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Abstract. In this paper, we obtain an algorithm (identity) of recurrent finding countless
coprime integer solutions to equations

x*+y*=a*+b* ,
x*=y*+a*+b*
and some arising from these extraordinary consequences.
Introduction.
In the history of mathematics attempts to find common solutions in integers of equations
x*+y*=a*+ b* and
x*=y*+a*+ b*

were unsuccessful (except iterate through numbers). Since, in 1988, Professor Noam D.
Elkies from Harvard University found the following solution:

2682440* + 15365639% + 187960* = 206156734
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He also proved that the equation
xi 4+ x5 + x5 = x4

has infinitely many solutions in integers. And the Roger Frye, spending 110 hours a
“supercomputer”, received a the unique solution to 1,000,000

95800* + 217519* + 414560* = 422481*.

(Singh, Simon (2000). Fermat's Last Theorem, IV). There are solutions
133% + 134* = 59* + 158%;
103* + 542* = 359* + 5144,

(B. Cepriunckuii, “O peleHUN ypaBHEHHI B LenblX yucnax’, usmarrus, Mocksa, 1961,
crp. 58, m. 13.3). In this paper, we obtain an algorithm (identities), allowing to obtain
countless coprime integer solutions of these equations, and some arising from these
extraordinary consequences, in particular, " The multiplication of the difference between
the fourth powers of integers by the difference fourth powers of integers is equal the
difference between the fourth powers of integers "and others (see below).

Solution
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1.1. Let coprime integers X, Vo, Qg, by such that
x5 +Yo = ag + by [1],

are any non-trivial solution of the equation

1.2. We have

(the signs are consistent)
= (aobof‘l)4 - ()’oaoB)4 - (yObOC)4 [6]
= aobgA?’ YO ao — Yo boC3 [7]
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Thus,

xOM
o)

X =

_ Yo(M — 4agb5AN)

)
an(M — 4y2b2CN
q = o 5)’0 0 ) 8]
_ bo(M — 4y5agBN)
B 5

It will be also coprime solution of [2] , which can be verified by direct substitution
[8] inthe [2].

W 16yt M3a2b2AN +

+96ysM2atbg A N? — 256y;Ma§bSA3N3 +

1.2.1.

+256y5a8b§A*N* =
= g™ — 16aiM3yEb3CN + 96ai My b C2N? -
—256aMySbSC3N? + 256akySbECtN* +
LHAT* — 16b*M3y2a2BN +
+96biM2ytalB2N? —

—256bgMySaSB3N3 + 256b;ySaSB*N*;

tasbeM>Nb;B] +
+[96y2atbiM* N AZ — 96ysatbiM*NZC? —



—96y3atbiMINBT+

+[—256y5aSbSMN3A3 + 256ySaghSMN3C3 +
+256y5aSbsMN3B3] + [256y5aSbSN*A* —
—256y8aib8N*C* — 256y8a8bsN*B*] =
= —256y5aabs N3[M(agbiA3 — y2biC3 — y2a3B3) +
+N(agbyA* — yobyC* — yyagB*)] = 0.

M = aibjA* — ygagB* — ygbsC*

= a3b3A° = y3a3B® — y3b3C?

1.3. When checking, we should note that
1) A*> = B?+C>.
(x5ag — ¥5b5)* = (ag — yo)* + (£x5y5 — aghg)*
xtay F 2x3abydbE + yibs = af — 2a6‘y6‘ +yo +
+X5 Y6 +%bo + agbg

ag(xg +y5) + vo(ag + bg) = ag(ag + bg) + y5(xg + v3),
x5 + Yo = ag + by

1.4.
2) V4 2A = bOB + ag 2c
y§(+x§a§ — y5b§) = b§(ag — yg) +
+aj (+x03’0 bg)

1.5. Here, & -is highest common factor of the expressions for x,y, a, b.



1.6. It is clear that in the [8] "M" is not equal to any of the last three expressions in
brackets. Therefore, the [8] is a new, in comparison with [1] ,solution of the

equation [2]. Note that
Xo + Yo < x* + y*

(except perhaps for a finite number of cases). Continuing in the same way, we see
that [8] are recurrence formulas to obtain an infinite set of coprime integer
solutions of the equation [2] ,using the above-mentioned partial solutions.
16.1.
X1 = XoMy; Y1 = Yo0Qy,5 a1 = aOQal;bl = bOle'
X = XoMq X ... X My
Yk = YOle X .. X ka
A = ApQqi X .. X Qg
by = boQp, X ... X Qp,
k=1273..
My, Q;, — are corresponding values of the factors when X, Vo, @g, bo-
1.7. In this same work for the purposes of clarity, the resulting validation algorithm [8]
to find solutions to the equation [2] performed, even without affecting the generality
on the numerical examples.
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2.1. Let identity (example N1, )
(2m? —n?)? + 2mn)? = 2m?)? + (n?)?

m=2:n=1.
Then,
7+ 4% =82 + 17
and equation
xg +y5 = ag + by

xo =V7; yo = V4; ay = V8; b, = 1.



2.2. Using [3], [4], [5]
A=17X8—4X1andA, =52,4, = —60

B=ai—vys=x5—b andB, =B, =48 =64 —16 =49 — 1
C=47x4-8x1 and C; = 20; C, = —36.
2.3.
A% = B2 + C2; 52% = 482 + 202
y2A, = bZB; + a2C;; 4%x52=1x48+8x 20
2.3.1.

