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The Riemann hypothesis is not proved by more, than 150 years. At this paper, | presented new
solution for this problem. | found new trigonometrical form of Riemann's zeta function for negative
numbers (n). This new form of zeta gives opportunity to prove the Riemann hypothesis. Presented
proof isn’t complicated for trigonometrical form of zeta function.
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1. Introduction
Riemann's zeta hypothesis from 1859 [1] is expressed as follows:

CONJECTURE The non trivial zeros of the Riemann zeta function {(s) all have real part Re(s) =1/2.

z= 1 +i [
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The Riemann zeta hypothesis is the most famous of the few still unsolved problems on Hilbert's list of
twenty-three mathematical challenges, which he presented in 1900 at the dawn of the new century
[2]. It is also one of the seven Millennium Problems [3] named in 2000 by the Clay Mathematics
Institute.
From the pure mathematical point of view, to prove this hypothesis is a very challenging task.
Here, | try to prove the Riemann hypothesis by applying a new trigonometrical form of zeta functions.



2. Definition
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The Riemann zeta function  (s) is defined for Re(s)>1 as: Z(S) = Z F Re(s) >1
=1
' 2 Us) = s=
9 9.788 1
d 6.603 1.1
| 4,799 1.2
1 3.722 1.3
1 3.043 1.4
' 2,592 L5
Us) 5 : 2.279 1.6
- l 2.052 1.7
a 1.881 18
3 i 1.749 1.9
‘ 1.645 2
2 i 1.56 2.1
l 1.491 2.2
gy 0 1
| 1.432 2.3
: 1.383 2.4
o 1 2 3 4 5 6 7 8 9 10 11 12

Figure 1. Riemann zeta function { (s).

3. Zeta function for negative numbers (n)

For negative numbers (n), Riemann zeta function { (s) is a complex function. We can select real part
and imaginary part of zeta function.
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Figure 2. Riemann zeta function for negative (n). Real part and imaginary part.



4. Equivalent form of zeta function for negative numbers (n)

We can express the Riemann zeta function  (s) for negative numbers (n) as equivalent formula. This
new equation of zeta consists of two parts. First part is a “normal” zeta function { (s). Second part of
equation is a module of negative values. This module is represented by complex numbers.

Z(S)-Z—

n——l
1 > 1 - 1
{(s) =2, — s —
n—z-ln nZ;‘ nZ: (=1Ch)
Example: (a [ﬂ))s =a® [b° a--1 and b -n
(-1)° = (-2)° {qn)°
= 1 > 1 1 > 1 1
{(s) = ST T s
Z (-1m) Z n® (1) Z N
equivalent
> 1 1 PN — 1
¢(s) ( _SJ ()= —
; n V=1 = n=-1
The standard zeta function module of negative values (complex numbers)

Below are presented a few numerical values. Zeta function and equivalent form of zeta function for
negative numbers :
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Figure 3. Numerical comparison of various components.



One(s) = R S Y ORe(s)=Re(One(s))  OlIm(s)=Im(One(s))
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Figure 4. Characteristic of One(s). Variable One(s) is a module of negative values (complex numbers). Real
part and imaginary part.
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Figure 5. Riemann zeta function for negative (n). Comparision of zeta { (s) with One(s). Real parts and
imaginary parts.

For high value of s (4,5,6,....), {Re(s) and ORe(s) seems to be only one line. Similarly is for imaginary
values ( {Im(s) and OIm(s)).
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Figure 6. Characteristic of One(s) on comlex plane. Real axis with imaginary axis.
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Figure 7. Characteristic of zeta { (s) on comlex plane. Real axis with imaginary axis.



