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“Devise not evil against thy neighbour, seeing he dwelleth securely by thee.

” — Proverbs 3:29.

ABSTRACT. In present article, we developed infinite series representations for inverse sine
function and other functions. Our main goal is to get the hypergeometric representation for

Catalan constant and hyperbolic sine function; and new integral representation for inverse

sine function.

1. INTRODUCTION

In this paper, our main goal, is to prove the following hypergeometric representations:
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and the integral representation for inverse sine function:

sin™ a—— - dx dydz.
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2. LEMMAS AND THEOREMS

Lemma 1. Ifa € R— {0} and be R— {0}, then

Vab 1 1<ab)2

a+b 2 a+b
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\/ab 1 a—b 2.
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Proof. It is well knew the Babylonian identity [1, page 119]

ab=—[(a+b)*— (a—b)?
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Make the following manipulation algebraic
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thence,
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and inverting both members, we encounter
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which are the desired result. 0

Lemma 2. Ifa€R—{0} and be R — {0}, then

a\/ﬁ:_%i ( " )2%(22—1)(2;2)% (4)

and n=0
a+b > <2n> 1 (ab)zn
:25 sl — . (5)
vab —\n 2 a+b

Proof. We calculate that
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and =0
1 — ( 2n )2
ey (0 ) "
Take z=%"2in (6) and (7); then, replace in (1) and (2), respectively, completing the proof. [J
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Lemma 3. Ifa€ R — {0} and be R— {0}, then
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where cos @ denotes the cosine function.

Proof. In [2, page 423], we encounter

2 27
n 2n \ 27 2n \ 1 1 n
/0 COS2 0do = ( n )ﬁ = < n )ﬁ = ﬂ o COS2 0do (9)

I substitute (8) in (5), and obtain
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Let @ =cos™!u in (10); thereafter,
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which are the results desired. 0

du




Lemma 4. If z € R — {0} and y € R, then

1 l/W;dtgl/l L du
a/r2—y? Ty x?—yZcos?h ) 1 (22— y2u2)V1 —u? (11)

2 /1 1
=2 du
TJo (22— y2u)VI—u?
Proof. Let a+b=2z and a — b=y in Lemma 3. g

Theorem 5. If x € R, then

. 1 /(7 1 [ tanh~(uzx)
sm_lac:—/ tanh ~1(x cos #)sec 9d9=—/ —————du
T Jo ( ) TJ_1 uv1—u?
1 -1
2 [ tanh (u:(:)du)

TJo  uvl—u?

where sin~ 'z denotes the inverse sine function, tanh~'z denotes the inverse tangent hyperbolic
function, cosx denotes the cosine function and secx denotes the secant function.

Proof. In Lemma 4, we set x =1, y=t in the second integral, and obtain

! 1/1 1 du (12)
Vi—2 7)o (1-t2e)V1I—u?

Integrate (12) from 0 at = with respect to ¢, thus

du
/0 1—t2 //1—t2u2 VI—u? (13)

U tanh ! (ux )d
uy/'1 —u?

On the other hand, it is well know that
x
/ de =sin~lz. (14)
o 2

From (13) and (14), it follows that
1 -1
1,1 tanh (u:c)du

sin~x =

T)_1 uv1—u?

. 2 [* tanh~'(ux)
51n*1x:—/ ————du.
TJo  uv1—u?

In Lemma 4, we set t=1, y=t, in the first integral, and find

thereout, we deduced that

1 1 (" 1
,/1_7527;/0 1—t2C0529d0' (15)

Integrate (15) from 0 at « with respect to ¢, thus

/0 Vi—e ;/0 /0 1— 1€2C052¢9dt 40 (16)
:1/ tanh~!(x cosf)sechdo.
TJo

From (14) and (16), we have the results desired. O
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Corollary 6. We have
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where G denotes the Catalan constant and ™ denotes the Archimedes constant.

Proof. Divide both sides of the Theorem 5 by 2v/'1 — 2% and integrate from 0 at 1 with respect

to x, thus

On the other hand, we know that

tanh~H(uz)= Z %

From (17) and (18), it follows that

sin~tz dx—z ! 1 (/ tanh~( )dx
0o zvV1—x2 TJo uv1l—uZ\Jo xv1-—22
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From (19) and (20), it follows that

which is the desired result.

1 —wu?
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Corollary 7. If a € R, then

sin~ a—— - dx dydz,
///lnazyx/lz2 Y

where sin~ Lo denotes the inverse sine function and Inx denotes the natural logarithm function.

Proof. Since [3, page 54, formula 1.622.7], we encounter
_ 1+2
1
tanh (2 )7 1 <1z) (21)

From Theorem 5 and (17), we have

1+ 2t
. 1 (7 14 zcosf 1 [t hl(lfzt)
1, L - | A ZF/
sin 2727r/0 ln<lzcos6‘>seced9 2W[1 u\/l——qut )
1 /! ln(ifZD
= [ ——ZZdt.
TJo tV1-—+¢?