A% = B2 + C2; (—60)2 = 482 + (—36)?
y2A, = b2B, + a2Cy; 4 X (—60) = 1 X 48 + 8 X (—36)

2.4. Letususe [6] and [7]
M=8%x%x1%2x52%—4%2x82x48%* —42x 1?2 x 20* =
= —4970434560 = —22 x 3 x 5x 72 x 13 x 127.
N=8x1x%x523—-4x8x48%—-4x1x203=-2446080 =
=-212x3x5x7%x13.

2.5. With respect to the [8]
x=—7x212x3x5x13x7%x127
y=2X(—212x3x5%x13%x6223+2x3x5x%x72x%x13?%) =
=213 %x3x5x%x13x7%x23
a=—2x21B3x3x5x13x7%x107
b=212x3x5x13x7%x257

2.6. Reduce by a common factor, we finally obtain:

x' =7 x127 = —x, x 127
y'=—-2X23=—y,X%X23
a' = —2v2x107 = —a, x 107
b' =1 X% 257 = by X 257



and
(x’)4 = 12747087409
(y’)4 = 4477456
(a’)4 = 8389094464
(b’)4 = 4362470401.

Thus,
12747087409 + 4477456 = 8389094464 + 4362470401 =
= 12751564865
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Consequences

3.1. Using 8 2 we have:
(V7 x 127)* 4 (2 x 23)* = (2v2 x 107)* + (257)*

Then,
x2=7x%x127% = 112903
y2 = 22 x 23%2 = 2116
a? = (2v2)% x 1072 = 91592
b? = 257% = 66049

3.2.

x? + b? =178952; a® + y2 = 93708

x? —b%? = 46854; a? — y? = 89476
3.3. Let

a’ + y? = 2m,m,; mym, = 46854
a’? —y% = 2ny,n,; nyn, = 44738
x? 4+ b? = 2my,n,; myn, = 89476
x% — b? = 2n,,my; nym, = 23427

9]



Since, with respect to [9]

m, = 2; n, = 1; m, = 23427; n, = 44738

3.4. Now we introduce the following concepts that sets of four numbers have
unique properties:

1)
a’? =mym, +nyn, = 2 X 23427 + 1 X 44738 = 91592
y? =2 x 23427 — 1 X 44738 = mym, — n;n, = 2116
x? =myn, + myn; = 2 X 44738 + 23427 x 1 = 112903,
b? =myn, —myn; = 2 X 44738 — 23427 X 1 = 66049,
that indicates the direction in search of a more elegant, perhaps, ways of finding
such numbers and the solutions of the equation [2].
It is clear that the numbers with such properties are necessary and sufficient
condition for finding solutions to the equation[2] - the inverse problem.
Further properties are given in general terms as in the following section; they will
be shown in the integer version from beginning to end.
2)
(ay)? = (mymy)* — (nyn,)?
(xb)? = (myny)? — (nymy)?
3)
(m{ —nf)(m3 +n3) = (ay)* + (xb)*
(m{ + nf)(m3 —n3) = (ay)® — (xb)*
4)

(mi —ny)(m; —n3) = (ay)* — (xb)*,

ie "The multiplication of the difference between the fourth powers of integers by
the difference fourth powers of integers is equal the difference between the fourth
powers of integers."”
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4.1. Using the equality mentioned in the introduction, we have:

158* + 59* = 134* + 133%,158* — 134* = 133* — 594,
a? = 158?; x? = 592%; y2 = 1342; h? = 1332
a’ + y? = 2mym, = 1582 + 134?2 = 23 x 5x 29 x 37 X 73
a’? —y? =2n;n, = 1582 — 1342 = 25x 3 x 73
b? + x%? =2myn, =2 X5x 29 x 73 = 1332 + 592
b? —x? = 2m,yn, = 1332 =592 =27 x 3 x 37
and
42. my =5x29; n, =2*x3; m,=22%x37; n, =73,
,then

1)
a’? =mym, +nn, =
= (5x29) x (22x37) + (2* x3) x (73) = 1582
y? =mym, —nn, =
(5%29) x (22 x37)— (2* x 3) x (73) = 1342
b? =mn, + nym, =
= (5% 29) X (73) + (2* x 3) x (22 x 37) = 1332
x> =mun, —nym, =
=(5x%29) x (73) — (2* x 3)(2% x 37) = 592,
2)
(ay)? = (mymy)* — (nyn,y)* =
(5x29x22%2x37)%2—(2* x3x73)% = (158 x 134)?
(xb)? = (myny)? — (nymy)? =
= (5% 29 x73)% —(2* x 3 x2%2 x37)? = (133 x 59)%
3)

(mf —n)(m3 +n3) = (ay)® + (xb)* =
=[(5%29)? — (2* x 3)?] x [(22 x 37)%? + (73)?] =
= (158 x 134)% + (133 x 59)2
(mf + ni)(m; —n3) = (ay)® — (bx)* =
[(5%29)? + (2% x 3)?] x [(2%2 x 37)2 — (73)?] =



= (158 x 134)2 — (133 X 59)2

4)
(my —np)(m; —n3) = (ay)* — (bx)*
(145% — 48%) x (148* — 73%) = (21172)* — (7847)*
5)
(64* — 14)(69745* — 14784%) =
= (278588)* — (36977)*
6)
ny(a® +y?) = my(b* — x?)
(2*x3)x (23 x5x%x29x%x37)=(5%29)x (2”7 x3x%x37)
7)
ny X (b% + x2) = my(a? — y?)
(2*x3)x (2x5%x29%x73)=(5x%29) %X (2°x3x%x73)
8)
ny(b? — x?) = my(a® — y?)
(73) x (27 x 3x37) = (22 x 37) X (2° X 3 x 73)
9)

n,(a® + y?) = my(b? + x?)
(73) x (23 x5%x29%x37) =(22%x37) X (2%X5x%x29x73)

4.3. Continuing in the same way, we should note the following interesting facts related to
the solutions in the § 1:

x' =7 x127; y' = =2 X 23;
a' = —2v2 x107; b' = 257:
257 —107 =150 257 — 127 =130
127423 =150 107 4+ 23 =130

127 + 107 = 234 257 =127 + 107 + 23
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257 —23 =234 257 +23 =150+ 130
4.4. More number of examples of some relations elements Pythagorean equation
A? = B* +(?
with elements of the equation
x? +y?% =a’+ b
1)

Yo (£x0a9 — Yobo) = bo(a§ — ) + aog(Fx0y0 — aghy).

