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Abstract

Introducing a special quaternionic vector calculus on the tangent bundle of a 4-dimensional
space, and by forcing a condition of holomorphism, a Minkowski-type spacetime emerges,
from which gravitation and also the whole Mazwell theory of electromagnetic fields arises.
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1 Introduction

Classical field theories are described by scalar/vector/tensor fields, either in an euclidean flat
space with a continuous time or in a Minkowski-flat spacetime. In both cases, space and time
are simplified to forming a flat manifold, which makes it easy to translate from one position to
another.

In general relativity, flat spacetime is substituted for a spacetime manifold, of which the gravita-
tional field is located on the tangent bundle, so the manifold is thus distorted by the gravitational
field itself. The price to pay is having to integrate along geodesics when constructing even most
simple geometric primitives, like lines of translation.

Electromagnetic fields were still separated in a vector bundle on the spacetime manifold. Ein-
stein, Hilbert, Weyl, Lanczos, and others sought for a solution to identify electromagnetic field
theory on the tangent bundle.

The present text aims to provide a solution to the problem of unifying gravitation with electro-
magnetic field theory in a context of differential geometry which is related to general relativity.
It is shown, that the basic entities of classical (non-quantized) electromagnetic field theory can
be identified with components of the tangent bundle of the spacetime manifold.
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1.1 Overview

We know from special relativity, that the spacetime manifold should have 3 spatial and one time
dimension, and from general relativity, that it needs not be euclidean.

To investigate the structure of a general 4-dimensional tangent bundle, the special viewpoint of
a local viewer is taken. Locally, the tangent space is flat and described by an embedding matrix
which is locally always unity, but its derivatives need not vanish.

Then the matrix logarithm of that embedding matrix is locally always the zero matrix, but again
her derivatives need not vanish. These logarithmic derivative tensors shall be at the center of
our investigation.

Now make two reasonable assumptions, which restrict the system,

1. All functions on the tangent bundle shall be harmonic and all components of the derivatives
describe holomorphic fields,

2. The logarithmic embedding matrix and all its derivatives are derivatives of a scalar ‘master
potential’.

This still allows the introduction of imaginary units in the base vectors, and among trivial cases,
exactly the choice of a quaternionic vector/tensor algebra induces a space with a behaviour
suspectively similar to our physical spacetime.

We can, then without loss of generality, observe the 4-dimensional Taylor expansion of a single
quaternionic potential, where the mixed-power monomials of some power together determine
the derivatives of corresponding tensor rank.

Finally, again without loss of generality, that single potential can be constructed from products
of quaternionic differential forms, which allows for encoding quaternionic vectors and thus in a
‘generating vector picture’ gives rise to well-known geometrical operations like scalar and vector
product, gradient, divergence and rotational derivative.

This gives a special-relativistic picture with the Lorentz transform and a spatial rotation, and
also lets us in a generally-relativistic way identify the fields of gravitation as well as of electro-
magnetic field theory, that is, the electromagnetic tensor together with vector potential, gauge
potential and charge/current density.

1.2 Conventions

Where tensors are written in index notation,
the Finstein summation convention is always active, unless noted otherwise.

More unusually!, contraction indices may be doubled when unambiguous
and named in a suggestive way, like for example in

Fa&s 555 or Faaaéaa s

Tt should be clear that introducing new conventions or modifying existing ones should be justified by them 1.
being unambiguous and 2. actually enhancing readability.
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since at least one of the involved tensors is symmetric in the involved index pair(s).
Index instances are printed in bold, for example

(T4, T, Ty, T) when in Ty, ae{t,x,y, z}.

In matrices, zero elements may be left blank or replaced by a dot (-), the eye may be guided by
separation lines, and +, — might be used for +1, —1 respectively, for example

+

The Minkowski metric will come out with a signature (+ — ——), as shown above.

The Nabla operator and the Laplace operator are defined as usual in three dimensions,

0
_ | 9/0x _

V = /oy | V& =grad @,
0/0z
0? 0? 0? .

A = <8[L‘2+3y2+822> 5 A@-dlvgr&d@,

and the d’Alembert operator in four dimensions,

0? 0? 0? 0? 0?

0= —=——— O0b=—o—- AdD.

<8t2 0x?  0y? 8z2> ’ ot?

2 Provisions

2.1 Scale Invariance
Let us warm up with a one-dimensional toy model. A function
g:R—->R; z+— g(x)

be differentiable at least once,

Another function takes the first one to the exponent,
fiR-RY 2 fz) =)
and the overall derivative is proportional to the latter,

fl(x) = g'(@) e’ = ¢ (@) f(x),
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so that the derivative of the inner function is the quotient

g'(x) = f'(x)/f(x).

Additionally scaling af(x) by a constant factor a € R, we can run through a cycle
of exponentiation, derivation, division and integration,

g+c P af=ettc=qed  (with a =€)

fonte] | (1)

g =af'faf —— af =g ae’,
1/af

and observe, that ¢’ does not contain the scale factor a = ¢ anymore, which is as arbitrary as
the integration constant ¢. This is the notion of ‘scale invariance’ which will be employed here.

In another view, ¢’ = f'/f is the derivative of log(f), and lives in a ‘logarithmic space’, so
multiplication in f can be represented by addition of the logarithms, fi - fo = exp(g1 + g2).

Additionally, f and f’ contain f to a power, or ‘ f~weight’, of f!, but in ¢’ and g the corresponding
f-weight is f9, which is equivalent to saying that the latter expressions are scale-invariant.

2.2 Infinitesimal Embedding

Generalize from the one-dimensional function f to the Jacobi matrix of an automorphic embed-
ding of 4-space into 4-space,

J”b:R4—>R4,

where the metric tensor comes out of the Jacobi matrix by kind of ‘squaring’ her through
multiplication with her transpose, involving an outer metric, which shall be the flat Minkowski
metric,

Gab = Ny JJ" . (2)
Specify a ‘Jacobi logarithm’,

Y, = IOg(JHb)a
so that the Jacobi matrix can be seen as the matrix exponential,

exp(I'%,) =: J,.

