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Abstract

In 1980 F. Wattenberg constructed the Dedekind completion*R 4 of the Robinson
non-archimedean field *R and established basic algebraic properties of *Rq4 [6]. In
1985 H. Gonshor established further fundamental properties of *Rq4 [7].In [4]
important construction of summation of countable sequence of Wattenberg numbers
was proposed and corresponding basic properties of such summation were
considered. In this paper the important applications of the Dedekind completion*R4 in
transcendental number theory were considered. We dealing using set theory
ZFC + —3(w-model of ZFC).Given an class of analytic functions of one complex
variable f e Q[[z]], we investigate the arithmetic nature of the values of f{z) at
transcendental points e”,n € N.Main results are: (i) the both numbers e + 7 and e x 7
are irrational, (i) number e¢ is transcendental. Nontrivial generalization of the
Lindemann- Weierstrass theorem is obtained.
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1.Introduction.

In 1873 French mathematician, Charles Hermite, proved that ¢ is transcendental.
Coming as it did 100 years after Euler had established the significance of ¢, this meant
that the issue of transcendence was one mathematicians could not afford to



ignore.Within 10 years of Hermite’s breakthrough,his techniques had been extended
by Lindemann and used to add = to the list of known transcendental numbers.
Mathematician then tried to prove that other numbers such as e+ 7 and e x = are
transcendental too,but these questions were too difficult and so no further examples
emerged till today’s time. The transcendence of e” has been proved in1929 by
A.O.Gel'fond.

Conjecture 1. Whether the both numbers e + 7 and e x = are irrational.

Conjecture 2. Whether the numbers ¢ and 7 are algebraically independent.

However, the same question with e and 7= has been answered:

Theorem.(Nesterenko,1996 [1]) The numbers ¢” and = are algebraically

independent.

Throughout of 20-th century,a typical question: whether f{a) is a transcendental
number for each algebraic number o has been investigated and answered many
authors.Modern result in the case of entire functions satisfying a linear differential
equation provides the strongest results, related with Siegel’s E-functions
[1],[2].Reference [1] contains references to the subject before 1998, including Siegel E
and G functions.

Theorem.(Siegel C.L.) Suppose that A € Q, A + —1,-2,...,a # 0.

. n (1.1)
0i(z) = ano A+ (A +22) cos(A+n)"

Then ¢, (a) is a transcendental number for each algebraic number a + 0.
Let fbe an analytic function of one complex variable f € Q[[z]].
Conjecture 3.Whether f{a) is an irrational number for given
transcendental number a.

Conjecture 4. Whether f{a) is a transcendental number for given
transcendental number a.
Remark 1.1. In classical analysis usually one dealing using set theory

ZFC, = ZFC + 3(w-model of ZFC)

under assumption:

Assumption 1.1. Con(ZFC,).

However in this paper we dealing using strictly weaker than set theory ZFC,, set
theory

ZFC_, = ZFC + —3(w-model of ZF(C)

under assumption:

Assumption 1.2. Let M by any countable nonstandard model of ZFC_,,let PRA
be a

primitive recursive arithmetic and let My, be a standard model of PRA. Then

(i) there exist an countable nonstandard model 3™ of ZFC_,,



(i) there exist standard model Mjiz, and (iii) Mg, < MY,

(iii) Con(ZFC_y).

Remark 1.1. In this paper using set theory ZFC_,, we investigate the arithmetic
nature of

the values of f{(z) at transcendental points e¢”,n € N.

Definition 1.1. Let g(x) : R — R be any real analytic function such that: (i)

go(x) = Zanx",]x| < rVn[a, € Q], (1.2)
n=0

and where (ii) the sequence {a,} . is primitive recursive (constructive).

We will call any function given by Eq.(1.2) constructive Q-analytic function and
denoted

such function by gq(x).

Definition 1.2.[3],[4]. A transcendental number z € R is called #-transcendental
number

over field Q, if there does not exist constructive Q-analytic

function gq(x) such that go(z) = 0,i.e. for every constructive Q-analytic function
ga(x) the

inequality go(z) # 0 is satisfied.

Definition 1.3.[3],[4].A transcendental number z is called w-transcendental

number over field Q,if z is not #-transcendental number over field Q,i.e.there

exists an constructive Q-analytic function gq(x) such that go(z) = 0.

Notation 1.1.We will call for a short any constructive Q-analytic function gq(x)
simply

Q-analytic function.

Example 1.1. Number 7 is transcendental but number 7 is not #-transcendental
number

over field Q as

(1) function sinx is a Q-analytic and

(2) sin(%) - lLie.

3 5
1+ E__ =& T n

N _xl +(_1)2"+1,T2n+1 (1.3)
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+...= 0.

(_1 )2n+1n.2n+1

Note that the sequence q, = s
AUeNCe @n = 2 u Zn + 1)1

n=0,1,2..... obviously is primitive

recursive.
Example 1.2. Let vo = 1. For each n > 0 choose an rational number v, inductively
such



that
1 - Z;;l viek— ()™ <vpe" < 1- Z',;l viek.

The rational number v, exists because the rational numbers are dense. Now the
power

series fix) = 1 - Z:’:] vne" has the radius of convergence « and f{e) = 0. However
any

sequence {v,} .

Main results are.

Theorem 1.1.[18,19].Set theory ZFC,, £ ZFC + 3(w-model of ZFC) is inconsistent.

Remark 1.1.Note that theorem 1.1was proved in [18,19] by using an non ftrivial

generalization of the classical Lob’s theorem. In this paper we prove —Con(ZFC,)
directly.

Theorem 1.2 Assume that set theory ZFC_,, = ZFC + —3(w-model of ZFC) is
consistent.

Let {v.}, ., be any sequence defined above and let M_, by any countable
nonstandard

model of ZFC_,,.Then {v,} ., & M.

Remark 1.2. Note that a statement {v,}, ., ¢ MY is a seems in contradiction with

standard intuition, however that arises from the downward Lowenheim-Skolem
theorem

and presents an form of known Skolem’s "paradox".

Theorem 1.3.[3],[4].Number ¢ is #-transcendental over Q.

From theorem 1.1 immediately follows.

Theorem 1.4.Number ¢¢ is transcendental.

Theorem 1.5.[3],[4]. The both numbers e + 7 and e —  are irrational.

Theorem 1.6.For any £ € Q number ¢¢ is #-transcendental over the field Q.

Theorem 1.7.[3],[4]. The both numbers e x r and e~! x & are irrational.

Theorem 1.8.[4] Let fi(z),] = 1,2,... be a polynomials with coefficients in Z.

Assume that for any / € N algebraic numbers over the field Q : B,,,..., B

ki >1,1=1,2,... form a complete set of the roots of f;(z) such that

f1(z) € Z[z],degfi(z) = ki,
anda; € Q[ =1,2,...;a0 # 0, where the sequence {a;} . is primitive recursive.
Assume
that

obviously is not primitive recursive.

0 ki
ao+ Y _Jai] Y _JeP| < oo,
=1 k=1

Then

(1.4)

(1.5)



o &
ao+ZaIZeﬂ’ﬂ’ + 0. (1.6)
1 kel

Remark 1.3. Note that Theorem 1.3-1.8 can be proven (instead set theory ZFC_,, )
using a

theory RCA, + 3S,,.Here (i) RCA, is the subsystem of second-order arithmetic
whose

axioms are the axioms of Robinson arithmetic, induction for ¢ formulas, and

comprehension for A{ formulas and (ii) S, a minimal w-model of RCA, where S,

consists of the all recursive subsets of w [15]. In this case one can use constructive

Moerdijk’s approach instead nonconstructive ultrapower construction acepted in this
paper;

see Remarks 1.4-1.5 below.

Remark 1.4.The subsystem RCA, is the one most commonly used as a base
system for reverse mathematics. The initials "RCA" stand for "recursive
comprehension axiom", where "recursive" means "computable", as in recursive
function.This name is used because RCA, corresponds informally to "computable
mathematics". In particular, any set of natural numbers that can be proven to exist in
RCA, is computable, and thus any theorem which implies that noncomputable sets
exist is not provable in RCA,. To this extent, RCA, is a constructive system.

Remark 1.5. As is well known, elementary nonarchimedean extensions of the real
number structure R can be obtained in essentially two different ways, both
nonconstructive: one is to use an ultrapower construction [5], the other is to use the
compactness theorem.

As is known from topos theory the category of sheaves over a generalised
topological space is a universe of variable sets a Grothendieck topos which obeys the
laws of intuitionistic logic rather than classical logic We briefly review Moerdijk’s sheaf
model construction from [9]-[10].To motivate the construction recall Los’s fundamental
theorem for ultrapowers which states that for any ultrafilter U on a set 7 any
L-structure M and any £-formula ®(xi,...,x,),

MU Oay,...,an) < {i € IME ®(ai@),...,0.())} (1.7)

That the filter is an ultrafilter i.e. maximal among proper filters on 7 is crucial for
proving the equivalence when involves the logical constants and Moerdijk gave a
constructive analogue of Los’s fundamental theorem, by changing the notion of model
to a sheaf model over a category of filters The idea of shifting to a nonstandard
semantics occurs also in Martin Lof [11].

A filter base & = (F,{F:},,) consists of a nonvoid index set / and a family {F;} ., of
subsets of an underlying set F called base sets satisfying the filtering condition for all
i,j € Ithere exists k € I such that F, < F; N F;. The filter generated is then
{§ € F: (3i € )F; < S} For constructive reasons it will be better to work only withthe



bases of filters. So in the sequel we shall abuse the language and simply call them
filters. Let & = (F,{Fi},,) and 3 = (G,{G},,) be filters. A continuous map a from &
to I in symbols a : F - J is a partial function a : F - G which is totally defined on
some base set of & and satisfies the continuity condition (Vj € J)(3i € I) {a[F:] < G;}
Two such morphisms are equivalent if they agree on some base set of . The filters
together with the continuous maps then form a category B with terminal object and all
pullbacks see [9] and [12]. For each set 4 there is a trivial filter 4 = (4{4}). In this way
the category of sets can be considered as a full subcategory of B. Note that the set of
morphisms from & to 4, Homg(F,A) can be identified with the reduced power 47/F As
for any category the hom-sets give a contravariant functor

"A 2 Homg(—,4) : B® — Sets. (1.8)

We now define a Grothendieck topology K on B so that *4 becomes a sheaf Let 3% =
{G("), {G;?,(k)}}, k=1,...,nand F = (F,{F;},,) be filters. A finite set of continuous
maps {f; : I® - F}7_ is called a K-cover of F if forall j, € JO,....j, € J® there
exists i € I for which

piG U uB[Gr ] 2 Fi (1.9)
In case {p : 3 - F} gis a cover, we say that  is a covering map which is the same
as an epimorphism in B. The category of sheaves over the topology (B, K) denoted N
for nonstandard universe U* is a universe containing both standard and nonstandard
objects. With this topology each presheaf of the form *4 becomes a sheaf. This sheaf
is the nonstandard version of 4. The sheaf of locally constant functions A(4) is a
subsheaf of *4 denoted by “4 which constitute the standard elements of *4. In
particular each constant element

*a = x — a € *A(F) is standard. For each relation R < 4, x - - -4, define a subsheaf

*R of *4y x +++x *4, by
(a1,...,00) € R(F) < Fi e D(Vu € F)[(a1,...,a,) € R], (1.10)

where & = (F,{Fi},,).We assume now that £ is a first order language including
symbols for all sets relations functions and constants of interest to us here this can be
made precise using universes of sets. *:£ denotes the language where all symbols
have been decorated with x. For any £ formula ® we define its * transform *® to be
the *£ formula where all symbols have been replaced by their starred counterparts. A
formula which is a transform of an £ formula is called internal. The language *£ can
be regarded as a sublanguage of the language ;C(N) of the topos N. We now use

ordinary sheaf semantics to interpret ;6(7\7) .Corresponding to the fundamental

theorem for ultrapowers we have the following:
Theorem (Moerdijk) Let ®(x,,...,x,) be an £ formula where x,,...,x, vary
over Si,...,S, respectively Then for a; € *S1(F),...,a, € *S,(F) :



Fr "Oai,...,a,) iff 3FieD(Vue FH[D(ai,...,an)]. (1.11)

We list the main principles valid for the model N but refer to [12-13].
Theorem. (Transfer principle). For any £ formula @ : @ is true iff *® holds in N.

Theorem. (Idealization). The following is true in N for any £L-formula @ : If for any
standard

n and any sequence ay,...,a, € °S there exists z € *T such that *®(x, ax,z) for

k=0,...,n, then there is some z € *T such that for all € °S : ®(x,y,z).

Theorem. (Underspill). The following holds in N for any £-formula @ : If *®(x,n) for
all in finite n € *N then there is some standard n with *®(x,n).

In paper [14] the x,-saturation principle was established, see [14] Theorem 3.1.
Thereby all the main principles of nonstandard analysis are available to us Note
however that the transfer principle is weaker than the usual since the interpretation of

the logical constants is nonstandard in N. Asa consequence the standard part map
does not take its customary form (see [14] section 4). Moreover induction and

dependent choice is valid in N for the set of standard natural numbers °N; see [12].
This means that the results of constructive analysis [16-17] can be reused within the
model. To prove results in constructive analysis one need to use the transfer principle
For some examples of this, see [14] Section 5.

2. Preliminaries.Short outline of Dedekind hyperreals
and Gonshor idempotent theory

Let R be the set of real numbers and *R a nonstandard model of R [5]. *R is not
Dedekind complete.For example, u(0) = {x € "R|x ~ 0} and R are bounded subsets

of *R which have no suprema or infima in *R.Possible completion of the field *R can
be constructed by Dedekind sections [6],[7]. In [6] Wattenberg constructed the
Dedekind completion of a nonstandard model of the real numbers and applied the
construction to obtain certain kinds of special measures on the set of integers. Thus
was established that the Dedekind completion *R4 of the field *R is a structure of
interest not for its own sake only and we establish further important applications here.
Important concept introduced by Gonshor [7] is that of the absorption number of an
element a €*R4 which, roughly speaking, measures the degree to which the
cancellationlaw a+ b = a+ ¢ = b = ¢ fails for a.

2.1 The Dedekind hyperreals *Rq4



Definition 2.1. Let *R be a nonstandard model of R and P(*R) the power set of *R.
A Dedekind hyperreal a € *Rq4,a ¢ *R is an ordered pair {U, V} € P(*R) x P(*R) that
satisfies the next conditions:

1.3xyx e UNy e N.2.UNV=3.3.Vx(x e U= Fy(y € VAx <Yy)).

4.Vx(xe Ve (e VAX<y)).5. WxVyx <y =xe UVyel).

Compare the Definition 2.1 with original Wattenberg definition [6],(see [6] def.lI.1).
Designation 2.1. Let {U,V} £ a € *R4. We designate in this paper

U= cut_(a),V = cut.(a)

a = {cut_(a),cut.(a)}

Designation 2.2. Let a € *R.We designate in this paper

A

a” £ cut_(a),as = cut (a)

a2 {a*,as)

Remark 2.1. The monad of « € *R is the set: {x € "R|x ~ a} is denoted by u(a).
Supremum of u(0) is denoted by 4. Supremum of R is denoted by A4.Note that [6]

ga="(-0,0]U p(0),

Aa = 0" (oo, m)].
neN

Let 4 be a subset of *R bounded above. Then sup(4) exists in *Rq4 [6].
Example 2.1. (i) Ag = sup(R,) & *Rg\*R, (i) ea = sup( u(0)) € *Rq\*R.
Remark 2.2. Unfortunately the set *R4 inherits some but by no means all
of the algebraic structure on *R.For example,*R4 is not a group with
respect to addition since if x ++r, y denotes the addition in *Rq4 then:
€4 +*Ry €4 = €4 +r, 0k, = €4. Thus *R4 is not even a ring but pseudo-ring only.
Definition 2.2 We define:
1.The additive identity (zero cut) 0-r,, often denoted by 0* or simply 0 is
0ry 2 {xe "Rlx <0}
2.The multiplicative identity 1-g,, often denoted by 17 or simply 1 is



lg, 2 {xe "Rlx <= L}

Given two Dedekind hyperreal numbers o € *R4 and € *R4q we define:
3. Addition a ++z, B of a and p often denoted by a + S is

a+f = {x+y|x €a,ye€ ﬂ}.

It is easy to see that @ ++r, 0+g, = « for all @ € *Ry.

It is easy to see that ¢ ++r, fis again a cutin *R and a ++z, B = f ++r, @.
Another fundamental property of cut addition is associativity:

(Ol tRy ﬁ) TRy ¥ = O +R, (B tRy ?/)

This follows from the corresponding property of *R.

4.The opposite —g, a of a, often denoted by (-a)” or simply by —a, is
—q 2 {x € "R| —x ¢ a,—x is not the least element of *R\a}

5.We say that the cut « is positive if 0¥ < a or negative if a < 0.

The absolute value of a,denoted |a|,is |a| = a,if @ > 0 and |a| £ —a,ifa <0
6.If a, B > 0 then multiplication a x+z, § of « and p often denoted a x f is
axf = {z € 'Rlz=xxyforsomex e a,y e fwithx,y > 0}.
Ingeneral,ax f=0ifa=0o0rp =0,
axfzla|x|pifa>0,>00ra<0,p<0,

axf=—(a|-|p|) ifa>0p<0,0ra<0,p>0.

7. The cut order enjoys on *R4 the standard additional properties of:

(i) transitivity:a <<y =a<y.

(ii) trichotomy: eizer a < 8,8 < a or a = 8 but only one of the three

(iii) translation: a < f = a +w, ¥y < f+r, V-

2.2 The Wattenberg embeding *R into *Rg4

Definition 2.3.[6]. Wattenberg hyperreal or #-hyperreal is a nonepty subset a & *R
such that:

(i) Foreveryae aand b < a, b € a.

(ii) a # J,a = *R.

(iii) @ has no greatest element.

Definition 2.4.[6].In paper [6] Wattenberg embed *R into *Rq4 by following way:

if « € *R the corresponding element, a”, of *Rq is

a#z{xe *[R|x<a} (2.1)

Remark 2.3.[6]. In paper [6] Wattenberg pointed out that condition (iii) above is
included only to avoid nonuniqueness. Without it a* would be represented by both
a*and o U {a}.

Remark 2.4.[7]. However in paper [7] H. Gonshor pointed out that the definition (2.1)
in Wattenberg paper [6] is technically incorrect. Note that Wattenberg [6] defines —a in



general by

—az{ae *[R|—a¢a}. (2.2)
If ¢ € *Rq i.e. *Rq4\a has no mininum, then there is no any problem with definitions
(2.1) and (2.2). However if a = a* for some a € *R, i.e. a* = {x € "R|x < a} then
according to the latter definition (2.2)

—af = {xe *[R{|x§—a} (2.3)
whereas the definition of *R4 requires that:
—a” = {x € *IR|x < —a}, (2.4)

but this is a contradiction.

Remark 2.5.Note that in the usual treatment of Dedekind cuts for the ordinary real
numbers both of the latter sets are regarded as equivalent so that no serious problem
arises [7].

Remark 2.6.H.Gonshor [7] defines —a* by

—a* = {xe "R|3b[b>an-b ¢ d]}, (2.5)

Definition 2.5. (Wattenberg embeding) We embed *R into *R4 of the following
way: (i) if a € *R, the corresponding element a” of *R4 is

a* £ {xe "Rx<w a} (2.6)
and
—a#z{ae *R|—a¢a}u{a}. (2.7)
or in the equivalent wayi,i.e. if « € *R the corresponding element a of *Rq4 is
as = {x e Rlx .5 > a} (2.8)
Thus if a € *R then a* = 4|B where

A={xe Rx<wmap,B={ye Ry., >a}. (2.9)

Such embeding *R into *R4 Such embeding we will name Wattenberg embeding and

to designate by *R Z *Rq
Lemma 2.1.[6].



(i) Addition (o ++g, °) is commutative and associative in*Rq.

(ii) Va € *Rq : a ++r, O+r, = a.

(i) Vo, p € *R : a” ++x, B = (a ++& )"

Remark 2.7. Notice, here again something is lost going from *R to *Rq4 since a <
does

notimplya+a < f+asince 0 < gg but0+¢eq = €4 +&q = &q.

Lemma 2.2.[6].

(i) <-r, alinear ordering on *R4 often denoted <, which extends the usual ordering
on

*R.

(ii) (@ <=, @) A (B <m, B) =+, B<w, '+, B

(iii) (a <, a’) A (ﬂ <, ﬂ’) = o+, B<., a' Y B

(iv) *R is dense in *Rq4.That is if a <in, B in *Rq4 there is an a € *R then

a <., a <, P
(v) Suppose that 4 & *R4 is bounded above then sup4 =sup a = UaeA cut_(a)

acAd
exist in *Rg4.
(vi) Suppose that 4 & *R4 is bounded below then inf4 = inf a = UaeA cut.(a)

aeA
exist in *Rg.
Remark 2.8.Note that in general case inf4 = inf a + ncut_(a). In particular the

acA acAd

formula for inf4 given in [6] on the top of page 229 is not quite correct [7], see
Example 2.2. However by Lemma 2.2 (vi) this is no problem.
Example 2.2.[7].The formula inf4 =inf= ﬂ cut_(a) says

acd acAd
inf= {a
acAd

d(d > 0)|:a +d e n cut_(a) :|}
acAd

Let 4 be the set 4 = {a + d} where d runs through the set of all positive numbers in

*R,then inf4 = a = {x|x < a}. However n cut_(a) = {xlx < a}.

acA

Lemma 2.3.[6].

