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Abstract In this paper, we introduce the notion of bi-Smarandache BL-algebra,
bi-weak Smarandache BL-algebra, bi-Q-Smarandache ideal and bi-Q-Smarandache
implicative filter, we obtain some related results and construct quotient of bi-Smaran-
dache BL-algebras via MV-algebras (or briefly bi-Smarandache quotient BL-algebra)
and prove some theorems. Finally, the notion of bi-strong Smarandache BL-algebra
is presented and relationship between bi-strong Smarandache BL-algebra and bi-
Smarandache BL-algebra are studied.

Keywords bi-Smarandache BL-algebra - bi-weak Smarandache BL-algebra - bi-Q-
Smarandache ideal - bi-implicative filter - n-Smarandache strong structure

1. Introduction

A Smarandache structure on a set A means a weak structure W on A such that there ex-
ists a proper subset B of A which is embedded with a strong structure S. In [9], W. B.
Vasantha Kandasamy studied the concept of Smarandache groupoids, subgroupoids,
ideal of groupoids and strong Bol groupoids and obtained many interesting results
about them. Smarandache semigroups are very important for the study of congru-
ences, and it was studied by R. Padilla [7]. It will be very interesting to study the
Smarandache structure in this algebraic structures.

Processing of the certain information, especially inferences based on certain in-
formation is based on classical two-valued logic. Due to strict and complete logical
foundation (classical logic), making inference levels. thus, it is natural and neces-
sary in an attempt to establish some rational logic system as the logical foundation
for uncertain information processing. It is evident that this kind of logic cannot be
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two-valued logic itself but might form a certain extension of two-valued logic. Var-
ious kinds of non-classical logic systems have therefore been extensively researched
in order to construct natural and efficient inference systems to deal with uncertainty.
BL-algebra have been invented by P. Hajek [5] in order to provide an algebraic proof
of the completeness theorem of “Basic Logic” (BL, for short) arising from the con-
tinuous triangular norms, familiar in the fuzzy logic framework. The language of
propositional Hajek basic logic [5] contains the binary connectives ® and — and the
constant 0. Axioms of BL are:

AN @ =x) = (= ¥) = (@ = ¥);

(A2) (O x) = ¢

(A3) (9O x) = (x© ¢);

(A4) (@O (P = x) = WO (x — ¢));

(Asa) (9 = (x = ¥) = (9O X) = ¥));

(Asp) (9O x) = ¥) = (9 = (x = ¥));
(Ae) (¢ = x) = ¥) = (X = @) = ¥) = ¥);
(A7)0 > w.

MYV-algebras were originally introduced by Chang in order to give an algebraic
counterpart of the Lukasiewicz many valued logic. This structure is directly obtained
from Lukasiewicz logic, in the sense that the operations coincide with the basic log-
ical connectives [4]. Lukasiewicz logic is an axiomatic extension of BL-logic and
consequently, MV-algebras are particular class of BL-algebras.

It is clear that any MV-algebra is a BL-algebra. An MV-algebras is a weaker
structure than BL-algebra, thus we can consider in any BL-algebra a weaker structure
as MV-algebra.

The authors introduced the notion of bi-BL-algebra, bi-filter, bi-deductive system
and bi-Boolean center of a bi-BL-algebra. They have also presented classes of bi-BL-
algebras and we stated relation between bi-filters and quotient bi-BL-algebra [1].

A. Borumand Saeid et al introduced the notion of Smarandache BL-algebra and
dealt with Smarandache ideal structures in Smarandache BL-algebra. They con-
structed the quotient of Smarandache BL-algebra via M V-algebras (or briefly Smaran-
dache quotient BL-algebras) and proved that this quotient is a BL-algebra [2].

In this paper, we introduce the notion of bi-Smarandache BL-algebra, bi-Strong
Smarandache BL-algebra and investigate relationship between bi-Smarandache BL-
algebra and bi-Strong Smarandache BL-algebra. We deal with bi-Smarandache ideal
structures in bi-Smarandache BL-algebra. We introduce the notions of bi-weak Sma-
randache BL-algebra and bi-Smarandache (implicative) ideals in bi-BL-algebra, we
construct the quotient of bi-Smarandache BL-algebra via MV-algebras and we prove
that this quotient is a bi-BL-algebra.

