.21: Let
M=<1 "7 || ae[0,15),1<i<9, + x}

be the subset interval pseudo ring. M = {Collection of all subset
from the subset interval pseudo ring} be the subset semiring of

type 1.

Example 3.22: Let S = {Collection of all subsets from the
subset interval pseudo ring R} be the subset interval semiring of
type | where

a, a, a,
a, a5 a4 i

R = a e [0,18), 1<i<12, + x,}}.
a, ag a,
alO a'11 a12

Now we built six types of topological spaces we call all of
them as pseudo super subset interval topological spaces.
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To={S' =S u{¢}, U, N},

T ={S, U, +},
T, ={S N +},
T ={S, x, U},

T ={S, x,n}and T; = {S, +,x}.

It is clear these super subset interval pseudo topological
spaces are built using a pseudo subset interval ring.

We will show by an example that all the six spaces are
distinct.

Example 3.23: Let S = {Collection of all subsets from the

subset interval pseudo ring R ={[0, 3), +, x}} be the subset
semiring of type I.

To = {S' = S U {0}, U, N} be the ordinary pseudo subset
semiring interval topological space.

T = {S, +, U} be the pseudo subset interval semiring
topological space.

Tr: = {S,’ +1 r\}l T: = {S! X, U}! T:w = {S,r Xl m}! TS = {Su
+, x} be pseudo subset interval semiring topological spaces.

We first show all the six spaces are different.

LetA={0.3,21,0.7,0.1,0.03,0.07, 0.06} and
B ={0.3, 2.1, 0.005, 0.001, 0.0002, 0.2, 0.6} € To.

AnB={03,21}=Cand
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A u B = {03, 2.1,0.7, 0.1, 0.03, 0.07,0.06, 0.005, 0.001,
0.0002,0.2,0.6} =D € T,.

Now let for the same A, B € T we find;

A + B = {0.6, 2.4, 1, 0.305, 0.301, 0.3002, 0.5, 0.9, 1.2,
2.105, 2.101, 2.1002,2.3, 2.7, 0.1, 2.8, 0.705, 0.701, 0.7002, 1.3,
0.4, 2.2, 0.105, 0.101, 0.1002, 0.3, 0.7,. 0.33, 2.13, 0.031,
0.0302, 0.065, 0.035, 0.075, 0.23, 0.63, 0.37, 2.17, 0.075, 0.071,
0.0702, 0.27, 0.67, 0.36, 2.16, 0.065, 0.061, 0.0602, 0.26, 0.66}
=E and

AUB=De T'.

Clearly T and T, are different as pseudo subset interval
topological spaces.

Consider A,B e T'.
Cleary AnB=CandA+B=Ee T_.

T* is different as a pseudo subset interval topological space
fromT,and T .

Let A, B e T we find;

A x B = {0.09, 0.63, 0.21, 0.03, 0.009, 0.021, 0.018, 1.41,
0.0105, 0.0021, 0.00042, 0.42, 1.26, 1.47, 0.0035, 0.0007,
0.00014, 0.14, 0.42, 0.03, 0.21, 0.0005, 0.0001, 0.00002, 0.02,
0.06, 0.009, 0.063, 0.00015, 0.00003, 0.000006, 0.006, 0.018,
0.021, 0.147, 0.014, 0.042, 0.018, 0.021, 0.147, 0.00035,
0.0007, 0.000014, , 0..014, 0.042, 0.018, 0.126,0.00030,
0.00006, 0.000012, 0.012, 0.036} = F;

AuB=Dand

FDeT.
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Clearly T is different from T,, T and T_.

LetA,Be T
AxB=FandAnB=C,soF,Ce T-.

Clearly T isdifferent from T, T/, T and T,.
LetA, B e T,

A+B=Eand AxB=F e T, T, is different from T,, T,
T, T  and T .

Thus all the pseudo subset special interval semiring
topological spaces are different.

Example 3.24: Let R = {SS([0, 3)), +, x} be the super subset
interval pseudo ring we see R and S in example 3.23 are
identical and for the same A, B given in example 3.23 the same
solution is true.

Inview of all these we have the following theorem.

THEOREM 3.5: Let S = {SS([0, n)), +, x} be the super subset
special interval pseudo ring and R ={all subsets from [0, n), +,
x} be the pseudo subset interval ring:

)R=S.

(if) All the 6 pseudo ring topological spaces on R are
identical with S.

Proof is direct and hence left as an exercise to the reader.
Example 3.25: Let

o= {[2]

di, dr € SS([O, 9)), +, Xn}
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be the super subset interval pseudo matrix.

R = {Collection of all subsets from the subset pseudo interval

-]

We see S and R are distinct. Further the semiring
topological spaces associated with them are also distinct.

di, dr € [0, 9), +, Xn}}.

Let T, T, T, T, T  and Ts be the super subset pseudo

Nt o

interval semiring topological spaces associated with S.

LetS,, S/, S.,S, S and S be the subset pseudo interval
semiring topological spaces associated with R.

[ {0.3,6,0.01,0.2,4,5}
Let A=
_{0.01,0.2,0.04,5,7,0.5}
and B i {3,6,8,1,0.3,0.9,0.01}
= e ,
_{0.4, 4,6,0.2,0.03,0.009,0.0005} °
AAB= {0.3,6,0.01} —c
{0.2}
{0.3,6,0.01,0.2,4,5,8,1,3,0.9}
AuB=

{0.01,0.2,0.04,5,7,0.5,0.4,
4,6,0.03,0.009,0.0005}
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D,CeT,.

LetA Be T’

A+B=

{3.3,6.3,8.3,1.3,0.6,1.2,0.31,0,3,5,7,6.3,
6.9,6,6.01,3.01,6.01,8.01,1.01,0.91,0.02,3.2,
5.9,8,6.2,8.2,0.51.1,0.21,5.3,2,7,1,5,4.3,
4.9,4.01,5.5}

{0.41,4.01,7.03,6.01,7.009,0.9,4.5,7.0005,0.21,0.6,
5,7.2,6.2,0.7,0.5005,0.209,0.0045,5.4,0,2,5.2,5.03,4.2,
0.04,6.5,0.019,0.0105,5.009,0.24,0.4,0.23,
0.509,0.2005,0.44,4.04,5.0005,7.4,0.53,

| 6.04,0.07,0.049}

D,Ee T .

LetA,Be T';

A+B=Eand AnB=CWithE,Ce T'.
LetA,Be T";

AuUB=D,
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{0.9,1.8,2.4,0.3,0.09,0.27,2,1.6,0.003,
0,3,6,5.4,8,0.2,0.06,0.03,0.06,0.08, 4,
0.18,0.01,0.003,0.009,3.6,0.002,0.0001,

0.6,1.2,0.04,5,1.5,4.5,0.05}
AxB=
{0.004,0.04,0.06,2,0.002,0.008,1,0.0003,

0.063,0.000005,0.21,0.0035,0.2,3,0.1,
2,6,0.08,0.015,0.0045,0.00025,0.8,1.2,0.006,
0.0018,0.15,0.0001,0.16,0.24,0.045,0.0025,

| 2.8,4,6,1.4,0.0012,0.00036,0.0002}

=F.D,FeT".
LetA,Be T7;
ANB=CAxB=Fe T".

LetA,BeT, AxBand A+B e T thatisF, E e T..

It is easily verified all the 6 super subset pseudo interval
semiring topological spaces are distinct.

cans o3 s om i)
o= {7 aJ ]3]} <=

LetA, B e T,

ave= [l e 2]
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HHHK

AnB=¢e To

LetA,Be T ;
3.3][1.371[2.3][0.3][8.2][6.2
A+B= , , , : , ,
Thedtbod it et bl bl
7.27[5.21[4.43][2.43][3.43][1.43
8.7018.7/772/'l0.72|'|5.72|'| 5.72 |
7525526524521 _ 5
8.111['11.111/|6.111]"| 6.121 |
AuUB=C,D,Ce T'.
Consider A,B e T ;
A+B=DandAnB=¢e T .

