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“But he was pierced for our transgressions, he was crushed for our iniquities; the punishment that
brought us peace was on him, and by his wounds we are healed. We all, like sheep, have gone astray,
each of us has turned to our oun way; and the Lord has laid on him the iniquity of us all.” - Isaiah
53:5-6.

ABsTRACT. I proved two lower bound for first Chebyshev function and leave a conjecture on

prime numbers.

1. INTRODUCTION

The first Chebyshev function, ¥(z) or §(z), is defined by

9(2)=2 3" (pn). (1)

n<x

The second Chebyshev function, 1 (z),is given by

@)=Y W(p) =3 An) =" llog,,(x) /In(p,),

pk<a n<x n<z

where A(n) denotes the von Mangoldt function, wich is defined as

A(n)= In(p,,), if n = pk for some prime p,, and integer k > 1;
0, otherwise.

An direct relationship between them is given by

o0

Pla)=3 0. (2)

n=1

In this paper, I demonstrated the following lower bounds for first Chebyshev function, that is,

oo . el+(z—1)e tE—1) _ petlz=2)
7/ Bi(—t) S )(6_1)2 dt < 9(x)
0

and

7/00 Ei(it)eftz[et(w-‘rl)+z;(x+1) et] dt<,19(l,)
0 (et —1)
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This last integral representation is the closest to the first Chebyshev function.
2. TwWO LOWER BOUND FOR FIRST CHEBYSHEV FUNCTION

Theorem 1. For all x € R~g, then

oo €t+ r—1 e—t(z—l)ixe—t(x—Q)
f/ Ri(—) CH @1 Ty dt < 9(x),
0

where ¥(x) denotes the first Chebyshev function and FEi(x) denotes the exponential integral
function.

Proof. I know [1] that

Inz [* du
2717/0 u(lnu—1)(Inu —2)’ (3)

for R(z) > 0. I substitute (3) in (1), and encounter

(pn—1)du
Z In(pn) = Z / u(lnu — pp)(Inwu—1)

n<x n<x

1
- 1 pn—1
7/0 u(lnu—1) &~ lnufpndu

n<
1 1 —o
[ T e e dd
0 o 0
1 1 —o0 i z
:/0 u(lnu—l)/o el UZ (p JetPr dtdu

e}
:—/ et Ei(—t)z (pn — 1)e~tPrdt
0 n<x
>— e'Ei(—t) (n—1)e~tndt
Jy emeon
oo 14+ (z—1)e % —ge =1
:7/0 o'Ei(—) L ze_ 7 at
oo et+(x7l)e—t(a:—l)il,e—t(x—Q)
:7/ Ei(—t) CE dt,
0
which proves the result. O

Theorem 2. For all x € R~g, then

[ gy e a4 1) el z
/O Fi(—t) — dt < 9(z),

where ¥(x) denotes the first Chebyshev function and Ei(z) denotes the exponential integral
Sfunction.

Proof. I know [1] that

nz [* du
2—1_/0 u(lnu—1)(Inu—z)’ (4)



for R(z) > 0. I replace (4) in (1), and obtain

n — 1)du
Z n(pn) = Z / lnup Dn) ()lnu—l) (5)

n<z n<x

1
:/ ; 1 - 1pn L qu
o u(lnu— )n<x nu— py

X

1 1 — 00 .
_ - . —t(Inu—pn)
/0 wnu—1) Z (pn 1)/0 e dtdu
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1 1 oo
| e[ e - et
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—t— ldu .
_ Pn,
/ / lnufl ( pn — 1)etPrdt

:7/000 (1) (pn— 1)e-trnds

n<z
>—/ e Ei(— Z ne~tndt
n<x
oo et t(z+1) - (ZE 4 1) et
:_/ Bi(—p) e+ -~ Lat,
0 (e )
which proves the result. O

3. A CONJECTURE FOR PRIME NUMBERS

Conjecture. For x sufficiently large, then

(o)
Pn—1 1
ePr®  2(3 —4cosh(x) + cosh(2z))’

n=1
rapidly, where p,, denotes the nth prime number, e* denotes the exponential function and cosh(z)

denotes the cosine hyperbolic function.

Warning 3. In truth, for >3, then

o0

pn—1 1
et " 2(3 —4cosh(z) + cosh(2x))’
as attested by the numerical calculations. For example, for x =4, thus, ZZO 1 4g =0.000347759...
and ! = 0.000361207...; for x =5, thus, 3.0° | 2272 = 0.000046011... and

2(3 — 4 cosh(4) + cosh(8)) ?
! =0.000046644...; and so on.

2(3 — 4 cosh(5) + cosh(10))
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