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Preface

Usually the models of real world problems in almost all disciplines like en-

gineering, medical sciences, mathematics, physics, computer science, man-

agement sciences, operations research and artificial intelligence are mostly

full of complexities and consist of several types of uncertainties while deal-

ing them in several occasion. To overcome these diffi culties of uncertainties,
many theories have been developed such as rough sets theory, probability

theory, fuzzy sets theory, theory of vague sets, theory of soft ideals and the
theory of intuitionistic fuzzy sets, theory of neutrosophic sets, Dezert-
Smarandache Theory (DSmT), etc. Zadeh discovered the relationships of
probability and fuzzy set theory which has appropriate approach to deal
with uncertainties. Many authors have applied the fuzzy set theory to gen-
eralize the basic theories of Algebra. Mordeson et al. [26] has discovered the
grand exploration of fuzzy semigroups, where theory of fuzzy semigroups is
explored along with the applications of fuzzy semigroups in fuzzy coding,
fuzzy finite state mechanics and fuzzy languages and the use of fuzzifica-
tion in automata and formal language has widely been explored. Moreover
the complete l-semigroups have wide range of applications in the theories of
automata, formal languages and programming. It is worth mentioning that
some recent investigations of l-semigroups are closely connected with
algebraic logic and non-classical logics.

An AG-groupoid is a mid structure between a groupoid and a commuta-
tive semigroup. Mostly it works like a commutative semigroup. For instance
a’b? = b%a?, for all a, b holds in a commutative semigroup, while this equa-
tion also holds for an AG-groupoid with left identity e. Moreover ab = (ba)e
for all elements a and b of the AG-groupoid. Now our aim is to discover
some logical investigations for regular and intra-regular AG-groupoids us-
ing the new generalized concept of fuzzy sets. It is therefore concluded
that this research work will give a new direction for applications of fuzzy
set theory particularly in algebraic logic, non-classical logics, fuzzy coding,
fuzzy finite state mechanics and fuzzy languages.

In [28], Murali defined the concept of belongingness of a fuzzy point to
a fuzzy subset under a natural equivalence on a fuzzy subset. The idea of
quasi-coincidence of a fuzzy point with a fuzzy set is defined in [32]. Bhakat
and Das [1, 2] gave the concept of (a, §)-fuzzy subgroups by using the “be-
longs to” relation € and “quasi-coincident with” relation ¢ between a fuzzy
point and a fuzzy subgroup, and introduced the concept of an (€, € Vq)-
fuzzy subgroups, where o, 5 € {€,q,€ Vg, € Aq} and o #€ Agq. Davvaz
defined (€, € Vq)-fuzzy subnearrings and ideals of a near ring in [4]. Jun
and Song initiated the study of («, 3)-fuzzy interior ideals of a semigroup



in [14]. In [35] regular semigroups are characterized by the properties of
their (€, € Vq)-fuzzy ideals. In [34] semigroups are characterized by the
properties of their (€, € Vi )-fuzzy ideals.

In chapter one we have introduced the concept of (€, € Vq)-fuzzy ideals
in an AG-groupoid. We have discussed several important features of a com-
pletely regular AG-groupoid by using the (€, € Vq)-fuzzy left (right, two-
sided) ideals, (€, € Vq)-fuzzy (generalized) bi-ideals and (€, € Vq)-fuzzy
(1,2)-ideals.

In chapter two, we investigate some characterizations of regular and
intra-regular Abel-Grassmann’s groupoids in terms of (€,€ Vg)-fuzzy
ideals and (€, € Vg )-fuzzy quasi-ideals.

In chapter three we introduce (€., €, Vgs)-fuzzy right ideals in an AG-
groupoid. We characterize intra-regular AG-groupoids using the properties
of (€4, €, Vgs)-fuzzy subsets and (€., €, Vgs)-fuzzy right ideals.

In chapter four we introduce the concept of (€., €, Vgs)-fuzzy quasi-
ideals in AG-groupoids. We characterize intra-regular AG-groupoids by the
properties of these ideals.

In chapter five we introduce (€, €, Vgs)-fuzzy prime (semiprime) ideals
in AG-groupoids. We characterize intra regular AG-groupoids using the
properties of (€., €, Vg¢s)-fuzzy semiprime ideals.



1

Generalized Fuzzy Interior
Ideals of AG-groupoids

In this chapter, we have introduced the concept of (€, € Vg)-fuzzy ideals in
an AG-groupoid. We have discussed several important features of a com-
pletely regular AG-groupoid by using the (€, € Vq)-fuzzy left (right, two-
sided) ideals, (€, € Vq)-fuzzy (generalized) bi-ideals and (€, € Vq)-fuzzy
(1,2)-ideals. We have also used the concept of (€, € Vqi)-fuzzy left (right,
two-sided) ideals, (€, € Vqi)-fuzzy quasi-ideals (€, € Vg )-fuzzy bi-ideals
and (€, € Vg )-fuzzy interior ideals in completely regular AG-groupoid and
proved that the (€, € Vgy)-fuzzy left (right, two-sided), (€, € Vqi)-fuzzy
(generalized) bi-ideals, and (€, € Vg )-fuzzy interior ideals coincide in a
completely regular AG-groupoid.

1.1 Introduction

Fuzzy set theory and its applications in several branches of Science are
growing day by day. Since pacific models of real world problems in var-
ious fields such as computer science, artificial intelligence, operation re-
search, management science, control engineering, robotics, expert systems
and many others, may not be constructed because we are mostly and un-
fortunately uncertain in many occasions. For handling such diffi culties we
need some natural tools such as probability theory and theory of fuzzy sets
[40] which have already been developed. Associative Algebraic struc- tures
are mostly used for applications of fuzzy sets. Mordeson, Malik and Kuroki
[26] have discovered the vast field of fuzzy semigroups, where the- oretical
exploration of fuzzy semigroups and their applications are used in fuzzy
coding, fuzzy finite-state machines and fuzzy languages. The use of
fuzzification in automata and formal language has widely been explored.
Moreover the complete l-semigroups have wide range of applications in the
theories of automata, formal languages and programming.

The fundamental concept of fuzzy sets was firstintroduced by Zadeh [40]
in 1965. Given a set X, a fuzzy subset of X is, by definitionan arbitrary
mapping f : X — [0,1] where [0,1] is the unit interval. Rosenfeld intro-
duced the definition of a fuzzy subgroup of a group [33]. Kuroki initiated
the theory of fuzzy bi ideals in semigroups [18]. The thought of belonging-
ness of a fuzzy point to a fuzzy subset under a natural equivalence on a
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fuzzy subset was defined by Murali [28]. The concept of quasi-coincidence of
a fuzzy point to a fuzzy set was introduce in [32]. Jun and Song introduced
(a, B)-fuzzy interior ideals in semigroups [14].

In [28], Murali defined the concept of belongingness of a fuzzy point to
a fuzzy subset under a natural equivalence on a fuzzy subset. The idea of
quasi-coincidence of a fuzzy point with a fuzzy set is defined in [32]. Bhakat
and Das [1, 2] gave the concept of (a, §)-fuzzy subgroups by using the “be-
longs to” relation € and “quasi-coincident with” relation ¢ between a fuzzy
point and a fuzzy subgroup, and introduced the concept of an (€, € Vq)-
fuzzy subgroups, where o, 5 € {€,q,€ Vg, € Aq} and o #€ Agq. Davvaz
defined (€, € Vq)-fuzzy subnearrings and ideals of a near ring in [4]. Jun
and Song initiated the study of («, 3)-fuzzy interior ideals of a semigroup
in [14]. In [35] regular semigroups are characterized by the properties of
their (€, € Vq)-fuzzy ideals. In [34] semigroups are characterized by the
properties of their (€, € Vg )-fuzzy ideals.

In this paper, we have introduced the concept of (€, € Vgy)-fuzzy ideals
in a new non-associative algebraic structure, that is, in an AG-groupoid and
developed some new results. We have defined regular and intra-regular AG-
groupoids and characterized them by (€, € Vg )-fuzzy ideals and (€, € Vgx)-
fuzzy quasi-ideals.

An AG-groupoid is a mid structure between a groupoid and a commuta-
tive semigroup. Mostly it works like a commutative semigroup. For instance
a’b? = b%a?, for all a, b holds in a commutative semigroup, while this equa-
tion also holds for an AG-groupoid with left identity e. Moreover ab = (ba)e
for all elements a and b of the AG-groupoid. Now our aim is to discover
some logical investigations for regular and intra-regular AG-groupoids us-
ing the new generalized concept of fuzzy sets. It is therefore concluded
that this research work will give a new direction for applications of fuzzy
set theory particularly in algebraic logic, non-classical logics, fuzzy coding,
fuzzy finite state mechanics and fuzzy languages.

1.2  Abel Grassmann Groupoids
The concept of a left almost semigroup (LA-semigroup) [16] or an AG-
groupoid was first given by M. A. Kazim and M. Naseeruddin in 1972. an
AG-groupoid M is a groupoid having the left invertive law,

(ab)c = (cb)a, for all a, b, c € M. (1)
In an AG-groupoid M, the following medial law [16] holds,

(ab)(cd) = (ac)(bd), for all a, b, ¢, d € M. (2)
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The left identity in an AG-groupoid if exists is unique [27]. In an AG-
groupoid M with left identity the following paramedial law holds [31],

(ab)(cd) = (dc)(ba), for all a,b,c,d € M. (3)
If an AG-groupoid M contains a left identity, then,

a(bc) = b(ac), for all a, b, c € M. (4)

1.3 Preliminaries

Let S be an AG-groupoid. By an AG-subgroupoid of S, we means a non-
empty subset A of S such that A2 C A. A non-empty subset A of an AG-
groupoid S is called a left (right) ideal of S if SA C A (AS C A) and it is
called a two-sided ideal if it is both left and a right ideal of S. A non-empty
subset A of an AG-groupoid S is called quasi-ideal of S if SAN AS C A.
A non-empty subset A of an AG-groupoid S is called a generalized bi-ideal
of S if (AS)A C A and an AG-subgroupoid A of S is called a bi-ideal of
S if (AS)A C A. A non-empty subset A of an AG-groupoid S is called an
interior ideal of S if (SA)S C A.

If S is an AG-groupoid with left identity e then S = S2. It is easy to see
that every one sided ideal of S is quasi-ideal of S. In [30] it is given that
Lla] = aU Sa, I[a] = aU SaUaS and Qla] = a U (aS N Sa) are principal
left ideal, principal two-sided ideal and principal quasi-ideal of S generated
by a. Moreover using (1), left invertive law, paramedial law and medial law
we get the following equations

a(Sa) = S(aa) = Sa?, (Sa)a = (aa)S = a*S and (Sa) (Sa) = (S9) (aa) = Sa*.

To obtain some more useful equations we use medial, paramedial laws
and (1), we get

(Sa)? = (Sa)(Sa) = (S9)a? = (aa)(SS) = S((aa)S)
= (89)((aa)S) = (Sa*)SS = (Sa?)S.
Therefore
Sa? = a*S = (Sa?)S. (2)

The following definitions are available in [26].

A fuzzy subset f of an AG-groupoid S is called a fuzzy AG-subgroupoid
of S if f(xy) > f(x) A f(y) for all z, y € S. A fuzzy subset f of an
AG-groupoid S is called a fuzzy left (right) ideal of S if f(zy) > f(v)
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(f(zy) > f(z)) for all z, y € S. A fuzzy subset f of an AG-groupoid S
is called a fuzzy two-sided ideal of S if it is both a fuzzy left and a fuzzy
right ideal of S. A fuzzy subset f of an AG-groupoid S is called a fuzzy
quasi-ideal of S if foCgNCgo f C f. A fuzzy subset f of an AG-groupoid
S is called a fuzzy generalized bi-ideal of S if f((za)y) > f(z) A f(y), for all
xz,aand y € S. A fuzzy AG-subgroupoid f of an AG-groupoid S is called a
fuzzy bi-ideal of S if f((za)y) > f(x) A f(y), for all z, a and y € S. A fuzzy
AG-subgroupoid f of an AG-groupoid S is called a fuzzy interior ideal of
S if f((za)y) > f(a), for all z, a and y € S. Let f be a fuzzy subset of an
AG-groupoid S, then f is called a fuzzy prime if max{f(a), f(b)} > f(ab),
for all a,b € S. f is called a fuzzy semiprime if f(a) > f(a?), for all a € S.

Let f and g be any two fuzzy subsets of an AG-groupoid S, then the
product f o g is defined by,

\/ {f(d) Ag(c)}, if there exist b,c € S, such that a = be.
(f o g) (CL) = a=bc

0, otherwise.

The symbols fNg and f U g will means the following fuzzy subsets of S
(f Ng)(x) = min{f(z), g(x)} = f(x) Ag(z), for all z in S

and

(fUg)(x) =max{f(z), g(z)} = f(z) Vg(x), for all z in S.

Let f be a fuzzy subset of an AG-groupoid S and ¢ € (0,1]. Then z; € f
means f(x) > t, x,qf means f(z)+¢ > 1, x;a V 8f means zaf or z8f,
where «, 5 denotes any one of €, q, € Vq, € Aq. zza A ff means z,af and
x:Bf, xraf means z;af does not holds. Generalizing the concept of x;qf,
Jun [13, 14] defined z:qi f, where k € [0,1), as f (z) +t+k > 1. 2+ € Vqi f
ifxy € f or zqrf.

Let f and g be any two fuzzy subsets of an AG-groupoid S, then for
k € ]0,1), the product f o g is defined by,

T (@ \/ {F(b) Aglc) A %} , if there exist b,c € S, such that a = be.
%k g)\a) = a=bc

0, otherwise.

The symbols f A g and fV g will means the following fuzzy subsets of an
AG-groupoid S.

(f AN g)(x) =min{f(x),g(x)} for all z in S.

(fVg)(x) =max{f(x),g(x)} for all x in S.

Definition 1 A fuzzy subset f of an AG-groupoid S is called fuzzy AG-
subgroupoid of S if for all x,y € S and k € [0,1) such that f(zy) >

min{f(z), f(y), 45" }.
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Definition 2 A fuzzy subset f of an AG-groupoid S is called fuzzy left
(right) ideal of S if for all x,y € S and k € [0,1) such that f(zy) >
min{f(y), 5} (f(zy) > min{ f(z), 55 }).

A fuzzy subset f of an AG-groupoid S is called fuzzy ideal if it is fuzzy
left as well as fuzzy right ideal of S.

Definition 3 A fuzzy subset f of an AG-groupoid S is called fuzzy quasi
ideal of S, if
f(a) = min{(f o <)(a),(so f)(a), 155} where < is the fuzzy subset of S

mapping every element of S on 1.

Definition 4 A fuzzy subset f is called a fuzzy generalized bi-ideal of S

if f((za)y) > min{f(x),f(y),%}, forall x, a and y € S. A fuzzy AG-
subgroupoid f of S is called a fuzzy bi-ideal of S if f((za)y) > min{ f(x), f(y), %},
for all z,a,y € S and k € 0,1).

Definition 5 An (€, € Vqi)-fuzzy subset f of an AG-groupoid S is called
prime if for all a,b € S and t € (0, 1], it satisfies,
(ab): € f implies that ay € Vqp.f or by € Vai f.

Theorem 6 An (€,€ Vqi)-fuzzy ideal f of an AG-groupoid S is prime if
for all a,b € S, it satisfies,
max {f (), f (b)} > min{f (ad) , +5*}.

Proof. It is straightforward. m

Definition 7 A fuzzy subset f of an AG-groupoid S is called (€, € Vqy)-
fuzzy semiprime if it satisfies,
a? € f this implies that a; € Vai.f for alla € S and t € (0,1].

Theorem 8 An (€, € Vqg)-fuzzy ideal f of an AG-groupoid S is called
semiprime if for any a € S and k € [0,1), if it satisfies,

f (@) > min{f (%) , 154}
Proof. It is easy. m

Definition 9 For a fuzzy subset F of an AG-groupoid M and t € (0,1],
the crisp set U(F;t) = {x € M such that F(x) >t} is called a level subset
of F.

Definition 10 A fuzzy subset F' of an AG-groupoid M of the form
_ te(0,1]ify==x
Fy) = { 0 ify#uz
is said to be a fuzzy point with support z and value ¢ and is denoted by ;.

Lemma 11 A fuzzy subset F' of an AG-groupoid M is a fuzzy interior
ideal of M if and only if U(F;t) (£ 0) is an interior ideal of M.
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Definition 12 A fuzzy subset F of an AG-groupoid M is called an (€, €
Vq)-fuzzy interior ideal of M if for all t,r € (0,1] and z,a,y € M.

(A1) z¢ € F and y, € I implies that (vy)minge,ry € VaF.

(A2) a; € F implies ((za)y): € VgF.

Theorem 13 For a fuzzy subset F' of an AG-groupoid M. The conditions
(A1) and (A2) of Definition 4, are equivalent to the following,

(A3) (Vz,y € M)F(zy) > min{F(z), F(y),0.5}

(A4) (Vz,a,y € M)F((za)y) > min{F(a),0.5}.

Lemma 14 A fuzzy subset F' of an AG-groupoid M is an (€, € Vq)-fuzzy
interior ideal of M if and only if U(F;t) (£ 0) is an interior ideal of M,
for all t € (0,0.5].

Proof. Let F' be an (€, € Vq)-fuzzy interior ideal of M. Let z,y € U(F';t)
and t € (0,0.5], then F(z) >t and F(y) > t, so F(z) A F(y) > t. As F is
an (€, € Vq)-fuzzy interior ideal of M, so

F(zy) > F(x) ANF(y) N0.5 >t N0.5 =1.

Therefore, zy € U(F';t). Now if x,y € M and a € U(F;t) then F(a) >t
then F((za)y) > F(a) A0.5 >t A 0.5 = ¢t. Therefore ((za)y) € U(F;t) and
U(F;t) is an interior ideal.

Conversely assume that U(F';t) is an interior ideal of M. If x,y € U(F';t)
then F(x) > t and F'(y) > r which shows z; € F and y, € F as U(F;t)
is an interior ideal so xy € U(F;t) therefore F(zy) > min{¢,r} implies
that (2Y)minge,ry € F, 50 (TY)minge,ry € VgF. Again let x,y € M and
a € U(F;t) then F(a) > t implies that a; € F and U(F;t) is an interior
ideal so ((za)y) € U(F;t) then F((za)y) > t implies that ((za)y); € F so
((xa)y): € VgF. Therefore F is an (€, € Vq)-fuzzy interior ideal. m

Definition 15 A fuzzy subset F of an AG-groupoid M is called an (€, €
Vq)-fuzzy bi-ideal of M if for all t,r € (0,1] and z,y,z € M.

(B1) @y € F and y, € F implies that (2Y)min{t,r} € VqF.

(B2) y € F and 2, € F implies ((7Y)2)min{t,ry € VGF'

Theorem 16 For a fuzzy subset F' of an AG-groupoid M. The conditions
(B1) and (B2) of Definition 5, are equivalent to the following,

(B3) (Vz,y € M)F(zy) > min{F(z), F(y),0.5}

(B4) (Vz,y,z € M)F((zy)z) > min{F(x), F(y),0.5}.

Proof. It is similar to proof of theorem 13. =

Definition 17 A fuzzy subset F' of an AG-groupoid M is called an (€, € Vq)-
fuzzy (1,2) ideal of M if

(7) F(zy) > min{F(x), F(y),0.5}, for all z,y € M.