LetA, Be T";

Axes {Bﬂ{éﬂ’[;‘:éﬂ'L‘Eii}[(’fm'
oI e oe) aso s
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el e

Now letA,B € T
ANnB=¢,AxB=Ee T:.

Finally if A,B € Ts.

Wesee A+B=D,AxB=E e T,

We see all the six semiring topological spaces are distinct.
Now all the six spaces associated with R is different from S.

Example 3.26: Let

a1 a2 a3
S=4la, a, a;||ae(012),1<i<9, + x}
a'7 aS a9

be the subset interval pseudo ring.

P = {Collection of all subsets of S}. P is a pseudo subset
interval semiring of type I.

To, T), T:, T, T and T, are the six subset pseudo
interval semiring topological spaces.

We see all the spaces have infinite basis and each of the
spaces are disconnected.

Example 3.27: Let S = {Collection of all subsets from the
subset interval pseudo super matrix ring
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fa, a, |a, a, a,|
A e | e e Ay
P=4dla;, .| .. .. a;]||ae(0 24),
a16 aZO
a'21 a25

1<i<25, 4+, x,}, U, N}

be the pseudo subset semiring ring of type I.

Associated with S we get the 6 subset interval pseudo
semiring topological spaces.

Example 3.28: Let W = {Collection of all subsets from the
subset interval pseudo ring

a, a, .. Q4
a a .o a

P=q] ® ™ ® 11 a e ([0, 15)),
alg a20 27
dyg Ay ... gy

1<i<36,+, xp}, U, N}
be the subset interval pseudo semiring ring.

We have the associated semiring topological spaces.

Example 3.29: Let M = {Collection of all subsets from the
subset interval pseudo ring

a

a
P=1]7||ae[0,19),1<i<9,+ x} U N}
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be the subset interval pseudo semiring ring.

Let T, T), T:, T, T. and T, are the pseudo subset

N o

interval semiring topological spaces.
T, T, and T have infinite number of zero divisors.

Next we consider type Il subset interval semiring and the
semiring topological spaces associated with them.

DEFINITION 3.3: Let S = {Collection of all subsets from the
subset interval semiring.

P = {[0,n), min, max}} be the subset interval semiring
under and M of type II.

To={S"=S u{g}, U, M}
T™={S, u, min}, T™ ={S, U, max},
T™ ={S’ ¢, min}, T™ ={S’, », max} and

Ts = {S, min, max} be the six subset interval semiring
topological spaces of type 11 associated with S.

We will illustrate this situation by some examples.

Example 3.30: Let W = {Collection of all subsets of the
semiring S = {[0, 12), min, max}, W, N}} be the type Il interval
subset semiring.

Let T,, T™, T™, T™ T™ and T, be the six subset

interval special semiring topological spaces of type Il associated
with W.

LetA={08,4,8,7.15,5.2}and
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B ={1,0.1,0.02, 0.06,5, 4,9, 0.008, 0.7} € To.
AnB={54 - C

AUB={08, 48, 7.1,5, 000652, 1, 0.1, 0.02, 9, 0.008,
07} - D

Clearly C,D e T,.
Let A, B e Tum"‘,

AuB=D

and min {A, B} = {0.8, 0.1, 0.02, 0.006, 0.008, 0.7, 1, 4, 5,
7.1} =E.

ClearlyE,De T,

T™ and T, are different as subset interval semiring
semiring topological space of type II.

LetA,Be T

min {A, B} =E and
ANB=C;E,Ce T™.

T is different from Toand T ™.

LetA B e T™
max {A, B} ={1,5,4,9,08,8,71,52}=F
AuB=DandF, De T"™.

T™ is different from T,, T™ and T™".
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Consider A,Be T™;ANB=C
and max {A,B}=F,F,Ce T™™.
T™ is different from T,, T™,T™, T™ and T™.
LetA,Be T,
min {A,B}=E andmax {A,B}=F,E,F e T,.
T, is different from T™ , 7™, T™ and T™.

Thus all the six subset interval semiring semiring
topological spaces of type | are different.

Example 3.31: Let S = {Collection of all subsets from the
subset interval matrix semiring

= 2]

be the subset interval semiring semiring of type II.

a1, @ € [0, 7), min, max}, u, N}

To, T, TM, T™,T™ and Ts be the associated subset
interval semiring semiring topological spaces of type II.

All these spaces are distinct.
All of them have an infinite basis.
However these spaces have subspaces of finite cardinality.

Let P; = {Collection of all subsets of the subset interval
subsemiring

[

a; € Zz, min, max}, U, N} c S
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is a subset interval subsemiring of type II.

All the six topological spaces associated with B; is finite
and has a finite basis.

Example 3.32: Let S = {Collection of all subsets from the
subset interval semiring

a, a, .. Q
a a ..o a .

R=4 * 1| ael0,16),1<i<36,
dig Ay e Gy
dyg Ay w o Agg

min, max}, u, N}
be the subset interval semiring semiring of type Il.

All the 6 subset interval semiring topological spaces of type
Il associated with S have infinite basis.

All of them are disconnected.

However these have topological subspaces of finite
cardinality and hence has finite basis.

Example 3.33: Let B = {Collection of all subsets from the
subset interval semiring

a‘1 a‘2 a3
a, a5 a,
P=4la, a, a,||ace€l[0,15),1<i<15,

o
o
S
s
o
N

al
a13 a‘14 a15

min, max}, U, N}

be the special subset interval semiring semiring of type II.
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We have pairs of subspaces in T™and T™ such that
min {A, B}={0}and AnB={0}incase of A,B e T

AnB "

Let A = {Collection of all subsets from

a, a, a,
0 0
X=4<0 0 O0]|ael0,15),1<i<3, min, max}, u, N}
|0 0 0]

be the subset interval semiring subsemiring of type II.

Let B = {Collection of all subsets of

H
L o o
L o o

0
0
Y=4la ai € [0, 15), 1 <i <3, min, max}, u, N}
0
10

o O
o O

be the subset interval subsemiring of type II.

Clearly min {A, B} = {min {a,b}|ac Aand b € B}

Ifa,be T™ then
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AnB={anblabe T™ =

We have several such pairs of subspaces of T™ (T™).

Study of this is put forth in the following theorem.

THEOREM 3.6: Let M = {Collection of all subsets from the
subset interval semiring S ={m x n matrices with entries from
[0, s); min, max} «; M} be the subset interval semiring of type
.

(i) M has associated with it six distinct subset interval
semiring topological spaces of type 1l viz, T,, T™,
Tmmin , T T and T

(ii) T™, T™and T, has pairs of subspaces A, B such
that min {A, B} ={min {a, b} |a e Aand b B, A,
B subspace of T™ (or T or Tg)} = {m xn zero
matrix}.

Proof is direct and hence left as an exercise to the reader.

Note thus we have the concept of annihilating subset
interval topological subspaces of type II.

For instance for a given subspace A we can have several
subspaces B;, 1 <i < n such that min{A, B} ={(0)}, 1<i<n.

We will just illustrate this situation by an example.
Example 3.34: Let S ={Collection of all subsets from the subset

interval semiring P ={(a;, ay, as, a4) | & € [0, 20), 1 <i <4, min,
max}, U, N} be the subset interval semiring of type II.
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Let T,, T™, T™,T™, T™and T be subset interval

U l

semiring topological spaces of type Il.

If A={(a;, 0,0,0)]|a [0, 20)} and X = {Collection of
all subsets of the semiring A} < T™or T™or T, then
Xg = {Collection of all subsets of {(0, b, 0, 0) b € [0, 20), min,
max}, U, "} < T™ (or T™ or Ty) is such that

min {Xa, X} = {(0, 0, 0, 0}.

Likewise Xc = {Collection of all subsets from C = {(0, 0, c,
0) | ¢ e [0, 20), min, max}, U, N} be the subspace of T™" (or ,
T™ or T,) then min {X¢, Xa} = (0) and
min {Xc, Xg} ={(0, 0, 0, 0)} .