Here xq, Yo, @, bo- are arbitrary numbers
2) But,if
x§ +y5 = ag + bg
,then
(£x0a0 — Yobo)? = (a§ — ¥§)* + (£xo¥0 — agho)?

3) If
(A=17)2=(B = 152)2+(C=8)2
and
(x =35)2+ (y=13)2 = (a=37)?+ (b =5)?
then
Aa=Bx+Cy 17x37=15%x35+8x13
Ax =Ba+Cb 17x35=15%x37+8X%X5
4)

Aa=Bx+Cy 41x37=40%X35+9Xx 13 412 = 402 + 92
Ba=Ax+Cb 40x37=41%x354+9x%x5
5)
Aa=Cx+By 11x5=3x9+4x7 32+4%2=5?2
Bx=Ab+cy 4x9=3Xx5+3x%x7 92472 =112 + 32

6)
72 4+ 42 =82 412 32442 =52

11



5Xx8=4x7+3x%x4
5x7=4x%x8+3x%x1

7)
(ax + by)a = (a? + b®)x + (ay — bx)b
(a? + b?)x = (ax — by)a + (ay + bx)b
(a®> — b®)x = (ax + by)a — (ay + bx)b
(ax — by)a = (a*? — b?)x — (ax — bx)b

X,y, a, b —are arbitrary numbers

4.4.1. Considering these trivial identities connecting four independent parameters:
x1 (X2 4+ x4) + x5 (x3 — 1) + X300 — %2) = x4(x1 + x3)
x1 (x4 — X3) + x3(x4 + Xx3) = x5(x3 — x1) + x4(x1 + x3)

(21 +x3) = (23 — x3) + (%1 — x3) + (x2 + x3)
(X1 +x2) + (x3 — x3) = (%1 — x2) + (x2 + x3)

X1+ Xy + X3 = Xy,

it can be argued that there is significantly trivial identities connecting with each other as
of four prime terms, although examples are numerous:

3+5+11=19, 3+5+23=31, 3+5+4+29 =37
and etc,

3+7+7 =17, 3+11+17 =31,
and etc.
A non-trivial and promising way of finding such connections shown in § 2
23+ 107 + 127 = 257.

4.5. With respect to 1.3 and 1.4 we get

12



(xo = 158)* + (y, = 59)* = (a, = 134)* + (b, = 133)*
after a reduction by

5 =3x52%x13x 17 = 16575

we have:
(4, = 23329)2 = (B; = 18721)2 + (C, = 13920)2;
1)
(b3A; = 1332 x 23329) = (y2B; = 59% x 18721)? +
0 0
+(x§C1 = 1582 x 13920)
2)
(b2B; = 1332 x 18721) = (y2A; = 59? x 23329) +
(a%Cl = 1342 x 13920).
Comment:
If
xZn _|_y2n — aZn + b2n
then
Nn.n n,,N\2 — 2N __ ,,2nN\2 n.,n npn\2.
(@™x™ £b"y")* = (a*" —y“")* + (x"y" £ a"D")%;
(anxn + bnyn)z — (xZn — b2n)2 + (xnyn + anbn)z
,where
n=1273,...

a2y 2n + M + p2ny2n =
= q*"2a?Myn 4 AN 4 2020 iW‘l' a?np2n,
a2n (a2 + p2n — x2M — y20) _ y2n(g2n 4 p2n _ x2n _ 20y — )
and

xZn + yZn — aZTL + bZTL.

13
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Algorithm recurrent finding countless coprime integer solutions of the
equation

x*=y*+a*+b* [10].
5.1. Suppose that identity
(2m? +n?) = 2m?)? + 2mn)? + (n?)?
m=2;n=1.
Then,
9% =82 +4% +1°
And in the
xg —yo =ag +by [11];
xo =V9; yi =V4; ap =V8; by = 1
5.2. Let [11] be
xg + (oVD)* = ag + bg [12],
then
xo =V9; yo = V4i; ay = V8; b, = 1[13],

that allows using the algorithm [8] to obtain new solutions of the equation [12] and
similar consequences and, hence, the solutions of the equation[10].

5.3. Combining [3],[4],[5] and [13]
4, = (V9)’ x (VB)2 — (V&) =72 — 4i
B, = (V8)* — (V&) = 80

14



¢, = (V9)? x (V&)? — (vV8)" x 1% = 36i — 8.

5.4.
A? = B2 + C#; (72 — 4i)? = 80% + (36i — 8)*
5184 — i—16=6400—1296—%+64
5.5.

y§Ay = b§B; + aiC,

(V40)% x (72 — 4i) = 12 x 80 + (V8)2 x (36i — 8)

288i + 16 = 80 + 288i — 64 end etc.

