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Abstract

Linear Programming is now included in Algorithm undergraduate and postgraduate courses for
Computer Science majors. It is possible to teach interior-point methods directly with just minimal
knowledge of Algebra and Matrices.

A full and more complete version of this is available as (K.Mehlhorn and S.Saxena, A
Still Simpler Way of Introducing the Interior-Point Method for Linear Programming, at viXra:1510.0473
and arXiv:1510.03339 [cs.DS]).

1 Introduction

Terlaky [7] and Lesaja [3] have suggested simple ways to teach interior-point methods. In this paper
a still simpler way is being suggested. Most material required to teach interior-point methods is
available in popular text books [5, 8]. However, these books assume knowledge of Calculus, which
is not really required. In this paper, it is suggested if appropriate material is selected from these
books then it becomes very easy to teach interior-point methods as the first or only method for
Linear programming in Computer Science Courses. A full and more complete (but slightly
different) version of this is at[4].

Canonical Linear Programming Problem is to
minimise cz’ subject to Az = b and x > 0.

Here A is an n X m matrix, b and ¢ are n-dimensional and « is an m-dimensional vector.

T T

REMARK 1 maximise cx® is equivalent to minimise —cz” .

REMARK 2 Constraints of type ayx1+...4+anx, < [ can be replaced by ayx1+...+anz,+7 =0
with a new (slack) variable v > 0. Similarly constraints of type ayzy + ... + a,z, > (3 can be
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replaced by ayx1 + ... + apx, — v = [ with (surplus) variable v > 0.

Thus, we assume that there are n constraints and m variables, with m > n (more variables and
fewer constraints)— basically slack or surplus are added or subtracted to convert inequalities into
equalities.

We first use pivoting to make first term of all but the first equation as zero. Basically, we

multiply itfequation by —% and subtract the first equation. In similar way we make first two

terms of all but the first two equations as zero— multiply i*'equation (for i # 2) by —% and
subtract the second equation. And so on. In case, if in any equation all coefficients become zero,
we drop those equations. As a result, in the end all remaining equations will be linearly independent.
Or the resulting matrix will have full row rank.

REMARK We may have to interchange two columns (interchange two variables), in case, for example,
if a diagonal term of an equation becomes zero.

From convexity, it is sufficient to obtain a locally optimal solution, as local optimality will imply
global optimality.

We consider another problem, the “dual problem” which is
maximise by’ subject to ATy + s = ¢, with slack variables s > 0 and variables y are
unconstrained.
Claim 1 by” < ca”. The equality will hold if and only if, s;x; = 0 for all is.
REMARK Thus if value of both primal and dual are the same, then both are optimal.

Proof: s =c— ATy, or 27s = 2Tc — 2T (ATy) = T — (xTAT)y = To — bly. As z,5 >0, we
have z7s > 0 or L'z > bTy.

Equality will hold if #7s = 0 or 3, s;z; = 0 but as s;,7; > 0, we want each term (product)
S; Ly = 0.

Thus, if we are able to find a solution of following equations (last one is not linear, else, an
inversion of matrix would have been sufficient), we will be getting optimal solutions of both the
original and the dual problems.

Ax = b,ATy—I—s =c,x;8 =0
subject to x > 0,s > 0.
We will relax the last condition to get something like (duality gap):
TiS; = [

with parameter > 0. Thus, we will be solving (the exact last equation will be derived in the next
section):
Az =b, ATy +s=c,asi = 1

subject to x > 0,s > 0.

REMARK Thus, by” — ca” ~ mpu.



2 Use of Newton Raphson Method

Let us assume that we have an initial solution (z, s, y) (we will discuss how to get an initial solution
in Section 5) which satisfies
Az =band ATy+s=c

We will use the Newton-Raphson method[5] to get “better” solution. Let us choose the next values
as ¢+ h,y + k,s + f. Then we want:

1. A(x+h)=bor Az + Ah = b but as Az = b, we get Ah = 0.

2. AT(y+k)+(s+f)=c, from ATy+s=c,weget ATk+f=c—ATy—s=00or ATk+f=0

3. (i +hi)(si+ fi) = por x;8; + his; + fix; + hi f; = p. Or approximately, x;s; + his; + fix; = p
(neglecting the non-linear h; f; term). Thus, the equation we will be solving is

hisi + fixi = p — x;8;

Thus, we have a system of linear equations for h;, k;, f;. We next show that these can be solved
by “inverting” a matrix.