Xp = {Collection of all subsets from D = {(0, 0, 0,d) |d €
[0,20), min, max}, U, N} < T™ (or , T™ or Ts) be the subset
interval semiring topological subspace of type II.

min {XD, XA} = {(O! 01 01 0)}1
min {Xp, Xg} ={(0, 0, 0, 0)} and
min {Xp, Xc}={(0, 0, 0, 0)}.

Xe = {Collection of all subsets from the subsemiring
E={(0, x,y,0)|xy e [0, 20), min, max}, u, "} < T™ (or,
T™or T, be the subset interval semiring subtopological
subspace of type II.

Clearly min {Xa, X} ={(0, 0,0, 0)}.

Xg = {Collection of all subsets from the subsemiring
F={(0,x,0,y)|xy e [0, 20), min, max}, U, "} < T™ (or,
T™or T be the subset interval semiring subtopological
subspace of type II.

Clearly min {Xa, X} ={(0, 0, 0, 0)}.
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Now take Xg = {Collection of all subsets from the subset
interval subsemiring G = {(0, O, x, y) | X, y € [0, 20), min,
max}, U, N} < T™(or , T™or Ts) be the subset interval
semiring subtopological subspace of type II.

We have min {Xa, Xc} ={(0, 0, 0, 0)}.

Finally Xy = {Collection of all subsets from the subset
interval subsemiring H = {(0, X, y, 2) | X, ¥, z € [0, 20), min,
max}, U, N} < T™(or , T™or T,) be the subset interval
semiring subtopological subspace of type II.

We see min {Xa, Xy} ={(0, 0,0, 0)}.

Thus for the subspace X we have Xg, Xc, Xp, Xg, X¢ and
X atleast 6 subspaces to be annihilating subspaces of Xa.

Infact we have more subspaces which annihilate X, or a
zero divisor subspace of finite order also.

Take P, = {Collection of all subsets of the interval subset
semiring; Ly = {(0, a, 0, 0) | @ € Zy, min, max}, U, N}
T™ (T™ or Ts) be the subset interval semiring subtopological
subspace of type II.

We see min {Xa, P} = {(0, 0, 0, 0)}; we have several such
finite cardinality subspaces also which have zero divisors.

Finally we can study the entire chapter three by replacing
the interval [0, n) by C([0, n)) and all results hold good.

Similarly we can study replacing [0, n) by the neutrosophic
interval ([0, n) u I) and the results in the entire chapter three are
true.

Finally we can make a study by replacing [0, n) by C({[0, n)
v 1)) and all the results hold good.
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All this is left as an exercise to the reader. We supply a few
examples of them.

Example 3.35: Let M ={Collection of all subsets from the
subset interval complex modulo integer semiring

P - a'l aZ
a, a,
be the subset interval finite complex modulo integer semiring of
type II.

a; € C([0, 10)), 1 <i <4, min, max}, U, N}

To, T™, T™, T™, T™and T be the subset interval
complex modulo integer semiring topological space of type II.

All properties can be arrived with no difficulty.

Example 3.36: Let M ={Collection of all subsets from the
subset interval neutrosophic semiring

a'1 alO
a2 a‘ll
P=1"7 "] aec( 12U,

a9 a‘18
1<i<18, min, max}, u, N}
be the subset interval neutrosophic semiring of type Il. Then

To, T, T™, TM™, T™ and T™ are the six subset interval
neutrosophic semiring topological space of type II.

Example 3.37: Let M ={Collection of all subsets from the finite
complex modulo integer neutrosophic subset interval semiring



182 | Special Type of Topological Spaces using [0, n)

a'l
L=1"]| & ec(o,12) U ), 1<i <9, min, max}, U, A}

dy

be the subset interval finite complex modulo integer
neutrosophic semiring of type Il. T,, T™, T™,6 T™ T™
and T are the six subset interval finite complex modulo integer
neutrosophic semiring topological spaces of type Il associated
with S.

All the properties can be derived in case of these spaces
also.

Now we proceed onto define type Il pseudo subset interval
semirings and the pseudo topological space associated with
them.

DEFINITION 3.4: Let S = {Collection of all subsets from the
pseudo interval subset semiring P= {[0, n), min, x}, ¢, M} be
the pseudo subset interval semiring of type Il. Associated with S
we have the six pseudo subset interval semiring topological

spaces of type Il viz., To, T™, T™, T™ T™ and Ts.
We will first illustrate this situation by some examples.

Example 3.38: Let M ={Collection of all subsets from the
pseudo subset interval semiring R = {(a;, az, a3) | a; € [0, 12),
1<i<3, min, x}, U, N} be the subset interval pseudo semiring
of type Il. To, T™, T™, T™ T™ and T, are the pseudo
subset interval semiring topological spaces of type II.

We see all the six spaces are distinct.

For let A = {(0, 3, 1.4), (5, 2, 1), (7, 21, 4), (6.1, 2.7, 0)}
and
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B = {(0.3, 1, 2), (0.6, 0.1, 0.2), (0.004, 0.5, 0.7), (0.009,
0.50.7)}e To.

AUB={03,14), (52 1), (7,21, 4),(6.1,2.7,0), (0.3, 1,
2), (0.6, 0.1, 0.2), (0.004, 0.008, 0), (0.009, 0.5, 0.7)} = C

AN B={¢} — D
C,DeT,.
LetA,Be T™;
AuB=Cand
min {A, B} = {(0, 1, 1.4), (0, 0.1, 0.2), (0, 0.008, 0), (0.0009,
0.5,0.7), (0.3, 1,1), (0.6, 0.1, 0.2), (0.004, 0.008, 0), (0.0009,
0.5, 0), (0.3, 1, 1.4), (0.004, 0.008, 0), (0.3,1,0), (0.6, 0.1,0)} =
E.
C.Eec T™.
Clearly T, is different from T™" .
LetA,Be T,
AnB={¢}andmin{A, B}=E,DandEe T™.
T™ is different from T™" and T™.

Consider A,B e T ;

AUB=Cand A xB={0,3,28), (L5, 2, 2), (1.83, 2.7,
0), (2.1, 2.1, 8), (0, 0.3, 0.28), (3, 0.2, 0.2), (4.2, 0.21, 0.8),
(3.66, 0.27, 0), (0, 0.024, 0), (0.02, 0.016, 0), (0.028, 0.0168, 0),
(0.0244, 0.0216, 0), (0, 1.5, 0.98),(0.0045, 1, 0.7), (0.0063, 1.05,
2.8), (0.00549, 1.35, 0)} = F.
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C,Fe T and T isdifferent from T,, T™ and T™.
Consider A,B e T7;

AnB={¢}=DandAxB=FDFeT and T is
different from T,, T, Tjwin and T:"‘,

Finally let A, B e Ts.
AxB=Fandmin{A,B}=EandF,E e T,.

Ts is different from all the other five subset interval pseudo
semiring topological spaces of type Il.

Example 3.39: Let S = {Collection of all subsets from the
pseudo subset interval semiring P = {(a;, a, ..., &) | & €
C([0, 24)), 1 <i < 6, min, x}, U, N} be the subset interval
pseudo finite complex modulo integer semiring of type II.

All the six pseudo subset interval semiring topological
spaces of type Il associated with S are distinct.

Infact the spaces T*, T*,T™, T™ and T have pairs of
zero subspaces.

Example 3.40: Let
a1
a
B=4| . ||aeC([0,20) U ), 1<i<9, min,x}

dy

be the subset interval pseudo semiring of neutrosophic column
matrices.
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S = {Collection of all subsets from the subset interval
pseudo neutrosophic semiring B}, U, N} is the subset interval
neutrosophic subset pseudo semiring of type Il.

Associated with S we have 6 distinct pseudo subset interval
semiring topological spaces. The pseudo semiring topological

spaces To,, T™, T™, T and T: contain pair of pseudo
subspaces A, B which are such that A x B = {(0)} {and
min{A, B} = {(0)}}-

Example 3.41: Let S ={Collection of all subsets of the pseudo
subset interval finite complex modulo integer semiring

T= 4la, a a,||aeC(0, 12),1<i<9, min, x}, U, N}

be the pseudo subset interval semiring of type Il. T,, T™, T™,
T, T2 and T are the associated six pseudo subset interval

Ul N

semiring complex finite modulo integer topological spaces of
type 1.

