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Abstract: In this paper paraconsistent first-order logic LP% with infinite hierarchy
levels of contradiction is proposed. Corresponding paraconsistent set theory KSth}, is
proposed. Axiomatical system HST}, as inconsistent generalization of Hrbacek set
theory HST is considered.

Content

PART L.
l.Introduction.
Il.Paraconsistent Logic with » levels of contradiction LP?.
lll. Paraconsistent Logic with infinite hierarchy levels of contradiction LP},.
IV.Paraconsistent Set Theory ZFC*.
IV.1.Paraconsistent set theory KSth?,.
IV.2.Paraconsistent Set Theory ZFC%.
Basic Definitions and Elementary Operations on Inconsistent Sets.
IV.3. The Axioms of Paraconsistent Set Theory ZFC?.
IV.3.1.The Axioms of Extensionality.
IV.3.1.(1) Strong Axioms of Extensionality.
1IV.3.1.(2) Weak Axioms of Extensionality.
IV.3.2.The Axioms of Empty Set.
IV.3.2.(1) Strong Axioms of Empty Set.
IV.3.2.(2) Weak Axioms of Empty Set.
IV.3.3.The Axioms of Pairing.
IV.3.3.(1) Strong Axioms of Pairing.
IV.3.3.(2) Weak Axioms of Pairing.
IV.3.4.The Axioms of Separation.
IV.3.4.(1) Strong Axioms of Separation.
IV.3.4.(2) Weak Axioms of Separation.
IV.3.5.The Axioms of Replacement.
IV.3.5.(1) Strong Axioms of Replacement.
IV.3.5.(2) Weak Axioms of Replacement.



IV.3.6.The Axioms of Union.

IV.3.6.(1) Strong Axioms of Union.

IV.3.6.(2) Weak Axioms of Union.

IV.3.7.The Axioms of Power Set.

IV.3.7.(1) Strong Axioms of Power Set.

IV.3.7.(2) Weak Axioms of Power Set.

IV.3.8.The Axioms of Infinity.

IV.3.8.(1) Strong Axioms of Infinity.

IV.3.8.(2) Weak Axioms of Infinity.

IV.4.Inconsistent Relations and Functions.

IV.5. Inconsistent Equivalences and Orderings.
V.Inconsistent Natural Numbers.

V1.

V.2

V. Generalized Incompleteness Theorems.

Vl.Paralogical Nonstandard Analysis.

VI1.1.The inconsistent ultrafilter.

VI1.1.1.The consistent ultrafilter.

V1.1.2.The inconsistent w-ultrafilter.

V1.1.3.The weakly consistent wy-ultrafilter.

VI1.1.4. The w-inconsistent nonstandard extension over consistent field R.
VI1.2.1. The wy-consistent nonstandard extension over consistent field R.
V1.2.2.The classical transfer principle.

VI1.2.The #,,,-embedding.

VI1.3.The #,,-embedding.

V1.4.The Generalized Los Theorem.

V1.4.1.The properties of w-inconsistent w-ordered field F,,
V1.4.2. The w-upper and w-lower bounds in w-inconsistent case.
V1.3.2.The Generalized Transfer Principle.

V1.4.The #,, transfer and #,,,-embedding.

V1.5.The Extendent Paralogical Universe.

V1.5.1.The inconsistent superstructures over universal set.
V1.5.2.The Bounded Paralogical Ultrapowers.
V1.5.2.1.The Bounded Consistent Ultrapowers.

VI1.5.2.2. The Bounded Paralogical w-Ultrapowers.
V1.5.2.3. The Bounded Paralogical wo-Ultrapowers.
VI1.5.2.4. The Bounded Paralogical w,-Ultrapowers.
VI.5.3.The embedding V¥ (S"<) ¢»/F* into V" (#*S™"), etc.
V1.5.3.1.Classical embedding V(S¢") #/F <" into V(*S").
VI.5.3.2.The embedding V*(S") #=/F " into V" (#+S§"),
VI1.5.3.3.The embedding V"°(S7) £ /F o into V0 (¥ S™"),
V1.5.3.4.The embedding V" (S7) #wi/FWn into V¥ (#rn§C),
V1.6.The Paralogical Transfer Principle.

V1.6.1.The restricted inconsistent language,



VII. Set theory HST%.
VII.1.Axiomatical system HST%, as inconsistent generalization of Hrbacek set theory

HST.

VII.2 The universe of HST%.

VIL.3 The axioms of the external inconsistent universe.
VIl.4. Axioms for standard and internal sets.

VIL.5. Well-founded inconsistent sets.

PART II.

.Introduction
.1.Carleson’s theorem and generalizations in dimention N = 1.
.2.Carleson’s theorem and generalizations in dimentions N > 2.

Il.Analysis on *"R.

I1.1.Paraordered fields.
11.1.1.Designations.

11.1.2.Basics about paraordered fields.
11.2.Limits

I1.3.Cauchy hypersequences.
I1.4.w 0, -Limits of functions.
I1.5.w 0, -Continuity at a point.
I1.6.Uniform w o, -convergence of functions.
I1.2.The wy-derivative.

I1.2.The wy-integral.

PART III.

lll.1.Riemann’s non differentiable function R(x).
1ll.2.Non standard proof of the non-differentiability of the Riemann function R(x).
I11.3.Non standard proof of the Carleson’s theorem.

List of designations

V" _ consistent universum
V¢ - inconsistent universum
U - complete universum U 2 V' | Ve

(
(
(
(
(
(
(
(
(

- = +) - relation of the classical consistent equivalence

- = +) - relation of the strong consistent nonclassical equivalence or s-equivalence
e= )V =(.=.)

- € ) - classical consistent membership relation

- € +) - strong consistent membership relation or s-membership relation

e NIV = (e

- =, -) - relation of the weak equivalence or w-equivalence

e=, )V = (=)

- =,, +)-relation of the weak inconsistent equivalence order 1 or w;-equivalence



c=w ) e (=0 DA F 0)

- =,, +)-relation of the weak inconsistent equivalence order » or w,-equivalence

- €, +)-weak membership relation or w-membership relation

.- €,, +)weak inconsistent membership relation order 1 or w;-membership relation
J,,-weak empty set

NN N

|.Introduction.

The real history of non-Aristotelian logic begins on May 18,1910 when N.A. Vasiliev
presented to the Kazan University faculty a lecture "On Partial Judgements, the Triangle
of Opposition, the Law of Excluded Fourth" [Vasiliev 1910] to satisfy the requirements for
obtaining the title of privat-dozent. In this lecture Vasiliev expounded for the first time the
key principles of non-Aristotelian, imaginary, logic. In this work he likewise constructed
his "imaginary" logic free of the laws of contradiction and excluded middle in the
informal, so-to-speak Aristotelian, manner (although imaginary logic is in essense non-
Aristotelian).Thus the birthday of new logic was exactly fixed in the annals of history.
Vasiliev’s reform of logic was radical, and he did his best to determine whether it was
possible for the new logic with new laws and new subject to imply a new logical
Universe. Vasiliev began the modern non-classical revolution in logic, but he certainly
did not complete it. The founder of paraconsistent logic, N.A. Vasiliev, stated as a
characteristic feature of his logic, three kinds of sentence, i.e. "S is A", "S is not A", "S is
and is not A". Thus Vasiliev logic rejected the law of non-contradiction: —(A A —A) and
the law of excluded middle: A v —A.However Vasiliev's logic preserve the law of
excluded fourth: AV —A V(A A —A). Possible formalized versions of Vasiliev's logic with
one level of contradiction LP{ was proposed by A.I.Arruda [1]. In this paper we proposed
paraconsistent first-order logic LPZ with infinite hierarchy levels of contradiction.
Corresponding paraconsistent set theory KSth’ is discussed.

The postulates (or their axioms schemata) of Vasiliev-Amida propositional
paraconsistent logic V4, are the following:

The language £, of paraconsistent logic V4, £ VA4,[V] has as

primitive symbols (i) countable set of a clalassical propositional variables, (ii)
countable set V = {P;}._, of a non clalassical propositional variables,(iii) the connectives
—,,A,V,— and (iv) the parentheses (,).

|. Logical postulates:

(1) A~ (B-A),

2) A-B)-»> (A~ (B->C) - (A-0),

3) A->(B-AAB),

(4) AAB - A,

(5) AAB - B,



(6) A-(AVB),
(7) B~ (AVB),
(6) A- (AVB),
(7) B~ (AVB),
® A-C-~>((B-C~>(AVB-(0),

9) AV -—A,

(10) B> (—-B - A)ifB ¢ V.

Il.Rules of a conclusion:

Anrestricted Modus Ponens rule MP : A A - B + B.

Theorem 1.1.[1]. (1) If B ¢ V, then B,—B - A;(2) =—A « Aiff A ¢ V;

The postulates (or their axioms schemata) of Vasiliev-Amida propositional
paraconsistent logic V4, are the following:

The language £, of paraconsistent logic V4, £ VA,[V] has as

primitive symbols (i) countable set of a clalassical propositional variables, (ii)
countable set V = {P;} ., of a non clalassical propositional variables,(iii) the connectives
—,,A,V,—~ and (iv) the parentheses (,).

|. Logical postulates:

(1) A->(B-A),

2) (A-B) - ((A->B->C)) - (A->C(),

(3) A->(B->AAB),

(4) AAB - A,

(5) AAB - B,

(6) A-(AVB),

(7) B-(AVB),

(6) A-(AVB),

(7) B-(AVB),

®) A-C->((B->C->(AVB-C(),

(9) AV —A,
(10) B-> (=B > A)if B ¢ V,

(1) P;A=P;iff Pe V,i=12,....
Il.Rules of a conclusion:
Anrestricted Modus Ponens rule MP : A A - B + B.

ll.Paraconsistent Logic with » levels of contradiction LP%.

Modern formalized versions of Vasiliev’s logic with one level of contradiction may be
found in Amida [1980], [Puga and Da Costa 1988], Smimov [Smirnov 1987], and



[Smimov 1987a, 161-169]. There is also the presentation Smimov given at the
International Congress of Logic, Methodology and Philosophy of Science in Uppsala in
1991.

Paraconsistent Logic with one levels of a contradiction
LPY.

Let us consider now Vasiliev-Arruda type paraconsistent logic LP{ = LP{[V,A] with
one level of contradiction.

The postulates (or their axioms schemata) of propositional paraconsistent logic

LP{ are the following:

The language £% of paraconsistent logic LP{ 2 LP{[V,A] has as

primitive symbols (i) countable set of a clalassical propositional variables, (ii)
countable set V = {P;} ., of a non clalassical propositional variables, (iii) the
connectives —,,,—, A, V,— and (iv) the parentheses (,).

Remark.2.1.We distinguish a weak negation —,, and a strong negation —;.

The definition of formula is the usual. We denote the set of the all formulae of
LP{[V,A] by F% where V| = VI y VUl and Ais a given subset of F%. Here we
used the following definitions: VI 2 v V[l 2 4ll|(g € V)},al'l 2 (a A —ya). A,B,C, ...
will be used as metalanguage variables which indicate formulas of LP{[V,A]. We
assume through that V,c A ¢ F7%.

l. Logical postulates:

(1) A->(B-A),

2) (A-B)->(A->(B~->C) -~ (A->C()),
3) A-(B->AAB),

(4) AAB - A,

(5) AAB - B,

(6) A-(AVB),

(7) B - (AVB),

®) A-C->(B-C~>(AVB-(0),

(9) P,‘ A —|WP1' iffPZE V,l = 1,2,...
(10) AV, AiffA ¢ V,
(11) B-» (=, B> A)ifB ¢ Vi,

(12) AV —,A V(A A—,A) ffA € V),
(13) AV —AifA € F1,
(14)B - (—~,B - A)if A,.B € F7.

Il.Rules of a conclusion:
Restricted Modus Ponens rule MPR :



A,A > BFBIiffA ¢ A

Unrestricted Modus Tollens rules: P - Q,—,Q + —,P;P - Q,—,Q + —,P.
The rule of a strong contradiction: A A —,A + B.

lll.Quantification

Corresponding to the propositional paraconsistent relevant logic LP{[V,A] we
construct the corresponding paraconsistent relevant first-order predicate calculus IT)T =
IT’?[V,&]. The language of the paraconsistent predicate calculus LP|, denoted by £},
is an extension of the language £% introduced above, by adding, as usually,for every m,
denumerable families of m-ary predicate symbols R, RY,...,R",...,and m-ary function
symbols /. /%,....f", ..., and the universal V and existential 3 quantifiers.

We assume throughout that: the language ZT contains also

(i) the classical numerals 0,1, ... ;

(i) countable set T" of the classical consistent set variables I" = {x,y,z,... };

(iii) countable set I of the non classical inconsistent set variables I = {%,7,%,... };

(iv) countable set © of the classical non-logical constants ® = {a,b,c...};

(iv) countable set © of the non classical non-logical constants © = {4,5,¢... };

Definition 2.1. An LP| wff ® (well-formed formula @) is a LP/- sentence iff it hasn't

free variables; a wff ¥ is open if it has free variables. We'll use the slang ‘4 — place

open wff’ to mean a wff with £ distinct free variables.

Definition 2.2. An IT”iE wff @ is a classical iff it hasn’t non classical variables and

non classical constants.

Definition 2.3. An IT)T wif @ is a non classical iff it has an non classical variables

or non classical constants.We denote the set of the all formulae of IT’?[V,Z] by

é}_-”f, where V 5 V, and A 5 Ais a given subsets of 3_-'7.We assume through that
VcAcF

The postulates of LP{[V,A] are those of LP{[V,A] (suitably adapted) plus the
following:

a ~ Bx)
M a - Vxp(x)’

() Vxax) » a@),

(M) a(x) - Ixalx),

alx) > p
(v Axalx) > B’
(V) Vx(a@)® - (Vxa(x)®,
(VD) Vx((a(x)® - @Fxa(x)®,
(VI
(

—
~—

VII) Vx(a(x))!M - (Vxa(x)) A (Vx—,a(x)),
VI Vx((a(x))! - @xa(x)) A @x—pa(x)),
where we used the following definitions:
a® 2 ga® 2 (a A=) and

al0] 2 a’a[l] 2 aA —wQ



and where the variables x and y and the formulas o and g satisfy the usual definition.
From the calculi ﬁf[f’,lj,one can construct the following predicate calculus with
equality. This is done by adding to their languages the binary predicates symbol of
strong equality (- = «) or (- = -) and weak equality(- =,, -) with suitable modifications in
the concept of formula, and by adding the following postulates:
(IX)  Vx(x =5 x),
X)  Vaxvy[ (x = » B,
) VaxVylx =y - (a(x) < a()],
|

(
(
(XN VxVyVz[(x = Y) Ay =5 2) = x = 2],

X X

(XM) vyax(y =w x),

(XIV) Vyax(y = x)t

(XV)  VxVylx =y y > (Ot(x) < a())]

XVI) Vavy[ (x = )M o (@) © o) ],
(XVI) VxVyVz[(x = y) A (y =y Z) > X =y Z],
(

(

(

(

><><§><

XVII) Vavyvz[ (x =0 MA@ = )M > (0 =, 2],
XIX) VxVyVz[(x =y y) /\ (y =52Z) > X =y Z|,

XX) ‘v’xVsz[(x = WA G = 2) > (x =, 2)!! :|
XXI) VxVyVzl(x =s y) Ay =w 2) > x =w 2],

(XXI) VxVyvz[ (x = ) A (¢ = ) > (x =, 2)T].

Il.Rules of a conclusion:
Restricted Modus Ponens rule MPR :

A,A > B+BIiffA ¢ A
Unrestricted Modus Tollens rules: P - Q,—,Q + —,P;P - Q,—,Q  —,P.
The rule of a strong contradiction: A A —,A + B.

Definition 2.4. Classical V-object 3¢ = 3[V,A] is the object such that from any
classical formula of the form P(3) A —,,P(3), where P(IN') ¢ A by using principles
as in paraconsistent logical calculas ﬁ’f[(ﬁ&] using Restricted Modus Ponens rule,
one can deduce any formula i.e., classical object 3 is the object which hasn’t any
inconsistent property with respect to a weak negation —,,.

Definition 2.5. Non classical V-object 3N = N[ V,A] of the 1-degree of
inconsistency is the object IN¢! such that: from any non classical formula of the form
P(INCY A —,, P(3NCY) where P(INCY) ¢ A by using principles as in paraconsistent logical
calculas IT’?[V,Z] using Restricted Modus Ponens rule one can’t deduce any formula
whatsoever i.e., non classical object of the 1-degree of inconsistency is the object IN¢!
which has at least one inconsistent property of the 1-degree with respect to a weak
negation —,,.

The simplest example of non classical objects 1-degree inconsistency is inconsistent
numbers a such that



(d w T) A _'w(d w T)) (2 1)

or
(b=vT)n(b=u2). (2.2)

Remark.2.2. Note that: (i) formula (2.1) meant that (d =, 1) € V and (i) formula
(2.2) meant that (b =, T) e Aand (b=, 2) €

Paraconsistent Logic with » levels of contradiction LP?.

Let us consider now paraconsistent logic LP# = LP#[V,A] with n levels of

contradiction.

The postulates (or their axioms schemata) of propositional paraconsistent logic

LP} = LP:[ V,A] are the following:

The language £ of paraconsistent logic LP! has as primitive symbols (i) countable
set of a clalassical propositional variables, (ii) countable set V = {P;}., of a non
clalassical propositional variables, (iii) the connectives —,,,—s,A,V,~ and (iv) the
parentheses (,).

Remark 2.3.We distinguish a weak negation —,, and a strong negation —;.

The definition of formula is the usual. We denote the set of the all formulae of

LP:[V,A] by F% where V and A is a given subsets of F%. We assume through

that V < A ¢ F.

A,B,C, ... will be used as metalanguage variables which indicate formulas of

LPi[V,A].

Definition 2.6. (i) «® stands for a*D A (% )1, where a©® 2 q,

a2 - (a A—wa),0 <k <n.

(ii) the (finite) k-order of the level of a weak consistency (w-consistency) is:

a® 0 <k<n.

Definition 2.7. (i) ¥ stands for a*'1 A (a*'1)[1] where o[

a'l 2 g A —pa,0 < k<n.

(i) the (finite) k-order of the level of a weak inconsistency (w-inconsistency) is

al’l 1 <k<n.

A

a,

l. Logical postulates:
(1) A-(B-A),

2) A-B)~((A-B~0) - (A->0(),
3) A-(B->AAB),



(4) AAB - A,

(5) AAB - B,

(6) A- (AVB),

(7) B- (AVB),

@B A->C)->((B~-C)~>(AVB- (),

9 PA-,PiffPeV,
(10) PHiffP e V,

n
(1) AV—,AifA ¢ V =Jv.,
k=0

(12) AV —AifA e F?,
(13) B~ (—,B — A) if A,B € F},
(14) (AV—,A)VAA—,A) VAR v VA v AT fA e F

n

(15) B> (—,B~ A)if B ¢ V= JVI.
Il.Rules of a conclusion:
Restricted Modus Ponens rule MPR :

AA > BBiffA ¢ V.
Unrestricted Modus Tollens rule: P - Q,—,Q + —,P;P > Q,—,Q + —P.

The rule of a strong contradiction: A A —,A + B.
lll.Quantification

Corresponding to the propositional paraconsistent relevant logic LPﬁ[V] we construct
the corresponding paraconsistent relevant first-order predicate calculus. These new
calculus will be denoted by LP,[V ].

The postulates of LP,[ V ] are those of LP/[ V ] (suitably adapted)
plus the following:

a > Bx)
M a - Vxp(x)’

() Vxax) » a@),

() a(x) - Ixalx),

alx) > p
(V) Axa(x) - B’
(V) Vx(a(x))® - (Vxa(x)® k=1,2,...,n,
V) Vx((a(x)® - @xalx))®,k=1,2...,n,
(VIl) Vx(a(x)X - (Vxa(x)M, k= 1,2...,n.

From the calculus ﬁﬁ[@],we can construct the following predicate calculus with



equality. This is done by adding to their languages the binary predicates symbol of
strong equality (- = +) or (- = -) and weak equality(- =,, -) with suitable
modifications in the concept of formula, and by adding the following postulates:
(IX)  Vx(x =5 x),

X)  Vx[ (x =0+ B],

(X1)  VxVy[x =y > (ax) < a()],

(XI)  VxVyVz[(x =s y) A (y =5 z) = x = z],

(X)) vyax(x =, x)M k=0,1,2,...,n,

(XIV) Vxvy[ (x = ¥ © Vae)(@®(x) « a®@) ]k =1,2,....n,

XV) Waxvyvz[ (x =0 PN =0 ) - =0 )P k= 0,1,2,.0m,
XVI Vaxvyvz[ (= EIA @ =2) > (k=0 )T ],k =0,1,2,...,n,

(XVI) VavyVz[ (x = y) A = 2) > (x =, )W |,k =0,1,2,....m,

(XVII) Yy3x(y = X))k = 0,1,2,....,n.

lll. Paraconsistent Logic with infinite hierarchy levels of
contradiction LP%.

The postulates (or their axioms schemata) of propositional paraconsistent logic

LP, = LP}[V,A] are the following:

The language £¥ of paraconsistent logic LPZ has as primitive symbols (i) countable
set of a clalassical propositional variables, (ii) countable set V = {P;},, of a non
clalassical propositional variables, (iii) the connectives —,,,—s, A, V,~ and (iv) the
parentheses (,).

Remark.3.1.We distinguish a weak negation —,, and a strong negation —.

The definition of formula is the usual. We denote the set of the all formulae of

LP;[V,A] by F% where V and A is a given subsets of /. We assume through

that V < A ¢ F*.

A,B,C, ... will be used as metalanguage variables which indicate formulas of

LPi[V,A].

Definition 3.1. (i) a™ stands for o A (¢™")®, where

a® 2 qa) 2 - (a A—va),]l <n< o

(i) a®@ stands for Vn[a™].

(iii) the finite n-order of the level of a weak consistency (w-consistency) is:

a® 2 ga"1<n<o.

(iv) the ifinite m-order of level of a weak consistency (w-consistency) is : a(®.



Definition 3.2. (i) o) stands for a"~'1 A (a["~1)[0],

where ol 2 g A—ya,1 <n<o.

(ii) al®] stands for Va[al"].

(iii) the finite n-order of the level of a weak inconsistency (w-inconsistency) is:

a1 <n<o.

(iv) the ifinite @-order of the level of a weak inconsistency (w-inconsistency) is: a[®’.
|. Logical postulates:

(1) A->(B-A),

2) A->B)->(A->B->C) - (A-0),
3) A-> (B ->AAB),

(4) AANB - A,

(5) AAB - B,

(6) A- (AVB),

(7) B - (AVB),

B A-C)->((B~-C)~>(AVB~CQ),

9) P;A—P/iffPie V,i=12,...,
(10) P iffPe V,i=1,2,...;1<n < @,
(n)Av—WAﬂAeﬁzle&

keN
(12) AV —Aif A eFE,
(14) B—> (=B > A)if A,B € F,
(w)AvavAvamM¥yAwﬂAe$i1§n<@

n

(16) B> (—,B~ A)ifB ¢ V = | JV¥.
keN
Il.Rules of a conclusion:

Restricted Modus Ponens rule MPR :

AA > BBiffA ¢ V.
Unrestricted Modus Tollens rule: P - Q,—,Q + —,P;P - Q,—,Q - —P.

The rule of a strong contradiction: A A —,A + B.
lll.Quantification

Corresponding to the propositional paraconsistent relevant logic LPi[V] we construct
the corresponding paraconsistent relevant first-order predicate calculus. These new
calculus will be denoted by LP,[V ].

The postulates of LP,[ V ] are those of LP}[ V ] (suitably adapted)
plus the following:

a ~ Bx)
M a - Vxp(x)’



(I  Vxa(x) - a(y),

) alx) » Ixa(x),
alx) > p
(V) Axa(x) » B’
(V)  Vx(a(x))® - (Vxa(x))™,1 <n < o,
(VI
(

VD) Vx((a(x)™ - @xax))™,1 <n< o,
VIl) Vx(a(x))" - (Vxa(x)" 1 <n < w,. .

From the calculus ﬁZ[V],we can construct the following predicate calculus with

equality. This is done by adding to their languages the binary predicates symbol of
strong equality (- = +) or (- = +) and weak equality(- =,, +) with suitable
modifications in the concept of formula, and by adding the following postulates:
(IX)  Vx(x =5 x),

(X)  Vx[ (x =) +B],

(XI)  VxVylx =y > (a(x) < a()],
(XI) VxVyVz[(x = ¥) A (y =5 2) = x = z],

(XM vydx(x =, x)",0 <n < o,
(XIV) Vxvy[ (x = ) o Va@) (@ (x) < a”@p)].1<n <o,

(XV) VavypVz[ (x = WA @ =0 )M > =0 D) ],0<n < o,
(XVI) VxVsz[(x = MA@ = 2) > (x = z)["]],O <n<o,
(XVI) VxVyVz[ (x = A =v 2)" > k=, 2)]0<n < @,

(XVII) ¥y3x(y =, ),0 < 7 < .

IV. Paraconsistent Set Theory ZFC%.
IV.1. Paraconsistent set theory KSth?

Cantor’s "naive" set theory KSth was based mainly on two fundamental principles: the
postulate of extensionality (if the sets x and y have the same elements, then they are
equal), and the postulate of comprehension or separation (every property determines a
set, composed of the objects that have this property). The latter postulate, in the
standard (first-order) language of set theory, becomes the following schema of formulas:

PVx(x € y o F(x,p)). 4.1.1)

Now, it is enough to replaces the formula F(x,y) in (4.1) by x ¢ x to derive Russell’'s
paradox. That is, the principle of comprehension (4.1) entails an inconsistency. Thus, if
one adds (4.1) to classical first-order logic, conceived as the logic of a set-theoretic
language, a trivial theory is obtained.

Remark.4.1.We distinguish a weakly inconsisten membership relation (- €,, o) and



a strongly consisten membership relation(e €5 o).

Definition 4.1. (i) the minimal order of the level of a weak

consistency (w-consistency) is: a" £ a@ A —,,(a® A —,0©@),a® 2 a = (x €, y);
(ii) the minimal order of the level of a weak inconsistency (w -inconsistency) is:
alll £ (@l A 1,000, a0 £ g = (x €, y).

Definition 4.2.(i) x €,,(, y is to stands for (x €,, )" and is to

mean "x is a weakly consistent member of y of the n-order (of the n-level) of
w-consistency ".

(i) x €,pn yis to stands for (x €, y)[ and is to mean "x is a weakly
inconsistent member of y of the n-order (of the n-level) of w-inconsistency ".
Definition 4.1. An IT’?E wff @ is a w-wff iff it does not contain the connective: —,,.
We now replace the formula (4.1) by formulae

IVx(x €nmy ¥ © F(x,))) , (4.1.2)
n=20,1,2,...
and
IVx(x vy ¥y < F(x,p)), 4.1.3)
n=20,1,2,....

Theorem 4.1. (1) The collections R, £ Vx[(x €, Rn)o[—w(x €y x)]] 1S

contradictory of the n + 1-order of w-inconsistency.

(2) The collections R, = Vx[(x €] Rn)e[—w(x Ewpey x)]] S

contradictory of the n + 1-order of w-inconsistency.

Theorem 4.2. (1) The collection Ry, = VxVn[(x €y ;) Re)[—wlx €wm x)]]is

contradictory of the o + 1-order of w-inconsistency.

(2) The collection Ry, = VxVa[(x €wpm) Ro)e[—wlx € x)]] IS

contradictory of the o + 1-order of w-inconsistency.

The standard non-classical response to these paradoxes is to find fault with the
logical and deduction principles involved in the deduction. Most standard approaches to
the paradoxes take them to be important lessons in the behaviour of a Boolean
negation.

However if you wish to define negation non-classically, there are many options
available.You can define negation inferentially, taking A to mean that if A,then
something absurd follows,or it can be defined by way of the equivalence between the
truth of ~A and the falsity of A, and allowing truth and falsity to have rather more
independence from one another than is usually taken to be the case: say, allowing
statements to be neither true nor false, or both true and false. The former account takes
truth as primary, and defines negation in terms of a rejected proposition and implication.

For example, one can to define a strong negation ~;4 non-classically [16]:

(4.1.4)
~A 2 A > VaVy[(x €w ¥) A (x =5 »)].

Theorem 4.3. The collection R, such that [x €,, R_ ,«[~(x €, x)]] i.e.,



R, £ X[~s(x €, x)] is contradictory.

Proof. Replace F(x,y) in the axiom schema of abstraction (4.2) in the
definition of collection by ~s(x €,, x), so that the implicit definition of R,
becomes

X €y R, o[~s(x €y x)]. (4.1.5)

Instantiating in (4.5) x by R, then by unrestricted modus pones MP,
we obtain:
(1) F E}{”‘SEVV&}{NS(_) Ns(m"sewm"s)'

By unrestricted modus pones MP one obtain the contradiction

(2) F R €W R NA~s(R-,EWR-,).

Thus, if we adds (4.2)-(4.3) to first-order logic ﬁi[\z&], conceived as the logic

of a set-theoretic language with suitable adapted V and A a nontrivial paraconsistent
set theory KSth, is obtained.

IV.2. Paraconsistent Set Theory ZFC?.
Basic Definitions and Elementary Operations on
Inconsistent Sets.

Remark 4.2.1. In this subsection, we will be, to distinguish:

(i) a weak implication 4 —,, B, where 4 —,, B abbreviates 4,4 >, B v B,B € V and
(i) a strong implication 4 —; B, where A -, B abbreviates 4,4 -»; B + B;
(iii) a weak negation —,.4, where —,,.4 abbreviates 4 + B,B € V and
(iv) a strong negation —,4 where —;4 abbreviates 4 + B.

Designations 4.2.1.We will be write for short:

X=w, ¥ instead (x =, y)",n = 1,2,...;

and we will write for short:

X €, yinstead (x €, »)",n = 1,2,...

Remark 4.2.2. Thus in particular we will be write:

x =, yinstead (x =, y) A[(x =» y) A —w(x =y »)], etc.

and we will be write:

X €y, Y instead (x €,, y) A[(x €y ¥) A—=w(x € »)], etc.

Remark 4.2.3.However we will be often write for short:

x =, yinstead x =,, yandx €, yinstead x €, y.

Remark 4.2.4. In this subsection, we will be distinguish:

() the relations:

(i) consistent (s-consistent) equality denoted by (e =; ) and such that



Vx,y[x =5 y A —s(x =5 y) = B]; (4.2.1)

(i) weak or strongly inconsistent (or w.-inconsistent) equality denoted by (o =,,, ©)
or by (o =, o) for short, and such that

Jx,y[(x = ¥) A —w(x =w y) ¥ B];

(4.2.2)
(iii) wpy-inconsistent) equalities denoted by(e =, ©),....(¢ =u;,) *),...,n = 1,2,...
and such that
Vaax,y[(x =w;,, ¥) A —w(x =w,, ) ¥ B],
Vx, ylx “wayp Y s X Twg vl (4.2.3)

VnVx,y[x Swiny V s X Fwyy vl

where x =, y £ x =, »;
() the relations:
(i) consistent (or s-consistent) membership relation denoted by (e €; ¢),and such that

Vx,y[x € YA _'s(x Es y) = B]; (424)
(i) weak or strongly inconsistent (or w.-inconsistent) membership relation denoted by
(e €y ) and such that

Ax,y[(x €w ¥) A —w(x €w y) ¥ B],

4.2.5)
Vnax,y[x €w,, y ¥ B]
(iii) wpy-inconsistent membership relations denoted by (s €., ),..., (¢ €4y ©),-..,
n = 1,2,...and such that
vnaxay[(x EW[,,] y) A _'W(x eW[n] J’) t# B])
VX, Y[X €wyy ¥ =5 X €wyy V], (4.2.6)

vnvxﬁy[x eW[nH] y 33 X ew[n] y])

where x €,,, y = x €, »;

Remark 4.2.5. Note that: (1) in accordance with (4.2.2) the w.-inconsistent equality
(e =4 o) admit the infinite levels of a contradiction;

Definition 4.2.1. Let x and X be a sets such that:

(i) the statement x ; X holds, then we will be say that

x is a strong member (or s-member) of a set .X;

(ii) the statement x €,, X holds, then we will be say that

x is a weak member (or w-member) of a set .X;

Remark 4.2.5. We note, that in ZFC? valid:
(1) Ix,y[(x =5 ¥) A =s(x =5 )] + B,
(i)



(i) 3x,y[(x =0 ) A=w(x =» ) ¥ Bl,B € V,n = 1,2, ...

(i) Vx,y[(x =5 ¥) A—w(x = )] + B,

(i) I,y : c =w M A—i(x =wy) ¥ BB e V,n=1.2,.

(iii) Vx,y : (x €5 ¥) A—w(x € ¥) + B,

(iV)3x,y: (x €y Y A—i(x €y V) ¥ B,Be V,n=1,2,.

Remark 4.2.4. (i) —,4 abbreviates 4 + B, i.e. - is a strong negation,
(i) 4 =, B abbreviates 4,4 = B + B, i.e. =, is a strong implication.
Designations 4.2.2. (1) We will be write for short:

i) x =, yinstead [(x =y y)V [(x =y V) A —(x = " y)]],
i) x =, yinstead [ (c =y ») V [ (& =0 ) A=l =0, 1) ] ]
i) x =, yinstead | (x =y ») V (x =w ») V [x =up; YIA —0lx =, y)],

(

(

( L

(i W@}ymstead[ =0 M)V (& =0 ¥) V.. v[<x v WA=l =) ],
[

S
=
- \:

,2,.
X

<
~

€w,, yinstead | (x €, y) V [(x €Ew ¥) A —wlx €,y y)] ],

<

vi)

ii)
1,

—_~

x €, yinstead [(x €sy)Vx e,y V.. v[(x €wpy V) A —w(x S y)]],
2,.