But to represent matrix multiplication through addition of logarithmic matrices,

1 2 1 2
J“b~J“b = exp(I'*y +T%),

matrix multiplication has to commute like addition of the logarithms does, which is true only
if the Jacobi logarithm is infinitesimally near zero, I'*, — 0, so that the Jacobi matrix is
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infinitesimally near identity, J¢ — 0%,. This is the notion of an ‘infinitesimal embedding’ which
will be employed here.

The infinitesimal embedding is an embedding of ‘my’ local tangent spacetime into my infinites-
imal neighbourhood, where my tangent spacetime is always orthonormal and my local metric
tensor is the flat Minkowski metric, g, — 1,

Though these entities have been fixed at one position (event) in spacetime, their derivatives at
that point are still allowed to have any magnitude.

2.3 A Derivative Tensor Picture
Let there be some scalar potential function in 4 dimensions (¢, z,y, 2),
L(t,z,y,2) : R* = K,

at first leaving open what space K is, but finally employing K = H,
the space of quaternionic hypercomplex numbers.

Partial derivation gives a gradient vector,
Pa = 8@ F(t7 x? y? Z) Y

and at the second partial derivation a matrix,
which is symmetric from the Schwarz rule that partial derivation commutes,

Fab = abFa == 8arb,

of which the trace is the 4-dimensional Laplacian of the original potential,
which in foresight be defined with a d’Alembert operator,

[s56% = OT.

The third derivation results in a tensor of rank 3, which is again symmetric in all three possible
index pairings,
I‘abc = 8c I‘ab )
which can be contracted to a vector in three ways, these are
Tus50% = Tys6? = Tg5.6” = OT,.
And so on deriving n times gives a tensor of rank n, and all derivative tensors are symmetric

in all possible index pairings. They can successively be contracted by an even number of ranks,
ending with either a scalar (when n is even) or a vector (when n is odd).
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2.4 Analyticity

We are interested in holomorphic functions, and a necessary condition is that all contractions of
any derivative tensor vanish identically. Stating the contractions explicitly up to the Sth-rank
tensors, these are

O0 =T4506° =0 (rank 2 to rank 0),

00, =T,56° =0 (rank 3 to rank 1),

OT, =T,550% =0 (rank 4 to rank 2),
0T, =Luess0° =0 (rank 5 to rank 3),
OO0 T, = Dysss 0% 6%° = 0 (rank 4 to rank 0),
OO T, =455 0°°0°° = 0 (rank 5 to rank 1).

This also means that all entities are source-free in a 4-dimensional sense, but not necessarily
in the 3 spatial subdimensions. Thus the following time-only contractions give corresponding
observables, which reveal their respective meanings in the investigations further below,

| P 5tt (logarithmic gravitational potential, electromagnetic gauge potential) ,
T, 0% (electromagnetic vector potential) ,

| (electromagnetic Faraday tensor),

T ppgp 0020 (logarithmic gravitational source density),

| L L (electromagnetic charge/current density) .

Forcing all components of the trace vector to zero makes the components of the 1st-rank gradient
vector be harmonic functions, and in general, forcing all possible traces of the k 4+ 2-th rank
derivative tensor makes the components of the k-th rank derivative tensor be harmonic functions.
Thus all components of all logarithmic tensors have to be harmonic, and the master potential
holomorphic.

2.5 A Taylor Series Picture

When the master potential with all its derivatives is holomorphic, then without loss of generality
that potential function can be represented by an n-dimensional Taylor series expanded at local
coordinate zero, where all terms of mixed n-th power arise in exactly the n-th derivative.

In a 2-dimensional example,

2 3

aoo + aippx —l—% aso T —|—é asog

+ aniy + anziy +janaPiy  +iazn iy

._ 1 2,2 1 2.9 1 2:2,2 . -
L(z,y) = +50a021°Y" +3a1221°Y°  +7a0r%Y . . ;

+eaps iy +gazaidy?
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where the constant 4 is not fixed yet.
Defining i := 1 gives an R? case, and i? := —1 gives a construction in complex numbers.

Since we are always at point zero, all powers vanish except the one at the tip,
0
g = apo-

Then, of a k-th mixed-order monomial, exactly the k-th derivative is non-vanishing. Terms of
power k < n vanish because the higher derivatives are identically zero, and terms of power k > n
vanish because we are at point zero, of which all powers vanish.

2.6 A Vector Form Picture

Again without loss of generality, any Taylor series can be represented by a linear combination
of products of 1st-power functions, for example in 2 dimensions.

A scalar function of 1st order be defined as

1 1 a ox .

and the 1st derivative only unpacks the vector with which we started,
1 1 1 a a
r, =1, = 90,11 = ) = I1, .
Note, that the 2-dimensional 1st-rank tensor has 2 different components out of 2.