On the other hand, in [4, page 10], we get

1 " ” 1 1 xuflyvfl
Let u=14 2t and v=1— 2zt in (23)
1+Zt zt —zt
In (1—Zt) 2z t/ / —lnacdedy' (24)
From (22) and (24), we obtain
/ zt —zt
sinTlz =2 dxdydt
a5
t —zt (25)
—~ —dxdydt.
/ / / flnxy\/l—tQ Y

Changing z into v and ¢ into z in (25), we conclude this proof. O

Corollary 8. If x € R, then

2 /1 du
coshx =— ,
TJo (1—w?tanh?z)v1—u?

where cosh x denotes the hyperbolic cosine function and tanh x denotes the hyperbolic tangent
function.

Proof. Changing z into tanh « in Theorem 5, we find

2 ! tanh~!(u tanh z)

TJo uv1—u?

The derivative with respect to = in both members of (26), give us

sin~!(tanhz) = du. (26)

d[sin~!(tanh )] 2/1 dtanh”*(utanhz)]  du
0

dﬁU s d(IZ uv/ 1— u2
2 (' w-sech?z du
=sechz = ;/0 el o (27)

=coshz 2/1 du
mJo (1—utanh2z)y/1—u?’
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which is the desired result. O
Corollary 9. If z € R, then
o0 1
1 n+<
coshx = —Z Mtanhm x,
VT = I'(n+1)

where cosh x denotes the hyperbolic cosine function and tanh x denotes the hyperbolic tangent
function.

Proof. In the previous Corollary, we consider the infinite series expansion

! = i 1+ (71)nu”tanh”x (28)
1 —wu2tanh2z — 2 '

Multiply (19) by - \/1277% and integrate from 0 at 1 with respect to u, thus
0 _1\n 1 u™
Coshxzzz 1+(-1) </ du)tanh”x
™ 2 0 1-—
n=0 1
> [1+ (-1
_ 1 Z[ ( 3]( 2 )tanh”x
2\/%n:o F(E + 1)
[e') 1
1 F(’n+§)
—- h2n
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Theorem 10. If a €R>o, then

(1+Oé)r(a;1)l/7r . 1 a+1 Oé+3 20 g0 — / 2F1 a_H,a;S,UZ)du
F( —|—1) T Jo 2 2 , ’/T\/_ V1 —u2

/ it —;3;UQ)du
N B ’

where T'(«) denotes the Gamma function, 2Fi(a, b; ¢; z) dentoes the Gaussian hypergeometric
function and cos @ denotes the cosine function.

vl e

Proof. Multiply (12) by ¢t and integrate from 0 at 1 with respect to ¢, thus

/1 o dt / / o dt du
0 1—t2 T— 22 V1—u?
Fl a+1 a—+3, 2) (29)
7 du.

2 ’ 2

1/1 2
TJ-1 (1+oz)\/1—u2
On the other hand, it is well know that

bogeds  VAT(S
Vi 2U(5+1)

From (29) and (30), it follows that

) . (30)

a+1 a+3

(1+O¢)F(O‘;r1 2F1(1 '3
F(%—i—l) 71\/_/ m

thereof, we deduced that

’u)du
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Multiply (15) by ¢ and integrate from 0 at 1 with respect to ¢, thus

t>dt
[ o=zl | =

31
™ oFi(1, a+1,a+3 cosQ6‘) (31)
:_/ 2 do
T Jo 1+a
From (30) and (31), we have the results desired. O

Corollary 11. If a € R>g, then

where I'(«) denotes the Gamma function and oF1(a, b; c; z) dentoes the Gaussian hypergeometric
function.

Proof. By Theorem 6, we have

(1+a)F(a;—1) o4t 2F1(1,a—+1'a—+3;u2)d
F(%Jrl) /T lo V1—u?
+1
4t i Wn(57)

@ n=0 (a;rg)n m 0 1——U2

4 & Wa(E), 1 VAT (nty)
T 777;) (a;‘?’z)n nl 2F(n+1)2
2 Dn(*57), 1 D(nts)
_;n:o (QJS)n n! T(n+1)
23 Wa(*5), 1 (5).I(5)
T (252), nb (W)
23 Wa(5). 1 (B)avA
ST (25 ! (1)

)

which are the desired results. 0

Corollary 12. If x ¢ R— {0}, then
9
2F3<17 Z7

Proof. Let =2k in Corollary 11, hence,

F<2k;l>+2kF<2k;1>ii (%)n<2k+l>n. ) .
k

2
L(k+1) L(k+1) et (2;3) n!

3 5. 42 _sinh?x + 2z sinh 2z
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Divide both members of (32) by F(%—;l>, and encounter

1 2k 2 = (%%(%) 1
EJFH:P(%Q_“)\/%,;J (%;3) n (33)

Changing k into 2k in (33), multiply by % - (22)?* and sum from 1 at infinity with respect to
k, and we have

3 n=0 2(%)71”' k=0 (%)k(

(1 k(%)Zkr(% " (34)

which is the desired result. 0
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