5.6. We give from the beginning to the end of the least unwieldy example of the solution
of equation

x*=vy*+a*+ b*:
Example N2z (without affecting the generality)
m=1n=1;x, =3; Yo =\/Z;a0 =\/§;b0 = /2.
A=6-2i;B=5;C =3i—4.
(6 — 2i)% = 5% + (3i — 4)?
(VO (6—2i) = V22 x5+ (V2) 3i — 4)
M=23x33x5x%x(7—24i);N =2x3%x5x(9—130)

x =3 x23x33%x5x (7 —24i)
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y =i x [-2% x 32 x5 x (7 — 24i)
a=v2x23%x32x%x5x (179 — 78i)
b =+2x[-23%x3%2x5x (109 + 162i)
(V3)* x 3% x (7 — 240)* + (Vi)* x 13% x (7 — 24i)* =
= —27832(7 — 24i)* =
= —27832 x (164833 + 354144i) =
= —4.587.632.056 — 9.856.535.808i =

4
= (V2) (179 — 78i)* + (V2)*(109 + 162i)* =
= 4 x (—1146908014) + 4 x (—2464133952i).

It follows that [8] are recurrence formulas for an infinite set of coprime integer solutions
of the equation[10], using the above-mentioned integer particular solutions

x*=y*+a*+b* [10]
, for example,

95800* + 217519* + 414560* = 422481%,
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6.1. Let us prove that, the consequences of 8 3 3.2-3.4. It can be extended to the
equation

x*=y*+a*+ b*

It follows from 5.2. xq = \V9; Yo = Vai; ag = \V8; b, = 1;

16



6.1.1.
xg — bg = ag — (voVi)*

(o)t - 1* = (V8)" - (VaD)*

6.1.2.

a’+y?=8+4i=2mm,

a’? —y? =8—4; =2nn,
x?+b?=9+1=2myn, =10
x2—b?*=9—-1=2m,n, =8

6.1.3.
2mym, 8+4i m, 4+2i .
2min, =0 ;n—2= c ; my =4+ 2i; n, =5.
2Zmm, 4420 2+i ,
Iy, = 3 = 2 ymy=2+in =4
6.1.4.
[(2+D* — 4*][(4 + 2)* - 5*] = (VBV4)* — (VI x 1)*
[(2+ )% —16][(2 +0)? + 16][(4 + 2i)? — 25][(4 + 2i)? + 25] =
= (4i — 13)(4i + 19)(32i — 13)(16i + 37) = —210 — 3* [14].
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AJITOPUTM PEeKYPPEHTHOI0 HAXO0K/AECHUA 0€CUNCIEHHOT0 MHOKECTBA
B3aMMHO-TPOCTHIX HEJ0YNCIEHHBIX PelieHUil TH0(AHTOBBIX
YPaBHEHUM
x*+yt=a*+b* u
x*=y*+a*+ bt
¥ HEKOTOPbI¢ BBITEKAIIHME U3 3TOI0 HEOPAUHAPHBIE CICACTBUS

(371eMeHTapHBbIN ACIEKT)
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Annomayus. B Hactosimiei paboTe MoixydeH alroputM (TOXAECTBA) pEKYPPEHTHOTO
HaXO0XICHUA 0€eCYHMCIIEHHOTO MHOKECTBA B3aUMHO-TIPOCTBIX HEJIOYUCIICHHBIX pGHIeHI/II\/'I
YpaBHEHUU

x*+y*=a*+b* ,
x*=y*+a*+ b*
Y HEKOTOPBIE BHITCKAIOIINAE M3 3TOT0 HEOPAMHAPHBIC CIICICTBHS.
Beeoenue.

3a BCIO HCTOPUIO MATEMATUKHU MOMBITKY K HAXOXKACHUIO OOIIMX PEHIeHUH B LENbIX
YHUCIIaX YpaBHEHUN

x*+y*=a*+b* u
x*=y*+a*+ bt

ObLTH Oe3ycnenHbpIMU (Kpome niepedopa uncen). Tak, B 1988 r. Haym Dnbkuc u3
["apBapACKOTO YHUBEPCUTETA HAIIEN CIICAYIONINE PEIICHHE:
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2682440* + 15365639* + 187960* = 20615673*.
OH xe A0Kasall, UYTO YpaBHCHHUEC
xi+ x5 + x5 = x4

uMeeT OECKOHEUYHO MHOI'O pellieHuH B 1enblX uncnax. A Pomxep ®pait, 3arparus 110
4yacoB pabOThI CYyIIEPKOMIIBIOTEPA, OJIYyUMI eqUHCTBEHHOE pewenue 10 1000000

95800* + 217519* + 414560* = 422481*.

(Caiimon Cunrx, “Benukas reopema ®epma”, 2000 r., . 1V). CyiiecTByroT Takxe
perieHus

133* + 134* = 59* 4+ 158%
103* + 542* = 359* + 514%,

(B. Cepriunckuii, “O peleHUN ypaBHEHMI B LebIX unciax”’, usmarrus, Mocksa, 1961,
ctp. 58, m. 13.3). B Hactosieit pabote mosydeH anroput™ (TOKIAECTBA), MO3BOJISIONIHIA
MOJIy4aTh OECYNCIEHHOE MHOKECTBO B3aMMHO MPOCTHIX IIEIOYMCICHHBIX PEIIEHUN 3TUX
ypaBHEHUH, 1 HEKOTOPbIE BHITEKAIOIIUE U3 HUX HEOPJMHAPHBIE CIIEICTBUS, B YACTHOCTH,
“mpousBeieHNe PA3HOCTH YETBEPTHIX CTETICHEH IEIbIX YMCcel Ha pa3HOCTh YEeTBEPTHIX
CTETEeHE! LEeNbIX YUCEIl €CTh CHOBA Pa3HOCTh YETBEPTHIX CTENIEHEH 1IEJIbIX YUCeN U
npyrue (CM. HUXKe).