5. Transformation of zeta function to trigonometrical form (negative n)

Real part and imaginary part of module (One(s)), seems to be a some kind of sinusoidal function. That
assumption was confirmed by numerical solution and comparison of sinusoidal functions. That was
not a big challenge for a computer software like Mathcad. | checked several of sinusoidal functions
and choose only two, which possess the same shape as (ORe(s) and OIm(s)). One sinusoidal
equivalent for real part ORe(s) and one sinusoidal equivalent for imaginary part OIm(s). Discovering
of new equation by numerical comparison, probably is not a professional method, but it works.
Correct formula of trigonometrical zeta function was presented below.

equivalent equivalent
Re| — — = sin(— TS+ Zj m| — - <& sin(-7-5)
-1) 2 =)
. T
s= ORe(s) = Sm(‘" St 5] . Oln(s) = sin(—m s) =

1 -1 =il 0 (I
1.1 -0.951 -0.951 0.309 0.309
1.2 -0.809 -0.809 0.588 0.588
1.3 -0.588 -0.588 0.809 0.809
1.4 -0.309 -0.309 0.951 0.951
1.5 0 0 1 1
1.6 0.309 0.309 0.951 0.951
1.7 0.588 0.588 0.809 0.809
1.8 0.809 0.809 0.588 0.588
1.9 0.951 0.951 0.309 0.309

2 1 1 0 0
2.1 0.951 0.951 -0.309 -0.309
2.2 0.809 0.809 -0.588 -0.588
2.3 0.588 0.588 -0.809 -0.809
2.4 0.309 0.309 -0.951 -0.951

Figure 8. Numerical comparison of various components. Comparison of real part ORe(s) with a proper
sinusoidal function. Similarly for imaginary part OIm(s).
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Figure 9. Visual comparison of real part of module One(s) with a trigonometrical equivalent. Similarly for
imaginary part of module One(s).
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Example: (multiplication of complex numbers)

Z,[Z, =(a, +hji){a, +b,i) = (a, [&, —b, ;) + (&, , +a, )i

2(s) = (i‘n—ls + Oij EEsin[— m:mgj +sin(- n&)i)

()= Kilnij [Es n(— ﬂl}s+gD —o} {@nij dsin(~ 778) + o} i

Trigonometrical version of Riemann zeta function:

(=[5 2 oo 2 (£ ot

n=1 n=1

Re({(9)) = (in—lsJ Eﬁsi n(— TS+ %TD real part of zeta function

00

Im({ (9)) = [Zn_lsj [{sin(- 77[3)) imaginary part of zeta function

n=1



6. Trigonometrical form of zeta function & Riemann hypothesis

Riemann's zeta hypothesis is expressed as follows:

CONIJECTURE The non trivial zeros of the Riemann zeta function {(s) all have real part Re(s) =1/2.

z:£+iﬂ
2

We can try testing this hypothesis for trigonometrical version of zeta function. Why not? It’s quite

simple operation. At first, we should note that the complex function is a zero, if real part is a zero and
imaginary part is also a zero.

Example: (zero & complex numbers)
z=a+bi i =-1
z=0 if a=0 and b=0
z=0 z=0+0i
if
¢(s)=0 Re({(s)) =0 and Im({(s)) =0
2(s)=0= (iﬂ [ﬁs. n(— s+ ’—ZTD ¥ (iﬂ dsin(~ 7703))

(real part of zeta should be a zero) & (imaginary part of zeta should be a zero)

6.1 Consideration of trigonometrical form of zeta function for (S € N)

SON = SO(1,23/4,...,)

Imaginary part of zeta is always a zero Im({(s)) =0, for S1(1,2,3/4,...,)

Im({(s)) =0= (in—lsj [{sin(- 77(8)) because sin(— ITES) =0

n=1

Real part of zeta Re({(s)) is not a zero for SU(1,2,3,4,...,0)

Re({(3)) = (znij tﬁs‘n[— nts+’—2’D = [zni] sign sign 0{-11)

Re({(s)) = (in—lsj [sign signO0{-11}



Sign:Sin(—lT[S+%TJ=Sin£—ﬂ[€8—%D , where:

sin(— ZT[S+7—2TJ =1 for S(2,4,68,...,o)
sin(— 7T[S+7—2Tj=—1 for SO(@L357,...,0)
il 1 . T
_ sin(—n8+ E) Z s Bm(—rrs+ Ej
S= 2 n=1n
1 -1 -9.788
2 1 1.645
3 -1 -1.202
4 1 1.082
5 -1 -1.037
6 1 1.017
7 -1 -1.008
8 1 1.004
9 -1 -1.002
10 1 1.001

Figure 10. Numerical solution for trigonometrical form of zeta function (S € N).

