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This paper presents an alternative classical mechanics which is invariant
under transformations between reference frames and which can be applied
in any reference frame without the necessity of introducing fictitious forces.
Additionally, a new principle of conservation of energy is also presented.

The Inertial Reference Frame

The inertial reference franfeis a reference frame fixed to a system of particles, whose
origin coincides with the center of mass of the system of particles. This system of patrticles
(referred from now on as the free-system) is always free of external and internal forces.

The inertial positiorf,, the inertial velocity\“/a and the inertial acceleratiofy, of a
particle A relative to the inertial reference fraieare as follows:

Pa = (ra)
Ua = d(ra)/dt
8y = d?(ry)/dt?

wherer 4 is the position of particle A relative to the inertial reference fréne
The New Dynamics

[1] Aforce is always caused by the interaction between two particles.

[2] The resultant forcd=; acting on a particle A of massy produces an inertial
acceleratiord, according to the following equationd; = Fa/my

[3] This paper considers that not all forces obey Newton'’s third law (in its strong form
or in its weak form)



The Definitions
For a system of N particles, the following definitions are applicable:

Mass M=5m

Linear Momentum P = Si m Vi

Angular Momentum L = ¥ mf; x ¥;

Work W = 5 [ZFi-dfi = 53 8Y2m (%)?2
Kinetic Energy AK = 3 AYom (9;)?

Potential Energy AU = ¥; — [2 F;-dFf

Lagrangian L=K-U
The Principles of Conservation

The linear momentun® of an isolated system of N particles remains constant if the
internal forces obey Newton'’s third law in its weak form.

P = constant [d(P)/dt = 5im& = 5;F = 0]

The angular momentutn of an isolated system of N particles remains constant if the
internal forces obey Newton'’s third law in its strong form.

L = constant [d(L)/dt = 3imfix& = 3ifixF = 0]

The mechanical enerdy of a system of N particles remains constant if the system is
only subject to conservative forces.

E = K+U = constant [AE = AK+AU = 0]



The Transformations

The inertial positiorf, the inertial velocityV,; and the inertial acceleratiof, of a
particle A relative to a reference frame S, are given by:

fa=ra—R
Va = Va— OXx(ra—R)—V
3 = 8@—20x(Va—V)+ Ox[Wx(ra—R)|—x(ra—R)—A
wherer 5, V4 anda, are the position, the velocity and the acceleration of particle A relative
to the reference frame B, V andA are the position, the velocity and the acceleration of the

center of mass of the free-system relative to the reference framea8da are the angular
velocity and the angular acceleration of the free-system relative to the reference frame S.

The positionR, the velocityV and the acceleratioA of the center of mass of the
free-system relative to the reference frame S, and the angular vetodityd the angular
acceleratiorx of the free-system relative to the reference frame S, are as follows:

M = 3i'm
R=M!yVmr
V =M1s¥my
A=M7T3ima
o=1"1L
o= dw)/dt
| = 3i'm[ri—RP1-(r~R)&(ri ~R)]
L = 3¥m(ri—R)x(vi—V)
whereM is the mass of the free-systeimis the inertia tensor of the free-system (relative

to R) andL is the angular momentum of the free-system relative to the reference frame S
(the free-system of N particles must be three-dimensional)



The Equation of Motion

From the third transformation it follows that the acceleratimnof a particle A of
massm, relative to a reference frame S, is given by:

8a = Fa/Ma+20%x(Va—V)—Ox[0x(ra—R)]+0x(ra—R)+A
whereF, is the resultant force acting on particle Ay(= F5/my)

Observations

The alternative classical mechanics of particles presented in this paper is invarian
under transformations between reference frames and can be applied in any reference frar
without the necessity of introducing fictitious forces.

This paper considers, on one hand, that not all forces obey Newton’s third law (in its
strong form or in its weak form) and, on the other hand, that all forces are invariant under
transformations between reference frames<{ F)

Additionally, from the equation of motion it follows that a reference frame S is inertial
when (@ = 0 andA = 0) and that it is non-inertial wher{ # 0 or A # 0)
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Appendix

For a system of N patrticles, the following definitions are also applicable:
Angular Momentum L' = S;m (fi — fem) X (% — Vem)

Work W' = 5 [2Fi-d(fi —Ffem) = 3i AY2m (% —Vem)?
Kinetic Energy AK’ = i DY my (Vi — Uem)?