Infact T™, T™, T*, T* and T contain pseudo subspace
pairs such A x B = {(0)} and min {A, B} = {(0)}.

Example 3.42: Let S ={Collection of all subsets from the subset
interval pseudo semiring

a a, .. ay
P=4dla, a, .. ay]||aeC([0 11)ul)),
Ay 8y .. Ay

1<i<30, min, xp}, U, N}

be the pseudo subset interval semiring of type II.
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All the six pseudo subset interval semiring topological
spaces are of infinite cardinality and T™, T™, T*,T* and T,

U N

contain pairs of subtopological spaces A, B and A x B = {(0)}.

Example 3.43: Let

a1 aZ a3
a, ad; 4 .

B={| " T f||aeC0 29U, 1<i<30,
a'28 a29 a30

min, x,}

be the subset interval pseudo finite complex modulo integer
neutrosophic semiring.

S = {Collection of all subsets from B, w, n} be the subset
interval finite complex modulo integer neutrosophic pseudo
semiring of type Il. All the associated six pseudo semiring
topological spaces of type Il are distinct.

All properties in case of pseudo topological semiring spaces
of type Il can be studied with out any difficulty.

We now proceed onto propose a few problems for this
chapter.

Problems:

1. Find the special properties enjoyed by the subset super
interval semigroups.

2. Show super subset interval semigroups under product
can have zero divisors.

3. Prove all subset super interval semigroups are of
infinite cardinality.
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Show super subset interval semigroups can have
subsemigroups of finite order.

Obtain some special features enjoyed by super subset
interval semigroup topological spaces.

Let W = {Collection of all subsets from the subset
interval semigroup, P = {(a;, &, ..., &) | & < [0, 23),

1 <i <9}, max} be the super subset interval semigroup
under max.

(i) Find T7™, T™ and T,, the super subset interval
semigroup topological spaces associated with W.

(ii) Prove all the three spaces have infinite basis.

(iii) Prove all the three spaces have subspaces of finite
cardinality.

(iv) Obtain any other special feature associated with
these spaces.

Let S = {Collection of all subsets from the subset
complex finite modulo integer matrix semigroup

al a10
—_ a'2 a1l .
P= : : a; € C([0, 21)), 1 <i <18, max},

ag alS

max} be super subset interval semigroup.
Study questions (i) to (iv) of problem 6 for this S.

Let S = {Collection of all subsets from the subset
interval neutrosophic semigroup
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10.

a, a, |a; a,
a; ag | a, a4
p=J| 2 %o [% %u ity o 20) Ly,
a13 a14 a'15 alG
a‘17 alS a19 aZO
_a21 Ay | 8y az4_

1 <i < 24, max}, max} be the subset super interval
semigroup.

Study questions (i) to (iv) of problem 6 for this S.
Let S = {Collection of all subsets from the subset

interval finite complex modulo integer neutrosophic
semigroup;

ai € ([0, 12) U I), 1 <i <18, max}, max} be the super
subset interval finite complex modulo integer
neutrosophic semigroup.

Study questions (i) to (iv) of problem 6 for this S.

a, a, a, a,
a a a a .
LetB=4| ° ° 7 "®llagel[0,11),1<i<16,
a9 alO all a12
a13 a'14 alS a16

min} be the subset interval matrix semigroup.

Let W = {Collection of all subsets from the subset
interval semigroup B, min} be the super subset interval
semigroup.
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12.

13.
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Study questions (i) to (iv) of problem 6 for this B.

a, a, .. a
LetM = ( v 9}

a10 a1l a'18
1 <i <18, min} be the subset interval semigroup of
complex finite modulo integers.

R = {Collection of all subsets of M, min} be the super
subset interval semigroup.

a; € C([0, 124)),

Study questions (i) to (iv) of problem 6 for this M.

Let M = {Collection of all subsets from the subset
interval complex finite modulo integer neutrosophic

wg) v\:m |'_.9)

semiring S = a; e C{[0,5)ul)),1<i<8,

&2

|

S

D D
©

min}, min} be the super subset interval super matrix.
Study questions (i) to (iv) of problem 6 for this M.

Let S = {Collection of all subsets from the subset
interval semigroup

P={(ay, a, ..., a10) | @ € [0, 14); 1 <i <10, x}, x} be
the subset interval super semigroup.
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(i) Prove associated with S the topological spaces T,
and T have pairs of subspaces A, B such that
A x B ={(0)}.

(ii) Study questions (i) to (iv) of problem 6 for this S.

14. Let S = {Collection of all subsets from the subset

a, a,
a, a,
a; ag

interval semigroup M = <| a, a, || a € C([0, 43)),
a9 a'10
a‘11 a'12
a'13 a'14

1 <i <14, x,}, xn} be the super subset interval finite
complex modulo integer semigroup.

Study questions (i) and (ii) of problem 13 for this S.

15. Let S = {Collection of all subsets from the subset

a'1 a2 a9

alO a'11 alS
interval semigroup M = <la,, a,, .. a, || a&c¢€

a28 a‘29 a36

a'37 a'38 a45

C([0, 10) U I), 1 <i <45, xp}, xn} be the super subset
interval semigroup of finite complex modulo integer
neutrosophic matrices.

Study questions (i) and (ii) of problem 13 for this S.



Special Type of Topological Spaces Built using [0, n) | 191

16. Let S = {Collection of all subsets from the subset

a, a, .. a5
interval semigroupP = <la,, a; .. 8y || &€
a31 a32 a45

C(([0, 40) U I)), 1 <i <45, x,}, xn} be the super subset
interval semigroup of complex neutrosophic matrices.

Study questions (i) and (ii) of problem 13 for this S.

17. Obtain some special features enjoyed by the super
subset interval semigroup topological spaces T,, T

and T~ .

(i) Are these spaces disconnected?

(ii) Do they form metric spaces?
(That is can any type of metric be defined on T,,
T and T7).

(iii) Are these spaces compact?

(iv) Can these spaces be Hausdorff?

(v) Are there spaces locally compact?

(vi) Mention any other feature enjoyed by these spaces.

18. Let S = {Collection of all subsets from the interval
subset semiring P = {(ay, ..., a7) | a8 € [0, 25),1<i <7,
min, max}, U, N} be the super subset interval semiring.
To, T™, TM™, T™, T™and T be the six super subset
interval semiring topological spaces associated with S.

(i) Find the special features enjoyed by these spaces.

(ii) Study questions (i) to (vi) of problem 17 for these
spaces.

(iii) Can these spaces have subspaces with finite basis?

(iv) Prove all the six spaces have infinite basis.

(v) Show all these 6 spaces are distinct.
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19.

20.

Let S = {Collection of all subsets from the subset

fa, a, a, a,|
PR -
interval semiring B=4/ a, .. .. a,||ac¢€
VP - T
(7 e 3y |

C([0, 23), 1 <i <20, min, max}, U, N} be the super
subset interval semiring.

Study questions (i) and (v) of problem 17 for this S.

Let S = {Collection of all subsets from the subset

QD
iy

D o QD
X0 N

(&)

interval semiring B = a; € C({[0, 43) U 1)),

D
o

D » QD
© =

©

[
5

1 < i < 10, min, max}, U, N} be the super subset
interval semiring of finite complex modulo
neutrosophic numbers.

Study questions (i) and (v) of problem 17 for this S.
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22.
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Let S = {Collection of all subsets from the subset
al a'2 a3 a4 a5
a6 a10
a11 a15
) . a o | e @
interval semiring B =4| *° 0l e
P T Y
a26 a30
g 835
a36 a‘40_

C(]0, 12), 1 <i < 40, min, max}, U, N} be the super
subset interval finite complex modulo integer super
matrix semiring.

Study questions (i) and (v) of problem 17 for this S.

Let S = {Collection of all subsets from the pseudo
subset interval semiring B ={(a; | a; a3 a4 | as) | & < [0,
43), 1 <i <5, min, x}, U, N} be the super subset
interval semiring.

To, T%, T, T™, T™ and T, be the six pseudo
semiring topological spaces associated with S.