V) X =, yinstead (x = ») V (x =u,, ) V'V
V) x €y, yinstead (x € y) V (x €uy, V)V V
Il) We will be write for short:

i) x =, yinstead [(x = y) V [(x =w ») A =s[—(x =w »)]]]
i) x =3, yinstead [ (x = ») V[ (x = ) A—slx =0, )] 5

il) x =3,,,, v instead [ (x = 1) V (x =0 ) V [x = y]/\—w(x y)]
(&

S
I

W[n] y),
W[n] y)‘

0<n<a)

0<n<a)

e B e T S S S S S

iv)x =5, vinstead [ (x = ») V (x =, ») V.. \/[(x vy V)] Aﬁs(x M =12,
V) x e;“yinstead [(xe )V (x €y y) V.. v[(x €wpy V) A —slx €, y)]]
n=12,.
vi)x =}, yinstead (x = ») V& =, NVV __ &=l 0,
vii) x €3, yinstead (x & y) V (x €}, )V \/O<n<w €y V-

lI)We often will be write for short:
i) x =y, yinstead x =, »,
i)x =,, yinsteadx =,,, y,n=1,2,...,
iii) x =, yinstead x =, , y,n=1,2,...,
iv) x =,, yinstead x =, ,, »,
)x €w, yinstead x €, y.
Definition 4.2.1. Let x be an object (set). We shall say that x is a strongly consistent
object (s-consistent) or classical object iff: x =, x and (x =,, x) + B,i.e. x is a strongly
consistent object (set) iff (x =; x) A —s(x =» x).
Designations 4.2.3. We will be write for short: s-con(x) iff x is s-consistent object

(
(
(
(
(i
(
(
(v

(set).
Definition 4.2.2.Let x be an object (set). We shall say that:



(i) x is a weakly consistent (w—conS|stent) object (set) iff

(1) x =y x,(2) (x = x) # B,B € V (3) =5(x =, x) and (4) —,(x = =y, X), i.e. (x =, x) - B;
(i) x is a weakly inconsistent (w-inconsistent) object (set) iff

(1) x =y x, (2) =s(x = x) and (3)x =,, x # B,B € V.

DeS|gnat|ons 4.2.4. We will be write for short:

(i) w-con(x) or wi-con(x) iff x is w-consistent object (set).

(ii) w-inc(x) or wo-inc(x) iff x is w-inconsistent object (set).

Definition 4.2.3.Let x be an object (set). We shall say that:

(i) x is w-inconsistent object iff x =,, xandx =,, x ¥ B,B € V.

(ii) x is w,-inconsistent object iff x =, xandx =,, x # B,B e V,n = 1,2,..
(iii) x is w.-inconsistent object iff Vu[ (x =y, x) A (x =, x ¥ B,B € V)]

Designations 4.2.5. We will be write for a short:

(i) wa-inc(x) iff x is w,-inconsistent object (set), n = 1,2, ...

(i) we-inc(x) iff x is we-inconsistent object (set).

Definition 4.2.4.Let x be an object (set). We shall say that:

(i) x is a weakly w;-inconsistent object iff wi-inc(x) and —yw;-inc(x).

(i) x is a weakly w,-inconsistent object iff w,-inc(x) and = w,1-inc(x),n = 1,2, ...

Designations 4.2.6. We will be write for a short:

(i) wi-inc(x) iff x is a weakly wi-inconsistent object (set).

(i) wi-inc(x) iff x is a weakly w,-inconsistent object (set).

Definition 4.2.5. Let x and y be any s-consistent objects (sets),i.e. s-con(x) and
s-con(y).

We shall say that objects (sets) x and y are strongly equivalent (s-equivalent) iff x =

Definition 4.2.6. Let x and y be an objects (sets) such that w-con(x) and w-con(y).

We shall say that objects (sets) x and y are weakly equivalent (w-equivalent) iff x =, .

Definition 4.2.7. Let x and y be an objects (sets) such that w-con(x) and w-con(y).

We shall say that objects (sets) x and y are weakly equivalent in consistent sense

(w-equivalent) iff x =, y and —;(x =, »).

Definition 4.2.8. Let x and y be any objects (sets) such that w,-inc(x) and w,-inc(y),

then we shall say that:

(i) x and y are w,- equivalent iff x =, y,x =, y # B,B € V,n =0,1,2,.

(ii)) x and y are w,- equivalent in consistent sense (w}- equivalent) |ffx =,, y and

—s(x =w,,, ¥v),n=0,1,2,...

(iii) x and y are w..- equivalent iff Va[ (x =, ) A (x =y, y # B.B € V) ]

Designations 4.2.7. We will be write for a short:

(i) x =, y iff x and y is a w,- equivalent,(ii) x =,: y iff x and y are w;;- equivalent,

(iii) x =, y iff x and y are w..- equivalent.

Definition 4.2.9. Let x and y be an objects (sets) such that s-con(x) and w,-inc(y).

We shall say that objects (sets) x and y are weakly equivalent (w-equivalent) iff x =,, y.

Definition 4.2.10. Let x and y be any objects (sets) such that s-inc(x) and w,-inc(y),

then we shall say that:

(i) x and y are w,- equivalent iff x =,, y where x =, y # B,B € V,n = 0,1,2,.

(ii) x and y are w,- equivalent in consistent sense (wn equivalent) iff x =, y and

—s(x =w,,, ¥),n=0,1,2,...

(iif) x and y are w.- equivalent iff V[ (x =, ) A (x =v, y # BB V) ]



Designations 4.2.8. We will be write for a short:
(i) x =, y iff x and y is a w,- equivalent,
(i) x =, y iff x and y are w;}- equivalent,
(iii) x =, y iff x and y are w..- equivalent.
Definition 4.2.11. Let x and y be any objects (sets), then:
(i) we shall say that x is a strongly consistent member (s-member) of y if x € y.
(ii) we shall say that x is a weakly consistent member (wc-member) of y if x €,, y and
—(x €, y) + B,i.e. x is a weakly consistent member of y if x €, y and —;[=(x €, y)]
(iii) we shall say that x is a weak w,-inconsistent member (w;-member) of y if
(x €w y) A=(x €y y)
Designations 4.2.9.We will be write for a short:
(i) x €we yOrx e, y iff x is a weak consistent member of y
Definition 4.2.12. We shall say that:
(i) an formula ¢ of Set Theory ZFC% is a a strongly consistent formula iff formula ¢
contains only predicates x =; y and x €, y. Sometimes we designate such formula by
Qs.
(ii)
(iii)
Designations 4.2.10. Before introducing any set-theoretic axioms at all, we can
introduce some important abbreviations. Let x,y and z be any consistent objects (sets)
(i) x <, y abbreviates Vz(z €, x - z € y);
(Il)x C, y abbreviates x < y Ax #; y;
(iii) x ¢ y abbreviates —;(x €; y);
(iv) x #, y abbreviates —(x =; y);
Mu=s Usx = Us (x) 2 Vz[z e, u & @y € x)(z € p)];
(Vdu =y Nsx=Ns(x) 2Vz[z €, u & (Vy €5 x)(z € »)];
(vii) 3x €, yd, abbreviates Ix(x €, y A ds);
(viii) Vx €, y¢s abbreviates Vx(x €5 y - ¢5);
(ix) (A!sx)ds(x) abbreviates (Ax)ds(x) A VxVy[ds(x) A ¢s(y) = x = V]
Designations 4.2.11.For any terms r,s, and ¢, we make the following abbreviations of
formulas.
(i) (Vx €5 )@ or (Vx €5 1)D, for Vx(x €5 t =5 D);
(i) (Vx €5 1)@, for Vx(x €5 t =, D);
(iii) (Vx €wy,; P or (Vx €y, P; for Vx(x €y, t =5 D);
(iv) (Vx €y, DO, for Vx(x €, t = D);
(V) (Vx €, P or (Vx €y, t)dbs for Vx(x €y, t = @);
(vi) (Vx €y, DD, for Vx(x €,,, t =, D).
Designations 4.2.12.For any terms r,s, and ¢, we make the following abbreviations of
formulas.
(i) (3x €5 )@ for Ax(x €5 t A D);
(i) (3x €, 1)@ for Ax(x €, t A D);
(iii) (3x €,y DO for Ix(x €y, t A P);
(iv) 3x ew,, DO for Ix(x €, tAD);
(v) @x e, D@ forx(x €, tAD).
Designations 4.2.13.For any terms r,s, and ¢, we make the following abbreviations of



formulas.

i)x ¢ torx ¢35 tfor—(x € ¢);
ii)x gV tfor —,(x € 1);

x ¢l tfor —,(x €, t);

x &3, tfor —5(x €, 1);

x &, tfor —y(x €y, 1);

x &, tfor —s(x ey, 1);
V) x %‘%H tfor —,(x €y, 1);
i)x &3, tfor—(x €y, 1);
i) x gy tfor -, (x €, 1);
viii) x ¢35 tfor - (x €5, t).

Designations 4.2.14.
(i) The notation {x|®(x)}, will stand for a set X[®] such that Vx[x €, X[®] <, D(x)].
(i) The notation {x|®(x)}, . will stand for a set X[®] such that
Vx[x €, X[®] &= O(x)].
(iii) The notation {x|®(x)},,, Wil stand for a set X[®] such that
Vx[x €, X[®P] =, O(x)].
(iv) The notation {x|d)(x)}w[n],s will stand for a set X[®] such that
Vx[x €y, X[P] = O(x)].
(v) The notation {x|®(x)}w[n],s will stand for a set X[®] such that
Vx[x €y, X[P] =5 O(x)].
(vi) The notation {x|d)(x)}w<n>,w
Vx[x €y, X[P] < O(x)].
Designations 4.2.15.Whenever we have a finite number of terms ¢,,1,,...,t, then
(i) the notation {tl,l‘z, -»lny is Used as an abbreviation for the class:
= tiVx =gtV Vx=sta};
(ii) the notation {¢1,1,...,t.},, is used as an abbreviation for the class:
e =w i VX =y 2V VX =y ln},
(iii) the notation {tl,l‘z, --stny,,, 1S Used as an abbreviation for the class:
e =w i Vx = V- VX =y b},
(iv) the notation {l‘l,tz,...,l‘,,}w[n]’s is used as an abbreviation for the class:
WP =gy VX Sy 2V VX =y, t"}w[,l],s;
(v) the notation {z1,1,....1,},, . is used as an abbreviation for the class:
e =wy, VX =, 2V VX =y, tn}w[n],w;
(vi) the notation {l‘l,lz,...,l‘n}w{ws is used as an abbreviation for the class:
W Sy VX =y, 2V VX =0y, tn}w<,l>,s’
(vii) the notation {t1,12,..., t”}m s is used as an abbreviation for the class:
e =w,, VX =4, V- VX =y, ta)

will stand for a set X[®] such that

W(,,),W.
Designations 4.2.16.\We abbreviate the following important sets:
(i) s,s-union ¢, Uss t2 Or ¢ Us 12 fOor {xlx €5 t1 Vx € 2}

5,82



ii) w,s-union ¢; Uy t2 OF t1 Uy t2 fOr {x|x €,, t; Vx €, £2}

( s

(iii) w, w-union ¢, U,y t2 OF £y Uy t2 fOr {xlx €, 11 Vx €y 12} 5
(IV) Wi, $=UNION £1 U5 t2 OF £1 Uy, s 12 TOr {xlx €, 11 V X €4y, L2
(

(

(

B
Win]»S

V) Wn w—unlon 11 Uw o i ort; Uy o t, for {x|x Swi H1Vx S tz}

w [Vl] ,VV ’

Vi) Wy, s-union ¢y Uy, s 22 OF £ U, s ©2 fOr {xfx €, 61 VX €, f2}

W{n} S‘,
Vi) Wy, w-UNION 21 Uy, 00 22 OF 21 Uy 0 12 fOI {xfx €4, 81 VX €4, tz}w< o

Designations 4.2.17.We abbreviate the following important sets:

(i) s,s-union s,s-U C ors,s- U Sfor {xx e, Sforsome S e, C} ;

Ses C

(ii) w, s-union w,s-U C orw,s- U Sfor {xx e, Sforsome S e, C} ;
Sey C ’

(iii) w, w-union w,w—U C or w,w- U Sfor {xix €, Sforsome S e, C}
Se, C ’

Designations 4.2.18.We abbreviate the following important sets:
) s,s-intersection ¢; Ny t2 Or t; N t2 for {xjx €, t1 Vx € t2}

i) w,s-intersection ¢, Ny 2 for {xjx €, t1 Vx €, 2}

(i o5
( s>

(iii) w,w-intersection #1 Ny, 12 for {xfx €, 61 VX €4 12}, 3
(iv) wpy, s-intersection £1 Ny, 2 fOr {xfx €y, 61 VX €y, 12}
(

(

(

w [Vl] ,VV ’

V) wia, w-intersection ¢y Ny, £2 for {xlx €, t1 Vx €y, t2} ;

Wn],W

Vi) w{n},s-lntersectlon 11 Mwyyow 2 fOr {xx €4, 61 VX €4y, B2}

VV(VI) ,VV’

vii) w iy, w-intersection ¢ Ny, 0 £2 for {xx €,,,, t1Vx €y, 2}

W{n}nW.

Designations 4.2.19.We abbreviate the following important sets:

(i) s, s-intersection s s-n C ors,s- n Sfor {xlx e Sforall S & C}
Ses C

(ii) w, s-intersection w,s-n C orw,s- ﬂ Sfor {xx €, Sforall S e, C}Ws,
Ses C ’

(iii) w, w-intersection w,w—ﬂ C or w,w- ﬂ Sfor {xx €, Sforall S e, C}Ww,
Ses C ’

IV.3. The Axioms of Paraconsistent Set Theory ZFC?.
IVV.3.1.The Axioms of Extensionality.

(1) Strong axiom of w-extensionality
Vulu e, X o5 ue, ¥l =, X=, 7. (4.3.1)
(2) Weak axiom of w-extensionality



Vulu e, X =y ue, Y] <, X=, 7. (4.3.2)
(3) Strong axiom of wy,-extensionality
Vulu €y, X &5 u €y, Y] &5 X =, Y. (4.3.3)

n

(4) Weak axiom of wp,-extensionality

Vu[u €, Xewu €w,, Y] =y X=, Y. (4.3.4)

[n [n]

(5) Strong axiom of w,,-extensionality

Vulu €y, X &5 u ey, Y] s X=,, Y. (4.3.5)
(6) Weak axiom of w,,-extensionality
Vu[u €, XSy, ue, Y] =y X=, T (4.3.6)
{n} {n} {n}

IV.3.2.The Axioms of Empty Set.
(1) Axiom of strongly w-empty set
IxVulu &3, x]. (4.3.7)

The strongly w-empty set, denoted &5,.
(2) Axiom of weakly w-empty set

IxVulu &3 x]. (4.3.8)

The weakly w-empty set, denoted J};.
(3) Axiom of weakly w;,-empty set

EIxVu[u € x:|. (4.3.9)
The weakly w,-empty set, denoted &),

wioy*

IVV.3.3.The Axioms of Pairing.

(1) Strong axiom of w, s-pairing.
VaVbicVx[x €, ¢c =5 (x =y a) V (x =, b)] (4.3.)

and we define the w,s-pair {a,b} , by {a,b} & = c.

IVV.3.4.The Axioms of Separation.

(1) Strong Separation Schemes.

(i) Let ¢(u,p1,...,pi) be a formula free from symbols ¢}, ¢}, , ,n=1,2,.... Forany
X
and pi,...,pi, there exists aset Y =, {u €, X|¢(u,p1,....,pi)} ., 1-€.



VXVpIYVulu €, ¥ <=5 (u €v X) A g(u,p1,....pi)] (4.3.4)

(ii) Let ¢(u, p1,...,pi) be a formula free from symbols ¢35, ¢}, ,n=1,2,.... Forany
X
and pi,...,pi, there exists aset Y =, {u €, X|¢(u,p1,...,pk)}w
VXVpIYVulu €, Y <5 (U €w,;y X) Ad(u,p1,...,pr)] (4.3.)

(iii) Let ¢(u,p1,...,px) be a formula free from symbols Epy s Ewgy 1= 1,2, For any
X

and pi,...,pi, there exists aset Y =, {u €., X|¢(u,p1,...,pk)}w<>v .
VXVpIYVulu €y, ¥ <5 (u €y, X)Adu,pi,...,pr)] (4.3.)

(2) Weak Separation Schemes.

(i) Let ¢(u,p1,...,pr) be a formula. For any X and p.,...,ps, there exists a set
Y=y {u €y Xg(u,p1,....p0) } 1€

VXVpaYVulu €, Y = (u ew X) Ad(u,p1,...,pk)] (4.3.)
(ii) Let ¢(u,p1,...,pr) be a formula. For any X and pi,...,ps, there exists a set

Y W {U ew[n] XI¢(u’pl e ’pk)}w[n] S’I e

VXVpAYVulu €, Y < (u €w, X) A ¢u,p1,...,pr)] (4.3.)

(iii) Let ¢(u,p1,...,pr) be a formula. For any X' and py,...,ps there exists a set
Y :W{n} {u ew{n} XI¢(u7pl7' . 7pk)}w< ¥ S,I e

VXVpIYVulu €y, Y < (U €,y X) Ad(u,p1,....pi)] (4.3.)

IVV.3.5.The Axioms of Replacement.

(1) Strong Replacement Scheme.

(i) Let ¢(x,y,u) be a formula free from symbols &3,  ,¢ then foranyn = 1,2,....

W(}ﬁ

Vx‘v’yVy'[d)(x,y,u) /\ ¢(xay/7u) s y w y/] s

(4.3.)
=, Vs3zVyly €, z <5 Ax(x €y 5)P(x,y,u)].
The set z is denoted {y|3x¢(x,y,u) A (x €w )},
(ii) Let ¢(x,y,u) be a formula free from symbols ¢, ¢35, , then for any
u=pi,....pr), n=12,....
VXYYV [y, u) A ey u) =y =w, V'] =5 4.3.)

=5 VsIZVY[y €w,, 2z <5 Ix(x €y, $)P(x,y,u)].

The set z is denoted {y[Fxd(x,y,u) A (x €w,,; )}

(iii) Let ¢(x,y,u) be a formula free from symbols &3, ., €3, . ,then for any

Win]»S ’



u=pi....pr), n=12,....
VvV (G, y,u) A ¢Cxy u) =5y =, ¥'] =5
=5 VsIZVy[y €w,, z <5 Ix(x €y, $)P(x,y,u)].

The set z is denoted {y|[Fxd(x,y,u) A (x €, )}

W{,,},S'
(2) Weak Replacement Scheme.
(i) Let ¢(x,y,u) be a formula, then for any u = (p1,...,px), n = 1,2,...
VIV [, y,u) A ¢,y u) = y =w ¥'] =
=, VsAzVyly €, z <=y Ix(x €, 5)P(x,y,u)].

The set z is denoted {y[Fx¢(x,y,u) A (x €y )}, -

(ii) Let ¢(x,y,u) be a formula, then for any u = (p1,....,px), n = 1,2,...

VXYV [P0y u) A ey u) = y =u, Y] =
= VsAzZVY[y €y, 2 0w Ix(x €y )P0, p,u)].

The set z is denoted {y[Fx@(x,y,u) A (x €w,, 5)}

W[,,],W'

(iii) Let ¢(x,y,u) be a formula,then for any u = (p1,...,pr), n=12,...

VXYY [P0y, u) A g,y u) =5y =, V'] =
=, VsVl €, z & Ix(x €, $)PCx,y,u)].

The set z is denoted {y|[Fxd(x,y,u) A (x €y, )}

W{,,>,W'

w

IV.3.6.The Axioms of Union.
IV.3.6.(1) Strong Axiom of Union.

(i) Strong w-union
Vx3y Vit €y ys <=5 Ju(u €y x Nt €, u)].
The set y, is denoted U,,; x or s, w-Ux.

(if) Strong wy,)-union

Vx3ys Vit €,y s s Ju(u €y, X AL €y, u)].

The set y; is denoted U, s x O s, wi;)-Usx.

(ii) Strong wy,;-union
Vxdys Vit €w,,, ys <5 Ju(u €, XA Eyy,, u)].

The set y; is denoted Uy, s x O s, w (,-Ukx.

IV.3.6.(2) Weak Axiom of Union.

(i) Weak w-union

4.3.)

4.3.)

4.3.)

4.3.)

4.3.)

4.3.)

(4.3.)



Vx3yw Vit €w yw <= Ju(u €, x Nt €y u)l.
The set y,, is denoted U,,,, x or w, w-Ux.

(i) Weak wp,j-union
VxAyw Vit €,y yw <w Ju(u €wy,y X AT €y, u)].

n n

The set y,, is denoted Uiy, X OF w, w,)-Usx.

(iii) Weak w,,-union

Vx3yw Vit €w,y Yyw Sw Ju(u €y X AT €y u)].

The set y,, is denoted U, ,, . x OF w, w4, -Ux.

IVV.3.7.The Axioms of Power Set.
IV.3.7.(1) Strong Axioms of Power Set.

(i) Strong axiom of w-power set.
VXAY Vit €y Yy =5 Vz(z €y t =5 z € X)]

For any set X,a set Y, is denoted P35, (X).
(if) Strong axiom of w,;-power set.

VXHYSVl‘[t EW[n] Ys < VZ(Z Ew[n] 1=z EW["] X)]

For any set X,a set ¥, is denoted P, ,(X).
(iii) Strong axiom of w ,-power set.

VX3Y Vit S Y, & Vz(z Cwyy [ =5 Z Ewy, X)]

For any set X,a set ¥, is denoted P;, , (X).
(iv) Strong axiom of w,,-power set.
VXYVt €y, Ys &5 V2(z €wy,, =5 2 €y, X)]

For any set X,a set ¥, is denoted P;, , (X).

IV.3.7.(2) Weak Axioms of Power Set.
(i) Weak axiom of w-power set.
VXY, Vit €y Yy = Vz(z €y t =y z €4 X)]

For any set X,a set Y,, denoted P}(X).
(if) Weak axiom of wp,-power set.

VXY, Vit €y, Yo 0w Vz(2 €y, t =0 2 €y, X)]

For any set X,a set Y\, is denoted P}, (X).
(iii) Weak axiom of w,-power set.

VXYWVt €wy, Y Sw V(2 €Enyy T =5 2 €y, X)]

For any set X,a set Y, is denoted P}, (X).

w10}
(iv) Weak axiom of w,,-power set.

4.3.)

4.3.)

4.3.)

(4.3.)

4.3.)

(4.3.)

4.3.)

4.3.)

(4.3.)

4.3.)



VXY, VIt €,y Vi S V(2 €y t =0 2 €y X)]

For any set X,a set Y, is denoted P}, (X).

I\VV.3.8.The Axioms of Infinity.

IV.3.8.(1) Strong Axioms of Infinity.

(i) Strong Axiom of w-infinity

AX[Fy(y €w X) AVz(z €3, ) AVY( € X =5
= Jzz ey XAVt ez =5 (tew yVE=wy))))]
There is a set X such that &, €, X and whenever y €,, X,then y U.s {},,
A set X is denoted N;,.
(if) Strong Axiom of wr,j-infinity.
EIXI:EIy(y €y X) A Vz(z & y) AVYQY €w,y X =5
= 32(z €wpy XAVt €wyy 2 S5 (E €y YV E =0 ¥))))]
There is a set X such that &, | €,,,, X and whenevery €, X,then
Y Unis h s v X-A st Xis denoted N, .
(i) Strong Axiom of w o, -infinity.

HX[H)/(V eW(o) X) /\ VZ<Z gi\/{@ y> /\ vy(.y eW{O} st
= 3z(z €y, XAV €uyy 2 S5 (t €wyy YV E=uy, ¥))))]

There is a set X such that &}, €., X and whenevery €, X,then

Y Uwigps IF s Eway X-A set Xis denoted N,

wioy*

(iv) Strong Axiom of w,-infinity.

HX[H)/(V eW(,,) X) /\ VZ<Z ¢€V<,,> y) /\ vy(.y eW{n} X 35
:>S EIZ(Z Ew<n> X/\ Vt(t EW{,,> z C>S (t EW(H} yv t :W{n} y))))]

There is a set X such that &}, , €., Xand whenevery €, X,then

Y Uns Db, Ewiy XA set Xis denoted N,

Winy

IV.3.8.(2) Weak Axioms of Infinity.

(i) Weak Axiom of w-infinity

AX[Fy(y €w X) AVz(z ) ) AV €y X =,
=y z(z ey, XAVH(tez =y (tew yViE=wy))))]

There is a set X such that &}, €,, X and whenever y €, X,then y U, {v},,,,

A set X is denoted Nj;.
(if) Weak Axiom of wy,-infinity.

(4.3.)

4.3.)

(4.3.)

(4.3.)

4.3.)

4.3.)

e, X.



X[ €wyy D AVZ(Z 23, V) AV Ew, X =

4.3.)
=5 3z(z €y XAV €y 2 Sw (E Enyy YV E =y ¥))))]
There is a set X such that &, | €,,,, X and whenevery €, X,then
Y Uniaw % 0 Ewiy X-A s€LX is denoted Ny, .
(iii) Weak Axiom of w oy -infinity.
X[ Iy €wyy XIAVZ(Z 25 ) AV Eny X =0 @3
=5 32(z €wyy XAVUE €y, 2 Sw (L €y, YV E =y, ¥))))]
There is a set X such that Doy Ewy X and whenever y €, X,then
Y Uwigpw F 0 Ewioy X-A set Xis denoted Ny, .
(iv) Weak Axiom of w,,-infinity.
X[ €wy DAV2(z 23, ¥) AV €y X = 4.3.)

=y 32(z €y, XAV €wy,y 2 0w (E €y YV =0y, ¥))))]

There is a set X such that &}/, = €,,, Xand whenevery €, X,then

Y Usp v {y}W{n>,W €w,, X.AsetXisdenoted N}

Winy*

V.4 .w-Inconsistent Relations and Functions

IV.4.1.w-Consistent Relations and Functions

Definition 4.4.1.An w-consistent ordered pair (a,b);,, (or s-w-ordered pair ) is defined
to
be

(a,b)sw = {{a}s,w, {a,b}s,w}w. (4.4.1)

Similarly we define

(@b, )5 = (@5), )50y = {{a}w, (@b}, {{{a} .. {a,b}s,w}s’w,c}S,W}S’W, (4.4.2)

etc.

Definition 4.4.2. Let R:, be an w-consistent set. An w-consistent set RS, is a binary
w-consistent relation (or s-w-relation) if all w-elements of RS, are w-consistent ordered
pairs, i.e. for z €, Rs, there exists x and y such that z =5, (x,y);.. We can also denote
(x,y)sw €3, RS, @s xR5,y, and say that x is in s-w-relation R3, with y if xR3,y holds.
Designation 4.4.1.

IVV.5. w-Inconsistent w-Equivalences and w-Orderings



Definition 4.5.1. Let (-RS, -) be a binary w-consistent w-relation in 4.

(i) RS, is s-w-reflexive (or strongly w-reflexive) in 4 if for all a €5, A, aRs,a.
(i) R3, is s-w-symmetric (or strongly w-symmetric) in 4 if for all a,b €5, 4 :
aRsb <, bRSa.

(iii) R3, is s-w-antisymmetric (or strongly w-antysymmetric) in 4 if

forall a,b €5, A4 : aR$,b A\ bRS,a = a =5, b.

(iv) RS, is s-w-asymmetric (or strongly w-asymmetric) in A4 if

foralla,b €5, A : aRs,b =; —bRS,a,i.e. aRs,b and bRS,a cannot both be true.
(v) Rs, is s-w-transitive (or strongly w-transitive) in A4 if

forall a,b,c €3, A : aR5,b AbRS,c =5 aR5,c.

Definition 5.1.1.An w-consistent (or strong) w-ordering <§, of 4 is called s-w-linear or
s-w-total if any two w-elements of 4 are comparable in the ordering <3, ;i.e. for any
a,b €5, A, eithera <3, b,b <}, a, ora =, b. The pair (4,<3, ) is called a s-w-linearly
w-ordered set.

Definition 5.1.The condition that X 5, 4 has a strong <3, -least element reads

Ax(x €5, X)[Vy €5, X(x <5, »)] 4.5.1)
or in the following equivalent form
Ax(x €3, X)[Vy €5, X—s(y <5, x)]. (4.5.2)

Definition 5.1.1.An w-inconsistent (or weak) w-ordering <} of 4 is called

V.The w-inconsistent natural numbers

V.1.The w-consistent natural numbers

In defining the w-consistent natural numbers we begin by examining the most
fundamental set, the strong w-empty set &5, .We can very easily create a pattern that is a
prime candidate for the definition of the w-consistent natural numbers:

w-empty set &5, has zero elements in the w-consistent sense;

{5, has one element in the w-consistent sense;

{5,,{J3,} } has two elements in the w-consistent sense,etc.

Revisiting our prime candidate for w-consistent natural numbers, we can revise it as:

03, =% s

15 =3 {03} =5 @5 Uns {5} =3 {25}

We see that each number is de ned based on the number that precedes it. This
sequence is anchored by 05,. As long as 03, is defined, then 13, can be defined. Once 15,
is defined, 2%, can also be, and so on. This brings us to the concept of w-consistent
induction.

Definition 5.1.1. The w-consistent w-successor (or strong w-successor) of a set x is



the
set

SW(xX) =3 x Uns {x},, - (5.1.1)

Definition 5.1..A set I}, is called s-w-inductive (or strongly w-inductive) if

(i) &5, €5, I,.

(b) If x €5, I, then S3,(x) €5, I5,.

Definition 5.1... The w-consistent set of all w-consistent natural numbers is defined by

Definition 5.1..Let 4\; by a set every nonempty w-subset X of 4,; has w-consistent
(strong) w-complement 4\ X. Any w-consistent s-w-linear w-ordering <$, of a set 4 is a
w-consistent well-ordering if every nonempty w-subset X of 4,; has a <;, -least element.
The structure (4\s,<3, ) is called w-consistent well-ordered set.

w?

V.2.The w-inconsistent natural numbers

V. The Standard and Non-Standard Models of formal
Paraconsistent theories.

V.1. Generalized Incompleteness Theorems.

Let Th be some fixed, but unspecified, paraconsistent, i.e. inconsistent but nontrivial
formal theory and in these case we wrote PTh or Pcon(PTh) instead Th. For later
convenience, we assume that the encoding is done in some fixed consistent formal
theory S and that PTh contains S. We do not specify S — it is usually taken to be a
formal system of arithmetic, although a weak set theory is often more convenient. The
sense in which S is contained in PTh is better exemplified than explained: If S is a formal

system of arithmetic and PTh is, say, iﬁ,,,l < n < o or ZFC* then PTh contains S in the
sense that there is a well-known embedding, or interpretation, of S in PTh.Since
encoding is to take place in S, it will have to have a large supply of constants and closed
terms to be used as codes. (E.g. in formal arithmetic, one has 0,1,... .) S will also have
certain function symbols to be described shortly.

To each formula @, of the language of PTh is assigned a closed term, [®]°, called the
code of @. [N.B. If ®(x) is a formula with free variable x, then [®(x)]¢ is a closed term
encoding the formula ®(x) with x viewed as a syntactic object and not as a parameter.]
Corresponding to the logical connectives and quantifiers are function symbols, neg(-),



imp(-), etc., such that, for all formulae ®,¥ : S - neg, ([®]°) = [—)P]",
S Himp([®],[¥]°) = [® - ¥]°, etc. Of particular importance is the substitution operator
sub, represented by the function symbol sub(-,-). For formulae ®(x), terms ¢ with codes

[1]° -
S + sub([®(x)]%,[1]°) = [®(D)]". (5.1.1)

Iteration of the substitution operator sub allows one to define function symbols subs,
suby, ..., such that

S F sub,([O(x1,x2,...,x,)] 111, [£2]%, .., [ta]°) = [@(t1, 12, .., 10)] . (5.1.2)

It well known [17] that one can also encode derivations and have a binary relation
Provrh(x,y) (read "x proves y " or "x is a proof of y") such that for closed ¢,1, :

S + Provm(1,12) iff ¢, is the code of a derivation in PTh of the formula with code #,.1t
follows that

PTh - O iff S + PFOVPTh(l, [(D]C) (5. 13)

for some closed term +.
Definition 5.1.1.Thus one can define

Prema(y) < 3xProverm(x,y), (5.1.4)

and therefore one obtain a predicate asserting provability.
Remark 5.1.1. We note that it is not always the case that :

PTh + @ iff S + PrPTh([(D]C). (5 15)

It well known [17] that the above encoding can be carried out in such a way that the
following important conditions D1,D2 and D3 are met for all sentences:



D1.PTh + ® implies S + Prpma([®]),

D2.S + Pl'PTh([@]C) g Pl’pTh([PrpTh([q)]C)]c), (5 16)

D3.S + Pl'PTh([@]C) A PrPTh([® - \P]C) g Pl’pTh([lP]C).

Generalized Incompleteness Theorems depend on the following.
Theorem 5.1.1. (Diagonalization Lemma). Let ®(x) in the language of PTh have only
the free variable indicated. Then there is a sentence y such that

Sy o O(y]9). (5.1.7)

Proof. Given ®(x), let 3(x) < ®(sub(x,x)) be the diagonalization of ®(x). Let
m = [3(x)]“ and y = 3(m). Then we claim that S + v < ®([y]°).For ®(x) in S, we see
that

y < 9(m) < O(sub(m,m)) < O(sub([I(x)]",m)) < O([I(m)]*) < O([y]°). (.1.8)

We apply now (5.1.7) to =, Pron(x).
Theorem 5.1.2. (Generalized First Incompleteness Theorem).Let (1) Pcon(,,(Th) and
(2) Th ¢ < = Prm([¢]°).
Then (i)

Th v ¢, (5.1.9)

(i) under an additional assumption

Th I+—|(n)¢. (5110)

Proof. (i) Observe Th +¢ implies Th + Pry,([¢]°) by D1, which implies Th + — ()¢,
contradicting the paraconsistency of Th.