(i) If a € *R then —, (a*) = (—& a)”.

(II) —*[Rd(—*[Rd a) = Q.

(iii) a <sg, B = —r, B <*r, —R, .

(V) (=ry@) 4., (=, B) S, —ma(@+, B).

(V) Va e R : (—wa)' +., (-, B)=—=, (@ +s,p).

(vi) (04 +*|R (—*R a) S*R O*R .
d d d d



Proof.(v) By (iv): (-a)" + (=B) < —(a" + B).

(1) Suppose now ¢ € —(a” + B) this means

(2) 3ci[c < 1 € —(a” + B)] and therefore

(3) —c1 & (a" + p).

(4) Note that: —c—a ¢ B (since —c—a € Banda— (c—c;) € a” imply
—c1 =a-(c—cy)+(-c—a) € a* + B but this is a contradiction)

(5) Thus —c — a € B and therefore c¢+a € —f.

(6) By similar reasoning one obtain: ¢; + a € —p.

(7) Note that: —a — (¢; — ¢) € 4" and therefore
c=-a—-(ci—c)+(c1+a) € (~a)" + (-p).

Lemma 2.4.(i)) Va € *R,Vf € *Rq,u € *R,u > 0 : (—pa)” + (—u*B) = —u*(a” + ),

(i) Va € *R,Vp € *Rg,u € *R,u > 0 : (ua)” + pu*p = p*(a* + p).

Proof.(i) For u = 0 the statement is clear. Suppose now without loss of generality

p > 0. By Lemma 2.3.(iv): (—ua)® + (—u*B) < —(u*a* + u*p).

(1) Suppose c € —u*(a” + B) and therefore £ € —(a” + B), but this means

T
(2) Elcl[% < % e —(a" +ﬂ)} and therefore
(3) - ¢ (@ +p).

U

(4) Note that: —< —a ¢ B (since —& —a € ﬂanda—(%—% € a*

T T

T

(5) Thus —% —a € B and therefore ¢+ ua € —pp.

(6) By similar reasoning one obtain: ¢ + ua € —u*p.

(7) Note that: —ua — (¢; — ¢) € u*a* and therefore

¢ =—pa—(c1—c)+(c1 + pa) € (—pa)’ + (—u*p).

(ii) Immediately follows from (i) by Lemma 2.3.

Definition 2.6.Suppose a € *R4. The absolute value of a written |a|
is defined as follows:

- a ifa .z, >0,
|| = ,
—*R,y O if a <R, O+,

Definition 2.7.Suppose a, f € *R4. The product a x-r, 3, is defined
as follows: Case (1) o, r, > O+, :

(ZX*Rdﬂé

{a x+r b|(0+r, <*mr, a <sry @) A (O+r, <+r, b* <Ry B u(*

Case (2) o =R, O*Rd \/ﬂ =R, O*Rd DO XHR, ﬂ = O*Rd-

_a _,_(c ¢ _c _ # . _
=a (H ”)+( i a)ea + B but this is a contradiction)

imply

— o0, *0)".

(2.10)



Case (3) (a <'r, Or,) V (B <, 0+r,) V(& <Ry O'ry A B <'ry Or,)

a xwy B = —ry (0] xry [B]) iff (@ <y O-ry) V (B <-ry Ory)
Lemma 2.5.[6]. (i) Va,b € *R : (a x-z b)" = a* x-x, b*.

{ o ﬂ = |0t| X*Rq |ﬂ| iff o <*R4 O*Rd /\:B <*R4 O*Rd’

(if) Multiplication (- x+g ) is associative and commutative:
(0! X*Rg ﬂ) XRg ¥V = O X*Ry (ﬂ X*Ry 7/)7 o X*Ry ﬂ = .B X*Rg Q.
(III) 1*[Rd XRy, A = O —l*ugd XxRry A = —*R, A, where l*ugd = (1*[}@)#.

(iv) laf x-r, [B] = |B] X, |a].

(V)

[(@a=0)APB=0)Ay=0)] = axw, (B+wr, V) = a X*r, B+Ry & X*R, V-

(vi)

/ / / /
O*Rd <Ry O <*Ry A aO*Rd <*Rq ﬁ <*Rq :B = 0 X*Ry :B <Ry O X*Ry ﬁ

Lemma 2.6.Suppose u € *R and B,y € *Rq. Then

(W =2 0)A(B=0)] = p'xomy (B—ry7) = 1" xomy p=rmy 1" Xomy 7.

Proof. We choose now: (1) a € *R such that: —y + a* > 0.
(2) Note that u* x (B—y) = u* x (B—7) + u*a”* — u*a*.
Then from (2) by Lemma 2.4.(ii) one obtain

) u* x (B-y) = u* x[(B-7v)+a"] - n*a” Therefore

4) p* x (B-7y) =p' x[B+(a"—y)] - pa".

(5) Then from (4) by Lemma 2.5.(v) one obtain

(6) ' x (B—v) = p* x B+ p* x (a* —y) - pha*.

Then from (6) by Lemma 2.4.(ii) one obtain

(M) p* x (B—7y) =p' x p+p’ xa" —py —p'a’ = p* x p—pty.
Definition 2.8. Suppose a € *R4,0 <+, a then a™' = is
defined as follows:

(i) Or, <-r, @ : & """ 2 inf{a""*¢|a € a},

(i) <, 0:0a " 2 —g, (=g, @) ™.

Lemma 2.7.[6].

(i) Va e *R : (@) " =, (a71)",
(i) (@) * =a
(iii) 0r, <k, & <r, B = B¢ <p, @ .

2.11)

(2.12)

(2.13)

(2.14)

(2.15)



(iv) [(0-r, <, @) A (O-r, <*r, B)] =
= () oy (B) <ony @, 7

(V) Va € *R : a # 0:g = (a¥) "™ xug, (ﬂ_l*Rd> = (a* g, B) """,

(vi) a x-g, a "t <Ry 1Ry

Lemma 2.8.[6]. Suppose thata € *R,a > 0,8,y € *Rq, > 0,y > 0.Then

a’ X*Rq (B TRy Y) = a” xRy ﬁ"'*Rd a’ X*Rg V-

Theorem 2.1.(i) Suppose that S is a non-empty subset of *R4 which is bounded
from

above, i.e. sup(S) exist and suppose that & € *R,& > 0. Then

sup{&* x S} = &% x (supS). (2.16.a)
(ii) Suppose that S is a non-empty subset of *R4 which is bounded from above, i.e.
sup(S)
exist and suppose that: (a) S >0 and (b) & € *R,& + 0.Then
sup{&* + S} = &% + (supS). (2.16.b)

(iii) Suppose that S is a non-empty subset of *R4 which is bounded from above, i.e.
sup(S)

exist and suppose that: (a) S >0 and (b) ¢ € *R,¢ # 0,a € *R,a > 0.Then

a*[E* + (supS)J=a*E + a®(supS). (2.16.¢)

Proof: (i) Let B = supS.Then B is the smallest number in *R4 such that, for any
x € S,x<B.LetT = {&* x x]x € S}.Since & > 0, x x < & x Bforany x € S.Hence T is
bounded above by £* x B.Hence T has a supremum Ct = supT. Now we have to
prove that Ct = &% x B == &% x (supS).Since &% x B = & x (supS) is an upper bound
for Tand C is the smallest upper bound for T, Ct < & x B.Now we repeat the
argument above with the roles of S and T reversed. We know that Cy is the smallest
number in *Rq4 such that, for any y € T,y < Cr.Since & > 0 it follows that
E) 7 xy < (&) xCrforanyy e T.ButS ={(&*)"' xyly € T}.Hence (£*)™' x Cr is
an upper bound for S.But B is a supremum for S.Hence B < (é#)’1 x Ct and
E# x B < Ct.We have shown that Ct < & x B and also that é# x B < Cr. Thus
& x B = Cr.

(i) &% + (supS) < sup(&* +S) is clear since for any x,y,s € *R such that

x<&y<s,steS
implies
x* +y* < EF + 5% e sup(EF +8S).

Now suppose x* € sup(E* + S) and therefore x*# < &% + 5%, 5% € S. Then



é# 2 < é:#

and
GETO LS

So

X = |:~f#— (§#+s2#)—x# :|+ |:s#— (§#+s2#)—x# :| e &% + sup(S).

This completes the proof.

(iii) By (ii) one obtains
a*[* + (supS)]= a*[sup{&* +S}].
By (i) one obtains

a*[sup{&* + S}]=[sup(a’{&* + 8})] = [sup{a’S* +a’S}].

By (ii) one obtains
sup{a?&* + oS} = a*EF + sup{a’S}.

By (i) one obtains

a*E* + sup{a”®S} = a*E¥ + af supS.

This completes the proof.

2.3 Absorption numbers in *Rg.

One of standard ways of defining the completion of *R involves restricting oneself to
subsets, which have the following property Ve o3xsee Iyyea[y — x < € ]. Itis well
known that in this case we obtain a field. In fact the proof is essentially the same as
the one used in the case of ordinary Dedekind cuts in the development of the standard
real numbers, ¢4,0f course, does not have the above property because no infinitesimal
works.This suggests the introduction of the concept of absorption part ab.p.(a) of a
number « for an element « of *R4 which, roughly speaking, measures how much a
departs from having the above property [7].

Definition 2.9.[7]. Suppose a € *Rq4,then

ab.p.(a) £ {d > 0|Vxyeu[x +d € a]}. (2.17)
Example 2.5.
(i) Va € *R : ab.p.(a") = 0,
(ii) ab.p. (€q) = €4,



(III) ab.p. (—Sd) = &q,

(iv) Va € *R : ab.p.(a” + &€4) = €4,

(V) Va € *R : ab.p.(a” —&q) = &q.

Lemma 2.9.[7].

(i)c <ab.p.(¢)and 0 <d <c = d € ab.p.(a)

(ii) c € ab.p.(a) and d € ab.p.(a¢) = c+d € ab.p.(a).

Remark 2.9. By Lemma 2.7 ab.p.(a) may be regarded as an

element of *Rq4 by adding on all negative elements of *Rq4 to ab.p. (a).
Of course if the condition d > 0 in the definition of ab.p. (a) is deleted we
automatically get all the negative elements to be in ab.p. (a) since

x <y € a = x € a.The reason for our definition is that the real interest lies
in the non-negative numbers. A technicality occurs if ab.p.(a) = {0}. We
then identify ab.p. (a) with 0. [ab.p. (a¢) becomes {x|x < 0} which by our
early convention is not in *R4].

Remark 2.10. By Lemma 2.7(ii), ab.p. () is additive idempotent.
Lemma 2.10.[7].

(i) ab.p. (a) is the maximum element § € *Rq such thata + 8 = a.

(ii) ab.p.(a) < a for a > 0.

(iii) If a is positive and idempotent then ab.p. (o) = a.

Lemma 2.11.[7]. Let a € *R4 satsify a > 0. Then the following are
equivalent. In what follows assume a,b > 0.

(i) ais idempotent,

(iil) a,bea=a+b < a,

(iif)a € a = 2a € a,

(iv) Vayenla € a > n+a € al,

(V) a € a = r-ac a, forall finite r € *R.

Theorem 2.2.[7]. (—a) + a = —[ab.p.(a)].

Theorem 2.3.[7]. ab.p.(a + ) > ab.p.(a).

Theorem 2.4.[7].

(a+pf<a+y = -ab.p.(a)+p <.

(i)a+B=a+y = —[ab.p.(a)] + B = —[ab.p.(a)] + 7.

Theorem 2.5.[7].Suppose «, € *Rq4,then

(i) ab.p.(-a) = ab.p.(a),

(ii) ab.p. (a + f) = max{ab.p.(a),ab.p.(B)}

Theorem 2.6.[7]. Assume S > 0. If o absorbs —f then a absorbs .
Theorem 2.7.[7]. Let 0 < a € *Rq4. Then the following are equivalent
(i) ais an idempotent,

(ii) (-a) + (-a) = —a,

(iii) (—a) + o = —a.

(iv) Let A, and A, be two positive idempotents such that A, > A;.



Then Ar + (—Al) = Aj.

2.4 Gonshor types of a with given ab.p. (a).

Among elements of a € *R4 such that ab.p.(a) = A one can
distinguish two many different types following [7].
Definition 2.10.[7].Assume A > 0.

(i) a e *Rghastype 1 if Ix(x € a)Vy[x+y € a = y € A],

(ii) @ € *Rq has type 2 if Vx(x € a)Iy(y ¢ A)[x+y € al,i.e.
a € *Rq has type 2 iff o does not have type 1.

(iif) a € *Rqg hastype 1A if Ix(x ¢ a)Vylx—y ¢ a = y € A],
(iv)a € *Rq has type 2A if Vx(x ¢ a)Jy(y ¢ a)[x—y ¢ a].

2.5 Robinson Part Rp{a} of absorption number
o € (—Ad,Ad)

Theorem 2.8.[6].Suppose a € (—Aq,Aq). Then there is a unique
standard x € R, called Wattenberg standard part of a and denoted by Wst(a),
such that:

(i) *x)" € [a —€a,a + £4].

(ii) a <z, Bimplies Wst(a) < Wst(p).

(iii) The map Wst(-) : *R4 — R is continuous.

(iv) Wst(a + ) = Wst(a) + Wst(f).

(V) Wst(a x ) = Wst(a) x Wst(f).

(vi) Wst(—a) = —Wst(a).

(vii) Wst(a™') = [Wst(a)] "' ifa ¢ [~£4,€q].

Theorem 2.9.[7].

(i) a € *Rq has type 1 iff —a has type 1A,

(if) @ € *R4 cannot have type 1 and type 1A simultaneously.

(iif) Suppose ab.p.(a) = A > 0. Then a has type 1 iff o has the form

a” + A for some a € *R.

(iv) Suppose ab.p.(a) = -A,A > 0.a € *R4 has type 1A iff @ has the form
a” + (-A) for some a € *R.

(v) If ab.p.(a) > ab.p.(pB) then a + B has type 1 iff « has type 1.

(vi) If ab.p.(a) = ab.p.(B) then a + B has type 2 iff either a or

has type 2.

Proof (iii) Leta = a+ A. Then ab.p.(a) = A.Since A > 0,a € a+ A

(we chose d € Asuchthat0 < dandwriteaas (a—d) +d).

It is clear that a works to show that o has type 1.

Conversely, suppose « has type 1 and choose a € « such that:

Vyla+y € a = y € A].Then we claim that: @ = a + A.

By definition of ab.p. (a) certainly a + A < a. On the other hand by choice



of a,every element of o has the form a + d with d € A.

Choosed' € Asuchthatd’' >d, thena+d=[a-(d'-d)]+d ea+A.

Hence a < a + A. Therefore a = a + A.

Examples. (i) 4 has type 1 and therefore —e4 has type 1A.Note that also

—&q has type 2. (ii) Suppose ¢ = 0,& € *R. Then £ x ¢4 has type 1 and

therefore —s* x g4 has type 1A.

(if) Suppose a € *Rgy,ab.p.(a) = €4 > 0, i.e. a has type 1 and therefore

by Theorem 2.9 « has the form (*a)” + ¢4 for some unique a € R,a = Wst(a). Then,
we

define unique Robinson part Rp[a] of absorption number a by formula

S A ()
Rp{a} = (Fa)", # (2.18)
Rp{a) = ("Wst(a))".
(if) Suppose a € *Rg,ab.p.(a) = —¢4, i.€. a has type 1A and therefore by Theorem
29«
has the form (*a)" — &4 for some unique a € R,a = Wst(a). Then we define unique
Robinson part Rp[a] of absorption number a by formula
RN 2 (*a)”
pia) = (a)’, # (2.19)
Rpia) = ("Wst(a))".

(iii) Suppose a € *Rg,ab.p.(a) = A,A > 0 and a has type 1A,i.e. a has the form a* +
A for

some a € *R.Then, we define Robinson part Rp<{a} of absorption number « by
formula

Rp{a} = a”. (2.20)
(iv) Suppose a € *Rgy,ab.p.(a) = -A,A > 0 and « has type 1A, i.e. a has the
form a* + (—A) for some a € *R.Then, we define Robinson part Rp{a} of absorption
number o by formula

Rp{a} £ a”. (2.21)
Remark 2.11. Note that in general case,i.e. if a ¢ (-Aq,Aq) Robinson part Rp{a} of
absorption number « is not unique.

Remark 2.12. Suppose a € *Rq and a € (—Aq,Aq) has type lor type 1A. Then by
definitions

above one obtain the representation
a = Rpsa} + ab.p.(a).

2.6 The pseudo-ring of Wattenberg hyperintegers *Z4

Lemma 2.12. [6].Suppose that a € *Rq4. Then the following two conditions on a are



equivalent:

(i)a = sup{v#|<v € *Z> A (v < a)},

(i) o = inf{v¥|(v e "Z) A(a<v¥)}.

Definition 2.11.[6].If a satisfies the conditions mentioned above « is said to be the
Wattenberg hyperinteger. The set of all Wattenberg hyperintegers is denoted by *Z4.

Lemma 2.13. [6]. Suppose a, € *Z4. Then

()a+p e *Zq.

(i) —a € *Z4.

(i) a x B € *Z4.

The set of all positive Wattenberg hyperintegers is called the Wattenberg
hypernaturals and

is denoted by *Ng.

Definition 2.12.Suppose that (i) A € *N,v € *Zq, (i) 2 = A*,9 = v# and (iii) A|v.

If 2 € *Ng and ¥ € *Z4 satisfies these conditions then we say that ¥ is divisible by 1
and we

denote this by A#[v*.

Definition 2.13.Suppose that (i) a € *Z4 and (ii) there exists 1* € *Ng4 such that

(1) a= sup{v#|<v € *Z> A AV) A (v < a)} or

(2)a = inf{vﬂ(v € *Z> AAV) A (a < v#)}.

If a satisfies the conditions mentioned above is said «a is divisible by 1* and we

denote this byA#|a.

Theorem 2.10. (i) Let p €*N, M(p)e*N, be a prime hypernaturals such that (i)

p / M(p).
Let a € *Z4 be a Wattenberg hypernatural such that (i) p|a. Then

|(M(p))" +a| > 1.

(ii) a € *Zq4 has type 1 iff —a has type 1A,

(iif) @ € *Z4 cannot have type 1 and type 1A simultaneously.

(iv) Suppose a € *Zq,ab.p.(a) = A > 0. Then «a has type 1 iff a has the form

a” + A forsomea € a,a € *Z.

(v) Suppose a € *Z4, ab.p.(a) = -A,A > 0.a € *Rq4 has type 1A iff a has the form
a* + (-A) for some a € a,a € *Z.

(vi) Suppose a € *Z4. If ab.p.(a) > ab.p.(pB) then a + p has type 1 iff « has type 1.
(vii) Suppose a € *Z4.1f ab.p. (a) = ab.p. () then a + B has type 2 iff either a or
has type 2.

Proof. (i) Immediately follows from definitions (2.12)-(2.13).

(iv) Leta = a+ A. Then ab.p.(a) = A.Since A > 0,a € a+ A

(we chose d € Asuchthat0 < dand writeaas (a—d) +d).

It is clear that a works to show that o has type 1.

Conversely, suppose a has type 1 and choose a € a such that:



Vyla+y € a = y € A].Then we claim that: a = a + A.

By definition of ab.p. (a) certainly a + A < a. On the other hand by choice
of a,every element of a has the form a + d with d € A.

Choose d' € Asuchthatd' > d, thena+d =[a- (d/—d>] +d €ea+A.

Hence a < a + A. Therefore a = a + A.

2.7 The integer part Int. p(a) of Wattenberg hyperreals
o € *[Rd

Definition 2.14. Suppose a € *Rq4,a > 0. Then, we define Int.p(a) = [a] € *Ng by

formula
[a] 2 sup{v#|<v S *N> A (v < a)}.

Obviously there are two possibilities:

1. A set {v#|<v € *N> A< a)} has no greatest element. In this case valid only
the

Property I: [a] =«

since [a] < a implies 3a € *R such that [a] < a* < a. But then [a¢*] < a which implies
[a*] + 1 < a contradicting [a] < a” < [a*] + 1.

2. Aset {v¥|(v e 'N) A (v* < a)} has a greatest element, v € *N.In this case valid

the
Property ll: [a] = v
and obviouslyv = [e] < a < [a]+1 =v+ 1.
Definition 2.15. Suppose a € *Rq4. Then, we define Int.p(a) € *Z4 by formula

Int.p(a) = { [a] fora >0

[a] for a < 0.
Note that obviously: Int.p(—a) = —Int.p(a).