(i) Prove all the six spaces are distinct.

(if) Prove all these six spaces have infinite basis.

(iii) Prove all these spaces have subspace of finite
cardinality.

(iv) Study questions (i) to (vi) of problem 17 for these
Six spaces.

(v) How does a pseudo semiring topological space
different from the semiring topological space?

(vi) Obtain any other special feature enjoyed by these
super special interval pseudo semiring topological
spaces.



194 | Special Type of Topological Spaces using [0, n)

23.

24.

Let S = {Collection of all subsets from the pseudo
subset interval semiring of finite complex modulo

fa, a, a,|
a, a; a
a, ag a,
a10 a11 a12

integer matrix B= 4| a,; a,, a; || a € C([0, 27)),

alG a'17 a18
alQ aZO a21
a22 a23 a24

_3-25 Ay Ay a

1<i<27, min, x,}, U, N} be the super subset interval
matrix semiring.

Study questions (i) and (vi) of problem 22 for this S.

Let S = {Collection of all subsets of the subset interval
neutrosophic matrix pseudo semiring

fa, a, a, a, a|
ag Ay
Ay e e e Qg
B=<la, ... .. .. ay]||aeC([0,10)ul),
a'21 a25
a26 a30
_a31 a35

1 <i <35, min, x,}, U, N} be the super subset interval
pseudo neutrosophic matrix semiring.

Study questions (i) and (vi) of problem 22 for this S.



25.

26.

27.

28.

29.
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Let B = {Collection of all subsets from the pseudo finite
complex modulo integer neutrosophic subset interval

a, a, .. A,
.. a a .. a
semiring T=4| * ° % 1 laeC(([0, 15)u 1),
a'27 a'28 a39
a'40 a41 a52

1<i<52, +, x}, U, N} be the super subset interval
finite complex modulo integer neutrosophic semiring.

Study questions (i) and (vi) of problem 22 for this B.

If the interval [0, n) is replaced by SS([0, n)) what
difference does that make?

Study questions 24, 25 and 26 by replacing the intervals
by SS([0, n)).

When will the space be the same even if [0, n) is
replaced by SS([0, n))?

Let M = {Collection of all subsets from the pseudo

i

[N

subset interval semiring P = a; € [0,14),

L Y D D ©»
=~ W

o

1 <i <5 min, max}, U, N} be the subset interval
semiring and
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30.

iy

N

a; € SS([0,14), 1 <i <5, min, max}

Z

1
v o o ®» o
S~ W

5

be the super special subset semiring.

(i) Compare M and N.

(if) IsM = N?

(i) IsM < N?

(iv) IsN c M?

(v) Compare the corresponding six semiring topological
spaces.

al a‘2 a3
LetM=<|a, a; ay||a<C([0,17)ul)1<i<9,
a'7 a8 a9

min, x,} be the super special subset interval pseudo
semiring and N = {Collection of all subsets from the

a1 a2 a3
pseudo subset interval semiringP = 4| a, a, a, || a;
a'7 a8 a9

e C(([0, 17) U 1Y), 1 <i <9, min, x,}.

Study questions (i) and (v) of problem 29 for this M and
N.



Chapter Four

STRONG SUPER SPECIAL SUBSET
INTERVAL SUBSET TOPOLOGICAL SPACES

In this chapter we for the first time define a new class of strong
super special subset interval topological spaces shortly
represented as SSSS-interval topological spaces using
semigroups or pseudo groups or semirings or pseudo rings.

Throughout this chapter S([0, n)) denotes the collection of
all subsets which include also natural class of intervals from the
interval [0, n) and is defined as the strong super special subset
interval set.

On S([0, n)) we can define min operation or max operation
or x operation or + operation or so on. We will first illustrate
this by some examples.

Example 4.1: Let S([0, 5)) be the collection of all subsets

P={(0.7,1), (1,0.7), (0.3, 0.2], [0.752, 0.3)} and
Q = {4,0.221, 4.301, 2.221, 1.06, [0, 2], [0, 0.7)};

(P, Q € S[0. 5)).

This type of subsets are contained in S[0, 5).
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Example 4.2: Let S([0, 8)) = {All subsets of the form
ai € [0, 8), [c, d), (e, f], (9, h wherec<d (orc>d)e<f(ore>
), g <h (or g > h); &’s are singletons} be the SSSS-interval set.

Example 4.3: Let S([0, 15)) = {Collection of all subsets of
[0, 15) which includes the natural class of intervals} which is
defined as SSSS-interval set.

We can build algebraic structures on them which is
elaborately discussed in chapter Il of this book.

Example 4.4: Let S([0, 21)) = {Collection of all subsets of
[0, 21) which include intervals} be the SSSS-interval semigroup
under min operation.

To, T™, T™ are the SSSS-interval semigroup topological
spaces. T, = {S'=S([0, 15)) U {¢}, U, n}; T™ ={S, U, min}
and T™ ={S’, N, min}.

Example 4.5: Let

S([0, 11)) = {Collection of all subsets and intervals} be the
SSSS-interval semigroup. We have the three SSSS-interval
topological spaces, To, T™ and T™.

All the three spaces are distinct. For take

A ={[0, 3), [7,9], 0.2, [0.001, 0], 1.8, 2.5, [5, 0.2]} and

B={5,2,[7, 2], [10, 1], [0, 0.001], [1, 0.2]} € T..

A U B = {[0, 3], [7,9], 0.2, [0.001, 0], 1.8, 2.5, [5,0.2, 5, 2,
[7, 2], [10, 1], [0, 0.001], [L, 0.2]} = C.

AnB=¢=D.
Clearly C,D e T,.

LetA Be T™.
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A u B = C and min {A, B} = [0, 3], 5, 0.2, [0.001, 0],
[5, 0.2], 1.8, 25, [0, 2], 2, [2, 0.2], [7, 2], [L.8, 2], [2.5, 2],
[0, 1], [7, 1], [1.8, 1], [2.5, 1], [0, 0.001], O, [1, 0.2]} = E.
E,Ce T™.
Clearly T, is different from T™" .
LetA,Be T,
min {A,B}=E, AnB={¢}=D;
E,De T

Thus T™ is different from T, and T™".

Example 4.6: Let P = {S(C[0, 14)) = {Collection of all subsets
which include the natural class of intervals}. Let T,, T™ and
T™ be the three SSSS-interval semigroup topological spaces
associated with the semigroup P.

All these topological spaces have infinite cardinality and
has infinite basis.

Example 4.7: Let M = {S(([0, 3) v I)) = {Collection of all
subsets which include intervals, min} be the super subset

interval semigroup. T,, T™ and T™ be the SSSS-interval
semigroup topological spaces associated with M.

Clearly if min operation is replaced in the semigroup by
max we get the three semigroup topological spaces T,, T and

max
T

We will first illustrate this situation by an example or two.
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Example 4.8: Let B = {S[0, 17), max} be the super special
subset interval semigroup. To, T and T ™ are the three

SSSS-interval semigroup topological spaces associated with B.
All the three spaces are distinct.

Example 4.9: Let B = {S[0, 4), max} be the super special
subset interval semigroup. To, T and T™ be the three

SSSS-interval semigroup topological spaces associated with the
semigroup L.

Let A = {3, 24, 2.003, 1.7, [1, 2], [0.5, 3], [2, 0.001],
[2,3.7], [3.8, 0.5], 0.0007} and B = {0.3, 0.8, 3.2, 1.4, [0.2, 3],
[1, 2], [3, 0.7], 1.7, [0.234, 1.27]} € To.

AU B = {3, 2.4, 2.003, 1.7, [05, 3], [2, 0.001], [2, 3.7],

[3.8, 0.5], 0.007, 0.3, 0.8, 3.2, 1.4, [0.2, 3], [1, 2], [3, 0.7]
[0.234,12] - C

and An B={[1,2],1.7} ----D

Clearly C, D €T,.