2.5

15

05
gm(s)

sin(-m9
- 0.5

-25

=
N
w

210 -9 -8 -7 -6 -5 -4 -3 -2 -1 0

4 1 . T
(Re(s), Z s [&in —nS+;

n=1 "
Figure 11. Visual presentation for solved points. Real part of zeta is not a zero ({Re(s)#0). Imaginary part of
zeta is always zero ({Im(s)=0).



6.2 Consideration of trigonometrical form of zeta function for (S + 1/2)

(s+%) = SO(L234,...,)

Real part of zeta Re({ (9)) :
Re({(s)) =[§n—1SJ EEsin(—ﬂ[S+7—2TD [ > s J[E ( n([S——+ DJ (Z; = 2J[ﬂsm( n[s))

X=

N

adding constant  x =

N

N

X=

Re({(9)) = (Z SyJ[ﬂsm( m8)=0 for SO(L234,..,9) and
nl N 2

RAS)=2  for  SO(L234..)

Real part of zeta is a zero Re({(S)) =0, but always for a real constant Re(S) = %

Imaginary part of zeta Im({(S)) :
e Sl N [ 1 ( N[ 1 _
Im({ (s)) —(; nSJEﬂsm( 7(8)) {; nS%J[ESIn( ﬂ[ﬁ8+2jj] {; nS%JEﬂgn

adding constant x:% X =

NI

Im@Z(9) = (Z 1%]Eﬁgn sign0{-13}

:]_n

sl

sin(— HE€S+%D =1 for SU(1L357,...,0)
sin(— HE€S+%D =-1 for  SU0(2,4,68,...,0)

Im({(s)) = (Z Sl}/JEBign for (%J and S0 (1,2,3/4,...,9) sign0O{-11}
n=1 N

Imaginary part of zeta Im(¢ (S)) is not a zero for real constant Re(S) = % and S0(1,2,3/4,...,0)
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S+ —; = sin[—n(s+ %ﬂ Z S+0.5 @n[_n(& Eﬂ

S= n=1"n
1 1.5 1 2.592
2 2.5 -1 -1.341
3 3.5 1 1.127
4 4.5 -1 -1.055
5 5.5 1 1.025
6 6.5 -1 -1.012
7 7.5 1 1.006
8 8.5 -1 -1.003
9 9.5 1 1.001

10 10.5 -1 -1.001

Figure 12. Numerical solution for trigonometrical form of zeta function (S+1/2).
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Figure 13. Visual presentation for solved points. Imaginary part of zeta is not a zero ({Im(s) #0). Real part of
zeta is a zero ({Re(s)=0) , but always for a real constant (Re(S)=1/2).
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Figure 14. Visual comparison of trigonometrical functions. Distance among the functions is always constant

(x=1/2).
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7. Proof for Riemann hypothesis

The proof was already composed at previous point (6.2). Now, | demonstrate only a short summary.
) 1 . 1 .
Hypothesis:  z= > +ild , where Re(S) = > and Im(S) =i

Trigonometrical form of zeta function is expressed as follows:

c=o=(52)fo{ e ) {B 8

n=1 n=1

(real part of zeta should be a zero) & (imaginary part of zeta should be a zero)

Real part of zeta is a zero, but always for a real constant Re&(S) = % and S1(1,2,3/4,...,0)

Re(S)z% > Re((s)=0

Re(Z(s)):(i ! JEﬂsin(—ﬂ[S)):O for  SO0@1,234,...,0)

n=1 |‘]S+}é
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Imaginary part of zeta is not a zero for real constant Re(S) = % and S[0(1,2,3/4,...,)

It was shown on (Figure 12) and (Figure 13).
At Riemann hypothesis, imaginary part was defined as: i[t

Re(s):% |:> Im(Z(S))=[i i%][ESi”(_”[ﬁSJr%D]

n=1 n

Im(s) :[Z; niyz][Esin(— n[€S+%D][ﬂ i  where
el

21 : . ) 1
t= [&ign d sign=9nl -7QIS+=

Hypothesis:  z= % +ild , where Re(S) Z% and Im(S) =it

1 L1 ] =
z:§+|Eﬂ=Re(5)+|m(s):§+[;n8+%}ﬁsn(_n[€s+§ﬁ}m

for SO(L,2,34,...,0)

8.
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