One Common Property of Overdetermined Differential Equations
LIU Changli (liucl78@pku.org.cn)

Abstract: Usually, the numbers of unknowns are equal to the numbers of differential
equations. However, there are some exceptions. One example is Maxwell equations;
there are 6 unknowns and 8 equations. The other example is elasticity equilibrium
equations in stress form; there are 6 unknowns and 9 equations. Both equations seem
overdetermined. In the paper, | generalize the definition of linear dependence in
algebra to the definition of differential linear dependence in differential equations,
and | use this definition to explain the overdetermined problem. All overdetermined
equations have the property: differential linear dependence.
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1. Introduction

In linearly algebraic system, the overdetermined equations, whose independent
equations are more than knowns, have no solution. This is well known. In linearly
differential equations, there are some exceptions. Maxwell equations have 6
unknowns and 8 equations [1]; elasticity equilibrium equations in stress form have 6
unknowns and 9 equations [2]. Unknowns are not equal to equations in the above both.
It should be noted that both equations’ solutions are unique.

In the following I will explain the overdetermined problem in another way.

2. Definition of differential linear dependence

There is a linearly partial differential equation:

>al i +f,=0
7 OX;

> al? %, f,=0
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Where x; are independent variables; y;are dependent variables; ai(jk) are coefficients;

and f, fare non-homogeneous items. And | make Z, =" a¥ %+ f,.
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Two definitions are as following.
Definition I: In algebra, when there are coefficients (c;), not all zero, such that

Zcizi =0; the equation (1) is linearly dependent. This definition can be referred in
i=1

any of algebraic textbook.

Both Maxwell equations and elasticity equations in stress form are over-determined in
definition |I.

Now | generalize the definition of linearly dependence in differential equations.

Definition Il (differential linear dependence): When there are coefficients (c,),

not all zero, such that > ¢, Z, + > cy Zi =0, the Eq. (1) are thought as differential
k K X

linearly dependent. Ifc;, =0, definition Il becomes definition I.

The difference between definition | and Il is: | take one (or more) differentiation on

Z, in differential equation.

3. Maxwell equations
Now | will discuss Maxwell equations. There are two curl equations in Maxwell
equations[1]:V><B=yOJ+,uogOE, VxE=—@.
ot ot
As we all know
V.-VxE=0,V-VxB=0 (@)

Therefore, there are two differential linearly dependent equations, and the number of
independent equations are six (8-2=6), which are equal to unknowns.

Maxwell's equations are overdetermined in definition 1. Usually, this is related to a
certain limited kind of redundancy in Maxwell's equations [1]: It can be proven that
any system satisfying Faraday's law and Ampere's law automatically also satisfies the
two Gauss's laws, as long as the system’s initial condition does. [1]

However, this explanation cannot be used to electrostatic fields (V-E=p,VxE=0),

which have four equations and three unknowns. In electrostatic fields, V-E=p

cannot be explained the initial condition of VxE =0. Therefore the explanation is not
correct.

Now, Maxwell equations are not overdetermined in definition II. All eight equations
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have equal status, and all of them are basic equations, and no one is the initial
condition of another. All eight equations should be solved in electromagnetism, while
not omitting divergence equations.

4. Elasticity equilibrium equations

In the following, I will discuss elasticity equations. We derive the elasticity equations
in stress form Dby the equation of conditions of compatibility:

VxeV:O(@ &4i€as 010 i :O), where I the second order symmetric strain

tensor.
As we all know

Vo(VxI'xV)=0, (VxI'xV)V=0 (3)

Because I'is symmetric, the two identical equations above only have 3 different
component equations (3 differential linearly dependent equations). Therefore the
independent equations in elasticity equations are six (9-3=6), which are equal to
unknowns.

5. Conclusions

In summary, | generalize the definition of linear dependence in differential equations;
and discuss Maxwell equations and elasticity equations by this definition. Both
equations seem overdetermined in definition I, but both are not overdetermined in
definition I1.

Therefore, the definition of over-determination in differential equations should be
changed to definition II.
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