(#9) F((za)(yz)) > min{F(z), F(y), F(z),0.5}, for all x,a,y,z € M.
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Example 18 Let M = {1,2,3} be a right regular modular groupoid and
7.7 be any binary operation defined as follows:

F(3)=0.2.

Then we can see easily F'(1-3) > F (3) A 0.5 that is F is an (€,€ Vq)-
fuzzy left ideal but F is not an (€, € Vq)-fuzzy right ideal.

Theorem 19 Every (€, € Vq)-fuzzy bi-ideal is an (€, € Vq)-fuzzy (1,2)
ideal of an AG-groupoid M, with left identity.

Proof. Let F be an (€, € Vq)-fuzzy bi-ideal of M and let z,a,y,2 € M
then by using (4) and (1), we have

F((za)(yz)) = F(y((za)z)) = min{F(y), F((za)z),0.5}
= min{F(y), F((za)z),0.5} > min {F(y), F(z), F(x),0.5,0.5}
= min{F(y), F(z), F(z),0.5}.

Therefore F is an (€, € Vq)-fuzzy (1,2) ideal of an AG-groupoid M. =

Theorem 20 Every (€, € Vq)-fuzzy interior ideal is an (€, € Vq)-fuzzy
(1,2) ideal of an AG-groupoid M, with left identity e.

Proof. Let F' be an (€, € Vg)-fuzzy interior ideal of M and let z,a,y,z € M
then by using (1), we have

F((za)(yz)) > min{F(za), F(yz),0.5} > min{F(za), F(y), F(z),0.5,0.5}
= min{F((ex)a), F(y), F(2),0.5} = min {F((az)e), F(y), F'(2),0.5}
> min{F(x), F(y), F(2),0.5,0.5} = min {F(z), F(y), F(z),0.5} .

Therefore F is an (€, € Vq) —fuzzy (1,2) ideal of an AG-groupoid M. m

Theorem 21 Let ® : M — M be a homomorphism of AG-groupoids and
F and G be (€, € Vq)-fuzzy interior ideals of M and M ,respectively. Then
(i) @1 (G) is an (€, € Vq)-fuzzy interior ideal of M.
(1) If for any subset X of M there exists xo € X such that F (z,) =
\/{F () |z € X}, then ®(F) is an (€, € Vq)-fuzzy interior ideal of M’
when @ is onto.

Proof. Tt is same as in [14]. m
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1.4 Completely Regular AG-groupoids
Definition 22 an AG-groupoid M is called regular, if for each a € M

there exist x € M such that a = (ax) a.

Definition 23 an AG-groupoid M is called left (right) regular, if for each
a € M there exist 2 € M (y € M) such that a = za? (a = a2y).

Definition 24 an AG-groupoid M is called completely regular if it is reg-
ular, left reqular and right regular.

Example 25 Let M = {1,2,3,4} and the binary operation” -” defined on
M as follows:

|1 2 3 4
1[4 1 2 3
203 4 1 2
302 3 4 1
411 2 3 4

Then clearly (M,-) is a completely regular AG-groupoid with left identity
4.

Theorem 26 If M is an AG-groupoid with left identity e, then it is com-
pletely regular if and only if a € (a®>M)a?

Proof. Let M be a completely regular AG-groupoid with left identity e,
then for each a € M there exist x,y,z € M such that a = (az)a, a = a*y
and a = za?, so by using (1), (4) and (3), we get

a =

|
~ o~ o~
—
S
[ V)
IS

2

\_/,\

Conversely, assume that a € (a?M)a? then clearly a = ay and a = za

now using (3), (1) and (4), we get

a®*M)a® = (a*M) (aa) = (aa) (Ma®) = (aa

(

= (aa) ((eM))(aa)) = (aa) ((aa) (Me)

= (aa) (aQM)—(( 2M) a)a = (((aa) M) a)a = ((aM) (aa)) a
(

a((Ma)a))a C (aM)a.

Therefore M is completely regular. m

a €

Theorem 27 If M is a completely regular AG-groupoid with left identity
e, then every (€, € Vq)-fuzzy (1,2) ideal of M is an (€, € Vq)-fuzzy bi-ideal
of M.
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Proof. Let M be a completely regular with left identity e, and let F' be an
(€, € Vq)-fuzzy (1,2) ideal of M. Then for z € M there exists b € M such
that z = (22b)2?, so by using (1) and (4), we have

F((ya)((z*b)a?))
?),05)

F(z),0.5,0.5}
) 5}

0.
y),0.5}
),

F((((2*b)a*)a)y) =
min { F(y), F(z°b),
), F(ab),

= y), F(2?b),
= min{F (
(

(z2)b), F
min {F((bx)z), F(z y),0.5}
min {F(bx), F(x),0.5, F(z), F(y),0.5}
min {F(bz). F(x) F(y),0.5}
min { F(b((2%b)z?)), F(z), F(y),0.5}
= min{F((2?0)(ba?)), F(z), F(y),0.5}
= mln{F(((be)) 2),F(x),F(y),0.5}

F((za)y)

&

F
F

ARV}

( F(
min { F(y F(z),
min { F'( F(x)

( ), F(

( ) F(

| IAVART

(I
=
s B
= =
I
~—~ ~ ~ —~
8
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S
D
~—
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(AVARIVS

I
=
=)

—
’11

Therefore, F is an (€, € Vq)-fuzzy bi-ideal of M. =

Theorem 28 If M is a completely regular AG-groupoid with left identity
e, then every (€, € Vq)-fuzzy (1,2) ideal of M is an (€, € Vq)-fuzzy interior
ideal of M.

Proof. Let M be a completely regular with left identity e, and F' is an
(€, € Vg)-fuzzy (1,2) ideal of M. Then for x € M there exists y € M such
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that = = (2%y)2?, so by using (4), (1), (2) and (3), we have
2

F((ax)b) = F((a((z®y)a?))b) = F(((z*y)(az?))b)
= F((b(az*))(zy)) = F((b(a(zx)))(z*y))
= F((b(z(ax)))(@®y)) = F((z(b(ax)))((z2)y))
= F((z(b(ax)))((yz)z)) = F((z(yz))((b(az))x))
= F(((ex)(yz))((z(az))b)) = F(((zx)(ye))((a(zz))b))
= F(((zz)(ye))((b(zz))a) = F(((zz)(b(zx)))((ye)a))
= F((b((zz)(zz)))((ye)a)) = F((b(ye))((zz)(zz))a))
= F((a((zz)(z2)))((ye)b)) = F(((zz)(a(z)))((ye)d))
= F((((ye)b)(a(zx)))(zz)) = F((((ye)b)(z(ax)))(zz))
= F((z(((ye)b)(ax)))(zz)) = min{F (), F(z), F(z),0.5}

min{F(x),0.5}.

Therefore F is an (€, € Vq)-fuzzy interior ideal of M. m

Theorem 29 Let F be an (€, € Vq)-fuzzy bi-ideal of an AG-groupoid M. If
M is a completely reqular and F(a) < 0.5 for allz € M then F(a) = F(a?)
foralla e M.

Proof. Let a € M then there exist z € M such that a = (a®z)a?, then we
have

F(a) F((a®z)a*) > min{F(a?), F(a?),0.5}
min{F(a?),0.5} = F(a*) = F(aa)
min{F(a), F(a),0.5} = F(a).

Therefore F(a) = F(a?). m

AV

Theorem 30 Let F be an (€, € Vq)-fuzzy interior ideal of an AG-groupoid
M with left identity e. If M is a completely reqular and F(a) < 0.5 for all
x € M then F(a) = F(a®) for alla € M.

Proof. Let a € M then there exists z € M such that a = (a?z)a?, using
(4), (1) and (3), we have

F(a) = F((a’x)a®) = F((a*v)(aa)) = F(a((a

[
DT
=3
T =
ng
~— ~—
T2 8
H\/

Vvl
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1.5 (€, € Vq)-fuzzy Ideals in AG-groupoids

It has been given in [13] that x:qxF is the generalizations of z;qF, where
k is an arbitrary element of [0,1) as zyqi F if F(z)+t+k > 1. If 2, € F
or zqiF' implies x; € Vg F. Here we discuss the behavior of (€, € Vqy)-
fuzzy left ideal, (€, € Vqy)-fuzzy right ideal,(€, € Vqy)-fuzzy interior ideal,
(€,€ Vqi)-fuzzy bi-ideal, (€,€ Vqi)-fuzzy quasi-ideal in the completely
regular AG-groupoid M.

Example 31 Let M = {1,2,3} be any AG-groupoid with binary operation
7.7 defined as in Example 18. Let F be a fuzzy subset of M such that

F(1)=07, F(2)=04, F(3)=03.

If we choose k € [0.3,1], then we can see that F (1-3) > F (1) A15% and
F (13) > F (3)AL5E by a simple calculation that is F is an (€, € Vay,)-fuzzy
ideal but clearly F is not an (€, € Vq)-fuzzy ideal.

Definition 32 A fuzzy subset F' of an AG-groupoid M is called an (€
, € Vqi)-fuzzy subgroupoid of M if for all x,y € M and t,r € (0,1] the
following condition holds

z; € F,y, € F implies (TY)min{t,r} € V@ F.

Theorem 33 Let F be a fuzzy subset of M. Then F is an (€, € Vqi)-fuzzy
subgroupoid of M if and only if F(xy) > min{F(z), F(y), lgk .

Proof. It is similar to the proof of Theorem 13. m

Definition 34 A fuzzy subset F' of an AG-groupoid M is called an (€, €
Vaqr)-fuzzy left (right) ideal of M if for all x,y € M and t,r € (0,1] the
following condition holds

ye € F implies (zy), € Vap I (y1 € F' implies (yz), € Var ') .

Theorem 35 Let F be a fuzzy subset of M. Then F is an (€, € Vqi)-fuzzy
left (right) ideal of M if and only if F(zy) > min{F(y), 155} (F(zy) > min{F(z), :5%}).

Proof. Let F be an (€, € Vqy)-fuzzy left ideal of M. Suppose that there
exist ,y € M such that F (zy) < min {F (y), %} Choose a t € (0,1]
such that F (zy) <t <min {F (y),25%}. Then y; € F but (zy), ¢ F and
F(zy)+t+k < 355+ 155 + k =1, so (zy), € VgiF, a contradiction.
Therefore F(zy) > min{F(y), 155 }.

Conversely, assume that F(zy) > min{F(y), 55%}. Let 2,y € M and
t € (0,1] such that yt E M then F(y) > t then F(zy) > min{F(y), 5%} >
min{t, 155} If t > 155 then F(ay) > 55 SoF(gcy)—i—t—&—k>1—"—!—1 kot
k = 1, which implies that (zy), qrF. Ift < 155 then F(zy) > t. Therefore
F(xy) > t which implies that (zy), € F. Th ( Y), € VqiF. m
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Corollary 36 A fuzzy subset F of an AG-groupoid M is called an (€, €
Vay)-fuzzy ideal of M if and only if F(zy) > min{F(y), 155} and F(zy) >
min{F(z), 5}

Definition 37 A fuzzy subset F' of an AG-groupoid M is called an (€, €
Vi )-fuzzy generalized bi-ideal of M if for all x,y,z € M and t,r € (0,1]
the following conditions hold

Definition 38 A fuzzy subset F of an AG-groupoid M is called an (€, €
Vq)-fuzzy bi-ideal of M if for all z,y,z € M and t,r € (0,1] the following
conditions hold

(1) If xy € F and y,. € M implies (zy)min{t)r} € Vi F,

(i) If e € F and z, € M implies ((xY) 2) pinge,rp € VA F'

Definition 39 A fuzzy subset F of an AG-groupoid M is called an (€
, € Vqi)-fuzzy generalized bi-ideal of M If vy € F and z, € M implies
((zy) z)min{w} e Vg F, for all z,y,z € M and t,r € (0,1]

Theorem 40 Let F' be a fuzzy subset of M. Then F is an (€, € Vqi)-fuzzy
bi-ideal of M if and only if
(6) Foy) > min{F (z), F(y),
(i1) F((zy)2) > min{F(z), F (

55} for all z,y € M and k € [0,1),
2), %} forall z,y,z € M and k € [0,1).
Proof. It is similar to the proof of Theorem 13. m

Corollary 41 Let F be a fuzzy subset of M. Then F is an (€, € Vq)-fuzzy
generalized bi-ideal of M if and only if F((zy)z) > min{F(z), F (z), %}
forallz,y,z € M and k € [0,1).

Definition 42 A fuzzy subset F of an AG-groupoid M is called an (€, €
Vq)-fuzzy interior ideal of M if for all z,a,y € M and t,r € (0,1] the
following conditions hold

(i) If v € F and y, € M implies (2Y)yingey € VA F,

(i) If ax € M implies ((2a) Y)yingsry € VA E-

Theorem 43 Let F be a fuzzy subset of M. Then F is an (€, € Vqi)-fuzzy
interior ideal of M if and only if

(i) F(zy) > min{F (z),F(y), 5%} for allz,y € M and k € [0,1),

(i1) F((za)y) > min{F(a), 355} for all z,a,y € M and k € [0,1).

Proof. It is similar to the proof of Theorem 13. m

Lemma 44 The intersection of any family of (€,€ Vqi)-fuzzy interior
ideals of AG-groupoid M is an (€, € Vqyi)-fuzzy interior ideal of M.

Proof. Let {F;},.; be a family of (€, € Vqi)-fuzzy interior ideals of M
and z,0,y € M. Then (AierF)((za)y) = Aier(Fi((za)y). As cach F, is
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an (€, € Vqy,)-fuzzy interior ideal of M, so F;((za)y) > F;(a) A 15 for all
t € I. Thus

(B (o) = Ner(Fl(@0)) > ver (Rl n -5 )

= (NerFi(a)) A % = (ANierFi) (a) A %

Therefore A1 F; is an (€, € Vg )-fuzzy interior ideal of M. m

Definition 45 Let f and g be a fuzzy subsets of AG-groupoid S, then the
k-product of f and g is defined by

\/ min{f(a), f(b), 5%} if there exists b,c € S such that a = bc,
(fokg)(a) = a=bc
0 otherwise.
where k € [0,1).
The k intersection of f and g is defined by
1—-k
(f (e 9)(@) = {F(a) A FB) AT} for all a € S.
Definition 46 A fuzzy subset F of an AG-groupoid M is called an (€, €
Vi )-fuzzy quasi-ideal of M if following condition holds

F(z)> min{(Fol) (z),(1o F) (z),12k}

where 1 is the fuzzy subset of M mapping every element of M on 1.

Lemma 47 If M is a completely regular AG-groupoid with left identity,
then a fuzzy subset F' is an (€, € Vqi)-fuzzy right ideal of M if and only if
F is an (€, € Vqy)-fuzzy left ideal of M.

Proof. Let F' be an (€, € Vg )-fuzzy right ideal of a completely regular AG-
groupoid M, then for each a € M there exists z € M such that a = (a?z)a?,
then by using (1), we have

F(ab) = F(((a®x)a®)b) = F((ba®)(a’))
1—-k 1—-k

> AN —2 > -
> F(ba®) A —5— 2 F(b) A —

Conversely, assume that F' is an (€, € Vq)-fuzzy right ideal of M, then
by using (1), we have

F(ab) = F(((a*x)a®)b) = F((ba*)(a’x))
1—k 1—k
> F(a’z) A —— = F((aa)z) A —5
= F«ﬂmnAl%fzfmoAlgf
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Theorem 48 If M is a completely regular AG-groupoid with left identity,
then a fuzzy subset F is an (€, € Vqy)-fuzzy ideal of M if and only if F is
an (€, € Vqi)-fuzzy interior ideal of M.

Proof. Let F be an (€, € Vqi)-fuzzy interior ideal of a completely regular
AG-groupoid M, then for each a € M there exists x € M such that a =
(a®x)a?, then by using (4) and (1), we have

1—-k

F(ab) = F(((a*x)a®)b) > F(aa) > F(a) A F(a) A 5 and
F(ab) = F(a((t®y)b*))F((b*y)(ab?)) = F(((b)y)(ab®))
= F(OD@) > FO) A

The converse is obvious. ®m

Theorem 49 If M is a completely regular AG-groupoid with left identity,
then a fuzzy subset F' is an (€,€ Vqi)-fuzzy generalized bi-ideal of M if
and only if F is an (€, € Vqy)-fuzzy bi-ideal of M.

Proof. Let F be an (€, € Vg )-fuzzy generalized bi-ideal of a completely
regular AG-groupoid M, then for each a € M there exists © € M such that
a = (a?w)a?, then by using (4), we have

F(ab) = F(((a’x)a®)b) = F(((a’z)(aa))b)
1-k

= F((a((a®z)a))b) > F(a) A F(b) A —5

The converse is obvious. =

Theorem 50 If M is a completely regular AG-groupoid with left identity,
then a fuzzy subset F' is an (€, € Vqi)-fuzzy bi-ideal of M if and only if F
is an (€, € Vqi)-fuzzy two sided ideal of M.

Proof. Let F be an (€, € Vqi)-fuzzy bi-ideal of a completely regular AG-
groupoid M, then for each a € M there exists x € M such that a = (a?z)a?,
then by using (1) and (4), we have

F(ab) = F
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And, by using (4), (1) and (3),we have
F(ab) = F(a((t°y)b*)) = F((b°y)(ab®)) = F(((bb)y)(a(bD)))

F(((a(bb)y) (b)) = F(((a(8b))(ey)) (5D)) = F(((ye)((b)a))(bb))
= F(OB)(e)a))(68) > FOB) A5 > Fb) A PO) AL
:AHMAE%E

The converse is obvious. ®m

Theorem 51 If M is a completely regular AG-groupoid with left identity,
then a fuzzy subset F is an (€, € Vqi)-fuzzy quasi-ideal of M if and only if
F is an (€, € Vqi)-fuzzy two sided ideal of M.

Proof. Let F be an (€, € Vqi)-fuzzy quasi-ideal of a completely regular
AG-groupoid M, then for each a € M there exists x € M such that a =
(a*z)a?, then by using (1), (3) and (4), we have

ab = ((a*x)a®)b = (ba?) ( ) = (zaZ) (a2b)
= (2 (aq)) (a®b) = (a(za)) (a®b) = ((a®b) (xa)) a.
Then
Flab) > wonmwAaoFﬂwwﬂgﬁ
_ \/ (F(p) A1 (g)} A (10 F)(ab) A 1{;5
> VARV }Algﬁ

ab=Im

= F(a)A \/ {1((a®b) (za)) AF (a)}
ab=((a?b)(za))a
1k 1—k

F(a) A1((a®b) (za)) A F (a) A — = F(a) A —

%

Also by using (4) and (1), we have
ab = a((b%y)b*) = (b%y) (ab®) = ((bb)y) (ab®)
= ((at?)y) (bb) = b (((ab?) y) 1).

Then
Flab) > @w1ﬂdaAaoFﬂmgAl%5
=V EOA@ia Vo aoaFmia i
ab=pq ab=Ilm
> ﬁwmA1«@¥n0mA1m)AF@ymliﬁ:ﬁwmAlif.

2 2



22 1. Generalized Fuzzy Interior Ideals of AG-groupoids

The converse is obvious =

Remark 52 We note that in a completely regular AG-groupoid M with
left identity, (€,€ Vqi)-fuzzy left ideal (€, € Vqi)-fuzzy right ideal, (€, €
V) fuzzy ideal,(€, € Vqi)-fuzzy interior ideal, (€, € Vqy)-fuzzy bi-ideal, (€
, € Vqi)-fuzzy generalized bi-ideal and (€, € Vqi)-fuzzy quasi-ideal coincide
with each other.