2.8 External sum of the countable infinite series in *R4

This subsection contains key definitions and properties of summ of countable
sequence of Wattenberg hyperreals.
Definition 2.16.[4]. Let {s,} ~_, be an countable sequence s, : N — R.such that

(i) Va(s, > 0) or (ii) Va(s, < 0) or
(ifi) {52)%, = {5} 7 U {Snz}fzeNz,an(nl e @1)[&“ > 0],
Vn2<n2 S @2)[&,2 <0],N = /N\l U/N\z.

Then external sum (#-sum)



#Ext- Y _ s} of the corresponding

neN

countable sequence *s, : N - *R is defined by

( () Va(s, > 0) :
#Ext-Zsﬁ £ sup {Z(*Sn)#}a
neN keN n<k
(ii) Vn(s, <0) :
< #Ext—Zsﬁ £ 1nf {an} —sup {Z(|*sn|) } (2.22)
neN n<k n<k
(iil) an(nl € Nl)[sn1 > 0],
Vl’lz(ﬂz S Nz)[snz < 0],N =N;iUN3 :
#Ext-Zsﬁ 2 #Ext- Z sh + #Ext- Z sh.
neN Q Q
L n1eN; n2eN,

Theorem 2.11.(i) Let {s,}_, be an countable sequence s, : N - R such that
Vn(n € N)[s,+1 > s,] and hm,ﬁwsn = 7n.Then

sup {(*sx)"} = ("'n)" - ea.

neN
(ii) Let {s,}~, be an countable sequence s, : N - R such that Vn(n € N)[s,1 < $u41]
and lim,... s, = n.Then

inf {(*s,)"} = ("'n)" + a.

neN

(i) Let {s,} _, be an countable sequence s, : N - R such that Va(n € N)[s, > 0],

Zn [Sn =1 < © and infinite series Z . s» absolutely converges to nin R.Then
#Ext-Zsﬁ £ sup {Z(*sn)#} = (*n)" —eqa € "Ry, (2.23)
neN keN n<k

(iv) Let {s, ., be an countable sequence s, : N - R such that Vn(n € N)[s, < 0],
2., s» = n>—o and infinite series) ” s, absolutely converges to 77 in R. Then

HExt- ) sh 2 1nf {Z(*sn) } = (*n)¥+e4 € "Ry, (2.24)

neN n<k

(v) Let {s,}_, be an countable sequence s, : N - R such that (1)
N N
(b7 = m 37 g, U {S,,Z};OZGNZ,an(nl e N1>[snl > 0],Vn2(n2 e Nz)[snz <0,



N=NiUN;and 2) > sm = <o, > 54 = 12 > —0. Then
nle/N\l HZE/N\Q
#Ext-Zsﬁ 2 #Ext- Z s+ #Ext- Z sh = Cn)'+ () —ea € "Ry
neN

AN A
n1€N1 HZENZ

Proof. (i) Let Vn(n € N)[s,:1 > s,] and lim,»s, = n. Then obviously:
Vn(n € N)[s, < n].
Thus Ve € R there exists M € N such that (1)

(1) VkeN:n—&<sy <.
Therefore from (1) by Robinson transfer one obtains (2)
(2) Ve e RoVke N: (*n)—(*e) < (*samr) < (*n).
Using now Wattenberg embedding from (2) we obtain (3)
(3) Ve e R,Vk e Nt (*n*) = (*&") < (*si) < ('),
From (3) one obtains (4)

4) Ve e R: ("n*) = (*e") < sup (*sip) < ().
keN

Note that V6[(6 € R) A (6 ~ 0)] obviously
(5)  sup (*sh) < (*n*) - 8",

neN

From (4) and (5) one obtains (6)

(6) Ve(e € R)VS[(6 € R)A(S = 0)]{(*17#) - (*e") < sup (*sp) < (°n*) - 0"

neN

Thus (i) immediately from (6) and from definition of the idempotent —¢q.
Proof.(ii) Immediately from (i) by Lemma 2.3 (v).

Proof.(iii) Letn, = Z:,n:1 s». Then obviously: n,, < n and lim,-.n, = n.Thus Ve € R

there exists M € N such that (1)
(1) YVkeN:n—&<nur <n.
Therefore from (1) by Robinson transfer one obtains (2)
(2) Ve e RVke N: (*n)—(*e) < ("namx) < (*n).

Using now Wattenberg embedding from (2) we obtain (3)

(3) Ve e R,Vk e N: (*n") = (*¢") < (") < ("0%).
From (3) one obtains (4)

(4) VeeR: ("n") - (") < sup ("mii) < ).

keN

From (4) by Definition 2.16 (i) one obtains

(2.25)



(5) Ve e R: ("n*)— (*e") < #Ext- D_(*sh) < ("n").

neN

Note that V5[(6 € R) A (6 = 0)] obviously
(6) #Ext-Y_(*sh) < (*n*) - 6"

neN

From (5)-(6) follows (7)

(7) Ve(e e R)VSO[(6 e R)A (6 ~ O)]{(*n#) - (*e") < #Ext- Z(*sﬁ) < (*n%) —5#}.
neN
Thus Eq.(2.23) immediately from (7) and from definition of the idempotent —¢4.
Proof.(iv) Immediately from (iii) by Lemma 2.3 (v).
Proof.(v) From Definition 2.16.(iii) and Eq.(2.23)-Eq.(2.24) by Theorem 2.7 .(iii) one

obtain

#Ext—Zsﬁ £ #Ext- Z s+ #Ext- Z st o= (Cm)’ —ea+ <(*n2)# +8d> =

eN AN N
n I’llENl n2€N2

=)'+ ) —ea+tea =)'+ () —ea € Ra

Theorem 2.12.Let {a,} _ be a countable sequence a, : N - R such that Vn(a, > 0)
and infinite series Z:’:] a, absolutely converges in R.Let s= #Ext-Z all be external

neN

sum of the corresponding countable sequence {*a,} .Let {b,}"  be a countable
sequence where b, = a,(,) is any rearrangement of terms of the sequence {a,} ;.
Then external sum ¢ = #Ext—Z b} of the corresponding countable sequence {*b,}_,

neN

has the same value s as external sum of the countable sequence {*a,},i.e. 60 = s —€4.
Theorem 2.13.(i) Let {a,},_, be a countable sequence a, : N - Rg4,such that

(1) Va(a, > 0), (2) infinite series Z;il a, absolutely converges to n + +o in R and let

#Ext—Z al, be external sum of the corresponding sequence {*a,}",. Then for any c €

neN

*R. the equality is satisfied

ct x| #Ext- Y a? | = #Ext- Y ¢ xal =
GO RED> o0

neN neN

= x (*n)* - ¢ x gq.

(ii) Let {a.}_, be a countable sequence a, : N - R, such that (1) Va(a, < 0), (2)
infinite series 2::1 a, absolutely converges to n + —o in R and let #Ext—Z al be

neN

external sum of the corresponding sequence {*a,} _,. Then for any ¢ € *R, the
equality is satisfied:



ct x| #Ext- Y a’ | = #Ext- Y c? xal =
GO RS> .

neN neN

=c*x (*n)" + ¢ x gq.

(i) Let {s, ., be a countable sequence s, : N - R such that

(1) sty = {8 Fyany, U S meny> V1 (11 € N1 [s0, = 0], Vna(n2 € N2)[s,, < 0],
N =N; UNa,

(2) infinite series Z:’:l sn, absolutely converges to n; # +o in R,

(3) infinite series Zf;l sn, absolutely converges to n, # —o in R.

Then the equality is satisfied:

g
c* x <#Ext-2sﬁ> =

neN

S = #Ext- Z c* x s +#Ext- Z c* xsh = (2.28)
nle/N\l nQE/N\z

=" x ((*nl)# + (*172)#> — " x gq.

Proof.(i) From Definition 2.16.(i) by Theorem 2.1,Theorem 2.11.(i) and Lemma (2.4)
(ii) one obtain

#Ext-Zc# x al = c* x <#Ext-2aﬁ> =

neN neN

= ¢ x ((*n)# - gd> =c* x (*n)" — ¢ x 4.

(i) Straightforward from Definition 2.16.(i) and Theorem 2.1, Theorem 2.11 .(iii) and
Lemma (2.4) (ii) one obtain

<#Ext— Zc# X aﬁ) =c* x <#Ext— Zaﬁ) =

neN neN

= x (m)¥+ea) = x(n)* + " xga.

(iii) By Theorem 2.11.(iv) and Lemma (2.4).(ii) one obtain



o x <#Ext-ZSﬁ> = c* x ((*m)# + (*m2)" —8d> =

neN

=" x ((*nl)# + (*172)#> — " x gq.
But other side from (i) and (ii) follows

#EXt- Z c* x sh +#Ext- Z c*xsh =
n1eN; nyeN,
=" x ()" = xeq) +ct x ()" + ¢ xeq =
c? x ((*171)# + (*nz)#> — ¢ x gq.
Definition 2.17. Let {a,},_, be a countable sequence a, : N - R, such that infinite
series Z:;l a, absolutely converges in R to n # 0. We assume now that:
(i) there exists m > 1 such that Vk > m : 3¢ a, > 1, or

(ii) there exists m > 1 such that Vk > m : Z’;Zl a, <m, or

(iii) there exists infinite sequence n;,i = 1,2,...such that

(@) Vi,m : 3 " a, > nand infinite series 3" a,, absolutely converges in R to 7
and

(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m : ZJ’.’; an, < nand

infinite

series Z;il a,, absolutely converges in R to 7.

Then: (i) external upper sum (#-upper sum) of the corresponding countable

sequence
*a, : N > R is defined by

()
vV
#Ext-Y af £ inf {Z(*an)#},
keN

neN n<k

2.29
< (i) (2.29)

\
#Ext-D jaf, 2 inf {3 (an)"},
L keN -

ieN
(i) external lower sum (#-lower sum) of the corresponding countable sequence

*a, - N>R
is defined by



(i)
#Ext-iaff £ sup {Z(*an)#},
J neN (ii)keN n<k (2.30)
#Ext-ﬁ:aﬁj £ sup {stk(*a,,j)#}.

JjeN keN

\
Theorem 2.14.Let {a,} , be a countable sequence a, : N - R, such that infinite
series Z:’:l a, absolutely converges in R to n # +o. We assume now that:
(i) there exists m > 1 such that Vk > m : Z:=l a, > n,or
(ii) there exists m > 1 such that Vk > m : Z,l;l a, < n,or
(iii) there exists infinite sequence n;,i = 1,2,...such that
(@) Vi,m : Z;’; an, > n and infinite series Zzl an, absolutely converges in R to n
and
(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m : Zj"il a,; < nand
infinite
series ZJf‘:l a,, absolutely converges in R to n. Then

g v
#Ext-Zafj £ inf {Z(*an)#} = (*n)"+¢ea € "Ry,

< an keN n<k (231)
#Ext-Zaﬁ £ sup {Z(*an)#} = (*n)*-¢g4 € "R.
L neN keN n<k
and
g v
#Ext- Y ah = inf {3 (Fan)*}y = (n)'+eae Rq,
< i/e\N keN (232)
#Ext-Zaﬁj £ sup {stk(*a,,j)#} = (*n)"—eq4 € "Rq.
JjeN keN

(S

Proof. straightforward from definitions and by Theorem 2.11 (i)-(ii).

Theorem 2.15. (1) Let {a,},_, be a countable sequence a, : N - R, such that
infinite

series Zf;l a, absolutely converges in R to n + +00. We assume now that:

(i) there exists m > 1 such that Vk > m : Z,’;l a, >n, or

(i) there exists m > 1 such that Vk > m Z'};l a, <mn, or

(iii) there exists infinite sequence n;,i = 1,2,...such that



(@) Vi,m : 3 " a, > nand infinite series >~ a,, absolutely converges in R to 7

and

(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m : ZJ’.’; an,, < nand
infinite

series Z;il a,, absolutely converges in R to 7.

Then for any ¢ € *R. the equalities are satisfied

/
#Ext-Zc x alh = c* x (#Ext—Za,,) = ' x () +cf xeq e "Ry,

neN neN

A A
#Ext—Zc# x all = c" x (#Ext—Zc%ﬁ) = " x () —ctxeq e Ry

neN neN

(2.33)

.
and

g
v v
#Ext- E c* xal = c*x (#Ext- E affl) =c*x (') +cf xeq e "Ry,

ieN ieN

< A A
#Ext-Zc# xay = c*x #Ext-Zaff/. =ctx (*n)" —c? xeq € Ry
JjeN ‘ JjeN ‘

.

Proof. Copy the proof of the Theorem 2.13.

Theorem 2.16. (1) Let {a,} _, be a countable sequence a, : N - R, such that
infinite

series Z:;l a, absolutely converges in R to n = 0. We assume now that:

(i) there exists m > 1 such that Vk > m : Z,I;l a, > 0, or

(ii) there exists m > 1 such that Vk > m : Z’;Zl a, <0, or

(iii) there exists infinite sequence n;,i = 1,2,...such that

(@) Vi,m : 3 " a, > 0 and infinite series >~ a,, absolutely converges in R ton = 0

and

(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m : ZJ’.’; an, < 0and
infinite

series ZFI an, absolutely converges in R to 1 = 0.

(2.34)

Then for any ¢ € *R. the equalities are satisfied

P
#Ext-Zc x alh = c* x (#Ext—Za,,) = ¢*xgq € "Ry,

eN neN
< n

#Ext—Zc xat=c¢ x(#Ext Zc )z —c*xgq € "Ry

neN neN

(2.35)




and

(" \ Vv
#Ext-Zc# xaj = c*x (#Ext—Zaﬁl) =c*xgq € Ry,
ieN ieN
< N \ (2.36)
#Ext-Zc# xay = c’x (#Ext—Zaﬁj.) = —*xgq € Rq.
JeN ieN
\
Proof. (1) From Eq.(2.31) we obtain
(" \
#Ext-Za,, = +é&q,
neN
< . (2.37)
#Ext—Zaﬁ = —&q.
L neN
From EQq.(2.37) by Theorem 2.1 we obtain directly
(" V \
#Ext-Zc# x al = c* x (#Ext-Zaﬁ) = c* x gq,
neN neN
< A . (2.38)
#Ext-Zc# x al = c* x (#Ext—Zc”‘aﬁ) = —c*xegq.
L neN neN
(2) From Eq.(2.32) we obtain
@ V
#Ext—Zaﬁi = +&q,
ieN
< \ (2.39)
#Ext—Zaﬁj = —&q.
JjeN
\
From Eq.(2.39) by Theorem 2.1 we obtain directly
é Vv Vv
#Ext—Zc# xap =c*x (#Ext-Zaﬁl) = c*xgq € Ry,
< ieN ieN (240)

A
#EXt- Z ah

ieN

A
#EXt- E c* xaj = x

JjeN

\ ()

Remark 2.13. Note that we have proved Eq.(2.35) an
reference to the Lemma 2.4.

*
¢ xegq € Ryg.

d Eq.(2.36) without any



Definition 2.18. (i) Let {a,},_, be a countable sequence o, : N - *Rq4, such that
Vn(n>m> 0)[a, >0]and Vr(n < m— 1)|:(a,, =al) A (a,, € *[R{>:| (2.41)

Then external countable lower sum (#-lower sum) of the countable sequence a, : N —
*Rg4 is defined by

A m—1 0
HExt= ) on = Doy +H#EXt- )ty
n=0 n=m

neN

) ) (2.42)
#Ext—Zan £ sup Zan.
n=m keN - p=m

In particular if {a,}7, = {af}” , where Va € N[a, € 'R] the external countable
lower sum (#-lower sum) of the countable sequence «, : N - *R4 is defined by

A m—1 0

HExt-Y oy = Y af + #Ext- Y _ af,
neN n=0 n=m (2 43 )

o0 k
#Ext-Zan £ sup Zaﬁ.

keN  j—m
(ii) Let {a,} ~, be a countable sequence a, : N - *Rq4, such that
Va(n > m > 0)[a, < 0]and Va(n <m—1)[(an = af) A (an € "R)] (2.44)

Then external countable upper sum (#-upper sum) of the countable sequence a, : N —
*Rq is defined by

V m—1 0
#Ext- Z o, = Z o, + #Ext- Z oy
n=0 n=m

neN

. \ (2.45)
#EXxt- Z a, = inf Zan.
n=m keN =
In particular if {a,}7, = {a%}”,, where Vn € N[a, € "R ] the external countable
upper sum (#-upper sum) of the countable sequence a, : N - *Ry is defined by
V m—1 )
#Ext- Z a, = Z al + #Ext- Z al,
neN i n=0 ) n=m (246)
#Ext-Zan 2 inf Zaﬁ.
n=m keN p=pm

Theorem 2.17. (i) Let {a,},_, be a countable sequence a, : N - *Ry4, such that



valid the property (2.41). Then for any ¢ € *R. the equality is satisfied

A A
c x (#Ext-Zan> = #Ext-Zc# X0y =

neN neN

m—1 ©
= E c x a? + #Ext- E c* x at.
n=0

n=m

(2.47)

(ii) Let {a.},_, be an countable sequence a, : N - *Rq4, such that valid the property
(2.44).
Then for any ¢ € *R, the equality is satisfied

v v
c x (#Ext—Za,) = #Ext—Zc# X Qy =

neN neN

- . (2.48)
= Zc# x alt +#Ext-2c# x af.
n=0 n=m
Proof. Immediately from Definition 2.18 by Theorem 2.1.
Definition 2.19. Let {z,}_, = {a. +ib,},_, be a countable sequence
zn = an +ib, : N - C such that infinite series )" z, absolutely converges in C to
z,|z| # . Then: (i) external complex sum (complex #-sum), (ii) external upper complex
sum (upper complex #-sum) and (iii) external lover complex sum (lover complex
#-sum) of the corresponding countable sequence *z, : N - *C is defined by
#Ext- Zzﬁ = #Ext- Z al +1ix <#Ext- Z bﬁ),
neN neN neN
\ V \
#EXt- Zzﬁ = #Ext- Z a +ix | #Ext- Z b
neN neN neN (2 49)
A A A
HExt- Y zh = #Ext- ) af +1i (#Ext—Zbﬁ).
neN neN neN

correspondingly.

Note that any properties of this sum immediately follow from the properties of the
real external sum.

Definition 2.20. (i) We define now Wattenberg complex plane *Cq by *Cq4 = *Rgq @ i
x *Rgq with i> = 1. Thus for any z € *C4 we obtain z = x + iy, where x,y € *Ry, (ii) for any
z € *Cq4 such that z = x + iy we define |z]> by |z|* = x? +)? € *Rq.

Theorem 2.18. Let {z,}, |, = {a. +ib,}, , be a countable sequence



zn = an +ib, : N - Csuch that infinite series Y " z, absolutely converges in C to
z={1+if, and |z| # . Then

(i)
#Ext—Zzﬁ = #Ext-Zaﬁ +ix (#Ext-Zbﬁ) =
neN neN neN
(¢ —ea ]+ i[ ()" —ea] = (*C1)" + i(*¢2)" — a1 +1)
V
#Ext—Zzﬁ =
neN
V vV
HExt- ) al+ix (#Ext-Zbﬁ) = (¢ + i) + ea(1 +1)
neN neN
A
#Ext—Zzﬁ =
neN
A A
HExt-)_ af +1i (#Ext-Zbﬁ) — CCD 4 i) —ea(l+1)
neN neN
(if)
2
#Ext- Y zh| =
neN
2
= [HExt- Y a}+ix (#Ext-Zbﬁ) = |CEnt + iC5) —ea1 + D),
neN neN

2

v
#Ext- Z z#

neN
v v 2
HExt-)_ af +1i (#Ext-Zbﬁ) = |C¢D' + iCE) +eal + 1),
neN neN
A 2

#Ext- Z zH
neN
A A
HExt- ) al+ix (#Ext- > bﬁ)

2

= |CED! + iCE) +eal + )|

neN neN

2.9 Gonshor transfer



Definition 2.21.[7]. Let [S], = {x[3y(y € S)[x < y]}.

Note that [S], satisfies the usual axioms for a closure operator,i.e. if (i) S + &,5' + &
and

(if) S has no maximum, then [S], € *Rq.

Let fbe a continuous strictly increasing function in each variable from a subset of R”
into R. Specifically, we want the domain to be the cartesian product [ [, 4;, where 4;
= {x|x > a;} for some a; € R.By Robinson transfer f'extends to a function *f: * R” -
*R from the corresponding subset of *R” into *R which is also strictly increasing in
each variable and continuous in the Q topology (i.e. € and 6 range over arbitrary
positive elements in *R).We now extend *f'to [*f],

[*fly : 'Ri - "Rg. (2.50)
Definition 2.22.[7]. Let a; € *Rqy, a; > a;, b; € *R, then

flglar,az,....a,) = [{*f(bl,bza---,bnﬂ a; < b; e ai}]d- (2.51)
Theorem 2.20.[7]. If fand g are functions of one variable then
(- @)]ala) = (["fg(a)) - ([*gla(@)). (2.52)
Theorem 2.21.[7].Let f be a function of two variables. Then forany ¢ € *Rand a €
*R
[*fla(a,a) = [*fb,c)|b € a,c < a]. (2.53)

Theorem 2.22.[7].Let fand g be any two terms obtained by compositions of strictly
increasing continuous functions possibly containing parameters in *R. Then any
relation “f=*gor*f<*gvalid in *R extends to *Ry,i.e.