(i) The additional assumption is a strengthening of the converse to D1, namely
Th + Prow([¢]°) implies Th +¢. We have Th + —(,)¢,hence Th + — )= Prom([¢]°) so
that Th + Prmw([¢]°) and, by the additional assumption, Th + ¢, again contradicting the
paraconsistency of Th.

Theorem 5.1.3. (Generalized Second Incompleteness Theorem).

Let Pcon(,)(Th) be —Prm([A,]°),where A, = A A —(»A is any convenient



n-contradictory statement. Then

(5.1.11)
Th + Pcon,)(Th).

Proof. Let ¢ be as in the statement of Theorem 5.2.. We show: S + ¢ < Pcon,)(Th).
Observe that S - ¢ > —)Pron([¢]°) implies S - ¢ » — ) Prom([AL]), since S +¢ - A,
implies S + Prow([¢ » A,]°),by D1, which implies S + Pr([A,]°) - Prm([¢]°), by D3.
But ¢ - — ¢ Prom([AL]°) is just ¢ —» Pcon(,)(Th) and we have proven half of the
equivalence. Conversely, by D2,S + Prow([¢]°) = Pron([Proa([¢]€)]°) , which implies

S FPrm([¢]°) = = Pron([—¢]°),by D1,D3, since ¢ - — ) Prrm([¢]°). This yields S +
Prow([¢ A —@m@]°), by D1,D3, and logic, which implies S + Prrn([¢]) > Pro([A,]°) by
D1,D3, and logic. By contraposition, S + =) Proa([Ax]°) - —ePrm([¢]°), which is
S +Pcon)(Th) - ¢, by definitions.

Theorem 5.1.4. S + Pcon,)(Th) —» Pcon(,,)<Th + ﬁ(,,)Pcon(,,)(Th))

Proof.By the proof of Theorem 5.3, (i) S + Pcon(,)(Th) - —uPrm([¢]°),

(ii) S + Pcony(Th) < ¢.Using now D2, D3, it follows that

S + Pcon)(Th) » = Pron([Pcony)(Th)]°),so that

S I—PCOI’I(,,)(Th) g —|(,,)P1’Th([—|(,,)PCOI’l(,,)(Th) g A,,]c) (5 1. 12)

which gives S + Pcon,,(Th) - Pcon(n)<Th + ﬁ(n)Pcon(n)(Th))
Definition 5.2.Define: (i)

Provy, (x,y) < Provy(x,y) A

(5.1.13)
AVz(w < x)[Provrn(z,w) = y #+ negoy(w) Aw # negm(v)]
(i)
Pri,(») < IxProvy, (x,v) (5.1.14)
and
(iii)

Peonl (Th) < Prii([A,]%). (5.1.15)



Theorem 5.1.5. (Generalized Rossers Theorem).Let (1) Pcon,)(Th) and
(2) Th +¢ < =6 Priy ([¢1°).

Then

(i)

Th v ¢, (5.1.16)

(ii)
Th t# —)@. (5.1.17)

(iii)
Th + Pcon;)(Th). (5.1.18)

Proof.(i) By the paraconsistency of Th, Provy, and Provy, binumerate the same
relation. Hence D1% holds: Th + ¢= Th +~ Pry,([¢]°). Thus, the proof of the first part of
the First Incompleteness Theorem yields the result.

(i) This follows from (iii).

(iii) Follows immediately from the remarks that Th is paraconsistent and

Th + —|(n)An.

Theorem 5.1.6. (Generalized L6b’s Theorem). Let be (1) Pcon(,(Th) and (2) ¢ be
closed. Then

Th + Pron([¢]°) — ¢ iff Th - ¢. (5.1.19)

Proof. The one direction is obvious. For the other, assume that Th + ¢. Then

Th + —(,¢ is consistent and we may appeal to the Generalized Second
Incompleteness Theorem to conclude that Th + —,)¢ does not yield Pcon,)(Th + =) ¢),
hence not —()Pron([¢ > A,]). Thus Th + =y # = Prm([¢]°). Contraposition yields

Th v Prm([¢]°) ~ ¢.
Let be Pcon(, (Th).Now we focuses our attention on the following schemata:

(I) Generalized Local Reflection Principle Rfn(Th) :

Prm([¢]°) — ¢, ¢ closed. (5.1.20)



(I1) Generalized First Uniform Reflection Principle REN(Th) :

VxPron([¢(x)]) » Vxé(x), ¢(x) has only x free. (5.1.21)
(Ill) Generalized Second Uniform Reflection Principle RFN'(Th) :

Vx[Pron([¢(x)]°) - x¢(x)], ¢(x) has only x free. (5.1.22)

Theorem 5.1.7. (Generalized First Incompleteness Theorem).Let be Pcon, (Th). Then
for some true, unprovable ¢

Th ¥ Pron([$]°) - ¢ (5.1.23)

Theorem 5.1.8. (Generalized Second Incompleteness Theorem).Let be
Pcon,y(Th). Then for any refutable ¢

Th # Pr([4]°) - ¢ (5.1.24)

Theorem 5.1.6 simply yields

Th ¥ Pron([¢]°) — ¢ iff Th v, (5.1.25)

V.2. The Generalized Compactness Theorem

corresponding to paraconsistent first-order logic LP%,.

In order to use the Generalized Compactness Theorem, and in fact, even to state it,
we must first develop the logical language to which it applies. In this case, we shall use
paraconsistent first-order logic LP% with infinite hierarchy levels of contradiction. We will
begin by listing the requisite definitions.

Definition 5.2.1. A language £ is a not necessarily countable collection of relation

symbols P, function symbols G, and constant symbols c.

Definition 5.2.2. The inconsistent universe V™ is inconsistent universal set or any

inconsistent set 4;,. < V™.



Definition 5.2.3. An interpretation function 3 is a function such that:

(1) For each n-place relation symbol P of £,3(P) = R where R < A4%,..

(2) For each m-place function symbol G of £, 3(G) = Fwhere F : A7, —> Ay

is an m-place function on 4;,..

(3) For each constant symbol ¢, 3(c) = x for some x € A..

Definition 5.2.4. An inconsistent model M;,. for any paraconsistent theory Th"< with a
language £ (paraconsistent L£-theory) consists of a universe 4,,. and an interpretation
function 3, which we denote by

MThmc = Minc = <Al'l16‘3‘£5:§> (52 1)

or Me,
Definition 5.2.5. A term is one of four things:
(i) A variable is a term.
(i) A constant symbol is a term.
(iii) If F is an m-placed function symbol, and ¢,...,t, are terms, then F(¢1,...,t,)
is a term.
(iv) A string of symbols is a term only if it can be shown to be a term by a finite
number of applications of (i)-(iii).
Remark.5.2.1.The purpose of (iv) is to ensure that there are no infinite terms.
Remark.5.2.2.Now before we continue, we note that there is two two-place relation
symbol which always belongs to rst-order logic, even though it does not belong to £.
This relation is called the identity relation, and is denoted by =, and =,, .
Definition 5.2.6. An atomic formula of £ is a string of the form:

(i) t; = t, where ¢, and ¢, are terms of L.

(ii) # = t2» where ¢, and ¢, are terms of £.

(iii) P(¢1,...,t,) where P is an n-placed relation and ¢4,...,t, are terms of £.

Definition 5.2.7. A formula of £ is defined as follows:

(i) An atomic formula is a formula.

(i) If ¢ and y are formulas, then ¢ Ay, 0 V v,—s@,—v0,9 = y,p - v are formulas.

(iii) If v is a variable and ¢ is a formula, then (Vv)g is a formula.

(iv) If a string of symbols can be shown to be a formula by a finite number of

applications of (i)-(iii), then it is a formula.

Definition 5.2.8. A formula is a sentence if every variable in the formula is bound

by the quantifier v or 3.

Definition 5.2.9. A sentence ¢ is true in a model M;,., or alternatively, M, is

a model of ¢, denoted M,,. = ¢, if for every possible sequence of elements in 4.,

substituting these elements in 4,,. for the variables present in ¢ yields a true

sentence at last at inconsistent sence,i.e.,both ¢ and —,,¢ holds in M;,. for some ¢.

Remark.5.2.2.Note that: (1) this idea of truth precludes the possibility of both ¢ and
—s¢ holding in 4,,. but (2) the possibility of both ¢ and —,,¢ holds in M,,. for some ¢.

Definition 5.2.10. We say that M,,. is inconsistent model of a set of sentences X if
M, is @ model of ¢ for all ¢ € X.

Definition 5.2.11. A sentence ¢ is a consequence of a set of sentences X, denoted



Y E ¢, if every model M,,. of ¥ is a model of ¢.
Definition 5.2.12. sentence ¢ is deducible from X, expressed X +rmp o, if there
exists a nite chain of sentences vy, ...,y, where v, is ¢ and each previous
sentence in the chain either belongs to X, follows from one of the axioms of
Th™ + LP%, or can be inferred from previous sentences.
Definition 5.2.13. A set of sentences X is paraconsistent if and only if (i) there does
not exist a sentence ¢ such that = rme @ and X Frve —50, (i) there
exist at least one sentence ¢ such that Zrme # ¢.
Lemma 5.2.1. Let X be a set of sentences. If £ -rmp ¢, then X = ¢.
Theorem 5.2.1.(Generalized Soundness Theorem). Let X be a set of formulas. If £

has an inconsistent model ;,., then X is paraconsistent.

Proof. Suppose that is not paraconsistent. Then there exists some ¢ such that:

(I) 2 FRMP (0] and X +rmp —s(p, Or (II) 2 FRMP (0] for all Q.

1. From assumption (i) by Lemma 5.2.1, we have X & ¢ and £ & —s¢. This means
that £ cannot have a model M,,., because if it did, then £ = ¢ and £ & —¢, which is
impossible.

2. From assumption (i) by Lemma 5.2.1, we have X = ¢ for all ¢. This means

that £ cannot have a model M,,., because if it did, then £ Frmp ¢ for all ¢, which is
impossible.Thus, we have proved our statement.

Theorem 5.2.1.(Generalized Godel’'s Completeness Theorem). Let X be a set of
formulas. If £ is paraconsistent, then it has an inconsistent model M;,..

Proof. Let X be an arbitrary paraconsistent set of sentences of some language £.
Let £ be an expansion of £ created by adding a set of new constant symbols not in
£ that has the same cardinality as £. The firrst step is to add sentences to X to
create a paraconsistent set of sentences X in the language L. It is possible to show
by canonical way, that £ has a model M;,. which is a model for £. Now if we let R,
be the reduction of M;,. to only involve the original language £, it is possible to show
by canonical way, that R;,. is a model for X, because the sentences in do not involve
any constants which belonged to £, so the reduction of AM;,. to R, did not affect its
ability to model X.

Theorem 5.2.2.(Generalized Compactness Theorem). Any paraconsistent set of
sentences X has a model M, if and only if every finite subset of £ has a model.

V.3. The Non-Standard Models of Paraconsistent second

order arithmetic Z3.

This subsection presents the terminology and results necessary to prove the existence
of non-standard models of paraconsistent second order arithmetic Z; and paraconsistent
Peano arithmetic P4;,. — Z4 [24] and that there are 28° such countable models.

Definition 5.3.1.Any paraconsistent theory 7/ with a language £ is called

paraconsistent £-theory.

Definition 5.3.2.Let M,,. be an inconsistent model M. = {4y, £,3).

(i) The set 4;,. of all elements of M,,., called the domain of M;,. and named by

dom(Minc)'



(i) For a constant symbol ¢ the constant element 3(c) named by ¢Mie,
(iii) For a relation symbol R, the relation 3(R) named by RMi,

(iv) For a function symbol F, the function 3(F) named by FMin,
Notation5.3.1. Any inconsistent model M;,. = (4., £,3) we often call as
L-model.
Definition 5.3.3.Let 7/ be an paraconsistent £-theory and let ¢ € £. If M}, E ¢
for all ¢ € Th™,then M,, is inconsistent model for Th™"<, written M, = Th™ or M pnc.
Definition 5.3.4.The second-order language of paraconsistent second order
arithmetic Z5 named by 3.
Definition 5.3.5. Inconsistent model for paraconsistent second order arithmetic Z}
is an inconsistent model M;,. = Z5 such that M;,. = ¢ for all ¢ € Z5.
Definition 5.3.6. Any inconsistent model M,,. = (4., £,3) of paraconsistent
L-theory Th™ is colled inconsistent £-model.
Definition 5.3.7. The signature S),, of an inconsistent model M,,. of paraconsistent
L-theory Th™ lists the set of functions, relations and constants of that inconsistent
model.
Definition 5.3.8.Let S be a signature and let M? and M%< be £-models with
signature S = Sy = Sype. A homomorphism f': M — M%<, is a function f from
dom (M) to dom(M¥<) such that:
1. For each constant ¢ of S, f(cM") = M.
2. For each n > 0, n-ary relation symbol R of S and n-tuple @ € M¥*, if a € RM" then
fla) € RM3".
3. For each n > 0,n-ary function symbol F of S and n-tuple @ € RM1",
S @) = P (@)
Where @ = (ao,...,an,-1) and f(a) = (flao),... . fan-1)).
Definition 5.3.9.An embedding of M into M%< is a homomorphism f: M -~ My<
which is injective and satisfies:
1. For each n > 0, each n-ary relation symbol R of S and each n-tuple a € M,
ae RM" o fla) e RM".
Furthermore, M and M are isomorphic, written M7 = M%<, when there exists a
surjective embedding f : M — My<.
The importent question is recapitulated formally as motivation for classifying the
properties
of standard and non-standard models of inconsistent arithmetic Z5 [24].
Problem. Given the standard model N;,. of Z5, if M™ = Z§ and M™ % N,,., then how
many such countable models A" are there and how do they differ from N;,.?
The answer to this question requires the theory of inconsistent non-standard models

and

will be answered by Theorem 5.3.1 and Theorem 5.3.3 below .
Definition 5.3.10. Let A(Z%) be a set of the all axioms of Z;. A non-standard model

Minc

of Z4 is an £4-model such that M =, ¢, for all ¢ € Ax(Z%), and M % N,,., where

Ninc

is the standard model of Z5.
That is to say, an model M of Z5 or PA,,. = Z5 is non-standard when there does not



exist a surjective weakly embedding f : N;,. -~ M™. Unpacking the definitions, this
means that for any homomorphism f : N;,. - M™, either there exists a constant symbol,
relation, or function which is not mapped to (i.e., fis not a bijection), or the condition for
an embedding - thatz € RV« < @ € RM™ - does not holds. The explicit construction of
such a non-standard model M of Z5 will require a connection between the satisfiability
of a theory and some new constant symbol which ensures that A" # N,,..

Theorem 5.3.1. (Generalized Gédel's Completeness Theorem) Let 74 be an

paraconsistent £-theory and let ¢ € £, where ¢ is an £-sentence. Then M,,. &, ¢ if
and

only if Th"e + §.

Corollary 5.3.1. Th™™ is paraconsistent if and only if Th™ is satisfiable.

Proof. Assume to the contrary that there exists a theory 74 such that 74" is
paraconsistent and 74" is not satisfiable. Since T4 is not satisfiable, there does not
exist a model M;,. of Th’*. So, any model M;,. of Th""* is a model of 1 (Ls = a A —sa ).
Then, Th" = 1y and so by the Completeness Theorem, Th" rmp Ls ; Yet this
contradicts the assumption that 74 is paraconsistent. Assume to the contrary that
there exists a theory The such that Th™ is satisfiable and 74" is not paraconsistent;
this is an immediate contradiction by the definition of satisfiability. Therefore, Th" is
paraconsistent if and only if 74 is satisfiable.

Theorem 5.3.2.(Generalized Compactness Theorem) Th is satisfiable if and only if
every finite subset of 74 is satisfiable.

Theorem 5.3.3.There exists inconsistent non-standard models of PA ;..

Proof. We want to prove that there exists a model M;,. £ Mpa,, for PA;,. which is not
isomorphic to the standard model N,,.. Let 7,, be the value of the weak numeral n,,
formed by

Moy =wi Ly g oy Ly and let ¢ be a new constant symbol such that 3(c¢) =, cw,
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where c¢,,, is an w;-inconsistent object, i.e. wi-inc(cy,). Then we set:
Th”ffl = {AX(PAMU)} U {_‘W(Cwl =w—inc ﬁw1|ﬁwl—inc <swi—inc kwl)} (53 1)

be a set of axioms in the language £% U {c., }, where n,k €., Ni,.. FOr a given k, give
. . +Nine . . . ; .
the interpretation ¢\ =, _ic k&, Then, since PA,,. is parac:onS|stent,Th;;’wf1 L. is

paraconsistent, and thus satisfiable by Corollary 5.3.1, for each k €,,_con Nine. Therefore,
the standard model of PA;,. is a model for Thy’ ; that is to say, Nic = Thj . Since

Thify < Thits) <. This .. (5.3.2)

w wi

and each T; j("(,-‘; is satisfiable for i € N. We set now
w1



The = \J Thiis - (5.3.3)

ieN

is satisfiable by the Generalized Compactness Theorem. So, there exists an

L5 U {cw, r-model Mpa,, such that Mpa,, = Thi,. and thus Mpy,, = Ax(PA;,.).Assume
now to the contrary that Mpa,, = N,,., then there exists a surjective embedding

f: Nijye > Mpa,, and so f(n) =,~ n, for all n e N;,.. But since ¢,,, #,+ n, foralln € N,
there does not exist an image in Mpa,, of ¢,,, under f, which contradicts that f'is a
w*-surjective embedding. Therefore, Mpa,, is @ model for Peano arithmetic PA,..

V.3

VI.Paralogical Nonstandard Analysis.
VI1.1. The inconsistent ultrafilter.

VI1.1.1. The consistent ultrafilter.

We remind some classical definitions.

Definition 6.1.1.Let » < be an infinite classical set o " € V“". Any consistent filter
F <o that is a family of subsets of g« satisfying the following properties:

(l) pcon = fcon)@s gs 5tcon.

(i) A1,..., Ay €5 FO" =3 A1 N5 ...Ns Ap €5 FCOm.

(ii)4 e; F"and 4 <y B = B €, Fn.

Definition 6.1.2.A filter F <" on g <" is called free if it contains no finite set.
Definition 6.1.3.A filter ¥ is called an consistent ultrafilter over g < if for all

E < peoreither E e, Feoror p "\ E €, Fi.e.,

E e F = p\E g5 F, (6.1.1)
where we abrraviate: o "\ E ¢35 F" £ —(p“"\E €5 F).

Remark.6.1.1.Notice that from the nontriviality condition [Definition 6.1.1(i)] it follows
that

if F< is an ultrafilter on @ <" and E <, o “",then exactly one of the sets £ and
80 CO}’I\SE
belongs F <.

VI1.1.2. The inconsistent w-ultrafilter.

Definition 6.1.4.Let o™ be a infinite weakly inconsistent (w-inconsistent ) set
Sow c VW.

Any weakly inconsistent filter (w-filter) F" that is wyj-inconsistent family of w-subsets
of



" satisfying the following properties:

(i) p" e, F*, 5 &3, Fv.

(ilLa) A1,..., 4, € FY =5 A1 Nws - . Ns An € F™.
(iiLb) A1,..., A €y F¥ =5 A1 Nwis - Nwis An Ewpyy F.
(ia)4d €, Fvand4 c,, B =, B e, F".

(ii.b) 4 €y, F¥and 4 cv B = B €y Fv,

Definition 6.1.5.A w-filter ¥ on " is called free if it contains no finite set.
Definition 6.1.6.A w-filter " is called an w-ultrafilter over " if for all
Ec, p"eitherEe, F*or p"\E €, F",i.e,
Ee, F" =, p"\E &5, F, (6.1.2)

Remark.6.1.2.Notice that from the nontriviality condition [Definition 6.1.4(i)] it follows
that

if v is an w-ultrafilter on o and £ <,, " then exactly one of the sets £ and o "\ E

w-belongs Fv.

VI1.1.3. The weakly consistent wy-ultrafilter.

Definition 6.1.7.Let o™ be a infinite weakly consistent (wo-consistent) set
e Vo,

Any weakly consistent filter (wo-filter) " that is a family of wo-subsets of @™o
satisfying

the following properties:

(i) "o e Fro, Oy, &3, FO.

(ilLa) A1,..., 4y €wy F¥ =5 A1 Ny Ny An Ewy FM°,

(ii.b) (41,..., 40 €wy F")AN(A1,...,An &3, F0) =5

(A1 N «--Nwy An €wg FYO)A (A1 Nwg -+ -Nwy An Eoy F™0).

(ii,a) 4 €y, F*and 4 c,,, B =5 B €, F",

(ii.b) (4 €wy FY)AN( €y, F)and 4 <, B =5 (B €4, F") As (B &1, F™).

Definition 6.1.8.Any w-filter F"° on g "° is called free if it contains no finite set.

Definition 6.1.9.Weakly consistent filter F*° is called a wy-ultrafilter

over p*ifforall £ <, @"° either £ €,, F" or p"°\ E €,, F".

E €y, F =5 p"\E ¢35, F", (6.1.3)
Remark.6.1.3.Notice that from the nontriviality condition [Definition 6.1.7(i)] it follows
that
if Fo is an ultrafilter on p*° and E <,,, ¢ "°,then E €,,, F" or p"\E,, €., F".
We can now construct an w-inconsistent and wy-consistent nonstandard extensions.
VI1.1.4 The w-inconsistent nonstandard extension.
Definition 6.1.10.Let be F" a free w-ultrafilter on @™ and introduce a strong
w-equivalence relation /* ~%. g" on w-sequences /™ €, RS by
S~ 8" s {v ew @UIW) =0 g )} e F (6.1.4)
Remark.6.1.4.Note that for any /¥, g",h" €, R#"
(fW ~n gW> A (gW ~Fw hW) = fY ~Fw bV (6.1.5)



Definition 6.1.11.R " "divided" out by the w-equivalence relation ~g.. on clases f;.

by
formula
w €, (ww’
' 4 " (6.1.6)
vg” {gw Ew fgw =5 [ ~gv gw}’

gives us the inconsistent nonstandard extension #*R, the inconsistent hyperreals; in
symbols,
PR, 2 RY/ ~pv (6.1.7)
which mean a natural w-embedding:
f = [ (6.1.8)

If f* e, RE™, we denote its image in #*R,, by 1., and, of course,every element in
#W[RW
is of the form f;...., for some /' : " -, R,,.
Remark.6.1.5.Note that for any /. g " <,, R
P~ g S S = g
For any w-inconsistent real number r,, €,, R,,,such that r,, =, r,r €; R, let r* denote

the
constant w-function with value r,, in R, i.e., r*(v) =, ry, forallv e,, p". We then

have a
natural w-embedding:

(6.1.9)

#,: R, o, PR, (6.1.10)
by setting *»r,, =, r¥%., forallr, €, R,. We must now lift the structure of R,, to the

w-inconsistent hyperreals (w-hyperreals) **R,,
Remark.6.1.6.Notice that as an algebraic w-inconsistent structure, R,, is a w-complete

w-odered field,i.e., a w-structure of the form
{[RW9+W DXW 9OW: IW}D
where R,, =, R is the set of elements of the structure, +,, and x,, are the binary
operations of addition and multiplication, <,, is the ordering relation, and 0,, =, 0 €, R
and 1,, =, 1 &, R are two distinguished elements of the domain. And it is complete in
the sense that every nonempty set w-bounded from above has a w-least w-upper bound.

A

(I) The #,-embedding of (6.1.10) sends 0,, to **0 =, 0%. £ 0,, and 1 to 1 =, 1%. =
1,,. We must lift the operations and relations of R,, to **R,,. We get the clue from (6.1.9),

which tells us when:
(i) two elements f#+ and gg», of *R,, are w-equal:

S =w g =5 {vew 9"[f*V) =0 g"(N)} €y F,
(i) two elements f#» and gs+, of *R,, are not w-equal in strong consistent sense:
fre #5 g =5 {vew p"If70) =w g" ()} &% F, (6.1.13)

(iii) two elements f#+ and g#v, of #*R,, are not w-equal in a weak sense:

6.1.11)

6.1.12)



frv #0 gfv &5 {vew p"1/"(v) =v g"(V)} & F*, (6.1.14)

(iv) two elements f#+ and g+, of *R,, are are w-equal and are not w-equal in a weak
w-inconsistent sense:

(fgfw = g?frw) A (f;? ) g;%) S5 fre =wy) &5 S
= [{vew 0"1/"0) = g"W)} cw FY]A (6.1.15)
N Ay ew @71/ 0) =0 g"W} el F].
In a similar way we extend <,, to #**R by setting for arbitrary f}.,and g¥.,in **R,,:
Fr <w G =5 AV € @VIN(V) <w (V)} € F,
o K 8w =5 v Ew pVI(V) <w g (V)} &3 F,
fro €0 glkw =5 {v €w @I'(V) <w " (V)} &) F,
(fﬁ <w g?frw) A (fﬁ € g?frw) S frw <wyy v S
= [{vew ")"(v) <w g"(V)} €w FYIA
AV €w "I (v) <w g"(V)} &3 F"].

(I) With this definition of <,, in **R,, we easily show that the extended domain #**R, is
w-linearly w-ordered w-inconsistent field. As an example we verify w-transitivity of <,, in

R, Let figw <w giw, and g, <, hiw,i.e.,
V= {vew U0 <0 ")} e F,
Dy =, {v e, p"g"(v) <w ")} €n F*

(6.1.16)

6.1.17)

By the finite intersection property,[see Definition 6.1.4.(ii)] D} N, DY €, F*. If
v €, DY N, DY, then f*(v) <, g¥(v) and g"(v) <, h*(v); hence by transitivity of <,, in
Ry,
[/'0) <w @M ] AL (V) <o BT =5 [(V) <wg B*(V). (6.1.18)
Thus
DY Nw DY Sy Avew "f"(v) <w ¥ (v)} (6.1.19)
The closure property [Definition 6.1.4(iii)] then tells us that /7. <,, 4%.. Similarly one
can

to prove that given any f7.,g%. €, ™R, then either f7. <, g%.,0r g&v <, fiw, OF

fEn =w g
Remark.6.1.7.The w-relation <,, on #**R,, introduced in (6.1.16) extends the relation
<w

onR,, i.e., given any r;,r, €, R, we see that r| <,, r» in R, iff 7| <, #vry in R,
We now have w-inconsistent w-linear order on #*R,, and can verify that *R,, contains
w-inconsistent infinitesimals (w-infinitesimals) and weakly consistent infinite numbers
(w-infinite numbers). A (positive) w-infinitesimal §,, in *R,, is an

w-element 5,, €,, *R,, such that #0,, <,, §,, <, *r, forall r, ,, > 0,, in R,,.

Notice that w-nfinitesimals exist. Let #" a free w-ultrafilteron " =, N,,

and let fy(n,) = ny' and f5(n,) =, n;’ forn, € N,. Then §,,, =, f} s and



02w =w fag,iS @ positive w-infinitesimals and 62, < 01.u-

In the same way g} (n,,) = n, and g5 (n,,) =, n? introduce a weakly consistent
infinite numbers, w1,, =v g} s, and wa,, =w g5 5+, and we have that w,,, <, @2

in *R,,.

(Il It remains to extend the operations +, and x,, to #R,,. Looking back to (6.1.12)
and (6.1.16) we have nothing to do but to set

w
f;}:w +w ggi'w =w hg‘w =

(6.1.19)
> {V (ST @WVW(V) +w gW(V)W =w hw} Ew ((F/Wa

and

w
f;}:w Xw ggi'w =w hg‘w <

S {V Ew P"IM(V) %y g" (V) =y hW(V)} e, F".

With these definitions one can to proves easily that **R,, is an w-inconsistent
extension of

R,.. And these definitions introduce an w-inconsistent algebra on the w-infinitesimals
and

on the w-infinitely large numbers. One may wish to verify easily that if f#. <, g%, and
#0,, <, hYw,then

(6.1.20)

fopw Xow B <y @5 X0y Wi, (6.1.21)

One should also notice that for the w-infinitesimals 6, ,, and §,,, and the wy-infinite
D1,

and w.,,, introduced above, we have, e.g., @2, =v ®1,, , 8100 Xwo @1we =we Luwgs IS

infinitesimal, and 6 w’ is infinite. Thus the wy-infinitely small and the wo-infinitely large
have

a decent wekly consistent arithmetic.

The way we extended the particular operators +,,, and x,,, and the particular

relation =,, from R,,, to #oR,, can be used to extend any function and relation

onR,, to *R,, . Let F be an n-ary wo-functiononR,,,, i.e.,

F™o :ERWO Xipp *** X IRWOI—>WO Ry, (6.1.22)
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Then we introduce the extended w,-function #« F by the wo-equivalence

, 1, 5
B (R0, SR ) = 8 s
{V euw @ P (fM0 W), f ™) =y €70(V)) } €y F

The reader may want to verify that #« F is a wo-function and that #« F really

extends F, i.e., o F(*0r s os ™0 niwe) =wy 0P I FYO(F 1oy Frawg) = Fup. IN the

same way we extend any n-ary wo-relation $*° on R,,, to a wo-relation #S5"0 on #wR,, .

Note that since a wy-subset £ <,,, R,,, corresponds to an unary wy-relation, we have
an

wo-extension #» E characterized by the condition

(6.1.23)

e E 5 {v €y, @"V) € E} €, F™. (6.1.24)



Thus if £ = (0,,,1.,], then #E as a subset of “»R,,, will have every positive

wo-infinitesimal as an wy-element, but not #+0,,,, a fact which can be read off

immediately from condition (6.1.24).But first a few elementary observations on the

wo-extension of subsets of R,,, : #0@,,, is the wo-empty set in #oR,,,. If E <,,, R,,,
then

01w, €Ew, T E forall ry,, €., E, butin general(see the example E = (0,,,,1,,]
above)* " E

will contain elements not of the form #wr,,, for any r,, €., E. Furthermore #« is a

Boolean homomorphism in the sense that #«(E; Uy, E2) =w, (FE) Uy, ("0 E,) and

B(Ey Nw E2) =, (F"E1) Ny (*E,) for arbitrary sets £, E, <,, R,,. Finally, we note

that #WEl =y #WEQ iff E, =, E>, and #WI"W (S #wE iff rvw € E.

Before proceeding we need to discuss the important concept of standard

part. By virtue of (6.1.23) the absolute-value function |-| , on R,, has an extension to
#WIRW

that we will denote by #+|-| .

Definition 6.1.12.An w-element x €,, **R,is called w-finite if #|x|, <, *r, for some

0, <w 7w.

As we shall see, every finite x €,, #*R,, is w-infinitely close to some r,, €,, R,, in the

sense that #»|x —, #”'rw|w is either #0,, or wo-positively wo-infinitesimal in #R,.

Definition 6.1.13.This w-unique r,, is called the w-standard part of x and is denoted by

stw(x) or ¥ x.

The proof of existence of the standard part is simple. Let x €, **R,, be finite. Let D,
be

the set of ,, €,, R,, such that *»r,, <,, x and D, the set of r,, €, R,, such that

x <y *r,.The pair {D;,D,} forms a Dedekind cut in R,,, hence determines a unique

7w €w Ry, A simple argument shows that sz,,(x) =, 7.

VI1.2.1 The wy-consistent nonstandard extension.
Definition 6.2.1.Let be #"° a free w(-consistent ultrafilter on g and introduce an
wo-equivalence relation /™ ~%, g"° on wo-sequences [0 €,, R, " by
U0~ @0 =y {V €, V) =w, gV} €y FMO (6.2.1)
Definition 6.2.2.R," divided out by the wo-equivalence relation ~,, gives us the
wo-consistent nonstandard extension *«R,,,, the hyperreals; in symbols,
BoRy, 2 RE" [~ (6.2.2)
Remark.6.2.3.Note that for any /™0, g*0 A" €, R it follows
(Fro ~vo g90) A (870 ~awo B0) =g [0 ~gwg B™. (6.2.3)

Remark.6.2.4.If /"0 €, RS, we denote its image in R, by f#+,, and, of
wo

course,every wo-element in #wR,, is of the form f£: , for some /"0 : "0 > R,,.
Remark.6.2.5.Note that for any /™0, g "o, h "0 it follows by definitions

fWO NY‘;OWO gWO =s f;7‘20 “wo gf‘f;v‘(aOD (6.2.4)

W W W
SO ~gh @ONET ~ hghy =5 [0~ hgh,.



For any real number r,,, €, R, let r** denote the constant wo-function with value r,,
in

Ry, i€, r"(v) =, 7w, forallv e,, o". We then have a natural wo-embedding:

Fuo Ry 2o TR, (6.2.5)

by setting #or,,, =, Ty%, forall r,, €., R,.

() The #,,- embeddlng of (6.2.5) sends 0 to #0 =,, 07, = 0,, and 1 to

Fol =, 15% = 1,,.We must lift the operations and relations of R to *»R,,,. We get
the clue from (6.2.1), which tells us when two elements f5+ and gsw, of #R,,, are
wo-equal:

wo

Fro =wo Sy s {V Ewy (V) =wy gWO(V)} Ewy FM. (6.2.6)
In a similar way we extend <,,, to #«R,, by setting for arbitrary f%,,and g4%,,in #oR,,,

J#vo <wo & s AV Ewy (V) <wy £70(V)} €y FM,
S g 85 5 AV €y 90(V) <wp 70} &, F,
Fho Koy 8 S {V Ewy 9N0(V) <y (W)} EN, F,
(ffw <wo gf”O) (f:)fuo i g%o) s
s (Vv €w @")"(V) <y 870(V)} Ewg FO)A
AGAV €wy @) (V) <we g (V)} &35, F™°).