Theorem 53 If M is a completely reqular AG-groupoid then F Ny, G =
F oy, G for every (€, € Vqi)- fuzzy ideal F and G of M.

Proof. Let F'is an (€, € Vqy)- fuzzy right ideal of M and G is an (€, € Vg )-

fuzzy left ideal of M, and M is a completely regular then for each a € M

there exists * € M such that a = (ax)a?, so we have

(For@) (@) = (Fo@) (@5t = \/ (Fn)AG@) A5~

2
a=pq

> F(azx)/\G(aQ)/\#2F(aa)/\G(aa)/\%

> F(aa)/\G(aa)/\%ZF(G)/\G(C‘)A%
(FAG)(a)A%ﬂFMG)(a)-

Therefore F' A\, G < F o, G, again

(ForG)(@) = (FoG)(a)ntyt = (\/ {F(p)AG<q>}> NSE

2
a=pq

\/ {F(p)/\G(Q)/\I;k}S \/ {(F(qug(pq))/\lgk}

a=pq a=pq

F(a)AG(a)A% — (FAx G)(a).

Therefore F A, G > F o), G. Thus FAL,G=Fo, G. m

Definition 54 an AG-groupoid M is called weakly reqular if for each a in
M there exists x and y in M such that a = (az)(ay).

It is easy to see that right regular, left regular and weakly regular coincide
in an AG-groupoid with left identity.

Theorem 55 For a weakly reqular AG-groupoid M with left identity, (GAg
FYAN, H) < ((Goy F) o, H), where G is an (€, € Vqi)- fuzzy right ideal,
F is an (€, € Vqg)- fuzzy interior ideal and H is an (€,€ Vqi)- fuzzy left
tdeal.
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Proof. Let M be a weakly regular AG-groupoid with left identity, then for
each a € M there exist , y € M such that a = (az)(ay), then by using
(3), we get a = (ya)(za), and also by using (4) and (3), we get

ya = y((az)(ay)) = (az)(y(ay)) = (az)((ey)(ay)) = (az)((ya)(ye))

Then

(Gox F)op H)a) = \/ {(Gor F)(p) AH(q)} = (G ox F)(ya) A H(za)

(G o F)(ya) A H(a) A 128

2
1-k

=\ AGO) A F(} AH(a) A=

Y

> (G(azx) A F((ya)(ye))) A H(a) A %

> (Gla) A # A F(a) A %) A H(a) A #
— (Gla) A F(a)) A H(a) A #

— (GAF)AH) @) AR

2

Therefore, (G A F) ANk H) < ((Goy, F)op, H). m

Theorem 56 For a weakly regular AG-groupoid M with left identity, Fy, <
((F o 1) oy F), where F is an (€, € Vqi)- fuzzy interior ideal.

Proof. Let M be a weakly regular AG-groupoid with left identity, then for
each a € M there exist z,y € M such that a = (azx)(ay), then by using (1)
a = ((ay)z)a. Also by using (1) and (4), we have

(ay) = (((az)(ay))y) = ((y(ay))(azx)) = ((alyy))(az))
= )
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Then

(Fox1)ox F)(a) = ((Fol)oF)a)n =t

2
1-k
=V {(FOU(Z?)/\F(Q)}/\T

a=pq

> (Fo)(((ay)a) A Fla) A 25

=\ {FO)AOIAF@) A %
(ay)z=(bc)

> F(ay) AN1(z) A F(a) A #

= Fl(((y)x)a)a) A Fla) A 15

> F(a)/\#/\F(a)/\#
= F(a)/\# = Fy(a).

Therefore, F, < ((Fog1)og F). m
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Generalized Fuzzy Ideals of
Abel-Grassmann groupoids

In this chapter, we investigate some characterizations of regular and intra-
regular Abel-Grassmann’s groupoids in terms of (€,€ Vqi)-fuzzy ideals
and (€, € Vg)-fuzzy quasi-ideals.

An element a of an AG-groupoid S is called regular if there exist x € §
such that a = (az)a and S is called regular, if every element of S is regular.
An element a of an AG-groupoid S is called intra-regular if there exist
z,y € S such that a = (za?)y and S is called intra-regular, if every
element of S is intra-regular.

The following definitions for AG-groupoids are same as for semigroups
in [34].

Definition 57 (1) A fuzzy subset § of an AG-groupoid S is called an (€
, € Vaqi)-fuzzy AG-subgroupoid of S if for all z,y € S and t,r € (0,1], it
satisfies,

Ty €0, yr €0 implies that (my)min{t,r} € Vqid.

(2) A fuzzy subset § of S is called an (€, € Vqi)-fuzzy left (right) ideal
of S if for all x,y € S and t,r € (0,1], it satisfies,

xy € 6 implies (yx), € Vqpd (zy € 0 implies (xy), € Vaio).

(8) A fuzzy AG-subgroupoid [ of an AG-groupoid S is called an (€, €
Vqi)-fuzzy interior ideal of S if for all x,y,z € S and t,r € (0,1] the
following condition holds.

yr € f implies ((xy)z), € Vi f.

(4) A fuzzy subset f of an AG-groupoid S is called an (€,€ Vqi)-fuzzy
quasi-ideal of S if for all x € S it satisfies, f(x) > min(f o Cs(z),Cs o
f(z), %), where Cg is the fuzzy subset of S mapping every element of S
on 1.

(5) A fuzzy subset f of an AG-groupoid S is called an (€,€ Vqi)-fuzzy
generalized bi-ideal of S if x; € f and z. € S implies ((xy) z)min{t7r} €
Vai f, for all z,y,z € S and t,r € (0,1].

(6) A fuzzy subset f of an AG-groupoid S is called an (€, € Vqi)-fuzzy
bi-ideal of S if for all x,y,z € S and t,r € (0,1] the following conditions
hold

(1) If x¢ € f and y, € S implies (my)min{m} €V f,

(13) If x¢ € f and z, € f implies ((zy) z)min{t’r} € Vaqrf.

Theorem 58 [34] (1) Let 6 be a fuzzy subset of S. Then § is an (€, € Vqy)-
fuzzy AG-subgroupoid of S if 6(zy) > min{é (z),8(y), 152}
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(2) A fuzzy subset § of an AG-groupoid S is called an (€,€ Vqi)-fuzzy
left (right) ideal of S if

§(zy) = min{d(y), 15} (8(zy) = min{d(x), 5*}).

(8) A fuzzy subset f of an AG-groupoid S is an (€, € Vqy)-fuzzy interior
ideal of S if and only if it satisfies the following conditions.

(i) f(zy) > min{f (2), f(y), 55} for allz,y € S and k € [0,1).

(i) f((zy)2) > min{f (y), 55 for all z,y,2 € S and k € [0,1).

(4) Let f be a fuzzy subset of S. Then f is an (€, € Vqi)-fuzzy bi-ideal

1-k

of S if and only if
(@) f(zy) > min{f (z), f(y), 5~} for all z,y € S and k € [0,1),
(i1) f((zy)z) = min{f(z), f (2), 255} for all z,y,z € S and k € [0,1).

Here we begin with examples of an AG-groupoid.

Example 59 Let us consider an AG-groupoid S = {1,2, 3} in the following
multiplication table.

Note that S has no left identity. Define a fuzzy subset F : S — [0,1] as
follows:

0.9 forx =1
F(z)=< 0.5 forz=2
0.6 forx =3

Then clearly F is an (€, € Vqi)-fuzzy ideal of S.

Example 60 Let us consider an AG-groupoid S = {1,2, 3} in the following
multiplication table.

Obuviously 3 is the left identity in S. Define a fuzzy subset G : S — [0,1]
as follows:

0.8 forz =1
G(z) =< 0.6 forz=2
0.5 forxz =3

Then clearly G is an (€, € Vqyi)-fuzzy bi-ideal of S.
Lemma 61 Intersection of two ideals of an AG-groupoid is an ideal.

Proof. It is easy. m
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Lemma 62 If S is an AG-groupoid with left identity then (aS)(Sa) =
(aS)a, for all a in S.
Proof. Using paramedial law, medial law and (1), we get

(a5)(Sa) = [(Sa)Sla = [(Sa)(S9)]a = [(55)(ad)]a = (a(55))a = (aS)a.
[

Lemma 63 [23/If S is an AG-groupoid with left identity, then S is intra-
reqular if and only if for every a in S there exist some x, y in S such that
o = (wa)(ay).

Lemma 64 Let S be an AG-groupoid. If a = a(azx), for some x € S, then
a = a?y, for somey in S.

Proof. Using medial law, we get
a = a(ar) = [a(ax)](azx) = (aa)((ax)z) = a®y, where y = (ax)z.
L]

Lemma 65 Let S be an AG-groupoid with left identity. If a = a’z, for
some x in S. Then a = (ay)a, for some y in S.

Proof. Using medial law, left invertive law, (1), paramedial law and medial
law, we get

a*{(z*z)a})a = [{a(22)}(aa)]a = [a({a(z’z)}a)]a

= (ay)a, where y = {a(z?z)}a.

[
Using (2) and lemma 65, we get the following crucial lemma.

Lemma 66 FEvery intra-reqular AG-groupoid with left identity is a regular
AG-groupoid with left identity.

The converse of lemma 66 is not true in general.

Example 67 Let us consider an AG-groupoid S = {1,2, 3} in the following
multiplication table.

Clearly S is regular because 1 =101, 2= (203)02 and 3 = (302)03. But
S is not intra-regular because the element 2 is not intra-reqular.
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Lemma 68 Let S be an AG-groupoid with left identity, then (aS)a® C
(aS)a, for all a in S.

Proof. Using paramedial law, medial law, left invertive law and (1), we get

(aS)a* = (aa)(Sa) = [(Sa)ala = [(aa)(S5)]a = [(55)(aa)la
= [a{(SS)a}]a C (aS)a.

Lemma 69 Let S be an AG-groupoid with left identity, then (aS)[(aS)a] C
(aS)a, for all a in S.

Proof. Using left invertive law and (1), we get
(aS)[(aS)a] = [{(aS)a}S]a = [(Sa)(aS)]a = [a{(Sa)S]a C (aS)a.
[

Theorem 70 Let S be an AG-groupoid with left identity, then Bla] =
aUa?U (aS)a is a bi-ideal of S.

Proof. Using lemmas 62, 68, 69, left invertive law and (1), we get

(Bla]S)Bl[a] = [{a U a® U (aS) a}S][a U a® U (aS) d]

= [aSUa?S U ((aS)a)S][aUa® U (aS) ]
= [aS Ua?S U (Sa) (aS)][aUa®U (aS) a]
= [aSUa?S Ua((Sa)S)][aUa® U (aS) a]
C [aSUaS UaS][aUa®U (aS) a)

(aS) (aUa® U (aS)a)

(aS)aU (aS)a® U (aS) {(aS)a}
(aS)aU (aS)a® U (aS) (Sa)

(aS)a C (aUa®U(aS)a).

c
C

Thus a U a? U (aS)a is a bi-ideal. m

Definition 71 (1) Let f and g be fuzzy subsets of an AG-groupoid S. We
define the fuzzy subsets fr, f Ak g and for g of S as follows,

() fi (a) = f(a) N15E

(@) (f Ak g) (@) = (f A g)(a) A 252

(i60) (f o 9) (a) = (f 0.9) (a) A 2, for all a € S.

(2) Let A be any subset of an AG-groupoid S, then the characteristic
function (Cy),, is defined as,

> 1=k ifa€e A
(Ca)y (a) = { 0 ’ otherwise.
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Lemma 72 [22]The following properties hold in an AG-groupoid S.

(i) A is an AG-subgroupoid of S if and only if (Ca)y is an (€,€ Vg)-
fuzzy AG-subgroupoid of S.

(i) A is a left (right, two-sided) ideal of S if and only if (Ca)y is an
(€, € Vag)-fuzzy left (right, two-sided) ideal of S.

(7i1) A is bi-ideal (quasi-ideal) of an AG-groupoid S if and only if (Ca)k
is (€, € Vqy)-fuzzy bi-ideal (quasi-ideal).

(iv) For any non-empty subsets A and B of S, C4 o, Cp = (Cap)i and
Ca N, Cp = (CanB)k-

2.1 Characterizations of Regular AG-groupoids
with Left Identity

Theorem 73 In AG-groupoid S, with left identity the following are equiv-
alent.

(2) S is regular.

(#6) IN B C IB, where I is an ideal and B is a bi-ideal.

(¢4i) I[a] N Bla] C I[a]Bla], for all a in S.

Proof. (i) = (i)

Let I and B be a two-sided ideal and a bi-ideal of a regular AG-groupoid
S, respectively. Let a € I N B, this implies that a € I and a € B. Since S is
regular so for a € S there exist « € S such that a = (ax)a € (IS)B C IB.
Thus INB C IB.

(#9) = (4i7) is obvious.

Since I[a] = aU Sa U aS and Bla] = a U a? U (aS) a are two sided ideal
and bi-ideal of S generated by a. Thus using lemmas 68, 69, (1) and medial
law we get

(aUSaUaS)N (aUa®U(aS)a) C (aUSaUaS) (aUa®U (aS)a)
=a*Uaa®Ua((aS)a) U (Sa)aU (Sa)a?
U (Sa) ((aS)a) U (aS)aU (aS)a* U (aS) ((aS) a)
C a?Uaad® U (aS)a? U Sa* U Sa? U a®S
U(aS)aU (aS)aU (aS)aU (aS)a
Ca’USa®U (aS) a.

Hence by lemma 65 and (2), S is regular. m

Corollary 74 In AG-groupoid S, with left identity the following are equiv-
alent.

(1) S is regular.

(16) INL CIL, where I is an ideal and L is left ideal of S.
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(#44) Ila] N Lla] C Ila]L[a], for all a in S.

Corollary 75 For an AG-groupoid S with left identity, the following are
equivalent.

(2) S is regular.

(ii) I = I?, for every ideal I of S.

(t3i) I[a) = I[a]I[a], for all a in S.

Theorem 76 In AG-groupoid S, with left identity the following are equiv-
alent.

(7) S is regular.

(i3) f Ak g < forg where f is an (€,€ Vqg)-fuzzy ideal and g is an
(€, € Vqi)-fuzzy bi-ideal of S.

Proof. (i) = (i)

Let f be an (€, € Vgi)-fuzzy ideal and g be an (€, € Vgi)-fuzzy bi-ideal
of a regular AG-groupoid S, respectively. Since S is regular so for a € S
there exist « € S such that a = (ax) a. Thus we have,

(Fog)@=\ FO)Ag@ A5 > flan) Agla) A -5
> f@)Ag(a) At = (F o) (a).

2

Thus fAp g < forg.

(i4) = (4)

Since I[a] = aUSaUaS and Bla] = aUa?U(aS) a are two sided ideal and
bi-ideal of S generated by a. Therefore by lemma 72, (Cyjq))x and (Cpq))k
are (€, € Vg )-fuzzy two-sided and (€, € Vg )-fuzzy bi-ideals of S. Thus by
(74) and lemma 72, we have,

(CriainBla)k = (Cria))k Ak (Cla))k < (Cra))k ok (Cola))k = (Cria)Bla) &
Thus I[a] N Bla] C I[a]Bla]. Hence by theorem 73, S is regular. m

Corollary 77 For an AG-groupoid S with left identity, the following are
equivalent.

(¢) S is regular.

(i) for f > f, for an (€, € Vqi)-fuzzy ideal f of S.

Corollary 78 In AG-groupoid S, with left identity the following are equiv-
alent.

(1) S is regular.

(1) fArg < forg, where f is an (€,€ Vaqi)-fuzzy ideal and g is an
(€, € Vag)-fuzzy left ideal of S.
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2.2 Characterizations of Intra-regular
AG-groupoids with Left Identity

Example 79 Let S = {a,b,c,d, e}, and the binary operation "« " be defined
on S as follows:

x| 1 2 3 4 5 6
11 1 1 1 1 1
211 2 1 1 1 1
311 1 4 5 6 3
411 1 3 4 5 6
511 1 6 3 4 5
6|11 1 5 6 3 4
By AG-test in [31] it is easy to verify that (S,*) is an AG-groupoid. Also

1=(1%12)%1,2 = (2%2%)%2, 3 = (4%3%)%3, 4 = (4%4%) %4, 5 = (3%52) %6
and 6 = (3x62) 3. Therefore (S, ) is an intra-regular AG-groupoid. Define
a fuzzy subset f : S — [0,1] as follows:

0.9 forz=1

0.8 forxz =2

) 0.7 forxz=3
flz) = 0.6 forz =4
0.5 forx =5

0.5 forx =6

Then clearly f is an (€, € Vqi)-fuzzy quasi-ideal of S.

Lemma 80 If I is an ideal of an intra-regular AG-groupoid S with left
identity, then I = I°.

Proof. It is easy. m

Theorem 81 [21, 22] (1) For an intra-reqular AG-groupoid S with left
identity the following statements are equivalent.

(1) A is a left ideal of S.

(i7) A is a right ideal of S.

(#3i) A is an ideal of S.

(iv) A is a bi-ideal of S.

(v) A is a generalized bi-ideal of S.

(vi) A is an interior ideal of S.

(vii) A is a quasi-ideal of S.

(viii) AS = A and SA = A.

(2) In intra-regular AG-groupoid S with left identity the following are
equivalent.

(1) A fuzzy subset f of S is an (€, € Vqi)-fuzzy right ideal

(i) A fuzzy subset f of S is an (€, € Vqi)-fuzzy left ideal

(i91) A fuzzy subset f of S is an (€, € Vqi)-fuzzy bi-ideal

(iv) A fuzzy subset f of S is an (€, € Vqyi)-fuzzy interior ideal
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(v) A fuzzy subset f of S is an (€, € Vqi)-fuzzy quasi-ideal.

Theorem 82 For an AG-groupoid with left identity e, the following are
equivalent.

(1) S is intra-regular.

(i) Q1 N Q2 = Q1Q2, for all quasi-ideals Q1 and Q5.

(751) Qla] N Qla] = QlalQ[a], for all a in S.

Proof. (i) = (ii)

Let 1 and @3 be the quasi-ideals of an intra-regular AG-groupoid S.
Therefore for each a in S there exists z,y in S such that a = (za?)y. Now
by theorem 81, ;1 and @2 become ideals of S. Now let a € @1 N Q2 this
implies that a € @1 and a € Q2. Therefore using (1) and left invertive law
we get

a = (va®)y = (z(aa))y = (a(za))y = (y(za))a € (S(5Q1))Q2 € Q1Qo.

Now by lemma 61, Q1 N Q2 is an ideal and (Q; N Q2)? C Q1Q-. Using
lemma 80, we get (Q1 N Q2) C Q1Q2. Hence Q1 N Q2 = Q1Q2.

(19) = (4i7) is obvious.

For a in S, Qa] = a U (Sa N aS) is a quasi-ideal of S generated by a.
Therefore using (1), left invertive law, medial law and (7i7), we get

[aU(SanaS)NjaU(Sanas)] =[aU(SanaS)]laU (Sanal))
C (aUSa)(aU Sa)
= a*Ua(Sa) U (Sa)aU (Sa)(Sa)
=a’ U Sa®.

Therefore a = a? or a € Sa? = (Sa?)S. Hence S is intra-regular. m

Theorem 83 For an AG-groupoid with left identity e, the following are
equivalent.

(i) S is intra-regular.