[fla(a) = ["glg(a) or [*fl4(a) < [*gl4(a). (2.54)
Remark 2.14. For any function *f': * R* - *R we often write for short /* instead of
["fa-
Theorem 2.23.[7].(1) For any a,b € *R,

# o H# #y _ # o H# #on#
{ exp*(a* + b*) e (@*) exp* (b"), 0.5
(exp*(a®))” = exp’(b*a").
Forany a,f € *Rq4,a,8 > 0
{ exp?(a+f) = exp?(a) exp*(B), 0.56)
(exp*(a))’ = exp*(Ba).

(2) Foranya,b € *R
(a")" = (@)". (2.57)



(3) Foranya,B,y € *Rg,a,B,y >0

(ah) = a’P (2.58)
(4) Foranya e *R
In*(exp”(a®)) = a”,

exp*(In*(a*)) = a*. (2.39)

Note that we must always beware of the restriction in the domain when it comes to
multiplication

Theorem 2.24.[7].The map a — [exp],(a) maps the set of additive

idempotents onto the set of all multiplicative idempotents other than 0.

2.10.The rings *R~(g) and *Q~(¢).
For the remainder of this paper note that:
(i) we use the canonical embeding R < *R by formula a » *a = (a,a,...);
(i) we use the canonical notation a ~ b, for a infinitely close to b and St(«)
for the unique standard number infinitely close to a finite nonstandard
number a;
(iii) the monad of 4, the set {x € "R|x ~ a} is denoted, u(a);
(iv) the subset of the all finite numbers in *R is denoted, *Rfi";
(v) the subset of the all finite numbers in *Q is denoted, *Qfi";
(vi) the subset of the all finite numbers in *Rq is denoted, *RA";
(vii) the subset of the all finite numbers in *Qq is denoted, *Qf";
Definition 2.23.Standard number a € *R that is a number such that a = *b,b € *R.
The set of all standard numbers is denoted *Rg.
Definition 2.24.L et ¢ ~ 0. The e-monad of 0,the set ¢ - u(0) is denoted, u.(0).
Definition 2.25.Let a € R, & ~ 0. We will say that *a infinitely e-close to » € *R
iff *a—b € u:(0).
Definition 2.26.Let a € R,& ~ 0.The e-monad of 4, the set {x e Rix ~ *a} is
denoted, u.(*a).
Definition 2.27.Let ¢ € *R,35t(a),e = 0. We will say that a is e-near-standard number
iff
3718(773 € /,Lg(O)) [a - (*St(a)) < 7]5]- (260)

Definition 2.28.The set of the all e-near-standard numbers is denoted,*R~(¢).

Theorem 2.25.The set *R*(¢) as algebraic structure in a natural way is an ordered
ring,

i.e.,a structure of the form

(*R=(€),+*r=(e) » **R~(e) »<*R~(e) > 0,"1), (2.61)



where *R*(¢g) is the set of elements of the structure,where
(i) +er=@) =+ | Ro(e)x "R=(e)

(ii) **R*(¢) = o T*W(S)X R=(¢)

are the binary operations of additions and multiplication, and
(i) <r=e) = <R | Ro(e)x "RoGe)

is the ordering relation induced from corresponding operations and relation on
*R,and
(iv)*0,*1 € *R are distinguished canonical elements of the domain.

Proof.Immediately from definitions.
Definition 2.29.L et

a=M e Qm e*Z\Z,n e*'NN,3St(a),s ~ 0.

We will say that « is e-near-standard hyper rational number iff
(e € u(O)[ || - (*St(a))| < ne ).

Definition 2.30.The set of the all e-near-standard hyper rational numbers is
denoted,

*Q=(¢).
Theorem 2.26.The set *Q~(¢) as algebraic structure in a natural way is an ordered
ring,i.e., a structure of the form

<*Qz(8)a+*Q:(8) ’ '*Q:(S) 9<*Q:(S) ) *07 * 1 >7 (2 62)
where *Q~(¢) is the set of elements of the structure, ++q~) and -.,-, are the binary

operations of additions and multiplication, <+q=() is the ordering relation induced
from

corresponding operations and relation on *R, and *0, *1 are distinguished canonical
elements of the domain.

Proof.Immediately from definitions.

2.11.The semirings *R3(¢) and *Qj(¢).

2.11.1.The semiring *R3(¢).

Definition 2.31. (Wattenberg embeding) We embed *R~(¢) into *Rj(¢) of the
following way:

(i) If @ € "R=(¢), the corresponding element a%;-(,, = o™ of *Rj(¢) is

z 3 . (2.63)
@y = 0" 2 {x € R Sree) o}

and



(2.64)

—rje) 0" = {a € R(e)[ ~ma & o’} U{a}.
(2.65)
(2.66)

(ii) If &, € *R3(e) we define the sum a ++gx(;) B by
a +*Rﬁ(€)ﬁ = {a +*R bla ea,be ﬂ}

a—T-*Rgnﬁ £ {a++ bla € a,b € B}.

(iii) If « € *R5(¢), B 2* R3(¢),p € *RA" we define the sum « T i DY
(2.67)

a <) B a S p

(iv) Suppose a,f € *Rj(g).Then we define the ordering relations a <:x:(,) f and
a <-r3(; B and equivalence relation a =g:.) S by

o <5e) f = a &P,

a=w5e) f = (a<wz0 B) A (B <mye) @).
and equivalence relation

Suppose a € *R3(¢), B ¢* R3(¢),p € *[Rig"‘.Then we define the ordering relations
fin
d

pam B C TR3(8) x *RA" and Zpam B S *Ri(E) x "R
(2.68)

(V)
a<
Q=g B < *R3(g) x *R" by

a E*Rgn f <= Va(a € a)3db(b € B)la <= b],
a Q*Rgn B = 3b(b € B)Va(a € a)[a <= b],

a El*Rgn f = (a E*Rgn ﬁ) AVb(b € B)Ja(a € a)[b <+ a].
(2.69)

(vi) Suppose a € *RE", B & *Ri", € *R5(¢).Then we define the ordering relations

a E*Rgn f <= Va(a € a)3b(b € B)la <= b],
(2.70)

@ Zgm B C *RE" x *R3(¢) and « Zgm B C *RE" x *R3(¢) by
a E*Rgm B < 3b(b € B)Va(a € a)[a <= b]

2.71)

supd = |Ja €

acAd

(vii) If 4 < *R3(¢) is bounded above in *Rfi" then we define
R3(e)
R3(e)-

)

(

acAd

inf4 = nae

and
(viii) Suppose a,p € *Rg(e). The product a -3 S, is defined as follows.

Case (1) A*R35(e) > 0#5,[)) *R3(e) > 0%
a3 B =
{a «r b0" <3y @™ <sr3e) @0 <3y b7 <smze) B} U {*RZ(e) U {*0}}.



Case (2) a = 0% or g = 0%
a R f = 0%, (2.73)

Case (3) a <*[R§(g) 0% orﬁ <*[R§(g) 0%

o wie) B2 || <z B (@ <omze) 0F) A (B < a0,
o w3 B = —r3e |o] <r3e) 1B ff (@ <-r3ze) 07F) A (ﬁ Ry(e) ~ 0#5>, (2.74)

@ r3e) B 2 w3 o] vz Bl (@rze) > 07) A (B <wr3e) 07).

(ix) Suppose a € *R3(¢),B ¢* R3(¢),p € *RA" The product « “ogin B, is defined as

follows.
Case (1) a *R3(s) > 0#§,ﬁ R n > 0%

a :*Rgm ﬂ é
. . ) ) (2.75)
{Cl . b|0#§ <*|R§(g) as <*[R§(8) a,0#5 <*[R§"' b*: <*[R§"' ﬂ} U {*[Rfm U* 0}
Case (2) a = 0% or g = 0%
a :*Rgm B = 0%, (2.76)

Case (3) a <rje) 0% OF f <.pm 0%
@ 2 o] S B (o <o) ) A (B < ogm0™),
o Figim B2 —myee) o] T |BIfF (0 <mje) 0%) A (ﬁ*n&gﬂ > 0#5)» (2.77)
g 2 v ol g B (> 0 ) A (< 07)
d d

Such embeding *R*(¢) into *R3(¢) as required above we will name Wattenberg
embeding

and is denoted by *R~(¢) g *R3(e).

Theorem 2.27.*Rj3(¢) is complete ordered semiring.

Proof.Immediately from definitions.

Remark 2.15.The following element of *R3(¢) will be particularly useful for
examples,

£5(g;*R~) £ {*R=>(¢)} U u:(0). (2.78)
Examples.Note,for importent examples, that:

€3(e;"R~) + €3(e; *R™) = &3(s; *R™),

o o o (2.79)
£3(&; "R™) ++r500) (—r3(e) Ea(&;"RY)) = —orj) Ea(e: "R7).



2.11.2.The semiring *Qj(¢).
Definition 2.32. (Wattenberg embeding) We embed *Q*(¢) into *Qj(¢) of the

following way: (i) if & € *Q=(¢), the corresponding element a*: of *Qj(¢) is

. - . (2.80)
i = 0 2 {x € Q@) Swavy @}
and
—Q5(e) a' = {a € *Qz(8)| —*Q(e) A & a#g} U {(X} (2.81)
(i) If o, f € *Qj(e) we define the sum a +a3) S by
a +Qz(3)ﬁ £ {a ++q bla € a,b € ﬂ} (2.82)
(iii) If & € *Q3(e), B ¢* Q3(e),p € *Ry(¢) we define the sum a +rs () S by
a —T_*[Rs(g)ﬂ £ {a +*R b|a €a,be ﬁ} (283)
(iv) Suppose a,f € *Qj(e). Then we define the ordering relations a <:q3() f and
a <-q;) B by
o <+Q=(¢ = o C P,
SHOW B (2.84)
a <+j(e) IB = ,B
(v) Suppose a € *R3(g), a ¢ *Q3(¢),8 € *Q3(g).Then we define the ordering
relations
a <irze) B < *Ri(e) x *Q5(e) and a <i+rzs) B < *Ri(e) x *Q5(¢)
by
a é]*Rz(g) ﬁ R Va(a (S (Z)E'b(b € ﬂ)[a <*R b], (2 85)
a <1rze) B < 3b(b € B)Va(a € a)la < b] .
(vi) Suppose a € *Q3(¢), B ¢ *Qj3(g),p € *R3(¢).Then we define the ordering
relations
o éz*ks(g) ﬁ C *Qz(S) x* R;(S) and a iz*ug;(g) ﬁ (e *Qz(é‘) x* [Rz(g)
by
a éz*Rﬁ(g) f <= Va(a € a)db(b € B)la <+ b], (2.86)
o <2rie) f & 3b(b € B)Va(a € a)[a <& b] '
(vii) If 4 = *Qj3(¢) is bounded above in *Rfi" then we define
supd = |Ja € "Q3(e) (2.87)

a€A
and



infd = Na e "Qje). (2.88)

acA

(viii) Suppose a,p € *Qj(¢). The product a -«o3() f, is defined as follows.
Case (1) a +03() > 0#5,,8 *Q5(e) > 0%

o *+Q3(e) IB =
{a +q=() D0 <sqie) a™ <saie) 0,07 <iqie) D™ <iqze) B U {*Q3(g),{*0}}.
Case (2) a = 0% or g = 0%

(2.89)

@ oy B = 07 (2.90)
Case (3) a < 0% or g < 0%
@ o) B £ la] oz 1Bl (@ < ;0% ) A (B < 050
@ age) B & =g ] ez LT (o < o050 ) A (B ooz > 0), (2.91)
@ w030 = =300 0] w0 1B (o wazqy > 07 ) A (B <oz 0%).

(ix) Suppose a € *Qg(¢),B ¢ *Qg(e),p € *Ri(e) The product a +:rx(.) B, is defined as
follows.
Case (1) a a3 > O#S,IB *R3(e) > 0%

o :*[R;(g) ﬁ 2
{a o bl0% < Lgoa" < oo @, 0% < o B <l YU (2.92)
U{R=(e) U {*0}}.
Case (2) a = 0% or g = 0% :

o Sopgey B 2 OF. (2.93)
Case (3) a <:q3(s) 0 or f <«rs() 0%

a i@ B = || Srze) |Bff (0! < *Q;(5)0#5> A (B <m3e) 0%),
o Sz B2 oz 1] Pz 1B (@ < qe 0 ) A (B sy > 0%),  (2.94)
o Frie) B2~ || Frzeer 1B (@ gz > 0% ) A (B <vaye) 077).

Such embeding *Q*(¢) into *Qd(s) as required above we will name Wattenberg

S

embeding and is denoted by *Q~(¢) — *Qj(¢)

Theorem 2.27.*Qj(¢) is complete ordered semiring.

Proof.Immediately from definitions.

Remark 2.15.The following element of *Qj (&) will be particularly useful for
examples,



£3(g;*Q%) = {*Q=(&)} U u:(0). (2.95)
Examples.Note,for importent examples, that:

€3(&; Q%) ++a3() Eq(&; " Q%) = £5(g; *Q7),

" . . (2.96)
€4(&;7Q%) ++a3(e) (—aze) €a(&; Q%)) = —+az(e) a(e; Q7).
2.12.Absorption numbers in *R3(¢) and in *Q3(¢).
Absorption numbers in *R3(¢)
Definition 2.33. Suppose a € *Rj(¢),then
ab.p.(a) £ {d > 0%|Vxyea[x +r=c) d € a]}. (2.97)

Examples.

(i) Va € *R*(¢) : ab.p.(a™) = 0%,

(ii) ab.p. (€3(e; *R™)) = €3(e; *R™),

(iii) ab. p. (—r3() £q(e; *R¥)) = &4(&; *R™),

(iv) Va € *R¥(g) : ab.p.(a" +-r5e) £3(e; *R™)) = €3(e; *R™),

(V) Va € *R*(e) : ab.p. (0" —-r;e) E3(6; *R™)) = E3(e; *R™).

Theorem 2.28.

(I) € <*R3(e) ab.p.(a) and 0 S*RE(E) d <*Rj) € = d € ab.p.(a)

(i) c € ab.p.(a) and d € ab.p.(a) = c +=r3 () d € ab.p.(a).

Remark 2.16. By Theorem 2.28 ab.p. (a) may be regarded as an

element of *R3(¢) by adding on all negative elements of *R3(¢) to ab.p. (a).
Of course if the condition d > 0% in the definition of ab.p. (a) is deleted we
automatically get all the negative elements to be in ab.p. (a) since

x <r3() ¥ € @ = x € a.The reason for our definition is that the real interest lies
in the non-negative numbers. A technicality occurs if ab.p. (a) = {0%}. We
then identify ab.p. (a) with 0%,

Remark 2.17. By Theorem 2.28 (ii), ab.p. (a) is additive idempotent.
Theorem 2.29.

(i) ab.p. () is the maximum element B € *R3(¢) such that a ++:¢) B = a.
(i) ab.p. (a) SHR3(e) O for a > 0%.

(iii) If a is positive and idempotent then ab.p. (a) = a.

Theorem 2.30.Let a € *R3(¢) satsify a «r:() > 0%. Then the following are
equivalent. In what follows assume a,b g3 > 0%.

(i) aisidempotent,

(II) a,bea=a t*R3(e) b e a,

(III) aco =2 R3(e) 4 IS

(IV) Vhnuenla € 0 = n **R3(e) d € al,



(V) a € a = rew3e) a € a, forall finite r € *R*(¢).

Theorem 2.31. (—w3() @) ++r3() @ = —*R3(e) [ab.p. (@) ].

Theorem 2.32. ab.p.(a Foase) B) - > ab.p.(a).

Theorem 2.33.

() a Fase p Siase @ Pz ¥ = s ab.p. (a) ez B Senze V-

(i) a ez B=a torze ¥ = Tz [ab.p. ()] s B = ~ ) [ab.p. ()] Foase) V-
Theorem 2.34.Suppose a, € *Rj3(¢),then

(i) ab.p.(—*R;(S) a) = ab.p.(a),

(i) ab.p. (a Foase pB) = max<{ab.p.(a),ab.p.(B)}

Theorem 2.35. Assume f s 0. If « absorbs —az) B then o absorbs .
Theorem 2.36. Let 0% < a € *Rj(¢). Then the following are equivalent

(i) ais anidempotent,

(" ( ) t s 56 ( R (e) ) = TR a,
(iii) (‘*u&;m ) s €= 0.

(iv) Let A} and A, be two positive idempotents such that A, > Aj.
Then Az +.,-) (=.us) A1) = Ao,
d
Absorption numbers in *Qj3(¢)
Definition 2.34. Suppose a € *Qj(¢),then
ab.p. (@) £ {d g, = 0% |Vxealx +-050) d € 0] }. (2.98)

Examples.

(i) Va € *Q=(g) : ab.p.(a"*) = 0%,

(if) ab. p. (€3(e; Q7)) = &5(&; *Q%),

(iii) ab.p. (—+qz() E4(&;*Q%)) = £3(e;*Q%),

(iv) Va € *Q=(¢g) : ab.p.(a™ ++q3) E3(s; Q%)) = €3(e; *Q~),

(V) Va € *Q=(¢) : ab.p.(a" —qz) Ei(e;"Q%)) = E(e; Q7).

Theorem 2.37.

(I) € <+Qj(e) ab.p.(a) and 0 S*Q;(g) d <+Q3(e) € = d € ab.p.(a)

(i) c € ab.p.(a) and d € ab.p.(a) = c ++q3¢) d € ab.p.(a).

Remark 2.18. By Theorem 2.37 ab.p. (a) may be regarded as an

element of *Q3(¢) by adding on all negative elements of *Qj3(¢) to ab.p. (a).
Of course if the condition d -q3;) > 0% in the definition of ab.p. (a) is deleted we
automatically get all the negative elements to be in ab.p. (a) since

x <y € a = x € a.The reason for our definition is that the real interest lies
in the non-negative numbers. A technicality occurs if ab.p. (a) = {0%}. We



then identify ab. p. (a) with 0%.

Remark 2.19. By Theorem 2.37(ii), ab.p. («) is additive idempotent.
Theorem 2.38.

(i) ab.p. () is the maximum element € *Qj(¢) such that a +-q3¢) B = a.
(i) ab.p. (a) =+Q3(e) @ for a *Q3(e) > 0%,

(iii) If a is positive and idempotent then ab.p. (a) = a.

Theorem 2.39.Let a € *Qj(¢) satsify a > 0%. Then the following are
equivalent. In what follows assume a,b «q3¢;) > 0%.

(i) o is idempotent,

(i) a,b € a = a++q3¢) b € a,

(iliya € a = 2 «q3¢) a € a,

(iv) Viuen[a € 0 = n +q3e) a € al,

(V) a € a = g +a3¢) a € a, for all finite g € *Q~(¢).

Theorem 2.40. (_*Q;(S) 0!) tQ5e) @ = —*Qj5(e) [ab.p. (Ot)]

Theorem 2.41. ab.p. (a ++q3¢) B) *a3¢) = ab.p.(a).

Theorem 2.42.

(i) @ +-05¢) B <*03e) @ +05c) ¥ = —+0j(e) ab.P. (@) ++0;50) B <-03(e) 7-
(il) a ++a3) B = & ++a36) ¥ = —a3e) [ab.p.(@)] ++a3¢) B = —+a3c) [ab.p. ()] ++a3c) V-
Theorem 2.43.Suppose a, 8 € *Q3(¢),then

(i) ab.p.(=+q;¢) @) = ab.p.(a),

(ii) ab.p. (a ++q3() B) = max{ab.p.(a),ab.p.(B)}

Theorem 2.44. Assume f > 0. If a absorbs —+q3(;) B then a absorbs p.
Theorem 2.45. Let 0 < a € *Q3(¢). Then the following are equivalent
(i) ais anidempotent,

(il) (=ra30) @) ++03(e) (—7Q3(e) @) = —*Q3(e) X

(iif) (—+03:) @) ++05) @ = —*03() -

(iv) Let A; and A, be two positive idempotents such that Ay «q3) > A.
Then Ay +*Q;(5) (_*Qz(g) Al) = Aj.

2.13.Gonshor’s types of a € *Rj3(¢) and a € *Qj(&) with
given ab.p. (a).

2.13.1.Gonshor’s types of a € *Rj3(g) with given
ab.p. (a).
Among elements of « € *Rj(¢) such that ab.p. () = A one can distinguish two many

different types following Gonshor’s paper [7].
Definition 2.35.Assume A > 0%,



(i) a € *R3(e) has type 1 if Ix(x € a)Vy[x ++r3e)y € @ = y € A],

(i) a € *R3(e) has type 2 if Vx(x € a)Iy(y & A)[x ++r3e) ¥ € al,i.e.

a € *R3(¢) has type 2 iff a does not have type 1.

(i) o € *R3(¢) has type 1A if Ix(x ¢ a)Vy[x —r3)y € @ = y € A,
Theorem 2.46.