Potential Energy AU’ = 5; — [ F-d(fi — fcm)

Lagrangian =K -U

wheref.n andVcy, are the inertial position and the inertial velocity of the center of mass
of the system of particle; [f M & -d(fi —Fem) = 5 JEM (& —&em) - d(Fi — Fem) = 3 A Y2 M (Vi —Vem)?

The angular momenturd of an isolated system of N particles remains constant if the
internal forces obey Newton’s third law in its strong form.

I’ = constant
dl)/dt = 5 m (Fi —Fem) X (& —8cm) = 3 M (i —Tem) x& = YirixFi =0
L= Yim (fi —Fem) X (Vi —Vem) = i Mi(ri —rem) X [Vi — OX(rj —rem) — Vem]

The mechanical enerdy’ of a system of N particles remains constant if the system is
only subject to conservative forces.

E/ = K'+U’ = constant

AE = AK'+AU' =0

AK' = i AYomy (U —Vem)? = i AY2my [Vi — @x(ri —em) — Vem)?
AU = Di —ff Fi-d(fi —fem) = 3 _ff Fi-d(ri —rem)

wherer .y andven, are the position and the velocity of the center of mass of the system of
particles relative to a reference frame S, @ds the angular velocity of the free-system
relative to the reference frame S. If the system of particles is isolated and if the interna
forces obey Newton'’s third law in its weak form them= /¢ Fi-d(ri —rem) = 3; — /¢ Fi - dr;



The New Principle of Conservation of Energy
-versions 1 & 2 -

For a system of N particles, the following definitions are also applicable:
Work W = 5 (2 Fi-dii +AY2Fi-T7) = AK
Kinetic Energy ~ AK = 3 AYom (Vi-Vi +a-Tj)

Potential Energy AU = —3; (/2 Fi-drj + AY2Fi-17)
whererj =ri —rem, Vi = Vi —Vem, & = @ — acm, i, Vi anda; are the position, the
velocity and the acceleration of thh particle,rcm, Vem andacny, are the position,

the velocity and the acceleration of the center of mass of the system of particiss,

the mass of theth particle, and; is the resultant force acting on th¢h particle. If

the system of particles is isolated and if the internal forces obey Newton’s third law
in its weak form thenZi (J¢ Fi-dii + A2 Fi-i) = 3 (J7 Fi-dri + AY2Fi-ri)

The new principle of conservation of energy establishes that if a system of N
particles is only subject to conservative forces then the mechanical eBavfthe
system of particles remains constant.

E = K+U = constant [AE = AK+AU = 0]

The new principle of conservation of energy is invariant under transformations
between reference frames since the kinetic en&rgihe potential energy and the
mechanical energi of a system of N particles are invariant under transformations
between reference frames'(=F | m=m | r'=r1 | V.V +a T =V.v+ar)

The new principle of conservation of energy can be applied in any reference
frame without the necessity of introducing fictitious forces and without the necessity
of introducing additional external variables (suchmaR, v, @s, etc.)
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This paper presents an alternative classical mechanics which is invariant
under transformations between reference frames and which can be applied
in any reference frame without the necessity of introducing fictitious forces.
Additionally, a new principle of conservation of energy is also presented.

The Dynamic Reference Frame

The dynamic reference frangis basically a reference frame that can be used to obtain
kinematic quantities (such as dynamic position, dynamic velocity, etc.) starting primarily
from dynamic quantities (such as force, mass, etc.)

The dynamic positiofii, the dynamic velocity, and the dynamic acceleratiag of
a particle A of massn, relative to the dynamic reference fraiSeare as follows:

fa = [[(Fa/ma) dtdt
Va = [(Fa/ma) dt
(Fa/ma)

whereF, is the resultant force acting on particle A.

<
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The New Dynamics

[1] Aforce is always caused by the interaction between two particles.

[2] The resultant forcd=-, acting on a particle A of massy produces a dynamic
acceleratiord, according to the following equationd, = Fa/my

[3] This paper considers that not all forces obey Newton'’s third law (in its strong form
or in its weak form)



The Definitions
For a system of N particles, the following definitions are applicable:

Mass M=5m

Linear Momentum P = RURY

Angular Momentum L = ¥; mF; x Vi

Work W = 5 [ZFi-dfi = 3 AY%m (V)2
Kinetic Energy AK = 3 AYom (V)2

Potential Energy AU = ¥; — [2 F;-dF;

Lagrangian L=K-U
The Principles of Conservation

The linear momentun® of an isolated system of N particles remains constant if the
internal forces obey Newton'’s third law in its weak form.