(1) f Ak g= forg, for all (€,€ Vay)-fuzzy quasi-ideals f and g.

Proof. (i) = (i7)

Let f and g be (€,€ Vqi)-fuzzy quasi-ideals of an intra-regular AG-
groupoid S with left identity. Then by theorem 81, f and g become (€
, € Vqi)-fuzzy ideals of S. For each a in S there exists z,y in S such that
a = (za?)y and since S = S2, so for y in S there exists u,v in S such that
y = uv. Now using paramedial law, medial law and (1), we get

a = (va)y = (za®)(uv) = (vu)(a’z) = a®((vu)z) = (a(vu))(az).
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Then

Gaa@=V {10 o5

a=pq

> {f (a(vu)) A g (az) A 1;k}

zf(a)/\g(a)/\%zf/\kgm)

Therefore for g > f Ag g. Also

(forg)a) = \/ J() Agle) n T~
a=bc
= VU0 A G A5 A S
< \/ f(be) A g(be) A % = f Ag g(a).
a=bc
Therefore f o, g < f A g. Hence (f o g)(a) = (f Ak g)(a).
(i) = (i)

Assume that @)1 and @9 are quasi-ideals of an AG-groupoid S with left
identity and let a € Q1 N Q2. Then by lemma 72, (Cq, ) and (Cg, ), are
(€, € Vqi)-fuzzy quasi-ideals of S. Thus by (#¢) and lemma 72, we get

(CQ.q.) (a) = (Cq, ok Cq,) (a) = (Cq, Nk, Cg,) (a)
= (Carnan)i (@) > 157

Therefore a € Q1Q>. Now let a € Q1Q2, then

(Caunaa)y (@) = (Ca0.), (a) > #

Therefore a € Q1 N Q2. Thus Q1Q2 = Q1 N Q2. Hence by theorem 82, S is
intra-regular. m

Theorem 84 For an AG-groupoid with left identity e, the following are
equivalent.

(1) S is intra-regular.

(15) QNL =QL (QNL C QL), for every quasi-ideal @ and left ideal L.

(791) Qa) N Lia] = Qla]L[a] (Qa] N Lla] C Q[a]Llal), for all a in S.
Proof. (i) = (ii) is same as (i) = (i) of theorem 82.

(i1) = (4i7) is obvious.

(i41) = (i)
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For a in S, Qla] = aU (Sanal) Lla] = aU Sa are quasi and left ideals
of S generated by a. Therefore using (1), left invertive law, medial law and
(1), we get

[aU(SanaS)|N[aUSa] =[aU(Sanal)]laU Sal

(aU Sa)(aU Sa)

a® Ua(Sa) U (Sa)aU (Sa)(Sa)
=a®U Sa®.

N

Hence S is intra-regular. m

Theorem 85 For an AG-groupoid with left identity e, the following are
equivalent.

(1) S is intra-regular.

(id) f kg = Forg (fAwg < fog) where f is any (€, € Vay) fuzzy
quasi-ideal, g is any (€, € Vqi) fuzzy left ideal.

(4i1) fARg=forg (f Ak g < forg), where f and g are any (€, € Vqyi)
fuzzy quasi-ideals.

Proof. (i) = (iii)

Let f and g be (€,€ Vgi)-fuzzy quasi-ideals of an intra-regular AG-
groupoid S with left identity. Then by theorem 81, f and g become (&
, € Vqi)-fuzzy ideals of S. Since S is intra-regular so for each a in S there
exists z,y in S such that a = (za?)y. Now since a = (a(vu))(ax). Therefore

Goa@=\ {rwrswn5t]

> f (alvu)) A g an) A -5

k

> o) Ag (@) AL = (F Ak g)la)

Thus for g > f Ak g. Also

(Fora)a) = \/ FO) Agle) A gt

a=bc
=V U0 A5 Mg A 5 AT

a=bc

\/ £(60) A g(be) A+ = (7 Ak g)a).

a=bc
Therefore f or g < f A g Hence (f ok 9)(a) = (f A 9)(a).
(#41) = (i7) is obvious.
(i) = (i)

IN
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Let a € @ N L, then by (i) and lemma 72, we get
(Cqr)y, (a) = (Cq ok CL) (a) = (Cq Ak CL) (a)
= (Cora)y ()2 5+
Therefore a € QL. Now let a € QL, then

1—k
(Cone)y (a) = (Cor)y (@) 2 ——
Therefore a € @ N L. Thus QL = @ N L. Hence by theorem 84, S is intra-
regular. m

Theorem 86 For an AG-groupoid with left identity, the following condi-
tions are equivalent.

(1) S is intra-regular.

(1) f Ak g < forg, for every (€,€ Vqi)-fuzzy quasi-ideal f and every
(€, € Vag)-fuzzy left ideal g.

(4i1) f A g < forg, for every (€, € Vqi)-fuzzy quasi-ideals f and g.

Proof. (i) = (i)

Let f and g be (€,€ Vqi) fuzzy quasi-ideals of an intra-regular AG-
groupoid with left identity S. Then by theorem 81, f and g become (€, €
Vg )-fuzzy ideals of S. Now since S is intra-regular. Therefore for a € S
there exists x,y in S such that a = (za?)y which yields that a = (a(vu)(az).
Then

Gea@ =\ {16 nsan 5

a=pq
1-k 1-k

> f(a(vw) A glaz) A == = [(a) Agla) A ——

= f(a) Agla) A 5 = (F A g)a)
Thus forg > fAkg.
(#91) = (41) is obvious.
(i1) = (i)
Let A and B be quasi and left ideals of S. Then by lemma 72, (Cx)g
and (Cp) are (€, € Vqi)-fuzzy quasi and (€, € Vg )-fuzzy left ideals of S
and by (1), we get

(CanB)k =Ca Ny Cp < Cao,p Cp = (Cap)k.

Now let @ € AN B. Then (Cap)i(a) > (Canp)r(a) > 15%. Therefore
a € AB. Thus AN B C AB. Hence by theorem 84, S is intra-regular. m
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Theorem 87 For an AG-groupoid with left identity, the following condi-
tions are equivalent.

(1) S is intra-regular.

(79) Qla] N L[a] C L[a]Qla], for all a in S.

(#i1) QN L C LQ, for every quasi-ideal Q and left ideal L of S.

() fALg < goy f, for every (€, € Vqi)-fuzzy quasi-ideal f and every
(€, € Vqi)-fuzzy left ideal g.

(v) fArg < goy f, for every (€, € Vqi)-fuzzy quasi-ideals [ and g.

Proof. (i) = (v)

Let f and g be (€, € Vqx) fuzzy quasi-ideals of an intra-regular AG-
groupoid S with left identity. Then by theorem 81, f and g become (€, €
V@i )-fuzzy ideals of S. Since S is intra-regular. Therefore for a € S there
exists x,y in S such that a = (za?)y. Now using (1) and left invertive law,
we get

a = (wa®)y = (a(za))y = (y(za))a.
Also

o @ =V o s@n 5

> g(y(aa) A fla) A 15
= f(a) Agla) A5 = (F A g)a)

2

Thus goi f > f Ak g.

(v) = (4v) is obvious.

Let @ and L be quasi and left ideals of S. Then by lemma 72, (C4); and
(CB)y are (€, € Vqi)-fuzzy quasi and (€, € Vqy)-fuzzy left ideals of S and
by (i7), we get

(Canw)k = Cq Ak O < Cp o Cq = (CLo)k-
Therefore QN L C LQ.

(#41) = (i7) is obvious.

(i) = (i)

For a in S, Qa] = aU (SanaS) Lla] = aU Sa are quasi and left ideals

of S generated by a. Therefore using (1), left invertive law, medial law and

(1), we get
[aU(SanaS)|N[aUSa] C [aU Sa]laU (Sanas)]

C (aU Sa)(aU Sa)

a® Ua(Sa) U (Sa)a U (Sa)(Sa)

a’? U Sa®.

Hence S is intra-regular. m
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Theorem 88 For an AG-groupoid S with left identity, the following are
equivalent.

(1) S is intra-regular.

(1) L[a] N Q[a] = (L[a]Qla]) Lla](Lla] N Q[a] € (L[a]Q[a])L[a]), for all a
in S.

(4i1) LNQ = (LQ)L(LNQ C (LQ)L), for left ideal L and quasi-ideal Q
of S.

(i) fALg = (forg)ox f(f Aeg < (forg)or f), for (€,€ Var)-fuzzy
left ideal f and (€, € Vqi)-fuzzy quasi-ideal g of S.

() fALg = (forg)or f(f Arg < (forg) ok [), for (€, € Var)-fuzzy
quasi-ideals f and g of S.

Proof. (i) = (v)

Let f and g be (€,€ Vgi)-fuzzy quasi-ideals of an intra-regular AG-
groupoid S with left identity. Since S is intra-regular therefore for each
a € S there exist x,y € S such that a = (xaQ) y. Then by theorem 81, f
and g become (€, € Vgi)-fuzzy ideals of S. Then using (1), left invertive
law, paramedial and medial law, we get

Now

(Foxg) o Nla) = \/ (F ok ) A Fla) A Ty

a=pq

> [ or gla(y(za))) A f((za)y) A %

1-k

> (f ok g)(a(y(za)) A f(a) A 5

1-k

- { \/ f(u)Ag<v>} Afe) A=
a(y(za))=uv

> [(a) Aglylaa) A 5 A fla) n 15
> {s@ng@n 3 b nsn 15
= f@) A g @) AT = (F Ao (@),
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Therefore f Ak g < (for g) o f. Also

(f o 9) ox (@) = \/ (F o 9)(p) A Fla) A+
= VLV F@ Ao 551 A @) Ay
a=pq p=cd
< VAV sengienn S5 At n 1S
=\ U0 Mg A 5 A flpa) A
< aléqf (pa) A g(pa) A f(pg) A %
= f(@) A gla) A Fla) A 1S
= J(@) Ag(a) A TS = (F Ak g) (@)

Therefore f A g > (f o g) or f. Hence f A g = (for g) ok f.

(v) = (iv) is obvious.

(iv) = (iid)

Let L and @ be left and quasi-ideals of an AG-groupoid S. Then by
lemma 72, (Cp) and (Cq) are (€, € Vgg)-fuzzy left and quasi-ideals of S.
Then using (iii), we have

(Crn@)k = (CL Ak Cq) = (CL ok Cq) ok CrL = (C(rg)L)k-

This implies that LN Q = (LQ)L.

(#41) = (i7) is obvious.

(i) = (i)

For a in S, L[a] = aUSa and Qa] = aU(SaNasS) are left and quasi-ideals
of S generated by a. Therefore using (1), medial law, left invertive law and
(it), we get

[aU Sa]N[aU (SanalS)] = ([aUSa]laU (SanaS)])[aU Sa)
C{(aU Sa)(aU Sa)}(aU Sa)
C{(aUSa)(aU Sa)}s
= {a*Ua(Sa) U (Sa)a U (Sa)(Sa)}S
= {a® U Sa?}S = Sa*.

Theorem 89 Let S be an AG-groupoid with left identity then the following
conditions are equivalent.
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(1) S is intra-regular.

(1) BNQ C BQ, for every bi-ideal B and quasi-ideal Q.

(131) fALg < forg, for every (€, € Vqi)-fuzzy bi-ideal f and (€, € Vgy)-
fuzzy quasi-ideal g.

Proof. (i) = (4#i7) Assume that S is an intra-regular AG-groupoid with
left identity and f and g are (€,€ Vqg) fuzzy bi and quasi-ideals of S
respectively. Thus, for any a in S there exist w and v in S such that a = uwv,
then

(Foraa) = \/ S Aglw) n st

a=uv

Since S is intra-regular so for any a in S there exist x,y € S such that
a = (za?)y. Since S = 52, so for y in S there exist s and ¢ in S such that
y = st. By using (1), left invertive law, paramedial law and medial law, we
get

Now

p(za) = plz{(za®)y}] = pl(za®)(zy)]
(za®)[p(zy)] = [(zy)p)(a’z)

= a*([(zy)p]z) = a’q, where ¢ = [(zy)plz

Therefore a = {(a?q)a}a, where ¢ = [(zy)p]r and p = ((ts)z)y.
Thus, we have
1—-k

2

> f(@®q)a) Agla) A L2 F

2
> (F(a?) A F(@)) A gla) A+

> (F(a) A F(@) A gla) A 2 E

2
= (FAg)a)n T
= (f Ak 9)(a).

This implies that f Ar g < f o g.

(forg)(a) ="\ flu)Ag(v)A

a=uv
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(#91) = (ii) Let B be a bi-ideal and @) be a quasi ideal of S. Then, by
lemma 72, (Cg); and (Cq)x are (€, € Vqy)-fuzzy bi-ideal and (€, € Vgy)-
fuzzy quasi ideal of S. Then, by using lemma 72 and (i7), we get

(Cnq)k =C N Cg < Cpoi, Co = (Cp)k-

Thus BN Q C BQ.
(#9) = (4) Since Sa is both bi-ideal and quasi ideal of S containing a.
Therefore by (i4) and using medial law, paramedial law and (1), we obtain

a € SanSaC (Sa)(Sa) = (59)(aa) = (aa)(SS)
= S(a*9) = (89)(a®S) = (Sa*)(SS) = (Sa*)S.

Hence S is an intra-regular AG-groupoid. m
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Generalized Fuzzy Right Ideals
in AG-groupoids

In this chapter, we introduce (€., €, Vgs)-fuzzy right ideals in an AG-
groupoid. We characterize intra-regular AG-groupoids using the properties
of (€., €,y Vgs)-fuzzy subsets and (€, €, Vgs)-fuzzy right ideals.

3.1 (&, €y Vgs)-fuzzy Ideals of AG-groupoids

Let v,d € [0,1] be such that v < §. For any B C A, let st/B be a fuzzy
subset of X such that XSB(m) > ¢ forall z € B and XﬁjB(x) < « otherwise.
Clearly, X‘é p is the characteristic function of B if y =0 and 6 = 1.

For a fuzzy point z, and a fuzzy subset f of X, we say that

(1) zr €y fif f(z) >7> 7.

(2) zpgsf if f(z)+r > 26.

(3) zr €4 Vg5 f if zp €, f or Trqs5f.

Now we introduce a new relation on F(X), denoted by “C Vq(, 5", as
follows:

For any f,g € F(X), by f C Vq(,,5)g we mean that z, €, f implies
z, €4 Vgsg for all z € X and r € (v, 1]. Moreover f and g are said to be
(7, 0)-equal, denoted by f =(,.5) g, if f C Vq(y,5y9 and g C Vg5 f-

The above definitions can be found in [37].

Lemma 90 [37] Let f and g be fuzzy subsets of F(X). Then f C Vq(y 59
if and only if max{g(x),v} > min{f(x),d} for all x € X.

Lemma 91 [37] Let f, g and h € F(X). If f CVq(y,5)9 and g € Vg s)h,
then f C Vq(y,s5)h.

The relation “=(, 5)” is equivalence relation on F(X), see [37]. Moreover,

[ =(.6) ¢ if and only if max{min{f(x),d},v} = max{min{g(x),d},~} for
all z € X.

Lemma 92 Let A, B be any non-empty subsets of an AG -groupoid S with
a left identity. Then we have

(1) A C B if and only if XfiA C Vq('y,é)Xng where v € (v,1] and
v,0 € [0, 1].

(2) XgA n XgB =(7,9) Xg(AmBy

_ 5
(3) X040 X5 =(v.0) X ap)-
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Lemma 93 If S is an AG-groupoid with a left identity then (ab)? = a?b? =
b%a? for all a and b in S.

Proof. It follows by medial and paramedial laws. m

Definition 94 A fuzzy subset f of an AG-groupoid S is called an (€., €,
Vqs)-fuzzy AG-subgroupoid of S if for all x,y € S and t,s € (v,1], such
that xy € f, ys €, f we have (TY)min{t,s} €4 Va5 f-

Theorem 95 Let f be a fuzzy subset of an AG groupoid S. Then f is an
(€4, €y Vas)-fuzzy AG subgroupoid of S if and only if max{f(zy),v} >
min{f(z), f(y),0}, where v,é € [0,1].

Proof. Let f be a fuzzy subset of an AG-groupoid S which is (€., €, Vgs)-
fuzzy subgroupoid of S. Assume that there exists 2,y € S and t € (v, 1],

such that
max{ f(zy), v} <t < min{f(z), f(y),0}.

,0

Then max{f(zy),v} < t, this implies that f(zy) < t < ~, which fur-
ther implies that (2y)min{t,s} €y Vg5 and min{ f(z), f(y),d} > t, therefore
min{f(z), f(y)} > t this implies that f(z) >t > ~, f(y) >t > 7, im-
plies that x; €, f, ys € f but (2Y)minfr,s1 €5 Vasf a contradiction to the
definition. Hence

max{f(zy),v} > min{f(z), f(y),d} for all z,y € S.

Conversely, assume that there exist z,y € S and t,s € (,1] such that
xy €4 f, ys €y f by definition we write f(z) >t >, f(y) > s > 7, then
max{ f(zy),d} > min{f(z), f(y),d} this implies that f(xy) > min{t,s,d}.
Here arises two cases,

Case(a): If {t,s} < ¢ then f(xy) > min{¢,s} > ~ this implies that
(:Cy)min{t,s} E'y f

Case(b): If {t,s} > d then f(zy)+ min{¢,s} > 26 this implies that
(my)min{t,s}Q§f'

From both cases we write (7y)minfz,s} €4 Vgsf for all 2,5 in S. m

Definition 96 A fuzzy subset f of an AG-groupoid S with a left identity
is called an (€5, € Vqs)-fuzzy left (respt-right) ideal of S if for all x,y € S
and t,s € (,1] such that y, €, f we have (xy); €y Vgsf (resp x; €+ f
implies that (xy): €4 Vasf).

Theorem 97 A fuzzy subset f of an AG-groupoid S with a left identity is
an (€, €y Vqs)-fuzzy right ideal of S if and only if for all a,b € S,

max{f(ab), 7} > min{f(a), 5}.

Proof. Let f be an (€., €, Vgs)-fuzzy right ideal of S. Suppose that there
are a,b € S and t € (v, 1] such that

max{ f(ab),v} <t <min{f(a),d}.
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Then max{f(ab),v} < t <~ implies that (ab);E~f which further implies
that (ab):€, Vgsf. From min{f(a),d} >t > v it follows that f(a) >t >
v, which implies that a; €, f. But (ab),€, Vgsf a contradiction to the
definition. Thus

max{f(ab),7} > min{f(a), 6}.

Conversely, assume that there exist a,b € S and t,s € (v, 1] such that
as €, f but (ab);€, Vgsf. Then f(a) > t > =, f(ab) < min{f(a),d}
and f(ab) +t < 24. Tt follows that f(ab) < 6 and so max{f(ab),vy} <
min{ f(a), 0}, which is a contradiction. Hence a; €~ f which implies that
(ab)mingt,sy €4 Vasf (respectively a; €, f implies that (ab)mingss1 €+
Vgsf) for all a,bin S. m

Example 98 Consider the AG-groupoid defined by the following multipli-
cation table on S = {1,2,3}:

Define a fuzzy subset f on S as follows:

04 ifz =1,
flz) =14 041 ifz =2,
0.38 if z = 3.

Then, we have
o fis an (€0.2, €0.2 Vqo.22)-fuzzy right ideal,

e fisnotan (€, € Vqo.22)-fuzzy right ideal, because f(2-3) < min{f(2), =922 =
0.39}.

e f is not a fuzzy right ideal because f(2-3) < f(2).