(i) a € *R3(e) has type 1 iff —r3() a has type 1A,

(ii) a € *R3(¢) cannot have type 1 and type 1A simultaneously.

(iii) Suppose ab.p.(a) = A > 0%. Then a has type 1 iff a has the form

a" +.rz;) Aforsomea € *R~(¢)

(iv) Suppose ab.p.(a) = —r3) A,A > 0%.a € *Rq has type 1A iff a has the form
a’: tR3(e) (_*[R;(g) A) for some a € *R=(¢g).

(v) Ifab.p.(a) > ab.p.(B) then a +-3) B has type 1 iff a has type 1.

(vi) If ab.p. (a) = ab.p.(B) then a ++r3() B has type 2 iff either a or

has type 2.

Proof. (iii) Let « = a ++r3) A. Then ab.p.(a) = A.Since A > 0,a € a ++r3¢) A
(we chose d € A such that 0 < d and write a as (a —r;() d) +r3) d )

It is clear that a works to show that o has type 1.

Conversely, suppose « has type 1 and choose a € « such that:

Vyla ++rs)y € « = y € A]l.Then we claim that: @ = a ++r3¢) A

By definition of ab.p. (a) certainly a ++3) A <-:() a. On the other hand by choice
of a,every element of a has the form a +-r3¢) d with d € A.

Choose d' € A such that d' > d, then a +rs) d =

Ry

|:a —*R3(e) (a” —*R3(e) d>:| +*R§(5) d' €a +*[R§(g) A .

Hence a <:r:() a ++r3e) A.Therefore a = a+rse) A.

Examples. (i) £5(¢; *R~) has type 1 and therefore —-rx(.) €5(e; *R~) has type 1A.Note
that

also —r3() £3(e; *R~) has type 2. (ii) Suppose ¢ ~ 0,¢ € *R. Then & «.gx(,) £3(¢; *R)
has

type 1 and therefore —«rx(;) €% «r: () £3(e; *R*) has type 1A.

(ii) Suppose a € *Rj3(¢),ab.p.(a) = €5(¢; *R*) > 0, i.e. a has type 1 and therefore

by Theorem 2.46 o has the form (*a)™ + &;(¢; *R*) for some unique
a € R,a = Wst(a).

Then, we define unique Robinson part Rp[a] of absorption number a by formula

Rpla] £ ("a),a = (*Wst(a))".

(iii) Suppose a € *R3(¢g),ab.p.(a) = —€5(c; *R~), i.e. @ has type 1A and therefore by

Theorem 2.46 « has the form (*a)” — £5(e; *R~) for some unique a € R,a = Wst(a).

Then we define unique Robinson part Rp[«a] of absorption number a by formula

Rpla] £ (Ca)’,a = ("Wst(a))".



(iv) Suppose a € *R3(g),ab.p.(a) = A,A «r3) > 0% and a has type 1A,i.e. a has the
form

a® ++>) Aforsome a € *R.Then, we define Robinson part %p{a} of absorption
number

a by formula

Rpla] = a*.
(v) Suppose a € *R3(g),ab.p.(a) = —r3) A, Arse) > 0and a has type 1A,i.e. a has
the
form a" +.g=) (—r: () A) for some a € *R.Then, we define Robinson part Rp[a] of
absorption number a by formula
Rpla] = a*.
Remark. Note that in general case,i.e. if « ¢ (—Aq,Aq) Robinson part Rp[a] of
absorption number « is not unique.
Remark. Suppose a € *Rj(¢) and a € (—+rs() Ada,Aq) has type lor type 1A. Then by
definitions above one obtains the representation

a = Rpla] ++rz ) ab.p.(a).

2.13.2.Gonshor’s types of o € *Qj(&) with given
ab.p.(a).

Among elements of a € *Q3(¢) such that ab.p.(a) = A one can distinguish two many
different types following Gonshor’s paper [7].

Definition 2.36.Assume A > 0%,

(i) a € *Qz(¢) has type 1 if Ix(x € a)Vy[x ++a3¢) ¥y € @ = y € A,

(i) @ € *Q3(e) has type 2 if Vx(x € a)Iy(y & A)[x +-a3¢) ¥ € a],i.e.

a € *Qj(¢) has type 2 iff @ does not have type 1.

(i) o € *Q3(¢) has type 1A if Ix(x ¢ a)Vy[x—*Qﬁ(S) yea=yeA]

Theorem 2.47.

(i) a € *Qgz(¢) has type 1 iff —-q3() a has type 1A,

(i) « € *Q3(¢) cannot have type 1 and type 1A simultaneously.

(iii) Suppose ab.p.(a) = A «q3¢) > 0. Then a has type 1 iff a has the form

a" ++q:(;) Aforsome a € *Q*(¢)

(iv) Suppose ab.p.(a) = —a3) A A 03¢ > 0%.a € *Qj(¢) has type 1A iff a has the

form

a® + (—+qz() A) for some a € *Q*(¢).

(v) If ab.p.(a) a3¢) > ab.p.(B) then a +-q3¢) B has type 1 iff a has type 1.

(vi) If ab.p. (a) = ab.p.(p) then a +-q3() B has type 2 iff either o or 8

has type 2.



Proof. (iii) Let & = a ++q3¢) A. Then ab.p.(a) = A.Since A-q;) > 0,a € a+-q3e) A

(we chose d € A such that 0 < d and write a as (a —q3() d) ++a3) d )-

It is clear that a works to show that o has type 1.

Conversely, suppose « has type 1 and choose a € « such that:

Vyla ++q3¢) ¥ € @ = y € A]l.Then we claim that: o = a ++q3) A.

By definition of ab.p. (a) certainly a ++q3) A <+a3e) @. On the other hand by choice

of a,every element of a has the form a +-q3() d with d € A.

Choose d' € A such that d.q(,) > d, then a +-q;) d =

|:a —*Qj3(s) (d’ —*Q5(¢) d)] +*Q§(3) d ea +*Q;(S) A.

Hence a <-q3¢) @ ++a3) A.Therefore a = a + A.

Examples. (i) £5(¢; *Q~) has type 1 and therefore —-qs () £€3(¢; *Q~) has type 1A.Note
that

also —-q3(;) &3(¢; *Q~) has type 2. (ii) Suppose ¢ ~ 0,¢ € *R. Then
" +wa3) E3(e; *Q7) has

type 1 and therefore —q:(;) &% « £3(e; *Q~) has type 1A.

2.14.The Special Kinds of Idempotents in *Rg.
Leta € *R,a > 0.Then « gives rise to two idempotents A,, B, in a natural way [7]:
A, £ {x € (*R)|Fn(n € N)[x < (*n) - al}, (2.99)
and
B, £ {x € (*R)|Vr(r € Ry)[x < (*r) »a]}. (2.100)

Remark 2.18. It is immediate that A, and B, are idempotents.lt is also clear that A,
is the smallest idempotent containing « and B, is the largest idempotent not containing
a. It follows that B, and A, are consecutive idempotents.Note that B, = &4.

Theorem 2.48.[7].(i) No idempotent of the form A, has an immediate successor.

(i) All consecutive pairs of idempotents have the form B, and A, for some a € *R,

a> 0.

Proof.(i) Let A, & A. Suppose x € Abutx ¢ A,. Thenx > n - a for all positive

standard integers n.Let y = /x - a which is defined since *R is a nonstandard model
of

R. Theny > a/n for all positive standard integers n so thaty ¢ A,. So A, > A,.

Similarly x > y,/n sox ¢ A,. Hence A, < A.Thus A, and A are not consecutive.

(ii) Let C and D be consecutive idempotents such that C < D. Leta € D witha ¢ C.

Then C < B, <A, <D.Hence C=B,and D = A,.

Theorem 2.49.[7].If ab.p. («) has the form B, then a has type 1 or 1A.

Proof.Incidentally, we already know that in general ab.p. (a) cannot have type 1 and
1A simultaneously. Now a ¢ B, and therefore 3b6(b € a)3c(c ¢ a)[a” = ¢ — b].We now



define an ordinary Dedekind cut L, for the real numbers R, where L, is the set of lower
elements, as follows. Let r € L, iff b + r# - a* € a.lt is immediate that
0elyl & Lp,z<yel,=ze L, Sowe have a Dedekind cut. Then L, has a
maximum or L, has a minimum. Suppose first that L, has a maximum 7 = 7. Then
b+7 <a* € abutforanyreals > r, b+s*-a* ¢ a. We now claim that 5 + 7 - a* works
to show that « has type 1.In fact, suppose b + 7 - a* — x € a.Let s > 7. Sinceb + s*a*
¢ a, b+s*+a* > b+r*«a+x.Therefore x < (s* —7) - a”. Thus x < 6% - a for every
positive real § € R,; i.e. x € B,.A similar argument shows that a has type 1A if L) has
a minimum.
Examples.(i)The result applies to B, = g4. It follows from Theorem 2.49 that every o
with ab.p. () = €4 must be either of the form a” + g4 or a* + (—€4) wWith a € *R, a > 0%.
(ii)The result applies to B,,¢ = 0;i.e. B, = ¢ - 4. It follows from Theorem 2.49 that
every a with ab.p. (a) = ¢ - ¢4 must be either of the form a” + ¢ - g4 Or a* + (=¢ - €4) With
a € *R, a > 0*.

2.15.The Special Kinds of I[dempotents in*R3(g) and in
*Qj3(¢).
2.15.1.The Special Kinds of Idempotents in*R5(¢).

Leta € *R~(¢),a > 0. Then a gives rise to two idempotents
A (g;*R~(g)),B;(g; *R~(g)) in a natural way :
A5 (5 "R=(e)) 2 {x € ("R*(2))Fn(n € N)[x ep=(e) (*n) »m=ey @)}, (2.101)
and
Bi(e;"R>(e)) = {x € ("R¥(e)IVr(r € R)[x <er=(e) () r=(e) a]}.  (2.102)
Remark 2.19. It is immediate that A (¢; *R~(¢)) and B} (¢; *R~(¢)) are idempotents.It
is also clear that A (¢; *R~(¢)) is the smallest idempotent containing a and
B (e; *R~(¢)) is the largest idempotent not containing a. It follows that B (g; *R~(g))
and A} (¢; *R*(g)) are consecutive idempotents.Note that Bi(¢; *R*(g)) = €3(¢; *R*(¢)).
Theorem 2.50.(i) No idempotent of the form Aj(¢; *R~(¢)) has an immediate
successor.
(ii) All consecutive pairs of idempotents have the form B} (¢; *R~(¢)) and
A (g;*R=(¢g)) for
some a € *R~(g),a > 0.
Proof.(i) Let A, & A. Suppose x € Abutx ¢ Aj(e;*R*(g)). Then x > n ««g=~() a for all
positive standard integers n.Let y = /x+r=;) @ Which is defined since *R~(¢) is a
subset of nonstandard model of R. Then y-z~) > a/n for all positive standard integers
nsothaty ¢ Aj(e;*R~(¢)). So A > Aj(g;*R*(¢g)). Similarly x «g=¢) > y/n sOx ¢
A,. Hence A, <-rs;) A.Thus A7(g;*R*(¢)) and A are not consecutive.
(ii) Let C and D be consecutive idempotents such that C <-z3) D. Leta € D with

Yy *B{(ﬁ(a)



a ¢ C.

Then C <rs) B3 (g; "R™(€)) <wr3) AZ(g;*R™(€)) <3y D.Hence C = Bj(g; *R~(¢))
and

D = AZ(&;"R*(¢)).

Theorem 2.51.[7].If ab.p. (a) has the form B} (¢; *R~(¢)) then a has type 1 or 1A.

Proof.Incidentally, we already know that in general ab.p. (a) cannot have type 1 and
1A simultaneously. Now a ¢ B} (¢;*R~(¢)) and therefore
3b(b € a)3c(c ¢ a)la = c —r3e) b]. We now define an ordinary Dedekind cut L, for the
real numbers R, where L, is the set of lower elements, as follows. Let r € L, iff
b +*[R;(g) pite **R3(e) A € a.ltis immediate that 0 Lb,l & Lb, z<Yye Ly =z e L. So we
have a Dedekind cut. Then L, has a maximum or L, has a minimum. Suppose first
that L, has a maximum 7 = rmex. Then b+ 7 <z () a € a but for any real s > r,

b ++r:e) s r3e)a € a. We now claim that b +gx) 7% ++r: () @ works to show that a
has type 1.In fact, suppose b + 7 «g=() a ++r3) x € a.Lets > 7. Since

b +*[R;(g) ste **R5(e) 4 Z o, b+s" «a>b+r* «a+x. Therefore x < (S#Z - I_”#;) «a. Thus
X <+r3) 0" «r3() a for every positive real 6 € R,; i.e. x € B;(g; *R~(¢)). A similar
argument shows that a has type 1A if L, has a minimum.

Examples.(i)The result applies to B, = €3(¢; *R). It follows from Theorem 2.51 that
every a with ab.p. (a) = &5(¢; *R~(¢)) must be either of the form 4" + &5(g; *R*(¢)) or
a® + (—83(g;*R~(¢))) with a € *R*(¢), a > 0.

(ii)The result applies to B}, (¢; *R~(¢)),&1 = 0;i.e. B}, (g;*R~(¢)) = &1 - €3(&; *R*(g)). It
follows from Theorem 2.51 that every a with ab.p.(a) = &, - £€3(¢; *R) must be either of
the form a” + ¢ - §5(¢; *R=(¢)) or a” + (—¢ « £5(&; *R*(¢))) with a € *R*(¢), a > 0.

2.15.2.The Special Kinds of Idempotents in*Qj3(¢)

Leta € *Q~(¢),a > 0%.Then a gives rise to two idempotents
A (g;*Q%(g)),B;(g;*Q~(¢)) in a natural way

AZ(&;7Q%(e)) = {x € (*Q%(e))Fn(n € N)[x <+q=¢) (*n) *=a=@) al},  (2.103)
and
B3 (¢;*Q%(e)) = {x € (*Q*(e))|Vr(r € Qi)[x <+a=e) (*7) *sa=@) al}. (2.104)

Remark 2.20. It is immediate that A} (¢; *Q~(¢)) and Bj(g; *Q~(¢)) are idempotents.It
is also clear that A (g; *Q~(¢)) is the smallest idempotent containing a and
B (e;*Q~(¢)) is the largest idempotent not containing a. It follows that B} (¢; *Q~(¢))
and A} (g; *Q~(g)) are consecutive idempotents.Note that Bi(g; *Q) = £€5(¢; *Q~(¢)).

Theorem 2.53.(i) No idempotent of the form A} (e; *Q~(¢)) has an immediate
successor.

(ii) All consecutive pairs of idempotents have the form B} (¢; *Q) and A (g; *Q~(¢g))
for

some a € *Q~(g),a > 0.



Proof.(i) Let A} (e;*Q~(¢)) & A. Suppose x € Abutx ¢ Aj(e;*Q~(¢)). Thenx >n-a
for

all positive standard integers n.Let y = ,/x - a which is defined since *R is a
nonstandard

model of R. Then y > a./n for all positive standard integers n so thaty ¢ A,. So
A, >

A (&;*Q%(¢g)). Similarly x > y/n sox ¢ A,. Hence A, < A.Thus Aj(g; *Q*(¢)) and A
are

not consecutive.

(i) Let C and D be consecutive idempotents such that C < D. Leta € D witha ¢ C.

Then C < B} (g;*Q~(¢g)) < Aj(g;*Q~(¢)) < D.Hence C = B} (¢;*Q%(¢)) and

D = Az(&Q%(¢)).

Theorem 2.54.If ab.p. («) has the form B, then o has type 1 or 1A.

Proof.Incidentally, we already know that in general ab.p. (a) cannot have type 1 and
1A simultaneously. Let d € *R3(¢) and d ¢ *Qj(¢) then we write

déa<= Hq(q S Ot)[d <*Rj(e) q] (2105)

Now a ¢ Bj(¢;*Q%(¢)) and therefore 3b(b € a)3c(c ¢ a)la = ¢ —+a3¢) b]. We now
define an ordinary Dedekind cut L, for the real numbers R, where L, is the set of lower
elements, as follows. Let r € Ly iff b ++gz(e) % «:r3e) @ € a.lt is immediate that
0elyl & Ly,z<yel,=ze L, Sowe have a Dedekind cut. Then L, has a
maximum or L, has a minimum. Suppose first that L, has a maximum 7 = .. Then
b ++rxe) 7' +r:(e) a € a and therefore by definition (2.105) there exist g £ ¢(7) € a
such that
b +erye) I omze) @ <y (), (2.106)

but for any real s > r, b+ 5% *rz) @ € a.We now claim that b +rx) 7 +gze) a
works to show that o has type 1.In fact, suppose ¢(7) ++q3¢) x € a then from enequality
(2.106) follows that

b +*[R;(g) ]_/'#; .*RE(S) a +*R;(S) X <*[R;(g) q(]_/') +*[R;(6) X. (2. 107)

and therefore b +-r3() 7% *+r3) @ ++r50) X € a.Lets > 7. Since b +,... s%a ¢ a,
d

b+ s#e

”3() .*[Rﬁ(e‘) a > q(V) trQze) X > b R H O WA a ++*m§(g) X. (2.108)

*R5(e)
Therefore x < (s* —7%) «a. Thus x < 6% . a for every positive real § € Q,; i.e.
x € B;(g;*Q~(¢)). A similar argument shows that a has type 1A if L) has a minimum.
Examples.(i)The result applies to Bi(g; *Q~(g)) = £€5(¢; *Q~(¢g)). It follows from
Theorem 2.54 that every a with ab.p. (a) = £€5(¢; *Q~(¢)) must be either of the form
a® +&3(e;*Q¥(g)) or a™ +1q:() (—as(e) £ale; *Q™(g))) with a € *Q*(¢), a > 0.
(ii)The result applies to B}, (¢; *Q~(g)),&1 = 0;i.e. B{(&;*Q~(¢)) = € +
«0=(e)€3(€; *Q~(¢g)). It follows from Theorem 2.54 that every a with ab.p.(a) = ¢ -



a~(s)€3(&; *Q) must be either of the form a™ +.q3(,) € *+a3s) £3(e; *Q™(g)) or
a® iz (—ra3e) € ~ase) Eale; *Q7(g))) with a € *Q¥(¢), a > 0.

2.16. The semirings *Q~(¢,p) and *Qj3(¢,p).
2.16.1. The semiring *Q~(¢,p).

Definition 2.37.Leta = kmn € *Q,m € *Z\Z,n € *N\WN, k € N,3St(a),& = 0, p € *N\N,

where p is an given infinite prime number. We will say that « is e-near-standard
hyper
rational p-number iff:

() 3n: (1. € poO)[ |8 - (cse( )| = ne ],

(il) m|p,m [k, and

(i) n f p.

Definition 2.38.The set of the all e-near-standard hyper rational p-numbers is
denoted,

*Q=(e,p).

Theorem 2.55.The set *Q~(¢,p) as algebraic structure in a natural way is an
ordered

semiring,i.e., a structure of the form

("Q%(&,p)s e ep) » @ ep) ><*0ep) 5 0,7 1), (2.109)
where *Q*(¢,p) is the set of elements of the structure, +-q~p) and «.q~.,, are the
binary
operations of additions and multiplication, <-q=(.p) is the ordering relation,and *0, *1
are
distinguished elements of the domain.
Proof.Immediately from definitions.

2.16.2 The semiring *Qj(e,p).

Definition 2.39. (Wattenberg embeding) We embed *Q~(¢,p) into *Qj(¢,p) of the
following way: (i) if & € *Q*(¢), the corresponding element a*: of *Qj(e,p) is

ag%(s,p) —a¥ 2 {xe "Q*(&)lx <varep) a} (2.110)
and
—azep 0" = {a € "Q(e)| —rarep a £ a¥ } Ua}. @.111)
(i) If a, 8 € *Qj (e, p) we define the sum a +ozep S by
@ +ozep) B = {a ++a@p) bla € a,b € B}. (2.112)

(iii) If & € *Q3(e,p), B £* Qi(e,p).B € *Rj(e) we define the sum a ++rx () S by



o ¥orze) f 2 {a+me) bla € a,b € B} (2.113)
(iv) Suppose a,f € *Qj(e,p). Then we define the ordering relations a <+Q3(ep) B and
@ <*Q3(zp) p by

a S*Qﬁ(s,p) p=acp,

(2.114)
o <*Q§(s,p) ﬂ = a ; ﬁ
(v) Suppose a € *R3(g), a ¢ *Q3(e,p),B € *Q5(g,p).Then we define the ordering
relations
a <y B S *Ri(e) x *Q5(e,p) and a <1v3) S < *Ri(e) x *Qj(e,p)
by
o <1p=(ey B = Va(a € a)Ib(b € B)[a <= b],
1"R3() P ( )3b(b € B)la <= b] 2.115)

(04 El*[R;(g) ,B f—r E'Z_?(Z_? S ﬂ)Va(a € a)[a <*R l_?]
(vi) Suppose a € *Q3(e,p), B ¢ *Qi(e,p),p € *R3(¢).Then we define the ordering
relations o EZ*R;(S) p < *Qi(e,p) x* R3(e) and a <r+r3(e) f < *Q3(e,p) x* R3(e)
by
a éz*m;(g) ﬁ <~ V(l((l € (Z)Elb(b S ﬂ)[a <*R b],

. - - _ (2.116)
o <3 f = Ib(b € B)Va(a € a)la <+ b]
(vii) If 4 < *Q3(e,p) is bounded above in *Rfi" then we define
supd = |Ja € "Q3(e,p) (2.117)
acAd
and
infA = o e "Qje,p). (2.118)
acAd

(viii) Suppose a,f € *Qg(e,p). The product o «-q3 ) S, is defined as follows.