From a scalar function of 2nd order, defined as the product of two vector forms,

T ((Z)) : (g§>> ((%) . (g§>> = aaz®+i(af + ba) zy + i by,

the 2nd derivative gives a matrix,

2 2

a

2ax i(af + ba)
af + ba) 24%b3 ’

which can be obtained in an easy way from the outer product of the separate first derivatives,

2 e b laa  daf
m,, == 0,I19,I = [iba z‘zbﬁ} .

using the Leibniz rule by adding to the outer product matrix its transpose,

2 ac i(af + ba)

9 2 2 2 a b a b
T p = 8b8af = Hab+Hba = HaHb+HbHa - z(aﬁ-l—ba) 2Z2bﬁ

a

It is symmetric and thus establishes the Schwarz rule of commuting partial derivatives. Note,
that the 2-dimensional 2nd-rank tensor has only 3 different components out of 4.
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From a scalar function of 3rd order, defined as the product of three vector forms,

3 3 a Ox Q@ Ox A Oz
P ((5) G () G) () ()
= aaAz® +i(baA + afA+ aaB) z*y +i% (afB + baB + bBA) zy* + > bEB >,

the outer derivative product is

e

a ¢ c acA iaBAY [iaaB i2aBB

ibaA ’bBA| |i*baB i*bBB

and from the Leibniz rule follows the derivative tensor
as the sum over all permutations of all indices,

3 3 3 3 3 3 3
Fabc = H(zbc + Hbac + Hbca + cha + Hcab + H
b ¢ b b a c a b c
1, 0, 1T, + 10, 0, 11, + 11, 11, 11, + 11, 10, 11, +HHHb+ 11, I1, I,
B 2aaA i(af + ba)A 2iaaB 2(aB + ba)B
| ]i(aB +ba)A 2i%2b3A 2(af8 + ba) B 23038
n 2a0A  i(aB+ba)A] [i(aB +ba)A  2i2bBA
2iaaB  i%(aB +ba)B| |i%(aB + ba)B 2i3b3B
n 2aaA 2iaaB i(aB+ba)A i*(af + ba)B
i(aB +ba)A i%(af + ba)B 2i%bB3A 2i3b3B
B 3aaA i(aaB + aBA+baA)] [i(aaB + aBA+baA) i2(bBA + baB + aB)
N i(aaB + afA +baA) i2(bBA+baB + aBB)| |i?(b3A + baB + aBB) 3i3b3B '

Note, that the 2-dimensional 3rd-rank tensor has only 4 different components out of 8.

And so on the further derivatives of functions of further order are formed from all permutations
over all indices of the outer products of the single derivatives.
They are symmetrical in all possible index pairings, conforming to the Schwarz rule.

In the 2-dimensional case, the k-th rank derivative tensor contains at most k + 1 different
components.

2.7 Vector Bases and Flat Metrics

From the previous 2-dimensional example, formulate an orthonormal base vector matrix with
an at first arbitrary constant i,

and recognize a metric tensor,

T 56 1
N=9, =8B = B0 53577:[ 2,2}.
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When ¢ := +£1, then the metric tensor is the identity,

1
ne ] ]

and the Laplace condition, when contracting a tensor, requires the diagonal components to
vanish identically and thus forces the underlying manifold to be flat and the generating vectors
to be perpendicular.

When 2 := —1, then the metric tensor is a small Minkowski metric,

+1
i R

and the Laplace condition, when contracting a tensor, still allows the diagonal components to
move and the generating vectors to be arbitrary, with parallel vectors distorting the underlying
manifold.

Promote to 4 dimensions.
A purely real vector signature again forces the underlying manifold to be flat and does not result
in a Minkowski metric,

+1
+1
%ab == ] = ‘ﬂnn =

+1

so it is not of any use for a description of physical reality.

A complex signature with i? := —1 does give a Minkowski metric in either convention,
but still no possibility to represent spatial rotation,

=
+1
%ab = +1 = mrm =

+1

+1 1
+1 -1
%ab = +i = ‘ﬁm = ] = 777777 .

=+ -1

Finally, a set of quaternionic base vectors gives indeed both a Minkowski metric
and a representation of spatial rotations,

+1 1
+1 -1
By = + = Ny = 1 = T >

+k -1

so the algebra and analytics of that signature shall now be investigated further.
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2.8 Reviewing Quaternions

Quaternions, or Hamilton numbers, are a generalization of complex numbers to 4 dimensions.
Instead of one real and one imaginary part, with the imaginary unit 72 := —1, and the base
vectors {1,i}, quaternions have three imaginary units and a base {1,1, j, k},

with definitions

P=2=k=-1, ij=k, jk=i, ki=j,
and corollaries

ijk = jki =kij = -1, kji=jik =ikj=+1

tki = +k, ik =Fkii=—k.
Multiplication of quaternions is associative, but neither strictly commutative nor strictly anti-
commutative, The so defined algebra forms a non-abelian field over R

Quaternions are typically either written as hypercomplex scalars,

r+ia+ jb+ kc.
or expressed as a matrix algebra, with base

A quaternion can be seen as composed from a real scalar part and an imaginary vector part,

1 1 d
{ d { a
= ) )= . =d+ai+bj+ck
@ J <q> J b J
k k c
1 1 )
R ! (5> ' Y =5t ait+ Btk
= . )] = . = @l )
J T J B I
k k Y

so that the quaternion product contains both dot product and cross product of the vectors,
intermixed with the products from the scalar parts,

1
K ds + (7-7)
Q-R=1|, <d77+(5(j’+((7><f') :

K

All in all, this kind of a quaternion algebra is not well suited for representations of 4-vectors.
Tensor algebras are more flexible, but the introduction of special multiplication rules like the
cross product needs artificial introductions.

In the next sections, the best of both worlds shall be combined, that is, a tensor algebra with
built-in quaternionic rules.
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2.9 Quaternionic Base and the Minkowski Metric

Define a quaternionic base vector matrix and its inverse,

a

of which the 2nd power gives a Minkowski metric,

1
. - 1

1 = Ty =

and the 4th power is the identity,

B =B = =N =

%3

NB = BN = B,

Applying the base vector matrix to the quaternionic Jacobi logarithm matrix from both sides
makes it real-valued,

—f‘i]k + (- - -
Ty~ | D7 = BB~ | |7 T
1k = 1 + +
klj i — -t T
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2.10 A Quaternionic Vector Algebra