(1) With this definition of <,,, in *»R,,, we easily show that the extended domain #«R,, is
linearly wo-ordered wo-inconsistent field. As an example we verify wo-transitivity of <,,, in

(6.2.7)

FroR. Let figvy <we Lo, AN g% <wo A i€,

DY =, {V €y 0™ O(V) <y gWO(V)} €y, FM,
D;}O =wo {V €wo (@WOLgWO(V) <wyg hWO(V)} Ewo Fo

(6.2.8)

By the finite intersection property,[see Definition 6.2.7.(ii)] DY° Ny, D5° €y, F"°. If

v €y, DY’ Ny, D3°, then f*o(v) <,,, g"°(v) and g"°(v) <, h"°(v); hence by transitivity
of

<w, IN Ry,

[fwo(v) <wo gW(V)] A[g" (V) <wy B (V)] =5 fYV) <we B7O(V). (6.2.9)
Thus
DY’ Ny D5° Sy {V €wy ©)"0(V) <wp B (V) } (6.2.10)

The closure property [Definition 6.1.7(iii)] then tells us that /7%, <., 45%. Similarly one
can to prove that given any f#",, g% €, #w,R,then either f% <., g¥%,0r
g:}_'wo <W0 f;wo, Orfg:wo =wo g(‘FWO'

Remark.6.2.6.The wy-relation <,,, on #»R,, introduced in (6. 2.5) extends the relation

<w, ONR,,, i.e., given any ry,r €,, R,, we see that r; <, r2 in R, iff “or; <, o,
in "R,

We now have a weakly consistent linear order on #»R and can verify that #R,,,

contains
weakly consistent infinitesimals (wo-infinitesimals) and weakly consistent infinite



numbers
(wo-infinite numbers). A (positive) wo-infinitesimal §,,, in R, is an
wo-element §,,, €., "R such that 0,,, <., S, <w, "or forall » > 0inR.
Notice that wo-nfinitesimals exist. Let " a free wo-consistent ultrafilter on
2" =wy N,
and let 11° (nw,) =w, 1y, and £,°(nw,) =w, ny; for n e Ny, Then 61, =w, f1%w and
O2.00 =wy J240,1S @ pOsitive wo-infinitesimals and 62, <w, J1.u,-
In the same way g,° (11w,) =w, 7., @and g5’ (1w,) =w, nﬁ.o introduce a weakly consistent
infinite numbers, w14, =w, &%, and W2, =w, &%+, and we have that o, <u,
@2,
in oR,,.
() It remains to extend the operations +,, and x,, to *«R,, . Looking back to (6.2.1)
and (6.2.2) we have nothing to do but to set

wo wo wo
0 Two EFwo =we R S

(6.2.11)
C>Wo {V EWo (@WOVWO(V) +W0 gWO(V)WO “wo hwo} eWo 3—'W0,

and

wo wo wo
SFmo Xwe Fv =wo Mgy Sw,

(6.2.12)
Sy {V €y UV Xy 80V =y HO(V) } €y FMO.

With these definitions one can to proves easily that #«R is an wo-consistent extension
of

R. And these definitions introduce an wo-consistent algebra on the
wo-infinitesimals and on the wy-infinitely large numbers. One may wish to verify easily
that

if fve <wo g%, and #0 <, Ay, ,then

f;‘(‘)’o X h;’q"o <wo g;’q"o X h;’q"o' (62 13)

One should also notice that for the wo-infinitesimals 6,,,, and .., and the wy-infinite
@1,

and w,,, introduced above, we have, e€.g., @2, =w, ®O1.., 5 O1awo Xwo Oy =wy Lwgs 1S

infinitesimal, and 6 w’ is infinite. Thus the wy-infinitely small and the wo-infinitely large
have

a decent wekly consistent arithmetic.

The way we extended the particular operators +,,, and x,,, and the particular

relation =,,, from R,,, to #»R,,, can be used to extend any function and relation

onR,, to #R,, . Let F be an n-ary wo-function onR,,,, i.e.,

FY Ry Xowg =+ * Xy Rivg=wo Ruvg- (6.2.14)

24

n times

Then we introduce the extended wo-function #« F by the wo-equivalence

o W L,wo nwo \ _ wo
MVOF‘ 0 f;‘FWO 9o ee ﬁf;‘FWO ) =wy g(‘FWO g

(6.2.15)
{vew @ F (W), f ™) =wy ¥(V)) } €y FM



The reader may want to verify that #« F is a wo-function and that #« F really

extends F, i.e., 0 F(*0r1 sy 0 nw0) =wo 07w IE F¥O(Flavgs -+ o s Fravy) = Fwo- IN the

same way we extend any n-ary wo-relation $"o on R,,, to a wo-relation #.S"° on #»R,,,.

Note thatsince a w(-subset £ <,,, R,,, corresponds to an unary wy-relation, we have
an wo-extension #» E characterized by the condition

oo e, ME o, {v ey, @ v) € E} €, F. (6.2.16)

Thus if E =, (0w, 1w,]we» then #wE as a subset of R, will have every positive

wo-infinitesimal as an wo-element, but not #+0,,,, a fact which can be read off

immediately from condition (6.2.16).But first a few elementary observations on the

wo-extension of subsets of R,,, : #vJ,, is the wo-empty set in “oR,,,. If E <, R,,,
then

By, €w, T E forall r,, €4, E, butin general (see the example E = (0., 11w,
above) o £ will contain elements not of the form #wor,, forany r,, €, E. Furthermore
o is a

Boolean homomorphism in the sense that #« (£, Uy, E2) =w, (FE) Uy, (" E,) and

Fuo (E1 Ny E2) =w, (FEY) Ny, (P9 Ey) for arbitrary sets E4, E; ., R,,. Finally, we
note

that #WOEl =wo #WOEZ iff Eq =wo E>, and #WOFWO STN #WOE iff "wo €wy E.

Before proceeding we need to discuss the important concept of standard

part. By virtue of (6.2.15) the absolute-value function |-[, on R,, has an extension to

"R, that we will denote by B0 fo] o -

Definition 6.2.3.An wo-element x €,, "R, is called finite if “o[x|, <., "wor,, for
some

Owo <wo Fwo-

As we shall see, every finite x €,, #wR,, is wo-infinitely close to some r,,, €., Ry, in
the

sense that #o|x —,, "r,,| is either #0,,, or wo-positively wo-infinitesimal in #R,,,.

wo

Definition 6.2.4.This wo-unique r,, is called the w(-standard part of x and is denoted
by  stu,(x) or °*ox.

The proof of existence of the standard part is simple. Let x ,, *oR,, be finite. Let D,
be

the set of r, €., R, such that *wr,, <,, x and D, the set of 7}, €,, R,, such that

X <w, "or,,.The pair {D,D,} forms a Dedekind cut in R,,,, hence determines a
unique

Twe €w, Ry,. A simple argument shows that sz,,,(x) =, Fw,-

VI1.2.2.The classical transfer principle.

We now remind the construction of the nonstandard extension. Let & be a free
ultrafilter on @ and introduce an equivalence relation on sequences in R# as

fr~rgei{ve plflv)=gW)} e F. (6.2.17)

R ¢ divided out by the equivalence relation ~# gives us the nonstandard
extension *R, the hyperreals: *R £ R#/F.Two elements f#,g# € *R are equal:



fr=s g5 =5 {ve plflv)=glv)} e F. (6.2.18)

In a similar way we extend < to *R by setting for arbitrary fr,g#7 € *R
fr <s g7 &5 {ve plflv) <gv)} e F. (6.2.19)
It remains to extend the operations +,x to *R by
féF +s &F =s h[F =5 {V € @V(V) +g(V) = h(V)} Es ‘(}7’ (6 2 20)
frxs g5 =5 hy <=5 {ve pllv)xglv)=hv)} e F

With these definitions we can prove easily that *R is an ordered field extension of R.
Let F be an n-ary function on R.We introduce the extended function *F by the
equivalence

*F(ﬁ;,...,f;) —gr = {ve pIF(' W f" ) =g)} e F (6.2.21)

Note thatsince a w(-subset £ <,,, R,,, corresponds to an unary wy-relation, we have

an wo-extension *w E characterized by the condition

fr € E =y {v e p|flv) e E} e, F. (6.2.22)
We consider now the standard consistent reals as a structure
{R,+5 , X5 ,=5 ,<s ,|*,0,1}, (6.2.23)

The properties of ordered fields in classical consistent

case

Any consistent ordered field F is a field together with a total ordering of its elements
that is compatible with the field operations. The basic example of an ordered field is the
field of real numbers, and every Dedekind-complete ordered field is isomorphic to the
reals R.

Definition 6.2.5. A field is a nonempty set F containing at least 2 elements alongside
the two binary operations of addition, /. : F x; F - F such that f,(x,y) = x +; y and
multiplication £ (x,y) = x x y that satisfy all of the axioms below.

|.Basic Properties of Equality

1. Vx €5 Flx = x].

2.Vx,y €s Flx =5 y = y = x].

3.For any function f(x1,...,x,) : FXs...xs F > F, if x1 =5 y1,...,x, =5 yn then

S, xn) =5 fW1,..0V0).

Il. Axioms for Addition

Field Axiom for Addition 1. The operation of addition is closed, that is

Vx,Vy(x +sy €5 F).

Field Axiom for Addition 2. The operation of addition is commutative, that is

VxVy(x +s ¥y = ¥ +5 x) (Commutativity of addition).

Field Axiom for Addition 3. The operation of addition is associative, that is

VxVyVz[x +s (v +5 2) =5 (x +5 y) +5 z] (Associativity of addition).

Field Axiom for Addition 4. The operation of addition has the additive identity element
of

0, such that Vx(x +, 0, =, x) (Existence of an additive identity).



lll. Axioms for Multiplication

Field Axiom for Multiplication 1. The operation of multiplication is closed, that is
VxVy(x xs y €5 F).

Field Axiom for Multiplication 2. The operation of multiplication is commutative, that is
VxVy (x xs y = y Xs x) (Commutativity of multiplication).

Field Axiom for Multiplication 3 The operation of multiplication is associative, that is
VxVyVz [x xs (v x5 z) =5 (x x5 y) %, z] (Associativity of multiplication).

Field Axiom for Multiplication 4 The operation of multiplication has the multiplicative
identity element of 1, such that

Vx (15 xs x =¢ x) (Existence of an multiplicative identity).

Field Axiom for Multiplication 5 The operation of multiplication has the multiplicative
inverse element of 1,/x such that

Vx (x x5 14/x = 1) (Existence of a multiplicative inverse).

IV.Field Axiom for Distributivity

The operation of multiplication is distributive over addition, that is

VxVyVz[x xs (v +5 2) =5 X X5 ¥ +5 x X, z] (Distributive law).

V.Order Axioms

1. Either x =; y orx <; y ory <, x (Trichotemy)

2. x <; yifand only if x +; z <, y +, z (Addition Law)

3.1fz; > 04, then x x, z <; y x; zif and only if x <, y. If

¢ <s 0y, then a x5 ¢ <; b x, cif and only if b <, a (Multiplication Law)

41f x <; yand y <, z, then x <, z (Transitivity)

The upper and lower bounds in classical consistent case

Definition 6.2.5.If 4 — R is a set of real numbers, then:

(i) a €; R is an upper bound for 4 if x <; a forall x € 4,

and we shall denote this relation by (-U; +),s0 aU;4 meant that « is an upper bound of
4;

(ii) b is the least upper bound or supremum (s-sup(4)) for 4 if b is

an upper bound, and moreover b <; a whenever a is any upper bound for 4,

and we shall denote this relation by (-L,U; +),s0 bL,U;4 meant that 4 is least upper
bound

of 4.

One similarly defines lower bound and greatest lower bound or infinum (inf(4)) for 4
by

replacing <, by  >.

Definition 6.2.6.If 4 — R is a set of real numbers, then:

(i) a €5 Ris an lower bound for 4 if a <, x for all x € 4,

and we shall denote this relation by (-L; +),s0 alL;4 meant that a is an lower bound of
4;

(ii) b is the gratest lower bound or infinum (s-inf(4)) for A4 if b is

an lower bound, and moreover a <; b whenever a is any lower bound for 4,

and we shall denote this relation by (-G;L; +),s0 bG,L;A meant that b is gratest lower

bound of 4.

Remark.6.2.7.The following second-order sentence expresses the least upper bound

property:



(VA < R)Y[@w)(w €5 A) A @) (Vu)(u €5 4 = u < 2)] =\,
= @)(Y)([(YW)(w €, 4 = w <, X) AN\ (6.2.23)
AV es 4 > u <, y)] = x < ).

The structure R has an associated consistent simple language £;(R) that can be used

to describe the kind of properties of R that are preserved under the x-embedding:
*: R - *R. (6.2.23)

The elementary formulas of £(R) are expressions of the form

(i) 11 + 12 =5 t3,(ii) 11 x t2 =5 t3,(iii) |t1| =5 t2,(IV) 61 =5 12, (V) 11 <; 12, (Vi) 11 € X,

where t,1,,t; are either the constants 0 or 1 or a variable for an arbitrary

number r €, R, and X'is a variable for a subset 4 <; R.

From the elementary formulas we generate the class of all formulas or

expressions of £,(R) using the propositional connectives:A,V,—s, =5 ,

and the number quantifiers: Vx(x €; R),3x(x €; R) by the rules:

(vii) If ® and ¥ are formulas of £,(R), then D AV, 0V ¥V, = ¥,—,0,

are formulas of £;(R),and the consistent number quantifiers Vx(x €; R),3x(x €; R)
are

formulas of £,(R).

(viii) If @ is a formula of £,(R) and x is a consistent number variable, then Vx®, 3x®

are formulas of £,(R).

The language £,(R) is basically a first-order consistent language; i.e., we allow

number quantification but not set quantification.

We give a few examples: in the language £,(R) we can write down conditions which
express that <, is a strongly consistent linear ordering:
(1) s-transitive VxVyVz[(x <s ) A (y <s z) =5 x < Z]
(2) s-irreflexive Vx[—;(x <5 x)]
(3) s-linear VxVy[(x <s ¥) V (x = ¥) V (¥ <s x)]
A formula @ of £,(R) is in general of the form
O = OX,..., X, X1,...,Xg), (6.2.24)
where xi,...,x, are the free consistent number variables of ®,i.e., variables not
bound by a quantifier v,3 and X3,...,X,, are the (free) consistent set variables

of ®. Every formula in £(R) has an standard interpretation in the structure R;e.g., let
®(X) be the formula

D) =Vy[y e, X =3[ (2, > ) AWy —s 31| <s z =5 y1 € X]]] (6.2.25)
and let 4 <, R,then ®(4) expresses the fact that 4 is open in R.

The classical Los Theorem

Remind the following theorem.
Theorem 6.2.1. (Lo$ Theorem) Let ®(X,...,X,,x1,...,x,) be a formula of

L(R). Then for any 4,...,An S R and fi,....f# € *R



CD<A1,...,A,,1, ;,...,ﬁ,ﬁ) =,
=y {ve plo(di. A W).....f 1))} & F.

Proof.The proof is by induction on the number of logical symbols in ®.If ® has no
logical

symbols, it is an elementary formula of the form (i)-(vi),and (6.2.26) then reduces to
one

of (6.2.18),(6.2.19),(6.2.20),(6.2.21), or (6.2.22). If ® contains logical symbols, then ®
is

oftheform OAY, OV VY, 0 =, ¥,—,®,Vx(x €, R),Ix(x €; R). The verification of

(6.2.26) is, by induction, in each case reduced to an elementary property of the

consistent ultrafilter & .For example, if ® = ®; A ©,, (6.2.26) follows from the finite

intersection property of the consistent ultrafilter . The case ® = —;®, uses in an

essential way that & is an consistent ultrafilter namely, that

NI e, F o, 3 e F. (6.2.27)

Quantifiers offer no special difficulties,For example, if ® = 3x®; and let ® have one
free
variable; we shall prove

O(f) iff {v e p|®(f(v))} e F, (6.2.28)
where ®(f) is of the form 3x®, (x,f#). Now O(fi) is true in *R iff there is some

gF €s *Rsuch that ®,(gs,f7) is true in *R.By the induction hypothesis this means
that

(6.2.26)

{v e p|®i(g).fIv)} & F. (6.2.29)
But if ®,(g(v),f(v)) is true in R, then 3x®,(x,/(v)) is also true in R,i.e.,
{v e pl®i(g)./(V)} € {ve @[FAxDi(x,/Tv))}. (6.2.30)
From (6.2.30) and the property (3) of consistent filters it follows that
{ve pld(fv))) e F. (6.2.21)

In order to prove the converse, assume that: Re = {v € p|®(f(v))} €, F.Foreachv

such that v € Re we choose some a, €, R such that ®,(a,,f(v)) is true in R. Let
geR¥

be a function g : ¢ - R such that g(v) = a, forall v € Re and g(v) =; B otherwise,

where S is some arbitrary s-element of R. Then we have:

{ve p|l@Eh)(v) e F. (6.2.22)
Hence by the induction hypothesis we have ®,(gs,f) is true in *R,i.e., we have
O(fr) = IxD; (x,f) is true in *R.

The theorem of LLos$ has the consistent transfer principle as an immediate corollary.
Theorem 6.2.2.(CONSISTENT TRANSFER PRINCIPLE).Let ®(X,...,Xu,x1,...,Xq)

be a formula of

L(R). Then forany 4,,...,4, <; Rand ry,...,r, €s R, ®(44,...,4Am,71,...,7,) holds in
R

iff *® = ©®(*A44,...,*An, *r1,...,*ry) holds in *Ri.e.,



OA1,..., A, 1seenstn) =5 OAL,. o, Am, 1y, 1), (6.2.23)
Proof.From (6.2.16) we get at once
OC*A1,..., A, F1,..., 1rn) =5 {ve | ®UI,....,Am> 15y Fn)} € F  (6.2.24)

But the set {v € p|®(4,,...,An,r1,...,rn)} isequalto p € F"if @ is true of

Ai,...;Am,r1,...,r, INR, and is equal to & ¢, gpif @ is not true of 4,,...,4u,71,...,7, iN
R.

Thus ®(4,,...,An,r1,...,ry) holds in R iff ®(*4,,...,*4,, *r1,...,*r,) holds in *R.

VI1.4.The Generalized lLos Theorem

We will consider the standard w-inconsistent reals as an w-inconsistent algebraic

structure R,,. As w-inconsistent algebraic structure, R,, is a w-complete w-ordered field,
i.e., w-inconsistent structure of the form

SRW = {RW7+W s Xw s =w a<W a0W) lw}a (64 1)
where R,, =, {rr =, r' €, R} s the set of w-elements of the inconsistent structure,+,
and x,, are the binary operations of addition and multiplication, <,, is the w-ordering

relation, and 0,, and 1,, are two distinguished elements of the domain such that
—s(0,, =y 1,,) but note that

(0 = 1) A (O = 1) ¥ 4, (6.4.2)

i.e. sentence —,(0,, =, 1) A (0,, =, 1,,) holds in R,,.
And it is complete in the sense that every w-nonempty set w-bounded from above has
a w-least w-upper bound. We consider now the standard inconsistent w-reals as

w-inconsistent structure
{[RW9+W 9XW 9:W 5<W 5|.|W50W91W}5 (643)

where, in addition to the information in (6.4.1), we have added the absolute value ||,
that defines the metric on R,,. Of course, ||, is definable in terms of the other entities in
(6.4.1), but it makes things a bit easier to include it explicitly in the specification.

The structure R,, has an associated simple language £,, = £,,(R,,) that can be used to
describe the kind of properties of R,, that are preserved under the #,-embedding:

#o 1Ry o R, (6.4.4)

The elementary formulas of £,,(R,,) are expressions of the form:

(I) t +y b =y l3,(ii) 11 Xy by =y t3,(|l|) |11|W = tz,(iV) t =y tg,(V) t <w tg,(Vi) t €w X,

where t,,1,,t; are either the constants 0,, or 1,, or a variable for an arbitrary

number r €, R,, and Xis a variable for a w-subset 4 <,, R,,.

From the elementary formulas we generate the class of all formulas or

expressions of £,,(R,,) using the propositional connectives:A,V,—s, =5 ,—w, =w »

and the inconsistent number quantifiers: Vx(x €, R,,),3x(x €, R,) by the rules:

(vii) If ® and ¥ are formulas of £,,(R,,), then
DAY, OVY, 0 =, ¥Y,—;O,D =, V,—,D

are formulas of £,,(R,,),and the consistent or inconsistent number quantifiers

Vx(x €, R,),3x(x €, R,,) are formulas of £,,(R,,).

(viii) If @ is a formula of £,,(R,,) and x is a consistent or inconsistent number variable,

then Vx®,3x® are formulas of £,,(R,,).

The language £,,(R,,) is basically a first-order inconsistent language; i.e., we allow




number quantification but not set quantification.

We give a few examples: in the language £,,(R,,) we can write down conditions which
express that <,, is a w-inconsistent linear w-ordering:

(1) w-transitive VxVyVz[(x <, ¥) A (¥ <w 2) =5 X <y Z],

(2) wpy-transitive VxVyVz[(x <w,, ¥) A (¥ <wpy, 2) =5 X <wy, 2,

B)w reflexwe Vax[—s(x <w x)],

(4) VxVy[(x <w ) =5 (¥ <w X)],

(5) why-linear VxVy[(x < ) V (x =0 ¥) V.V <w X)(x <uyy )V (X =y Y)V V <wpyy ¥)]
A formula @ of £,,(R,,) is in general of the form

d)zd)(Xl,...,Xm,xl,...,xq), (6.4.5)

where x1,...,x, are the free consistent and inconsistent number variables of ®,i.e.,
variables not bound by a quantifier v,3 and X,,...,X,, are the (free) consistent and
inconsistent set variables of ®. Every formula in £,,(R,,) has an standard interpretation
in
the structure R,,;e.g., (i) let ®(X) be the formula
D) = Vy[y ew X = 3z[ (2, > 0w) AV —w 2], <w z = ¥1 €w X]]] (6.4.6)

and let 4 <,, R,,,then ®(4) expresses the fact that 4 is open in R,,;
(ii) let @, (X) be the formula

D) = Vy[y ew X =5 3[ (2, > 0w) AV —w il <w z =5 y1 €0 X1]] (6.4.7)

and let4 <, R,,,then ®(4) expresses the fact that 4 is open inR,,;
Remark.6.4.1. Note that w-inconsistent algebraic structure R,, mentioned above is a
w-complete w-ordered field.

V1.4.2.The properties of w-inconsistent w-ordered field F,,

Definition 6.4.1.A w-inconsistent field is a nonempty w-inconsistent set F,, containing
at least 2 elements along side the two binary operations of w-addition,
fo, + Fywxy Fy —> F,such that £, (x,y) = x 4+, y and w-multiplication £, (x,y) = x X, y
that satisfy all of the axioms below.

|.Basic properties of w-inconsistent w-equality

1.Vx €y Ful(x =0 x) V (x =y X)].

2.

3.Vx,y €y Fulx =y y =5y =y x].

4.

5.For any function f(xi,...,x,) : Fyw Xy ... %y F\y > Fy, if x1 =4 y1,...,x, =» vy, then

fx1,.ex0) =w fW1,. 0 V0).

6

Il. Axioms for w-addition

Field axiom for w-addition 1. The operation of w-addition is closed, that is

VxVy(x +w ¥ € Fy).

Field axiom for w-addition 2. The operation of w-addition is w-commutative, that is
VxVy(x +w v = ¥ +w x) (w-commutativity of w-addition).

Field axiom for w-addition 3. The operation of addition is associative, that is
VxVyVzlx +, (v +w 2) =w (x +w ¥) +v z] (Associativity of addition).

Field axiom for w-addition 4. The operation of w-addition has the w-additive w-identity



w-element of 0,, such that

Vx(x +, 0, =, x) (Existence of an w-additive w-identity).

lll. Axioms for w-multiplication

Field axiom for w-multiplication 1. The operation of w-multiplication is closed, that is

VxVy(x xyw y €y Fy).

Field axiom for w-multiplication 2. The operation of w-multiplication is w-commutative,

that is

VxVy (x x, ¥y = ¥ Xy x) (w-commutativity of w-multiplication).

Field axiom for w-multiplication 3 The operation of multiplication is associative, that is

VxVyVz [x xw (¥ xw z) =5 (x x5 y) %, z] (w-associativity of w-multiplication).

Field axiom for w-multiplication 4 The operation of w-multiplication has the
w-multiplicative

w-identity element of 1,, such that

Vx (1, x, x =, x) (Existence of an w-multiplicative w-identity).

Field axiom for w-multiplication 5 The operation of multiplication has the
w-multiplicative

w-inverse w-element of 1,,/x such that

Vx(x #5 0,) [(x %y 1w/x = 15)] (Existence of a multiplicative inverse).

IV.Field axiom for w-distributivity

The operation of w-multiplication is w-distributive over w-addition, that is

VxVyVz[x xs (v +5 2) =5 X X5 ¥ +5 x X, z] (Distributive law).

V.Order Axioms

1. Either x =,, y orx <,, yory <, x orx =,,,, y or (w-trichotemy)

2. x <y yifand only if x +,, z <, y +, z (w-addition law)

3. If zy, >0,,, then x x,, z <,, y x,, zif and only if x <,, y.

If ¢ <, 04, thenx x,, ¢ <,, y %, ¢ if and only if y <; x (Multiplication Law)

41fx <, yand y <, z, then x <,, z (w-transitivity)

V1.4.3.The w-upper and w-lower bounds in w-inconsistent

case.

Definition 6.4.2.I1f 4 —,, R,, is a w-set of w-inconsistent real numbers, then:
(i) @ €4 R is an strong w-upper bound for 4 if

Vx(x €y A)[xSW a], (6.4.8)
and we shall denote this relation by (-SU,, +),s0 aSU,,A meant that « is an strong
w-upper
bound of 4;

(i) & is the least strong w-upper bound or strong w-supremum (ws-sup(4)) for A4 if b is

an strong w-upper bound, and moreover

b<,a (6.4.9)
whenever « is any strong w-upper bound for 4,and we shall denote this relation by
(-L.,SU,, +),s0 bL,,SU,,A meant that 4 is least strong w-upper bound of A4.
Remark.6.4.2. One similarly defines strong w-lower bound and greatest strong

w-lower
bound or strong  w-infinum (ws-inf(4)) for 4 by replacing <,, by ,, >.



Definition 6.4.3.If 4 —,, R,, is a w-set of w-inconsistent real numbers, then:
(i) @ €, Ry, is an strong w-lower bound for 4 if
Vx(x €y A)[a <w x] (6.4.10)
forallx € A4,
and we shall denote this relation by (-SL,, +),s0 aSL,,A meant that a is an strong
w-lower
bound of 4;

(ii) b is the gratest strong w-lower bound or strong w-infinum (ws-inf(4)) for 4 if b is
an strong w-lower bound, and moreover

a<,b (6.4.11)
whenever « is any strong w-lower bound
for 4,and we shall denote this relation by (-G,,SL,, +),so bG,,SL,,A meant that 5 is
gratest
strong w-lower bound of A.
Remark.6.4.3.We rewrite now the inequality (6.4.8) in the following equivalent form

Vx(x €y A)[—s(a <wx) ] (6.4.12)
From the statement (6.4.12) by using logical postulate —;4 =, —,,4 we obtain
Vx(x €y A)[—w(a <wx) ] (6.4.13)

Note that by using (6.4.13) one obtains more weakened conditions then required
above

in Definition 6.4.2-6.4.3.

Definition 6.4.4.If 4 —,, R,, is a w-set of w-inconsistent real numbers, then:

(i) @ € Ris an weak w-upper bound for 4 if

Vx(x €y A)[—w(a <wx)], (6.4.12)
and we shall denote this relation by (-WU,, +),s0 alWU,,A meant that « is an weak
w-upper
bound of 4;

(ii) b is the least weak w-upper bound or weak w-supremum (wy~sup(4)) for 4 if b is

an weak w-upper bound, and moreover
—w(a <y b) (6.4.13)

whenever a is any weak w-upper bound for 4,and we shall denote this relation by
(-L, WU, +),s0 bL,,WU,,A meant that 4 is least weak w-upper bound of A4.
Remark.6.4.4. One similarly defines weak w-lower bound and greatest weak w-lower
bound or weak w-infinum (wy~inf(4)) for 4 by replacing <,, by ,, >.

Definition 6.4.5.1f 4 c,, R,, is a w-set of w-inconsistent real numbers, then:

(i) @ » Ry, is an strong w-lower bound for 4 if
Vx(x e, A)[a <, x] (6.4.14)

forall x € 4,

and we shall denote this relation by (-SL,, +),s0 aSL,,A meant that a is an strong
w-lower

bound of 4;



(ii) b is the gratest strong w-lower bound or strong w-infinum (ws-inf(4)) for 4 if b is
an strong w-lower bound, and moreover

a<yb 6.4.11)

V1.4.4.w-complete w-inconsistent w-ordered field.

V1.3.3.The properties of w-inconsistent naturals N,,

Remark.6.3.1. The w-inconsistent structure R,, has an consistent substructure
Ry < R

R+ %5 =% s <h 5[5 0%, 13 1, (6.3.)
denoted below by R3, or by R¢". The structure R3, has an associated simple language

L3 = L5,(Rs,)) that can be used to describe the kind of properties of RS, that are

preserved under the #,-embedding:

o
#, @ RS, o RS <5, "

R,. (6.3.)
The elementary formulas of £5,(R$,) are expressions of the form:
(I) t 45, =5, l3,(ii) t x5, 1) =5, t3,(|l|) |11|‘§V =3, tz,(iV) t =5, tg,(V) t <5, tg,(Vi) t 5, X,
where t,1,,t; are either the constants 03, or 13, or a variable for an arbitrary number
r €3, RS, and X is a variable for a w-consistent w-subset 4 <5, R3,. From the elementary
formulas we generate the class of all formulas or expressions of £,,(R,,) using the
propositional connectives:A,V, -, =5 ,—w, =w ,and the w-consistent number
quantifiers:
Vx(x €, R,),3Ix(x €3, RS) by the rules:
(vii) If ® and ¥ are formulas of £5,(R3,), then
OAY,OVY, D =, ¥Y,-;0,0 =, ¥,—-,D
are formulas of £5,(R$,),and the w-consistent number quantifiers
Vx(x €3, R,),Ix(x €5, RS,) are formulas of £5,(R3,).
(viii) If @ is a formula of £5,(R3,) and x is a w-consistent number variable,
then Vx®,3x® are formulas of £3,(RS,).
The language £5,(Rs,) is basically a first-order w-consistent language; i.e., we allow
number quantification but not set quantification.
We give a few examples: in the language £5,(R3,) we can write down conditions which
express that <3, is a w-consistent linear w-ordering:
We give a few examples: in the language £5,(R3,) we can write down conditions which
express that <3, is a strongly consistent linear ordering:
(1) s-w-transitive VxVyVz[(x <5, ) A (v <5, z) =5 x <§, z]



(2) s-w-irreflexive Vx[—s(x <3, x)]
(3) s-w-linear VxVy[(x <5, y) V (x =5, ) V (¥ <5, x)]
A formula @ of £5,(Rs,) is in general of the form
d)zd)(Xl,...,Xm,xl,...,xq), (636)
where xi,...,x, are the free consistent number variables of ®,i.e., variables not
bound by a quantifier v,3 and X1,...,X,, are the (free) consistent set variables
of ®. Every formula in £(R3$,) has an standard interpretation in the structure R ;e.g.,
let
®(X) be the formula

DdX) = Vy[y ey X = Elz[ <z W >Ofv> AYYilly =4 yil), <b z =5 31 €)) )q]] (6.3.7)
and let 4 <5, RS, then ®(4) expresses the fact that 4 is open in RS,;

The properties of w-consistent w-ordered fields

Definition 6.2.. A w-consistent field is a nonempty w-consistent set F%, containing at
least

2 elements alongside the two binary operations of addition, f.; : F x3, F - F such that

fus, (x,y) =5 x 435, y and multiplication £, (x,y) =}, x x3, v that satisfy all of the axioms
below.

|.Basic Properties of w-Consistent Equality

1. Vx €, F[x =5, x].

2.Vx,y €, Flx =5, y =,y =5 x].

3.For any w-consistent function f{xi,...,x,) : F x5, ... x, F > F, if x; =5, yi,...,x, =5 va

then flx1,...,x) =5 fV1,...,Vn).

Theorem 6.3.1. (Generalized Los Theorem) Let ®,,, = ®(X1,..., X, Xx1,...,X4) bE @
formula of £,,(R,,).
(I) Assume that @,,, is not of the form W A —,,¥. Then for any 4,,...,4, <. R and

1 ,
fg:con,...,fgchon (S #W[R .
1 q
@(Al,...,Am, g.‘w,...,f;qrw) p=—

(6.3.6)
e {vew 0. Anf1V).....f 1) } €w F.



