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Abstract

In this paper, first, [ derive the formulas for the phase velocity and group velocity as a
function of the total relativistic energy and the momentum of a particle. Then, I derive
similar formulas as a function of the de Broglie and the Compton wavelengths of the
particle. Finally an additional meaning of the Compton wavelength is derived from the
equation of the group velocity in terms of the de Broglie and the Compton wavelengths.
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1. Phase Velocity and Group Velocity as a Function of the Total
Relativistic Energy and the Relativistic Momentum of a Particle

1.1 Phase Velocity

Let us consider the following three laws from Einstein's special theory of relativity:

a) The formula of equivalence of mass and energy
E=mc

b) The formula of the relativistic momentum
p=mv,

¢) The formula of the relativistic mass

where

E = total relativistic energy of a particle
m= relativistic mass of a particle

m,= rest mass of a particle

p = relativistic momentum of a particle
v,= group velocity of a particle
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c= speed of light in vacuum

Let us begin by dividing equation (1) by equation (2)

2
£E_mc (1.1-4)
p mv,
Simplifying we get
E ¢’
—=— (1.1-5)
P Vg

The dimensions of equation (1.1-5) tells us that the ratio s = E/p is a velocity.
Furthermore, because the group velocity is always smaller than the speed of light, this
velocity, s, must be greater than the speed of light, ¢, Therefore the ratio s must be the
phase velocity, v, . Thus, we can write

v, =L (1.1-6)
D

Thus we can draw the following conclusion

Phase Velocity

The phase velocity of any particle (massive or massless) is equal to its total relativistic
energy divided by its momentum.

Finally from equations (1.1-5) and (1.1-6) we get

Vv =’ (1.1-7)

g

Which can be translated into words as follows

The Product of the Phase Velocity and The Group Velocity

The product between the phase velocity and the group velocity of any particle (massive
or massless) equals the square of the speed of light in vacuum.

1.2. Group Velocity

Let us consider the Einstein's total relativistic energy formula

Ezzpzcz+m§c4 (1.2-1)
Now we derive both sides of this equation with respect to p

Yegiosd s

Phase Velocity and Group Velocity for Beginners - v3
Copyright © 2014-2015 Rodolfo A. Frino. All rights reserved.



Observing that both c and m, are constants we get

2B 92, 4 (1.2-3)
dp dp
After simple mathematics steps we get
2
dE _ pc’ (1.2-4)
D E

Substituting the denominator of the second side, £, with the second side of equation (1.1-
1) we get

dE _ pc’
dp me’

=L (1.2-5)
m

Substituting the numerator of the second side, p, with the second side of equation (1.1-2)
we get

dE _mv,
et _ e 1.2-6
b m e ( )

Finally we swap sides to get the formula for the group velocity

_dE

V=% (1.2-7)

Thus we can draw the following conclusion

Group Velocity

The group velocity of any particle (massive or massless) is equal to the derivative of its
total relativistic energy with respect to its relativistic momentum.

2. Phase Velocity and Group Velocity as a Function of the de
Broglie and the Compton Wavelengths of a Particle

2.1 Phase Velocity

In this section we shall derive the expression of the phase velocity of a particle as a
function of its de Broglie wavelength and its Compton wavelength. To do that I will
consider equation (1.1-6)

Vf =

£ 2.1-1)
p

and the de Broglie law
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h
p=- (2.1-2)

where

h= Planck's constant
A= de Broglie wavelength

Now I shall define the Compton momentum, p. , as follows

Pc=myc (2.1-3)
The Compton momentum is, as far as I know, not normally defined anywhere in the
literature. However, since the Compton momentum is a very important concept it is

convenient to introduce it here. This definition will allow us to write the Einstein's
equation (1.2-1) for the total relativistic energy of a particle, as follows

E? =p202+ pé o’ (2.1-4)
Taking ¢° as a common factor we can write
E’= cz(p2+ pzc) (2.1-5)

Before we continue I shall define the Compton wavelength of a particle of rest mass
m, ,as

_ h

A=
Pc  myc

(2.1-6)

The Compton wavelength was introduced by the American physicist Arthur Compton to
explain the scattering of photons by electrons. The Compton wavelength of a particle is
the wavelength of a photon whose energy is equal to the rest energy, £, , of the particle
( Ey=myc ). Now let us substitute the relativistic momentum p with the second side

of equation (2.1-2) and the Compton momentum with the Compton wavelength given by
equation (2.1-6). This gives