Pemenne
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1.8. [TycTs B3auMHO-IIPOCTHIE LIETOUUCICHHBIE X, Vo, Ao, bo TaKue, 4To
xg +yo = ag + by [1]
T.€. SIBJIIOTCA KAKUM-THOO HETPUBUAIILHBIM PELIEHUEM yPABHEHHS
x*+y*=a*+ b* [2].

1.9. Ilpumem



(3HaKI/I HaxXoIATCA B COOTBCTCBI/II/I)
= (aobo )4 - (}’0‘103)4 - ()’oboc)4 [6]
= aob A3 _3’0%33 — Yo b2C3 [7]

Torna,

_ Yo(M — 4a§b5AN)

)
an(M — 4y2b2CN
_ o 5)’0 oCN) 8]
_ bo(M — 4y§agBN)
B 5

TaKke 6yTyT B3aMMHO-IIPOCTHIM pelieHneM ypaBHenus [2] ,ato mposepsieTcs

Henocpe/cTBeHHoI noactanoskoii [8] Bo [2].

W 16yt M3a2b2AN +

+96ysM2atbg A N? — 256y;Ma§bSA3N3 +

1.2.1.

+256y5a5bSA*N* =
=/aM— 16aM3y2b2CN + 96atM2ytbtC2N? —

—256a;MySbSC3N3 + 256a5ySbSC*N* +

W— 16bEM3y2a2BN +

+96bEM2ytatB?N? —

—256bgMySaSB3N3 + 256b)ySaSB*N*;

[—L6y3abtiNM Y5 A + 16y3agbdM NaiC +
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+16y5aghs 0Bl +
WW
—96yg4asbg B?] +
+[—256y5aSbSMN3A3 + 256ySaghSMN3C3 +
+256y5aSbdMN3B3] + [256y5aibgN*A* —
—256y8a¢bSN*C* — 256y8albiN*B*] =
= —256ysasbiN3[M(a2b3 A3 — y3b3C? — y2a3B®) +
+N(aghgA* — yybgC* — ygagB*)] = 0.

M = agbgA* — ygagB* — ygbs C*

N = a3bA® — yia3B® - b3

1.10. TIlpu mpoBepke cienyer y4ecTb, 9To
2) A> = B?+ (>,

(txgas — yobg)* = (ag — y5)* + (£x5¥5 — aghg)*

ol ¥ 23yt + vibi = af — 2adyd + 8+
+x5Yo +%bo + agbg
as(xg + yo) + ¥ (ag + by) = ag(ag + by) + y5 (x5 + ¥5),
eCclin
xg +y5 = ag + bg

1.11.
2) y2A = bEB + a3C
v (£x§as — y§bs) = b§ (ao vo) +
+a? (+x0y0 — a0
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1.12.  3necs, O - HaubGoONBLINIA OOLINUIA ETUTENb BRIPAKEHUH I X, y,a, b.
1.13. Ouesunno, uto B [8] "M" ne paBHO HE OtHOMY M3 TIOCTETHHX TPEX
BBIpAKEHHI1, CTOAIINX B cKoOkax. [TosTomy [8] sBnsercs HoBBIM Mo cpaBHEHMIO C

[1] pemennem ypauenns [2]. Ormerum raxke, uTo
Xo + Vo < x*+y*

(xpoMe, GBITH MOXET, KOHEUHOT'O YHClIa ciIydaeB). Orcroza ciuexnyer, uto [8]
SIBIISTIOTCSI PEKYPPEHTHBIME (DOpMYyJIaMH IS TOJyYeHUs OECKOHEUHOTO MHOYKECTBA

B3aUMHO ITPOCTBIX HCIOYHCICHHBIX peIHGHI/If/'I YpaBHCHUA [2] ,ACIIOJIb3Ys

YIOMSIHYTBIE BBIIIE YaCTHBIE PEILCHUS.
1.13.1.

X1 = XoM1; Y1 = Yo0Qy,5 a1 = aOQal;bl = bOle'
X = XoMq X ... X M}
Yk = YOle X ... X ka
ax = apQqi X ... X Qq,
by = boQp, X ... X Qp,
k=1273..
My, Q) —cooTBeTCTBYIOIIME 3HAYEHUS COMHOXKHUTENEH TIpH X, Vo, Ao, Dy -
1.14. B nacrosue#t xe pabote 1 606110 HATISIHOCTH MPOBEPKA MPABUIIBHOCTH

nomydennoro anroputma [8] nns maxoxnenns pemennii ypapaenus [2 ]
IpoBeJieHa, ell€, He BIMsIs Ha OOIHOCTh, HA YUCIOBBIX MpUMepax.

82

2.1. Ilycts B Toxnectse (mpumep N1, )

(2m? —n?)? + 2mn)? = (2m?)? + (n?)?

Tornma,

U B ypaBHEHHUHU
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xo =V7; yo = V4; ay = V8; by = 1.

2.2. B cootserctsuu ¢ [3], [4], [5]
A=+47X8—4X1ud, =524, = —60
B=aj—ys =x5—bs uB,=B,=48=64—16=49 -1
C=+47x4-8x1u C, = 20; C, = —36.