But first observe that from the third equation,
Observation 1 (x; + h;)(s; + fi) =+ hi f;

Theorem 1 Following equations have a unique solution:

1. Ah=0
2. ATk+f=0

3. hisi + fivi = p— x;54

Proof: We will follow Vanderbei[8] and use capital letters (e.g. X) in this proof (only) to denote
a diagonal matrix with entries of the corresponding row vector (e.g. in X the diagonal entries will
be z1, 2, ..., ZTn). We will also use e to denote a column vector of all ones (usually of length m).

Then in the new notation, the last equation is:
Sh+ X f = pe— XSe
Let us look at this equation in more detail.

Sh+Xf = pe— XSe
h+S71Xf = S 'ue— S 1XSe pre-multiply by S~!
h+S7'Xf = pS'e— X5 T%e diagonal matrices commute
h+S7'Xf = puSle—zasXe==zx
Ah+ASTIXf = pAS~'e — Az pre-multiply by A
ASTIXf = pAS~'e—bbut Axr =band Ah =0
—ASTIXATE = pAS te—busing f=-ATk
b—puAS~te = (ASTIXAT)k



As XS~! is diagonal with positive items and as A has full rank, if W = vV XS~! (each diagonal
term is \/7;/s;) then ASTIXAT = (AW)(AW)T = AW2AT is invertible (see appendix). The last
equation can thus be used to get the value of matrix k after inverting the matrix AS~'X AT or

k= (AS7XAT) 7! (b pAS~'e)

Then we can find f from f = —ATk.
And to get h we use the equation: h+ S™'Xf = uS~le — z, ie.,

h=-XS'f+puSte—=z

Thus, the above system has a unique solution. |
Claim 2 Y, hif; = 0 or equivalently hT f = fTh =0

Proof: As ATk+ f =0, we get KT ATk +hT f = 0 but hT AT = (AR)T = 0, hence AT f = 0 follows.
i

3 Invariants in each Iteration

We will maintain following invariants:

1. AzT = b, with > 0 (strict inequality)

2. ATy + s = c with s > 0 (strict inequality)

2
3. If p is the “approximate duality gap” then o < % where 0% = 3", (% — 1) .

At end of this iteration we want duality gap p' < (1 —d)u. We will see that ¢ can be chosen as
_ 1
=0 ().
We first show that strict inequality invariants hold (in ¢’ we have z + h,s + f and same pu):

Fact 1 Ifo’ <1 thenx+h>0ands+ f>0

Proof: We first show that the product (z; + h;)(s; + f;) is term-wise positive. From Observation 1,
(zi + hi)(si + fi) = p + hsi.

From o’ < 1 we get 0> < 1. But (using Observation 1):

s (<xi+hiL<5i+fi) - 1)2 ¥ (h_s)2 -

5 ;N M

As the sum is at most one, it follows that each term of the summation must be less than one, or
% <lor —p < h;f; < p. In particular p+ h; f; > 0.

Thus the product (z; + h)(s; + f) is term-wise positive.



Assume for contradiction that both x; + h; < 0 and s; + f; < 0. But as s; > 0 and h; > 0,
we have s;(x; + h;) + zi(s; + fi) < 0, or p+ x;8; < 0. Which is impossible as p,z;,s; are all
non-negative, a contradiction. |

We have to still show that the “approximate duality gap” p decreases as desired.

Let us define two new variables:

H = hy -2
Tilb
=

F, = fi|—
Silb

Observe that >, H;F; =Y % =0 (see Claim 2).