In the present context, quaternions will be represented by vectors, but each component ‘blessed’
with a particular real or imaginary signature,

a @
§ = , F= (0],
5
d 0
d ia X!
Saz%(§>:]b, Ra::%<F>:]ﬁ,
kc ky

with a common signature
M, ~ [+ i j k]

and introducing the convention

Then the outer product of two such vectors is a matrix,

dd | ida jdp kdy
1ad | —aa kaB Jay
jbs | kba —bB iby
kced | jea ¢ —cy

where each component is blessed by a particular signature,

+1¢ J k
i - k 7
I,y ~ o5 .
Jlk = 1
klj 1 —

The first column and first row of (3) now contains the quaternion vectors di and 03, the upper
left element is the product dé, and the trace forms a sum of that with the dot product, dd— (5-7).
The cross product is not yet clear.
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But forming the sum of the outer product with its transpose, giving a purely symmetrical (but
not self-adjunct) matrix,

2d5 | i(da+da) j(dB+3b) k(dy+6c)

i(da + da) —2ax k(afB —ba) j(ca—ay)
Pab = Hab + Hba = . .
j(dB+6b) | k(af — ba) —2b03 i (by — cf)
k(dy+dc) | j(ca—ay) i(by—ch) —2cy
Wy Juy kv, : ‘ : : ’ do ‘
v |- 4 ; —
= Z_’U 4 0z -7 Oy + 92 SxTx
JUy ' | k oz : 1 0x : —SyTy
- - ey ies - ' 5.7

(4)

the single vectors are mixed to a cross-wise linear combination,
V:=405+dr,

the cross product is

0:=8XT,
and the trace is just doubled,
Ds50% =2(d6 — 5 7).
The operation of adding the transpose was at first an ad-hoc decision. We should find a jus-

tification for that, that is, a situation where this operation occurs in a ‘natural’ way, and we
will.

2.11 Quaternionic Forms

Define an integral operator and a differential operator,

~ dt d/ot

‘o . dx s d/0x
J ==l a=7={58]|

dz 0/0z

to formally compose a hypercomplex scalar function from a quaternionic vector, like

d dt

1 5 d 7 a idw ‘ ,

I = / Sy = <§>%/ = ol | jay = ddt+aidr+bjdy+ckdz,
c kdz
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(which some may call a ‘differential form’)
and unpack that quaternionic vector again through derivation,

d

Next take the product of two such integrals,

Fe fafm = () (O )

d dt ) dt
R jdy B jdy
¢ kdz Y kdz
= (ddt+aitdx+bjdy+ckdz)(6dt+aide+ Fjdy +~vkdz),

derive a first time, according to the Leibniz product rule,

9 4 4
= I, = Sa/ Ré""/ Ss R,
d

)
1a X’

= | (0dt +iadz + jpdy + kydz) + (ddt +iadx + jbdy + kedz) ig|
kc k~

derive a second time,

p 5
= I%‘ab = ;Z (5 ia jB kV) - (d ia jb kc) ;;
ke ky

dé ‘ iy vy kv,
= Sa Rb + Sb Ra = Z.Vac ook 0= j %y ) (5)
JVy ko. —bB8 1io0x

kv, | joy 10z —cy

where ©V:=4§5+dr, 0:=§8XxT, 1“55655 =2(dé+5-7).
This is enough to arrive at (4). The Leibniz product rule introduces the ‘add transpose’ op-

eration. So differentiation of quaternionic vectors, rather than simple multiplication, gives the
known vector cross product by introducing the rotational derivative.

This algebra is commutative with regard to the Schwarz rule of partial differentiation, and it is
also non-commutative enough to allow for the emergence of a rotational derivative.
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2.12 Exponentiation of the Jacob: logarithm
Lorentz Transforms

As representatives of the Lorentz group, assume a hyperbolic rotation with parameter v, in the
(t,z) plane, together with a circular rotation about & with parameter g,.

The corresponding Jacobi logarithm matrix can be represented either in a quaternionic or a
real-valued form,

1Vy - . . —uy

e

el
&

!

i

oS

—E
&

ocs

I

I

g

10z : : + 0z T Tabe
i 0 : : —0Ox :

both of which exponentiation gives a valid Jacobi matrix, respectively either quaternionic or
real-valued. Note, that the quaternionic Jacobi logarithm is strictly symmetric (but not self-
adjunct), since partial derivatives commute.

Quaternionic Exponential

In the quaternionic case, first an index should be raised using the flat Minkowski metric 91 = BB,
to get a quaternionic Jacobi matrix,

cosh(v;) ‘ i sinh(v,)

H
BBI =
I\%ﬂ ._ E}}a _ exp( o) 7 sinh(vy) | cosh(vy)

- ) cos(o) i sin(p)
%exp(‘BI‘ab SB)% = . i sin(o) cos(o)

which at a first glance seems to have the wrong symmetries. But notice, that the hyperbolic
rotation, though anti-symmetric, is still self-adjunct and the circular transform is, though pro-
symmetric, still anti-self-adjunct, so the transforms of a (quaternionic) vector come out correctly
in a quaternionic context, for instance,

(cosh(p) d — sinh(p) a) cosh(p) ‘ i sinh(yp) : : d

i (—sinh(p)d +cosh(p)a) | | 7sinh(p) | cosh(y) ia
j (cos(e) b —sin(g) ¢) B : cos(o) i sin(p) Jb

k (sin(e) b + cos(p) ¢) . i sin(p) cos(p) kc

Real-Valued Exponential

The real-valued Jacobi matrix,

cosh(v;) ‘—sinh(um)

_ H
i’lsj B %a B B exp(BBL,,)B —sinh(v,) | cosh(vy)

" cos(o) +sin(p)
exp(BT,,B) = . —sin(g)  cos(p)
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shows the usual symmetries and gives the usual transformation of a (real-valued) vector in a
real-valued context, for instance,

cosh(p)d — sinh(p) a cosh(¢p) ‘ — sinh(yp) d
—sinh(p)d+cosh(p)a | | —sinh(p) | cosh(p) a
cos(0) b+ sin(p) ¢ N . cos(p) +sin(p) b
—sin(p) b+ cos(p) ¢ . —sin(p)  cos(p) c
Finally,
R _H H R _
J=B3%B, J=2BIB

Metric Tensors
The metric tensor from the quaternionic Jacobi matrix is formed with twice the base matrix,
H H H_H H H
Gab = (3%)T(3%) = %3T3 B = %aow]ad 566Jﬂ5 %ﬁb .