2.3.
A? = B? + CZ; 52% = 482 + 207
y2A, = b2B; +a2C;; 4x52=1x48+8x 20

2.3.1.
A3 = B2 + C%; (—60)? = 482 + (—36)?
yéA, = b3B, + a3Cy; 4 X (—60) = 1 X 48 + 8 X (—36)

2.4. B cooterctBuu ¢ [6] u [7]
M =82 x12x52%—42 x 82 x48% — 4?2 x 1?2 x 20* =
= —4970434560 = —212 x 3 x 5 x 72 x 13 x 127.

N=8x1x523-4x8x48%—-4x1x203=-2446080 =

=212 x3x5x%x7%x13.

2.5. B coorBerctBum ¢ [8]

x=—V7x212x3%x5%x13%x72x%x 127

y=2x (=22 x3x5x13%x6223+2®x3x5x%x7%2x13%) =

=-213x3x5x%x13x%x7%x%x23

a=—-2x21B3%x3x5x%x13x7%x107
b=212%x3x5x%x13X7%x257

2.6. COKpaTI/IB Ha 06]].[1/1171 MHOKHUTCJIb, OKOHYATCIIbHO IMOJTYUUM:

x' =7 x127 = —x, x 127
y'=—-2X23=—y,X%X23
a' = —-2vV2x107 = —a, x 107
b' =1 X% 257 = by X 257
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(x")* = 12747087409
(y)* = 4477456
(a')* = 8389094464
(b')* = 4362470401.

Otkyna,
12747087409 + 4477456 = 8389094464 + 4362470401 =
= 12751564865
§3
CaencrBus

3.1. U3 82 umeem:
(V7 x 127)* + (2 x 23)* = (2V2 x 107)* + (257)*

OTtkyna,
x?=7x127% =112903
y? =22x23%2=2116
a? = (2v2)% x 1072 = 91592
b? = 257? = 66049

3.2.

x? + b%? =178952; a®+ y? =93708

x? —b%? = 46854; a? — y? = 89476
3.3. Ilyctp

a’ + y? = 2m,my; mym, = 46854\

a’? —y% = 2ny,n,; nyn, = 44738 } (9]
x? + b? = 2my,n,; myn, = 89476

x% — b? = 2n,,my; nym, = 23427

24



Torna, n3 [9]

m, = 2; n, = 1; m, = 23427; n, = 44738

3.4. OkxkazbiBaeTcs onpeaeaéHHbIe TAKUM 00pa30M Ha0OPBI U3 YETHIPEX YHCET
00J1a/1al0T YHUKAJIBHBIMU CBOWCTBAMMU:

5)
a? = mym, + nyn, = 2 X 23427 + 1 X 44738 = 91592
y2 =2 x 23427 — 1 X 44738 = mym, —nyn, = 2116
x?2 =myn, + myn; = 2 X 44738 + 23427 x 1 = 112903,
b% = myn, — myn, = 2 X 44738 — 23427 X 1 = 66049,
YTO yKa3bIBa€T HAIpaBJIEHUE B ITOMCKaxX 00Jiee 3JIETaHTHBIX, MOXKET OBITh,
CII0CO60B HAXOXKICHHS TAKHX YHCEN M PelleHnii ypasHerus [2].
O4eBHIHO, YTO YKCIIAa C TAKUMHU CBOWCTBaMU - HEOOXOAUMOE U JOCTaTOUYHOE
yCIIOBHE HAXOXKIEHHE pelenuii ypapaenns |2 ] - o6paTHas 3a1aua.
JanpHelme cBocTBa MPUBEACHBI B 00IIIEM BHJIE, TaK KaK B CJIEIYIOIIEM
naparpade oHM OyyT POIEMOHCTPUPOBAHBI B 1IEJIOUMCIEHHOM BapUaHTE OT
Hayaja J10 KOHIIA.
6)
(ay)? = (mymy)? — (nyn,)?
(xb)? = (myny)? — (nym,)?
7)
(mi —ni)(m3 +n3) = (ay)* + (xb)?
(mf +n{)(m3 —n3) = (ay)* — (xb)?
8)

(mi —n)(m3z —n3) = (ay)* — (xb)*,
T.€. “IIPOU3BEACHNUE PA3HOCTU YETBEPTHIX CTEIIEHEH LIEJIBIX YHCEI Ha Pa3HOCTh
YETBEPTHIX CTEIICHEHN LENBIX YUCEII €CTh CHOBA PA3HOCTb YETBEPTHIX CTEIICHEU
LEJIBIX Yucell.”
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§4

4.1. Vicionb3ys paBEHCTBO, YIIOMSHYTOE B BEJICHUH, UMEEM:

158*% + 59* = 134* + 133%,158* — 134* = 133* — 594,
a? = 1582%; x? = 592;y2 = 1342; b2 = 1332
a’ + y? = 2mym, = 1582 + 1342 = 23 x 5x 29 x 37 X 73
a’? —y? =2n;n, = 1582 — 1342 = 25x 3 x 73
b? +x% =2myn, = 2 X 5% 29 x 73 = 1332 + 592
b? —x? = 2myn, = 1332 =592 =27 x 3 x 37
nu
42. my =5x29; n, =2*%x3; m,=22%x37; n, =73,

,OTKyZa ,
10)
a’ =mym, +nn, =
= (5x29) x (22x37) + (2* x3) x (73) = 1582
y? =mm; —nyn, =
(5%29) x (22 x37)— (2* x 3) x (73) = 1342
b? =mn, + nym, =
= (5% 29) X (73) + (2* x 3) x (22 x 37) = 1332
x> =mun, —nym, =
=(5x%29) x (73) — (2* x 3)(2% x 37) = 592,
11)
(ay)? = (mymy)? — (nyny)? =
(5x29x2%2x37)%2—(2* x3x73)% = (158 x 134)?
(xb)? = (myny)? — (nymy)? =
= (5% 29 x73)% - (2* x 3 x2%2 x37)? = (133 x 59)%
12)

(mf —nf)(m3 +n3) = (ay)® + (xb)* =
=[(5%29)? — (2* x 3)?] x [(22 x 37)%? + (73)?] =
= (158 x 134)% + (133 x 59)2
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(mf +nf)(m3 —n3) = (ay)? — (bx)* =
[(5%29)? + (2% x 3)?] x [(22 x 37)2 — (73)?] =
= (158 x 134)% — (133 x 59)?

