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SUMMARY

This work is a study of divisibility and these criteria, in which we will give general
relationships and divisibility criteria. We begin this work by answering the following
question: what conditions should check the digits dialing the number to make it divisible
by d? Among the most known and used criteria are the divisibility by 2, 3, 5, 11...

We know well that for De Z , It is said that it is divisible by 3 If the sum of the digits
component D is divisible by 3, and D is written asa,a,, ... a, in base 10 D is said divisible
by 3, ifand only ifaq +a, +a3 + -+ +a; is divisible by 3. There are also criteria of
divisibility for numbers less than 20, for d = p + 10 and p < 10, we have this result:
@10y, - @, 1) Is divisible by d, if and only ifp®a;—pa;_1+p*a;_,—pia;,_5 - ptVayis
divisible by d We note that for p = 1 it realizes the divisibility of 11, and for p = 2 is right
and we have also, if 12 dividesaja;, ... a; (10)59 12 dividesaia,, .. a, @

We give a criteria of divisibility by 7, let D= aia,, ... a, (1030 Integer, we say that
Dis divisible by 7, if3a;a; ...a,_{ 10) ~ 2a; — (i — 2) is divisible by 7.We can also write
that if 7 dividesa;a;, .- a, (10) itdividesla; + 3a;_1 + 2a;_, + 132 a;a, ...a,_3 (10)
and divides

i-1
2(10" —K)a;_y
k=0

In this part we give a property for compounds three-digit numbers. Let be D an
integer written asa,a, as (10) there are some criteria of divisibility; let d €Z ,andte

N, d=8-tissaid thata;a,a; (10) is divisible by d if and only ifay az |, —
(10 x 2**1a,) is divisible by d.In this relationship it is true for 0<d< 9, and we can

generalize and we obtain for d €Z ,andle N ,d=8—t we say thataja,, ... a, (10)i5

divisible by d ifand only ifa,_ja,_ . a, 5 A1y~ 21 (10a;a; a"1‘1(10)) Is

divisible by d. Now we take an integer d equal in b1b, 10) and we study the divisibility of



@10z 1) we have if b1by o divides@yay o then it divides[(a; X by) — (az X by)], it
divides

[(by X by X a,) — a;] now we take D consisting of three digits, we obtain if

b1b2(10) devidesaiaaz (10) we find that[(by X b, X a,a,) — a3] is a multiple of
'b1by 1) In the same sense, az a3 a0 TN %ay is a multiple ofb1b; ) and N equal
tob.b, (10) —10. For a number with n digits we have to say as a generalization,
10z ... a4, 4)is divisible by d and d equal to 10 + N if d divides M. when

i i-2
M= Z 10 kq, + N2 z 102 Kq,
k=i-1 k=1

In this part we give relations for the compound numbers of n figures, are d and D

integers, d= b1b; ... b, (10) and D= aja, .- a, (10) it is said that D is divisible by d, if only
if ddivides(10 — 11d)a;a; . a,_1 , + (1 — d)a;, ddivides(10 — d)a a; ..a, -4 ,, +
a; or ddivides (100 — d)a,a; ...a,_; ,, + @,_1@, | for this relationship we can change
the base 10 by the following bases (10% + 1.d)(10? + d')(10? £ L.d"). as we can

generalize all this by writing, if D is divisible by d then (10™ — d)a;a; .. @, 1, +

A, _m—1 - @, Is divisible by d we add also this generalization, let (n, N) two Integers,
and (m, N ') two natural numbers, we say if d divides D so d divides (nlOm -

Nad"')a a, @, 1o + M@ -1 4, 1 )- Sometimes we find numbers that check

divisibility by two bases, in base 10 and base y, like 11 and 13, we have if d divides D in
base 10 it divides it in base 11 and in 13, we have also if d divides D in base 10 so it
divides it in base 14 but we must add (10 — ) we write :

d10)/ Daoy=d /Dy + (10 — 1)),
We have for 26 d 10)/D10)=d /(D + (10 —p)),
And for 28 we haved 10y /D 10y=d ) /(D (u-ay + (10 — 1)), ifp—d< 0 we use|p— d|.

Progressive divisibility

Now we give a relationship in which we will change the base from a big value to a
small one in order to facilitate the divisibility. Are D= aja; ... a, (10) and
d=b.b, ...b, 10y two integers related, if d divides D and j > 2 it exists an integer & d,
& D Ad thenddivides(10 — §)aja; ...a,_q (o) + @ and it divides
10+ Haqa; ..a,_; o+ T a;the same thing for(10 + §)aja, ...a,_; (10-¢ T i, we

can use these:

(10% +1.§) (102 £ &) (10% £ 1.8



we want to know ifa;a, 10)’s divisible by d and so we try to minimize the number
by fewer, to simplify the knowledge if it divisible or not by d, we have d divides
ayaz (40,50 it divides (10 — d)a, + a,, we takea;a, 10) = (10 — d)a,, and takes 1
an integer equal to |d. a;(10) 7| we haveay = |a, — 1|, anda, = |10l — da,| We do the
same operation I: 1, (10) = @102 (1) T A2 then we obtained : 1 = la; — L + 1|, and

B2 =10l —daq + a, — 10|, if, < 0 we have 10 — B, becomes 3; — 1,
Sometimes to facilitate the calculate is whether d / D must go through several steps
(operations) that is to say d/a; a, o) d/ bb, a0 ™ d/cic, a0 d/eje; (10)

We must define the values e, ete, from primary values, but first we must know the
number of steps we done .for example d/ @@ 1o — d / biby 10 4/ T1z 1) the
number of steps we made is two when the valuescq and ¢, are:cq = |2 + a4 —