2. Preliminaries

Definition 1 [5] A BL-algebra is an algebra (L, \,V,®,—,0,1) with four binary
operations A, V,®, — and two constants 0, 1 such that:

(BLI) (L, A,V,—,0,1) is a bounded lattice,

(BL2) (L,®, 1) is a commutative monoid,
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(BL3) © and — form an adjoint pair i.e, a® b < cif and only ifa < b — c,
(BL4)aAb=a0(a—b),

(BLS5)(a—> b))V (b—>a)=1,

forall a,b,c € L.

A BL-algebra L is called an MV-algebra if x** = x, for all x € L, where x* = x —
0.

Lemma 1 [5] In each BL-algebra L, the following relations hold, for all x,y,z € L:
DHxox—y <y,
@x<(y— oy,
B)x<yifandonlyifx - y=1,
Dx->0—=2=y—>(x—-2),
B)Ifx<y theny > z<x—-zandz > x<z-Y,
©)y<(y—-x-oux
MNy—-x<@@=y—->@->w),
B x—-ys@y—=2—->k—-2),
D xvy=[(x—>y) > y]Aly—> x)—> x]

Definition 2 [5] Let L be a BL-algebra. Then subset I of L is called an ideal of L if
following conditions hold:

(L)0el,

(L) x€land (x* = y*) € limplyy €I forall x,y € L.

Definition 3 [5] An MV-algebra is an algebra Q = (Q,®,",0) of type (2,1,0) satis-
Jfying the following equations:

(MV)xe(y®z)=xey) oz

(MVy) x®y=y®x,

(MV3) x®0 = x;

(MVy) x™ = x;

(MVs) x® 0" =0%;

(MVs) (x*@y) @y=("@x) ®x
forall x,y,z € Q.

From now on, L = (L, A,V,®,—,0,1) is a BL-algebra and Q = (Q,®,",0) is an
MV-algebra unless otherwise specified.

Definition 4 [1] A nonempty set (L, A, V,0, —,0, 1) with four binary operations and
two constants is said to be a bi-BL-algebra if L = L1 U L,, where L) and L, are proper
subsets of L and

i. (L1, A,V,0,—,0,1)is a non-trivial BL-algebra,
ii. (Lp, A, V,0,—,0,1) is a non-trivial BL-algebra.

Definition 5 [1] If L is a bi-BL-algebra and also a BL-algebra, then we say that L
is a super BL-algebra.
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Definition 6 [1] Let L = Ly U L, be a bi-BL-algebra. We say the subset F = F{ U F,
of L is a bi-filter of L if F; is a filter of L;, where i = 1,2 respectively.

Example 1 Let Ly ={0,a,b,c,d, 1} and L, = {0,d, e, 1}. Define ® and — as follow:

O|0abcdl —|0abcdl
0/000000 Of111111
alQaccda a|l01bbdl
L plocbeddb  b|0aladl
c|l0cccdce c|0111d1
dl0dddod dldl1111
110abcdl 1|0abcdl
o|0del —|/0del
0/0000 01111
Ly qlooadd dld111
e|l0dee e|0dl11
1/0del 1/0del
For L, whose tables are the following:

Ol0abcde 1 —|0abcdel
00000000 O[1111111
alQaccdea a|0lbbdel
[ b|0cbcdbb b|0aladdl
c|lOcccdec cl|0111del
dl0dddodd dldl11111
el0ebedece el0dbddl11
1|10abcde 1 1|/0abcdel

Consider F| = {a,b,c,1} and F, = {e,1}. Then F = F{ U F, = {a,b,c,e, 1} is a
bi-filter of L.

Theorem 1 [1] Let F = Fy U F, be a bi-filter of a bi-BL-algebra L = Ly U L, such
that F; is a filter of L;, where i = 1,2. Then (fé = % U f,—i is a bi-BL-algebra, where
ILp—j_ = {[xlg|x € L} and [x]F, = {y € Lilx > y € F; , y = x € F}}, where x € L; and
i=1,2

Definition 7 [2] A Smarandache BL-algebra is defined to be a BL-algebra L in
which there exists a proper subset Q of A such that:

(S1)0,1 € Qand|Q| > 2,

(S2) Q is an MV-algebra under the operations of L.
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Remark 1 If |Q| = 2, ie., Q = {0,1}, then every BL-algebra is a Smarandache
BL-algebra.

In the following, Q is a nontrivial MV-algebra under operations in L and also

0] > 2.