Now A, B e T™*;

AuB=Cand

max {A, B} = {3, 3.2, [2.4, 3], 2.4, [3, 2.4], 2.003, [2.003,

3], [3,2.003], 1.7, [1.7, 3], [1.7, 2], [3, 1.7], [1.4, 2], [1,3] [1, 2],
[3, 2], [3.8, 1.7], [0.8, 3], [3.8, 3.2], [3.8, 1.2], [1.4, 3], [0.5, 3],
[1.7, 3], [3.8, 1.4], [2, 0.3], [2,0.8], [2, 1.4], [3.8, 3], [3.8,2],
[3.8,0.7], [2, 3], 2, [2,1.7], [2, 1.2], [3.2, 3.7], [3,3.7], [3.8,0.5],
[3.8,0.8]} ------ E

C.Ee TM™,

LetA,Be T™%;
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max {A,B]=Eand AnB=DandE,D e T™.
It is clear all the three spaces are distinct.

Now we just replace max (or min) in the semigroup by x
and give a few examples.

Example 4.10: Let {S([0, 9)), x} = B be the super special
interval semigroup. Let T,, T and T  be the three SSSS-

interval semigroup topological spaces associated with the
semigroup B.

Let
A={32),5,4),(1,7),033,52,3.1,(0.11, 2) (1.2,0.1)}
and
B={(1,2),(3,4),(7,0),6.3,1,(3.1,2.1),0.7,0.8} € T,.

AnB=¢=C.

AUB={@3,2), 5 4),(1,7),0.33 52 3.1, (0.11, 2), (1.2,
0.1), (1, 2), (3, 4), (7,0), 6.3, 1, (3.1, 2.1), 0.7, 0.8} = D.

Clearly D, C, € T,.
LetA,Be T ;AuB=Dand

A x B ={(@3, 4), (5, 8), (1, 5), (0.33, 0.66), (5.2,1.4), (3.1,
6.2), (0.11, 4), (1.2, 0.2), (9.8), (6,7), (3, 1), (0.99, 1.32), (6.6,
2.8), (0.3, 3.4), (0.33, 8), (3.6, 0.4), (3, 0), (8, 0), (7, 0), (2.31,
0), (1.4, 0), (3.7,0), (0.77,0), (8.4, 0) , (0.9, 3.6), (3.5, 7.2), (6.3,
8.1), 2.079, 2.76, 1.53, (0.693, 3.6), (7.56, 0.63), (3, 2), (5, 4),
(1, 7), 033, 5.2, 3.1, (0.11, 2), (1.2, 0.1), (1.023,0.693),
(0.3,4.2), (6.5,8.4), (3.1,5.7), (7, 12,1.92), (0.61, 6.51), (0.341,
9.2), (3.72, 0.021), (2.1, 1.4), (3.5, 2.8),(0.7,4.9), 0.231, 3.64,
2.17, (0.077, 1.4), (0.84, 0.07), (2.4, 1.6), (4, 3.2), (0.8, 5.6),
0.264, 4.16, 2.48, (0.088,1.6), (0.96, 0.08)} = E;



202 | Special Type of Topological Spaces using [0, n)

D,Ee T.
LetA,Be T.,AnB=CandAxB=EandC,Ee T .

Clearly all the three spaces are distinct.

Now we give some more examples of matrices using

S([O, n)).

Example 4.11: Let

T = {(a1, a, a3) | & € S([0, 10)), 1 <i < 3, min} be the super
special subset interval semigroup. T,, T™, T™ be SSSS-
interval semigroup topological spaces associated with T.

Let A = {0, 7, (2, 5), 1, (7,00}, {(0.3, 2.4), 3, 4.2, (1,0)},
{(0.5, 0.1), 2}) and

B = ({(0.4, (7, 2)}, {(0.3,0), (L, 2)}, {05, 3}) € To.

AU B = {07, (2 5), 1, (7,0), 0.4, (7, 2)}, {(0.3, 2.4), 3,
4.2,(1,0), (0.3, 0), (1, 2)}, {(0.5,0.1), 2, 0.5, 3}) = C

AnB=({o}{0}{¢}) = D;
C,DeT,

LetA, Be T
AUB=Cand

min {A, B} = {(0.4, 0.7), 1, (0.4, 0), (7,0)}, {(0.3, 0), (0.3,
2), (1, 2), (1, 0)}, {(0.5, 0.1), 0.5, 2}) = E;

C,Ee T:"”.

LetA,Be T
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min {A, B} =E and
AnB={¢}{¢}{¢}) =Dand
E.De T™.

Thus all the three spaces are distinct.

Example 4.12: Let

L=<|a,|la e S([0,10)),1<i<7, min}

be the super special subset interval semigroup.

To, T™ and T™ are the SSSS-interval semigroup
topological spaces and all are distinct.

Example 4.13: Let

ol
a, a,

be the super subset interval semigroup.

a; € S([0, 4)), 1 <i<4, max}

Let T,, T'™ and T *be the three SSSS-interval
topological spaces associated with M.

We show all the three spaces are distinct.
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LetAz{ {0.3,(2,0.4)} {1,0,(1,2)} }
{2.3,(0.1,2)(0,3)} {(0,2),0,(0.7,0)}
and
B= {(2,0),(1,2),3.2y {1,2,(0,1)} -
B {0,1.2,1.3,(2,3)} {0,1.3,(0.3,2)} € o
AGB{{@ {1}} _
{0y {0}
AuB=
{0.3,(2,0.4),(2,0),(1,2),3.2} {1,0,(1,2),2,(0,1)}
{{2.3,(0.1,2),(0,3),0,1.2,1.3,(2,3)} {0,1.3,(0,2),(0.3,2),(0.7,0)}}

=D; C,D e T,

LetA, B e T™

max {A, B} =
{(2,0.3),(1,2),3.2,(2,0.4),2} {1,2,(0,2),(1,2)}
{2.3,(2.3,3),(0.1,2),(0,3),(1.2,2), {(0,2),(0.7,0),1.3,(0.3,2),
@.3,2),(1.2,3),(2,3),(2.3,3)} @.3,2),(0.7,2)}
= E,
E,De T'™.

LetA,Be T™ and E,C e T™.



Strong Super Special Subset Interval Subset ... | 205

Clearly all the three spaces are distinct and are of infinite
cardinality with infinite basis.

Example 4.14: Let

a, a,
a, a,

B=<la, a, ||laie S([0,12)),1<i<10, max}
a, a4
_a‘9 alO_

be the super subset special interval semigroup.

Let T, T7™, T™™ be the SSSS-interval topological spaces
associated with B, all the three spaces are distinct.

Example 4.15: Let

S ={(a1, a, a3, ag) | & € S([0, 24)), 1 <i < 4, x} be the super
subset special interval semigroup.

Let T,, T, and T; are the SSSS-interval semigroup
topological spaces.

T and T~ has subspaces such that A x B ={(0, 0, 0,0)}.
Let P* ={(a, b, 0,0)| a, b € S([0, 24)), x, U} = T

and B, = {(0, 0, 0,c) | c € S([0, 24)), x, "} < T are
subspaces such that B” x P ={(0, 0, 0, 0)}.

Thus in case of T and T, we have pairs of subspaces
A,B e T (or T) such that A x B = {(0)}.
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Example 4.16: Let

S=1{la, ||aeS(0,12)), 1<i<7, x}

be the super subset special interval semigroup.

Let T,, T and T be the SSSS-interval semigroup

topological spaces. Clearly T and T  have pairs of
subspaces such that their product is zero.

Next we define the notion of SSSS-interval pseudo group
topological spaces by some examples.

Example 4.17: Let G = {S([0, 8)), +} be the super subset special
pseudo group. T,, T, T: be the SSSS-interval pseudo group
topological spaces associated with G.

Let A, B € T, where

A={(6,2),(3.1,25), (7, 1.6), 0.34, 0.25} and
B={6.31,72, (3 25), (4.5, 2.7),0} € To.

ANB={¢}=D.