S ZT;
hiy| =+ fiy| —
Tifb Sift
1
= (hisi + fixi)
TiSilb

1
= \sg (1 — zis:)

_ T (1 _ 331'81‘)
TiSq 1%

_ _[n <_1+$i3i>
TiSq 1%

2
From, the proof of Fact 1, we also observe that o/ = ", (hifi) ,or o2 =3, (H; F;)?

H;+ F;

And finally

using AM-GM inequality-see Appendix
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2
Aso? =3 (% - 1) , each individual term is at most o2 or

TS

u

—1‘<U

Thus,

—0 §%—1 <o
1-0 S% <l+o

In particular -£- <

2 4

Thus, 6?2 < (L) Z or o’ <
) 1-o) 4

We summarise our observations as:

Observation 2

N =
—_
|
Q

—244/22-4x1x(=2)  _94/12 _
= 5 =

2
Foro' <1,{Z <2o0ro*<2-20o0ro®’+20—2<0oro= 5

—1+V3=V3-1.

REMARK Observe that as for ¢/ < 1, denominator is a decreasing function of o and numerator is
an increasing function of o, hence, ;= will be an increasing function of o. This can also be seen

2 2. . . .
as {7 = oc?(l+o+0%+...),0 = %1‘:—0 will be an increasing function of o. Moreover for ¢ > %,

o' > o, thus we need o < %, Hence the choice of 0 < % For o < % we have ¢/ < %.

Let us finally try to get bounds on § (and hence p). Let us assume p' = p(1 — §) then if o”
corresponds to z + h,s + f and p’ we have

o (zi + hi)(si + fi) ?
"= ;( p(1—9) _1>
_ (zi + hi) (i + fi) — p(1 = 0)\
B z;( n(1—9) )

_ (zi + hi)(si + fi) — p 5\
B Z( w(l —9) +1—(5>

i

hif; 5 \? .
— zz: (,u( > + T 5) From Observation 1

= () #3).

1 hi fi\ 2 26
- e () e Ew)

i

CF\ 2
— ﬁ <§Z: <h;fl) +m52> From Claim 2




Thus observe that

Observation 3

We want to choose § such that o’ < %
We want to choose § such that o < 2. As for o < %, o < %, we have ¢ = 1715\/0/2 +md? ~
o2 +md2 < 4/ % + md2. For this to be bounded by 2, or mé? = 5.

Thus, we choose § = # which is on the safe side for m > 4.
m

REMARK For m > 4, {15 < m =8 and o = -5Vo? + mé2 < £,/(81/400) + (1/16) =

8/53/200 = 0.588321722 < 2.

4 Summary

Let us assume that initial duality gap is po and final duality gap is py, as after each iteration,
p < (1 —0)u, thus after r iterations, pup < (1 —0)"po, or

log Ho _ —rlog(1l—0) ~ —r(—0d)
Hf

or

r=0 llog@ :O<\/ﬁlog@
0 7 py 1y

As1—-0< stz <1+ o, we have (in last inequality we use o < %)

)
p(l—o) <wzis; <p(l+o) < Pl

Thus, when p becomes very small, even the products z;s;s will be very small. The above method

will give a polynomial time algorithm even if pg = 2m* and = 2%

5 Initial Solution: Big M Method

Let us first assume that there is a number (say) W such that there is an optimal solution z* for
which each z; < W; we will see later (see Section 5.1) how to find such a number in case all enteries
of A and b are integers. If e is a column vector (of length m) of all ones, then e’z* < mW.

Thus an optimal solution of the problem [1, p430] (see also [2, p128-129])



minimise cz’ subject to Az = b, e’z < mW and z > 0.

will also be a solution of the original problem (without e’z < mW constraint). Let us replace
(scale) variables z; by

m+ 2

then the problem becomes:

minimise ﬂ—%cw’T subject to Az’ =¥, eT'2’ < m+2and 2’ > 0 with v/ = b(m+2)/(mW)

We add a new variable 2/, | and replace e’2’ < m+2 by el2' + 2/, = m+2 (with z,,11 > 0).
Or dropping primes, the problem is equivalent to:

minimise cz’ subject to Az =b, e’z + x4 =m +2 and z > 0.

Consider a starting solution x( s.t. all components of z( are strictly positive (say all x; = 1
or z = e, Tyyq1 = 1). Define a vector p = b — Ae. Let x,,42 be one more new variable. Then
Ax + Typaop = b with £ > 0, 2,42 > 0 has a solution with z = e and z,,11 = ;42 = 1. For this
choice, e’z + Tm41 + Tmyo = m+ 2 is also true. We want a solution in which z,,19 = 0. Thus, we
try to minimise cz” + Mz, for a large M.