Example 99 Let S = {1,2,3} and the binary operation o be defined on S
as follows:

Then (S,0) is an AG-groupoid. Define a fuzzy subset f on S as follows:

0.44 ifz =1,
flx)=< 0.6 ifzx=2,
0.7 if = = 3.

Then, we have
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e fisan (€0.4,€0.4 Vqo.45)-fuzzy subgroupoid of S.
e f isnot an (€0.4, €0.4 Vqo.45)-fuzzy Tight ideal of S.

Example 100 Let S = {1,2,3} and define the binary operation - on S as
follows:

(S,-) is an AG-groupoid. Let us define a fuzzy subset f on S as follows:

06 ifz=1
flz)=< 05ifz=2
0.55 if & = 3

[ is an (€4, €y Vgs)-fuzzy right ideal of S.

Lemma 101 R is a right ideal of an AG-groupoid S if and only if X‘éR 18
an (€, €y Vgs)-fuzzy right ideal of S.

Proof. (i) Let x,y € R, it means that zy € R. Then XgR(xy) > 0,
XﬁjR(ac) > ¢ and X,‘iR(y) > 0 but § > . Thus
maX{Xf,R(@"?J)KY} = XE,R(QUy) and min{XiR(x), 5} = 4.

Hence max{XfiR(xyL v} > min{Xf;R(x), 9}

(i) Let t ¢ R,y € R

Case(a): If zy ¢ R. Then XgR(x) < 7, st/R(y) > ¢ and XgR(a:y) < 7.
Therefore

meax{ X3 p(ey),7} = 7 and min{ X3 p(e),5} = Xp(z).
Hence max{XfiR(:Ey)7 v} > min{XfiR(m), 5}
Case(b): If zy € R. Then st/R(my) >0, X;;R(x) < v and X;;R(y) > 4.
Thus
maX{XﬁjR(aﬁy),’y} = XﬁjR(xy) and min{XgR(x),d} = X;;R(x).

Hence max{XgR(a:y),’y} > min{XﬁYsR(az), d}.
(79i) Let © € R,y ¢ R. Then zy € R. Thus ijR(xy) >0, X,‘iR(y) <7
and XgR(x) > 6. Thus

maX{XgR(my),'y} = XgR(xy) and min{XgR(x),(S} = 4.

Hence maX{XﬁS/R(xy),’y} > min{XgR(x),é}.
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(iv) Let z,y ¢ R, then
Case (a) Assume that zy ¢ R. Then by definition we get Xﬁ?R(xy) < 7,
X p(y) <7 and XJp(z) < . Thus

max{ X2 p(ay), 7} = 7 and min{X? (), 6} = Xop(a).

Therefore maX{XgR(xy), v} > min{XﬁR(x), 0}
Case (b) Assume that xy € R. Then by definition we get XgR(xy) >,
XﬁjR(y) <~ and X;;R(az) < ~. Thus

maX{XﬁjR(xy)ﬁ} = XjR(xy) and min{XﬁjR(a:), 0} = XjR(x)'

Therefore maX{XsR(xy), v} > min{XsR(x), 0}.

Conversely, let rs € RS, where r € R and s € S. By hypothesis
max{XﬁjR(rs),'y} > min{ijR(r),é}. Since r € R, thus X,‘?R(r) > ¢ which
implies that min{XgR(r), 0} = 0. Thus

max{XgR(rs), v} > 4.

This implies that XﬁjR(rs) > ¢ which implies that rs € R. Hence R is a
right ideal of S. m
Here we introduce (€, €4 Vgs)-fuzzy semiprime ideals.

Definition 102 A fuzzy subset f of an AG-groupoid S is called (€., €,
Vqs)-fuzzy semiprime if 7 €., f implies that x; €, Vqsf for all z € S and
t e (v,1].

Example 103 Consider an AG-groupoid S = {1,2,3,4,5} with the fol-
lowing multiplication table

IS QSO ORI i
— 0 W A Ol o
[CRIGCRNSGN S, S FJ0
W o Ol o
B OU = b o ot

U W N =

Clearly (S, .) is intra-reqular because 1 = (3.12).2, 2 = (1.2%).5, 3 =
(5.32).2, 4 = (2.42).1, 5 = (3.5%).1. Define a fuzzy subset f on S as given:

0.7 if x=1,
0.6 if =2,
fx)=14 068 if =3,
0.63 if = =4,

052 if z=5.

Then f is an (€g.4, €0.4 Vqo.5)-fuzzy semiprime of S.
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Theorem 104 A fuzzy subset f of an AG-groupoid S is (€, €4 Vgs)-fuzzy
semiprime if and only if max{f(a),v} > min{f(a?),5}.

Proof. Let f be (€4, €, Vgs)-fuzzy semiprime. Assume that there exists
a € S and ¢ € (v, 1], such that

max{f(a),7} < ¢ < min{/(a?),6}.

Then max{f(a),v} < t. This implies that f(a) <t > ~. Now since ¢ > t,
so f(a)+t < 26. Thus a;€, Vgs f. Also since min{f(a?),d} > ¢, so f(a?) >
t > ~. This implies that a? €., f. Thus by definition of (€, €, Vgs)-fuzzy
semiprime a; €, Vgsf which is a contradiction to a;€, Vgs f. Hence

max{ f(a),y} > min{f(a?),6}, for all a € S.

Conversely assume that there exist @ € S and ¢ € (v, 1] such that a? €, f,
then f(a?) >t > v, thus max{f(a),v} > min{f(a?),6} > min{t,d}. We
consider two cases here,

Case(t): if t <0, then f(a) >t >+, this implies that a; €, f.

Case(id) : if t > §, then f(a) +t > 2§. Thus a:qs f.

Hence from (i) and (i) we write a; €, Vgsf. Hence f is (€4, €, Vgs)-
fuzzy semiprime. m

Theorem 105 For a right ideal R of an AG-groupoid S with a left identity,
the following conditions are equivalent:

(1) R is semiprime.

(i1) ijR is (€, €y Vgs)-fuzzy semiprime.

Proof. (i) = (ii) Let R be a semiprime ideal of an AG-groupoid S. Let a be
an arbitrary element of S such that a € R. Then a® € R. Hence X,‘;R(a) >4
and XJp(a?) > & which implies that max{X?z(a),7} > min{XJy(a?),d}.

Now let a ¢ R. Since R is semiprime, we have a? ¢ R. This im-
plies that ijR(a) < v and ijR(aZ) < #. Therefore, max{X,‘jR(a),’y} >
min{XjS{R(a2), 0}. Hence, maX{XgR(a), v} > min{Xf?R(aQ), 0} foralla € S.

(79) = (i) Let XSR be fuzzy semiprime. If a?

€ R, for some a in S,
then XgR(aQ) > 4. Since X‘jR is an (€., €4 Vgs)-fuzzy semiprime, we have
max{XﬁjR(a),’y} > min{XfiR(az),é}. Therefore max{XfiR(a),'y} > 9. But

0 >, so Xf:R(a) > . Thus a € R. Hence R is semiprime. ®

3.2 Intra-Regular AG-groupoids

Theorem 106 Let S be an AG- groupoid with a left identity. Then the
following conditions are equivalent:

(1)S is intra-regular.

(ii) For a right ideal R of an AG-groupoid S, R C R? and R is semiprime.
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(iii) For an (€4, €y Vqs)-fuzzy right ideal f of S, f C Vq sy fo f and f
is (€, €4 Vq5)-fuzzy semiprime.

Proof. (i) = (iii) Let f be an (€., €, Vgs)-fuzzy right ideal of an intra-
regular AG-groupoid S with a left identity. Since S is intra-regular, for any
a in S there exist ,y in S such that a = (za?)y. Now using (1), medial
law, paramedial law and left invertive law, we get

= [(a(za))y] = [(y(za))d]
(wa®)(wy))] = [(wa®)(zy?)] = [(y*x)(a*w)]

For any a in S there exist p and ¢ in S such that a = pq. Then

max{(f o f)(a),7} = maX{ V {{rm A f(Q)}aV}}

a=pq

> max {mln{{f(a(yzw)) flaz)}, v}
( ), f(az)},~}
= min{max{f(a(y’z)),~}, max{f(az),7}}
> min {min{ f(a),d}, min{f(a),d}}
= min{(f)(a),d}.
Thus f C Vq(y,6)f o f- Next we show that f is an (€., €, Vgs)-fuzzy

semiprime. Since S = S?, for each y in S there exist y1,y, in S such that
y = y1y2. Thus using medial law, paramedial law and (1), we get

> max{min{ f(a(y’z

a = (za®)y = (za®)(y1y2) = (y211)(a’2)
= a*[(yoy1)z] = a®t, where [(yoy1)z] = t.

Then

max{f(a),v} = max{f(a®t),v}
> min{f(a?), 6}.

(791) = (it) Let R be any right ideal of an AG-groupoid S. By (i), XﬁjR
is semiprime so R is semiprime. Now using (iii), we get

5 5 5 5 S
Xor = Xyrnr =(3.0) X9r N X5k € Va(3,5)X

5 _ 5
vr © Xyr =(7,8) XyR>-

Hence we get R C R2.
(ii) = (i) Since Sa? is a right ideal containing a?, using (ii) we get
a € Sa? C (Sa?)? = (Sa?)(Sa?) C (Sa?)S. Hence S is intra-regular. m
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Theorem 107 Let S be an AG- groupoid with a left identity. Then the
following conditions equivalent:

(1) S is intra-regular.

(ii) For any right ideal R and any subset A of S, RN A C RA and R is
a semiprime ideal.

(t4i) For any (€, €y Vas) fuzzy right ideal f and any (€, €4 Vas)-fuzzy
subset g, f N g CVq(y,5)(fog) and f is an (€4, €y Vgs)-fuzzy semiprime.
Proof. (i) = (i) Let f be an (€4, €, Vgs)-fuzzy right ideal and g be
an (€., €, Vgs)-fuzzy subset of an intra regular AG-groupoid S. Since S is
intra-regular, then for any a in S there exist =,y in S such that a = (za?)y.
Now using (1), medial law, paramedial law and left invertive law, we get

a = (va®)y = [(z(aa))y] = [(a(za))y] = [y(va))a.

y(za) = [y{z((za®)y)}] = y{(za®)(zy)}] = [(wa®)(zy?)]
= [(y*x)(a*x)] = [a*(y*2?)].
Thus a = (a*t)a, where (y*x?) = t.

max{(f o g)(a),7} = maX{ \ {f () /\9(0)}77}
a=bc
> max{min{f(a’t),g(a)}, 7}
= min{max{f(a’t), 7}, max{g(a),7}}
> min{min{ f(a),d}, min{g(a),d}}
— min{(f N g)(a), 6}.
Thus fNg C Vq(y,s)f 0g. The rest of proof is similar as in Theorem 106.

(#91) = (i1) Let R be an right ideal and A be a subset of S. By (ii), we
get

) ) 1) ) 0 0
XS(rna) =(.0) Xyr N X5 € V(4,6 Xk © X4 =(v,6) XJRa-
Thus RN A C RA. The rest of the proof is similar as in Theorem 106.
(i1) = (i) Sa? is a right ideal containing a?. By (ii), it is semiprime.
Therefore a € Sa? N Sa C (Sa?)(Sa) C (Sa?)S. Hence S is intra-regular.
L]

Theorem 108 Let S be an AG- groupoid with o left identity. Then the
following conditions equivalent:

(1) S is intra regular.

(ii) For any right ideal R and any subset A of S, RNAC AR and R is
a semiprime ideal.

(¢13) For any (€, €~ Vas)-fuzzy right ideal f and any (€, €y Vas)-fuzzy
subset g, f N g CVq(y,s5)(go f) and f is an (€4, €4 Vgs)-fuzzy semiprime.
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Proof. (i) = (iit) Let f be an (€4, €, Vgs)-fuzzy right ideal and g be
an (€, €, Vgs)-fuzzy subset of an intra-regular AG-groupoid S. Since S is
intra-regular, then for any a in S there exist =,y in S such that a = (za?)y.
Now using left invertive law, we get

a = (za®)y = (za®)(y192) = (y2vn)(a’x) = ®[(y291)7] = [2(y291)]a”
= a[{z(y291)}a] = al{z(y211) H(za?)y}] = a[(za®)[{2(y211)}y]]
= af[y{z(y211)}](a2)] = ala® ([y{z(y2y1) Y2)] = al(z[y{z(y2y1)}])a’]
= a[(z[y{z(y2v1)}])(aa)] = ala((z[y{z(y2y1)}])a)]
a(

au), where u = ([y{z(y2y1)}))a.

max{(f o g)(a), 7} = maX{ V {9(0) A f(C)},v}

a=bc

> max{min{g(a), f(au)},~}
min[max{g(a), v}, max{f(au),v}]
min[min{g(a),d}, min{f(a),d}]
min[g(a), f(a), 0}]
min{(f N g)(a), 0}.

Then we have f Mg C Vq(y,5)9 © f. The rest of the proof is similar as in
Theorem 106.

(791) = (ii) Let R be a right ideal and A be a subset of S. By (iii), we
get

AV

) & & ) é & 4
Ximnay = X5anr) =(8) X54 N X5k € V(1,0 X34 © X3k =(4.6) Xyar-

By Lemma 92, RNA C AR. The rest of the proof is similar as in Theorem
106.

(ii) = (i) Sa? is a right ideal containing a?. By (ii), it is semiprime.
Therefore

a € Sa* N Sa C (Sa)(Sa?) = (a*S)(aS) = [(aa)(SS)](aS)
= [(89)(aa)](aS) C (Sa?)S.
Hence S is intra-regular. m

Theorem 109 Let S be an AG- groupoid with a left identity. Then the
following conditions equivalent:

(1) S is intra-regular.

(ii) For any subset A and any right ideal R of S, ANR C AR and R is
a semiprime.

(t4i) For any (€~,€y Vgs5) fuzzy subset f and any (€4, €, Vas)-fuzzy
right ideal g of S, f N g C Va5 (f o g) and g is an (€, €y Vqs)-fuzzy
semiprime ideal.
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Proof. (i) = (iit) Let f be an (€,,€, Vgs)-fuzzy subset and g be an
(€, €4 Vgs)-fuzzy right ideal of an intra-regular AG-groupoid S. Since S
is intra-regular it follows that for any a in S there exist x,y in S such that
a = (za?)y. Now using medial law, paramedial law and (1), we get

a = (za*)y = [(za®)(y1y2)] = [(y251) ()]
= [0*((y2y1)2)] = [(2(y211))(aa)] = [a{(z(y2p1))a}]

= a(ta), where z(y2y1) = t, and
ta = t[(xa®)y] = (va®)(ty) = (yt)(a’z) = a®[(yt)2].

Thus a = a(a®v), where (yt)x = v and z(y2y1) = t.
For any a in S there exist s and ¢ in S such that a = st. Then

max{(f o g)(a),7} = maX{ V {f(s) A g(t)},v}

> max{min{f(a), g(a*v)},7}

= min{max{f(a), v}, max{g(a®v),v}}
> min{min{f(a), 0}, min{g(a),d}}
=min{(f Ng)(a),d}.

Thus fNg C Vq(y,s)f ©g. The rest of the proof is similar as in Theorem
106.

(731) = (4i) Let R be a right ideal and A be a subset of S. By (iii), we
get

XSanm) =60 X340 Xop C Va0 X540 Xop =(v.6) Xyar-

Thus AN R C AR. The rest of the proof is similar as in Theorem 106.
(it) = (i) Sa? is a right ideal containing a?. By (ii), it is semiprime.
Therefore

a € San Sa® C (Sa)(Sa?) = (a*S)(aS) C (a*S)S
= [a*(S9)]S = [(SS)a?]S = (Sa?)S.

Hence S is intra-regular. m

Theorem 110 Let S be an AG- groupoid with a left identity. Then the
following conditions equivalent:

(1) S is intra-regular.

(ii) For any subsets A, B and for any right ideal R of S, ANBNR C
(AB)R and R is a semiprime ideal.

(13i) For any (€~, €y Vgs)-fuzzy subsets f,g and any (€, €, Vas)-fuzzy
right ideal h, f NgNh CVq(y,5)((fog)oh) and h is an (€, €, Vqs)-fuzzy
semiprime ideal of S.
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Proof. (i) = (iti) Let f,g be (€,,€, Vgs)-fuzzy subsets and h be an
(€4, €4 Vgs)-fuzzy right ideal of an intra-regular AG-groupoid S. Since S
is intra-regular then for any a in S there exist z, y in S such that a = (za?)y.
Now using medial, paramedial laws and (1), we get

a = (za®)y = (youn)(a’x) = a®[(yoyn)z] = [2(y2y1)]a®
= al{z(y2y1)}a] = a(pa), where z(y2y1) = p and
pa = pl(za®)y] = (za®)(py) = [(yp)(a*z)]
= a*[(yp)z] = [2(yp)](aa) = a[{z(yp)}d]
= [a(qga)], where z(yp) = ¢, and
qa = q[(za®)y] = (za®)(qy) = (yq)(a*z) = a*[(yq)z].

Thus a = ala(a®c)] = a[a®(ac)] = a?[a(ac)], where (yq)x = ¢ and x(yp) = q

and (y2y1) = p
For any a in S there exist b and c in S such that a = bc. Then

max{((f o g) o h)(a),7} = max{ \V A(fog)®) A h(C)}ﬁ}

a=bc

> max{min{(f o g)(aa), h(a(ac))},~}
—maX{ \/ H{r) Ag(a)}, hlala ))},7}

> max[min{f(a), g(a), h(a(ac))}, ]
= min[max{f(a), v}, max{g(a),~}, max{h(a(ac)), ]
> min[min{f(a),d}, min{g(a), §}, min{h(a), §}|
= min[min{f(a), g(a), h(a)},d]
=min{(fNgnh)(a),d}.
Thus (f N g) N h C Vg5 (f og)oh. The rest of the proof is similar as
in Theorem 106.

(#91) = (i7) Let R be a right ideal and A, B be any subsets of S. Then
by (iii), we get

§ 5 5 § § 5
X5(anB)nR =(7.9) XWAQX BvaR C V4(,5) (X540 XTp)0 X R =(.8) XyaB)R:

Then we get (AN B)N R C (AB)R. The rest of the proof is similar as
in Theorem 106.

(ii) = (i) Sa? is a right-ideal of an AG-groupoid S containing a?. By
(ii), it is semiprime. Thus (ii), we get

SanSan Sa® C [(Sa)(Sa)](Sa?) = [(SS)(aa)](Sa?) C (Sa?)S.

Hence S is intra-regular. m
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Theorem 111 Let S be an AG- groupoid with a left identity. Then the
following conditions equivalent:

(1) S is intra-regular.

(ii) For any subsets A, B and for any right ideal R of S, ANRNB C
(AR)B and R is a semiprime.

(t4i) For any (€, €4 Vgs)-fuzzy subsets f,h and any (€, €, Vas)-fuzzy
right ideal g, fNgNh C Vg5 ((fog)oh) and g is an (€., €, Vgs)-fuzzy
semiprime ideal of S.