13)
(my —np)(mz —n3) = (ay)* — (bx)*
(145% — 48%) x (148% — 73%) = (21172)* — (7847)*
14)
(64* — 1%)(69745% — 14784%) =
= (278588)* — (36977)*
15)

ny(a® +y?) = my(b* — x?)
(2*x3)x (23 x5x%x29%x37)=(5%29)x (2”7 x3x%x37)

16)
ny; X (b% + x?) = my(a® — y?)
(2*x3) X (2x5x29%x73)=(5x%29)x (2°%3x73)

17)
ny(b? — x?) = my(a® — y*)
(73) x (27 x 3% 37) = (22 x 37) X (2° X 3 x 73)

18)
n,(a? + y?) = my(b? + x?)
(73) x (23 x5%29%37) = (22%37) X (2%X5x%29x%x73)

4.3. Ha Ham B3ryis, clieyeT OTMETUTh CIIEAyIOIIHe HHTEPECHBIE (DAKThI, CBA3aHHBIE C
pemennsavu 8 1:

x' =7 x127; y' = =2 X 23;
a = —-2v2x107; b’ = 257:

257 — 107 = 150 257 —127 =130
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127 + 23 =150 107 + 23 =130
127 + 107 = 234 257 =127 + 107 + 23

257 — 23 =234 257 + 23 =150+ 130

4.4, Ewg psi mpuMepoB O HEKOTOPBIX CBSI3SIX JJIEMEHTOB MH(aroposa ypaBHEHUS
A? = B* +(?
C 3JICMCHTAMU YPAaBHCHUA
x? +vy?% =a’+ b
8)

Yo (£x0a9 — Yobo) = bo(a§ — ) + aog(Fx0y0 — aghy).

3neck Xg, Vo, g, Do~ Mpou3BosbHbIE yncTa
9) Ho, ecin
2 2 _ 2 2
x5 + ¥4 = ag + by
,TO

(xx0ao — yobo)2 = (a% - yg)z + (£x0Y0 — a0b0)2

10) Ecnu
(A=17)2=(B= 152)2+(C=8)2
nu
(x=35)2+(y= 13)2 =(a=37)2+(b=5)2
,TO
Aa = Bx + Cy 17x 37 =15%x354+8x 13
Ax=Ba+Cb 17x35=15%x37+8x%x5
11)

Aa=Bx+Cy 41x37=40%x35+9x13 412 = 402 + 92
Ba=Ax+Ch 40x37=41x35+9x5
12)
Aa=Cx+By 11x5=3x9+4x7 32+4%2=5?
Bx=Ab+cy 4x9=3x5+3x%x7 9%2+72=112 + 32
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13)
72 4+ 42 =8%24+1%2 32442 =52

5Xx8=4x7+3x%x4
5x7=4x8+3x%x1

14)
(ax + by)a = (a? + b®)x + (ay — bx)b
(a? + b?)x = (ax — by)a + (ay + bx)b
(a®> — b®)x = (ax + by)a — (ay + bx)b
(ax — by)a = (a? — b?)x — (ax — bx)b

X,¥, a, b —npousBonbHbIE UnCcTa
441 qu/ITBIBaH CJ‘ICI[YIOU.[HC TpI/IBI/IaJILHbIe TOXICCTBA, CBA3BIBAIOIIIUC 4 HE3aBHUCHUMBIX
napamerpa:
x1 (X3 +x4) + x3(x3 — x1) + x3(x4 — X3) = x4(x1 + x3)

x1 (x4 — x3) + x3(x4 + %3) = x(x3 — x1) + x4(x1 + x3)

(21 +x3) = (23 — x3) + (%1 — x3) + (x + x3)
(X1 +x2) + (x3 — x3) = (%1 — x2) + (X2 + x3)

X1+ Xy + X3 = Xy,
MOKHO YTBEPKAAaTh, YTO HET CYIIECCTBECHHO TPHUBUAJIBHBIX TOXACCTB, CBA3LIBAIOIIINX

MCKIAY co0oii B BUAC Cllara€MbIX 4 MMPOCTBIX YHCJIA, XOT NPUMEPOB MOKHO ITPHUBCCTU
MHOXKECTBO:

3+5+11=19, 3+5+23 =31, 3+5+29=37

" T.IL.,

3+7+7=17, 3+11+17 =31,
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U T.I
HeTpuBHANBHBIN U TIEPCIIEKTUBHBIN CIIOCO0 HAXOKECHHUS TAKHX CBA3ei Iomyunncs B 8§ 2
23+ 107 + 127 = 257.