Case (1) a ro3ep) > 0%, “05iep) > 0%
a *agep) B =
{a 0=ep) D107 <-qzep) @ <-0zep .07 <:azep) bF <oiem BrU  (2.119)
U{*Q=(¢,p),{*0}}.
Case (2) a = 0% or g = 0%
A *+Q3(ep) B = 0%, (2.120)
Case (3) a < 0% or g < 0%



a **Q5(ep) p 2 [ **Q3(e.p) |ﬁ| iff (a < *Q;(g,p)0#§> A (ﬁ < *Qz(g,p)o#;>a

a .*Qz(&p) ﬁ é _*Qz(g) |a| .*Q;(S,p) |ﬂ| Iﬁ (a < *Qﬁ(g’p)0#§> /\ (ﬂ *Q;(g’p) > O#§>’
o 03ep) B 2 —razep @l <azem 1B (@ ozipy > 0%) A (B <-ajep) 0%).

(ix) Suppose a € *Qj(e,p), B ¢ *Q3(e,p).B € *Ri(e) The product a g3 B, is
defined as

follows.

Case (1) a *Q3(ep) > 0#§,ﬁ R3(e) > 0%

a :*[Rig(g) :B =
# # #
{a 0 bl0% < oiop@ < oz ® 07 < gb® < g B} U
U{*R=(e,p) U {*0}}.
Case (2) a = 0% or = 0% :
a Srye) B = 0%
Case (3) a <:q3(p) 07 OF f <+gz() 0%
a Srse) B2 —asep) @] vy |B] (a < *o;(s,mo#;) A (ﬂ R3(e) ~ 0#§>’
a S5 B = —aze @] Trye 1Bl Iff (“ “03ep) ~ 0#§> A (B <wie) 07).

(2.121)

(2.122)

(2.123)

(2.124)

Such embeding *Q~(g,p) into *Qd(g,p) as required above we will name Wattenberg

embeding and is denoted by *Q~(&,p) g *Qj3(e,p)

Theorem 2.56.*Qj(e,p) is complete ordered semiring.

Proof.Immediately from definitions.

Remark 2.21.The following element of *Qj3(e,p) will be particularly useful for
examples,

€a(&;7Q%(e,p)) = {"Q(e,p)} U p:(0).
Examples.Note,for importent examples, that:
€a(&;7Q(e,p)) +-0z0) €a(e; " Q(e,p)) = €3(e; " Q(e,p)),
€3(&;*Q%(e,p)) + a3ep) (—ra3cep) Ea(€;*Q(e,p))) = —+a3ep) Ea(e; *Q7(e,p)).

2.16.3. Absorption numbers in *Qj(¢,p)
Definition 2.34. Suppose a € *Qj3(&,p),then

(2.125)

(2.126)

(2.127)



Examples.

(i) Va € *Q*(g,p) : ab.p.(a?) = 0%,

(ii) ab. p. (E4(¢; *Q~(e,p))) = €4(&; *Q% (e, p)),

(ili) ab. p. (—+a(ep) E3(8: 7Q7)) = &5(e:"Q),

(iv) Va € *Q%(e,p) : ab.p.(a" ++qzep) E3(8;*Q7(e,p))) = &3(e; *Q(&,p)),

(V) Va € *Q(e,p) : ab.p.(a" —a3ep) E3(6; *Q7(e,p))) = &3(8;*Q™(e,p)).
Theorem 2.57.

(i) c <+Qj3(e.p) ab.p.(a) and 0 <+a3(ep) d <+Q3ep) ¢ = d € ab.p.(a)

(i) c € ab.p.(a) and d € ab.p.(a) = c ++q3p) d € ab.p.(a).

Remark 2.22. By Theorem 2.57 ab.p. () may be regarded as an

element of *Qj(&,p) by adding on all negative elements of *Qj(e,p) to ab.p. (a).
Of course if the condition d «¢3(.p) > 0% in the definition of ab.p. (a) is deleted we
automatically get all the negative elements to be in ab.p. (a) since

x < -03ep)y € @ = x € a.The reason for our definition is that the real interest lies
in the non-negative numbers. A technicality occurs if ab.p. (a) = {0%}. We
then identify ab.p. (a) with 0%,

Remark 2.23. By Theorem 2.57(ii), ab.p. («) is additive idempotent.
Theorem 2.58.

(i) ab.p. () is the maximum element 8 € *Qj(e,p) such that a ++q3p) B = 0.
(ii) ab.p. (@) <+q3@ep) @ fOr a «qzep) > 0%.

(iii) If a is positive and idempotent then ab.p. () = a.

Theorem 2.59.Let a € *Qj(¢) satsify a > 0%. Then the following are
equivalent. In what follows assume a,b «q3p) > 0%.

(i) aisidempotent,

(i) a,b € 0 = a+-q3ep) b € a,

(III) aca=2 **Q3(ep) 4 € O,

(iv) Viuen[a € & = n +q3ep) @ € al,

(V) a € a = g *q3¢p) a € a, for allfinite g € *Q~(e, p).

Theorem 2.60. (_*Qs(g,p) a) t+Q3(ep) & = —*Q5(ep) [abp (a)].

Theorem 2.61. ab.p. (& ++q3(p) B) *a3(p) = ab.p.(a).

Theorem 2.62.

(i) @ +a56p) B < 0jep) @+ 05ep) ¥ = —ajep) ab.P. (@) +a56p) B <*ajep) 7-
(i) & ++05p) B = @ ++05(ep) ¥ = —*05ep) [aD.P.(@)] ++0;06p) B =

= —+Q3(ep) [Ab.P.(@)] ++a3(p) V-

Theorem 2.63.Suppose a,f € *Q3(¢e,p),then

(i) ab.p. (—+q3(p) @) = ab.p.(a),

(ii) ab.p. (& ++03(p) B) = max{ab.p.(a),ab.p.(B)}

Theorem 2.44. Assume S > 0. If a absorbs —-q3 () B then a absorbs .
Theorem 2.45. Let 0 < a € *Qj(¢,p). Then the following are equivalent



(i) «is anidempotent,

(il) (—a3eep) @) +asep) (—rQ3Ep) @) = —*Q5ep) @

(iii) (=050 @) +ajep) @ = —*ajep) @

(iv) Let A; and A, be two positive idempotents such that Az «q3p) > A1
Then Ar +*Q;(g’p) (_*Qﬁ(g’p) Al) = As.

2.17.Gonshor’s types of a € *Qj(¢g,p) with given
ab.p. (a).

Among elements of a € *Qj(¢,p) such that ab.p. (¢) = A one can distinguish two
many

different types.

Definition 2.36.Assume A «q:(:p) > 0%,

(i) a € *Qz(e,p) has type 1 if Ix(x € a)Vy[x +qzep)y € @ = y € A],

(i) a € *Q3(e,p) has type 2 if Vx(x € a)Iy(y & A)[x +-a3ep) ¥ € al,i.€.

a € *Qj(&,p) has type 2 iff « does not have type 1.

(i) o € *Qj(e,p) has type 1A if Ix(x ¢ a)Vy[x —a3epy &€ @ = y € A]

Theorem 2.47.

(i) a € *Qj(e,p) has type 1 iff —-q3p) @ has type 1A,

(i) « € *Q3(e,p) cannot have type 1 and type 1A simultaneously.

(iii) Suppose ab.p.(a) = A «o3@p) > 0%. Then a has type 1 iff a has the form

a® +:qzp) Aforsomea € *Q(¢,p)

(iv) Suppose ab.p. (a) = —+0zep) A A «a3) > 0%.a € *Qj(e,p) has type 1A iff o has
the

form a* + (—+q3(.p) A) fOor some a € *Q*(g, p).

(v) Ifab.p.(a) «a3(p) > ab.p.(B) then a ++qz(p) B has type 1 iff a has type 1.

(vi) If ab.p. (a) = ab.p.(B) then a +-q3(p) B has type 2 iff either a or p

has type 2.

Proof. (III) Leta =a t+Q3(ep) A. Then ab.p.(a) = A.Since A*Qz(g,p) > 0,a €a t+Q3(ep)
A

(we chose d € A such that 0 <-q3p) d and write a as (a —+q3@p) d) ++a3ep) 4 )-

It is clear that a works to show that a has type 1.

Conversely, suppose « has type 1 and choose a € « such that:

Vyla ++q3ep) ¥ € @ = y € Al. Then we claim that: a = a +-q3p) A

By definition of ab.p. (a) certainly a ++q3p) A <+q3¢p) @- On the other hand by
choice

of a,every element of o has the form a +-qz(p) d With d € A.

Choose d' € A suchthatd.q(,,) > d, then a+-qs5p) d =
[a—azem (d' =056 d) ] +r05e " € a+aziep) A



Hence a <:q3(cp) @ ++a3p) A.Therefore a = a + «q3p) A.

Examples. (i) £5(¢; *Q%(¢,p)) has type 1 and therefore —«q3 () £€3(¢; *Q%(¢g,p)) has
type

1A.Note that also —-q3(:p) €3(&; *Q™(¢,p)) has type 2. (i) Suppose ¢ ~ 0,¢ € *R.
Then

g% erqz(ep) Ea(e; *Q%(g,p)) has type 1 and therefore —«qx(.p) " « £3(g; *Q>(¢,p)) has
type 1A.

2.18.The Special Kinds of Idempotents in*Qj3(¢,p)

Leta € *Q%(¢,p),a +a5:p) > 0%.Then a gives rise to two idempotents
Az (g;7Q%(e,p)),
B (&; *Q*(¢g,p)) in a natural way

AZ(57Q%(e,p)) = {x € (*Q%(e,p))Fn(n € N)[x <wa=p) (*n) *r0=@p) al},  (2.128)
and
B(e;*Q%(e,p)) 2 {x € (FQ%(&,p))|Vr(r € Qu)[x <sasep) () “a~ep) a@l}. (2.129)

Remark 2.20. It is immediate that A (¢; *Q~(¢,p)) and B (¢; *Q~(e,p)) are
idempotents.It

is also clear that A} (e; *Q~(¢,p)) is the smallest idempotent containing a and

B (&;*Q~(¢,p)) is the largest idempotent not containing a. It follows that
B3 (g;*Q%(¢e,p))

and A (g; *Q~(e,p)) are consecutive idempotents.Note that Bi(¢; *Q~(¢,p)) =

€a(g;"Q%(e,p)).

Theorem 2.53.(i) No idempotent of the form A} (e; *Q~(¢,p)) has an immediate

successor.

(i) All consecutive pairs of idempotents have the form B} (¢; *Q~(e,p)) and

A (;*Q~(¢,p)) for some a € *Q*(¢g,p),a o=(ep) > 0.

Proof.(i) Let A} (g; *Q~(e,p)) & A. Suppose x € Abutx ¢ A}(e;*Q~(e,p)). Then

X+Q3ep) > 1 **03ep) @ for all positive standard integers n.Let y = //x - which is
defined

since *R is a nonstandard model of R. Then y > a./n for all positive standard
integers n so

thaty ¢ A,. So A, > Aj(g;*Q%(¢e,p)). Similarly x > y/n sox ¢ A,. Hence A,
< A.Thus

A (g;*Q~(e,p)) and A are not consecutive.

(ii) Let C and D be consecutive idempotents such that C <:q3p) D. Let a € D with
a ¢ C.

Then C <*Q3(e.p) B} (g; *Q:(E,p)) <*Q3(s,p) A:(S;*Q:(E,p)) <+Q5(e.p) D.Hence

C = B(&;*Q%(¢,p)) and D = A (g;*Q%(e,p)).

Theorem 2.54.If ab.p. (a) has the form B (g; *Q~(&,p)) then a has type 1 or 1A.



Proof.Incidentally, we already know that in general ab.p. (a) cannot have type 1 and
1A
simultaneously. Let d € *R3(¢) and d ¢ *Qj(&,p), then we write

déa<= Hq(q € a)[d <*Rj(e) q] (2130)

Now a ¢ B(¢;*Q%(¢)) and therefore 36(b € a)3c(c ¢ a)la = ¢ —+q3ep) b]. We now
define an ordinary Dedekind cut L, for the real numbers R, where L, is the set of lower
elements, as follows. Let r € L iff b ++gz() 7% «:r30) @ € .t is immediate that

0€Llpl & Ly,z<yelL,= ze L, Sowe have a Dedekind cut. Then L, has a
maximum or L, has a minimum. Suppose first that L, has a maximum 7 = rp.,. Then

b ++rse) 7' ) a € a and therefore by definition 2.130, there exist ¢ 2 ¢(7) € a such
that

b+erye) 77 omze) @ <3 9(F), (2.131)
but for any real s > r, b +-rs() 7 +r3) @ & a.We now claim that b ++gs() 77 «gs() a
works to show that o has type 1.In fact, suppose x € *Qg(e,p) and ¢(7) ++a3¢) x € a
then from enequality (2.131) follows that
b ++rx(e) 7He CR3(e) A TR () X <HR3(e) q(7) +oRz(e) X. (2.132)

-

and therefore b +*[R;(g) 7t **R3(e) 4 +*R;(S) x € a.Lets > 7. Since b ++*R:(8) st a Z o,
d

b+ st

_ 4
®3(0) .*[Rﬁ(&) a > q(}") +*Q;(S) x>b +*[R§(5) r a ++*m§(5) X. (2 133)

P

Therefore x < (s — ZOX a. Thus x < 6% . a for every positive real § € Q,; i.e.

Ry Ry
x € B (&;*Q~(g,p)),since x € *Q3(¢&,p). A similar argument shows that « has type 1A if
L, has a minimum.

Examples.(i)The result applies to B; (¢; *Q~(e,p)) = £5(¢; *Q*(g,p)). It follows from
Theorem 2.54 that every a with ab.p. (a) = €5(¢; *Q~(&,p)) must be either of the form
a" +-a3ep £4(8;7Q7(e,p)) OF @ ++a30p) (—ra3ep Ea(e; *Q7(e,p))) wWith a € *Q(e, p),
a> 0.

(ii)The result applies to B, (¢; *Q~(g,p)),&1 = 0;i.e. B;(g; *Q%(¢,p))
= €1 **Q3(ep) £a(& *Q%(e,p)). It follows from Theorem 2.54 that every o with ab.p. (a) =
€1 *-azep) £a(e; *Q) must be either of the form a +-g3p) €1° **azep) Ea(e; *Q7(e,p)) OF

= #Z = . ~ H ~
a* +ea3ep) (—rozep &1 ~osep) Ea(6*Q(e,p))) With a € *Q*(e,p), a > 0.

3. The proof of the #-transcendence of the numbers
ek k e N.

In this section we will prove the #-transcendence of the numbers e*,k € N.Key idea
of this proof reduction of the statement of e is #-transcendental number to equivalent
statement in *Z4 by using pseudoring of Wattenberg hyperreals *Rq > *Z4 [6] and
Gonshor idempotent theory [7]. We obtain this reduction by three steps, see
subsections 3.2.1-3.2.3.



3.1. The basic definitions of the Shidlovsky quantities

In this section we remind the basic definitions of the Shidlovsky quantities [8].Let
Mo(n,p),Mi(n,p) and &x(n,p) be the Shidlovsky quantities:

ot - [ Dt o
0
T = 1. (x—n)]Pe
Mi(n,p) = e* X[ dx,k=1,2,... (3.2)
tespugoare]
k
ex(np) = ek”: xp_l[(x_(lp)'_“l(’)“!_”)]pe_x :|dx,k — 1.2, 3.3)

0
where p € N this is any prime number.Using Egs.(3.1)-(3.3.) by simple calculation one
obtains:
Mi(n,p) + ex(n,p) = e"Mo(n,p) = 0,k = 1,2,.... (3.4)
and consequently
ok = Mi(n.p) + ex(n,p)
k=1,2,...

Lemma 3.1.[8]. Let p be a prime number. Then My(n,p) = (-1)"(n!)’ + p®,,0, € Z.
Proof. ([8], p.128) By simple calculation one obtains the equality

(n+1)xp

M x—-1)...(x—n)]" = (-1)"(n")PxP! + Z Cpuxt,

p=p+1

(3.6)
cu € Zyu=pp+1,. ., [(n+1)xp]-1,n>0,

where p is a prime. By using equality I'(u) = Ijxﬂ‘le‘xdx = (u—-1)!,where u € N, from

Eq.(3.1) and (3.6) one obtains

(" (n+1)xp

Mo(np) = Dty o B 3 e 5 =
) ) (3.7)
- (—])”(n!)p+cpp+cp+1p(p+ 1)+...=

= (D)"Y +px0,,0, € Z




Thus

Mo(n,p) = (=1)"(n!)” +p - ©1(n,p),01(n,p) € Z. (3.8)
Lemma 3.2.[8]. Let p be a prime number. Then My (n,p) =p « ©2(n,p), O2(n,p) € Z,
k=1,2,....n.
Proof.([8], p.128) By subsitution x = k+u = dx = du from Eq.(3.3) one obtains

+00

Mi(n,p) = I|: (u+k)pfl[(u+k— 1) ... xux...x(u+k—n)]Pe™ :|du

7 -1 (3.9)
k=12,...
By using equality
(n+1)xp
u+ k)" [w+k=1)x...xux.. x(u+k—-n)]’ = Z dyutt,
= (3.10)
dy € Zip=p,p+1,..,[(n+t1)xp]-1,
and by subsitution Eq.(3.10) into RHS of the Eq.(3.9) one obtains
+%0 (n+1)xp
Mn.p) = — [ D7 dpruwdu = p - ©3(n.p), (3.11)
-1 0 H=p+l
Ox(n,p) € Z,k=1,2,... .
Lemma 3.3.[8]. (i) There exists sequences a(n),n € N and g(n),n € N such that
n-g(n) - [a@m)]"! (3.12)

lex(n,p)| < »-1) :

where sequences a(n),n € N and g(n),n € N does not depend on number p. (ii) For
anyn € N: gi(n,p) > 0ifp - oo.

Proof.([8], p.129) Obviously there exists sequences a(n),n € Nand g(n),k € N,n e N
such that a(n),n € Nand g(n),n € N does not depend on number p

(x—1)...(x=n)| <ar),0 <x<n (3.13)
and
x=1)...(x —n)e™* < g(n),0 <x <nk=12,...,n (3.14)

Substitution inequalities (3.13)-(3.14) into RHS of the Eq.(3.3) by simple calculation
gives



ek(n,p) < g(n) [ZD( )lp)'l jdx < g(l(ip)_[{l)('”)]l’l : (3.15)

Statement (i) follows from (3.15). Statement (ii) immediately follows from a statement
(ii).

Lemma 3.4.[8]. For any k < n and for any 6 such that 0 < 6 < 1 there exists p € N
such that

ok _ Mi(n.p)

sy | <8 (3.16)

Proof.From Eq.(3.5) one obtains
k_ Mi(n,p) | _ lex(n,p)|
e Mo(np) | = MoGnp) (3.17)
From Eq.(3.17) by using Lemma 3.3.(ii) one obtains (3.17).
Remark 3.1.We remind now the proof of the transcendence of ¢ following
Shidlovsky proof is given in his book [8].
Theorem 3.1. The number e is transcendental.

Proof.([8], pp.126-129) Suppose now that e is an algebraic number; then it satisfies
some relation of the form

ao + Zakek =0, (3.18)
=1

where ag,ai,...,a, € Z integers and where a, > 0.Having substituted RHS of the
Eq.(3.5) into Eq.(3.18) one obtains

= Mi(n,p) +ex(n,p) _ = Mi(n,p) _ex(np)
ao+§ak MoGnp) —ao+§a Mo(n.p) Z M(n,p) = 0. (3.19)

From Eq.(3.19) one obtains

aoMo(n,p) + Z aiMi(n,p) + Z arer(n,p) = 0. (3.20)
k=1 k=1

We rewrite the Eq.(3.20) for short in the form



e

aoMo(n,p) + Y aiM(n.p) + Y ase(n,p) =
k=1 k=1

< = aMo(np) +Enp) + Y arsi(np) = 0, (3.21)
k=1

H(n,p) = ZakMk(n,p).
k=1
\
We choose now the integers M, (n,p), M>(n,p),...,M,(n,p) such that:

M M o> p|My(n,
piMi(n,p),pIM>(n,p),...,pIMu(n,p) (3.22)
where p > |ao|
and p f My(n,p). Note that p| Z(n,p). Thus one obtains
p I acMo(n,p) +E(n,p) (3.23)

and therefore

aoMo(n,p) + E(n,p) € Z,
where (3.24)
aoMo(n,p) + E(n,p) + 0.