We thus consider the artifical primal problem:

minimise cxl 4+ Mz, 49 subject to Ax + pxpyy2 = b, elr + Tm+1 + Tmy2 = m+ 2 and
x> 0,2m41 20 and zp,42 > 0.

The dual problem (with new dual variable ¥, 11, S;m+1 and $p,49 is:

maximise by’ + (m + 2)y,+1 subject to

ATy + ey, +5=c,

Py + Yng1 + Smyp2 = M

Yn+1 + Sm+1 = 0 with slack variables s > 0,s,,41 > 0,8p,42 > 0 and variables y are
unconstrained.

To get an initial solution, from last equation 8,41 = —yn+1 = p > 0 (say). The simplest choice will
be to choose all other y = 0 then from first equation s = ¢+ ep which is again a positive number (if
w is larger than all —¢;s). To satisfy the second equation we must choose s;,42 = M —yp11 = M +p.
Observe that all slack variables are positive.

For this choice, z;8; = ¢; + 1 or &% — 1 = % and 241 8my1 = p and Zm2smt2 1 — Mg
) H m +15m+ K m m

o? = “% (ch2 +M2). We can make 02 < i by choosing p? =4 (3" ¢? +M2)'

5.1 Integer Case

This section assumes some more knowledge of algebra— determinants and Cramer’s rule and some
knowledge of geometry.



If Ais an n X n matrix then det |A| = 3> (=1)"a1(1)@2r(2)- - -Gnr(n) Will be sum of all possible
(products) of permutations 7 (with appropriate sign). Clearly det [A| = 3=, (=1)"a15(1)d2r(2)- - -Onr(n) <

Do ‘alﬂ(l)agﬂ(g). . .Cbnﬂ.(n)‘. If! each a;; < U, then det|A| < nlU™.

Cramer’s rule says that solution of equation Az = b (for n X n non-singular matrix A) is
x; = det(A;)/ det(A) where A; is obtained by replacing i*"column of A by b.

As all constraints are linear, solution space will be a convex polytope and (by convexity) for op-
timal solution it is sufficient to look at corner points. At each corner point exactly n components of
x will be non-zero; remaining m—mn x; will be zero. Thus, at optimal solution z; = det(A})/det(A’),
where A’ is obtained by keeping only n columns of A. If we assume that each |b;| < U, the maxi-
mum value of the determinant can be n!U". If all entries are integers, then determinant has to be
at least one if it is non-zero.

Thus, each x; is between 1/(n!U™) and n!U™. Or we can choose W = nlU" < (nU)".
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Appendix: Result from Algebra

Assume that A is n x m matrix and rank of A is n, with n < m. Then all n rows of A are linearly
independent. Or a1 Ay + agAs + ... + ap A, = 0 (here 0 is a row vector of size m) has only one
solution o; = 0. Thus, if x is any 1 x n matrix (a column vector of size n), then A = 0 implies
z =0.

As A is n x m matrix, AT will be m x n matrix. The product AAT will be an n x n square
matrix. Let y” be an n x 1 matrix (or y is a row-vector of size n).

Consider the equation (AAT )y = 0. Pre-multiplying by y we get yAATy? = 0 or (yA)(yA)T =
0 or the dot product < yA,yA >= 0 which, for real vectors (matrices) means, that each term of
yA is (individually) zero, or y is identically zero.

Thus, the matrix AAT has rank n and is invertible.

Also observe that if X is a diagonal matrix (with all diagonal entries non-zero) and if A has full
row-rank, then AX will also have full row-rank. Basically if entries of X are x1,x9, ..., z, then the
matrix AX will have rows as x1 A1, x2As, ..., 2, A, (ie., i™row of A gets scaled by ;). If rows of
AX are not independent then there are s (not all zero) such that:

B1x1A1 + BaxeAs + ... + Bpxn Ay, = 0, or there are as (not all zero) such that:
a1 A1+ agAg + ...+ ap Ay, = 0 with o = G5,

Arithmetic-Geometric Inequality follows from:
(@ +y)° > (2 +y) (2 —y)* = day

or taking square roots (of the first and the last)  +y > 2,/zy
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