Definition 8 [2] A nonempty subset I of L is called Smarandache ideal of L related
to Q (or briefly Q-Smarandache ideal of A) if it satisfies:

(ci)lfxel,ye Qandy < x, theny € I.

(c2)Ifx,yel thenx®yel

Theorem 2 [2] If ] is an ideal of L, then I is a Q-Smarandache ideal of L.

Definition 9 [2] A nonempty subset F of L is called Smarandache implicative filter
of L relative to Q (or briefly Q-Smarandache implicative filter of L) if it satisfies:

(F1) 1 eF.
(F,) f xeF,yeQandx > ye F,thenye€ F.

In the following example, we show that every Q-Smarandache implicative filter of
L is not a filter of L.

Example 2 Let L ={0,a,b,c,d, 1}. Define © and — as follow:

O|0abcdl —|0abcdl
0000000 Of111111
alQaccda al01bbdl
b|0Ocbcdb b|0aladl
c|l0Occcdc cl|0111d1
d|0dddod dldl1111
1/0abcdl 1{0abcdl

(L, A, V,0,—,0,1) is a BL-algebra. Q = {0,d, 1} is the only MV-algebra which is
properly contained in L, which the following tables:

%0d 1
1d0

Therefore L is a Smarandache BL-algebra. Consider F = {d, 1}, then F is a Q-
Smarandache implicative filter of L, but not a filter of L sinced < cand c ¢ F.

Remark 2 [2] Let F be a Q-Smarandache implicative filter of L. Then F # ¢.

Definition 10 [2] A Q-Smarandache ideal M of L is called maximal Q-Smarandache
ideal if only if the following conditions hold:
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(M) M is a proper Q-Smarandache ideal.

(M,) For every Q-Smarandache ideal I such that M C I, we have either M = I or
I=L.

Theorem 3 [2] The relation ~y on a Smarandache BL-algebra L which is defined
by
x~gy & (x—=yeQy—-xeQ)

is a congruence relation.

Definition 11 [2] Let L be a BL-algebra and Q be an MV-algebra. Then é =
{[xIlx € L} and [x] = {y € L|x ~¢ y} are quotient algebra via the congruence relation
~g (or briefly Smarandache quotient BL-algebra).
We defined on é
[xleyl=[x®yl, [xI"=[x"] [xXI>Dl=[x—-yl [x]O]=I[x0y]
(XIADI=[xAyl [xIVIyI=[xVvyl [0]= (%, (11 = é-

For convenience, let x x y = x © y*.

Definition 12 [2] A Q-Smarandache ideal I of L is called a Smarandache implica-
tive ideal of L related to Q (or briefly Q-Smarandache implicative ideal of L), if it
satisfies: if (xxy)xze€ landy =z € limply xxz € I forall x,y,z € Q.

3. bi-Smarandache BL-algebra

Definition 13 A bi-smarandache BL-algebra L = (L, A, V,®,—,0, 1) is a nonempty
set with four binary operations \,V,®, — and two constants 0, 1 such that L = L; U
L,, where Ly and L, are proper subset of L and

i. (Li,A,V,0,—,0,1)isaSmarandache BL-algebra,
ii. (Ly,A,V,0,—,0,1)isa Smarandache BL-algebra.

Example 3 Let Ly ={0,a,b,c,d,n}and L, = {n, e, f, 1}. With the following tables:

O|0abcdn —|0abcdn
0000000 Olnnnnnn
al0a0a0a aldndndn
Lt 510000bb blccnnnn
cl0a0abc clbcdndn
d|00bbdd dlaaccnn
ni0abcdn n|{0abcdn
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For L, whose tables are the following:

(L, A, V,0,—,0,1) is a bi-BL-algebra. Q; = {0,a,d,n} and Q, = {n,e, 1} are MV-
algebras which are properly contained in L; and L,, respectively, with the following

tables:

Then L, and L, are Smarandache BL-algebras. Therefore L is a bi-smarandache BL-

algebra.