AUB={6.31, 72, (3, 25), (45, 2.7), 0, (6, 2), (3.1, 2.5),
(7, 1.6), 0.34, 0.25} =E;

D,Ee To. ForA,Be T ;



Strong Super Special Subset Interval Subset ... | 207

A + B={(4.31, 0.31), (5.2,1.2), (5.31,7.91,(1, 4.5),(2.5, 4.7),
(6.4, 0.8), (6, 2), (1.41, 0.31), (2, 4.1), (2.3,1.7), (3.5,4.3), (6.1,
5), (7, 1.6), (7.6, 5.2), (3.1, 2.5), 6.65, 7.54, (3.34, 2.84), (4.84,
3.04), 0.34, 6.56, 7.45, (3.25, 2.75), (4.75,2.95), 0.25} =F;

AUB=EEFe T.
LetA B e T' with

A+ B =Fand A nB =D further
F,.De T .

The three SSSS-interval pseudo group topological spaces
are distinct.

Example 4.18: Let

S ={(a1, a, a3) | @ € S ([0, 12)), 1 <i < 3, +} be the super
subset interval pseudo group.

Let T,, T and T be the three SSSS-interval pseudo group
topological spaces. They are distinct.

Example 4.19: Let

S= a € 5([0,3)), 1<i<4,+}

be the super subset interval pseudo group.

Let T,, T and T be the three SSSS-interval pseudo
topological spaces.
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Toeveryx e T (or T )thereisay suchthat x +y =

o O o o

Example 4.20: Let S ={S([0,10)), min, max} be the super
subset interval semiring. To, T™ T™, T™, T™ and T; are
defined as the SSSS-interval semiring topological spaces and all
the six spaces are distinct.

Let A={0.5,5,3.4,6.3,7,2}and
B={505 24,29 258} c T,

AuB={05,534,63,7,2, 24,2,9,25,8}=C,
AnB={05,5,2}=D.
BothAuBand AnB e T,.

LetA,Be T™;AuUB=Cand
min {A, B} = {0.5, 2.4, 2, 2.5, 3.4, 5, 6.3, 7} = E.

Clearly C,E e T™.
We see T, is different from T™ .
Let A, B e T:in,

min {A, B} = E and
ANB=D;E,De T

T™ is different from T, and T™".

LetA, Be T™;
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max {A, B} {5,0.5,2.4,2,9,25,8,34,63,7}=Fand

AuB=C;CandF e T™.
T™ is different from T,, T™ and T™.

Consider A, B e T™;
max {A, B} =F and
ANnB=D;F,De T™.

T™, T™ and T™ are distinct.
Consider A, B € T,.

min {A, B} = E and max {A, B} =F.
E, F € T, and Ty is different from T,, T™, T™, T™, and
™",

Further all the spaces have infinite cardinality and infinite
basis.

Example 4.21: Let

al
M= <la, ||ai € S([0, 6)), 1 <i <3, min, max}
a3

be the super subset interval semiring. Let To, T™, T™, T™,
T and Ts be the six SSSS-interval semiring topological
spaces.



210 | Special Type of Topological Spaces using [0, n)

Clearly all the six spaces are distinct and are infinite.

Example 4.22: Let

a, a, a, a,
a, a, a, a,
S=qla, ay, ay ap ||ae ([0, 15)),

D
&
D
i
£
v o o
&
jo8)
£
(=2}

1<i <20, min, max}

be the super subset interval semiring. Let T,, Ts, T™, T™,

T™ and T™ are the six distinct SSSS-interval semiring

topological spaces associated with S. Infact these have infinite
basis.

Example 4.23: Let S = {S([0, 12)), x, min} be the super subset
interval pseudo semiring. To, T™, T™ T, T and T are the
six SSSS-interval pseudo semiring topological spaces.

All of them are distinct.

Let A =403, 41,322 7,54, (L 2), (0,0.7), (3.2, 1)} and
B={7,5,32 (1,4} c To.

AuB=4{03,41,3227,54,(1,2),(0,0.7), (3.2,1), 5,
3,(1,4}=C and

AnB={2,7}=D; C,DeT,.
Let A, Be T™

A v B=Cand min {A, B} ={0.3, 3, 2, (1, 4), (1, 3.2),
(1,2),7,54,(,2),(0,07)}=E.
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C,Ee T™.
LetA,Be T™;

AN B=Dandmin{A, B} =E and

D,Ee T,

Consider A,Be T ; AuB=Cand

AxB={21,1509 0.6, 03,82, (0.3, 1.2), 4.7, 8.5, (4.1,
4.4),10.4, 4, 9.6, 6.4, (3.2, 0.8), 2, 10, 6, (2, 8), 1, 11, 9, (7, 4),
18,3, 4.2,10.8,(5.4, 9.6), (7, 2), (510), (36), (2, 4), (1, 8), (O,
4.9), (0, 3.5), (0, 3.1), (0, 1.4), (0, 2.8)} = F.

C,FeT.
Consider A,B e T ;

AnB=Dand AxB=F
D,Fe T".

Finally for A,B € Ts,.

A xB=Fand min {A, B} =E.
E,FeT,

It is easily verified all the 6 SSSS-interval pseudo semiring
topological spaces are distinct and has infinite basis.

Example 4.24: Let

M ={(ay, a, a3, a4, as) | a; € S ([0, 17)), 1 <i <5, min, x} be the
super subset interval pseudo semirings.
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Clearly T, T™, T™, T, T" and T, are 6 different SSSS-

interval pseudo semiring topological spaces associated with the
pseudo semiring M.

Example 4.25: Let

al a'2 a‘3
a4 a5 a6
M=<la, a; a,||a e S([0,11)),
a'10 a'11 a12
al3 a'14 a15

1<i<15, min, x.}

be the super subset interval pseudo semiring T,, T, T, Tj“”,

T™ and T, are the six distinct SSSS-interval pseudo semiring

topological spaces associated with the super subset interval
pseudo semiring M.

These pseudo semiring SSSS-interval topological spaces
enjoy a special property namely; Ts, T and T  have pairs of
subspaces S; and S, such that S; x S, = {(0)}.

Next we proceed onto discuss about pseudo ring SSSS-
topological spaces associated with a super special subset
interval pseudo ring by examples.

Example 4.26: Let R = {S ([0, 24)), +, x} be the super special
subset interval pseudo ring topological spaces associated with
the pseudo ring R.

Let A ={(0, 3), (4,0.1), 10, 0.7, 6.5} and
B = {10, (0, 3),8,0.4, 2, (0.5,0)} € T,.

AuB={10,(0,3),(4,0.1),0.7,6.5,8,04,2,(050)3}=C
and AnB={(0, 3),10} =D and
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D,C €T,
LetA,Be T ;

A+ B ={(10, 13), (14, 10.1), 20, 10.7, 16.5, (0, 6), (4, 3.1),
(6.5, 9.5), (0.7, 3.7), (8, 11), (12, 8.1), 18, 8.7, 14.5, (0.4, 3.4),
(4.4, 0.5), 104, 1.1, (45, 0.1), 6.9, (2, 5), (6, 2.1), (0.5,3), 12,
2.7, 8.5, (10.5, 10), (7, 6.5), (1.2, 0.7} -E and AUB=C, E
andCe T'.

Toand T are different.
LetA,Be T ;

AN B=DandA + B = E further
DEeT:.

Clearly T is different from Toand T_ .

A~B=Dand

A x B = {(0,6), (16, 1), 4, 0, 7, 17, (0, 0.3), (0, 2.1),
(0, 19.5), (8, 0.8), 8, 5.6, (0, 1.2), (1.6, 0.04), 0.28, 2.6, (0, 6),
(8, 0.2), 20, 1.4, 13, (2, 0),(5, 0), (0.35, 0), (3.25, 0)} = F.

D,Ee T.

T* is different from T,, T and T .
Consider A,B € T’ and
AuB=Cand AxB=F,
CFeT.

T is different from To, T, T: and T~ .
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Example 4.27: Let

S ={(ay, a,, a3) | & € S([0, 15)), 1 <i < 3, +, x} be the SSSS-
interval row matrix pseudo ring. To, T, T:, T, T’ and T be
the six super subset interval semiring topological spaces
associated with the semiring M = {S, U, N}.

T2,T and Ts has pairs of subspaces which are such that
their product is the zero space.

al
a
Example 4.28: LetS= 1| * ||a e ([0, 16)),

alO
1<i<10,+, x,}

be the super subset interval pseudo semiring.