Proof. (i) = (iii) Let f,h be (€,,€, Vgs)-fuzzy subsets and g be an
(€4, €y Vgs)-fuzzy right ideal of an intra-regular AG-groupoid S. Now since
S is intra-regular it follows that for any a in S there exist z,y in S such
that a = (za?)y. Now using medial, paramedial laws and (1), we get

[
y(wa) = yla((za?)y)] = yl(we) (y2)] = [(262)(25?)] = (5%2)(a%)
— @2(420?) = (a0)(P2?) = (%) (aa) = al(z*9)al,
(2*y?)a = (a?y?)[(xa®)y] = (za®)[(z°y?)y] = [y(y*2?)](a*x) = a*[{(y(y*2)}a]

Thus a = [a(a?v)]a, where {y(y?2?)}x = v.
For any a in S there exist p and ¢ in S such that a = pq. Then

max{((f o g) o h)(a),7} = maX{ V A(fog)m) A h(q)}ﬁ}

a=pq

> max{min{(f o g)(a(a’v)), h(a)},~7}

= max { V  {F©ngd), h(a)}w}

a(a?v)=cd
> max[min{ f(a), g(a%0), h(a)},7]
= minfmax{f(a), 7}, max{g(av), 7}, max{h(a),7}]
> min[min{f(a),}, min{g(a), §}, min{h(a), §}|
— minfmin{f(a), g(a), h(a)}, ]
=min{(fNgnh)(a),d}.

Thus (f N g) Nh C Vq(y,s)(f o g)oh. The rest of the proof is same as in
Theorem 106.

(#91) = (i7) Let R be a right ideal and A, B be any subsets of S. Then
by (iii), we get

X2 anmyne =(r.8) XaNXIrNX5p C Va(y 6)( X5 40X )0 X5 =(y.6) X (ar) 5

Hence we get (AN R)N B C (AR)B. The rest of the proof is same as in
Theorem 106.
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(ii) = (i) Sa? is a right-ideal of an AG-groupoid S containing a?. By
(ii), it is semiprime. Thus (ii), we get

a € SanSa®>NSa C [(Sa)(Sa?)]|(Sa) C [S(Sa?))S
= [5(5a?)](SS) = (59)[(Sa”)S]
= S[(Sa*)S] = (Sa*)(SS) = (Sa?)S.

Hence S is intra-regular. m

Theorem 112 Let S be an AG- groupoid with a left identity. Then the
following conditions equivalent:

(1) S is intra-regular.

(i1) For any subsets A, B and for any right ideal R of S, RNANDB C
(RA)B and R is a semiprime.

(i13) For any (€, €y Vqs)-fuzzy right ideal f and any (€, €y Vqs)-fuzzy
subsets g,h, f N gNh C Vg5 ((fog)oh) and f is an (€., €y Vs)-fuzzy
semiprime ideal of S.

Proof. (i) = (iii) Let f be an (€4, € Vgs)-fuzzy right ideal and g, h be
(€, €4 Vgs)-fuzzy subsets of an intra-regular AG-groupoid S. Now since
S is intra-regular it follows that for any a in S there exist z,y in S such
that a = (za?)y. Now using medial, paramedial laws and (1), we get

a = (z(aa))y = (a(za))y = (y(za))a,
y(za) = y[z{(za*)y}] = y[(za®)(yz)] = (va®)(zy?)
= (y*z)(a’z) = ®[(y*x)z] = [(°y*)ala and
(z%y*)a = (*y?)[(xa®)y] = (za®)[(2*y*)y] = [y(y*2?)](a’x)
= a’l{y(y*x)}z] = a®v.

Thus a = [(a®v)ala, where [y(y?x)|z = v.
For any a in S there exist b and ¢ in S such that a = bc. Then

max{((f o g) o h)(a),7} = maX{ V A(fog)(b) A h(C)},v}

a=bc

> max{min{(f o g)((a’v)a), h(a)},7}
ZmaX{ V {{f(p)Ag(q)},h(a)}m}

(a?v)a=pq
> max[min{f(a*v), g(a), h(a)},7]
= min {max{f(a%v).}, max{g(a), 7}, max{h(),7}}
> min{min{ f(a), 0}, min{g(a),d}, min{h(a),d}}
= min{min{f(a), g(a), h(a)}, 4}
=min{(fNgnNh)(a),d}.
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Thus (f N g) N h C Vg5 (f og)oh. The rest of the proof is similar as
in Theorem 106.

(#91) = (i7) Let R be a right ideal and A, B be any subsets of S. Then
by (iii), we get

5 5 5 Axd 5 3o 5 5
XS (rnayns =(.0) XyrRNX54NXT5 C V(4,8 (X5r0X54)0X 5 =(4.6) XJ(ra)B-

Hence we get (RN A)N B C (RA)B. The rest of the proof is similar as
in theorem 106.
(ii) = (i) Sa? is a right-ideal of an AG-groupoid S containing a?. By
(ii), it is semiprime. Thus (ii), we get
a € Sa* N San Sa C [(Sa®)(Sa)](Sa) C [(Sa*)S]S
= (59)(Sa®) = ($9)[(85)(aa)] = (SS5)[(aa)(SS)]
= (59)(a*S) = (Sa?)(89) = (Sa?)S.

Hence S is intra-regular. m



4

Generalized Fuzzy Quasi-ideals
of Abel Grassmann’s
Groupoids

In this chapter, we introduce the concept of (€., €, Vgs)-fuzzy quasi-ideals
in AG-groupoids. We characterize intra-regular AG-groupoids by the prop-
erties of these ideals.

Definition 113 A fuzzy subset f of an AG- groupoid S is called an (€,
€4 Vas) fuzzy-quasi ideal of S. if it satisfies, max{f(x),y} > min{(f o
S)(x), (S o f)(x),0}, for allz € S, v, € [0,1], by S we mean ijs, where
v=0and 6 = 1.

Example 114 Consider an AG-groupoid S = {1,2,3} in the following
multiplication table.

Define a fuzzy subset f on S as follows:

041 ifz=1
fl)={ 044 ifz=2
042 ifx=3.

Then, we have
e fisan (€01,€0.1 Vao.11)-fuzzy quasi-ideal,
e f is not an (€, € Vqo.11)-fuzzy quasi-ideal.

Lemma 115 If Q is a quasi-ideal of an AG-groupoid S if and only if the
fuzzy subset XjS/Q is an (€, €4 Vqs) fuzzy quasi-ideal of S.

Proof. Suppose that @ is a quasi-ideal of an AG-groupoid S. Let X;SQ be
the fuzzy subset of Q). Suppose that = € S.

Case(a):

Ifx ¢ Q, then x ¢ SQ or = ¢ QS.

(i) If = ¢ SQ, then by definition Xf/Q(a:) < ~vand (So ijQ)(x) < 7.
Thus,
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max{X,‘;Q(a),'y} = v and min{(S o XﬁjQ)(x)j} =(So X,‘iQ)(x). This
clearly implies that maX{Xf/Q(a), ~v} > min{(S oXﬁfQ)(z), d} but min{(So
XﬁYSQ)(:zc)7 d} > min{(S o X,‘iQ)(x), (X,fQ o S)(z),d}. Therefore,

maX{XgQ(a),’y} > min{(S o XﬁjQ)(a:), (X;SQ o S)(z),d}.

(#4) Similarly, if x ¢ @S, then by above procedure we can prove the
required result.

Case(b):

Ifxe@,thenz e SQNQS orxz ¢ SQNQS.

(1) f 2 € SQN QS that is x € SQ and = € QS. Then, by definition
ijQ(a:) > ¢ and (SOXfo)(x) > ¢ and (ijQ 0 S) > §. Thus,

max{X7o(a),7} > min{(§ o Xig) (@), (XIq 0 5)(x), 5}.

(44) Similarly, we can prove the result for x ¢ SQ N QS.

Conversely, assume that XfiQ is an (€., €y Vgs)-fuzzy-quasi ideal of S.
Then,

max{XjQ(a), ~} min{(XgQ 0 S)(x),(So X;;Q)(x), o}

= min{(XiQ © Xés)(x), (Xés © XfiQ)(x), 5}
= min{Xst(x)a XfiSQ(x)a o}
min{XgQSmSQ (z),6}

> min{XgQSﬁSQ(gv),(5}7 for all x € S.

If x € SQNQS. Then, maX{ijQ(a),’y} > min{XijSmSQ(x),(S} = 0.
Thus, XgQ (z) > 4, which implies that = € Q. Hence, @ is a quasi-ideal of
S. m

Definition 116 A fuzzy subset f of an AG-groupoid S is called an (&,
. €~ Vqs)-fuzzy left (right) ideal of S if it satisfies v+ €4 f,(zy)s €4 Vgsf
(¢ €4 [ implies that (xy): €4 Vs f), for allt,s € (0,1], and ~,0 € [0,1].

Theorem 117 A fuzzy subset f of an AG-groupoid S is called (€., €,
Vqs)-fuzzy left (respt. right) ideal if and only if max{f(ab),y} > min{f(b),d},
(respt. max{f(ab),vy} > min{f(a),d}) for all a,b € S.

Proof. It is easy. m

Theorem 118 Every (€, €, Vqs)-fuzzy left ideal of an AG-groupoid S is
an (€, €4 Vgs)-fuzzy-quasi ideal of S.

Proof. Let f be an (€4, €, Vgs)-fuzzy left ideal of an AG-groupoid S.
Suppose that x € S. If for any x in S there exist y and z in S such that
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x = yz, then

min{(5 o f)(z),d} = min{ V {S(y)Af(Z)}ﬁ}

T=yz

= min{ \/ min{S(y), f(2)}. 5}

T=yz

= min{ \/ min{1, f(2)}, 6}

T=yz

= \/ min{ f(z),d}

T=yz

<\ {max{f(y2),7}}

T=yz

=V {max{f(2),7}}

T=yz

= max{f(z),7}.

Hence, max{f(z),v} = min{(Sof)(z), 6} = min{(Sof)(z), (foS)(x),d}.
Thus, f is an (€., €y Vgs)-fuzzy quasi-ideal of an AG-groupoid S. m

Theorem 119 Every (€,,€, Vgs)-fuzzy right ideal of S is an (€, €,
Vs )-fuzzy-quasi ideal of S.

Proof. Let g be an (€4, €, Vgs)-fuzzy right ideal of an AG-groupoid S.
Let a € S. If for any a in S there exist b and ¢ in S such that a = be, then

min{(g o S)(a),d} = min{ \/ {g(b) A S(c)},é}

a=bc

= \/ min{min{g(b), S(c),d}}

a=bc

= \/ min{y(5),5}

a=bc

<\ max{g(be), 7}

a=bc

= max{g(a),7}.

Thus, max{g(a), 7} = min{(go S)(a),é} > min{(ge 5)(a), (S g)(a),d}.
Hence, g is an (€, €, Vgs)-fuzzy quasi-ideal of an AG-groupoid S. m



58 4. Generalized Fuzzy Quasi-ideals of Abel Grassmann’s Groupoids

4.1 (€., €y Vgs;)-fuzzy Quasi-ideals of Intra-regular
AG-groupoids

Example 120 Consider an AG-groupoid S = {1,2,3} in the following
multiplication table.

Define a fuzzy subset f on S as follows:

0.7 ifx=1
fz)=4 064 ifz=2
051 ifz=3.

Then, f is an (€g.2, €0.2 Vqo.3)-fuzzy quasi-ideal.

Theorem 121 For an (€., €, Vgs)-fuzzy AG-subgroupoid f of an intra
reqular AG- groupoid S with left identity, we have f C Vq(y,5So f.
Proof. Let f be an (€, €y Vas)-fuzzy AG-subgroupoid of an intra regular
AG-groupoid S with left identity. Then, for any a in S, there exists © and
y in S such that

a = (za?)y = (z(aa))y = (a(za))y = (y(xa))a = ta, where y(za) = %.

If for any a in S there exist b and ¢ in S such that a = be, then

min{(So f)(a),d} = min{\/{(swmﬂc)),é}}

a=bc

= \/ min {min{S(%), f(a)},d}

a=bc

= \/ min {min{1, f(a)},d}

a=bc

\/ min {f(a),d}

a=bc
min {f(a),d}
max{(f(a),7).

IN

Hence f C Vq,5Sof. ®

Theorem 122 For an (€4, €, Vqs)-fuzzy AG-subgroupoid g of an intra
reqular AG- groupoid S with left identity, we have g C Vq(, 5190 S.

Proof. Let g be an (€, €y Vqs)-fuzzy AG-subgroupoid of an intra regular
AG-groupoid S with left identity. Then, for any x in S, there exist y and
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z in S such that

a = (za
y(za) = ( a*)(zy?) = (y*z)(a’z)

a*(y*zz) = (aa)(y?2?) = a[(y?2?)a] = at, where [(y*z?)a] = t.

Il
<
—~
8
—~~
[ —
8
S
[ V)
~—
<
~
~
~—
|
<
—~
—
8
S
[ V)
~—
—~
8
<
~
~

If for any a in S there exist p and q in S such that a = pq, then

min{(g o S)(a),d} = { V (g }}

a=pq

= min{ \/ min{g(a%S(t)},&}

- \/ min {min{g(a),1},d}

a=pq

\/ min{(g(a). )

min{ (g(a), 3)
mas{g(a). 1},

IN

Hence g C Vq(y,5590 5. &

Theorem 123 Let S be an AG- groupoid with left identity. Then, the fol-
lowing conditions are equivalent.

(1) S is intra regular.

(ii) For every quasi ideal Q of S, Q C Q*.

(iii) For every (€, € Vqs) fuzzy quasi ideal f of S, f C Vg s fof.

Proof. (i) = (iii) Let f be an (€., €, Vgs)-fuzzy quasi ideal of an intra
regular AG-groupoid S with left identity. Since S is intra regular therefore
for any @ in S there exist z,y in S such that a = (za?)y. Now, by using
(1), para medial law, medial law we obtain

a = (za®)y = (2(aa))y = (a(za))y = (y(xa))a.
y(za) = ylz((za®)y)) = y((za®)(zy)) = (va®)(zy®) = (y*2)(a*2),
(a)?) = [(@*)ala, so
a = [{(=*y?)a}ala = (ua)a, where (z*y*)a = w.
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If for any a in S there exist p and ¢ in S such that a = pq, then

max{(f o f)(a),7} HMX{\/{f@)Awanv}

> max[min{f(ua), f(a)},]

= min[max{f(ua), 7}, max{f(a),7}]
min[min{S o f(ua),d}, min{f(a),d}
min[min{ \/ S(x) A f(y),d}, min{ f(a),d}

min{min{S(u) A f(a), 6}, min{(a), 5}
= min{min{f(a),d}, min{f(a),0}}
= min{f(a),d}.

Thus f - \/Q(,Y)(;)f o f
(#i1) = (it) Suppose that @ is a quasi-ideal of S. Then, by (iii), we get

v

B s B B s s s
X = X50ne =) X3 N X5 € V69X © X50 =(1.6) V.6 X502-
Hence we get Q C Q2.

(ii) = (i) Since S be an AG-groupoid. Therefore, a € Sa N Sa = Sa? =

(Sa?)S. Hence, S is intra regular. m

Example 124 In example 2, S is obviously intra-reqular because 3 = (3 -
32)-3,2=(1-2%)-1and 1 = (2-12) - 2. Now we will satisfy max{(f o
f(a),v} > min{f(a),d} for intra-reqularity as given in theorem 123, where
f is an (€0.2, €0.2 Vqo.3)-fuzzy quasi-ideal as defined in this example. Ob-
viously

(fo f)(a) =max{(f o f)(a),0.2} > min{f(a),0.3} =0.3.
Clearly (f o f)(a) > 0.3, for alla in S.

Theorem 125 Let S be an AG- groupoid with left identity. Then, the fol-
lowing conditions are equivalent .

(i) S is intra regular.

(i3) For every quasi ideal Q and any subset A of S, QN A C QA.

(133) For every (€~, €4 Vqs) fuzzy quasi ideal and any (€, €4 Vas)-fuzzy
subset g, we have f N g C Vg s (fog).

Proof. (i) = (i7i) Let f be an (€., €, Vgs)-fuzzy quasi ideal and g be any
(€4, €4 Vgs)-fuzzy subset of an intra regular AG-groupoid S. Since S is
intra regular, then for any a in S there exist x,y in S such that a = (za?)y.
Now, by using medial, para medial laws and (1), we obtain

a = (za®)y = (¢(aa))y = (a(za))y = (y(za))a.
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y(za) = y(a((za®)y)) = y((wa®)(wy)) = (va®)(zy?)
= (yz)(a’z) = a®(y*2*) = (aa)(y*2?) = ((y*2*)a)a.
Thus,
a = [((y*z?)a)ala = (ta)a, where, (y?2%)a = t.

If for any a in S there exist b and ¢ in S such that a = bc, then

max{(f o g)(a),7} = maX{ V {7 Ag(C)},V}

a=bc

max{min{f(ta), g(a)},7}
min[max{f(ta), v}, max{g(a), v}]

> minfmin{(S o f)(ta),d}, {g(a),d}]

= minmin{ \/ (S(z) A f(y), 3}, {g(a),6}]

ta=zy

> minfmin{(S(t) A f(a),d},{g(a),d}]
= min{min{f(a),d}, min{g(a),d}}
= min{(fNg)(a),d}.
Thus we have f N g C Vq(y,5f 09
(#4i) = (i1) Let @ be an quasi ideal and A any subset of S. Then, by
(1), we get

\%

) ) ) ) ) )
XJ(ona)y =(.0) X5 N XJ4 € Va1, X350 © X34 =(1,6) Va1, X5qa-

Hence we get QN A C QA.

(#3) = (i) Since Sa is a quasi ideal containing a. Therefore, a € Sa C
Sa)(Sa) = Sa? = (Sa?)S. Hence, S is intra regular. m
(Sa)( , g

Example 126 Consider f as defined in example 2, where S is intra-reqular.
Now let us define g as follows:

0.8 ifz=1
glx)=4¢ 0.7 ifx=2
0.6 ifz=3.
Then clearly g is (€0.2, €0.2 Vqo.3)-fuzzy subset of S because
g(a) = max{g(a),0.2} > min{g(a),0.3} = 0.3, for a in S.

Now we will satisfy the condition max{(fog)(a),vy} > min{(fNg)(a),d}.
Clearly

(f o g)(a) =max{(f og)(a),0.2} > min{(f Ng)(a),0.3} =0.3.
Obviously (f o g)(a) > 0.3 for all a of S.
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Theorem 127 Let S be an AG- groupoid with left identity. Then, the fol-
lowing conditions are equivalent .

(1) S is intra regular.

(ii) For any subset A and for every quasi ideal Q of S, we have ANQ C

AQ.
(14i) For any (€~, € Vqs) fuzzy subset f and for every (€, €y Vgs)-quasi
ideal g of S, we have f N g C Vqy,5(fog).

Proof. (i) = (iti) Let f be any (€4, €, Vgs)-fuzzy subset and g be any
(€4, €4 Vags)-fuzzy quasi ideal of an intra regular AG-groupoid S. Since S is
intra regular, then for any a in S there exist x,y in S such that a = (za?)y.
Now, by using medial, para medial laws, (1), we obtain

(za®)y = (z(aa))y = (a(za))y = (y(za))a.

y(xa) = yle{(za®)y}] = yl(za®)(zy)] = (za®)(zy?)
= (y*z)(a’z) = a*(y*2?) = a*u, where u = y*z*

Thus,

a = (a*u)a = (au)(aa) = a[(au)ad]

a(ta), where t = au and u = y°z>.