Example 4 Consider bi-BL-algebra Dy 2, with the support set Dyyor = Lyxo U Ly =

Onefl —|nefl
nlnnnn n|1111
Ly ¢lnnee elelll
flneff flnell
llnefl 1linefl
O|0abcdnef1 —|0abcdne f1
0/{000000000 ofrt11111111
al0a0aO0aaaa aldldldlil11
b|0000bbLDLDLD blccllllll1
c|0al0abcccc clbecdldl111
d|00bbddddd dlaacclll11
n0abcdnnnn n{0abcdl111
el0abcdnnee e|0abcdelll
flOabcdnef f fl0abcdnell
1/0abcdnef1 1/0abcdnefl

@
0
O alaann
d
n

Oadn

Oadn

dndn

nnnn

*0adn
nda0

xlnel
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{0,a,b,c} U{c, 1} ={0,a,b,c, 1} and the following tables:

O|0abc —|0abc
00000 Olcccc
Lo al0aOa albcbc
b|00bb blaacc
c|l0abc c|0abc

Olcl —lcl
L clcc cl|l1
llc1 1ic1

01 =1{0,c} and Q, = {c, 1} are the only MV-algebras which are properly contained
in Loy, and L, respectively, with the following tables:

@ 0c
‘ % 0c

Q1 0l0c
cO

clcc

@ cl
¢ % c 1

Q> clc1
1c

1111

Therefore L4, and £, are not Smarandache BL-algebras. Thus D,.;» is not a bi-
smarandache BL-algebra.

In the following example, we show that every Smarandache BL-algebra is not a
bi-Smarandache BL-algebra.

Example 5 Let Ly ={0,a,c, 1} and L, = {0, b, ¢, d, 1}. With the following tables:

O|0acl —|0acl
00000 0j1111
Li 4loaca al0lcl
clOccc cl0111
1(0acl 110acl
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O|0bcdl —|0bcdl
000000 Of11111
L, b|0bcdb b|01cdl
2
c|l0ccdc cl|011d1
dl0ddod dldl1111
110bcdl 1/0bcdl
For L, whose tables are the following:
Ol0abcdl —|0abcdl
0000000 Oj111111
al0accda al01bbdl
L plocbedb bl0aladl
c|lOcccdc c|0111d1
dl0dddod dldl1111
1/10abcdl 1|/0abcdl

L is BL-algebra such that L is super BL-algebra. O = {0, 1} and O, = {0, d, 1} are the
only MV-algebras which are properly contained in L; and L,, respectively. Therefore
L is not a bi-Smarandache BL-algebra, but Q = {0,d, 1} is the only MV-algebras
which are properly contained in L, which the following tables:

% 0d1
1d0

Therefore L is a Smarandache BL-algebras.

Definition 14 Let L = L, U L, be a bi-BL-algebra. If only one of Ly or L, is a
Smarandache BL-algebra, then we call L a bi-weak smarandache BL-algebra.

Example 6 In Example 5, L, is a Smarandache BL-algebra and L; is not a Smaran-
dache BL-algebra. Thus L = L; U L, is a bi-weak Smarandache BL-algebra.

Theorem 4 All bi-Smarandache BL-algebras are bi-weak Smarandache BL-algebras
and not conversely.

Example 7 Hyaxo = Lo U Loxo is a super BL-algebra. £, and £;y, are not Smaran-
dache BL-algebras, thus H, 5« is not a bi-weak Smarandache BL-algebra.

Example 8 In Example 3, L is a bi-weak Smarandache BL-algebra (by Theorem 4),
but L is not a super BL-algebra.
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Theorem 5 Let L = LyUL; be a super BL-algebra and bi-Smarandache BL-algebra.
Then L is a Smarandache BL-algebra.

Proof LetL = (L) U Ly, A,V,0,—,0,1) be a super BL-algebra and bi-Smarandache
BL-algebra. Then there exist MV-algebras Q and Q; of L; and L,, respectively, and
we have 0 € Q; or 0 € 0. Let 0 € Q. Now we consider the following cases:

1)If 1 € Qy, then Q; is an MV-algebra which is contained in L. Thus Lis a
Smarandache BL-algebra.

2)If 1 ¢ Oy, since Q; is an MV-algebra of L, thus we have the greatest element
g € Ly such that 0* = g and g* = 0. Consider O = (Q; — {g}) U {1}. Now we
verify that (Q,®,", 0) is an MV-algebra.

Let x,y € Q. Then we have the following cases:

DLetx,ye Q) —{glandx,y# 1. Thenx®ye Q;. lf x®y # g, thenx®y € O,
now if x @y = g, then we replace g with 1. Thusx®y =1 € Q.

2)Letxe Q;—{glandy=1.Thenx®dy=x®1=1¢€Q.

3)Letx,y=1.Thenx®y=1®1=1€ Q.