Let M = {S;, U, n} be the ring subring T,
T ,T:, T, Trand T, be the pseudo SSSS-interval ring
semiring topological space associated with the semiring M.

Example 4.29: Let

a'l aZ a3
a, a, a,
S=4la, a; a, ||laieS(0,10)),1<i<15+, x}
a'10 a11 a'12
a, a, a

13 14 15

be the super subset interval pseudo semiring.

Let M = {S, U, N} be the ring subring.
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Let T, T ,T:, T, T and Ts be the SSSS-interval ring

semiring pseudo topological spaces associated with the ring
semiring M.

All properties associated with these topological spaces can
be derived by making appropriate modifications.

Now we give a few problems for the reader.
Problems:

1. Obtain some special features enjoyed by these SSSS-
semigroup topological spaces.

2. Compare a usual topological space with the SSSS-
semigroup topological space.

3. Prove there does not exist a SSSS-semigroup
topological space with a finite basis.

4. Let S = {S([0, 24)) = {Collection of all subsets of

[0, 24) including the natural class of intervals}, min} be
the super subset semiring. Let T,, T™, T™ be the
SSSS-interval semigroup topological space associated
with S.

(i) Prove T,, T™, T™ are distinct spaces.

(ii) Show they have infinite basis.

(iii) Find a basis of T,, T "and T .

(iv) Can a basis of T, serve as a basis of T™and T™" ?
(v) Prove To, T™and T™ has subspaces of finite

cardinality.
(vi) Obtain any other special feature enjoyed by T,,

T™and T™.
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5. Let S = {S(]0, 24)), max} be the super subset interval
semigroup T,, T ™and T ™ be the SSSS-interval
semigroup topological spaces associated with this S.

Study questions (i) to (vi) of problem 4 for this S.

6. LetP={(ay, @, ..., ag)| @ € S([0, 12)), 1 <i < 6; min}
be the super subset interval semigroup T,, T™"and T™
be the SSSS-interval semigroup topological space.

Study questions (i) to (vi) of problem 4 for this P.
al
a
7. LetM= 4| * |la e S([0, 13)), 1 <i < 12, max} be the

alZ

super interval subset semigroup. T,, T'®and T ™ be
the SSSS-interval semigroup topological space.

Study questions (i) to (vi) of problem 4 for this M.

a, a, .. a
a, a a

8. Letw=14] ° ' 1la; e S([0, 18)),
a17 a18 a24
B, 8y - Ay

1 <i <32, min} be the super subset interval semigroup.
To, T™and T™ be the SSSS-topological semigroup
space.

Study questions (i) to (vi) of problem 4 for this W.
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10.

11.
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a, a, .. a
= {2 2w

a, @, .. ag
1 <i <18, x} be the super subset interval semigroup.

To, T, and T be the SSSS-interval semigroup
topological space.

ai € S([0, 21)),

(i) Study questions (i) to (vi) of problem 4 for this T.

(i) Show the spaces T and T  have pairs of
subspaces A, B with A x B = ((0)).

Let M = {S([0, 18)), min, max} be the super subset
interval semiring. Let T,, T™, T™, T™, T™ and
T, be the six SSSS-interval semiring topological spaces
related to M.

(i) Prove all the 6 topological spaces are distinct.

(ii) Can a basis of T, (or T™, T™ ...) be a basis for
the rest of the five spaces? Justify your claim.

(iii) Prove T,, T7™ , ..., T, have subspaces of finite
cardinality hence a finite basis.

(iv) Study or obtain any other special feature associated
with these spaces.

Let M ={(ay, a, ..., a7) | & € S([0, 15)); 1 <i <7, min,
max} be the super subset interval semiring.

LetT,, T™, T™, T™, T™ and T, be the six SSSS-
interval semiring topological spaces associated with M.

Study questions (i) to (iv) of problem 10 for this M.
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12.

13.

14.

al
a
Let N = 4| 7 ||ai e S([0, 11)), 1 <i <9, min, max} be

dy

the super interval semigroup. T,, T™, T™,6 T™,

T and T, be the SSSS-interval semigroup topological
spaces associated with semiring N.

Study questions (i) to (iv) of problem 10 for this N.

a 4

a

a a .. a
LetS= 4= 2 13 e S([0, 26)),

By 8y - @

a a

43 a44

1 < i <56, min, max} be the super subset interval
semigroup. T,, T™, T™, T™ T™ and T be the

SSSS-interval semigroup topological spaces related to
the semiring S.

Study questions (i) to (iv) of problem 10 for this S.

Let S = {S([0, 19)), x, min} be the super subset pseudo
semiring. To, T, T2, T™, T™ T™ T™ and T, be
the SSSS-interval semiring pseudo topological semiring

pseudo topological spaces associated with the semiring
S.

Study questions (i) to (iv) of problem (10) for this
spaces associated with the pseudo semiring S.
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15. Let S; = {(as, @, ..., @) | @ € S([0, 12)); 1 <i <8, min,
x} be the super subset interval pseudo semiring T,,
T, T™, T, T and T be the SSSS-interval pseudo

semiring topological spaces associated with the pseudo
semiring S;.

(i) Study questions (i) to (iv) of problem 10 for these
pseudo spaces associated with this matrix semiring S;.

(i) Prove the pseudo semiring topological spaces
T, T and T, has pairs of topological subspaces such
that their product is a zero space.

al all a'21 a31
a a a a
16. LetT=4| 2 "2 "2 2 g ¢ 5([0, 15)),

a'10 a20 a‘30 a‘40

1 <i <40, x,, min} be the super subset interval pseudo
semiring.

Let T, T, 7>, T™, T™ and T, be the SSSS-

urin Ty

interval pseudo semiring topological spaces.

Study questions (i) and (ii) of problem 15 for these
pseudo spaces related to the pseudo semiring T.

17. Compare the SSSS-interval semiring topological spaces
with SSSS-interval pseudo semiring topological spaces.

18. Let S = {S([0, 24)), %, +} be the super subset interval
pseudo ring To, T, TS T., T and T, be the six SSSS-
interval pseudo ring topological spaces associated with
the super interval subset pseudo ring S.
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19.

20.

(i) Prove all the spaces are of infinite cardinality having
an infinite basis.

(i) Prove these spaces have subspaces of finite
cardinality and hence finite basis.

(iif) Prove T-, T and T has pairs of subspaces A, B
such that A x B = {(0)}.

(iv) Can a common subset serve as a basis for all the 6
spaces?

LetS ={(as, @, ..., a8) | & € S ([0,24)), 1 <i<8, + x}

be the super subset interval pseudo ring. T,, T , T,
T, T and T be the SSSS-interval pseudo topological

[V

spaces related with the pseudo ring S.

Study questions (i) to (iv) of problem (18) for this
pseudo ring S.

al
a
LetRy=<| 7 |la e S([0,11)), 1<i<9, +, x}

dy

be the super subset interval pseudo ring. T,, T , T

T, T and T be the SSSS-pseudo ring semiring

N V)

topological space, related to the pseudo ring R;.

Study questions (i) to (iv) of problem (18) for this
pseudo ring R;.
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a, a, a,

a
21. LetM = { !
aS

S([0, 14)), 1 <i <14, +, x,} be the super subset interval
pseudo ring. T,, T, T:, T, T and Ts be the SSSS-

pseudo ring semiring topological space, related to the
pseudo ring M.

Study questions (i) to (iv) of problem (18) for this
pseudo ring M.

22. Can there be a pseudo ring R so that al the six SSSS-
pseudo topological spaces have the same basis?

23. Does there exist a pseudo semiring for which all the 6
associated SSSS-interval topological spaces have the
same basis?

24. Does there exist a semiring S for which all the 6
associated SSSS-interval topological spaces have the
same basis?

25. Does there exist a pseudo ring for which none of the six
SSSS-pseudo topological spaces have a common basis?

26. Does there exist a pseudo semiring R for which all the
SSSS-interval topological pseudo spaces related to R
have distinct basis?
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