(I1) Assume that @,,, is of the form ¥ A —,,¥. Then for any 4,,...,4, <., R,, and

Sy o fom €p PR,
Oy (Ao A S o) s
=y {vew @ 0(An. A f1 ), f 1) } €y F

Proof.(I)The proof is by induction on the number of logical symbols in ®.If ® has no

logical symbols, it is an elementary formula of the form (i)-(vi),and (6.3.6) then reduces
to

one

of (), (), () .(),or(). If ® contains logical symbols, then @ is of the form

DAY, OVY,O = ¥V,—;0,0 =, ¥,—,P,Vx(x €, R,),Ix(x €, R,,). The verification
of

(6.3.6) is, by induction, in each case reduced to an elementary property of the
inconsistent

w-ultrafilter F.For example, if ® = ®; A ®,, (6.3.6) follows from the finite
w-intersection

property of the inconsistent w-ultrafilter &#. The case ® = —;®, uses in an essential

way that F" is an inconsistent w-ultrafilter namely, that

NI €y FY ooy F gl FY (6.3.7)

(6.3.7)

and
" \wsS €y FY =, 3 £y FV =, 3 g5, Fv, (6.3.8)

we remind that —;(a A —a) <= —saV a.
The case ¥ = —,,® immediately from definition

—|W®(A1,...,Am, ;f;) —
o {vew 00U Anf V), f W)} B F

Quantifiers offer no special difficulties.For example, if ® = 3x®, and let ® have one
free
variable; we shall prove

O(fyv) =5 {v e, "OFWV))} € F, (6.3.10)
where ®(f#v) is of the form 3x® (x,f#+).Now O(f+) is true in *R,, iff there is some

gsv €, "R, such that ®,(gsv,f#») is true in *R,,. By the induction hypothesis this
means that

(6.3.9)

{v e, p|l@iEl),[(v)} e, F". (6.3.11)

But if ®,(g(v),f(v)) is true inR,,, then 3Ixd, (x,f(v)) is also true in R,,,i.e.,
{vew @"@1(E(V).V))} Sw {v ew @"[FAxP1(x,AV))}. (6.3.12)

From (6.3.12) and the property (3) of inconsistent w-filters it follows that
{v e, p"®(f(v))} €w F". (6.3.13)

In order to prove the converse, assume that: Re =, {v € p|®(f(v))} €, F".For each
14
such that v €,, Ry we choose some a, €, R such that ®;(a,,f(v)) is true inR,,. Let



g €, RY be aw-functiong : ¢" - R,, such that g(v) =, a, forall v €, Re and
g(v) =, P otherwise,where 8 is some arbitrary w-element of R. Then we have:

{ve p"®i(gv).fIv)} en FY. (6.3.14)
Hence by the induction hypothesis we have @ (ggcn, fFen) is true in R, i.e., we have
O(fFv) = IxD (x,f5v) is true in #R . Thus ®(4,,...,4u,71,...,7,) holds in R,, iff
O Ay,...., Ay, *ry, ..., "r,) holds in #R,,.
() The case ¥ = —,,® immediately from definition

V(A A S S ) S
O(Ar, s ffor oo ) Ao ®(Arc A fi o f) s
o [{vew @ 041 Apnf'W)..... 1)} ew F* A
ALY ew @041 oA f ), f 1) b ey F7].

Quantifiers offer no special difficulties.For example, if ¥ = 3x®,;,where &, = ® A —, @
and let ® have one free variable; we shall prove

\P(fé)"‘”) )
[{v ew @ 10(V))} ew FYIAKY €w p"@FV))} &% FV1,
where ¥(f#v) is of the form 3x®, (x,f#»). Now ¥(f#v) is true in *R,, iff there is some
gsv €, "R, such that ¥(gsv,f#») is true in *R,,. By the induction hypothesis this
means that
[ {vew pl0EM).AV)} v FYIN[ Vv ew pl0@EW).AV)} g4 F¥]. (6.3.17)
and therefore
|: {vew pl®EW).f(v)} v ‘TW] /\[ {vew pl-w@E).fv))} €w 3:W:|~ (6.3.18)
Remind that (6.3.18) means that ®,(g(v),f(v)) is true in R,,i.e.,both ®(g(v),f(v)) and
—w®(g(v),f(v))istrue inR,,

But if both ®(g(v),f(v)) and —,,®(g(v),A(v)) is true in R,,, then both Ix®(x,/(v)) and
Ax[—w®@(x,/(v))] is also true inR,,,i.e.,

(6.3.15)

(6.3.16)

{vew p"@EW)./(V)} Sw {v €w "[FxP(x,f(V))}. (6.3.19)
and
{vew "l @EW).f(v))} Suw {v €w " [FAx[—0D(x, V)] (6.3.20)
From (6.3.19)-(6.3.20) and the property (3) of inconsistent w-filters it follows that
{vew p"IOAV))} ew F¥ (6.3.13)
and
{vew " ®@(fv)} ew FY (6.3.13)

In order to prove the converse, assume that: Re =, {v € p|®(f(v))} €, F".For each

such that.v €.w Reo We choose some a, €, R such that ®,(a,,f(v)) is true inR,,. Let
g €, RY be aw-functiong : ¢" - R,, such that g(v) =, a, forall v €, Re and
g(v) =, P otherwise,where 8 is some arbitrary w-element of R. Then we have:

{ve p"®i(gv),v)} €n F". (6.3.14)



V1.3.2.The Generalized Transfer Principle
Theorem 6.3.1.(Transfer principle).Let ®(X1,...,Xu,x1,...,x,) be a formula of

L(R,,). Then forany 4,,...,4, < Rand ry,...,r, €, Ry, ®(41,...,4Am,r1,...,r,) holds
inR,,
iff *® = ®(*A44,...,*An, *r1,...,*ry,) holds in *Ri.e.,
DA1,...,AmsF1y...stn) =5 OCAr,... . Aw, *r1,..., %), (6.2.23)
Proof.From (6.2.16) we get at once
OCA1,..., A, F1,..., 1) =5 {ve | ®UIL,....,Am> 15y Fn)} € F  (6.2.24)
But the set {v € p|®(4,,...,An,r1,...,rn)} isequalto p € F"if @ is true of

We consider now the wo-consistent wy-reals R,,, as a structure
{RW09+W0 9XW0 9<W0 9|.|w()90W0:1W0}9 (6217)

The structure R,,, has an associated simple language £(R,,,) that can be used to
describe

the kind of properties of R that are preserved in wekly consistent sense

under the embedding:

#00 Ry, o TR (6.2.18)

Theorem 6.2.2. (Generalized Los Theorem) Let ®(X,...,X,,x1,...,x,) be a formula
of

L(R,,). Then forany 41,...,Am s Ry, @Nd firuo, ... fono Ewg R

@(Al,...,Am, g.l‘wo,...,f;gng) g
= {Vew ML A T V), 1) ) €y F

(6.2.16)
@(Al,...,Am, ;f;) /\—|W®(A1,...,Am, ;f;) —



Remark.6.2.2.

VI1.3.The #,,-transfer.
V1.3.1.The #,-embedding

We consider the inconsistent w-reals as a structure
{[Rw,‘*'w 7XW 7<W 7|.|aOW)1W}a (6.2.)

(I)The #,-embedding of (6.1.10) sends 0,, to #-0,, =, 0%.. = 0,, and 1,,to 1 =,
1}, 2 1,. We must lift the operations and relations of R to **R.

Definition 6.3.1.We get the clue from (6.1.6), which tells us when two elements f ;...
and g¥.., of ™R are weakly w-equal in a weak paraconsistent sense iff :
fgfwinc “w g::;'inc C>W fW ~FW gW (63 1)
e.g.,
Siu = Gpu 2w {V €w VIV =0 8" W)} € F (6.3.2)
Remark.6.3.1.

Definition 6.3.2.Two elements /.. and g¥.., of *R are w-equivalent in a weak
inconsistent sense :

In a similar way we extend < to “*R by setting for arbitrary f;..,and g¥...in **R:

Siue <w g = {V €w 9UUV) <w ")} €w F. (6.3.2)
With this definition of <,, in **R we easily show that the extended domain #R is linearly
w-ordered w-inconsistent field. As an example we verify w-transitivity of <,, in *R. Let
f;;inc <W g;;im‘, and g;;inc <W h::;'incsi-e'l
DY =, {v e, p™[f"(v) <w g ()} €w F™,

. 7 7 . (6.3.3)
DY =, {v e, " g"(v) <w h*(v)} €, F™

By the finite intersection property (ii),[see Definition 6.1.1.(ii)] =, DY N, DY €,, F. If
v €, D1 Nw D2, then fv) <,, g(v) and g"(v) <,, #"(v); hence by transitivity of <in R,

(/) <w @M IAL"W) <u B D] =y f'00) < B'(v).  (6.3.4)
Thus
=, D1 Nw D2 Sy {v €, ™" (V) < B¥(V)} (6.3.5)
The closure property (3) then tells us that:
S Soine <w Mpue (6.3.6)

V1.4.The #,, transfer and #,,,-embedding



V1.5. The Extendent Paralogical Universe.

V1.5.1. The inconsistent superstructures over universal set.

Definition 6.5.1. The superstructure over inconsistent set, or inconsistent universe
S denoted by V"(S”¢), V*0(S"), V*1(S"), etc. is defined by the following canonical
recursion:

V;v(sim*) = Sinc,
Vi (8™) =w Vi(8™) Uw {XIX S V(™))
VW(Sinc) =, W'UVn(Smc)-

(6.5.1)

VVIVO(SinC) =0 Sinc,
Vo (8™) =w, V32 (8™) Uy {XIX Sy V3 (8™)},
Vwo(sinc) =, WO'UVXO(SMC)

(6.5.2)

VYm (Sinc) =m Sinc’
Vo (8™) =w, V3" (8™) Uy {XIX S, V3" (8™}
VW (Sinc) = W~ U VZW (Sinc), (6 5. 3)

n

m=1,2,... .

The extended inconsistent nonstandard universe of paraconsistent nonstandard
analysis will be obtained by postulating: the extensions R > R,*»R > R,*»R > R, and
postulating the embeddings

H# : VW(Sinc ) [R) s VW(#WSMC),
2 VWO (S1C 5 R) o VWO (Fuo §in€Y), (6.5.4)
# : Vw,,(sinc - IR) [N VW"(#W”SMC).

We shall now extend the construction of the inconsistent ultrafilter to demonstrate that
will have properties similar to the embedding #* : R — #*R constructed in Subsections
6.1-6.4.

Remark.6.5.1.First of all we assume the following principle. EXTENSION PRINCIPLE.

(i) R is a proper w-inconsistent extension of R and *+» =,, rfor all » € R,

(i) R is a proper w-consistent extension of R and #wr =,, rfor all » € R,
(iii) #R is a proper w,-consistent extension of R and #r =, rforall» € R,n € N.

n

V1.5.2. The Bounded Paralogical Ultrapowers.
V1.5.2.1. The Bounded Consistent Ultrapowers.

Remind the following definitions.



Definition 6.5.2. A sequence A = (4,),_, of elements of V(§") = V(S 2 R) is

bounded if there is a fixed n > 1 such that each 4, € V,(S" 2 R).

Remark.6.5.2.

Definition 6.5.3.Two bounded sequences A and B are equivalent with respect to the
free

consistent ultrafilter &, in symbols A~#B, iff

{ve pld, =B,} € F. (6.5.5)
We let As denote the equivalence class of 4 and define the bounded ultrapower by
V(§“")¢/F = {Ar|A is a bounded V(S“”")-sequence }. (6.5.6)
Definition 6.5.4.We define the membership relation €+ in the ultrapower by
Ag €5 Beiff {ve pld, € B,} € F. (6.5.7)
There is a natural proper embedding
i1 V(S“") - V(S“")9|F (6.5.8)

namely let i(A) = (4),,the equivalence class corresponding to the constant sequence
A =(4).

V1.5.2.2. The Bounded Paralogical w-Ultrapowers.
Definition 6.5.5. (i) A w-sequence A = (4,),. . of w-elements of vy (s, o R,)
is w-bounded if there is a fixed n>1 such that each 4, €,, V(8" ,, o R,,).
Remark.6.5.3.

Definition 6.5.6.Let ¥ be a free w-ultrafilter on (.. Two w-bounded w-sequences A,,
and B,, are w-equivalent with respect to the free inconsistent ultrafilter ", in symbols

A, ~%o By iff {ie, puld, =, By} €, F". (6.5.9)
Definition 6.5.7.We let A} denote the w-equivalence class of A and define the
w-bounded w-ultrapower by
VY (STYu[FW =, {A}MAW is a w-bounded VW(S"”C)-sequence}W (6.5.10)
There is a natural proper embedding
iy V(S™) & V"(S™) 9u/FW (6.5.11)
namely let i, (A,) =, (4)-.,the equivalence class corresponding to the constant
w-sequence A,=, (4),.
Definition 6.5.8.We define the w-membership relation €#+ in the w-ultrapower by
A% egv B iff {i €, p Ay €w By} € FY, (6.5.12)

V1.5.2.3. The Bounded Paralogical wo-Ultrapowers.
Definition 6.5.9.A w(-sequence A,,, = <A">vewo o Of wo-elements of V(S
w O Ry,)is  wo-bounded if there is a fixed n > 1 such that each 4, €,,, V}°(S"™
wo 2 Rip).
Remark.6.5.4.
Definition 6.5.10.Let & be a free wo-ultrafilter on ,,,. Two wo-bounded
wo-sequences A,,, and B,,, are wy-equivalent with respect to the free wy-consistent
ultrafilter ™o, in



symbols
Avy ~5% B, Iff {i €y @ woldy =wy By} €w, FMO. (6.5.13)

Definition 6.5.11.We let 4}, denote the wy-equivalence class of 4 and define the
wo-bounded wy-ultrapower by

Vo (87€) 9o [F 0 =, {AF%|Aw, is @ w-bounded V**(S")-sequence}  (6.5.14)
There is a natural proper wo-embedding

iwe : V"O(ST€) & VW0 (S7) ©wo [F W0, (6.5.15)
namely let i, (A,,) = (4)4+,the wo-equivalence class corresponding to the constant
wo-sequence A, = (4),, .
Definition 6.5.12.We define the wo-membership relation £+ in the wy-ultrapower by
AP €gvo B iff {v €y, @woldv Ewy By} Ewy FMO. (6.5.16)

V1.5.2.4. The Bounded Paralogical w,-Ultrapowers.

Definition 6.5.13.A w,-sequence A = (4,),_ .. of w,-elements of V""(S™,, O R,,)
is  w,-bounded if there is a fixed n > 1 such that each 4, €,,, V" (S™).

Remark.6.5.5.

Definition 6.5.14.Let ¥ be a free w,-ultrafilter on @ ,,,. Two w,-bounded
wy-sequences A and B are w,-equivalent with respect to the free inconsistent ultrafilter
Fwn insymbols A ~¥., B, iff {i €,, @w. |4y =w, By} €w, F".

Definition 6.5.15.We let A, denote the w,-equivalence class of A and define the

wy-bounded  w,-ultrapower by

vV (STe) o [Frn =, {Afs,|A is a w,-bounded V' (S")-sequence }.  (6.5.17)
There is a natural proper w,-embedding
B, @ V" (S7€) & VWn(SM) @ wn|FWn, (6.5.18)

n € N namely let i, (A) =,, (4)+.,the w,-equivalence class corresponding to the

constant w,-sequence A,,, = (4),, .

Definition 6.5.16.we define the w,-membership relation e#+ in the w,-ultrapower by

AL, € B, iff {0 €, @Ay Ewg By} €, F0. (6.5.19)
V1.5.3.The embedding V*(S™) #»/F¥ into V" (#+S™"¢), etc.
VI1.5.3.1.Classical embedding V(S¢") #/F <" into V(*S")

Let us consider now the classical embedding V(S") #/F into V(*S“"). Remind that
“S¢ 2 *R is the bounded ultrapower V(S") ¢ /F .
Remark.6.5.6.Note that in classical case the bounded ultrapower V(S") ¢ /F alwais
will
not be the same as the full superstructure V(*S“") 2 (*R)
Remind the construction of canonical embedding
Jj: V(S IF < V(*S) (6.5.20)
such that: (i) j is the identity on *S°” 2 *R and (ii) if Ay ¢ *S” then

J(As) = {i(Bs)Br € As}. (6.5.21)



This means that the relation s in the ultrapower is mapped into the ordinary
membership

relation in V(*S“"). The embedding j is constructed in stages. Let

Vi(8“")#/F = {As|Ais a sequence from V(S“")} (6.5.22)
Then the bounded ultrapower is the union of the chain
R "S = V(SO 9/F <...Vi(S)9IF ... (6.5.23)

and we can define j by induction. For £ = 1, the embedding j must be the identity. If

Ay € Vi (S“)9/F and Ay ¢ *S°" we simply set j(Ar) = {j(B)Bs €5 Ax
This

makes sense: if By €5 Agit follows from (6.5.7 ) that {v € p|B, € Vi (S°")} € F, i.e,

By € V(S“")#/F ,which means that j(B#) is defined at a previous stage of the
inductive

construction.Combining i and j we get a model of the extended nonstandard univers

V(SCOH) Ko/(?’ V(*SCOH)
N / (6.5.24)

V(Scon)

where **A =, j,.(in(A)), forany A €, V*(S“").Here V*(S* 2 R) and V*(*8") are

connected by a classical transfer principle.

Theorem 6.5.1.(TRANSFER PRINCIPLE) Let 4,,...,4, € V(S°").Any £(V(S“"))

statement @ that is true of 4;,...,4, in V(S") is true of *4,,...,*4, in V(*S°") .

Proof.In the ultrapower model there are three structures involved,V(S<"), V(S“") ¢ /F

and V(*S<").Given any £(V(S“")) formula ®(X,Y) (see Remark.6.5.7),we have
explained

how to interpret it in the three structures.Notice that LLos theorem, 1.1.3, immediately

extends to the bounded ultrapower V(S<") ¢ /F by exactly the same proof;

i.e., forany As,Bs € V(S°")#/F we have

(i) D(Ay,By) iff {ve p|®A,,B,)} € F,

from which transfer follows between V(S<") and V(S¢") ¢ /F exactly as in 1.1.4.

But Principle 1.2.4 asserts transfer between V(S“") and V(*S“"). And in order to
prove

this we need to replace the equivalence (i) by

(i) @(j(Ar).j(Bs)) iff {v e p|0U,,B))} € F.

But this is a rather immediate extension which follows from the fact that every element
of,

say, j(A#) in V(*S®") is of the form j(A%) for some Ay € V(S“")#/F;see the

construction of the j-map above.And once we have (1 1) the Transfer Principle 1.2.4

follows by the same argument as in 1.1.4.

Remark.6.5.7.The structure S > R has an associated elementary language L£(S"),
which we used to give the necessary precision to the transfer principle. We need a
similar formal tool to state the extended transfer principle.The language £(V(S“")) will



be an extension of the language £(S“") = £(S“" o R).

VI.5.3.2.The w-embedding V*(S"¢) #»/F " into V" (¥»S§")
Let #*S™ be the (w-bounded) w-ultrapower V" (S7¢) ©»/F™.
Remark.6.5.8.Note that in contrast with a classical case V*(S") #»/F* not alwais will
not
be the same as the full w-superstructure V* (#»87).
We shall now construct an w-embedding

Ju  VY(ST) P0IF " s V(i) (6.5.25)
such that: (i) /., is the w-identity on #*S" and (ii) if A% ¢%. *S8™, then
jw(Agv}‘f'w) =w {JMz(B(‘V}L;W)|B:V}L;W EFw A‘Mq.{w}w. (6.5.26)

This means that the relation €#+ in the w-ultrapower is mapped into the ordinary
w-membership relation in V*(**S”). The w-embedding j, is constructed in stages. Let

V(ST)9n/FW =, {A}w| A is a w-sequence from V,‘Q’(S"”C)}w. (6.5.27)

Then the bounded w-ultrapower is the w-union of the w-chain
FuSine = VYV(S™) x/F" C,, ... Sy VE(ST)OWFY S ..., (6.5.28)

and we can define j,, by induction. For k£ = 1, j,, must be the w-identity. If
AYw €, VY (ST)#/F Y and A, g%, 8™ we simply set
Jw(A¥) =0 {jw(BF)BYv €5 Ak} This makes sense: if B e+ At follows from
(6.5.12 ) that {v €,, pw|By €w V,?(S"”“)}W e, Fv.i.e. Bk, €, VI(S")®»/F¥ which
means that ;,,(B}%.) is defined at a previous stage of the inductive construction.

Combining i,, and j,, we get a model of the extended w-inconsistent nonstandard
universe

VW(Sl'nc) © W/g:'w VW(#wSinc)
AN / (6.5.29)
iw Hw
VW(Sinc)

where **A =, j,(i,(4)), forany 4 €, V*(8").Here V*(8" > R) and V" (#*S"¢) are
connected by w-inconsistent transfer principle.

V1.5.3.3.The embedding V*°(S7) #wo/F ™0 into Vo (#r§7)
Let #S™ be the (wo-bounded) wo-ultrapower V™0 (S"¢) ©wo /FWo,
Remark.6.5.9.Note that in contrast with a classical case V" (S7) ¢+ /F " not alwais
will
not be the same as the full wo-superstructure V™o (#+8§7¢),
We shall now construct an wy-embedding
Jwo © VYO(S™) ©o [F W0 s VWO (g §T1€) (6.5.30)

such that: (i) j., is the wo-identity on #S™ and (ii) if A}, &%, 08", then



on(A‘Fto) —wo {JWO(B$‘¢0)|B;}~‘Q"0 EFmo A;}’%’O}WO~ (6-5'31)

This means that the relation €#+ in the wo-ultrapower is mapped into the ordinary
wo-membership relation in V("% 8"¢). The wo-embedding j,, is constructed in stages.
Let

VO(ST) O fF o =, {A};MO| A is a wy-sequence from VkO(S’”C)} (6.5.32)

Then the bounded wy-ultrapower is the wo-union of the wy-chain
#wosinc =0 V;VO (Sinc) ggwo/g_‘wo gWo .. 'gWO V]cho (Sinc) ggwo/g.‘wo gWo

and we can define j,,, by induction. For k = 1, j,,, must be the wy-identity. If
AP €y VEL(ST)#m0/F o and A, &%, #0S™ we simply set
Jw(AP) =wy {Jw(BF)BF €7v A, »  This makes sense: if B, crw Afit
follows from (6.5.16) that {v .., @ w,|Bv €w, V,V{VO(S"”"’)}W0 €y, Foie.,

P Ewy VE°(S™€) 90 /F o, which means that j,.,(B7,) is defined at a previous stage of
the inductive construction.

Combining i,,, and j,,, we get a model of the extended w,-consistent nonstandard
universe

., (6.5.33)

Vwo (Sinc) 2w /3:’w0 VWO (#Wo Sinc)
N /# /! (6.5.34)
two wo
Vwo (SinC)

where " A =, j.,(iw,(A)), forany A €,, V*°(S").Here V" (S"™) and V" (*»S") are
connected by wy-consistent transfer principle.

V1.5.3.4.The embedding V" (S7¢) #w /F*» into V¥ (Fwn §7),

Let #»S™ be the (w,-bounded) w,-ultrapower V" (S7<) € /Fn,

Remark.6.5.10.Note that in contrast with a classical case V" (S") ¢+ /F " not alwais
will

not be the same as the full w,-superstructure V'« (#u8§7<),

We shall now construct an w,-embedding

. VWn (Si”C) KOWn/(‘FW" sy VW” (#WW Smc) (6. 5. 35)
such that: (i) ., is the W= |dent|ty on fn 8™ and (ii) if Ays, €%., #»S™ then
an (A(‘F wn ) =w {JWz ;]«‘Mn “]fwn EFwn A;]«‘Wn } W' (6. 5. 36)

This means that the relation €+« in the w,-ultrapower is mapped into the ordinary
w,-membership relation in V" (#»§") The w,-embedding j,, is constructed in stages.
Let

Vi (S"e) o /F =, {A¥.| Ais a w,-sequence from V(") } (6.5.37)
Then the bounded w,-ultrapower is the w,-union of the w,-chain
Fan Qe =, VYn(SM) 9 |FWn .Sy V(ST O FVn S, 1 (6.5.38)

and we can define j,,, by induction. For k = 1, j,,, must be the w,-identity. If
A €y VEL(ST)#r0/FWo and A, &%, #0S™ we simply set
Jw(AP) =wy {Jw(BF)BF €re A, » This makes sense: if Bif, crv A, it



follows from (6.5.19) that {v €., ©,[By €w, Vi"(8™)} €, F.ie,

P € VI7(S™) 9w /F Wi which means that j,, (B4, ) is defined at a previous stage of
the inductive construction.

Combining i,, and j,,, we get a model of the extended w,-consistent nonstandard
universe

Vw»(sinc) © wn /((FWn VW,,(#W,,SinC)
wog
AN /7 (6.5.)
fwp #W'l
VW" (Sinc)

where fn A =, j, (iv,(A)), forany A €,,, V*"(S").Here V""(S"™) and V" (*»S™") are
connected by w,-inconsistent transfer principle.

V1.6.The Paralogical Transfer Principle

V1.6.1.The restricted inconsistent language

The structure S > R,, has an associated elementary language £(S™ > R,,), which
we used to give the necessary precision to the transfer principle. We need a similar
formal tool to state the extended transfer principle.The language £(V"(S™¢)) will be an
extension of the language £(S™) = £(S" > R,,). We add to our stock of elementary

formulas [see (i)-(vi) in Section 1.11 expressions of the form

X=Y,X=,YV,X=, VY. X=,, 7,... (6.6.1)
and
Xe YV, Xe, V. Xe,, V,Xe,, V,... (6.6.2)
We keep the logical symbols of £(S™),but in addition to the number quantifiers we add
bounded set quantifiers

VXX €, Y),VX(X €, Y),VX(X €,, Y),VX(X €,, Y),...

(6.6.3)
AX(X €, Y),IX(X €, Y),IX(X €,, Y),IX(X €, Y),...

Formulas @ of £(V"(S™)) are then constructed in exactly the same way as formulas of
L£(S™"). A formula @ of of £(V"(S™)) can be interpreted in a natural way in any of the
structures V*(S™), V*(S™)¢+/F¥ and V*(*»8§"); note that in V¥ (S") and V" (*+87)
we have the standard interpretation of the €,, symbol, in V¥ (S”) ¢»/F* we use €g+ as
introduced in (6.5.8) to interpret w-membership. Given any formula ®(X},...,X,) with
Xi,...,X, as the only free set parameters, and given sets 4,,...,4, €, V*(S8"),we mean
by ®(4,...,4,) the statement about V*(S™) obtained by giving the variables X,..., X,
the values 4,,...,4,,respectively. In a similar way we interpret ®(#:4,,...,7#4,) as a
condition about V" (**S"¢) obtained by giving each X; the value #*4; =, j.(i.,(4)).

Theorem 6.6.1.(TRANSFER PRINCIPLE) (i) Let 4;,...,4, €, V*(8").Any
i(VM’(SinC))

statement @ that is true of 4,,...,4, in V¥(S™) is true of ##41,...,%v4, in V*(¥»8§")

(i) Let 44,...,4, €4, V" (8™).Any L(V"*°(S™)) statement ® that is true of 4;,...,4, in

V(8™ is true of #wdy,..., " A4, in VYo (FrShe),

(ii) Let 41,...,4, €,, V" (S").Any L(V""(S")) statement ® that is true of 44,...,4, in



V(S is true of #md,, ... Fmd, in V¥ (FmShe),

Remark 6.6.1.Let 4 = "R then 4 € V>(*R).The canonical embedding
«: V(R) & V(*R)

maps V>(R) to aset *V>(R) < V(*R).Will 4 belong to this set: *V>(R) ? It well known
that

is not necessarily except if 4 € *B for some B € V,(R),i.e. then 4 € *V,(R).

We thus want to prove that

va[(4e B)A(4c R)=4e "ThR)] (6.6.4)
As it stands, (6.6.4) is not an £(V(R)) formula. However, it is equivalent to
va(4 e "B)[vred(re 'R) =>4e "hR)] (6.6.5)

This is genuine £(V"(S™)); i.e., we have only bounded set quantifiers.Now (6.6.5) is
a condition ®(*B, *R, *V>(R)), which by transfer is true in V'(*R) iff the corresponding
®(B,R, V>2(R)) is true in V(R). But the latter condition is trivially true. Thus we have
shown that if a subset of *R is an element of some *B in V(*R), then it is already an
element of the x-image of 7>(R).

Remind the following definition.

Definition 6.6.1.Let 4 € V(*R), then

(i) 4 is called x-standard if 4 = *B for some B € V(R),

(i) 4 is called x-internal if 4 € *B for some B € V(R), and

(iii) 4 is called x-external if 4 is not x-internal.

Remark6.6.2.It well known that every x-standard set is *-internal and that every
element

of an x-internal set is x-internal.

Definition 6.6.2.Let 4 ,, "("R,,), then:

(i) A is called w-standard if 4 =, #+B for some B €,, *(R,,),

(ii) 4 is called w-internal if 4 €,, *»B for some B €, V"(R,,), and

(iii) 4 is called w-external if 4 is not w-internal.

Definition 6.6.3.Let 4 €, V"(**R,,), then:

(i) 4 is called weakly w-standard or wy;;-standard if 4 =,,,, **B for some B €,, I*(R,,),

(ii) 4 is called weakly w-internal or wy;j-internal if 4 €,,,, **B for some B €,, I(R,,),
and

(iii) 4 is called wpjj-external if 4 is not w;-internal.

Definition 6.6.4.Let 4 <, V"o ("oR,, ), then:

(i) 4 is called w,-standard if 4 =, #v0, B for some B €wg, VO Ry, ),

(ii) 4 is called wy-internal if 4 €,,,, #v0) B for some B €wg VO (R, ), and

(iii) 4 is called w g, -external if 4 is not w . -internal.

Definition 6.6.5.Let 4 <, V"o ("oR,, ), then:

(i) 4 is called weakly w o, -standard or w, -standard if

(A =) 0! B) A (A * #“’<°>B> for some B €, ,, V"o (R, ),

w{oy

w0y

(ii) 4 is called weakly w (y-internal or w',, -internal if
(A €wio U B) A (A e #“’<°>B> for some B €, ,, V" Ry, ), and

w0y

(iii) 4 is called wY,,-external if 4 is not w, -internal.



Definition 6.6.6.Let 4 <, o ("wR,  ),n=12,..., then:
(i) 4 is called weakly w,,-standard or w?,, -standard if

0y o0y
(A = BA|A4 =+, B | for some B €, V" (Ry,,),

(ii) 4 is called wy,-internal if 4 €, , #v0) B for some B €wyy VR, ), and

(iii) 4 is called w,,-external if 4 is not w, -internal.

Definition 6.6.7.Assume now that for any 4 €, "(*R,,):

(i) 4 is wpp-standard or (ii) 4 is wpi-internal,

then superstructure 1 (*R,,) is called purely wj-internal and we abbreviate
Vi[dlz]-lnt(#wRW)-

Definition 6.6.8. Assume now that forany 4 €., Vo ("oR,)

(i) 4 is w,-standard or (ii) 4 is wY,, -internal,

then superstructure 7o (“oR,,, ) is called purely w', -internal

and we abbreviate V", ("R, ).

Definition 6.6.9.Assume now that for any 4 e, "« ("®R,, ) :

(i) 4 is wY,,-standard or (ii) 4 is wY,, -internal,

then superstructure 7« ("R, ) is called purely w',, -internal

and we abbreviate Vx)}fn’i_[mcwwﬂ%w )

Remark.6.6.3.We remind now the details of the description the

x-internal sets in the consistent model. Let 4 be *-internal; thus 4 € *V,.1(R) for some

k > 1. This means that 4 will be of the form 4 = j(4+),for some A#.By the

By the construction of j, one then gets

A€ Vi) iff j(dr) € j((Via(R))),
iff A5 € i(Vie1(R)),
where i is the embedding of V'(R) into the ultrapower. The definition of e then
gives
Ade ViaR)iff v € pld, € Via(R)} € F,
where (4,) ., is the bounded sequence defining 4. Thus the *-internal sets are
precisely the objects we obtain by starting with an arbitrary bounded sequence
(4),.,and

the standard objects are obtained by starting from a constant sequence (4)

Remark.6.6.4.Because of their importance we will describe in detail the
w-internal sets in the models. Let 4 be w-internal; thus 4 €, *1},, (S"”" > IRW> for

some k > 1. This means that 4 will be of the form 4 =,, j,.(4%.),for some A4%..By the
construction of j,,, we then get

de, TS, 2 R i) € juGn (Vi (S5, 2 RW))),
iff A cr i (Vi (S26, DR,

vep*

where i,, is the w-embedding of 1(R,,) into the w-ultrapower. The definition of ez
then
gives



#w

A Ew V}g}—l <S$C w > IRW) lff {V Ew ((OW|} Ew ‘(}-Ws

where (4,) ., is the bounded w-sequence defining 4. Thus the w-internal sets are
precisely the objects we obtain by starting with an arbitrary bounded sequence (4)
and the standard objects are obtained by starting from a constant sequence (4)
Remark.6.6.5.

Remind the following Theorem.

Theorem 6.6.2.(i) Every nonempty x-internal subset of *N has a least element.
(i) Every nonempty x-internal subset of *R with an upper bound has a <-least upper
bound.

Proof.We prove (i), so let 4 < *N be internal. Then 4 € *V'(R); see (6.6.5). We can
express the fact that an internal subset of *N has a least element by the condition

VEy

Ve 0°

O -

vx(Xxe T®){[(X+D)A (X< 'N)] = Xhasa < -least element}, (6.6.6)

where the condition: X has a <-least element, in detail is
Ix(x e )Vy[y e X = =(y < x)]. (6.6.7)
Finally we have a condition

® 2 vx(Xe 1hR))
{[(X:t D) A <XQ *N>:| = hxe )V ye X ==y < x)]}.

We thus have a condition ®(N, I'>(R)) such that ®(N, V>(R)) is true in V(R). By
x-transfer condition ®(*N, *F>(R)) is true in V(*R) proving (i).