The corresponding metric tensor from the real-valued Jacobi matrix is formed with the Minkowski
metric,

R T pn s By ROR R
o = (BHT(BY) = I BB = NI = 'm0,

The metric tensor of pure Lorentz transformations, like those above, is always identically the
flat Minkowski metric.

Spatial Stretch

A purely diagonal Jacobi logarithm is always real-valued,

T . . . H T .
H a2 BL,B = a2
Ly = 2 = 2 )
@ . —b H . b
—c? BB, = . c?
which is constrained by the d’Alembert condition, 7 = a® + b + 2.
Exponentiation in either way gives an anisotropic stretch,
0 exp(7)
H H exp(BBL,,) = , ‘ exp(—a?)
J = Jab - 2 5
H exp(—b*)
exp(BI',, B) = : exp(—c?)
Forming the metric tensor in either way,
H H + exp(27) ‘
IB)T(3B) =
_ (\5 ) (\5 ) —exp(—2a2)
Gab = H H . — exp(—2b?) ’

(BT (BY) = : — exp(—2¢?)
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spatial stretch is the only case in which the metric tensor is not flat, but still symmetric and
real-valued.

Lemma. The metric tensor from a scalar master potential is always purely diagonal, since the
Jacobi logarithm is always symmetric,? since partial derivation commutes. Thus the metric
tensor is also purely real-valued.

Corollary. From vital components of the embedding not showing up in the metric tensor at all,
it appears futile to look for the whole picture of spacetime in terms of the metric tensor alone.

Convention. Without explicitly specifying a Jacobi logarithm or a Jacobi matrix as being
quaternionic or real-valued, in the following they shall be understood as quaternionic,

H
Fab = Fab? Jab = Jab, 3 = 3

3 Decomposing Spacetime

With the d’Alembert operator,
O = 8t2 — divgrad,
each and every scalar component C' of the logarithmic tensors is subject to

Oc = 0 = 9,°C = divVC.

3.1 2nd-Rank Functions and Special Relativity

From the complete 2nd derivative tensor in (5), identify distinct components and relate them
to physical interpretations.

A Vector with Time, Giving Rapidity

Defining

form the master potential as a product of a pure spatial and a pure timely differential form,

: dt 1 dt

f:( ta) | de )( L[4 )z(aidx+bjdy+ckdz)-dt
Jb dy : dy ’
kc dz . dz

2The metric tensor being always purely diagonal contradicts the current understanding of ‘gravitational waves’.
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derive once,

1
v ia . . .
= I, = ib dt + (aidz +bjdy+ckdz) | |,
kc
derive a second time,
: 1
i ia o
= Fab_ jb (1| | ‘ )"‘(\Za\jb\kc)
kc
lia jb ke
ia
= , 6
ib (6)
kc
with a rapidity, which is logarithmic velocity, Rapidity,
v
7 at
ﬁ = FSt — bj B
ck

and is trace-free anyway, thus not constrained by the Laplace condition.

Two Perpendicular Vectors

Defining two perpendicular vectors,

a @
§:= (b, =101, §L7,
g
ia (X"
S 2 . )
kc k-~
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The derivative is oriented, that is, it swaps sign when the generating vectors §, i are swapped,

e | 1 A
ck vk |l jea 2cf
Ig:ab k(af —ba) j(ca—ay) ] kox joy e
k(- bo) i(by — cB) | kos i 0
S J(eca—ay) i(by—cB) Joy 0w -
again trace-free, with an orientational time-independent rotation about an axis Rotation,
a Q by —c0 7
o =58x7=|b|x|B] = |ca—ay
c ~y af — ba

Two Parallel Vectors
The outer product of two vectors gives a non-oriented product tensor,

ai ai B —a® kab Jjac
|l kba —b2 ibe |
2

Moo =155 | | 0s
1ch  —c

ck ck

jca
and the corresponding tensor of all 2nd derivatives is, from the Leibniz rule,

the sum of that product matrix with its transpose,
—2a?

- —9p2

= Fab = (Hab +Hba)
—2¢?

where in the trace, a? + b + ¢? is the 3D dot product of the generating vectors,
2

a a
[50% = 2|0 bl = —2([b]] ,
c c c
which alone can not fulfil the condition of a vanishing trace, and needs a further compensation.

Time Squared
A pure logarithmic Time dilation,
d d .
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with
X = 2d2 - Ftt7
which alone does not compensate.

Combining time squared with two parallel vectors,

d d d? .
1>_<I ai ai . . %‘ 5| —a?
ab — bj b] + . . = ab — . *b2 ’ (8)
ck ck : . : —c?

the d’Alembert trace condition is met by
& =35,
and we get
X o oL
X:: Ftt:2d :28'87

which is the logarithmic gravitational potential, and also a logarithmic measure of time-shift,
where x > 0 means a redshift, and x < 0 a blueshift.

The popular redshift number z, with \; the wavelength at the emitter (there) and Ay the
wavelength at the receiver (here), or the respective frequencies f1, fo,

A
I S

A1 fo

can in this context be expressed
z = exp(x—1), X = In(z+1).

Below (15), the logarithmic time shift will also be identified with an electromagnetic gauge
potential, of which the 4-gradient gives the electromagnetic vector potential,

at _ (I)el
V)T )

3.2 Summary of the 2nd-Rank Components

From the trace condition follows a continuity equation for the logarithmic time and space coor-
dinates, for which I' is a gauge potential,

[556° =0 = OO = Oy —divE & o = divé,
with the slice
logarithmic time shift

logarithmic gravitational potential | ,
electromagnetic gauge potential
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which compensates a non-euclidean

divé = —y = I, 0% ~ (logarithmic gravitational space squeeze) .