By using Lemma 3.4 for any ¢ such that 0 < 6 < 1 we can choose a prime number
p = p(0) such that:

D arei(np)| <8 Ja| =€ < L. (3.25)
k=1 k=1
From (3.25) and Eq.(3.21) we obtain
aoMo(n,p) + E(n,p) +€ = 0. (3.26)

From (3.26) and Eq.(3.24) one obtains the contradiction.This contradiction finalized
the proof.

3.2 The proof of the #-transcendence of the numbers
ek k € N.  We will divide the proof into four parts

3.2.1. Part I.The Robinson transfer of the Shidlovsky
quantities Mo(n,p),Mi(n,p),er(n,p)

In this subsection we will replace using Robinson transfer the Shidlovsky quantities
Mo(n,p),Mi(n,p),er(n,p) by corresponding nonstandard quantities *Mo(n,p), *My(n,p),
*¢r(n,p). The properties of the nonstandard quantities *My(n,p), *Mi(n,p), *ex(n,p)
one obtains directly from the properties of the standard quantities



Mo(n,p),Mi(n,p),er(n,p) using Robinson transfer principle [4],[5].
1.Using Robinson transfer principle [4],[5] from Eq.(3.8) one obtains directly
*Mo(n,p) = (-1)"(n!)? +p x "©i(n,p),
*®1(nap) € *Zwanap E*NOO- (327)
N 2 "N
From Eq.(3.11) using Robinson transfer principle one obtains Vi(k € N) :

{ “My(n,p) == p x ("©:(n,p)).

« (3.28)
*Q.(n,p) € Zo,k=1,2,....,k € N,n,p €*N.

Using Robinson transfer principle from inequality (3.15) one obtains Vi(k € N) :

n-("gn)) - ([*a(n)]p_l)
(p—-1)! ’ (3.29)
k=1,2,....,k e N\,n,p €*N,.

*er(n,p) <

Using Robinson transfer principle, from Eq.(3.5) one obtains Vi(k € N) :

* "Mi(n,p) + (“ex(m,p))

kY — (*x,\k — k P P

(e") = (e) Mo(n.p) , (3.30)
k=1,2,....,k e N\,n,p €*N..

Lemma 3.5. Let n € *N,,, then forany £ € Nand forany 6 ~ 0,6 € R there exists
p € *N, such that

*,k *Mk(n’p)
e Mo(np) < 9. (3.31)
Proof. From Eq.(3.30) we obtain Vk(k € N) :
o Minp) | _ [*ex(n,p)|
*Mo(n,p) [*Mo(n,p)|’ (3.32)

ke N,n,p €*N.
From Eq.(3.32) and (3.29) we obtain (3.31).
3.2.2. Part 11.The Wattenberg imbedding *(e*) into *R4

In this subsection we will replace by using Wattenberg imbedding [6] and Gonshor
transfer the nonstandard quantities *(e*) and the nonstandard Shidlovsky quantities
*Mo(n,p), *Mi(n,p), *ex(n,p) by corresponding Wattenberg quantities
(€0, *Mo(n,p))*, *Mi(n,p))*, (*ex(n,p))*. The properties of the Wattenberg
quantities *(e*)", (*Mo(n,p))*, *Mi(n,p))*, (*ex(n,p))* one obtains directly from the
properties of the corresponding nonstandard quantities
*(e"), *Mo(n,p), *M;(n,p), *ex(n,p) using Gonshor transfer principle [4],[7].



1.By using Wattenberg imbedding *R & "Rq, from Eq.(3.30) one obtains

k _ * Mk(ll,p)]# + [*gk(nap)]#
O = [ca'] - CMomp)t (3.33)
k=1,2,...;k € Nyn,p €*N,.

2 By using Wattenberg imbedding *R Z "Rq, and Gonshor transfer (see subsection
2.9 Theorem 2.19) from Eq.(3.27) one obtains

[*Mo(n,p)]" = [(-1)"]" x [()P]" + p* x [*©1(n,p)]" =
[ Ix [ (@)™ ]+p* x FO1mp)T, (3.34)
*O1(n,p) € *Zw,d,n,p €*Ny.

3.By using Wattenberg imbedding *R & (*R),from Eq.(3.28) one obtains

* #
[*Mk(n’p)]# = p# X |: ®2(n’p):| >
[*@,(n,p)]* € "Zna, (3.35)
k=1,2,....,k e Nyn,p €*N,..

Lemma 3.6. Let n € *N,,, then forany £ € Nand forany 6 ~ 0,0 € "R there exists
p € *N such that

iyt M| o [eanp))® _ neCgm) - ([fa@)]”)
( e ) [*Mo(nsp)]# < 0% = [*Mo(n,p)]# (p— 1)! (3_36)

Proof. Inequality (3.36) immediately follows from inequality (3.31) by using
Wattenberg imbedding *R &, "Rq and Gonshor transfer.

3.2.3.Part lll.Reduction of the statement of e is
#-transcendental number to equivalent statement in *Z4
using Gonshor idempotent theory

To prove that e is #-transcendental number we must show that e is not

w-transcendental, i.e., there does not exist real Q-analytic function go(x) = > _ a.x”

with rational coefficients ao,ai,...,a,,...€ Q such that



/ 0
Zake” =0,
< " (3.37)
Z|ak|e” + 0.
q n=0
Suppose that e is w-transcendental, i.e., there exists an Q-analytic function
ga(x) = Y _ dx",with rational coefficients:
n=0
s ko Lo ko o ke
apg = mo , a1 = mla"'aan m, > EQ, (338)
| do| >0,
such that the equality is satisfied:
/ o0
D dne" = 0.
< " (3.39)
lakle" # o
q n=0
In this subsection we obtain an reduction of the equality given by Eq.(3.39) to
equivalent equality given by Eq.(3.). The main tool of such reduction that external
countable sum defined in subsection 2.8.
Lemma 3.7.Let A<(k) and A. (k) be the sum correspondingly
g k21
A<(k) = do+ ) _ dne",
< o (3.40)
As(k) = D dne.
q n=k+1

Then A-(k) = 0,k = 1,2,...
Proof. Suppose there exists k such that A. (k) = 0. Then from Eq.(3.39) follows

A<(k) = 0. Therefore by Theorem 3.1 one obtains the contradiction.
Remark 3.2.Note that from Eq.(3.39) follows that in generel case there is a

sequence {m;};, such that



lim m; = oo,

1—>00

V(i € N)[Z:dne" < 0} (3.41)
n=1

mi
do +lim ape" | =0,
1% n=1

or there is a sequence {mj}]i‘il such that

4 .
lim m; = oo,
mj
V(G eN ape" >0 |,
< Y )|:; :| (3.42)
do +lim ( Zd,,e”> = 0,
Sz n=1
N

or both sequences {m;};, and {m_,-}/f‘io with a property that is specified above exist.

Remark 3.3. We assume now for short but without loss of generelity that (3.41) is
satisfied. Then from (3.41) by using Definition 2.17 and Theorem 2.14 (see subsection
2.8) one obtains the equality [4]

A
(*ao)" + [#Ext—Z(*d,,)# x (*e")#:| = —éq. (3.43)
neN
Remark 3.4.Let A%(k) and A%(k) be the upper external sum defined by
-

k=1

AL(k) = do+ ) (*an)" x (*em)’,
n=1

< A (3.44)
AL(k) = #Ext- ) dne".
neN
n=k+1
\
Note that from Eq.(3.43)-Eq.(3.44) follows that
AL(k) + AL(k) = - &a. (3.45)

Remark 3.5. Assume that a, 8 € *Rq and g ¢ *R. In this subsection we will write for
a short ab[a|g] iff B absorbs a,i.e. B+ a = B.

Lemma 3.8. —ab[AL(k)|A%(K)],k=1,2,...

Proof.Suppose there exists k € N such that ab[A%(k)|A%(k)]. Then from Eq.(3.45)
one obtains



AL(K) = — ga. (3.46)

From Eq.(3.46) by Theorem 2.11 follows that A. (k) = 0 and therefore by Lemma 3.7
one obtains the contradiction.

Theorem 3.2.[4] The equality (3.43) is inconsistent.

Proof.Let us consider hypernatural number 3 € *N, defined by countable sequence

I = (mo,mo X my,...,my X My X...XMy,...) (3.47)

From Eq.(3.43) and Eq.(3.47) one obtains

a 3.48
3 x (*do)" + 3% x [#Ext—Z(*dn)# X (*e”)#:| = —3* x &q. (3.48)
neN
Remark 3.6.Note that from inequality (3.27) by Wattenberg transfer one obtains
# #, p-17%
[*Sn(n,p)]# < n [g”(n)] [[a(n)] :| ’ (349)

[(p- 1T

n e Nnp e*Ng.

Substitution Eq.(3.30) into Eq.(3.48) gives

_
A
3+ |:#Ext- > @) x (*e")#:| _

neN\{0}

N A N “M,(n,p)]" e, p)]" N (3.50)
34+ |:#Ext-nz€N:(\s,,)# « L (“[EEO(;’IE)‘;#(“ p)] J - —3" x £q,

IH A 3 (*a,) n e N,3E = 3% x (*do)”.

(S
Multiplying Eq.(3.50) by Wattenberg hyperinteger [*M(n,p)]* € *Zq by Theorem 2.13
(see subsection 2.8) one obtains

A
34 x Mo, )] +#Ext- D {(3)" x ["Mu(m,p)1* + 3} x [*eu(n,p)]*} =

neN

= -3 x [*Mo(n,p)]" x €q.

(3.51)

By using inequality (3.49) for a given 8 € "R, § ~ 0 we will choose infinite prime
integer p €*N, such that:

A
#Ext- Y (30" x ["ee(n,p)]* < 3¥ x [*Mo(n,p)]" x 6" x £q (3.52)
keN



Now using the inequality (3.49) we are free to choose a prime hyperinteger p €*N,
and
5% € *Rq, 6% = 8*(p) = 0 in the Eq.(3.51) for a given € € "R,e = 0 such that:
3% x [*Mo(n,p)]” x 8%(p) = €. (3.53)
Hence from Eq.(3.52) and Eq. (3 53) we obtain

#Ext-Z (3" x [*ea(n,p)]” < —€* x £4. (3.54)

neN
Therefore from Eq.(3.51) and (3.54) by using definition (2.15) of the function Int.p(a)
given by Eq.(2.20)-Eq.(2.21) and corresponding basic property | (see subsection 2.7)
of the function Int.p(a) we obtain

4 A
Int.p<3§x [*Mo(n,p)]#+#Ext—Z {Sﬁx[*Mn(n,p)]#+Sﬁx[*5n(n,p)]#}> _

neN

3.55
I x [*Mo(n,p)] +#Ext-Z { [*M,(n,p)] #} = ( )

keN

- —Int.p(S# x [*Mo(n,p)]* x gd> = 3% x [*Mo(n,p)]" x &q.

\
From Eq.(3.55) using basic property | of the function Int.p(«) finally we obtain the
main equality
A
Jhx [*Mo(n,p)]* +#Ext-2 {G)" x ["Mu(n,p)1"} = 3 x [*"Mo(n,p)]” x £a.  (3.56)

neN

We will choose now infinite prime integer p in Eq.(3.56) p = pe*N. such that

p’> max(|3}|,n".) (3.57)
Hence from Eq.(3.34) follows
p' / [*Mo(n,p)]" (3.58)
Note that [*Mo(n,p)]" + 0%.Using (3.57) and (3.58) one obtains:
P’/ ["Mo(n,p)]" x (J0)". (3.59)
Using Eq.(3.35) one obtains
P Mu(n,p)) n = 1,2, (3.60)

3.2.4.Part IV.The proof of the inconsistency of the main
equality (3.56)

In this subsection we wil prove that main equality (3.56) is inconsistent. This prooff is
based on the Theorem 2.10 (v), see subsection 2.6.
Lemma 3.9.The equality (3.56) under conditions (3.59)-(3.60) is inconsistent.



Proof. (I) Let us rewrite Eq.(3.56) in the short form

I(n,p) +2"(n,p) = -A"(P) x €4, (3.61)
where
(" A
SAm,p) = #Ext- Y, {(3.)" x [*M,(n,$)]"},
< = (3.62)
T(n,p) = I x [*Mo(n,p)]",
L A*(P) = I x [*Mo(n,p)]".

From (3.59)-(3.60) follows that

A# A
P/ I'(n,p),
3.63
{ p’[2"(n.p). 09

Remark 3.7.Note that Z(n,p) ¢ *R.Otherwise we obtain that
ab.p(I'(n,p) + 2(n,p)) = {J}. But the other hand from Eq.(3.61) follows that
ab.p(I'(n,p) + = (n,p)) = —A*(p) x £q4.But this is a contradiction. This contradiction
completed the proof of the statement (I)

() Let X (k. n, p), Ao (ks 1, P, Ke(kr, k2, m, p) and Ae(k,n, b, e!), X (k,n, P, ), be the

external sum correspondingly

(" k>1

R<(k,n,p) = T(n,p) +Z{ [*M,(n,p)]"},

X (kn,p) = #Ext-2{~# M (n,)]" ),

>k+ 1

k2
A~
< Ac(kr ko, B) = D {35 x [*Ma(n, )]}, (3.64)
n=k
k>1

Re(k,n,B,2) = T(n,p) +Z{ [*M,(n,)]" + 3} x [*a(n,p)]"},

K (k,n,p, &) = #Ext-Z{Sﬁ < [*Ma(n,3))" + 3 x ["&,(n,p)]* ),

neN
n>k+1

\
Note that from Eq.(3.61) and Eq.(3.64) follows that

Xon,p)+Aalen,p) = — A*(P) x £a. (3.65)



Lemma 3.10. (i) Under conditions (3.59)-(3.60)

"~ N#
ﬂab[Ai(k,n,ﬁ,gﬁ) A>(k,n,ﬁ,gf;)],k — 1,2, (3.66)

And (ii) Under conditions (3.59)-(3.60)
ﬁab[zi(k,n,ii)

Zﬁ(k,n,ﬁ)}kz 1,2.... (3.67)

Proof. (i) First note that under conditions (3.59)-(3.60) one obtains

wc[Zi(k,n,ﬁ,eﬁ) + o] (3.68)

Suppose that there exists a £ > 0 such that ab[zz(k, n,p,e?)
Eq.(3.65) one obtains

Zi(k, n,p,c?) ]Then from

X onp,et) = —A*P) x £a. (3.69)
From Eq.(3.69) by Theorem 2.17 one obtains
—a = [N(P)] x KL(k,m,pef) = [A*(P)] < AL(kim,B.s}) =
= AL(k,n,p).

(3.70)

Thus
—€d = Aﬁ(kanoﬁ) (371)

From Eq.(3.71) by Theorem 2.11 follows that A. (k) = 0 and therefore by Lemma 3.7
one obtains the contradiction. This contradiction finalized the proof of the Lemma 3.10
(i).

Proof. (ii) This is immediate from the Definition 2.14 (Property I), see subsection
2.7.

Part (lll)

Remark 3.8.(i) Note that from Eq.(3.62) by Theorem 2.10 (v) follws that 2" (n,p) has
the form

>A(n,p) = q* + ab.p(Z'(n,p)) =

~ (3.72)
= q" + (-A*(P) x €a),
where

~t
q" € Z"(n,p) = A.(1,n,p),
q €*Z. andp|q.

(3.73)

(ii) Substitution by Eq.(3.72) into Eq.(3.61) gives
[(n,p) +Z"(n,p) = T(m,p) + q* + (-A*(P) x €4) = —A*(P) % &4. (3.74)



Remark 3.9. Note that from (3.74) by definitions follows that

ab[(I'(n,p) + q")|(-A*(P) x €a)]. (3.75)
From Eq.(3.74) follows that
[(n,p) +q" + (—A*(P) x €4) = —A*(P) x &q. (3.79)
Therefore
(A*())"'[T(n,P) +q*] + (a) = ~a. (3.80)

From Eq.(3.80) obviously follows that

(A*()) ' [T(n,p) +q*] = 0,
(A*(P)) [T (,p) +q*] = (A* ()™
Now we dealing with semiring *Qj3(e,p), (See subsection 2.16.2).By consideration

similarly
as above we obtain

(3.81)

(AZ(P) " vrse) [T, D) Forze) 4771 = 07,

P . ) o (3.82)
(A"(P)) 3 [[(0,P) +r5) "] wp3ey = (A™(P))

and

(A%(P) ™ rze) [T, D) Frrzee) 4] Frze) (R Eales R™(8))) =

. ! (3.83)
= —R3(ep) £a(&; "R¥(€)).

From inequality (3.36) follows that we willin to choose p and ¢ ~ 0 such that
A(B) 7 &i(e"R(e)). (3.84)
But this is a contradiction. This contradiction completed the proof of the Lemma 3.9.

4.Generalized Lindemann-Weierstrass theorem

In this section we remind the basic definitions of the Shidlovsky quantities,see [8]
p.132- 134.

Theorem 4.1.[8] Let fi(z),] = 1,2,...,r be a polynomials with coefficients in
Z.Assume that

forany / = 1,2,...,r algebraic numbers over the field Q : B.,,..., Bk,
ki>1,1=1,2,....,r

form a complete set of the roots of f;(z) such that

fi(z) € Z]z],degfi(z) = ki, 1 = 1,2,...,r 4.1)

anda; € 72,1 = 1,2,...,r,a0 + 0. Then
r k;

ao + Za; Zeﬁk»/ + 0. 4.2)
-1 kel



Let /,.(z) be a polynomial such that
4

@) = [ [i@) = bo+brz+...4by,z" =

=1
< i (4.3)
= by, [ [T [G= Bra)sbo # 0,6y > O,N, =X ku.

=1 k=1

.
Let Mo(N,,p), M (N,,p) and g, (N,,p) be the quantities [8]:

+00 _ -
Z(\J[\r/r Dp IZp_lfrp (2)e~dz

b
Mo(Ny,p) = { PR R (4.4)
where in (4.4) we integrate in complex plane C along line [0,+x], see Pic.1.
L WNe=Dp=1 1 p N 2
Mk,l(pr) = eﬂk’l I bNr = ﬁ (Z)e i P (45)
(-1
Br
where k = 1,...,k; and where in (4.5) we integrate in complex plane C along line with
initial point Bx; € C and which are parallel to real axis of the complex plane C,see
Pic.1.
Bri
’ b(N"fl)pflz”‘lfp(z)e‘Zdz
= ePr Ny "
£ri(Ny,p) = ePe { RS TR (4.6)
where k = 1,...,k; and where in (4.6) we integrate in complex plane C along contour
[0, Br:], see Pic.1.
5’1\
i E——
0 — T
Pic.1.Contour [0, B«,;] in complex
plane C.
From Eq.(4.3) one obtains
(Ny+1)p
b](\J/\r/r—l)p—Iprlﬁ(Z) _ b[(é\:r—l)P—lb](;prl + Z co1z57, 4.7)
s=p+1

where by,by + 0,¢5 € Z,s = p,...,(N, — 1)p — 1.Now from Eq.(4.4) and Eq.(4.7) using



formula
I'(s) = I;oxs‘le‘xdx =(s—1),s e N

one obtains
( WN=1)p-1;,p +® (N+1)p +00
My(Ny,p) = % Izp_l “dz + Z (pcj 11)' j 2 le7dz =
' 0 s=p+1
3 N—1)p | (4.8)
R Z i i), e = by P bg + pC,
L s=p+1 )

where by.by + 0,C € Z.We choose now a prime p such that
p > max(|aol,bn,,|bo|). Then from Eq.(4.8) follows that

p [ asMo(Ny,p). (4.9)
From Eq.(4.3) and Eq.(4.5) one obtains

400 r kj
M (N,,p) = (pe_ﬁki)! I {b%fplzplzpl [H H(Z - Bij)’ :| }e”ﬁk>/dz, (4.10)

B Jj=1 i=1

where k = 1,...,k;,l = 1,...,r.By change of the variable integration z = u + B, in RHS
of the Eq.(4.10) we obtain

+00

ro ki

Mii(N,,p) = (p_ll)! [< v @ ey we| [T 1@+ Br-B)" | pau. 4.11)
0 j=1 i=1
JEl ik

where k = 1,...,k;,l = 1,...,r.Let us rewrite now Eq.(4.11) in the following form

-
Mk,l(Nl’ap) =
< 7 v (4.12)
" . o -!' (by,ut + by, Brr)”  upe 1_1[ H(bzv,u + by, Bri = bw, Bij)’ | >du .
J=1 ri=
JEl ik
\
Let ZA be a ring of the all algebraic integers. Note that [8]
a[szN,_ﬁiJeZA,iz 1,...,kj,j= 1,...,7‘. (413)
Let us rewrite now Eq.(4.12) in the following form
+00 r kj
Mu(N,,p) = —1 j byu+ar) wre T [onu+ aw —ai)’du— (4.14)

p-D'

j=1 =1
jil i+k



where k = 1,...,k;,l = 1,...,r.From EQ.(4.14) one obtains

. il i uPe®,(u)
;al;Mk,l(Nr,p) = ) Wd
< r (4.15)
D,(u) = Z aj Z(bNru +aw) ure™ H H(bNru +ag —aij)’
=1 1 =1
§¢] i+k
\
The polynomial ®,(u) is a symmetric polynomial on any system A; of variables
01,0,027,...,0Fk,, where
A= {a1n,000. . 0,0 =1,...,7 (4.16)
ay,az,...,0; € ZA,Z = 1,...,7"
It well known that @, () € Z[u] (see [8] p.134) and therefore
(NA+1)p
u?®,.(u) = Z csu* ', es € 7. (4.17)
s=p+1
From Eq.(4.15) and Eq.(4.17) one obtains
-
: uPe™®,(u)
lz;alkz;Mkl(Nr;p) -[—1)' du
Cs—1 wle _ — ) _
Z (p—l)'J e “du = Z cH(p—l)! =pC,C € Z.
s=p+1 s=p+1
Therefore
r k;
E(Nnp) = D ai ) My(Ny.p) € Z,
= = (4.19)
Let Or < C be a circle wth the centre at point (0,0). We assume now that
VEkVI(Br; € Ogr). We will designate now
gri(r) =max |by.f,(z)eFw|,
PR (4.20)

go(r) = max g, (r),g(r) =max |bylzf(2)].
I<ksky, 1<I<r ZI<R

From Eq.(4.6) and Eq.(4.20) one obtains



b(Nr Dp-1 Zp_lfrp (Z)e_z+ﬁk’ld2

ki (Nrp)| =

) - D! -
p (4.21)
kil
1 24 Pl go(’”)gp 1(”)\ﬂk1| go(r)g" ' (NR
o= I|bNﬂz>e IEAON E s B ELEE,
where k =1,...,k;,[ = 1,...,r.Note that
gL IR
D) 0if p > oo. (4.22)
From (4.22) follows that for any € € [0,0] there exists a prime number p such that
r k;
Y @) enNep) = €(p) < 1. (4.23)
I=1 k=1
where k = 1,...,k;,l = 1,...,r.From Eq.(4.4)-Eq.(4.6) follows
My (Nr,p) + €xi(Nr,p)
Pri = =K : 4.24
¢ MO(Nrop) ( )
where k= 1,....k;,[ = 1,...,r. Assume now that
r k;
ao + Za; Zeﬁ’f’l =0. (4.25)
=1 k=1
Having substituted RHS of the Eq.(4.24) into Eq.(4.25) one obtains
( S MiNep) + e(Vp.p)
k1 rs k1 rs
+ : : —
" ,Za’ ) TS
< (4.26)
M (Nv,p) - Eri(Npp)
+
o 12: Z MO(Nrap) [21: Z MO(Nrap)
\
From Eq.(4.26) by using Eq.(4.19) one obtains
ki
ao+EWNrp) + Zaz D ew(Nep) = (4.27)

I=1 k=1

We choose now a prime p € N such that p > max(|ao|,|bol,|bn,|) and e(p) < 1. Note that
PIE(N,,p) and therefore from Eq.(4.19) and Eq.(4.27) one obtains the contradiction.
This contradiction completed the proof.