45. U3nn.13uldmu
(xo = 158)* + (¥, = 59)* = (ap = 134)* + (b, = 133)*
1ocjIe COKpAIIeHUs Ha

5 =3x52%x13x 17 = 16575

MOTYYNM:
(A; = 23329)% = (B; = 18721)? + (C, = 13920);
3)
(b3A; = 1332 x 23329) = (y2B; = 59? X 18721)? +
+(x5C, = 158% x 13920)
4)
(3B, = 133% x 18721) = (y¢A; = 59% x 23329) +
(a3C, = 1342 x 13920).
[Ipumeuanmue:
Ecimm
xZn _|_y2n — aZn + bZTL
,TO
(anxn i bnyn)z — (aZn _ yZn)Z + (xnyn i anbn)z;
(anxn + bnyn)z — (xZn — bZn)Z + (xnyn + anbn)z
,rIe
n=123,..

a2ny2n 4 W + h2ny2n =
— a4n2a2ny2n + y4n + xZnyZn iW_l_ aanZn;
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aZn(aZn + bZn _ x2n _ yZn) _ yZn(a2n + bZn _ x2n _ yZn) — 0,

xZTl + yZTl — aZTl + bZTl.
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AJITOPUTM PEKYPPEHTHOI0 HAXO0KAEeHUA 0€CUNCIEHHOT0 MHOKECTBA
B3aHMHO-TIPOCTHIX LEJTOYUCITCHHBIX PellleHuil YypaBHEeHH s

x*=y*+a*+b* [10].
5.1. ITycTh B TOXIECTBE

(2m? + n?) = (2m?)? + (2mn)? + (n?)?

Torna,

X — Yo = ag +bg [11];
X0 =V9; yi =V4; ap =V8; by = 1
5.2. TIpencrapus [11] B Bume

xg + (oVD* = ag + bg [12],

Oyaem UMeTh

sz\/g, y0=\/a, a0=\/§,b0:1[13],
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YTO IMO3BOJEACT UCII0JIB30BATh aJITOPUTM [8] JJI IIOJTYYCHH A HOBBIX peI_HeHI/Iﬁ

ypaBuenns [12] u ananoruuneix cieacTBuii, a, 3HauMT, ¥ pemenuil ypasaenus [10].

5.3. B coorserctann ¢ [3],[4],[5] u [13]
Ay = (V9)' x (VB)? — (V&) = 72 — 4i
B, = (V8)* — (V&) =80
€, = (VO)? x (VA)? — (V8)” x 1% = 36i — 8.

5.4.
A2 = B2 + C#; (72 — 4i)? = 80% + (36i — 8)?
5184 — 5761 — 16 = 6400 — 1296 — 5761 + 64
5.5.
Y6A1 = biBy + agC;
(V40)% x (72 — 4i) = 12 x 80 + (V8)2 x (36i — 8)
288i + 16 = 80 + 288i — 64 nr.x.

5.6. [IpuBeném oT Havana u 10 KOHIIA HAMMEHEe TPOMO3AKHUI TpUMep PeLICHHS
ypaBHEHUS

x*=vy*+a*+ b*:
Tpumep N2: (He BIMsA HA OBLIHOCTS)
m=1n=1;x0=\/§; }’o=\/z;a0=\/§;b0=\/§.
A=6-2i;B=5;C=3i—4.
(6 — 20)% = 5% + (3i — 4)?
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(VI)“(6 - 2i) = (V2)? x 5 + (VZ) (3i — 4)
M =23%x33%x5x%x(7—24i); N =2x%32%x5x(9—13i)
x =3 x23x33x5x (7 — 24i)

y =i x [-23 x 32 x 5 x (7 — 24i)
a=v2x23x%x3%2x%x5x (179 — 78i)

b =+v2x[-23x3%2x5x (109 + 162i)

(V3)* x 3% x (7 — 240)* + (Vi)* x 13% x (7 — 24i)* =
= —27832(7 — 24i)* =

= —27832 x (164833 + 354144i) =

= —4.587.632.056 — 9.856.535.808i =

4
= (V2) (179 — 78i)* + (V2)*(109 + 162i)* =
= 4 x (—1146908014) + 4 x (—2464133952i).

Ortcrona cnenyer, uto [8] sBiusrorest peKyppeHTHBIME (GOPMYIAMH JUTS HOTYYEHHS
0ECKOHEYHOI0 MHO>KECTBA B3aMMHO-TIPOCTHIX 1IEJIOUNCIICHHBIX PEIIEHUH ypaBHEHUS

[10], HCIOJIb3YA YIIOMAHYTBIC BbIIIC HCJIOYNCIICHHBIC YaCTHBIC PCHICHHUA YPABHCHUSA
x*=y*+a*+ b* [10]
, HAIIpUMED,

95800* + 217519* + 414560* = 422481%,
§6

6.1. Tlokaxem, uto cnencTBus u3 § 3 m.m. 3.2-3.4. MOryT 6HITH PACIIPOCTPAHEHHI U HA
ypaBHEHUs

x*=y*+a*+ bt

U3 m. 5.2. Xo =\/§;y0 =\/E; ag =\/§; bo = 1;
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6.1.1.
xg — by = ag — (oV)*

(o)t - 1* = (V8)" - (VaD)*

6.1.2.

a’+y?=8+4i=2mm,

a’? —y? =8—4; =2nn,
x?+b?=9+1=2myn, =10
x2—b?*=9—-1=2m,n, =8

6.1.3.
2miym, 8+4i m, 4+72i .
2min, = 10 ;n—2= c ; my =4+ 2i; n, =5.
2mm, 4+2i 2+i ]
T, = 3 = 2 smy=2+in =4
6.1.4.
[(2 +D)* - 4*][(4 + 2))* - 5*] = (V8V4i)* — (V9 x 1)*
[(2+ )% —16][(2 +0)? + 16][(4 + 2i)? — 25][(4 + 2i)? + 25] =
= (4i — 13)(4i + 19)(32i — 13)(16i + 37) = —210 — 3% [14].
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