Remark.6.6.6.1t follows from Theorem 6.6.2(i) that:

(1) *N\N is x-external since there is no <-least element in *N\N : if x € *N\N then also

x—1 € *N\WN.

(2) We also see that N is external; thus N € V,(*R)\*I»(R)

(3) From Theorem 6.6.2(ii) it follows that R as a subset of *R is x-external.

(4) Note that Theorem 6.6.2 is valid only for x-internal sets; the positive infinitesimals
in

*R is bounded but has no least upper bound.

Theorem 6.6.3.(i) If 4 is x-internal and N < 4, then 4 contains some infinite natural

number, i.e., an element of *N\N.

(ii) If 4 is internal and every infinite » € "N belongs to 4, then 4 contains some
standard

n e N.

(iii) If an internal set 4 contains every positive infinitesimal, then 4 contains some
positive

standard real r € R.

(iv) If an internal set 4 contains every standard positive real, then 4 contains some

positive infinitesimal.

Remark 6.6.7.Let 4 <, "R, then 4 <, ¥ (*R,,). The canonical embedding

#,y 0 V'R & V(**R,) maps V¥R, ) to aset “I¥(R,) <, V' (*R,).Will 4 w-belong to

this set: “I’¥(R,,) ? That is not necessarily except if 4 € #»B for some B ,, V'¥(R,),i.e.

(6.6.8)



then 4 € *1,(R). We thus want to prove that
vA[(4e. "B)A(ac,

As it stands, (6.6.4) is not an £(V"*(R,,)) formula. However, it is equivalent to
VA<A = #“’B)[vr e A(r = #“’[RW> =de, "R ] (6.6.10)

This is genuine £(V"(R,,)); i.e., we have only bounded set quantifiers.Now (6.6.5) is a
condition ®(**B,*R,* V¥ (R,)), which by transfer is true in V(**R,,) iff the corresponding
®(B,R,, ¥(R,,)) is true in V(R,,). But the latter condition is trivially true. Thus we have
shown that if a subset of *R,, is an element of some #*B in *(**R,,), then it is already
an element of the w-image of I'y(R,,).

t#Hy

[RW> =, A4 e, V;V(IRW)]. (6.6.9)

The following Theorem very similar to Theorem 6.6.2.

Theorem 6.6.4.(i) Every nonempty w-internal subset of #*N,, has a <,, -least element.

(i) Every nonempty w-internal subset of #**R,, with an <,, -upper bound has a <,, -least

upper bound.

Proof.We prove (i), so let 4 ,, **N,, be w-internal. Then 4 € *V*(R,,); see (6.6.5).
We

can express the fact that an internal subset of #*N,, has a least element by the
condition

P L
@) N\ (6.6.11)
{[(X +v D) A (X Cw #“NW>] =, Xhasa <, -least w—element},

VX(X €,

where the condition: X has a <,, -least w-element, in detail is
Ax(x € X)VY[y €w X =5 =0y <w x)]. (6.6.12)
Finally we have a condition

o2 vx(xe, "R\
{[(X #y D) A (X Cw #WNW>] = Ix(x €, X)Vy[y €4 X =5 = (¥ <u x)]}.

We thus have a condition ®(N,, V>(R,,)) such that ®(N,,, ’¥(R,,)) is true in (R,,). By
#,,~transfer condition ®(**N,,, V¥ (R,,)) is true in V*(**R,,) proving (i).

(6.6.13)



VII. Set theory HST.
VII.1.Axiomatical system HST?, as inconsistent
generalization of Hrbacek set theory HST.

In this chapter we introduces HSTY, inconsistent generalization of Hrbacek set theory
HST and describes the basic structure of the HST? set universe. Syntactically, HST% is
a theory in the sts-<; -st,,-€,, -language, which contains: (1) a binary consistent predicate
of strong or consistent membership €, and consistent unary predicate of strong or
consistent standardness st (and strong or consistent equality =, of course) as the
consistent primary notions and (2) a binary inconsistent predicate of weak or
inconsistent membership €,, and inconsistent unary predicate of weak or inconsistent
standardness st,, (and weak or inconsistent equality =,, of course) as the inconsistent
primary notions. Formula x €,, y reads: x weakly belongs to y, or x is an weak element of
v, with the usual set theoretic understanding of inconsistent membership. The formula
st,.x reads: x is a weakly standard, its meaning will be explained below. A
sts-€ -st,,-<,, -formula is a formula of the sts-¢¢ -st,,-€,, -language. An €,, -formulais a
formula of the €,, -language having €,, as the only atomic predicate. Thus an
€, -formula is a st,-<,, -formula in which the standardness predicate does not occur.
€, -formulas are also called weak internal formulas, in opposition to weak external
formulas, i.e., those st,,-€,, -formulas containing st,,.

VI1.2. The universe of HST%

Inconsistent set theory HST% deals with eight major types of sets: (i) strongly external
or s-external,(ii) strongly internal or s-internal, (iii) strongly standard or s-standard, (iv)
strongly well-founded or s-well-founded,(v) weakly external or w-external,(vi) weakly
internal or w-internal, (vii) weakly well-founded or w-well-founded.

First of all, strongly standard sets are those consistent sets x which satisfy st.x and
weakly standard sets are those inconsistent sets x which satisfy st,.x.Strongly internal
sets are those consistent sets y which satisfy intsy, where int,y is the formula
Istx(y €5 x) = Ax[stex A (¥ €5 x)] (saying: y strongly belongs to a strongly standard set),
weakly internal sets are those inconsistent sets y which satisfy int,,», where int,y is the
formula 3st,.x(y €, x) (saying: y weakly belongs to a weakly standard set). Thus,

(i) Ss = {x: stox}, is the class of all consistent standard sets,

(ii) I, = {y : intyy}s = {y : Ix(y & x)}, is the class of all consistent internal sets,

(iii) S,, = {x : st,x},, is the class of all inconsistent standard sets,

(iv) L, = {y s int,y},, = {y : Ix(y €, x)} , is the class of all inconsistent internal sets,

(v) S* =S5 Us Sy = {x 1 stex}rs Us {x : st,x}, is the class of all consistent and

inconsistent standard sets,

(vi) I" = I,Us I, = {y : intyy}s Us {y : int,y},, is the class of all consistent and

inconsistent internal sets.

The class I; is the source of some typical objects of consistent "nonstandard”
mathematics like consistent hyperintegers and consistent hyperreals, the class 1,, is the
source of some typical objects of inconsistent "nonstandard” mathematics like



inconsistent hyperintegers and inconsistent hyperreals ],

Blanket agreement 1.1. Thus, internal sets are precisely all sets which are elements
of consistent or inconsistent standard sets. This understanding of the notion of internality
and the associated notions like I*,3sts Jstw Jst* = Jsts \/ Jstw \ysts \yst’ = st A ystujg
default throughout this paper. All exceptions (e.g., when IST% is considered) will be
explicitly indicated.

External sets consistent and inconsistent, are simply all sets in the nonstandard
universe of HSTZ. We shall use HZ to denote the class of all consistent and inconsistent
external sets. Thus, HZ is the "universe of discourse", the universe of all sets considered
by the theory, including the class WF% of all well-founded sets. WF% will satisfy all
axioms of ZFC%. The class S” of all standard sets {determined by the predicate st, as
above) will be shown to be &, -€,, -isomorphic to WF%. In a sense, S* is an "isomorphic
expansion" of WF% into HZ. Given that S* is not transitive, I* arises naturally as the class
of all elements of sets in S”. It is viewed as an elementary extension of §* {in g -<,, -
language), and thereby also of WF%. Finally, Hf is a comprehensive universe in which
all these classes coexist in a reasonable common set theoretic structure, with
€ -€,, having the natural meaning in all mentioned universes.

V1.3. The axioms of the external inconsistent universe.

This group includes the ZFC# Extensionality, Pair, Union, Infinity axioms and the
schemata of Separation and Collection (therefore also Replacement, which is a
consequence of Collection, as usual) for all sts-€4 st,,-€,, -formulas or for all sty-c4 -
formulas for short.

V1.4. Axioms for standard and internal sets

Notation 4.1. (1).Let quantifiers 3%, st 3t and V3 be shortcuts meaning: there
exists a

strongly standard..., for all strongly standard,there exists a weakly standard..., for all

weakly standard, ..., formally:

(i) 3txd(x) means Jx[stox A O(x)], (ii) V3x®P(x) means Vx[stax = O(x)],

(iii) I%x®(x) means Ix[st,x A ®P(x)], (iv) V*xD(x) means Vx[st,x = P(x)].

Quantifiers 3"t and V"t (meaning there exists an internal ..., for all internal ...) are
introduced similarly. If g, is an E-formula then g,st, the relativization of g> to S, is the for-
mula obtained by restriction of all quantifiers in g> to the class S, so that all occurrences



of 3 x ... are changed to 3stx ... while all occurrences of V x ... are changed to ystx .... In

other words, g,st says that g> is true in S. Rela-tivization g,int, which displays the truth of
an e-formula g> in the universe 0, is defined similarly: the quantifiers 3, V change to 3int,
yint. The following axioms specify the behaviour of standard and internal sets.

Notation 4.2.For all sts-<; st,-<,, -formulas or for all sty-<4 - formulas for short.

ZFC%' : The collection of all formulas of the form g,st, where g> is an e- statement
which is an axiom of ZFC%. In other words, it is postulated that the universe S* is a ZFC#
universe. (Note that the ZFC? axioms are assumed to be formulated as certain closed
€4 - formulas in this definition.) This is enough to prove the following statement:

Lemma4.1. (1) S, c I, (2) Sy < 1.

Proof.(1) See [18] Lemma 1.1.3.

(2) Letx €,, S,,. The formula Iy(x €, y) is a theorem of ZFC#, therefore [Fy(x €, y)]*""
that is the formula 3%y(x €, y),is true. In other words, x is an element of a standard set,
which means x €, I,,.

1.Strong or Consistent Transfer (s-Transfer): ®i" < ®* where ® is an arbitrary

closed €, -formula containing only consistent standard sets as parameters.

To be more exact, Consistent Transfer is the collection of all statements of the form

VStxy. . VSx, [@M (x,...,x,) < O (xq,...,x,)]

2.Strong Consistent Transitivity of I, : VI"sxVy(y €, x = intsy).

3.Consistent Regularity over I : For any non empty consistent set X there exists

x €5 X such that x Ny X & L. (The full Regularity of ZFC requires x Ns X = Js.)

4 Consistent Standardization: V.X35y(X N S5 = Ns Ss). (Such consistent standard
set

Y, unique by Consistent Transfer and Consistent Extensionality, is sometimes
denoted by S:X.)

5.Weak Transfer (w-Transfer): ®"* — ®s», where ® is an arbitrary closed

€ -€,, -formula containing only consistent and inconsistent standard sets as

parameters.

To be more exact, Weak Transfer is the collection of all statements of the form

VSt VX, VS VS [0S (X, X Ve Vm) = O (X, XV e Vi) ]

6.Weak Transitivity of I,, : Vi"sxVy(y €,, x = int,y).

7.Weak Regularity over I,, : For any non empty consistent set X there exists x €,, X

such that x N, X <,, I,.. (The full Regularity of ZFC requires x N,, X = J,.)

8.Strictly Weak Regularity (Strictly w-Regularity): For any non empty inconsistent

set X there exists x €,, X such thatxn,, X =, T, A =(xNw X =, D).

9.Weak Standardization (w-Standardization): VX3 Y(X N, S, =» Y Nw Sv).

9.Weak Standardization: V.X3%y(X N, S, = N. S.). (Such consistent standard set Y,
unique by Consistent Transfer and Consistent Extensionality, is sometimes denoted by
SWX)

Such inconsistent standard set Y, w-unique by w-Transfer and weak Extensionality,

is sometimes denoted by S».X.

Remark 4.1. (i) w-Transfer can be considered as saying that: 1,,, the universe of all
inconsistent internal sets, is an elementary extension of S,, in the € -€,, -language. It fo
llows, by (ZFCﬁ,)“”’, that the class I,, of all inconsistent internal sets satifies ZFC# (in the
e, -€,, -language ), in fact, we can replace (ZFC#)™" by (ZFC%)™", with relativization to
L., in the list of HSTZ axioms. See also Theorem 1.3.9 below.



(ii) w-Transitivity of I,, postulates that: inconsistent internal sets to form the basement
of the &, -€,, -structure of the universe HY,. This axiom is very important since it implies
that some set operations in I,, retain their sense in the whole universe HZ.

(i) w-Regularity over I,, organizes the HST% set universe HZ in general case as a sort
of hierarchy over the internal universe 1,,, in the same way as the w-Regularity axiom
organizes the universe in the von Neumann w-hierarchy over the w-empty set &,, in
ZFC*.

(iv) Strictly w-Regularity organizes the HST}, set universe H in the von Neumann
w-hierarchy over the w-empty set &,,,but in a strictly inconsistent sense only.

(v) w-Standardization postulates that HZ does not contain collections of standard sets
other than those of the form SN, S,, for inconsistent standard set S.

Remark 4.2. It well known that the ZFC Regularity fails in H = H, : the set of all
nonstandard I,-natural numbers does not contain an €, -minimal element, (see for
example [18], Exercise 1.2. 15(3)). In contrast with a classical case, ZFC# w-Regularity
valid in HZ, but in a strictly inconsistent sense only. For example the set of all
nonstandard I,,-natural contain an inconsistent €,, -minimal element, see [22]-[23].

VII.5. Well-founded inconsistent sets.

Now we can introduce the last principal class: well-founded inconsistent sets. Recall
the following notions from general inconsistent set theory.

Definition 5.1. (i) A binary weak relation <,, on inconsistent set or inconsistent class X
is a strictly well-founded if any nonempty set Y <,, X contains consistent <,, -minimal
w-element x* €,, Y, that is there exists x €,, Y such that no y €,, Y satisfies y <,, x.

(i) A binary weak relation <,, on inconsistent set or inconsistent class X is weakly well-
founded (or w-well-founded) if:

(1) <, is not a strictly well-founded and

(2) any nonempty set Y <,, X contains a <,, -minimal w-element x* €,, ¥, that is there
exists y €,, Y satisfies: y <, x Ax <, y,i.e. y <y x A =(y <w X).

(iii) Inconsistent set or inconsistent class X is w-transitive if any x €,, X satisfies
x Sy X, i.e., weak elements of weak elements of X are weak elements of X.

(iv) Inconsistent set or inconsistent class X is w-complete if we have y €,, X whenever

y Cw x €, X, that is a weak subsets of weak elements of X are weak elements of X.

(v) Inconsistent set x is a strictly well-founded if there is a w-transitive set X such that
x €, X and the restriction €,, | X'is a strictly well-founded weak relation.

(vi) Inconsistent set x is w-well-founded if there is a w-transitive set X such that x <,, X
and the restriction €,, | X'is a w-well-founded weak relation.

Remark 5.1. It is known that all sets are well-founded in ZFC by the Regularity axiom.

This is not the case in HST : the set *N of all I;-natural numbers is ill-founded [18].

Remark 5.2. In contrast with a classical case, all inconsistent sets are w-well-founded
in HSTZ by the Strictly w-Regularity axiom. For example, the set *N = *Nj, of alll

I,,-natural numbers is w-well-founded by the Strictly Weak Regularity axiom.
Definition 5.2.(HST}). (i) Let s-wf,x mean that x is a strictly well-founded. We put
s-WF,, =, {x: s-wf x},, the class of all strictly well-founded inconsistent sets and
(i) let w-wf, x mean that x is a w-well-founded. We put w-WF,, =, {x : w-wf x},,the
class of all w-well-founded inconsistent sets.



Notation 5.1.We introduce quantifiers 35", vs* 3»f. and v* . (meaning: there is
a well-founded ... , for any well-founded ... ) and the relativization (1) ®*"'» to s-WF,,, (2)
O to w-WF,, similarly to 3st, 35t @sts, 35t Jstv @stv in §VII.1.3. In other words, @™
says that gj is true in WIF. The main property of the classes s-WF,, and w-WF,, in HST%
is that it admits a definable €,, -isomorphism w — #w onto the class S of all standard
sets.

PART Il
|.Introduction

|.1.Carleson’s theorem and generalizations in dimention
N = 1.
L.Carleson’s celebrated theorem of 1965 [25] asserts the pointwise convergence of
the
partial Fourier sums of square integrable functions. The Fourier transform has a
formulation on each of the Euclidean groups R,Z and T.Carleson’s original proof
worked
on T.bFefferman’s proof translates very easily to R . Maté [26] extended Carleson’s
proof
to Z.Each of the statements of the theorem can be stated in terms of a maximal
Fourier
multiplier theorem [27]. Inequalities for such operators can be transferred between
these
three Euclidean groups, and was done P. Auscher and M.J. Carro [28]. But Carleson’s
original proof and another proofs very long and very complicated. We give a very short
and
very “simple” proof of this fact. Our proof uses PNSA technique only, developed in part
1,
and does not uses complicated technical formations unavoidable by the using of
purely
standard approach to the present problems. In contradiction to Carleson’s method,
which
is based on profound properties of trigopnometric series, the proposed approach is
quite
general and allows to research a wide class of analogous problems for the general
orthogonal series. Let us suppose that there are general orthogonal series in space
£2(Q)
QcRYd=1,2...



icnfn(x),{cn}zj € bh,fn € £2(Q),n € N.
" (1.1.1)
[/ -f@a s = 5.
Q

We shall say that a sequence {f,}"_; or series (1.1.1) admit LC-property if series
(1.1.1)

converges a.e. It is well known that a general orthogonal series does not admit

LC-property [29-30].

Definition 1.1.1. We shall say that for orthogonal series (1.1.1) LC-property holds iff

series (1.1.1) converges a.e. on a set Q.

A problem corresponding to LC-property is still open for many orthogonal series,

as example for the series by Jakoby’s polynomial. In the present work we shall obtain
a

general sufficient condition guaranteeing the LC-property for series (1.1).

Definition 1.1.2. We shall say that orthogonal series (1.1.1) in a space L,(Q) is a

strongly paraorthogonal series, iff the following condition is satisfies

N .[ [ i) - #wfi(x):Ide = (P8,

fwQ
, (1.1.2)
i,j €w #“N,
#y Hor o, . #y
“filx) €w  La(MQ),i €, N
Here
51] =w* lw = 1=y ], ’6!']' =% Ow S 1 Fyr

and (1.1.3)

|.2.Carleson’s theorem and generalizations in dimentions
N = 2.

Carleson’s results are trivially transferred on N -harmonic Fourier series, for the case
of convergence by cubes, but in the case of arbitral convergence Carleson methods
does not works and,in general,the problem for N -harmonic Fourier series is still open.

Particularly,this problem is open for the case of the spherical sum Ey[f(x)],x € RV :



Eulf)] = @m)" 7 /i - exp(inx)

In?<M (1.2.1)
ne7v
Inll = | X5, n?.
In 1971 R. Cooke proved Cantor-Lebesque theorem in two dimentions [30]: if
lim > c,exp(inx) =0 (1.2.2)
k>0 |p|2=k
a.e. on T?, then
lim Y |ca)? = 0. (1.2.3)
koo |n| 2=

|.3.The uniqueness problem of the trigonometric expansion
in dimention N = 1.Cantor-Lebesque theorem in
dimention N = 1.

The uniqueness problem of the trigonometric expansion in dimention N = 1 can be
stated as follows. Suppose the series

o0

%Jrzl(ancosnerbnsinnx) (1.3.1.)
converges to zero for every x € [-r, ], does it follow that a, = b, = 0 forall n ? The
answer is not obvious, but was found to be affirmative by Cantor in 1870.

Theorem 1.3.1. (Cantor’s uniqueness theorem). If the series (2.3.1)
converges everywhere to zero, then a, = b, = 0 foralln € N.
Let us briefly discuss the proof of Theorem 1.3.1. The first who systematically studied
everywhere convergent trigonometric series was Riemann, in his habilitation thesis
(1854). He had the idea to introduce the function

Fx) = 402 +Z a,cosnx + b, sinnx (1.3.2)

4 n2

n=1

obtained by formally integrating an everywhere convergent series (1.3.1) twice. Riemann
assumed that the coefficients an, bn are bounded, in which case the series (1.3.2)
converges uniformly and hence F(x) is a continuous function on R (note that F(x) is not
periodic if ap # 0). He then proved that the Schwartz second derivative

Fx+h)—-2F(x)+F(x—h)

- (1.3.3)

D?F(x) =




exists, and is equal to (1.3.1).Cantor proved that the coefficients a,, b, are tending to
zero (and in particular, they are bounded). If we now assume that
(1.3.1) converges everywhere to zero, then D?F(x) = 0. It is then possible to
prove that F(x) is linear,which quite easily implies that a, = b, = 0. For more
details see [6,chapt.l].
Let us consider the uniqueness problem for a trigonometric expansion which
converges almost everywhere. That is, suppose a function f{x) admits a
trigonometric expansion such that (1.3.1) holds for almost every x. Is the
expansion unique? Equivalently, suppose that (1.3.1) converges to zero for
almost every x,does it follow that @, = b, = 0 for all n?
Lebesgue developed his theory of measure and integration in the years 1902-1906. In
the following years it became common to consider sets of
measure zero “negligible”.
Theorem 2.3.2.(Cantor-Lebesgue).If a, cosnx + b, sinnx — 0 for all x
in some set E of one-dimensional positive measure, then
an, b, - 0.
Proof. By Egorov’s theorem we may assume that u,(x) = a,cosnx + b, sinnx
tends to 0 uniformly on some set E of positive measure. Consider the
equations u,(x) = a,cosnx + b, sinnx and u,(y) = a,cosny + b, sinny as a linear
system with unknowns a,, b,. The determinant of this system is sinn(y — x).
Since E has positive measure, the set £ = {y —xlx,y € E} contains some
interval (-8,0) (see [41], Lemma 3.37, p. 46), therefore for any sufficiently
large n there exist x,y € E such that y —x = . For such x,y we have
sinn(y —x) = 1, hence the above system determines a,,b, uniquely,
an = u,(x)sinny — u,(y) sinnx; b, = u,(y) cosnx — u,(x) cosny. Therefore

lanl,|bn| < lim (2 sup |u,,(x)|> = 0, and so Theorem 2.3.2 is proved.

xeE

Theorem 2.3.3.(Menshov). There exists a non-zero series (2.3.1) which
converges to zero for almost every x.

Lemma (Menshov). There exists continuous function F(x) such that:
(1) F(x) # const on [0,2r];
(2) F(x) = c for all x in some set P of Lebesgue measure zero;
(3) the equality

lim IF(a)cosn(a —x)da =0 (2.3.4)

n—>

is satisfied uniformly on [0,27].

Proof. (a) We define a set P in the following way.From the interval [0,27]



we remove a central open interval such that there remain two closed
intervals of equal length z. From each of these two intervals we remove
again a central interval such that there remain 4 closed intervals of length
23—”. Continuing this process, on the k-th step there remain 2* closed

intervals of length -2=-.

(b) Supose that §;,1 < i < 2 -1 is any one of the intervals which was deleted
from the interval [0,27] in the k-th step of the above procedure.

|.4.The uniqueness problem of the trigonometric expansion
in dimentions N > 1.Cantor-Lebesque theorem in

dimentions N > 2.

Let TV = [0,1)" < R" be the N dimensional torus.Let {f,(x)} _, be a real or complex
valued system of functions that are in

. (1.4.1)
Lo(TV) 2 {f(x)|f: T - G ] ) "d¥x < oo}.
The inner products (-, ) : Lo(TY) x Ly(TY) - Cin Ly(TV) is
— 1.4.2
(£,08,) = [ £,0.F,00d"x (142
where the bar denotes complex conjugate.If satisfy
f,.f,)=0ifn+m,
. (1.4.3)
f,.f,)=1ifn=m,
n,me N
we call the system {f, (x)} _, orthonormal (ON).Given an ON system and
a function f{x) on T¥ it is often possible to represent f (x) € L,(T") as an
infite linear combination of the elements of the system.
Definition  1.4.1.If the linear combination,_ _ a.f,(x) be everywhere
pointwise convergent to the value f (x),i.e.
vx e TV : fix) = lim ZneN af,(x), (1.4.4)

3.2.2.1f the linear combination,zneN a,f,(x) be o.e. pointwise convergent to the value

f),ie.



Vx € TNE
p(E) =0: (1.4.5)

fx) = lim D a.f,(x),

In 1971 R.Cooke proved Cantor-Lebesque theorem in two dimentions [31]:

. H#w
Chapter Il. Analysis on ""®R,, . .

Il.1.Paraordered fields.

[I.1.1.Designations

Remind that «!"! stands for ¢! A (a"'H[%) where al®l 2 g A —p0,1 <5 < o.
Designations 2.1.1.In this section we will be write for short x =wyy Y instead

(x = »)",n = 1,2,...;and we will write for short x <,,,, y instead (x <, »)",n = 1,2,...
Remark 2.1.1. Thus we will be write

X Zwpy ¥
instead (2.1.1)
(x =w ) A—wlx =v y)
etc. and we will be write

X <wyy Y
instead (2.1.2)
(x <w y) A—=wl(x <w )
etc. and we will be write
x SW[I] y

instead (2.1.3)
(x <wyg y) V(e =gy p).



Remark 2.0.2. In this section, we will be distinguish:
(1) the relations:
(i) strong (consistent) equality denoted by (e = o),
(i) weak equality denoted by (e =,, o)
(iii) weak (inconsistent) equalltles denoted by
(o =wyy ®)ses (o =wy; ®)eeon =12,
(2) ( ) strong (consistent) mequallty denoted by (e <5 o),
(ii) weak inequality denoted by (e <,, o),
(iii) weak (inconsistent) inequalities denoted by
(o <wyy ®)seees (@ <upy ®)seesn=12,....
(iv) weak (inconsistent) inequalities denoted by
(o <wy ®)seven(® <wyy ®)..,n=12,....
Designations 2.1.2. (1) We will be write for short:
(i) (o #5 o) instead —s(e =; o),
(i) (o #¥ o) instead —,, (o =; o),
(iii) (o 3, o) instead — (e =, o),
(iv) (o #% o) instead —,, (o =, o),
(1) We will be write for short:
(i) x =uy, yinstead [ (x = ») V (r =u ») A [ —wlr =y 0] ]
(ii) x =y, yinstead [ (x =, y) V (x = ») V (x =y, y)A [ =0, »]]
(iii) x =y, y instead [(x =5 V)V (x =w ) V...V(x =y, ¥) A [ﬁw(x W y)]],
n=12,.
(iv) x =, yinstead (x = y) V (x =y, ») V V0<n<m =y Vs
Remark 2.1.3.(i) Note that in general case —;(x <, y) ¥ y <y x, i.e. in general case
X <y y @y (¥ <w X). (2.1.4)
We often will be write for short: x «§, y instead —;(x <, »).
(ii) For any x and y such that —;(x <,, y) + ¥ <, x we will be write for short:
x <5y (2.1.5)
instead x <, y,i.e.we will be write x <3, y iff
—s(x <w YY) S5y <y X (2.1.6)
We often will be write for short: x «§, y instead —;(x <$, y).
(iii) Note that in general case —,,(x <, ¥) ¥ y <, x, i.e. in general case the statement
—w(x <, y) does not imply provability of the statement y <,, x and therefore in general
case

—w(X <w ¥) @5y <w X (2.1.7)

We often will be write for short: x «}; y instead —,,(x <, y)
(iv) For any x and y such that —,,(x <,, ¥) + ¥ <, x we will be write for short:

xX<yy (2.1.8)
instead x <, y,i.e.we will be write x <} y iff
—w(x <y ) S5 ¥ <y x. (2.1.9)
We often will be write for short: x «}, y instead —,,(x <}/ y).



(V) (x <w ») A =(x < p) @5 —u[s(V <w X) A=y <y x)] Orx Swm Y P _‘W<x Swm y)
in general case, i.e.

Designations 2.1.3. (I) We will be write for short:

(i) x =, y instead [(x =, y) V (x =, )] etc.

Designations 2.1.4. We will be write for short:

(i) x < vinstead [ (c <o 2V (x < ) A [lr <, 0] ],

(if) x <w, yinstead [ (x <y ») V (x <u )V (¥ <upy 2) A =lx <uy ) s

(iii) x <w,,, v instead [(x <5 PV < p) VeV <wgy 2)A [—|W(x Wy y)] ],
n=12,...

Designations 2.1.5. We will be write for short:

(i) x <w,, yinstead [(x <s ) V (x <w ¥)] A —slx Sw »)s

(ii) x Sway Y instead [(x <; ») V (x <w ») Vx <wyy VIA —s(x Swm »)s

(iii) x <, yinstead [(x < ») V (x < ¥) V... V(x Sy MTA —s(x Swpy V) n =12,

Designations 2.1.6. We will be write for short:

(i) x <wg, yinstead [(x <s ) V (x <uw )] A —s(x <w, V),

(i) x <w,, yinstead [(x <; ») V (x <w ¥) VX <uyy Y] A —s(x <wy ),

(iii) x <w,,, yinstead [(x <; ») V (x <w ¥) V...V(x <wyy MTA —s(x Wy y),n=12,...

Designations 2.1.7. We will be write for short:

(i) x <w,, yinstead [(x <; y) V (x <w »)] A —s(x Swm »),

(ii) x Sway Y instead [(x <; ») V (x <w ) Vx <wyy VIA —s(x Swm »)s

(iii) x <, yinstead [(x < ») V (x < ¥) V... V(x Sy MTA —s(x Swpy V=12,

Remark 2.1.4.(i) Note that in general case —(x <., ») # y <w,, ¥, i.€. in general
case
X <wgy ¥ @5 25V <wgy X). (2.0.10)
We often will be write for short: x «}, , yinstead —,(x <w,, »).
(i) For any x and y such that —,(x <y, ¥) F ¥ <w,, x we will be write for short:
X <y Y (2.0.11)
instead x <., »,i.e.we will be write x <}, | » iff
—5(X <wigy V) S5 Y <y X (2.0.12)

We often will be write for short: x 3, yinstead —,(x <3, »).
(iii) Note that in general case —,,(x <., ») ¥ ¥ <uw,, ¥, i.e. in general case the
statement
—w(x <y, ») does not imply provability of the statement y <,,, x and therefore in
general case
(X <wg V) s Y <wy X (2.1.13)
We often will be write for short: x «

(iv) For any x and y such that —,,(x <., ») =y <w,, x we will be write for short:
X < Y (2.1.14)

yinstead —,(x <, »)



instead x <y, »,i.e.we will be write x </ |y iff
—w(X <w ¥) S5 Y <w X, (2.1.15)

We often will be write for short: x «, yinstead —,, (x <}, »).
Remark 2.0.5.(i) Note that in general case —(x <., ») # ¥ <w,, X, i.€. in general

case
X <wgy ¥ ®s 25V <y X). (2.0.10)
We often will be write for short: x «;,  yinstead —(x <u,, »).
(ii) For any x and y such that —,(x <y, ¥) F ¥ <u,, x we will be write for short:

X < ¥ (2.1.11)

Proposition 2.1.1. (i) x <,,,, yory <., xbutnotx <, , yandy <, , x
simultaneously,

(i) x <w,, yoOry <,,, xbutnotx <, yandy <, xsimultaneously,

(iii) x <w,, yory <, xbutnotx <,  yandy <,, xsimultaneously,n =1,2,... .

Proof.Immetiately from definitions.

1I.1.2.Basics about paraordered fields.

In this section we will define the notion of paraordered field, which is simply a field in
the algebraic sens together with a total order which has a compatible behavior with the
operations of the field.

Definition 2.1.1.A w-consistent field (w-field) is a w-set k,, (w-set k,,) together with

two binary operations +,, (addition), x,, (product) which satisfy the following axioms:

FD) () Vx,y(x,y € ky =5 x+0 ¥ €4 ki), (il) Vx,p(x,y €4 ki =5 x %y € ky).

(FY) (i) Vx,p,z[x, 0,z €y ki =5 (0 +wy) +wz =0 X+ (0 +0 2)],

(i) Vx,p,z[x, 1,2 €w ki =5 (X X V) X 2 =4 X Xy (¥ Xy 2)].
(F3) () Vx,y[x,y €w ki =5 (x+0y) =w (v +w X)],
(ii) Vx,y[x,y € ki =5 (XX y) =0 (v xw x)].

(F}) There exists a w-unique w-element 0,, ,, k,, such that
Vx €, ky[x +, 0] =w x.

(F%) There exists a w-unique w-element 1,, €,, k,, such that
Vx €, ky[x xy 1] = x.

(F§) Vx(x €y Kyw)Iy(y € k)[x +wy =w 0]

(FY) Vx,p,z[x,0,z €4 ki =5 (X +0 ) X Z = X Xy Z+ Y Xy Z].

Definition 2.1.2 (w-ordered w-field). An w-ordered w-field is a w-field k,, such that a
binary

predicate <,, is defined on the set w-k,,, such that w- satisfies the following axioms :

(AY) Vx,y €, k,, one and only one of the following holds :

(i) x <y, (i) x =, p, (iii)x =y y, (I(V)x €%y, (V)y <w x, (Vi)y <) x.

(AY) () x <y &5 (v <w x), (i) x <y 2wy <wx,(lli)x <y 2y <wx

(AY) Vx,,2(x,y,z € kw)[(x <w ¥) A (& <w 2) =5 X <y Z].

(A)) VX, ,2(x,3,z €y ky)[X <y ¥y =5 X +wz <y ¥+ z].

(AY) Vx,p,2(x,y,z €4 ku)[(x <w ¥) A (0 <y 2) =5 X Xy 2 <y ¥ Xy Z].



Designation 2.1.1.A w-field (k.,,+. ,x, ) which is an w-ordered w-field for <,, will be

noted (K., +yw , Xw ,<w ).