Further the euclidean entities,

(rapidity, logarithmic velocity) ,

N

|
[o5c}
—
&
[oW
\]

|

Derivative Chart
Summarizing the derivatives up to the 2nd rank in an overwiew chart,

I' | quaternionic ‘master potential’

2
&
&
1st rank: [Tj log’time
2

Y
2nd rank: X | log’timeshift @ rapidity rotation

3.3 3rd-Rank Functions and Gravitation
Time Derivatives of the 2nd-Rank Components

Taking the former 2nd-rank derivatives and just deriving over/multiplying by time gives the
easier part of the 3rd-rank derivative components.



=
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One Vector, Twice Time

Defining
1
a .
s=1[0b], Sa:%<§>, T, := ,
c
assume a master potential
. dt 1 dt 9
a ia dx . dz . . 2
I = iv| | ay Al ay = (aide+bjdy + ckdz) - dt*,
kc dz . dz

and from the outer product

1 1
a 1a
Habc = SaTch = ]b
kc

find the third derivative,

a a a a a a a
I‘abc = 1_[abc + Hbac + Hbca + cha + Hcab + Hacb
- lia jb kc jb |- ke
1a ;
_ ¢
o )
kc
containing a celerity field &, which is a logarithmic acceleration, Celerity,
a
a 9 ta .
kc

which can be seen as either the time derivative of rapidity,
or the gradient of the logarithmic gravitational potential, & = ;v = Vy.

Two Perpendicular Vectors with Time

Defining two perpendicular generating vectors,
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the outer product and the third derivative,

24

1
3 ta (X’ ]
1_Iabc = Sa Rb Tc = jb J/B . = Fabc =
kc k-~
kwy jwy . kwsy 1 We | Jwy twe
kwz juwy : ) kwy Jwy ,
kw, . 1 Wy kw, T Wy
Jwy Twy . Jwy . LWy
with an angular velocity about an axis Angular
velocity,
a Q@ by —c0 3
G:=ExP)t = |b]x|B]|t = ca—ay]|t,
c y af — ba

that lives in logarithmic space, rather than in the exponential.

Triple Time
With T :=(d|-|-|), we geta pure time dilation,
d d d
q)el <I>‘el
H TTT — = = F abc

which will below be identified with electric potential,

_ 1
(I)el - Erttta

and is observable in the trace, but alone does not compensate according to the d’Alembert

condition, unless it vanishes identically.

Two Parallel Vectors with Time

Again with
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the outer product and the third derivative,

: 1
1a 1a .
Habc:SaSch = ]b ]b . =
kc kc
. a? . . Sl I
2 2
a a . . . . .
Lape = —2 b2 ) ) b2 . . . J
2 . . ) . 2

of which contraction yields a time-dependent squeeze of space,
El 32
[, = —2(5-8)t = -2| | =-2| |,

which compensates with electric potential.

3.4 Purely Spatial Derivatives

Deriving the 2nd-rank space derivatives again over space gives new entities with their own rules.

Three Arbitrary Vectors

Given three arbitrary generating vectors,

A ia e 1A

_)-_ a _‘-_ a _’._ Pyp— pp— Pp—
§= b » = B » 4= B = S(z'_ ]b 7Ra’_ ]B 7Qa‘_ ]B )
¢ Y ¢ kc kv kC
calculate their outer product,
Hsrq = Sa Rb Qc =
tin TacA jafA kayA | JaaB wafB +ayB | kaaC —aBC 7ayC
.| Jba A THBA —byA | ibaB  jbBB kbyB | +baC  kbBC  FAC

kcaA —+cBA TcyA .| —caB kcBB jcyB | icaC  jepC keyC



r
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introducing 2-symmetry in the first index pair,
Hsrq + Hrsq =
_ H j Ao~ EAQy 1Bo, —DBoy . . —Coz 1Coy
j AQz - AQ:B ZBQz k BQa: _CQZ ' jCQm
]_fAQy — Apg —Boy kBog 1Coy 7C0& .
21| iaaA JjaaB k aaC
ibGA ' jboB kbsC
icyA jeyB keyC
using
a « by —cp
o= (bl x|B] = |ca—av] .
c % af — ba
The full 6-symmetry,
abc :_ Hsrq + Hrsq + Hqsr =+ qus + qu'l‘ + Hrqs =
iy . . JAoz kApy JjAoz 1B ) Vv ];:Agy Vv 1C oy
JAo, ©Bo; v i Box k Bog V. kBox jCog
kAgy V. iCoy V. kBox 7Coax 1Coy jCox
(10)
v -V
—2 H R V4 VAR (11)
L L Vv 174
5 [ ] tacA  jaaB kaaC jaaB ibBA - | kaal 1y A
jaaB  ibBA ibA jLBB kbpC kbsC jcyB
| L | kaaC icyA kbBC jcyB icyA jeyB keyC
(12)
iacA -
-4 || 13
L L kcyC
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with (10) containing, up to the sign, 6 different components and each possible contraction gives
the same vector triple product,

Bo, — Coy a

aa _ o o A
Lad™ += 2 Cow—Ag. | = 2 b | % 3 x| 5
AQy — Bog c ¥ c

= 25X ) xq = 2(7-9)F — 2(G-7)F,

then (11) contains, in 6 identical instances, the scalar triple product of the generating vectors,

a «@
V o= b | % 3 B
c ~y C
= §x7)-¢d=(Fxq-§=(x8§)- 7.