If for any a in S there exist p and ¢ in .S such that a = pq, then

max{(fog)(a),v} = maX{ \/ {f(p)Ag(q)},v}

> max{min{f(a), g(ta)}, 7}

—  minfmax{f(a), 7}, max{g(ta),7}]

> min[min{f(a),0}, min{(S o g)(ta),d}]

S} min \/ {S(r) A g(s)}}, ]

ta=rs

;03 min{S(¢) A g(a)}}, 0]
= min[min{f(a),d}, min{g(a),d}]
= min{f(a),g(a),6}}
= min{(fNg)(a),d}.
Thus fNg C Vg5 fog.
(#9i) = (it) Let A be any subset and @ be a quasi ideal of S. Then (éii),
we get

min[min{ f(a

min[min{ f(a

=

) _ ) ) ) 5 )
XJanq@) =(,0) X34 N XJq € V(1,60 X574 © X0 =(1,5) V(1.6) X5 a0
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Hence we get ANQ C AQ.
(i) = (i) Since Sa is a quasi ideal containing a. Therefore, a € Sa C
(Sa)(Sa) = Sa? = (Sa?)S. Hence, S is intra regular. m

Theorem 128 Let S be an AG- groupoid with left identity. Then, the fol-
lowing conditions are equivalent .

(1) S is intra regular.

(ii) For any subsets A, B and quasi ideal Q of S, we have QNANB C
(QA)B.

(14i) For any (€~, €y Vgs5)-fuzzy subsets g, h and any (€, €, Vas)-fuzzy
quasi ideal f, we have f N gNh C Vg5 (foSof).
Proof. (i) = (iii) Let f,g be an (€., €4 Vgs)-fuzzy any subsets and h be
an (€., €, Vgs)-fuzzy quasi ideal of intra regular AG-groupoid S with left
identity. Since S is intra regular, then for any a in S there exist z,y in S

such that a = (za?)y. Now, by using medial law, left inversive law, para
medial law, (1) we get

a(ta) = [a(ta)|(ta) = (at)[(ta)a] = (at)(a’t) = [(a*t)t]a

= (t*a®)a = (a*t*)a = [(t*a)ad]a.

a

If for any a in S there exist b and ¢ in S such that a = bc, then

max{((f o g) o h)(a),7} maX{ \ {(fog)®) A h(C)},v}

a=be
> max{min{(f o g)((#*a)a), h(a)},7}
= max{min{ \/ f(r)Ag(s),h(a)},7}

(t2a)a=rs

> max{min{f(t*a) A g(a), h(a)},7}
max{min{f(t*a), g(a), h(a)},7}
—  minfmax{/ (%), v}, max{g(a), 7}, masx{h(a), 7}
min[min{S o f(t*a),d}, min{g(a), s}, min{h(a),d}]
min[min{ \/ S(r)A f(s),d}, min{g(a),d0}, min{h(a),d}]

min[min{S(%) A f(a),3}, min{g(a), 6}, min{h(a), 6}
= min[min{f(a),d}, min{g(a),d}, min{h(a),d}]
= min[min{f(a),g(a), h(a)},d]
= min{(fNgnh)(a),d}.

Thus we have fNgNh C Vg5 (fog)oh.

(#4i) = (it) Let @ be an quasi-ideal and A, B be any subsets of S. Then
(1), we get

Y

é 5 § § § § § 5
X“/QﬁAﬂB =(v,9) X’YQHXVADX'yB < vq(v,é)XonXwAOXnyB = (7,9) vq(w?)Xw(QA)B-
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Hence we get QN AN B C (QA)B.

(#4) = (i) We know Sa is a quasi-ideal of an AG-groupoid S containing
a. Therefore, a € SaN Sa = ((Sa)(Sa))Sa = (Sa?)(Sa) C (Sa?)S. Hence,
S is intra regular. m

Theorem 129 Let S be an AG- groupoid with left identity. Then, the fol-
lowing conditions are equivalent.

(1) S is intra regular.

(i1) For any subsets A, B and quasi ideal Q of S, we have ANQN B C
(4Q)B.

(i13) For any (€, €y Vqs)-fuzzy subsets f,h and any (€, €, Vqs)-fuzzy
quasi ideal g, we have fNgNh C Vg s (foSof).

Proof. (i) = (iii) Let f,h be an (€., €, Vgs)-fuzzy any subsets and g be
an (€., €, Vgs)-fuzzy quasi ideal of intra regular AG-groupoid S with left
identity. Since S is intra regular, so for any a in S there exist z,y in S such
that a = (za?)y. Now, by using medial law, para medial law, (1) we get

a = (t?a®)a = [t*(aa))a = [a(t?a)]a.

If for any @ in S there exist p and ¢ in S such that a = pq, then

max{(f o g o h)(a),7} maX{ V {(fog)(p)/\h(q)}ry}

> max[min{(f o g)(a(t*a)), h(a)},"]
= max[min{ \/ f(r)Ag(s), h(a),"]
a(t?2a)=rs
max[min{f(a) A g(t*a)}, h(a), ]
max[min{f(a), g(t*a)}, h(a)}, 7]
a),7}, max{g(t*a), 7}, max{h(a),~}]
min[min{ f(a),d}, min{S o g(t*a),d}, min{h(a),d}]
min[min{f(a), 6}, min{ \/  S(v) A g(w),6}, min{h(a),d}]
(t2a)=vw
min[min{ f(a),d}, min{S(t*) A g(a), 5}, min{h(a),s}]
= min[min{f(a),d}, min{g(a),d}, min{h(a),d}]
= min{min{f(a),g(a), h(a)},d}
= min{(fNgnh)(a),d}.
Thus we have fNgNh C Vg s (fog)oh.

(#91) = (91) Let A, B be any subsets and ) be a quasi-ideal of S. Then
(1), we get

—~ o~

min[max{ f

AV

5 _ 5 5 5 5 5 5
Xjangne = (:9)Xy4 N X530 N XS5 C Va5 X540 X500 Xop

)
(1:8) Y 47,5 X3 40)B-
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Hence we get ANQN B C (AQ)B

(#4) = (i) Since Sa is a quasi-ideal of an AG-groupoid S containing a,
soa € San Sa = ((Sa)(Sa))Sa = (Sa?)(Sa) C (Sa?)S. Hence, S is intra
regular. m

Theorem 130 Let S be an AG- groupoid with left identity. Then, the fol-
lowing conditions are equivalent.

(1) S is intra regular.
(ii) For a quasi-ideal Q and any subsets A, B of S, we have ANBNQ C

(AB)Q.
(t4i) For an (€, €y Vas)-fuzzy quasi-ideal f and any (€, €y Vas)-fuzzy
subsets g and h, we have f N gNh C Vg5 ((fog)oh).

Proof. (i) = (iii) Let f be an (€., €, Vgs)-fuzzy-quasi ideal and g, h be
any (€,,€, Vgs)-fuzzy subsets of intra regular AG-groupoid S with left
identity. Since S is intra regular, so for any a in S there exist z,y in S such
that a = (za?)y. Now, by using medial, paramedial laws, (1) we get

a = (a*t*)a = (at®)a® = a*(t?a).

If for any @ in S there exist p and ¢ in .S such that a = pq, then

aX{ \ {(Fog)®) A h(q)}w}

a=pq

max{min{(f o g)(aa), h(t*a)}, v}
_ { \ {LF0) A gl)} 0}, 7}

aa=rs

max[min{ f(a), g(a), h(t*a)}, 7]

min[max{f(a),~}, max{g(a), 7}, max{h(t*a),7}]
min[min{ f(a),d}, min{g(a), 5}, min{S o h(t*a ) 5}]
min[min{f(a), 6}, min{g(a), d}, min{ \/ S(c) A h(d),d}]

t2a=cd
in[min{ f(a), 8}, min{g(a), s}, min{S(t*) A h(a),d}]
;6}, min{g(a), 6}, min{h(a), 5}]
in[min{f(a), g(a), h(a)}, ]
in[(f Ngnh)(a),d].
Thus we obtain f N gNh C Vg5 (fog)oh.

(791) = (91) Let A, B be any subsets and ) be a quasi-ideal of S. Then
(ii7), we get

max{((fog)oh)(a), v}

v

AV

=

[ (a),

= min[min{f(a)
[ (a)
[

=

5 _ 5 5 5 5 5 5
XyanBne = (:9)X3aN XN XS0 € VaG6Xya0Xyp 0 X5

4
(1,0) V 4(+,6)X54B)q-
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Hence we get ANBNQ C (AB)Q.

(i) = (i) Since Sa is a quasi-ideal of an AG-groupoid S containing a.
Therefore, a € Sa N Sa = ((Sa)(Sa))Sa = (Sa?)(Sa) C (Sa?)S. Hence, S
is intra regular. m



5]

Generalized Fuzzy Prime and
Semiprime Ideals of Abel
Grassmann Groupoids

In this chapter we introduce (€, €, Vgs)-fuzzy prime (semiprime) ideals
in AG-groupoids. We characterize intra regular AG-groupoids using the
properties of (€., €, Vg¢s)-fuzzy semiprime ideals.

Lemma 131 If A is an ideal of an AG-groupoid S if and only if XfiA is
(€4, €4 Vas)-fuzzy ideal of S.

Proof. (i) Let z,y € A which implies that zy € A. Then by definition we
get XgA(xy) >0, XgA(m) > 6 and XffA(y) >0 but § > . Thus

max{X9,(zy),7} = XJ,(zy) and
min{XJ, (), XJ4(y),0} = min{XJ,(x), X],(y)} = 4.

Hence max{XfiA(xy),'y} > min{ijA(ac), ijA(y)7 5}
(73) Let © ¢ A and y € A, which implies that zy ¢ A. Then by definition
st/A(x) <7, XjR(y) > ¢ and XjR(xy) < ~. Therefore

max{X?,(zy),y} = ~and
min{XﬁA(x)»XiA(yM} = XSA(I')'
Hence maX{XgA(xy),v} > min{XgA(x), X‘W"TA(y)7 5}
(7i1) Let © € A,y ¢ A which implies that zy ¢ A. Then by definition, we
get XgA(zy) <7, XgA(y) <~ and X;;A(x) > 6. Thus
max{X?,(zy),y} = ~and
min{XiA(x),XiA(y)yé} = XiA(y)
Hence max(X,(x9), 7} > min{X? ,(2), X2 (1) 3}
(iv) Let x,y ¢ A which implies that zy ¢ A. Then by definition we get
such that X,‘iA(xy) <7, X,‘iA(y) <~ and XﬁjA(x) < ~. Thus
max{Xf?A(wy),v} = ~and
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Hence max{X? ,(y), 7} > min{X3 ,(z), X% ,(y), 6}.

Converse, let (zy) € AS where x € A and y € S, and (zy) € SA where
y € Aand z € S. Now by hypothesis max{Xf/A(asy), v} > min{X;sB(a:)7 XgB(y), 0}.
Since x € A, therefore XfiA (x) > 0, and y € A therefore X,‘;A (y) > ¢ which
implies that min{XgA(aJ), X;SA (y),0} = 4. Thus

max{X9 4 (zy),7} > 6.

This clearly implies that XﬁYS 4(xy) > 0. Therefore zy € A. Hence A is an
ideal of S. m

Example 132 Let S = {1,2,3}, and the binary operation “” be defined
on S as follows.

Then (S,-) is an AG-groupoid. Define a fuzzy subset f : S — [0,1] as
follows.

0.31 forxz =1
flx)=< 0.32 forz =2
0.30 forxz =3

Then clearly

o [ is an (€92, €02 Vqo.3)-fuzzy ideal of S,

o fisnotan (€, € Vqo.3)-fuzzy ideal of S, because f(1-2) < f(2)/\1*2ﬁ,
o f is not a fuzzy ideal of S, because f(1-2) < f(2).

Definition 133 A fuzzy subset f of an AG-groupoid S is called an (&,
, €4 Va5)-fuzzy bi-ideal of S if for all x,y and z € S and t,s € (v,1], the
following conditions holds.

(1) if 2t €4 f and ys €, f implies that (TY)minge,s} €4 VG5 [

(2) if 2t €4 f and zs € [ implies that ((2Y)2)min{t,s} €y Vs /-
Theorem 134 A fuzzy subset f of an AG-groupoid S is (€., € Vas)-fuzzy
bi-ideal of S if and only if

(1) max{ f(zy),v} = min{f (), f(y), 5}

(1) maxc{ f(y)2), 7} > min{ f(x), f(2), 8}.

Proof. (1) & (I) is the same as theorem 95.
(2) = (II). Assume that z,y € S and t,s € (v, 1] such that

max{ f((2y)2),7} < t < min{f(z), (=), }.

Then max{f((zy)z),7} < t which implies that f((zy)z) < ¢t < ~ this
implies that ((xy)z)+€,f which further implies that ((zy)z):€5 Vgsf. Also
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min{ f(z), f(z),8} >t > =, this implies that f(z) >t > v, f(z) >t >«
implies that z; €4 f, 2 € f but ((zy)z):€5 Vas f, a contradiction. Hence

max{f((zy)z),7} = min{f(z), f(2), 0}.

(II) = (2) Assume that z,y,z in S and ¢,s € (v,1], such that z; €,
f, zs €y f by definition we can write f(z) > t > v, f(z) > s > 7,
then max{f((zy)z),d} > min{f(z), f(y),0} this implies that f((zy)z) >
min{¢, s,d}. We consider two cases here,

Case(i): If {t,s} < 0 then f((xy)z) > min{¢,s} > v this implies that

((xy)z)min{t,s} S f

Case(id): If {t,s} > § then f((zy)z) + {¢,s} > 20 this implies that
((xy)z)min{t,s}q5f'

From both cases we write ((2y)2)minft,s} €y V@sf for all z,y,2in S. m

Lemma 135 A subset B of an AG-groupoid S is a bi-ideal if and only if
XjS/B is an (€, €y Vqs)-fuzzy bi-ideal of S.

Proof. (i) Let B be a bi-ideal and assume that =,y € B then for any a in S
we have (za)y € B, thus X,‘jB((xa)y) > 4. Now since z,y € B so XjB(x) >
d, XgB(y) > ¢ which clearly implies that min{XgB(z),ijB(y)} > 6. Thus

max{X)5((za)y),7} = X]p((wa)y) and
mln{XgB ($), X—?B (y)v 5} = 0.
Hence max{XgB((xa)y),v} > min{XjB(J:), XjB(y), 0}
(73) Let « € B,y ¢ B, then (za)y ¢ B, for all ¢ in S. This implies that
XﬁjB((xa)y) <7, X,‘EB(x) > § and X,‘EB(y) < 7. Therefore
max{X]p((za)y),7} = 7 and
min{Xf?B(w%XiB(y)ﬁ} = X'()S:B(y)'

Hence max{X5((za)y),v} > min{X](x), XJ5(y),0}.
(7i) Let © ¢ B,y € B implies that (za)y ¢ B, for all @ in S. This implies
that X2 ((za)y) < 7, X2p(z) <7, X2 p(y) = 6 then

max{ X5 ((za)y),v} = 7, and
min{X,‘gB(x), ijB(Z/)a 6} X33 ()

Therefore
max{X)p((za)y),7} > min{X)p(x), X]5(y), 5}
(iv) Let x,y ¢ B which implies that (za)y ¢ B, for all a in S. This
implies that min{XgB(x),XgB(y)} <7, XjS/B((xa)y) < ~. Thus
max{X]p((za)y),7} =7 and
min{XiB(w)»Xig(y), 6 = min{Xﬁg(ﬂf),X;SB(y)} <7
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Hence max{Xf/B((ma)y),v} > min{XfiB(ac), XﬁjB(y), 5}
If (za)y € B, then min{XﬁjB(x),XjB(y)} >0, XgB((ma)y) > 0. Thus

max{X9p((za)y),v} = XJ5((za)y) and
min{XgB (LC), XgB (y)v 6} = 0.

Hence max{XgB((xa)y),v} > min{XjB(J:), XgB(y), 0}

Converse, let (b1s)ba € (BS)B, where by,by € B and s € S. Now
by hypothesis max{ijB((bls)bg),'y} > min{X,‘?B(bl),ijB(bg),é}. Since
bi,bs € B, therefore XjB(bl) > § and XjS/B(bg) > § which implies that
min{XﬁjB(bl),XfiB(bg),é} = ¢. Thus

maX{XgB((bls)bg)7 v} > 0.

This clearly implies that XjB((bls)bg) > §. Therefore (bys)bs € B. Hence
B is a bi-ideal of S. =

Definition 136 A fuzzy AG-subgroupoid f of an AG-groupoid S is called
an (€, €y Vqs)-fuzzy interior ideal of S if for allx,y,z € S and t,r € (7v,1]
the following conditions holds.

(I) z¢ €4 f, ys €4 f implies that (Iy)min{t,s} €, Vgsf.

(IT) y¢ €+ f implies ((xy)z), €4 Vasf-

Lemma 137 A fuzzy subset f of S is an (€, €, Vgs)-fuzzy interior ideal
of an AG-groupoid S if and only if it satisfies the following conditions.
(IIT) max{f (zy),v} > min{f (x), f (y),6} for all z,y € S and ~,§ €
[0, 1].
(IV) max{f (xyz),v} > min{f (y),d} for all z,y,z € S and 7,5 €
[0,1].

Proof. (I) = (III) Let f be an (€4, €y Vgs)-fuzzy interior ideal of S. Let
(I) holds. Let us consider on contrary. If there exists x,y € S and ¢t € (v, 1]
such that

max{ f(zy),7} <t < min{f(z), f(y),d}.
Then max{ f(zy),v} <t <~ this implies that (zy):€, f again implies that
(xy)e€4 Vasf. As min{ f(x), f(y),0} >t > ~ this implies that f(z) >t >~
and f(y) >t >~ implies that z; €, f and y; €, f.
But (zy):€, Vgsf a contradiction .Thus

max{ f(zy),7} = min{f(z), f(y), 0}.

(II1I) = (I) Assume that z,y, in S and t,s € (v,1] such that =, €,
fand ys €y f. Then f(z) >t >, fly) > t > v, max{f(zy),7} >
min{ f(z), f(y),d} > min{t, s,d}. We consider two cases here,

Case(1): If {¢,s} < ¢ then max{f(xy),v} > min{¢, s} > v this implies
that (my)min{t,s} €y f
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Case(2): If {t,s} > ¢ then f(zy) + min{¢, s} > 20 this implies that
(xy)min{t,s}%f'

Hence z; € f, ys €4 f implies that (2y)minfs,s} €4 VG5 [

(IT) = (IV) Let f be an (€, €4 Vgs)-fuzzy interior ideal of S. Let (I1)
holds. Let us consider on contrary. If there exists z,y € S and ¢t € (v, 1]
such that

max{f((2y)z),7} <t <min{f(y),d}.
Then max{f((zy)z),v} < t < v this implies that ((zy)z):€,f further
implies that ((xy)z):€, Vgsf. As min{f(y),0} > t > ~ this implies that
f(y) > t > ~ implies that y, €, f. But (zyz),€, Vgsf a contradiction
according to definition. Thus (I'V) is valid

max{f((xzy)z),v} > min{f(y), o}

(IV) = (II) Assume that z,y,z in S and ¢, s € (v, 1] such that y, €, f.
Then f(y) >t > ~, by (IV) we write max{f((zy)z),y} > min{f(y),d} >
min{t,d}. We consider two cases here,

Case(i): If t < 6 then f((zy)z) >t > v this implies that ((zy)z): €, f.