Definition 2.1.2.We say that an element x €,, k,, is a w-positive element if x,, > 0,,.
We

denote k7, the set of all w-positive elements.

Remark 2.1.1.

Definition 2.1.3.The following function ||, : k., - k3, U, {0,}, is called w-absolute
value
and can always be defined on any w-ordered w-field.

w-max(—, x,x) <=5 x #, 0, Ax £ 0,
el =w \ ) (2.1.12)
0y = x =y 0y

Proposition 2.1.1.

Definition 2.1.1.A w-field is an wyj-inconsistent set order one k,, (w-set k,,) together
with
two binary operations +,, (addition), x,, (product) which satisfy the following axioms:
(FY) () Vx,p(x,y €5 ky =5 x+uy €5, ki), (il) Vx,p(x,y €3, ki =5 x %y €5, kyy)
(iii) Vx,p(x,y Ewyy ki =5 X +wy €y ki), (iv) Vx,y(x,y € Ky, =5 X Xw Y €y ki)
( k, is closed at least in paraconsistent sense order one under addition and product)
(F%) (1) Vx,p,2[x,,z € ki =5 (X +w ¥) +w z =y, X+ (V +w 2)],
(ii) Vx,y,z[x,,z €w ki =5 (X +w ¥) +w z =y X+ (0 +w 2)],
(the binary operations are associative in paraconsistent sense order one)
(FY) (i) Yx,ylx,y € ke =5 (x+wy) =y O+ X)],
(F¥) (i) Vx,y[x,y €w ki =5 (x X y) =y OV Xw x)]
(the binary operations are commutative in paraconsistent sense order one)
(F%) There exists a w-unique w-element 0,, €,, k,, such that
(i) Vx €, ki

[I.2.Limits continuity, and the derivative

Any consistent sequence {a,},., isamapa : N » R and, as such, has an
paraconsistent extension to a map ##a : **"N - #*R. For any n € **N we write a}» = *va(n)
. We use {a,} _ Or{a;"} to denote the extended paraconsistent w-sequence.

o
ne ""N

For any elements a,a4' € *R we shall write a ~,, 4’ to mean that the difference a —,, a'



is infinitesimal at least in inconsistent sense.
PROPOSITION 2.2.1.(i) lim,.e @y = a iff aly”" =, aforall @ € #N\.
(i) im0 a, = a = aly ~, aforall ® € "N\,
Remark 2.2.1. (i) Here the left-hand side of the equivalence in statement (i) has its
standard meaning inside V(R). The right-hand side is a statement about the weacly
consistent extended universe V(*»R).
(ii) (i) Here the left-hand side of the implication in statement (ii) has its standard
meaning
inside V(R). The right-hand side is a statement about the paraconsistent extended
universe V(*R).
Proof. (i) If llim,.. a, = a , then given any ¢ > 0 there is some n € N such that the
following statement is true in V(R) :

Vm(m e N)[m>n = la—anl|] < ¢ (2.1.1)

By w*-transfer the statement

#,* #,*
Vm(m e " N)[m >n = |a—am”

]<e (2.1.2)

is true in V(**R). If ® € »*N\N, then |a —ay”
this is true for all standard ¢ > 0, it means that the difference an” —w* da, IS
w*-infinitesimal, i.e., an =, a.
We present bellow two versions of the proof of the converse of the statement (i):
(ii)
Definition 2.2.1.Let (x,) ., be a sequence (x,),., = R.A wy,-hypersequence
Gk, e thatis amapping » o [(x,),q] 1 N0 > R0,

w0y

< gis true in V(*»R). Since

Definition 2.2.2. Let (x,),., be a sequence (x,),,, < R.A wi-hypersequence
{n} e, o thatis @ mapping o [(r,),0] N0 o R,
Definition 2.2.3.A wo,-hypersequence {x,} is:

#w
ew<0> N0}

i) wy-increasing (or non-w y,-decreasing) if x, <., x,.1 foralln e, N* o ;
ii) w0y -decreasing (or non-w o, -increasing) if x,.1 <., x, foralln e, N* o
iii) strictly wy-increasing if x, <y, xu:1 foralln €,,, N#“’«»;
iv) strictly w,-decreasing if x,.1 <u,, x, foralln e, N0

Definition 2.2.4. A w,-hypersequence {x,,}nEw1 N 5

(
(
(
(

(i) wqy-increasing (or non-wi-decreasing) if x, <, xu.1 foralln €, , N*;
(i) w1, -decreasing (or non-w iy -increasing) if x,.1 <., x, foralln €,,, NF
(iiii) strictly wiy-increasing if x, <y, x.1 foralln €, N*;

(iv) strictly wy,-decreasing if x,.1 <w,, x, foralln €,,,, N,

Definition 2.1.5. A w,-hypersequence is:

(i) wioy-monotone if it is either w o, -increasing or wo,-decreasing;

(i) strictly wyo,-monotone if it is either strictly woy-increasing or w-strictly
w0y -decreasing.

Definition 2.1.6.A w,,-hypersequence is:



(i) wiy-monotone if it is either wyy-increasing or w,-decreasing;

(i) strictly w,;,-monotone if it is either strictly w,-increasing or strictly
wyn-decreasing.

Definition 2.1.7.We call x €, R*0 the w (,-limit of the w ,-hypersequence

{x,,}neww) (o, I the following condition holds:for each hyperreal number ¢ €, R0,

€ wy, > O, , there exists a hypernatural number N €, , N*or such that, for every

hypernatural number  n ., > N, we have [x, —v, X|w, <w, & The

wyop-hypersequence {x,} ., is said to w,-converge to or tend to the w o, -limit
W<0>

X,
written x, -, x Or wyy-lim x, =,,, x.Symbolically, this is:

n—o0" {0}

Vg(gww > me) AN

(2.1.3)
[IN(N €y N0 )Vn(n €y N0 Y0y = N = o —wg Yooy <wgy €] ]

Remark 2.1.2. For wy.-hypersequences {x,}

UEW<O>

#y e .
o, Cwgy, RO it is also convenient

to define the notions x,, >, ©™©and x, -, 000 @S N >y, 00O,

Wiy
Definition 2.1.8.If {xn}ne oy Cwey R*" 0 then x, —
{0}

w{o0}

oo#w<0> asn - oo#w{0>

w0} w0y

. ” #.p . .

if for every positive hyperreal number M €,,, R"™"¢ there exists an hyperinteger
H#

N €y, N0 suchthatn ., >N = x4 wy =M (X0 Suyy, —wg, M), We

say{xn}nEW oy
1 H #w #y H : Hw #w
has w g, -limit oo™ (-, 00" ) and write wyop-lim sy Xn =i, 0070 (—y) 00770)).
Definition 2.1.9.We call x €, R™ the wy,-limit of the w,1,-hypersequence
{xn}nEw<1> T if the following condition holds:for each hyperreal number ¢ €, , Ry,

€ wy, > 0y, there exists a hypernatural number N €, , N*u» such that, for every
hypernatural number  n ., > N, we have [x, -, X|w,, <w,, & The

w-hypersequence {x”}newm (v, 18 said to wypy-converge to or tend to the w;-limit
X,

written x, -, xor lim x, =, x.Symbolically, this is:

e {1}

Wiy

Vs(swm > me) .
#w #w
[aN(N €y N <1>>Vn<n €y, N <1>)[nwm > N = =gy Mg, <wq, €]]-

Remark 2.1.3. For w;;-hypersequences {x,} _ Sy R*u it is also
W(l

, NPy
convenient
to define the notions x, -,
Definition 2.1.10. If {x,}

o™ 0rand x, - o™ as n =, 0™,

way  Twy Wiy

# o ( Ho )
. ay ay (oo™
Cugy N Cwyy R then x, ., o 0 as

n =g, o™y if for every positive hyperreal number M S R*"1) there exists an
hyperinteger N €, ,, N*u» such that n way =N =5 X0y, 2 M (X0 Supyy —wyy M),

we say{x,} _ has wg,-limit o™ (-, ©™) and write
W{

a
{13
y N



W{l}-limnqw#w{U Xn =wqy oo#w‘(l) (_W(l) oo#w‘(l) )
Theorem 2.2.1. (i) Every w g, -internal w,-hyperbounded w ,-monotone
w0,-hypersequence in R™o has a w,-limit in R*o:.
(if) Every wyo,-external wo.-hyperbounded strictly wo,-monotone w,-hypersequence
in R™o has a w g, -limit in R0,

. Hw . . . .
Proof: Suppose {x”}new (e Cwg, R7M0@nd {xn}newm (o, 18 wop-increasing (if

X}

w0y

(o, 18 wioy-decreasing,the argument is analogous). Since the set

W{O}-U{x”}newm (o, Of wiop-hyperreals is w o, -hyperbounded above, it has a least
n

woy-hyperupper bound in R#“’<0>, x, say. We claim that x, -, xasn -, o0 In
order

to see this, note that x,, <., xforalln e,,, N™o;butife,, > 0., thenx

woy = X —w, & for some k, as otherwise x -, € would be an upper bound. Choose
such

k = k(e).Since xi ,, = x—w, & thenx, > X —w,, € foralln,, > kasthe

w0y
sequence
is increasing.Hence x —,, & <w, Xn <w,, x foralln,, > kThus |x -, x,,|w<0} <wgy €
for n,,, >k, and sox, -, xsincee¢ ,, > 0., is arbitrary.

#W . .
(i) Let R’ be Dedekind completion of R**«:. Suppose {x"}newm oy S R0 and

{x,,}nem) (v, 18 strictly woy-increasing (if {xn}new{m

argument is analogous). Since the set W{O}'U{x”}
UEW<0

P, 1S strictly wg, -decreasing,the

(oo, Of wiop-hyperreals is
»

"
w0,-hyperbounded above, it has a least w o, -hyperupper bound in sz4°>, x, say.
Assume
that x = #*a,a € R™ o ,where *a is image « in sz,see [46].In this case argument is
the same as above.Assume now that x = #a, Va[a e R*o :|,i.e. x is absorbtion number
in
R, We claim that again x, - o X @S 71 =y, 0. In order to see this, note that

Xn Swy, xforallne,, N™o;butife,, > 0., thenx; , >x-,, ¢forsomek, as

w0y
otherwise x -, ¢ would be an upper bound. Choose such
Theorem 2.1.2.

Theorem 2.2.3.(Comparison Test)

() 1f Oy Swgy Xn Swggy YufOrallmoy >N €y N™0and y, =y, 088 7 >, ™0,

then x, =, 08sn —»,,, oo,

(il) If Xy <wy, yaforallm,, >N ey, N0 x, >, x88n >y, o™ 0and y, >, »
as

n oo™ then x Swiy V-

(iii) In particular, if x, <., aforalln ., >N e,, N"oandx, -, xas

o
n =y, © "o, thenx <, a.

w{o0y



I1.3.Cauchy w.-hypersequences and
wy-hypersequences.

11.3.1.Cauchy w.-hypersequences.

Defnition 2.3.1. A w,-metric space (X;d.,, ) is a set X together with a distance
function  dy,, : X%y, X - R™such that for all x,y,z €,,, X the following hold:

1o, (61) wiy = Owigya@ivg, (6,1) =i, Oy <5 X =0y, ¥ (POSitivity),

2. dwy, (X,3) =wy, dwy, (V,x) (Symmetry),

3. di g, (X,1) Sy dwi, (X,2) +uy, dwy, (2,p) (triangle inequality).

We denote the corresponding metric space by (X;d., ), to indicate that

a metric space is determined by both the set X and the metric d,, , .

Definition 2.3.2. Let {x,},, = Wb e, o S X where (X;dy ) is @ wo,-metric
space. Then {x"}w«» is a Cauchy wo,-hypersequence if for every ¢ ,,, > 0., there
exists an hyperinteger N €,,,, N* "0 such that

mn ., 2N =5 g, (XmsXn) <wg, € (2.3.1)

We sometimes write this as dy., (tm,Xn) 2w, O, @S M, >y, 00,

11.3.2.Cauchy w . -hypersequences.

Defnition 2.3.1. A w;,-metric space (X;d. ) is a set X together with a distance
function  d,, : Xx,,, X - R™wsuch that for all x,y,z €,,, X the following hold:

1dw, (6Y) way = 0wy, (6,Y) =wy, Owy, &5 X =w,, ¥ (Wi -positivity),

2. dw,, (x,y) =wgy dw,, (0,x) (Wi -symmetry),

3. dwy, (6,Y) Swyy dwy, (X,2) +uyy duy, (2,y) (triangle w iy -inequality).

We denote the corresponding metric space by (X;d. ), to indicate that

a metric space is determined by both the set X and the metric d,, ,, .

Definition 2.3.2. Let {x,,}Wm = ) oy Cway, X where (X d
{

Swpy

way) 18 @ wy-metric

space. Then {x,,}Wm is a Cauchy wo,-hypersequence if for every ¢ ,,, > 0., there

exists
an hyperinteger N €,,, N such that

m,n > N =dw g, (XmsXn) <wg, € (2.3.1)

We sometimes write this as dy., (tm,Xn) 2w, O, @S M, >y, 00,

W0y



I1.4.w 40,-Limits and w,-Limits of Functions

11.4.1.w 4 -Limits of Functions

Definition 2.4.1.Letf: 4 > Y, 4 c,,,, X, where (X;d.,) and Y is a wy,-metric
spaces,
and let a be a w o, -limit point of 4. Suppose

[($503 1y, Sy A @by ) A Gin gy @) ] =0 @) 0 b (2.41)
Then we say f'has wy.-limit b at a and write
0% lim SX) =y, b (2.4.2)
Xn=wgy @ xew~<0> A
or
W0}~ xﬂliw.r}; LSO =wg, b, (2.4.3)

where in the last notation the intended domain 4 is understood from the context.
Definition 2.4.2.

I1.4.2.w ¢, -Limits of wy-Functions

11.5.w 40, -Continuity at a point

Definition 2.51.Letf: 4 > ¥, 4 c,, X, where (X;d.,,) and Y is a wy,-metric
spaces,

andleta €, 4. Then fis w,-continuous at « if a is an w, -isolated point of 4, or if

a is a wy,-limit point of 4 and

W 0y- lim ) =, fla). 2.5.1)

xn—’ww) a, XEww)

Definition 2.5.2.1f fis w,-continuous at every a €., 4 then we say fis
woy-continuous.

The set of all such w,-continuous w ,-functions is denoted by C,, ,, (4,7).

Example 2.5.1. Define

. —w 1w .
X X (w{o}—smx "0 ”<0>> if —s(x =w, Owgy)

Sfx) “wyoy 0

| (2.5.2)
ifx =g, Owg,

fis wo,-continuous everywhere on R*"o; ,



11.6.Uniform w ,-convergence of functions
11.6.1.Uniform w,-convergence of functions

Definition 2.6.1. Letf,f, : S > Yforeveryne,,, N*"0r where S is any set and
(Y;dw,,) is @a wy,-metric space. If f,(x) -, fix)forallx e, , Sthenf,(x) -, Ax)
pointwise on S.

Definition 2.6.2. Letf,f, : S » Yforeveryne, N*"0r where S is any set and
(Y;dw,,) is @a wy,-metric space.If for every ¢ ., , > 0., there exists N €, ,, N* o)
such

thatn v, = N = du,, (fa(x).fx)) <w,, ¢forallx e, Sthenwe sayf,(x) -, fx)
uniformly on S and write f,(x) 3w, fx).

11.6.2.Uniform wy-convergence of functions

I1.7.Uniform w ;,-convergence and w-continuity

11.8.The wy-derivative of w,-internal function of one
variable
Definition 2.8.1.For each w ,-function f : R""® - R*o , we define its w (, -derived
function /" : R*© — R*w by setting, for every point p €, R"©

f(x) 2O f(p)

Iy _ .
Sror(p) = wygy -lim X=w P

Yy P
if this w oy -limit exists.If the w o, -limit in (2.8.2) exists, we call it the w o, -derivative of f
at p.If, in addition, this w s, -limit is w,-finite or w-hyper finite, we say that fis
w o -differentiable at p. If this holds for each p €,,,, B S, R™o, we say that fhas a
w (0y-derivative (respectively, is w ¢, -differentiable) on B, and we call the function /"
the
w0y -derivative of fon B.If the limit in (2.8.2) is one sided (with x -, p- Orx -, p+),

(2.8.1)

. .
we call it a one-sided (left or right) w o, -derivative at p, denoted - “ or f. .
Definition 2.8.2.Given any w ,-internal function f;,, 2 /™o : R"0 - R*0 where f :
R - R,we define its n-th w,-derived function (or w,-derived function of order
n €y, N#”’<0>),denoted f vy . R*0r R* "0, by transfer:

(0)

w (1) w # y . (n)w # ) .
#w W w
ﬁnt o :W40> f © 9ﬁ11t o :W40> <f(1)> © LR sf;'nt o :W(o} (f(n)) o (2 8 2)

Definition 2.8.3.We say that f,; has n w,-derivatives at a point p iff the w.-limits



11.9.The w4 -integral.
11.9.1.The w -Internal w4, -integral.

A

In this section we deal with w . -internal function f;,, 2 "0 where f: R - R, defined on
a w,-finite interval [a,b] ™. A w ,-hyper finite internal partition of [a,5] "o is a
wor-hyper finite set of w o, -subintervals

Hy Hy #y
{0} {0} {0}
[xOW«» ’x1”‘<0> ] > [x1”‘<0> ’x2w<0> ] e [xN‘W«» Loy ’xN] ’ (2.9. 1)

where N e, No and where {x,}"

_ is an wyo-internal w,-sequence such that
oy Oy

@ =iy X0uy, <wiy Xl <wiy X2u Swigy - Swggy XN Zwyg, b (2.9.2)

Thus, any w,-internal set of N +,,,, 1., points satisfying (2.9.2) defines an
woy-internal partition P, (N) of [a,b]"©, which we denote by

Pw<o> (N) =w {xowm 2 X Ty oe e ,xN}

The points X0y, 3 X1 5+ -+ XN Ar€ the partition points of P, = P, (N). The largest of

(2.9.3)

w{oy

the lengths of the w g, -subintervals (3.1.1) is the norm of P,, , , written as || P, |; thus,

||PW<0> | =wi 1<W{OI>HZ%§{O> (xl- “wioy Xirwg, 1w<0>>, (2.9.4)
where RHS of (2.9.4) is defined by w,-transfer.

If P, and P, are partitions of [a,b]"" 0, then P, is arefinement of P, , if every
partition point of P, ,, is also a partition point of P that is, if P/W<0> is obtained by
inserting additional points between those of P, , .

Definition 2.9.1.If w o, -internal fis defined on [a,b]"®, then w (,-internal w , -hyper

finite wyo,-sum

w{oy

i .
W(()} ’

N
N — - . - .
Ty T WO L, GO (x_, woy X, 1“’<0>>’ (2.9.5)
{0} ~"{0}
. N .
where Xjowgy Ly <wioy € <wioy Xi> Ly, <wioy J <wigy N and where {cj}j:w<0> L, is any

wyoy-internal w0, -hyper finite sequence, is a Riemann w . -hyper finite w,-sum of f
over

the partition P,, ,, (V). We will say more simply that Glx«» is a Riemann w ,-hyper finite

w (0y-sum of fover [a,b]™" .

11.9.2.The w-External w . -integral.



A

In this section we deal with w . -internal function f;,, =f#”'<0> where /' : R - R,defined on
a w,-finite interval [a,b] ™. A w ,-hyper finite internal partition of [a,5] "o is a
wyor-hyper finite set of w o, -subintervals

o o o
{0} {0} {0y
[xOW«» Xl ] ’ [x“‘«» "X 2u, ] SR [xN‘W«» Ty ’XN] (291

. H#w
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11.8.Internal and external series in R*"« of
wy-hyperreals.

11.8.1.Internal series in R**©: of w,-hyperreals.

Definition 2.8.1. We call w,-series in F**o (which means R*"o or C*v1) any pair
(f"or, g ") of wgy-hypersequences, where [ : N™ 0 » F™o is w,-internal
mapping which defines the general terms of the w o, -series, also noted x, =t g, o (n)

and
g :N™o - F™u represents the sequence of partial w ,-internal w , -hyperfinite sums
Sp, I.€.

#w
Sn Sty WO D Xn g, &0 (1), (2.8.1)
=0
Instead of (fwr, g *01), the w,-series in Fv: is frequently marked as an
wor-hyperinfinite sum

o010

Wy D X (2.8.2)
n=0

Definition 2.8.2. We say that the w,-series (/" g ™) is w,-convergent to
S €wy R*0:, respectively s is the sum of the w ,-series, iff the w ,-hypersequence

{S”}new v, » OF partial sums, w ,-converges to s, and we note
Hyw
P ()
20 Z Xn =wegy w{()}-limn%#w{m Sn =wy S (2.8.3)
n=0

Theorem 2.8.1.(The general Cauchy’s criterion). The w.-series (2.8.2) is
wo;-convergent iff for any ¢, , > 0., we can find no(e) €, N*"0 such that
n+w<0>p

2 ()% Z Xn <w{0> & (284)

gy Twigy



holds for all n ,,,,, > no(e) and arbitrary p €, N
Proof.The assertion of the theorem reformulates in terms of ¢ and n((¢) the fact that a

wyoy-series (2.8.2) is w o, -convergent iff the hypersequence {s,} (P, OF partial
UEW<0>

sums is w o, -fundamental. This is valid in both R**o-and C*o,

Theorem 2.8.2. If w,-series (2.8.2) is convergent, then x, -, 0™ as

#

n — 00" ™40} |

w{0}

Proof. Take p = 1 in the (2.8.4) above.

Example 2.8.1.In order to get the complete answer about the w,-convergence of the
o010
wyov- hyperinfinite geometric series w (o, - Z z" we consider two cases:
n=0
. #w #w
(i) If Izl <wg, 17, thenz, —»,, 0" , and consequently s, —,, s, where

#w
o Mo o}
iy vy ! 1

_ _ n _ Twiy £ 1 _ 2.8.5
Sn Swioy Wiy z w0y —1 - —>W<O> —1 - w0y S. ( . 0. )
O#W«)} {0} {0}

=
iy

" H# . . . .

(ii) If [zl o, -~ 1 ", then the series is w g, -divergent because the general term is

not

tending to zero 0" (as the above Theorem 2.8.2 states).
Theorem 2.8.3. (The 1 criterion of comparison) Let

11.8.2.w;,-Internal and w;,-external series in R""«) of
wy-hyperreals.

11.9.w 4 -Internal and w,,, -External series of w,,-functions

11.9.1.w o, -Internal series of wn,-functions
Definition 2.9.1. Let D <, R*o be a fixed domain, and let
F(D,R"0) & (R#“’<0>>D be the set of all w,-functions f: D - R Any w , -function
F:N™o - F(D,R"0) is called w,-hypersequence of (w,-hyperreal) w,-functions.
Most frequently it is marked by mentioning the terms (f,,)nEw(O} Py OF (f»), where f,

=wy, F(n), and nis an arbitrary w,-hypernatural number.
Definition 2.9.2.We say that a number x €,,, D is a point of w,-convergence of (f,)

if the numerical sequence (f,,(x))newm ey 1S wyop-convergent. The set of all such points



forms the set (or domain) of wg,-convergence, denoted w,-D.. The resulting function,
say ¢ : wy-D. > R™0, expressed at any x €,,, D. by
Px) =wg, wioy- lim f,(x) (2.9.1)
nooo” {0}
is called wy-limit of the given w,-sequences of w,-functions. Alternatively we say
that ¢ is the (point-wise) w (o, -limit of (f,), (f,) p-tends to ¢ and we abreviate
@ vy wiop- lim f. (2.9.2)
nooo” {0}
Remark 2.9.1. The notions of series of functions, partial sums, infinite sum, domain of
convergence, etc., are similarly defined in f(D,IR#W).
Definition 2.9.3.A functional w-series is a series

o {0}

Wiy D ua(x) (2.9.3)

n=0

where each term of the series u,(x) is a w-function on an interval /.
We can also de ne pointwise w,-convergence for functional w,-series:

Definition 2.9.4.The functional w g, -series (2.9.3) is pointwise w,-convergent for
eachx €, [if the w,-limit

o {0}

N
haU Z Un(X) =wyy wioy-  lim Zun(x) (2.9.4)

n=0 Nooo ™0} n=0

exists for each x €, I.

11.2.THE INTEGRAL.

Let /: I - R, be a positive continuous function, where 7 is some interval in R. Let
[a,b] < I and let Ax be a positive real. The Riemann sum is defined as

Xb:f(x)Ax = gf(x,-)Ax + flxn) (b — nAx), 2.2.1
a =0

where 7 is the largest integer such that a + nAx and where
X0 =a,x; =a+Ax,...,x,,= a-+ nAx. 2.2.2

Remark 2.2.1.Note that it may happen that nAx < b < (n+ 1)Ax. [Since f'is positive
and continuous we have formed the Riemann sum as the sum of the rectangles over
each subinterval with height equal to the value of f{x) at the left end of the base of the
rectangle.]The Riemann sum (2.2.1) for fixed a, b is a function of Ax. By extension and
transfer this function is also defined for positive w*-infinitesimals @*+x. We get a
corresponding hyperfinite sum



Xblf(X)d#w*x, (2.2.3)

a

where the number n € #»*N\W in Eq.(2.2.1) is now an w*-infinite number.

Remark 2.2.2 Note that the Riemann sum given by Eq.(2.2.3) is a finite w*-hyperreal
number; thus it has a w*-standard part.

Definition 2.2.1.Let [a,h] < I and let d*+*x be a positive w*-infinitesimal. The
definiteinte integral of /' from a to » with respect to d*+*x is the w*-standard part of the
Riemann sum,

b b
[ fer)dx = w*-st(Z[#w"f(x)]d#w*x>. (2.2.4)

Remark 2.2.3.Note that this definition depends upon the choice of infinitesimal dx. But
it can be immediately proved that if dx and du are two positive w*-infinitesimals, then

b b
[fex)dx 2 [ fu)du. (2.2.5)

Note that the x in f{x) and u in f(x) are dummy variables; the d*+*x and the d*+*u are
not.
Notation.2.2.1.

Remark 2.2.It may be convenient to let the internal space by the

#,~-transform or by the #,-transform in general case of a classical standard measure

space. For instance,if (R,F, u) is the standard Lebesgue space on R, our internal
starting

point could be the w*-internal measure space (*+*R, &, *»* 1) and w-internal measure

space ("R,*&F,*u).Here *» u and #+u is finitely, hence finitely, hence hyperfinitely,

additive on the w*-internal algebra #+* Fand w-internal algebra & correspondingly.Of

course o-additivity is lost in the transition. However, it is restored

by passing to the associated Loeb space.By transfer we can write down integrals

[P fxydh ux)
! (2.2.5)
A e P F
and
Py )
4 (2.2.5)

de, ™,

which however must be handled with some care: no countable manipulations are
allowed.



Chapter IlI.

l11.1.Riemann’s non differentiable function.

According to Weierstrass [32],in a talk to the Royal Academy of Sciences in Berlin on
18 July 1872, Riemann introduced the function:

I’l2

n=1

in order to warn that continuous functions need not have a derivative.Not succeeding
in verifying that R(x) is nowhere differentiable, Weierstrass proved this property instead
for the series

W(x) = Y b'cos(a"t),0 <b < 1,0 <a. (3.1.2)
n=1

This appeared first in print in Du-Bois-Reymond [33]. According to Butzer and Stark
[34], there are no other known sources which confirm Riemann’s role in the story.Hardy
[35,pp.322-323] proved that Riemann’s function R(x) is not differentiable in any irrational
point x € R and also R(x) is not differentiable in a some class of rational point x € Q
.Gerver [36] succeeded in 1970 in showing that at every rational point » = p/q with p and
g both odd, R(x) is differentiable, and has derivative equal to —1/2 at ». Furthermore he
showed that at all other rational points the function is not differentiable. Other,shorter
proofs were given by Smith [37], Quefelec [38], Mohr [39], Itatsu [40], Luther [41] and
Holschneider and Tchamitchian [42]. For previous reviews on Riemann’s function, see
Neuenschwander [43] and Segal [44]; the literature list of [34] contains many further
references abaut the

Riemann’s function R(x).In paper [45] Gerver introduced the function:

~ exp(in3x (3. 1.3)
Gip(x) = Z %
n=1 n
(3.1.3).considered as a function of x ,and expand this series into a constant term, a
pr pr

B
term on the order of quantity z,(x) = ( - T) *, aterm linear in zy(x) = ( - T) a

2p-1
“chirp" term on the order of quantity z,(x) = ( - %) *, and an error term on the

Forreals 2 < p < 4,in [45] directed analyze the behavior,near the points y =

s
order z;(x) = ( - %) * . At every such rational point, the left and right derivatives are

either both finite (and equal) or both infinite, in contrast with the quadratic series, where
the derivative is often finite on one side and infinite on the other. However, in the cubic

series, again in contrast with the quadratic case, the chirp term generally has a different
set of frequencies and amplitudes on the right and left sides. Finally, in [45] was shown
that almost every irrational point can be closely approximated, in a suitable Diophantine



sense, by rational points where the cubic series has an infinite derivative. This implies
that when

ﬁg—‘/9_74_1 =2.212..., (3.1.4)
both the real and imaginary parts of the cubic series are differentiable almost nowhere.
At the same time it is necessary to note that in spite of a big progress obtained in the
considered studies area, any general absence criterions of the finite almost everywhere
derivate for absolutely convergent trigonometrical series was not obtained. In [22]-[23],
using the methods of paralogical nonstandard analysis, was obtained the general
criterion of the absence almost everywhere finite derivative for the following continuous
function R(x;w1(n),w2(n)) :

RO 01(n),02(n)) = D exp(i + x - ©1(n))

a)z(l’l)

b

n=1

(3.1.5)
o1 - N->Nw, : N> N,

1
w2(n)]

NE

< 0.

n=1

It is shown in [22]-[23] that under condition

[ o(n) 2_ (3.1.6)
;(w;(n)) -

function R(x;w,(n),w2(n)) does not have a finite derivate on a quantity of a positive
measure. Particularly we shall reinforce the foregoing Gerver’s result by showing that
inequality (3.1.4) is possible to change by inequality g < 4, at least for a quantity of
points of a positive measure.

[[1.2.Non standard proof of the non-differentiability of the
Riemann function R(x).

Non-differentiable Riemann function R(x) is defined by

o0 . 2
R = 3, S G.21)

n=1
see subsection III.1.
Theorem 3.2.1. R(x) is not a.e. differentiable on [0, 7].
Proof. See Remark 3.2.1 etc.
Remark 3.2.1.Remind that there exist imbeding

Foug, + N Sy N0 (3.2.2)

and there exist imbeding



‘R oug, R0 (3.2.3)

j#wm )
such that
i _ N
g, N) =y Nowy, Sy, N (3.2.4)
and
. _ "y
-]#w“) ([R) _w“) #u“} ;#w“) R {1} (32 5)

correspondingly.

Notation.3.2.1.(i) We will use the following notation j, (n) £ My, o1 € N and
{1}

J#W(H (x) :#W“} x#wm ,x € R, j#w{1> (X Xy) :#wm x#“’<1> o, y#u

Twg, (0) Ty gy etc.

(ii) we often letter for short: simply » instead n#wm,simply x instead Xt »

simply x x y instead x,, x, y, ,etc.
{1> {1> 1

. . . H # Hw gy . #. #
(iii) We will use the following notation /™, u “'<1>,I ... instead " f; (Mo ),

a - 1y _ 1
( v .D’ e (T =w,, TW<1>etC'

(iv) we let for short j#w (sin(ﬂnzx)) =w, sin%)( M, X ) where x €, gy Tlvm, etc.

Definition 3.2.1.We deflne nowaw, functlon R, - Tivm T Tivm :

Rop (o @) =wy Ty, (REED) =

. Oy . 2
. = sin(n®x) \ S Sty (n#”<l>x> (3.2.6)
J#w<1> Z—nz _W(l) Z %{ D) o L
n=1 ey vy lW{l) o
1
fway T Wy
Definition 3.2.2.We define now a w  -function R : T »_ T
{1}
{1}
§ T =
R#W(l) (X) W
. #w 2
M Cn X#w sin A n X#w X
{1} {1}
=y, EXtw,,- Z n? , o2
" Way ooy
#
where M e, N™0\, /N, —and
l#w |ff n ew<1> N#wﬂ:}
1
. 0 (3.2.8)
©) 0, iff ne, N
vy vy 1y #Wm
Remark 3.2.3.Note that for any x €, Tivm :

) = ). (3.2.9)

#“<1> ey “”m



Remark 3.2.4.We assume now that a Riemann function R(x) is differentiable almost

everywhere in the sense of the Lebesgue measure du = dug,i.e., a.e. the derivative
R'(x)

exists and finite,i.e., 3&(x) such that a.e. {(x) < « and

a.e.: R'(x) < &) < . (3.2.10)
Remark 3.2 4. Therefore (i) from Eq.(3.2.9) by w ,, -transfer it follows that a
w,,-function #w{” (x) is #, , -differentiable #Wm-almost everywhere on T'*"o in the

sense of the  w,, -transfered Lebesgue measure d™orp = d™o g (i) By
-transfer

(1)
from (3.2.10) we obtain
. d#w<1> H#y
w,,-a.e.: o R Lw( x) < g W (x), (3.2.11)
where
Lae.s EM(x) <o, oo™ 1y (3.2.12)

From Eqgs.(3.2.7)-(3.2.8) by w41>-d|fferent|at|on one obtains

A0y (x) =

d™ o x #“<1>

. 1
“ M Cp X, ~ sin’"w (nz X, x)
= A0 | Extw, - E 2 2
TWay o e {1y 2
d™ o x n
n=, L,
a0y —
M Cn X sin”" ( n2 x X ]
. E t d#w<1> n #w<1> #w<1> (3.2 13)
Twy,, LXUW,, - Z o, 2
. | d ™ x n
Yy Ty _
M
#,
= Ext-w, - E Cp X cos " [ n? x x ).
W(]}W(l} {1} ! n #w“) #w“)
n=_ s
Yy Ty
Thus finally we obtain
O@) =, L gt () -
i d#“’{1>x Py Yy
Ext M ‘s , (3.2.14)
= xt-w,, - E C X cos U{np-x X .
W(l) {1} n#w<1> #w41> #w41>

n :wﬂ} 1 w{l)

Remark 3.2.5. Note that a w,-function ®(x) is not w ,,-a.e. w,,, -finite on T'*w, i.e.
—|S|:wm-a.e. D(x) <
In order to proof (3.2.15) we calculate now the w, -integral

j D) x, D)0 p().