= (QmA+QyB+QzC) =0q

Then (12) contains 6 different components and each possible contraction gives the same

S
Q
SN

el += —2 . | = 2374

o

)
Sy

<

Finally, the contractions of (13) are anisotropic and not rotationally invariant,

iaaA
JjbsB
kcyC

Faaaéaa + =

So the total contraction is

1acA
JbBB
kcyC

Faaa&m = _2§(F® +2ﬁ(§§) _2@(‘;7‘_‘) -4

Three Perpendicular Vectors

With three perpendicular vectors, § 17 1 ¢ L 3
the scalar triple product is at maximum,

VI = 1slI71lql
and the total contraction vanishes,

[0ad®™ = 0.
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Two Parallel Vectors, One Perpendicular
With any two of the three generating vectors being parallel, the scalar triple product vanishes,
|V| = 67

and the contraction depends on which two of the vectors being parallel.

With the outer two, § and ¢, being parallel,

_ 5 |5 i a? 71a2 0 ia(+a? — b —c?)
aaa - jﬁbQ - |§| - jﬁ(—aQ + b2 _ 62)
k~yc? kv (—a? — b + c?)

With an outer and the middle, § and 7, being parallel,

r g 5 |5 i Aa® I ) i A (3a% 4+ b* + ¢?)
rrr - ]Bb2 + Q |ﬂ - jB (CL2 +3b2 + 62)
kCc? kC (a* 4+ b* + 3c?)

Three Parallel Vectors
With three parallel vectors, §=17=¢, again the scalar triple product vanishes,
|V‘ = 67

and the contraction is

w

ia(3a® + b+ c?)

T __ ia B3 |72 = —
Frd™ = =2 2| g | R = =2 jb(a®+3b* + )
kc? kc(a® + b% + 3c?)

3.5 Summarizing the Components of 3rd-Rank Derivatives

NOTE: From here on, not everything is clear yet.

All 3 possible contractions of the 3rd-rank derivative tensor,

T,550% = Dg,50% = TDg5.0% =0 (14)

[
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induce a 4-vector which contains the electromagnetic vector potential,

55 _ 2 t (triple time)
Lags 07 = 2Bt <.§'+ 7+ q_'> (celerity)
L oo% t(5-T+7-d+q-5) (squeeze over time)
—§(F-q)+7(q-5) —q(§-7) (isotropic squeeze over space)
A . . .
— 48 ZgB (anisotropic squeeze over space, gravity) .
cyC

Defining

d = grady = o7 = 2 (S§+74+q) (celerity) ,
g = 2 b3 (gravity) ,

from the trace condition follow two continuity equations,

Ty550%° = 0 = 2(8px — div?) & Oy = divi,

0
Ps65 566 =0=2 (62 - g_ Amag) mag

with the slices

A= Taudt =a—g (7).

mag

el

In electromagnetic gauge theory, the electromagnetic vector potential is the 4-gradient of a gauge

potential, which can be identified here with logarithmic gravitational potential, y, D,

P o Amag
el _ t
() = (9)r a

Components hidden from the trace are

—

= 0,0 = (§x7 + "X q + ¢x3)t (rotation over time),

W s T
Vi=@x7)-d=xq-5§=(x8§- -7  (volume span).
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Derivative Chart

1st-rank: @ log’time
9y
2nd-rank: [Xj log’timeshift 7 rotation
2 0,
v

Y Y
3rd-rank: ®, | el’'pot’ /Tmag mag’'pot’ @ | rot’speed

Decomposing the 3rd-rank derivative tensor into purely 3-symmetric parts,

(euclidean, occuring in no trace)

(rotation over time, &),

SR

-+ . _
el — — . . .
' ' . (electric potential, @),

(celerity, @),

|

(gravitation) ,
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I‘abc ~

S|

|

3.6 4th-Rank Functions and Electromagnetism

NOTE: From here on, not everything is clear yet.

Of the 4th-rank tensor, we investigate contractions with no more than rank 2.
The total contraction condition,

55550700 = 0 = Ox = 07 = Og,
is equivalent to the Lorenz gauge,
Ox = 0 = 8,0y —divd,,, = 90y = divd,,,.

The non-euclidean part of the total contraction induces
the source of logarithmic timeshift and thus a logarithmic mass/energy density,

Ftttt5tt5tt = Pgr — t2X =
Tued0% = 857 (@7 3G D) TP 3G P (D).

The lesser condition I' ; 55 500 L 0 induces a matrix
which is equivalent to the electromagnetic Faraday tensor,

iE, jBE, kE.
iE,| - kB. jB,
jE, | kB, - B,
kE.|jB, iB,

Fo = Fabtt(stt =

a b

with an electric field,

E = V&, = Vo,x

= at‘Amag = ath7
and a magnetic field,

B = rotA = rotVy.

mag

- (rot 0) .

31

Lorenz
gauge

Ograv

Fab

o5/

e}
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Derivative Chart

2nd-rank: X | log’timeshift @ rapidity rotation

2

3rd-rank:

4th-rank: Pgr

3.7 5th-Rank Functions and Mazwell’s Equations

g
% -+
S

Mazwell’s homogeneous ‘ot E? equation follows immediately, up to a sign,

rot E = rot V®, = rot Vd,x
= rot 8tjmag = rot9,Vyx
= 0,rot Vx = 0,rot A'mag
- 8t§7
div B

and Mazwell’s ‘div B’ equation,

= > ?
divB = divrot4,,, = 0,

TODO: is there a proof that div B vanishes identically ? From divrot = 07

The maximum contraction gives a 4-vector of electrical charge/current density,

0
| - gttt = % (P;}) - <Vt> (8152 = A) X5

of which the inhomogeneous equations follow.

First Mazwell’s ‘div E’ equation (with a different sign),
which actually defines an electric source density, div E
=: pa /g0

leE = Ftttttéttétt = Pel /807
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and then Mazwell’s ‘rot B’ equation (with a different sign),
which actually defines an electric current density,

= VAx = 9°Vx = J/e,

with

QE = 9,Vd, = 9,V x
= 9,24 = 9,°Vy,
and (TODO: not yet clear)
rot B = rotrotffmag = Vdivgmag—Agmag (7)

= rotrot Vxy = VAx—AVx (7).