Case(i3): If ¢ > 0 then f((vy)z) +t > 26 this implies that ((zy)z)gsf-

From both cases ((zy)z): €, Vgsf. Hence f be an (€., €, Vgs)-fuzzy
interior ideal of S. m

Lemma 138 If I is a interior ideal of an AG-groupoid S if and only if
ijl be an (€., €~ Vas) fuzzy interior ideal of S.

Proof. (i) Let z,a,y € I which implies that (xa)y € I. Then by definition
we get ijl((wa)y) > ¢ and Xjfl(a) > 6, but 6 > . Thus

max{X,((za)y),7} = X3,((za)y) and
min{Xﬁ?I(a),(S} = 4.
Hence max{ Xgl((:ca)y)gy} > 1rnin{X$I(a)7 5}

(15) Let ¢ I,y ¢ I and a € I, which implies that (za)y € I. Then by
definition Xfﬂ((xa)y) > ¢ and Xﬁil(a) > §. Therefore

max{X)((za)y),7} = X((za)y), and
min{XjI(a),é} = J.

Hence max{Xgl((xa)y), v} > min{XjI(a), 5}
(73i) Let x € I,y € T and a ¢ I which implies that (za)y ¢ I. Then by
definition, we get Xgl((a:a)y) <7, Xf/I(a) < ~. Thus

max{X;((za)y),7} = ~and
min{XﬁiI(a),(S} = Xgl(a).
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Hence max{Xf/I((xa)y),w} > min{Xf/I(a),é}.
(iv) Let x,a, y ¢ I which implies that (za)y ¢ I. Then by definition we
get such that Xg,((xa)y) <, Xj/sl(a) < ~. Thus

max{XJ;((za)y),7} = ~and
min{Xf;I(a)v(S} = X;Sz(a)
Hence maX{Xffl((xa)y),'y} > min{XjS/I(a),(S}.
Conversely, let (za)y € (SI)S, where a € I and z,y € S. Now by

hypothesis max{ijI((wa)y),'y} > min{XﬁI(a),c;}. Since a € I, therefore
Xgl(a) > § which implies that min{Xﬁ?I(a), 0} = 4. Thus

max{ X9 ((za)y),v} > 6.

This clearly implies that X,‘il((xa)y) > ¢. Therefore (za)y € I. Hence I is
an interior ideal of S. m

Example 139 Consider an AG-groupoid S = {1,2,3} in the following
multiplication table.

Define a fuzzy subset f on S as follows:

041 ifx =1,
fl@y=4q 044 ifx =2,
0.42 if x = 3.

Then, we have
e fisan (€01,€0.1 Vqo.11)-fuzzy quasi-ideal,
e f is not an (€, € Vqo.11)-fuzzy quasi-ideal.

Definition 140 An (€4, € Vgs)-fuzzy subset f of an AG-groupoid S is
said to be prime if for all a,b in S and t € (v, 1]. It satisfies,
(1)(ab)s € f implies that (a); €4 Vgsf or (b): €4 Vgsf.

Theorem 141 An (€., €, Vgs)-fuzzy prime ideal f of an AG-groupoid S
if for all a,b in S, and t € (v, 1].1t satisfies
(2) max{f(a), f(b), 7} > min{f(ab),}.

Proof. Let f be an (€,,€, Vgs)-fuzzy prime ideal of an AG-groupoid
S. If there exists a,b in S and ¢t € (v, 1], such that max{f(a), f(b),7} <
t < min{f(ab),d} then min{f(ab),d} > t implies that f(ab) > ¢ > v and
min{ f(a), f(b),7} < t this implies that f(a) < t < yor f(b) <t < v
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again implies that (a);€,f or (b):€,f i.e. (ab); €, f but (a);€, Vgsf or
(b)+€, Vgs f, which is a contradiction. Hence (2) is valid.

Conversely, assume that (2) is holds. Let (ab); €, f. Then f(ab) >t >~
and by (2) we have max{f(a), f(b),7} > min{f(ab),d} > min{¢,d}. We
consider two cases here,

Case(a): If t < 4, then f(a) > ¢ > v or f(b) > ¢ > ~ this implies that
(a)e € f or (b): €4 f.

Case(b): If t > ¢, then f(a) +t > 2§ or f(b) + ¢ > 2§ this implies that
(a)tgsf or (b)rgsf. Hence f is prime. m

Theorem 142 Let I be an non empty subset of an AG-groupoid S with
left identity. Then

(1) I is a prime ideal.

(i4) X‘Sﬂ is an (€, €y Vas)-fuzzy prime ideal of S.

Proof. (i) = (ii). Let I be a prime ideal of an AG-groupoid S. Let (ab) € T
then Xfﬂ(ab) > ¢, this implies that so ab € I and I is prime, so a € I or
b € I, by definition we can get stﬂ(a) >4 or styl (b) > ¢, therefore

min{xfgﬂ(ab)ﬁ} = 4 and
max{x?(a), x3;(b),7} = max{x};(a),x3;(b)} > 3.

which implies that max{?(‘fﬂ (.a)7 X‘fﬂ (b), v} > min{xfﬂ(ab), d}. Hence Xi[ is
an (€, €, Vgs)-fuzzy prime ideal of S.

(73) = (7). Assume that ngﬂ is a prime (€., €, Vgs)-fuzzy ideal of S, then
I is prime. Let (ab) € I by definition we can write Xfﬂ(ab) > ¢, therefore,by
given condition we have max{xij(a),xij(b),'y} > min{xil(ab),é} = 9.
this implies that Xi[ (a) > d or xil(b) > § this implies that a € T or b € I.
Hence [ is prime. m

Example 143 Let S = {1,2,3}, and the binary operation “” be defined
on S as follows.

Then (S,-) is an intra-reqular AG-groupoid with left identity 1. Define a
fuzzy subset f S — [0,1] as follows.

0.34 forxz =1
flx)=1< 0.36 forz =2
0.35 forxz =3

Then clearly
e fisan (€p.2, €02 Vqo.22)-fuzzy prime ideal,

e f is not an (€, € Vqp.22)-fuzzy prime ideal,

73
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o f is not fuzzy prime ideal.

Theorem 144 An (€,,€, Vqs)-fuzzy subset f of an AG-groupoid S is
prime if and only if U(f,t) is prime in AG-groupoid S, for all 0 <t <.

Proof. Let us consider an (€, € Vgs)-fuzzy subset f of an AG-groupoid S
is prime and 0 < ¢t < 4. Let (ab) € U(f,t) this implies that f(ab) >t > 7.
Then by theorem 141 max{f(a), f(b),7} > min{f(ab),d} > min{t,d} = ¢,
so f(a) >t > v or f(b) > t > ~, which implies that a €, U(f,t) or
b e, U(f,t). Therefore U(f,t) is prime in AG-groupoid S, forall 0 <t < 4.

Conversely, assume that U(f,t) is prime in AG-groupoid S, for all 0 <
t < 0. Let (ab); €, f implies that ab €, U(f,t), and U(f,t) is prime, so
a €, U(f,t) orbe, U(f,t), that is a; €, f or by € f. Thus a; €, Vasf
or by €4 Vgsf. Therefore f must be an (€., €y Vgs)-fuzzy prime in AG-
groupoid S. =

Definition 145 A fuzzy subset f of an AG-groupoid S is said to be (&,
, €4 Vas)-fuzzy semiprime for all s,t € (v,1] and a € S. it satisfies

(1) a? €, f implies that a; €, Vgsf.

Theorem 146 A fuzzy subset f of an AG-groupoid S is an (€, €4 Vgs)-
fuzzy semiprime if and only if it satisfies

(2) max{f(a),v} > min{f(a?),6} for all a € S.
Proof. (1) = (2) Let f be a fuzzy subset of an AG-groupoid S which is
(€4, €4 Vgs)-fuzzy semiprime of S. Assume that there exists a € S and ¢
€ (v, 1], such that

max{f(a),y} <t < min{f(a?),d}.

Then max{f(a),y} < t this implies that f(a) < t < ~, implies that ,
f(a) +t < 2t < 26 this implies that a;€, Vgsf and min{f(a?),} > ¢ this
implies that f(a?) > ¢ > v, further implies that a7 €, f but a;€, Vgs f a
contradiction to the definition. Hence (2) is valid,

max{f(a),7} > min{f(a?),d}, for all a € S.

(2) = (1). Assume that there exist a € S and ¢ € (v,1] such that a? €, f,
then f(a?) >t > v, thus by (2), we have max{f(a),v} > min{f(a?),d} >
min{¢,d}. We consider two cases here,

Case(t): if t <0, then f(a) >t >+, this implies that a; €, f.

Case(ii) : if t > §, then f(a) +t > 20, that is a;qsf. From (i) and (i4)
we write a; €, Vgsf. Hence f is semiprime for alla € S. m

Theorem 147 For a non empty subset I of an AG-groupoid S with left
identity the following conditions are equivalent.

(1) I is semiprime.

(i4) X‘fﬂ is an (€, €y Vqs)-fuzzy semiprime.
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Proof. (i) = (#) Let I is semiprime of an AG-groupoid S.
Case(a): Let a be any element of S such that a? € I. Then I is semiprime,
so a € I. Hence Xfﬂ(aQ) > ¢ and Xfﬂ(a) > 0. Therefore

max{xfﬂ(a),’y} = Xil(a) and
min{x;(a), 6} = 0.

which implies that max{xgl(a), v} > min{in(aQ)7 0}.
Case(b): Let a ¢ I, since I is semiprime therefore a? ¢ I. This implies
that Xfﬂ(a) <~ and x‘fﬂ(aQ) < v, such that

max{x?;(a), 7} v and

min{x},(a%),6} = x3(a’).
Therefore max{x‘i[(a), v} > rnin{xfﬂ(aQ)7 d}. Hence in both cases
max{xgl(a),'y} > min{xfﬂ((f)7 d} forallainS.

(#7) = (i) Let stﬂ be an (€., €, Vgs)-fuzzy semiprime. Let a® € I for
some a in S. Then xJ;(a®) > 4. Therefore max{xJ;(a),v} > min{xJ,(a?),6} =

¢ this implies that X‘Sﬂ(a) > 0 again this implies that a € I. Hence [ is
semiprime. ®

Example 148 Let S = {1,2,3}, and the binary operation “” be defined
on S as follows.

1
2
3

W W W
W W NN
W W Wlw

Then (S,-) is an AG-groupoid. Define a fuzzy subset f : S — [0,1] as
follows.

0.41 forxz =1
flx)=1< 0.39 forz =2
0.42 forxz =3

Then clearly
o fis (€0.1,€0.1 Vqo.2)-fuzzy semiprime,
o f is not (€,€ Vqo.a)-fuzzy semiprime,

o f is not fuzzy semiprime.
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5.1 (€&, €4 Vgs)-Fuzzy semiprime Ideals of
Intra-regular AG-groupoids

Lemma 149 If f is a (€4, €4 Vgs)-fuzzy ideal of an intra-reqular AG-
groupoid S, then f is an (€4, €, Vgs)-fuzzy semiprime in S.

Proof. Let S be a intra regular AG-groupoid. Then for any a € S there
exists some z,y € S such that a = (za?)y. Now

max{f(a),7} = max{f(za®)y,7} = min{f(a*),0}.

Hence f is a (€, €y Vgs5)-fuzzy semiprime in S. ®

Theorem 150 Let S be an AG- groupoid then the following conditions are
equivalent.

(1) S is intra regular.

(ii) For every ideal A of S, A C A% and A is semiprime.

(iii) For every (€, €~ Vqs) fuzzy ideal f of S, f C Vg5 f o f, and f
18 fuzzy semiprime.

Proof. (i) = (iii). Let f be an (€4, €y Vgs)-fuzzy ideal of an intra regular
AG-groupoid S with left identity. Now since S is intra regular therefore for
any a in S there exist z,y in S such that a = (ra?)y. Now using paramedial
law, medial law and left invertive law, we get

a = (za®)y = (¢(aa))y = (a(za))y = (y(za))a.

Let for any a in S there exist p and ¢ in S such that a = pq, then

max{(f o f)(a),y} = max{ V {F@) A f(q)}m}}
> max{min{f(y(za)), f(a)},7}
> max{min{f(y(za)), f(a)}, 7}
= min{max{f(y(za)),v}, max{f(a),v}}
> min {min{f(a),0}, min{f(a),0}}

— min{f(a), ).

Thus f Q \/Q(,Y,(;)f @) f

Now we show that f is a fuzzy semiprime ideal of intra-regular AG-
groupoid S, Since S is intra-regular therefore for any a in S there exist x,y
in S such that a = (za?)y. Then

max{f(a),7} max{f((za®)y),7}

min{ f(a?),5}.

Y
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(#44) = (i1). Suppose A be any ideal of S. Then by (iii), we get

5 5 5 Py 1) ) 9
X34 = X54n4 = X574 N X34 € VA(1,6)X54 © X574 =(7,6) X542

Hence we get A C A% Now we show that A is semiprime. Let A is an
ideal then (XiA) be an (€., €, Vgs)-fuzzy ideal of S. Let a® € A, then
since XgA be any (€., €, Vgs)-fuzzy ideal of an AG-groupoid S, hence by
(iii),max{xfm(a),'y} > min{X‘iA(az), 0} = ¢ this implies that X‘;A(a) > 4.
Thus a € A. This implies that A is semiprime.

(ii) = (i). Assume that every ideal is semiprime of S. Since Sa? is a
ideal of an AG-groupoid S generated by a?. Therefore

a € (Sa?) C (89)a® C (a®9)S = ((aa)(SS))S = ((S9)(aa))S = (Sa?)S.
Hence S is intra regular. m

Lemma 151 Every (€, €, Vgs)-fuzzy ideal of an AG-groupoid S, is (€
. €~ Vas)-fuzzy interior ideal of S.

Proof. Let S be an AG-groupoid then for any a,z,y € S and f is an
(€4, €4 Vgs)-fuzzy ideal. Now

max{f((za)y), v} max{ f(za), 7}

min{ f(a),0}.

Hence f is a (€4, €, Vgs)-fuzzy interior ideal of S. m

2
2

Theorem 152 For an AG-groupoid S with left identity the following are
equivalent.
() S is intra regular.
(i1) Fvery two sided ideal is semiprime.
(i13) Every (€, €y Vqs)-fuzzy two sided ideal f of S is fuzzy semiprime.
(iv) Bvery (€, €y Vqs)-fuzzy interior ideal f of S is fuzzy semiprime.
(v) Every (€~,€~ Vqs)-fuzzy generalized interior ideal f of S is semi-
prime.

Proof. (i) = (v) Let S be an intra-regular and f be an (€., €y Vgs)-fuzzy
generalized interior ideal of an AG-groupoid S. Then for all ¢ € S there
exists =,y in S such that a = (za?)y. We have

max{ f(a),v} max{ f((za®)y), 7}
min{f(a®),d}.

Y

(v) = (v is obvious.

(tv) = (#4i) it is obvious by lemma 151.

(#4) = (it). Let A be a two sided ideal of an AG-groupoid S, then
by theorem 131, (Xf,A) is an (€, €, Vgs)-fuzzy two sided ideal of S. Let
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a®? € A, then since Xf,A is an (&5, €y Vgs)-fuzzy two sided ideal therefore
x‘;A(aZ) > 0, thus by (i) max{xiA(a),v} > min{xfyA(aQ),é} = ¢ this
implies that xﬁsYA(a) > . Thus a € A. Hence A is semiprime.

(i) = (). Assume that every two sided ideal is semiprime and since Sa?
is a two sided ideal contain a?. Thus

€ (Sa?) C (8S)a* C (a*S)S = ((aa)(S9))S = ((SS)(aa))S = (Sa?)Ss.
Hence S is an intra-regular. m

Theorem 153 Let S be an AG-groupoid with left identity, then the fol-
lowing conditions equivalent

(i) S is intra-regular.

(13) Fvery ideal of S is semiprime.

(#i1) Every bi-ideal of S is semiprime.

(tv) Every (€~, €y Vgs)-fuzzy bi-ideal f of S is semiprime.

(v) Bvery (€, €y Vas)-fuzzy generalized bi-ideal f of S is semiprime.

Proof. (i) = (v). Let S be an intra-regular and f be an (€,,€, Vgs)-

generalized bi-ideal of S. Then for all a € S there exists x,y in S such that
= (za®)y.

(aa))y = (a(za))y = (y(za))a

N)}a= {w( ((za®)y))}ta = {z((za®)y®))}

Ya = {2*(0*y*)}a = {a*(¢*y*)}a = {a(2?y?)}a®

(z%y*)}a® = {(y*y) (2*(xa®))}a® = {(y°2)(y(xa?)) }a?
a®)}a® = {(y*2?)((a®y2) (xy1)) }a® = {(y°2*)((a® )(yzyl))}a

(y2v1)z)(aa)) }a® = {(y*2?)(0®(x(ya1n))) Yo = {(aa)(z((z*y?))(y211)) }a”

{a*{(x(z*y®)(y2v1))} }a® = (a’t)a®, where t = (x(z*y®)(y2y1)).

we have

max{f(a),7} = max{f(a*t)a? v} > max{min{f(a®), f(a*)},d} = min{f(a®),d}.

Therefore max{f(a),v} > min{f(a?),d}.

(v) = (iv) is obvious.

(tv) = (4i4). Let B is a bi-ideal of S, then X'('SyB is an (€5, €y Vgs)-fuzzy
bi-ideal of an AG-groupoid S. let a® € B then since Xf,B is an (€4, €,
Vgs)-fuzzy bi-ideal therefore XiB(a2) > 4§, thus by (iv), maX{XfSYB(a),v} >
min{xiB(aQ),d} = ¢ this implies that XgB(a) > 4. Thus a € B. Hence B
is semiprime.

(#91) = (4t) is obvious.

(i1) = (i) Assume that every ideal of S is semiprime and since Sa? is an
ideal containing a. Thus

€ (Sa?) C (89)a? C (a25)S = ((aa)(S5))S = (($9)(aa))S = (Sa?)S.

IS
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Hence S is an intra-regular. m
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Theorem 154 Let S be an AG-groupoid with left identity, then the fol-
lowing conditions equivalent

(1) S is intra-regular.

(ii) Every ideal of S is semiprime.

(#i1) Every quasi-ideal of S is semiprime.

(tv) Bvery (€~, €y Vgs)-fuzzy quasi-ideal f of S is semiprime.

Proof. (i) = (iv). Let S be an intra-regular AG-groupoid with left identity
and f be an (€, €, Vgs)-fuzzy quasi ideal of S. Then for all a € S there
exists z,y in S such that a = (xa?)y. Now using left invertive law and
medial law, then

a = (za®)(y1y2) = (yav1)(a’z) = a®((y2y1)z) = a’t, where t = (yay1).

we have

max{f(a),7} = max{f(a’t),7} > min{f(a®),d}.

Therefore max{f(a),v} > min{f(a?),d}.

(tv) = (i4i). let @ be an quasi ideal of S, then XfSyQ is an (€4, €4 Vags)-

fuzzy quasi ideal of an AG-groupoid S. let a?

€ @ then since XiQ is
an (€, €, Vgs)-fuzzy quasi ideal as then XESYQ(a2) > ¢ therefore by (iv),
maX{XiQ(a), v > min{ng(a2), §} = § this implies that X(E,Q (a) > 6. Thus
a € Q. Hence @ is semiprime.

(#91) = (it) is obvious.

(ii) = (i) Assume that every ideal of S is semiprime and since Sa? is an
ideal containing a?. Thus

a € (Sa®) C (Sa)(Sa) = (S9)(aa) = (a*S)S = (Sa?)S.

Hence S is an intra-regular. m
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