[~mx]" <1

oot ‘x €y Tl#“’<1> ] (3.2.15)

#w< 1}



From Eq.(3.2.14) one obtains

D(x) X d(x) =,
M M
= Ext-w - X c x
W(l} {1y Z Z n#w“} #W{U m#ur{1> W{U (3.2 16)
n#, =w 1w m#- =w lw
way oty Yy ey Yoy M
sy cosw (n2  x x) %y cos™w (m? x x ).
W(]} #w{1> #w<1> W{1> #w{1> #w<1>
From Eq.(3.2.16) by w ,, -integratiion one obtains
| o@ o, o@doum =,
[m]" {1y
M M
_W<1> EXt_W{U_ Z Z Cn X#u:“} Cm XW{1> (32 17)
n#< =w 1w m#- =w lw
way oty Yy ey Yoy Y
Xy I cos™ ) ( n? x x ) %y cos”w ((m? x x | d™ o p(x).
<1> ey 1y 0!
071" 1>
where by d"" u(x) we denote #.,,- transfered standard Lebesgue measure du(x) on
[0,7].
Note that
#w 2 #w 2 #w
1 X X {1y X {1y = 2.
I cos (n b, x) w,, COS (n g, x)d px) =w, T, (3.2.18)
[-ma]" 1)
and
J. cos™"m (n? x x| x cos™"m (m? x x )d™ o p(x) = 0 (3.2.19)
Py "ty oy Wy W

[~mx] <1

ff = (.., =w,, M., )-Then from Eq.(32.17

) and Egs.(3.2.18)-(3.2.19) one obtains

. B
| o@x, o@doum =,
[—n,ﬂ]w<1>
y (3.2.20)
Tw gy Xy Ext-w,, - Z Cn | Twyy Twyy Xwyyy Q,
"=y ey
where
M
Q= Extw,- > c (3.2.21)
"=y vy
and therefore
tHw _
f D) X, PO p(x) = T X, Q. (3.2.22)

[~mx]" <1



Remark 3.2.6. Note that obviously Q e, R#w\w{l}ﬂ%iﬁ{”and therefore (3.2.15)
holds.
But (3.2.15) contradicts with (3.2.11). This contradiction finalized the proof.

[11.3.Non standard proof of the non-differentiability of the

Generalized Riemann function R(x; w0 (n),w2(n)).
Theorem 3.3.1. Let R(x;0:(n),w2(n)) be the continuous function

Rec o1 (), 0r(n)) = 3 SXREX 01 () (3.3.1)

a)z(l’l)

n=1
where o, : N> N, o : N > N and the following conditions holds:
(i) VaVm[(01(n) = w1(m)) < n = m],

. = 1 ©
(i) ; 0:07)] < o and
(iii)

0

S(em) . 6.3

n=1

Then a function R(x;w:(n),w,(n)) does not have a finite derivative on a set
F < [-n,n] of

a positive Lebesgue measure pe(F) > 0.

Proof. Similarly to proof of the Theorem 3.3.1.

Definition 3.3.1.We define now a w , -function

. STl 1
SR#w{U (x,a)l(l’l),COQ(l’l)) . TW<1> Tw<

Yy I

R, oi1(),02(n)) =v - Ji,  (REG01(1),02(n))) =v |

. - sin(w(n) xx) \
g, (Z w12(n) _> =w,,

n=1

ww’ .
ay
sins,,, (o n, X, X
2: ! <1>< 1W<1>< “’<1>> O ) (3.3.3)
b
1y

- o n,
ay Ty 2W<1>( “m)

"1y
Otw,, (nwm) =way Sy, (w1(n)),

n

O2w (nwm ) =way Sy, (w2(n)).

Definition 3.3.2.We define now a w , -function R}~ : T'™w - T
Vt'{l}

mLW‘m (s 01(n),02(n)) =w

. Hy W
M Cp Xy, Sl AL 601”(”) Xy o X (3.3.4)
“’(1) (1} . .
=, Ext-w, - >
ay 1 Wiy
n=, 1, @, (n)
Qv

where M €, N#w“\»va#wm and



l#w1 iff ne,. N#w<1>
Cn =, “ (3.3.5)
o 0, iff ne, Nm\
iy Y1y "y #m;
Remark 3.3.1.Note that forany x <, Tivm :
R, Go1(n),02(n)) =, #M (s or(n),0:(n)). (3.3.6)

Remark 3.3.2.We assume now that a Generalized Riemann function

R, 01(n),w2(n)) is
differentiable almost everywhere in the sense of the Lebesgue measure du = duy,i.e.,
a.e. on T! the derivative R'(x;w1(n),w2(n)) exists and finite,i.e., 3&(x) such that a.e.
E(x) < oo and

a.e.: R'(x;o1(n),w2(n)) < &(x) < . (3.3.7)
Remark 3.3.3.Therefore (i) from Eq.(3.3.6) by w,, -transfer it follows that a
o -function R (x'a)l(n) w>(n)) is # -differentiable # -almost everywhere on

Tl#“m in the sense of the w ,, -transfered Lebesgue measure d v g = d™ g (i) By
w,,-transfer from (3.3.7) we obtaln

- Cdto Rt Fuay
W, R Lo L meiin), @) <., 70 @), (3.3.8)
where
W el £ @) <, @t (3.3.9)
From Eqgs.(3.3.4)-(3.3.5) by w ,, -differentiation one obtains
d" R
“— ;01(n),02(n
dmx #“m( 1(n), 02(n)) =
- Hw W{l}
M Cp X sin <Y (a) n)x, x)
_ d#w“} Ext-w _ Z n #w<1> 1 ( ) w<1>
_Wﬂ} d#w’{U {13 #w<1>
X n=, 1, ®, ' (n)
Yy _
. #w W{l} ]
M Cp X sm (a) n)x, x)
=v, Ext-w, - Z d™u SO X,
-—w
a 13 - 1 4 x #nm( ) (3.3.10)
Yy —
M <1>(
o, ()
=gy, EXEW,- Z n Xy <1>(n) ey
"y Doy

Thus finally we obtain



oy
O(x;01(n),02(n)) =w, ﬁmlwm (o1(n),02(n)) =w

M a)W“}( )
= Ext-w, - E Cn X A T UV 3311
Wiy {1y n 7, # Hw (3.3.11)
{13 {1y {1}
n:W’ 1)1’ a)z (n)
{1} {1}

# Wiy
X, cos "WV (n)x, x).
Wiy {1}

Remark 3.3.4. Note that a w , -function ®(x;:(n),w2(n)) is not w , -a.e. w , -finite on
T ie.
ﬁs[wm-a.e. O 01(n), 02(n)) <, o™ ‘x Cu, Tl#“’<1>] (3.3.12)
In order to proof (3.2.12) we calculate now the w,, -integral
[ [o@aoim).om) x, Ooim).0m) ]d"nuE).  (3.3.13)
-]

From Eq.(3.2.11) one obtains

;01 (1), @2(1)) X, DO 01 (1),02(1)) =,

{1

M M
=g, EXtw,,- Z Z Cn Mgy Cm Xwq,
ey Ty v Mgy Tr e (3.2.16)
w w
<, w, " (n) . o " (m) X
{a {1} {1}

o
@ <1> (m)

#y W{l}
cos {1 (a)l (m) Xy X )

h H#w
oy " (n)

#w1 W{l}
Xy €08 "W (@ (n) Xy X ) Xw

{1} {1}y

I\VV.1.Non standard proof of the Carleson’s theorem.
Let us consider Fourier series in space £,(T!)

> cnexplinx), (4.1.1)
n=0
where T! = [-r, 7], such that
2 lea]? < oo, (4.1.2)
n=0

Remark 4.1.1.Note that in this section we will be consider more general trigonometric
series such that



ickexp(ixnk(x)), (4.1.3)
=1

where T! = [-z,7], ny » o if k - o and

> lex]? < oo, (4.1.4)
fa

or
2 Cuyw) explixng(x)), (4.1.5)
k=1

where T! = [-z,7], ny » o if k - o and

k2;|cnk(xk)|2 < ™ (4.1.6)

Vi(xy € T!)
(1) Now we go to prove that under the condition (4.1.6) the following statement holds:
for any sequence p; a.e. on T!

2
< o0, 4.1.7)

Pk

2 i) exp(ixni(x))
k=1

lim

pk—mO’k—»OO

(1) In contrary with (4.1.7) we assume now that : a.e. on T!
2
- o, (4.1.8)

D i) exp(ixn(x))
k=1

Let x € T'be a real number and there exists a sequence {n(x)},., such that
2
lim = o, 4.1.9)

M g=90,4—%

nq
D ey explixng(x))
k=1

Remark 4.1.2.Let x € T'be a real number. Note that a sequence {n(x)} ., mentioned
above in Eq.(4.1.7) in general case is not unique and there exists infinite set of the
sequences {n}(x)}, .,/ = 1,2,...such that forany / e N

2

lim = o0, (4.1.10)

mg—00,g—0

Mq
kX: Cnfc(x) exp(ixnf{(x))
=1

Remark 4.1.3.Note that any sequence {ni(x)}keN’l = 1,2,... mentioned above in

Eq.(4.1.8) depend on number x € T' and we will be denoted such sequences {nff}keN
by

k()Y ey OF BY {1k (0) s () s (i) } e €EC.

Remark 4.1.4.Note that from (4.1.7) it follows that : a.e. on T!
2

Mg
lim | cp) explixng(x))| = oo, (4.1.11)
Ma=® k=0

where m, — o,q - o.From (4.1.11) by #,,,, - transfer it follows that : #,, - a.e. on

T, @

Wiy



2

M
H#y tHw
- i . ay _
g, Eth 2;) Cn#w<1>(x) cXp (lx Xhwgy Mk (x)) ey
=w k
m Dwiy
< u Fwy Fwy
#eo, -Ext Y0 #y -Ext Y Ll cou X4, 4112
P o T Gy ey T (4.1.12)
vy Ywiy vy Dey TR k2

o e
: {1} ; {1}
CXPpl IX Xy, N X X, . EXPpl X Xg, N X “#y
p( gy My ( )) gy p( gy Mo ( )) g,
Sy, Nu(X),

where M e,,,, N*0\N,, . and

w{ty
Nu(x) €y, N#W<1>\N#Wm, (4.1.13)
where #,, ,, -sequence
Hw
{nk o (x)} (4.1.14)
keg, N}
{1y
is obtained by using #,,,, - transfer from the standard sequence {n(x)}..i.e.
Hw H#w

{nk M(X)}k&v(l} N#Mw Ty ({nk(x)}keN) . (4' L. 15)

Remark 4.1.5. We introduce now w;-inconsistent hyperintegers n} corresponding to
trigonometric series (4.1.5) by the following way
A [nz = nZ“*”(x)] (4.1.16)
X€w T}

Note that for any w,-inconsistent hyperintegers nj and m{ the following property
holds

#_ # # _w
ng =, m < Vx[ (nk =

#w 1 w #w 1
ny “(X)) = (m}i =\, Mk “(x))]. (4.1.17)
Notation 4.1.1. We often abbreviate for short
# w #W{U
Wex =ty (x), (4.1.18)

where x €., T}, instead (4.1.16).
Definition 4.1.1. For any w;,-inconsistent hyperinteger n} we define a w;,-set
Val(n})
by
gy # #o_w iy
Vx|:l’lk () €w,, Valin}) & nf, =3 (x):|. (4.1.19)

Note that for any w,-inconsistent hyperintegers nj and m{ the following property
holds

m{ < Val(n}) =, Val(m}). (4.1.20)

#_
n; = Ty

Wiy
Definition 4.1.2.For any w;,-inconsistent hyperintegers nj} and m} we define now the

relation nf <, mj :
{1y

nj <H m; < Val(n}) Sy Val(m}). (4.1.21)



Remark 4.1.6.(i) The vector w,-addition nj Hhuy, m of w,-inconsistent

hyperintegers
nj and mj is defined by

#w #w
A [nh s mi = w0 g m @) ] (4.1.22)
X€w T}
or
1 # # w #W{U #WU)
V(X eW(l) T#) nk,x +W{1> mk,x :w<1> ny (x) +W{1> my (X) (4 123)

(if) The vector w,-multiplication on scalar o takes any scalar a S R* or

o €y, C*™ and any w i -inconsistent hyperinteger nf and gives w,-inconsistent
hyperreal number or nonstandard complex number defined by

#o_w #Wm
/\ O Xwy M Sy, & Xway Mg =) |- (4.1.24)
xew, T)
or
1 # #oo_w iy iy
vx(x eWm T#) nk,x XW(I) mk,x :wm ny (X) XW(I) my (x) (4 125)

(iv) Note that the following properties holds:

(a) wyy-associativity of vector wy;,-addition:

(nz Fwoay IIIZ) twgy k/t “wy nz Fwoay (mz twy ki),
(b) wyiy-associativity of vector w;,-multiplication:

# i #_ # # #
(nk o m") Koy Tk Thagy e Xy, (mk o kk)’

(c) wq-commutativity of vector w;,-addition:

ﬂz +W{1> mz :Wm mz +W(1> nza

(d) wyy-commutativity of vector wy-multiplication:

ﬂz XW{1> mz :Wm mz XW(I) nza

(c) inverse elements of vector w;-addition: nj +,,,, (—w,, n}) 0.,
(d) compatibility of vector w;,-multiplication on scalars a, 8 S C* oy with

Twy

multiplication
in field  C™o:
(& X, E) X, (B Xw gy M) =y, (@ X, B) Xy (1, my).
Definition 4.1.6. Let 3* be a w,-set of the all w,-inconsistent hyperintegers nj
with binary operations +,,,, ,x., ,etc. defined above.The tuple {S#,+Wm Xy, FiS an
inconsistent C**u -algebra and we will be denoted this algebra by J3*.
Remark 4.1.7. We introduce now w;-inconsistent complex nonstandard numbers ¢}
corresponding to trigonometric series (4.1.5) by the following way

#o_w #WU)
/\ |:cn2 _W(l} Cn#w<1> . :| (4 1. 26)
XEwpy T} K
Notation 4.1.2. We often abbreviate for short ¢} instead notation cﬁt,i.e.

¢l 2 ¢, (4.1.27)

ny

Remark 4.1.8. Note that for any w;-inconsistent numbers ¢}, and ¢}, the following



property holds
¢, =iy ¢, = Vx[ (c}fl =" nz;v{U(X)) = (c}fz =W nz;m(x))] (4.1.28)

Wiy Wiy
Notation 4.1.3. We often abbreviate for short

#Hw
Cha =h,, o (), (4.1.29)

where x €, T}, instead (4.1.28).
Definition 4.1.7. For any wy;,-inconsistent number ¢} we define a w,-set Val(c}) by

#Hw #H
Vx[ck ) ew, Vale)) = of, =1 o <‘>(x)]. (4.1.30)

Note that for any w;-inconsistent numbers ¢} and cj, the following property holds
¢}, =00, c;, < Val(c}) =00, Val(c},). (4.1.31)

Remark 4.1.9.(i) The vector w,-addition ¢}, Fh, c;, of wyy-inconsistent numbers ¢,
and cf, is defined by

#uﬂ #W’
# [ — {1} {1}
/\ |:ck1 g, Ch =y, Ch () +4, Chy (x)} (4.1.32)
XEwpy T}
or
1 # # w #wﬂ} #wﬂ}
v'x('x EW{I) T#) ck],x +#w<1> ckz,x :w<1> Ckl (x) +#w<1> Ckz (x) (4' 133)

(ii) The mixed w1;-addition ¢}, @, ¢f, of wq,-inconsistent numbers ¢}, and cf, is
defined by

H#y #w
A [c}?l @, cf, =0 e V() Ha, ck2“>(y):| (4.1.34)

Tw 1
BALS T} v
Yy T

or

NI s o_w Py Ry
vxvy(x7y EW{I} T#) ck] ®#W(l} ckz _w<1> ckl (x) +#w<1> ckz (y) (4'1'35)

(iii) Note that the following properties holds:
(a) wyy-associativity of vector wy;,-addition:

# # [ — # # #

(ckl iy, c"2> oy Gk Ty O T, (ck2 g, ck3>’
(b) wyiy-associativity of vector w;,-multiplication:

(czl Xhw gy ciz) Kb czﬁ ey czl ) <cz2 e cZ,3>,
(c) wq-commutativity of vector w;,-addition:

# [ — # #
ck[ +#w{1> ck2 _#w“) ck2 +#W<l> ckl’

(d) wyy-commutativity of vector wy-multiplication:

# # o # #
ck[ X#w“} ck2 _#w“) ck2 X#w‘“) ckl’

(e) wyy-associativity of mixed w,-addition:

# # [ — # # #
(ckl @#w<l> Ck2> Ga#w{w ck3 _#w“} ckl ®#w“> <Ck2 ®#Vv<l> Ck3>,
(f) wq-commutativity of mixed w,-addition:

# [ — # #
ck[ ®#vt={l> ck2 _#w“} ckl ®#w“> ckz'
Definition 4.1.3.Let {z:(x)},_, be any sequence of functions {z;(x)},., such that

zy : T' - C.Assume that a #,,,, -sequence



o 4.1.36
Zp (%) i N (4.1.36)
Sty

is obtained by using #,, - transfer from the standard sequence {z;(x)},...i.€.

w{ty
o H
{zk (x)} o =w () ) 0 (4.1.37)
kew“> N
We introduce now w;;-inconsistent nonstandard complex numbers zj corresponding
to
sequence (4.1.37) by the following way
#
A [zﬁ =z “(x)]. (4.1.38)
X€w T}
Remark 4.1.8. Note that for any w;-inconsistent numbers ¢}, and ¢}, the following
property holds

#w #w
#_ # #_w I # o _w I
Zi, =, Lk < Vx|: (zk1 =V, Zh (x)) = (zkz =Va, Zh (x)) i| (4.1.39)

Notation 4.1.4. We often abbreviate for short

Hw
Ziw oy, 7k (), (4.1.40)

where x €,,,, T}, instead (4.1.38).
Definition 4.1.4. For any w;,-inconsistent number z; we define a w,-set Val(z}) by

#Hw #H
Vx|:zk V@) e, Valaf) = 2t =l 2, <‘>(x)] (4.1.41)

Note that for any w,-inconsistent numbers z; and zj, the following property holds

zj, =00, z, < Val(z}) =, ) Val(z},). (4.1.42)

Definition 4.1.5.(i) The vector w,-addition z}, Fih z, of wy-inconsistent numbers

{1

and cj, is defined by

#uﬂ #W’
A [ztl Fhug, T =0 T ) Fhay, Zky (x)} (4.1.43)
XEwpy T}
or
1 # # w #wﬂ‘f #wﬂ‘f
v'x('x EW{I) T#) Zkl,x +#w<1> Zkz,x :w<1> Zkl (x) +#w<1> Zkz (x) (4' 144)

(ii) The mixed w1;-addition zj, @, zf, of wy,-inconsistent numbers z, and zj, is
defined by
#w #w
A [Zﬁl @#w“} Zﬁz = Zk] <1> (x) +#w<1> Zk2 <1> ()})} (4' 1‘ 45)

Tw 1
X,ye T) v
4 W{1> #

or

1 # # # w #W(l) #W(l)
ey €uy, TH 2 ©6, 2 =0 2@ e, 20 0) | @ 1.46)

(iii) Note that the following properties holds:
(a) wqy-associativity of vector wy;,-addition:



# # #o_ # # #
(Zkl +#w<1> Zkz) +#w<1> Zk3 _#wﬂ:} Zk] +#w<1> (Zkz +#w<1> Zk3>’
(b) w1y -associativity of vector w;,-multiplication:

# # # o _ # # #
(Zkl Xw’{” Zkz) Xw’{” Zk,3 _w<1> Zk] X#n'ﬂ} (Zkz Xw’{” Zk,?!))
(c) wqy-commutativity of vector w;,-addition:

# # o # #
Zk] +w<1> Zkz _w<1> Zkz +w<1> Zk1 ’

(d) wyy-commutativity of vector w;,-multiplication:
# # o # #

Zk] Xn'{l} Zkz _w<1> Zkz Xw’{” Zkla

(e) wyin-associativity of mixed w ;. -addition:

# # #o_ # # #
(Zkl GB#W{U Zkz) @#w{U Zk3 _#wﬂ:} Zk] @#w(w (Zkz GB#W{U Zk3>’
(f) wq-commutativity of mixed w;,-addition:

# # o # #
Zk] @w“:} Zkz _w<1> Zk1 GBW{U Zkz‘
Definition 4.1.7.

Definition 4.1.8.0f Let {z}} _ be a w,-sequence of w,-inconsistent
w“

H#w 1
y N
numbers
zi,ke, N0 me
W{1>
#
{Zk}/F

follows:
if m is any w,-hyperinteger, then the recursion schemata reads

. Ny External vector w;;-summation of the sequence

ety O, may be defined recursively by using external induction principle as

0

Wiy
#W{l)_EXt Z Zz :w<1> Zg‘”"(l)’
=iy Oy
(4.1.47)
m M=y 1”’(1}
#o_ #
#,,-Ext Z Zi =, #,,-Ext Z Zi +,,, zi.
=y Owyy =y Owyy
Propozition 4.1.1.
Definition 4.1.7.
Definition 4.1.8.
M
Hug-®,, -Ext D cf, (41)
=iy Oy
M
e, —Ext €@ ¢, (4.1.)
=iy Oy
Definition 4.1.7.
Definition 4.1.8. We define now a function Exp(u,nj) : T} x,,,, 3% > ®* by
exp(iu Xwiy HZ) :T:ﬂ} exp(iu Xwy nz,x) (4 1)



#,
where u,x €, Th,nj S 3% and k €,,, N

Remark 3.3.5. We introduce now a w,-function ¥ (x) by the following way

M
Wu(x) =, #ogExt D ey xexp(ixxy,  nl). (3.3.16)
=iy Oy
From Eq.(3.3.8) and Eq.(3.3.10) we obtain
M
W) =4, #wg It 3 cqpexp(ixxs,  ni) =4, Nu(x). (3.3.12)

=y Owyy

By #.,,- integration From Eq.(3.3.11) we obtain

#w
AM) =4, oo Ext [ WH@d™ 0 u(x) =,
oy
2
& #
#y,,-Ext I |:#Wm-lnt Z Cnt exp(ix S nz>:| doy u(x) =ty (3.3.13)
T} gy Owgy
W’{l>
M 2
=ty T Int 3 |cnf ,

=0y Owgy

where by d"" u(x) we denote #.,,- transfered standard Lebesgue measure du(x) on
T'. From (3.3.2) by #,,,,- transfer it follows that M €, NFw o \N

M 2 #a
AM) =4, #ugExt 3 ew| eny Ry, (3.3.14)
=iy Oy
i.e. the quantity A(M) alwais is #,,,, - finite i.e.
H#w
~[AMD) €y, RPN RG] (3.3.15)

From RHS of the Eq.(3.3.12) By #,,,, - integration we obtain

o Bxt [ N3 (0d™ 0 ()

iy
Tl
Py
2
i #
_ - ; # w _
=t I #w,, ~Ext > Cpt exp(zx Xty nk> a0 p(x) Sty (3.3.16)
T! By Oy
#w“>
M 2
=ty HwgExt X ey | =a, A
=wiy Owyy

But on other hand from Eq.(3.3.8) By #,,,, - integration we obtain



[ 0 Nu)d™ o o) =,

1
Ty
. Mo . o . (3.3.17)
:#w“} I o #W<1>'Int Z Coplx) EXP| X X#Wm N (x) d <1>u(x)
=w 0,,
<0> w

Tl
#w“>

#.
HHw Wiy
Sway R {1>\W<1>Rﬁn .

Obviously by (3.3.15),Eq.(3.3.16) and Eq.(3.3.17) one obtains a contradiction.

(1) Now we go to prove that: a.e. on T!

3 lim ) c,exp(inx) < oo. (3.3.17)
=% =
It follows from (1) that
n N
3 lim Y cuexp(ingx) = lim Y ¢ exp(ingx) < oo, (3.3.18)
k-0 np=0 k- np=0

where n; - w0 iff k - co.
We assume now that: a.e. on T'

—3 lim ) ¢, exp(inx). (3.3.19)

n—=9L p=Q

Let z € T'be a real number such that

—3 lim ) ¢, exp(inz). (3.3.20)

n=0 =
Notice that (3.3.20) meant that there exists countable sequence {n(z)} ., such that

ni(z)

—3 lim Y cue) explizng(z)). (3.3.21)

k-0 np=0

Notice that (3.3.21) meant that there exists ¢(z) > 0 and N € N such that
n(@)=ni, ()

> e explizng(z)) > &(z), (3.3.22)
ni(z)=nk, (2)
where ny,(z) > ng, (z) > N.

From (3.3.22) by #,,,,, - transfer it follows that : #,,,,. - a.e. on T}% 2 (TH"w

w{iy w{iy

#w 1
”k2 {1y (X)

o ) o "
Hugy EXt D0 ¢ exp(lx X, M {”(x)) by, Z €000, (3.3.23)

Hw 1
by ome @)
n x)

#w tHw
where n, " (x) €y, N"\Wand n,. " (x) €., N™0\N and where a sequence

H
{1}
{mrw}
ke#w“} N

is obtained by using #,,,, - transfer from sequence {n(x)} ,..i-e.

#y ,
(@} L e Gk (3.3.24)
Y1y



Remark 3.3.5. We introduce now w;,-inconsistent numbers by the following way

#w
A\ [n}? =ty Mk () ] (3.3.25)

XEw T}

Remark 3.3.6. We introduce now a w,-function ¥ ,(x) by the following way

“Zz .
Wt g, (6) =ty #Wm-Ext—;cng”cni exp(ix X, nﬁ). (3.3.26)
ng
From Eq.(3.3.23) and Eq.(3.3.25) we obtain
#
llk2
W) =4, HuyEXtD ey exp(ix Xt nz) =ty £ (x). 3.3.12)
nf,

By #.,,- integration From Eq.(3.3.26) we obtain

AM) =1, HhoyExt [ R0d™ O u(0) =4,

Thugsy
2
M
I gy |:#W41>-Int > Cpt exp(ix ST nﬁ) :| d#”'<1>/,t(x) =t (3.3.13)
T}, =y Oway
ay
M 2
Sty #Wm—lnt Z |Cn§ R
=0y Owig

where by d""t u(x) we denote #,,,, - transfered standard Lebesgue measure du(x) on

w{y

T'. From (3.3.2) by #,,, - transfer it follows that M e,,,, N*"®\N

Wiy
M 2 #W
AM) =4, #ogBxt 2 e | €y, Ry, (3.3.14)
=iy Oy
i.e. the quantity A(M) alwais is #,, ,, - finite i.e.
H#
~ A0 ey, REON, R (3.3.19)

From RHS of the Eq.(3.3.12) By #,,,,, - integration we obtain

w{y

[ oo Ny@a™o ue)

Ty
1
T#w“>
M 2
_ #w o # #W —
=t J. ay |:#Wm-lnt 2 Cw exp(zx by, nk>:| dopx) =4, (3.3.16)
=~w 0 p
T! ay vy
Py
M 2
Sy, Fwg It X ey | =0, A
=way Owgyy

But on other hand from Eq.(3.3.8) By #,, ,, - integration we obtain

Wity



[0 NuCod™ o ) =,

1
Ty
M
th th 3.3.17
_ #Hw {1} . {1y Hw ( ..
_#W{l> J‘ o #W(l)-lnt Z cnk(x) eXp (l‘x X#w‘“) nk (x) d {1>u(x)
1 =W{0> Ow
ey
#.
HHw Wiy
Sway R {”\Wmem

Obviously by (3.3.15),Eq.(3.3.16) and Eq.(3.3.17) one obtains a contradiction.

Apendix 1.Paraconsistent Nonstandard Arithmetic
Designations 1.1. We will be write for short:
(i) x =, yinstead [ (x = ) V [ (& =0 ) A=sx =0, 3] ],
(if) x =y, yinstead [ (x = ») V (& =g 1)V [ (6 =wy 2) A sl =uy 9 ] ],
(iii) x =y, ¥ instead [ (x = ») V (& = ») Voo V[ (6 =0y D) A= =, ) ] s
n=12,....
Designations 1.2. We will be write for short:

(i) x #,,, yinstead —,(x =, »),i.e. instead

w[[(x =)V [(x =w ¥) A —s(x =w y)] ] ]

(i) x =u,, yinstead [ (x = y) V (x =g, 1)V [ & =upy 1) Al =y 0]

(iii) x =, y instead [(x = V)V X =uy ) \/...V[(x =gy V) A —s(x =Wy y)] ],
n=12,....

The Theory PA;

The Theory PA,,

Let N, , be a set containing an w,-element 0,,, , and let S
wor-function satisfying the following postulates:

PAW{O}O : OW<0> Twio OW<0>’

PAy o 1 Suy, () #y, Owy,, forallx e, Ny
PAW40>2 : Vx,y Ewy Nw<o> {[SW40> (x) “wyoy SW{O} ()/)] =5 X Zwyy y}a
PA, 3 : Let 4 be any w,-subset of N,, , which contains 0,,,, and which is closed
under

S 1-€. 8y, (x) €y, Aforallx e,, 4. Thend =, N,,.

PA, 4. Yy1 VY40, ) A VX(A(x) =5 A(Sw, (X)))]

vy Nwg, =Ny, be a

w{oy

where 4 is any formula whose free variables are among x,y1, y«.



The Theory PA
Let N

a
w1y -function satisfying the following postulates:

PA,,.0:0 0

PA, 1 : Sy, (x) Fvoy Owys for all x S Nﬁm.

PA, 2 If Sy, (X) =wy, Swe, () thenx =, v, forallx,y €., Ny, .
PA,, .4

w{y

wa, D€ @ wyy-set containing an w,-element 0,,,,,, and letS,, , :N,,, =N, , be

Wiy wioy ~ Wiy Yoy

wiy T

PA, such that the following statement

holds:
any wq,-subset X ., N, has a strong wy,-complement N\, Xin N, .

Definition 1.1.The condition that X has a strong <upy -least element reads

EIx(x €0 X)[Vy S X—|s<y <ug, x) ] (1.2)

5.There exists wy;-subset N, <, Nj |

Definition 1.2.

Remark 1.1.

Theorem 1.1.N,, ,is a strong well-w ,-ordered w1, -set.

Proof.We will prove by using strong (or complete) induction.

Let X be a w-nonempty w;,-subset of N,, . Suppose X does not have a <,,,,, -least

element. Then consider the set N, \, X

Case 1) N, )\ Wm)(zw<1> @Wm. Then X = N, and so 0,,,, is a strong <,,,,, -least
element. Contradiction.
— S
Case 2) ﬁs(NW<1> win X =, w) There exists an n €0 Ny, \W,, X such that for all
S
k <wg,, n; kew<l> NW<1>\W<1>X
(Note that n necessarily exists because 0,,,, € vy Nwey Vo, X, else 0,,,, € vy X and
would

be a <, -leastw,-elementof X.)
Since we have supposed that N (][] X does not have a least element, thus n =2 X.
Using strong induction, we see that forallk <n; k2N [1[1 Xand n2 N (][] X. We can

conclude
n2N [ Xforalln2N. Thus N (][] X =N implies X = 7.
This is a contradiction to X being a nonempty subset of N.

Notation 1.1. We often abbreviate for short x <y Y instead

_'W<y Sway x). (1.1)
Definition 1.1.The condition that X has a weak <, -least w;-element reads
EIx(x €0 X) [Vy S X—|W<y <ug, x) ] (1.2)

or
EIx(x €0y X)[‘v’y €y X(x <u, y) ] (1.3)



Definition 1.1.Assume that the condition that X has a weak <u, -least element is

satisfied and let x be a weak <, =~ -least wy;-element of the X.We will say that x is

inconsistent if the following statement is true

PA, , 3.The a weak w,,-well-ordering principle:
(i) every non-empty wy;,-set of natural numbers w;,-contains a weak <ug, -least
element

or in the following equivalent form
(i) every non-empty w,-set of natural numbers contains a <

Remark 1.1.We remind that

v, -least wy-element
{13

Y <py, X & —|s<x <ug y). (1.4)

Theorem 1.1.
Proof. Assume that (i) and (ii) are both true statements.
Let X» be the wy;,-set of all natural numbers for which P(y) is false, i.e.

Yy e, Xp o —PO). (1.5)

{1y
If Xp is wy,-empty set then we are done, so assume that X» is not w;;,-empty.Then,by
the weak well wy-ordering principle, Xp has a weak <ug, -least wy,-member let’s say

x,i.e.
Elx(x e”‘(l) Xp)I:Vy E“’{l) XP<x <“’{1} y) ] (1'6)

Since x is the weak <, -least w,-member of Xp it follows thatP( -1, ) is
{1} {1} {13

true. But this means, by (ii) above, that P(x) is true. We have a contradiction and so our

assumption that ﬁs(Xp =, ®w<1>> must be wrong.
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