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“I am that bread of life.” - John 6:48.

ABSTRACT. In present article, we create discrete formulas for first and second Chebyshev
functions.

1. INTRODUCTION

The first Chebyshev function, ¥(z) or §(z), is defined by
def
0@ =Y ()
n<x
If x=m €N, then, we can write the first Chebyshev function as follows

m

9(m) = n(py). (1)

n=1

The second Chebyshev function, t(z), is defined by
def
P(@)= S In(pa) =D Am)= " [log,,(z)|In(ps),
pﬁgz n<x n<z
where A(n) denotes the von Mangoldt function, which is defined as

A(n)d:ef In(py), if n = pk for some p,, and integer k > 1;
0, otherwise.

An direct relationship between them is given by

o

ba)= 3 ).

n=1
If x=m €N, then, we can write the second Chebyshev function as follows
m

)= 3 Lok (m))in(r) (2)

In this present paper, we prove that, for z € R>5, then

I_JLJ 27ri1k‘(k) 1
I(2) =6+ | |Ink
k=5 | e * —1
=] [17 cos(2X) fcos(%r(k) ) +cos(27rr(k) + 2W>-|
=In6+ i L/ i Ink
= [ 2—2cos T) J

2—2cos

—In6 — Z <csc(%)sm[%(k)]cos W})lnk,

(
=In6+ LZ{( o )56_2211>
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and

LIJ 27r11"(k)

() = [loga(|z])In 2+ |logs(|= 1n3+Z = _1 [logk(|= )] Ink

=|loga(|x J)Jln2+[log3(L J)JlnS
e [ o) —en(228) (232 2

]
2mr<k) ,251_
=|loga(|x ])|In 2+ |logs(|z])|In 3 + Lz{ — QCOZE‘?) 1)JLlogk(LxJ)Jlnk

T
:Llogg(LxJ)Jan—i-Llogg(LxJ)Jln3—§(csc(%)sin{ﬂ-F ] { })Llogk(LxJ)Jlnk.

k=5

2. PRELIMINARIES

In previous articles [1 and 2], we demonstrate that

27mil(k)

Sy o) () (2 )

6*221' _1 : 2—2008(2%)
(e - 1)( *1> . (7T (k) 70 (k) +1] (3)
B 2— 2(:05(2%) CSC(E>SIH< k )COS{ k = }

| 1,if kis prime;
| 0,if kis composite;

for k€ N>s.
3. THEOREMS

Theorem 1. If n€ Nx>s5, then

27r1F(k)

—1n6+z Ink

n [ 1— cos(%) - cos( QWI];(k) ) + cos(—%l;(k) +2%> -|

ln6+,;{ 2—200(
(o))
(

g .
oG s

n
=In6— Z <csc(%)sin[
k=5
where In k denotes the natural logarithm function, e* denotes the exponential logarithm function,
csc x denotes the cosecant function, sin x denotes the sine function and cos x denotes the cosine
function.




Proof. From (1) and (3), it follows that

2w1F(k)

n 27r1F(k)
19()1H2+1n3+2[ llnkln6+2[ ]hlk
-1

k=5 e

which are the desired results.

Theorem 2. If n € Nx>s, then

2n1F(k)

p(n) =[loga(n)]In 2+ |logs(n) |In3 4+ Z 2m [logk(n) |Ink

=|loga(n)]In 2 + Uogg( ) |In3
1 —cos 2m — cos 2n (k) + cos 27 (k) + 277
| 1 con() —cos( 258 4 o250 }ngk .

Jrkzzs { 2—2(:05(2%)
_2mir(e) 2
[( —1)(e )}Llogk(n)ﬁnk

=[logz(n)]In2+ [logs(n Jln3+g { 2—2(:05(2—77)

k

—[loga(n) [In 2+ [logs(n) [In 3 — 2 (csc(%)sin[ ”F]gk) }cos{ ”[F(’? +1] }) Llogx(n)]1n &,

where In k denotes the natural logarithm function, e* denotes the exponential logarithm function
csc x denotes the cosecant function, sin x denotes the sine function and cos x denotes the cosine

function.

Proof. From (2) and (3), it follows that

2n1F(k)

(n) = [loga(n)]In2+ |logs(n)|In3 4+ Z T [logk(n) |Ink
T

=[loga(n )Jln2+UOg3( )Jln3
—cos( 2T — cos( 2EE) Y 1 o 2TER)
1= cos(2) —co(( 25 ) +cos 22 4 22 }Uogk -

n
Jr us
kzzs { 2—2(:05(27)

—[loga(n) |In2 + |logs(n) |l 3 + i {( 2()230152_7,) )}Uogk( )|In k
k=5 k
= loga(n) |In2 + |logs(n i (csc(z)sm[”F } {” })Llogk(n) |Ink,

which are the desired results.
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Theorem 3. If x € R>5, then

|z ] 21r11"(k)
=In6-+ Z 27” Ink
-1
2] [1_(:05(2% (27r (k)) (QWF(k)+2W>'|

=In6+ Ink
" Z[ 2—2cos %) Jn

(
11[16+:ij5 {(e o )E%;m >}lnk

1 6 L R

where In k denotes the natural logarithm function, e* denotes the exponential logarithm function,
cscx denotes the cosecant function, sinx denotes the sine function, cosx denotes the cosine function

and |x| denotes the floor function.

Cb

D!

2—2cos

Proof. From (1) and (3), it follows that
LzJ 27ri1"‘(k) LIJ 27r11"(k)

Ia)=m2+m3+Y |t lnk—ln6+z i Y
k=5 | e * —1 -1

-Ilnk
)

oyt 2 —2cos
=In6— - csc(z)sm L' (k) cos (k) +1] Ink
o k k k ’
k=5
which are the desired results. 0
Theorem 4. If x € R>5, then
LIJ 27r11"(k)
¥(z) = [loga(|2])]In2 + [logs(|z ) /In 3+ Z — Uogk(Ll‘J)Jlnk
F -1

=[loga([2])]n 2+ Uogs(L J)J1n3

] [1 —COS(2—W) _COS(M) +Cos(w+2_”>
+k:"’ { k 2 2ios(%) — JUng(LxDJlnk
_2milie) omi
= logz(l2])|n 2+ [loga(lw ) I 3+ LZ {( 2- QCOZEE—W) I)ngk(tﬂ)ﬁnk
h=5 k

—[loga( [ ) |In2 + |logs(|])|In3 f <csc<%)sin{ ”Fk(k> ]cos{ ”[F("Z + 1] })Llogk( 2 ])[Ink,

k=5

where In k denotes the natural logarithm function, e* denotes the exponential logarithm function,
cscx denotes the cosecant function, sinx denotes the sine function, cosx denotes the cosine function

and |x| denotes the floor function.



Proof. From (2) and (3), it follows that

L] &ﬂmﬂ
¥(z) = [loga(|z]))In 2+ [logs (|« 1n3+z T _1 [logk([z])|Ink
{ =[loga(|z])]In2+ Uogs(t J)J1n3
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+ o [logi(|z]) | Ink
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_2mil(k) 2
Llogz(LwJ)JlnHLlogs(LwJ)J1n3+§{(e - ;Clo)sge ) 1)JUng(LxJ)Jlnk

T
o2+ s s 3 (s Yol T Jeon T Yk

k=5

which are the desired results. 0
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