Derivative Chart

3rd-rank: @ rot’speed
2

4th-rank: Eﬁ] mag’field
2

5th-rank: @

3.8 6th-Rank Functions and Electromagnetic Waves
From

pa = dvE, ] = 0,
and since

dypy = OdivE = divg,E = divj,

33

J/€o

oE

rot E
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follows continuity of electric charge density,

00 =A)x =0 = 0, pq = div].

Finally the electromagnetic ‘wave equations’
OE =

& (82=AN)E,
OB = B

0
0 < (8,2 =A)

summarized by

at g _
s <r0t> Amag = 0,

are no more than the d’Alembert condition which holds true for each component of each deriva-
tive tensor and tells nothing more than a dispersion relation.

3.9 Summarizing Electromagnetism

Mathematical Definition Here Usual Physical Definition
Gauged Potentials
¢ = Ox=divV ® = g+ 0x
A = Vx=0,7 A = Ay+Vy
Lorenz Gauge
Oy = 0 H®—divd = 0
Fields
E = 0A=V9o E = 9A-Vo
B = rotd B = rotd
Maxwell’s Equations
rot E = 8,B rotE+8,B = 0
divB = 0 divB = 0
0,E ZrotB = 7/¢€0 rot B — 8, =: 7/¢€0
divE =: Pal/€0 divE =: Pal/€0
Continuity of Charge
OAx = 0 Oypg = divy
Wave Equations
OE = 0 OE = 0
OB = 0 OB = 0
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3.10 Complete Derivative Chart

I' | quaternionic ‘master potential’

0,
&,
N

1st-rank:

o,
2nd-rank: [Xj log’timeshift [ﬁ] rapidity rotation

0

3rd-rank:
4th-rank:
5th-rank:

6th-rank:
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4 Conclusion

4.1 What’s Been Shown

In the logarithmic derivative tensors, parallels to the most fundamental physical fields have been
identified,

in the 2nd rank,
a logarithmic Lorentz boost from rapidity, together with a static rotation,
and a logarithmic gravitational potential,
which is equivalent to a possible electromagnetic gauge potential,

in the 3rd rank,
a logarithmic celerity and a logarithmic gravitational field, a rotation over time,
possibly electric and magnetic vector potentials,

in the 4th rank,
a logarithmic gravitational source density,
a possible electromagnetic field tensor and the Lorenz gauge,

in the 5th rank,
possibly Mazwell’s equations,
together with an electromagnetic charge and current density.

Further, an infinite series of gauge potentials occurs, of which the topmost one is the ‘master
potential’ function.

4.2 What’s Essential

e Working on the tangent bundle of a spacetime manifold
similar to Finstein’s general relativity.

e More fundamental than the metric tensor, g,,,,
is the Jacobi matrix, J" »» from which the metric results.

e For an infinitesimal embedding, the logarithm of the Jacobi matrix, I' ;,
is yet more fundamental and introduces a notion of ‘scale invariance’,
which was an objective of Weyl’s.

e Requiring all possible contractions of all logarithmic derivative tensors to vanish identi-
cally enforces holomorphism and also results in the functional determinant being at unity
everywhere, as Einstein required.

e Assuming a ‘master potential’, all derivative tensors are symmetrical in all index pairs.
and the metric tensor is always purely diagonal.

e ‘Blessing’ the space coordinates with a signature of quaternionic units
introduces an algebra with torsion, which is essential to yielding rotation and magnetism,
but is different from Cartan’s torsion.
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e Most essential is a philosophy of detection instead of engineering,
of investigation rather than invention.

4.3 What’s the Gain

From such a quaternionic derivative tensor framework, the concepts of analytic geometry and
3D vector calculus emerge in a natural way, that is dot product, cross product, Grassmann’s
identity, triple scalar and vector product, as well as divergence, gradient, rotational derivative,
time derivative, and the operators of d’Alembert and Laplace.

It would not work as a vector calculus pasted on a flat euclidean or any arbitrary space, since
some of the entities are not rotationally invariant or Lorentz-covariant with respect to a flat
euclidean or Minkowsk:i metric.

But on the tangent space of its own manifold, Lorentz covariance is fulfilled by definition, on
the other hand distorting spacetime and giving rise to topological questions.

4.4 Epilog

Mathematics has often been used to deductively engineer models of physical observations.

Contrary to that, in the present context mathematics herself is asked to reveal her own nature
and the most reasonable behavior to create in an inductive way a mathematical reality which
might, at deeper inspection, actually resemble our physical universe.

This introduces a philosophy of detection instead of engineering, of investigation rather than
invention.

Any addition which adds to the freedom of a given model will spoil further investigation to ‘hear,
what mathematics itself speaks’. If at all, then additions which restrict a model are acceptable.

Mathematicians have investigated plenty of mathematically insane situations, like functions
being not continuous and thus not differentiable, spaces being incomplete or not compact.

From that, mathematics can tell us in reverse, what is a sane environment to possibly induce
a vivid reality: Functions being differentiable infinitely often, being holomorphic on a complete
compact space, which might even be a general manifold with a tangent bundle.

Additional restricting assumptions made here are that any fields shall be living on the tangent
bundle alone and that the tangent bundle is governed by a single ‘master potential’.

In 341 dimensions, mandating the possibility of spatial rotations induces a quaternonic algebra
and allows exactly for a gravitational, an electric, and a magnetic field, and some electromagnetic
waves.

Still open is the freedom of a manifold to form different topologies, where supposedly phenomena
of stable particles (or ‘topological centers’) as well as of topological adhesive (‘nuclear’) forces
might be found.
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