(L4 + 1), and c, =|10(l; + 1) — 20 —d(2a, + 14 — 1)|, where

l; = |d.a;(10)7|, 1, = |d. b1 (10)7}| . And for three steps we have d/aya; a0
d/b.b, 10) > 4/ C1C3 19y — d/ €183 1, we have the values and e and e, are:
e =134+a; -4+ 1, +13)| and

e, =|10(ly + I + I3) — 30 —d(3aq + 1, + 1)|. We will generalize these relationships
for N steps, we have: Let d/aqa, (10)3ccepte N steps and obtainedmym, ao)fo define the

valuesmqandm, were two cases: For N is odd we have my = [N +a; — (l4 + I, + -+
V)| andmy, = |10(ly + 1, + -+ ly) — 10N —d(Na4 + ly_1 + 1)|. For N is even we
obtained my=|N+a;— (4 +1;+ -+ 1y)| and

my = [10(ly + I + -+ ly) — 10N —d(Na, + ly_1 + 1)| We will repeat this operation
but with a three-djgit numbera,a;as 10y e follow the same method and we obtain if

by1b,b; (10) divides a{a;az (10) We have:

a; = la; — 4|, a; =101y — (day + a; — ;)| , a3 =[101; — da,|

andly = |d.a,(10)7], I, = |d.m(10)(10)_2| and to determineb,, b,and b :

by =|a;+1-1], b =|10l4 —da, —a, + 1, —9|and b3 = |az + 101, — da, — 10|
l; =|d.a;(10)7!
digits written as a;a; ... a, (10) W€ will start with one step (N = 1) that through the

, I = |d. a,az (1 (10)72 | We generalize this with numbers had n

values ay, to have the values by so we havea; = 1014 + 1, ,
a; = 10l2 - d(a1a2 ..ag (10)+a9)l3 az = 10[3 - d(az ..ag (10)+a9)l4 and

Ay = 10l4_ - d(a3 ...0ag (10)+a9)l5 aes ag = 10l8 - d(a7a8 (10)+a9)19 and

aq = 101, — d(ag + aq) Itwas also

a; =10l; —da;_ 1 ,a;_1 = 10l;_4 — da;_, + a;_,. And therefore the values of
by, b, ..by we have:by = a4+ 1; by =a; ;..;by = ay — (N — 2) and for

110 = |d. aqa; ...aq (10)* (10)_9

Divisibility of numbers often used



In this part of work we give the criteria divisibility of numbers often used, we take d
and N two integers we say that N is divisible by d if d divides (1% +
22+3%2+ -+ N?) —[(N—1)(1+ 2+ 3+ -+ N)]| we take an integer N=a+
n it said that’s divisible by d if d dividesa* + n + 2an + (4 + 6 + 8 + --- + 2n) we can
take N a natural number writtenasN = 1+ 2 + 3 + --- + M it said that’s divisible by d if
ddivides(M —1)"Y(M+1)+2M+ 1) +3M+1) + -+ (M —1)(M + 1)) or we
write d dividesN(M + 1)(M — 1)1, In the same purpose it said also that is divisible by d
MM -1)"1(2+2M+1)+3M+1) + - (M —1)(M + 1)) or it divides
M+2(2+4+6+8+ -+ 2(M— 1)), in the same ame we say that d divides4N — M>
when M is even number, it divides alsoM + (2 + 4+ 6 + 8 + -+ (2M — 4)), now let
N' = 2N we haveN' is divisible by dif—M + 3 + 5+ 7 + ---+ (2M + 1), We can find
numbers on forme N?, so in what conserning this kind of numbers we say that is divisible
bydifddivides(1+3+5+7+9+ -+ (2N —1)).

Divisibility of AV
Either A an integer and N is a positive integer we have if d divides AN so it divides

A[A-1) x (A2 + A3+ A3 + -+ A" )| + A3 we can write A= a + 1 and we say that
ifddivides(a + 1" so itdivides1+ Na + (3) AV + (7) AV "1+ + (" )A.

In this part of work we study numbers in the form (fl), let N a natural number equal to

N = (g) (a+4)°3+ (‘2’) (a+2)3+ (i) (a)? we say that d divides N if d divides

(‘D (a+3)3+ (‘;) (a + 1)3 . Jet D in integer equal to (q’) + (1;') + (g’) + -+ (%) it said

that is divisible by d if2V is divisible by d.

let D is an integer and (3, n ) two natural numbers/k € {0,1,2,3,---,n}/ k = 2a. Let M
— -1 -1 _

M=()a+n)" 1+ (D(a+ - )"+ Ma+m- )" et M) (@1

we say that d divides M if it existsk' € {1,---,n} and k = 2a' + 1 which it existsM'

, - -1 -1 _
M=+ 1 +M(a+®m-1)" +®)(a+®m-2)" +-+®(@"?
and dM' is divisible by d.we take an integer D equal to (Zliv )+ (ZNk+ 1) we have two cases
the firstisk = 2a so d divides D if d divides (21‘;:'2) + 1, the second case isk = 2a + 1 it
said that D is divisible by d if d divides (*"}}*) — 1. we give D the value (}) + (}*1) so we
have ifk = 2a + 1 we say that d is divisible by d if (") + N is divisible by d, the second
case when k= 2a and k < 2 we have d divides D if (" ;1) + 1 is divisible by d, the last
case if2 < k < 4 we have if d divides (N ;(’1) + 2N so it divides D. for simplify the
expression if we have D = (ﬁ), let n and k both natural numbers, andA = k+1,B =

N + 2 we have ifd divides (3) so itdivides(}) + (") + (Y-
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