5.Generalized Lindemann-Weierstrass theorem

Theorem 5.1.[4] Let fi(z),] = 1,2,..., be a polynomials with coefficients in Z. Assume
that



for any / € N algebraic numbers over the field Q : f1,,...,Bks ki > 1,1 =1,2,... form
a

complete set of the roots of f;(z) such that
fi1(z) € Z|z],degfi(z) = ki, 1 = 1,2,... (5.1)
and a; € Qa0 + 0,/ =1,2,..., . We assume now that

0 ky
D Jai] D _JePr| < oo, (5.2)
k=1

I=1

Then
o) ki
a0+2a126ﬁ“ + 0. (5.3)
=1 =1

We will divide the proof into three parts

Part I. The Robinson transfer

Let (z) = fr(2) € *Z[z],z € *C,I = 1,2,...,r,r €*N, be a nonstandard polynomial such
that
/

1) = 76) = [ TAG) = Do+ iz . e =
=1

s T (5.4)
—bx [ ][ - CBr)).bo # 0,bx > 0,
=1 k=1
§ N =N, =2 (*k) €N
Let *Mo(N,p), *Mw(N,p) and *e,(N,p) be the quantities:
*(+oo>
(N-Dp-1_p-1¢p -
*Mo(N,p) = by 2 f (Z')[ e ]dz’ g
0 (p_ 1)' ( . )
N,p € N,

where in (5.5) we integrate in nonstandard complex plaine *C along line *[0,+x], see
Pic.1.

Mii(N,p) = ("e’P) *(r) bR zr P (o) "e 7 1dz
k1 D = ’ D
. (p-D! (5.6)
B
N,p € *Nw,

where k = 1,...,*k; and where in (5.6) we integrate in nonstandard complex plain *C
along line with initial point * g, € *C and which are parallel to real axis of the complex



plane *C,see Pic.1.

* B
“en(N.p) = (e |
0

N,p € *Nw,

LAY (o) [e < dz
p-1 ’ (5.7)

where k = 1,...,*k; and where in (5.7) we integrate in nonstandard complex plain *C
along contour *[0, * B«.], see Pic.1.

1.Using Robinson transfer principle [4],[5],[6] from Eq.(5.5) and Eq.(4.8) one obtains
directly

“Mo(N,p) = by *'bf +pC, (5.8)
where bxyby = 0,C € *Z... We choose now infinite prime p € *N, such that
{ p > max(jag|,bw, [bol). (5.9)

2.Using Robinson transfer principle from Eq.(5.6) and Eq.(4.19) one obtains directly

Vr(r e N) :
=Np.r) = i(*al)i(*Mk,,(N,p)) =pC, e 7. (5-10)
=1 k=1
and therefore
Vr(r e N) : .

PI"E(N,p,r).
3.Using Robinson transfer principle from Eq.(5.7) and Eqg.(4.21) one obtains directly

3
*Bri
. g [ DR PR (g) e ]dz
"er(N.p)| = | (e Pu) £ o <
1 L oIl Ol
_ s =zt (*Bus 1 1P g 0 kil
G | IRCe Il < oD
_ [2o)][*g" ()]
L - (p-DY 7

where k = 1,...,*k;,[ = 1,...,r.Note that Ve(e €* R)[e = 0], there exists p = p(¢)

[*go(M)][*g? ' (r)]
(p—-1)!

<e. (5.13)



4. From (5.13) follows that for any ¢ € [0,5] there exists an infinite prime p € *N,

such that
Vr(reN) :
r ki (5.14)
D (a) D (e(N,p)) = €(p) < 1
I=1 k=1
where k=1,....%k;,[=1,...,r..
5. From Eq.(5.5)-Eq.(5.7) we obtain
. *Miy(N,p) + (Cers(N,p)) :|
* " Bri — > > , 5.15
[ ¢ “Mo(N.p) (5.13)

where k=1,....%k;,[=1,...,r.

Part Il.The Wattenberg imbedding *e ™ into *Rq

1.By using Wattenberg imbedding *R & "Rq4, and Gonshor transfer (see subsection
2.8 Theorem 2.17) from Eq.(5.8) one obtains

_ _ #
("Mo(N,p))* = (bS"'b})" +p*C” = (5.16)
= )N i)Y 4 prc?

where bib} = 0%,C* € *Z4.We choose now an infinite prime p € *N such that
{ p* > max(|a|,b%, |bj]). (5.17)

2 By using Wattenberg imbedding *R Z "Rq4, and Gonshor transfer from Eq.(5.10)
one obtains directly

Vr(reN) :
! il P (5.18)
CEN,p.7) =D ((a)®) D ("Mu(N,p))* = p’C] e "Z4
=1 k=1
and therefore
vr(r € N)[p*|C"E(N,p,7)" ]. (5.19)

3.By using Wattenberg imbedding *R & "Rg4,and Gonshor transfer from Eq.(5.14)
one obtains directly



Vr(r e N) :

y < 5.20
Z<(*‘”)#> Z(*Sk,l(N,P))# = ef(p?) < 1. (5.20)
=1 k=1

4 By using Wattenberg imbedding *R A "Rg4,and Gonshor transfer from Eq.(5.15)
one obtains directly
_ CMuNp)* + (er(N,p))”

Bl 2 (*o"Br)? =
{e e (My(N.p))" | G20

where k=1,....k;,[=1,...,r € *N.

Part Ill.Main equality

Remark 5.1 Note that in this subsection we often write for a short ¢” instead
(*a)*,a € R. For example we write

Vr(r e N) :
OBl — W,I(N’P)#+ &i1(N,p)
ME(N,p)

instead Eq.(5.21).

Assumption 5.1. Let f;(z),/ = 1,2,..., be a polynomials with coefficients in
Z.Assume that

for any / € N algebraic numbers over the field Q : S1,,..., Bk, ki > 1,1 = 1,2,...,r
form a

complete set of the roots of f;(z) such that

fi1(z) € Z|z],degfi(z) = ki, I = 1,2,... (5.22)

[=1,2,...,a0 € Qao +0,r =1,2,... .

Note that from Assumption 5.1 by Robinson transfer follows that algebraic numbers
over

*Q :*Bigyeees P, ki > 1,1=1,2,..., forany [ = 1,2,..., form a complete set of the
roots

of *fi(z) such that

*fi(z) € “Z[z],deg(*fi(z)) = kinl=1,2,.... (5.23)
Assumption 5.2. We assume now that there exists a sequence
571:;7]1—’[eQ,l=1,2,...;r=1,2,... (5.24)
and rational number
do = ,31—% € Q, (5.25)

such that



® k
Dl D JePr] < oo, (5.26)
k=1

=1
and

© k
do+ Y dr Y efu =0. (5.27)
=1 k=1

Assumption 5.3. We assume now for a short that the all roots *B1,,...,* Bk,

ki >1,1=1,2,...0f *fi(z) are real.

In this subsection we obtain an reduction of the equality given by Eq.(5.27) in R to
some equivalent equality given by Eq.(3.) in *R4. The main tool of such reduction that
external countable sum defined in subsection 2.8.

Lemma 5.1.Let A<(r) and A.(r) be the sum correspondingly

" >1 k]
A<(r) = aop + Zd} Z eﬁk”,
< e . = (5.28)
As(r) = Z aj Zeﬂk»’.
I=r+1 k=1
N~
Then A.(r) # 0,r = 1,2,...
Proof. Suppose there exist » such that A. () = 0. Then from Eq.(5.27) follows
A<(r) = 0. Therefore by Theorem 4.1 one obtains the contradiction.
Remark 5.2. Note that from Eq.(5.27) follows that in generel case there is a
sequence {m;};, such that
lim m; = oo,
m; ky
VieN)| d+ Y a eP <0 |,
( )[ 0 ; 1; :| (5.29)
m; k;
do +lim (Z d,dew) = 0,
o\ =l k=l

or there is a sequence {mj}]i‘il such that



lim m; = oo,
mj ky
VGieN)| dao+ ) ay el >0 |,
L voen| s Tayoso 0
mj ki
ao +1i1’1’1 Zd[ZQﬁ"’ =0,
L J= =l k=l

or both sequences {m;};, and {m,-}}i‘io with a property that is specified above exist.

Remark 5.3. We assume now for short but without loss of generelity that (5.29) is
satisfied. Then from (5.29) by using Definition 2.17 and Theorem 2.14 (see subsection
2.8) one obtains the equality [4]

A ki
(*ao)* + |:#Ext- Z(*m)#Z(*e*ﬁw)#] - —¢q (5.31)

leN k=1

Remark 5.4.Let A%(r) and A%(r) be the upper external sum defined by

4 r>1 k]
Ai(’,) = o+ Z(*dl)# 2:(*8*,13/(,1)#5
I=1 k=1
< A ki (5.32)
AL(r) = #Ext- Y (*an)* Y (re Pu)",
neN k=1
I=r+1
\
Note that from Eq.(5.31)-Eq.(5.32) follows that
AL(r) + AL(r) = —&a. (5.33)

Remark 5.5. Assume that a, 8 € *Rq and g ¢ *R. In this subsection we will write for
a short ab[«|fg] iff g absorbs a,i.e. B+a = .

Lemma 5.2. —ab[AL(r)|AZ(r)],k = 1,2,...

Proof.Suppose there exists » € N such that ab[A%(»)|A%(»)]. Then from Eq.(5.33) one
obtains

AL(r) = —é&q. (5.34)

From Eq.(5.34) by Theorem 2.11 follows that A.(r) = 0 and therefore by Lemma 5.1
one obtains the contradiction.

Theorem 5.2.[4] The equality (5.31) is inconsistent.

Proof.Let us considered hypernatural number 3 € *N,, defined by countable

sequence

I = (mo,mo X my,...,mo X my X...XmMy,...) (5.35)



From Eq.(5.31) and Eq.(5.35) one obtains

37 x (*do)# + 3% x |:#Ext— Z(*al)# Z(* ﬁkl) :|

[eN (536)
A
=35+ |:#Ext-2 Z(* “Briyt :| *x €4
leN
where
~# #
3t = S%a = =10,
s (5.37)
SH gt = 2041
~ l ~ l # .
m
Remark 5.6.Note that from inequality (5.12) by Gonshor transfer one obtains
[*go)]" g (O] BL|
* N # < 3
["erN.p)| = (" — DI (5.38)
N,p €*Na.
Substitution Eq.(5.21) into Eq.(5.36) gives
0+#Ext-Z Z MNP + el Nop) | oy o (5.39)

leN M#(Na p)

Multiplying Eq.(5.39) by Wattenberg hyperinteger [*Mo(N,p)]* € *Z4 by Theorem 2.13
(see subsection 2.8) we obtain

A ki ki
S MV p) + - 30 357 % 3 MLOND) + e (N.p)] = (5.40
leN k=1 k=1 .

= =3 x [*"Mo(N,p)]" x £a.

By using inequality (5.38) for a given § € "R, § ~ 0 we will choose infinite prime
integer p €*N,,p = p(5) such that:

A
#Ext—ZZ Z el (N,p) € 5% x &q. (5.41)

leN k=1 k=1

Therefore from Eq.(5.40) and (5.41) by using definition (2.15) of the function Int.p(a)



given by Eq.(2.20)-Eq.(2.21) and corresponding basic property | (see subsection 2.7)
of the function Int.p(a) we obtain

Ak ky
Intp(ﬁﬁ x M{(N,p) + #Ext- Y > 3 x > [ M}, (N,p) + ezJ(N,p)]) =
k=1

leN k=1 =

A ki ki (5.42)
34 x M{(N,p) + #Ext- ) > 3 x > M}, (N,p) =
k=1

leN k=1 =

—Int.p(S# x [*Mo(N,p)]" x gd> = -3 x [*Mo(N,p)]" x €a.

From Eq.(5.42) finally we obtain the main equality

Ih < MJ(N,p) + #Exz-ﬁis# X iM}f’,(N,p) = 3% x [*Mo(N,p)]" x &4. (5.43)
leN k=1 k=1
We will choose now infinite prime integer p in Eq.(3.56) p = pe*N. such that
{p" > max(jaf|.b%, b5 |, 3). (5.44)
Hence from Eq.(5.16) follows
P’/ M{(N,p). (5.45)
Note that [*Mo(n,p)]" # 0%.Using (5.44) and (5.45) one obtains:
"/ ME(N.p.r) x 3. (5.46)
Using Eq.(5.11) one obtains
| ML(N,P)kI=12,.... (5.47)

Part I\V.The proof of the inconsistency of the main
equality (5.43)

In this subsection we wil prove that main equality (5.43) is inconsistent. This prooff is
based on the Theorem 2.10 (v), see subsection 2.6.

Lemma 5.3.The equality (5.43) under conditions (5.46)-(5.47) is inconsistent.

Proof. (I) Let us rewrite Eq.(5.43) in the short form

C(N,p) + ZA(N,p) = —-A*(P) x €q, (5.48)

where



A kl k[
SAN,p) = #Ext- 37 M, (N,p),
(N,p) X IEZNk—Zl ! xk_zl (N, p) (5.49)
T(n,p) = 3§ x [*Mo(N,p)]", A" (B) = 3" x ["Mo(N,p)]".
From (5.46)-(5.47) follows that
~H A
I'(N,p),
P T (5.50)
P’ |ZA(N,p).
Remark 5.7.Note that Z"(N,p) ¢ *R.Otherwise we obtain that
ab.p(C(N,p) + ZM(N,p)) = {J}. (5.51)
But the other hand from Eq.(5.48) follows that
ab.p('(N,p) + ZAN,p)) = -A*(p) x &a. (5.52)

But this is a contradiction. This contradiction completed the proof of the statement (I).
(W) Let KZ(k.N, ). X (k,N. ). KZ(h1. ko, N. B) and KZ(k N, p. ). K- (k. N, . 5. be the
external sum correspondingly

/
>1 k[ k[
ot N . -
A<(r,N,p) = T(N,p) + D D 3F x D M ,(N,p),
=1 k=1 k=1
i Ak ky
A NP) = DD 3 x Y MY (N,p),
>r+l k=1 k=1
i ry ki ki
< A<(rira,Nop) = DD S x D MY (N, p), (5.53)
I=r k=1 k=1
" =1 Kk ki
A<(r,N,p.ef) = T, p) + D D 3F x D {ML,(N.p) +&f,(N,p)},
=1 k=1 k=1
i Ak ky
A-(r,N,p,ef;) = #Ext- D D" FF x D ML, (N,p) + e}, (N,p)}.
Pr+l k=1 k=1
X s

Note that from Eq.(5.43) and Eq.(5.53) follows that

~H ~H
Ai(raNaﬁ) +A>(I”,N,ﬁ) = _A#(ﬁ) X &d,
r=1,2,...

Lemma 5.4. (i) Under conditions (5.46)-(5.47)

(5.54)



~H
—ab |:A§(ra Na ﬁa 82,1)

N#

A>(r,N,ﬁ,siJ):|,r —1.2,... . (5.55)

And (ii) Under conditions (5.46)-(5.47)
ﬁab[zi(l’,N,ﬁ)

Kﬁ(r,N,ﬁ)],r 1,2, . (5.56)
Proof. (i) First note that under conditions (5.46)-(5.47) one obtains
[Xi(r,N,f),ng) " 0:|,r _ 1.2, (5.57)

Suppose that there exists » > 0 such that ab[zi(r, N,p.&l;)
Eq.(5.54) one obtains

Xi(r,N,ﬁ,gﬁ’l) ]Then from

K Npoel) = —A'(P) x ea. (5.58)
From Eq.(5.58) by Theorem 2.17 one obtains
—eq = M) x KLWN,Bely) = NP x KL N,Buely) = AL N, Boel).  (5.59)
Thus
—€q = Aﬁ(raNaﬁ’gil)' (560)

From Eq.(5.60) by Theorem 2.11 follows that A.(r) = 0 and therefore by Lemma 5.2
one obtains the contradiction. This contradiction finalized the proof of the Lemma 5.4
(i)

Proof. (ii) This is immediate from the Definition 2.14 (Property |), see subsection
2.7.

(1)

Remark 5.8.(i) Note that from Eq.(5.49) by Theorem 2.10 (v) follws that (N, p)
has the form

IAN,P) = q” + ab.p(Z\(N,p)) =

R (5.61)
= q" + (-A*(P) x £a)
where
N#
# AN B) = 8
q € 2 (Nop) A>(17N’p)7 (562)
q €*Z, andp|q.
(if) Substitution by Eq.(5.61) into Eq.(5.48) gives
T(N,p) + ZA(N,p) = T(N,p) +q" + (-A*(P) x £a) = —A"(P) x ea. (5.63)
Remark 5.9. Note that from (5.63) by definitions follows that
ab[(T(N,p) + q")|(-A*(P) x £a)]. (5.64)

From Eq.(5.63) follows that



L(N,p) +q7 + (=A*(P) x €4) = -A*(P) x &q. (5.68)

Therefore
(A*(3)) ' [T(N,P) +q*] + (~¢a) = —¢a. (5.69)
Now we dealing with semiring *Q3(e,p), (see subsection 2.16.2).By consideration
similarly

as above we obtain
(A (D)™ »r3e) [T\, D) Forze) 4771 = 077,

o o ) S (5.70)
(A=) ~rje) [N, D) Hr50) 7] wpzey = (A (D))
and

(AZ(P)) ™ sy [TON,L D) Torzee) 477 ] Forse) (—R3cep Eale; *R7())) =

= —R3(ep) £a(&; "R7(€)).

(5.71)

From inequality (5.38) follows that we willin to choose p and ¢ ~ 0 such that
(A () ¢ & R(2)). (5.72)

But this is a contradiction. This contradiction completed the proof of the Lemma 5.3.
Remark 5.11. Note that by Definitions 2.19-2.20 and Theorem 2.18 from

Assumption 5.1 and Assumption 5.2 follows
2

= |-€d|* = €a. (5.73)

A

ki
(*do)# n |:#Ext- Z(*dl)# Z(*e*ﬁk,l)#:|

leN k=1

Theorem 5.3.The equality (5.73) is inconsistent.

Proof. The proof of the Theorem 5.3 copies in main details the proof of the Theorem
5.2.

Theorem 5.3 completed the proof of the main Theorem 1.6.
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