P = constant [d(P)/dt = 3;m& = 3 Fi = 0]

The angular momentutn of an isolated system of N particles remains constant if the
internal forces obey Newton'’s third law in its strong form.

L = constant [d(L)/dt = 3 mFix& = 3ifixF = 0]

The mechanical enerdy of a system of N particles remains constant if the system is
only subject to conservative forces.

E = K+U = constant [AE = AK+AU = 0]



The Transformations

The dynamic positiofi,, the dynamic velocity, and the dynamic acceleratiag of
a particle A relative to a reference frame S, are given by:

ra - ra+FS

Va = Va“r(\i‘)sx ra+vs

£
I

8a+20s X Va+ Ws X (Ws X Ia) + Og X I3+ 8s

wherer 5, V5 anda, are the position, the velocity and the acceleration of particle A relative
to the reference frame $s, Vs, as, ®s and & are the dynamic position, the dynamic
velocity, the dynamic acceleration, the dynamic angular velocity and the dynamic angular
acceleration of the reference frame S relative to the dynamic reference &ame

The dynamic positioiiis, the dynamic velocitys, the dynamic acceleratiof, the
dynamic angular velocityds and the dynamic angular accelergti&g of a reference
frame S fixed to a particle S relative to the dynamic reference fignaee as follows:

s = [ J(Fo/ms)dtdt
Vs = [ (Fo/ms) dt
as = (Fo/ms)
. 2|1/2
ds = % |(F1/ms—Fo/ms)- (r1—ro)/(r1—ro)?|

os = d(as)/dt
whereFg andF; are the resultant forces acting on the reference frame S in the points 0
and 1,ro andr4 are the positions of the points 0 and 1 relative to the reference frame S
andmg is the mass of particle S (the point O is the origin of the reference frame S and the
center of mass of particle S) (the point 0 belongs to the axis of dynamic rotation, and the

segment 01 is perpendicular to the axis of dynamic rotation) (the véetis along the
axis of dynamic rotation)



The Equation of Motion

From the third transformation it follows that the acceleratimnof a particle A of
massm, relative to a reference frame S, is given by:

8a = Fa/Ma—2Ms X Va — s X (DsX Ia) — Ois X 4 — s
whereF, is the resultant force acting on particle 8y(= Fa/my)

Observations

The alternative classical mechanics of particles presented in this paper is invarian
under transformations between reference frames and can be applied in any reference frar
without the necessity of introducing fictitious forces.

This paper considers, on one hand, that not all forces obey Newton’s third law (in its
strong form or in its weak form) and, on the other hand, that all forces are invariant under
transformations between reference frames<{ F)

Additionally, from the equation of motion it follows that a reference frame S is inertial
when @s = 0 andas = 0) and that it is non-inertial whemdg # 0 or s # 0)
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Appendix

For a system of N patrticles, the following definitions are also applicable:
Angular Momentum U= Si m (Fi —Fem) ¥ (Vi —Vem)

Work W = 5 [2Fi-d(fi —Fem) = 3i AY2m (Vi —Vem)?
Kinetic Energy AK' = i AYpmy (Vi — Vem)?

Potential Energy AU’ = 5; — [2 F;-d(F; — Fem)

Lagrangian =K' -U’

wherer .m andV¢, are the dynamic position and the dynamic velocity of the center of mass
of the system of particle; [fm& -d(fi —Fem) = 3 JEM (& — &em) - d(Fi —Fem) = 3 A Y2 My (Vi —Vem)?

The angular momenturtd of an isolated system of N particles remains constant if the
internal forces obey Newton’s third law in its strong form.

L’ = constant
d(l)/dt = 3 m (Fi —Fem) X (B —8em) = Sim(ri—rem) x& = SirixF =0
U= 2im (fi —Tem) X (Vi —Vem) = Simi(ri—rem) x [V + s X (i —'em) — Vem|

The mechanical enerdy’ of a system of N particles remains constant if the system is
only subject to conservative forces.

E’ = K'4+U’ = constant

AE' = AK'+ AU’ =0

AK' = 3 AYom (Vi —Vem)? = 5 A2 M [Vi+ @ x (i —Fem) —Vem]?
AU’ = 5 — Jf Fi-d(fi—Fom) = 5 — 7 Fi-d(ri —rom)

wherer¢m andvem are the position and the velocity of the center of mass of the system
of particles relative to a reference frame S, amgis the dynamic angular velocity of the
reference frame S. If the system of particles is isolated and if the internal forces obe)
Newton’s third law in its weak form therx — /7 Fi-d(ri —rem) = 3 — J7 Fi-dri