2 2
o L 2.1-7)
AT AL
Taking A’ as a common factor we have
2422 1 1
AT Ac
This equation can be written as
2 2 2
Bl A (2.1-9)
A Ac
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Taking the square root on both sides

h 2
E=7"’4/1+% (2.1-10)
C

Now we use equation for the phase velocity: (1.1-6), where we substitute £ with the
second side of the above equation, and p with the second side of equation (2.1-2). These

substitutions yield
he |, A7 | A
— 1+ (2.1-11)
A /Izc) h

Finally, simplifying, we get the formula for the phase velocity in terms of the de Broglie
wavelength, A , and the Compton wavelength, A

L _E_
T op

AZ
vf=c\/1 +)L_2C (2.1-12)
Particular case of the phase velocity for photons
For the particular case of photons, the rest mass is zero, mathematically
m, =0 (2.1-13)
therefore
Ac= m}:c:% =00 (2.1-14)
v,=cV1+0 (2.1-15)
v,=c (2.1-16)
Thus the phase velocity for photons equals the speed of light.

2.2 Group Velocity

We begin from equation (1.1-7)

Vv, =c’ (2.2-1)
Solving for v, we get
CZ
Ve = — (2.2-2)
Vs
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Now we substitute the denominator, v, , with the second side of equation (2.1-12) and

after simplifying we get the formula for the group velocity in terms of the de Broglie
wavelength, A , and the Compton wavelength, A

c

VT T—— (2.2-3)
1+ ’1—2
AC

Particular case of the group velocity for photons

For the particular case of photons, the rest mass is zero, mathematically this means that

my =0 (2.2-4)

therefore
v, = 1C+o (2.2-5)
v,=c¢ (2.2-6)

Thus the group velocity for photons also equals the speed of light

3. Phase Velocity and Group Velocity as a Function of the Angular
Frequency and the Wave Number

3.1 Phase Velocity

Let us multiply equation (2.1-1) by #/#f :

v, =221 (3.1-1)

But we know that the total energy of a photon is proportional to its frequency
E=hwo (3.2-2)
and the momentum of a photon is proportional to its wave number
p=hk (3.2-3)
Thus equations (3.2-2) and (3.2-3) allow us to rewrite equation (3.1-1) as

y, =2 (3.2-4)
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3.2 Group Velocity

Let us multiply equation (1.2-7) by #/#f :

(3.2-1)

Using equations (3.2-2) and (3.2-3) from the previous subsection; equation (3.2-1)
transforms into

d
v, = d—Z’ (3.2-2)

3. Physical Meanings of the Compton Wavelength

We have pointed out that the Compton wavelength of a particle is the wavelength of a
photon whose energy is equal to the rest energy of the particle. There are, however, many
other “equivalent definitions”. We can take equation (2.2-3), for example, and make the
de Broglie wavelength of the particle the same as its Compton wavelength.
Mathematically this means that we substitute A with A, . This yields

(4
Ve = 7&2 (3-1)
1+=
c
C
Vg = ﬁ (3-2)

Thus the Compton wavelength of a particle is the wavelength associated with a particle

that is moving at a speed equal to 72 times the speed of light.

Phase Velocity and Group Velocity for Beginners - v3
Copyright © 2014-2015 Rodolfo A. Frino. All rights reserved.



4. Summary

The two following tables summarises the above results.

Massive particles Massless particles
(e.g. electrons) (e.g. photons)

Phase velocity
(Special Relativity)
(See section 1)

Phase velocity
(De Broglie)
(See section 2)

is the Compton wavelength

Phase velocity
(Angular frequency and v, =
wave number) '

>
9

(See section 3)

Table 1: Phase velocity formulas. Both massive particles and photons obey the same equation. However for
the latter the Compton wavelength is infinite. This means that, for photons, the phase velocity equal the
speed of light in vacuum.
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Massive particles Massless particles
(e.g. electrons) (e.g. photons)

Group velocity
(Special Relativity)
(See section 1)

Group velocity
(De Broglie)
(See section 2)

Group velocity
(Angular frequency and
wave number)
(See section 3)

Table 2: Group velocity formulas. Both massive particles and photons obey the same equation. However
for the latter the Compton wavelength is infinite. This means that, for photons, the group velocity equal the
speed of light in vacuum.

Two of the physical meanings of the Compton wavelength are

Physical Meanings of the Compton Wavelength
The Compton wavelength of a particle is

1) the wavelength of a photon whose energy is equal to the rest energy, E, , of the
particle ( E,=myc’ ).

2) the wavelength of a particle that is moving at a speed equal to  1/\/2 ~0.707 times
the speed of light. In other words
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¢ then A=A,

=
oo<
Il
Slo
I
S
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