Thus Q is close respect to ®. And since Q; is an MV-algebra, thus for any x €
0 - {0}, we have x** = x and consider 0* = 1 and 1* = 0. Therefore Q is close
respect to *.

Now we verify that Q satisfy in definition of MV-algebra.
Let x,y,z € QO = (Q; — {g}) U {1}. Then we have the following cases:

) Letx,y,ze Q= (Q; —{g}) —{1}. Since Q; is an MV-algebra, thus x, y, z satisfy
in definition of MV-algebra (i.e., conditions (MV}) to (MV)).

2) Let x,y,z = 1. It is clear that x, y, z satisfy in definition of MV -algebra.
3) Letx =1 and y,z € (Q; — {g}) — {1}. In this case, we consider two cases:

(a) If y® z = g, then we replace g with 1,1i.e.,y®z =1 and
O Ifyoz+#g,thusydze Q) —{g} CO.
Now we verify conditions (M V) to (M V).
(MV))InCase (a), x®@(y®z)=1@l=1land(x@y)dz=(1®y)®dz=10z=1.
InCase (b), ley®z)=(1®y)®z=1.Thusx®(y®z) =(x®y)® 2.
MVy)xey=10y=1=y®l=ydx.
MV3))xe0=100=1==x.
MVy) x*=1"=0"=1=x.
MVs) xe0*=1®1=1=ux.
MVe) x*ey)yey=((1"®y)®@y=y"®dy=1,sincey € Q; —{g} and Q; is an MV-
algebra,and " @ x)*@x=y® 1 =1. Thus(x*®y) @y =" dx)" ® x.
4)Lety=1and x,z € (Q; — {g}) — {1}. In this case, we consider two cases:
(a) If x® z = g, then we replace g with 1,i.e., x®z =1 and
O Ifxdz+g thusxdze QO —{g} C Q. This case is similar to Case 3).

S)Letz=1and x,y € (Q; —{g}) — {1}. In this case, we consider two cases:
(@) If x®y = g, then we replace g with 1,i.e., x®y =1 and
O Ifxdy+#g,thusx®ye Qr —{g} C Q. This case is similar to Case 3).
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6) Let x,y = 1 and z € (Q; — {g}) — {1}. It is clear that x, y, z satisfy in definition of

MYV -algebra.

7)Letx,z=1andy € (Q; —{g}) — {1}. It is clear that x, y, z satisfy in definition of

MYV -algebra.

8)Lety,z=1and x € (Q; —{g}) — {1}. Itis clear that x, y, z satisfy in definition of

MV-algebra.

Therefore (Q, ®," ,0) is an MV-algebra which is properly contained in L. Thus L
is a Smarandache BL-algebra.

Example 9 Let Ly = {0, e, f, g} and L, = {g, a, b, ¢, d, 1}. With the following tables:

Ol0efg —|0efg
00000 Olgggeg
Li ¢|00ce eleggeg
flOoeff fl0egg
gl0efg g|0efg
Olgabcdl —|gabcdl
g|88888sg g|l11111
algagaga aldldldl
Ly plggbbbb blaallll
clgabcbc clgadldl
dlggbbdd dlaaccll
ligabcdl ligabcdl
For L = L; U L,, whose tables are the following:
Ol0efgabcecdl —|0abcdne f1
0/000000000 oOfrrrrrr111
e|l00eececee elell111111
flOeffrfrrr fl0ell11111
[ 80efgggggs g|0eflll111
al0efgagaga al0efdldld]l
bl0efggbbbb bl0Oefaallll
cl0efgabcbc c|l0efgadldl
dl0efggbbdd d0efaaccll
1/0efgabcdl 1(0efgabcdl

Then L is super BL-algebra. Q) = {0,e,g} and O, = {g,a,d, 1} are MV-algebras
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which are properly contained in L; and L,, respectively, with the following tables:

*0eg
gel
®|lgadl
glgadl ¥ gadl
@ glaaal | d
ddadl “8
11111

Therefore L; and L, are Smarandache BL-algebras. Thus L is a bi-Smarandache BL-
algebra. Also Q = {0, e, 1} is the only MV-algebra which is properly contained in L,
with the following tables:

#(0el

1e0

Therefore L is a Smarandache BL-algebra.
From now on, (Q;, ®,",0) is an MV-algebra unless otherwise specified.

Definition 15 Letr L = Ly U L, be a bi-BL-algebra. A nonempty subset I of L is
called bi-Smarandache ideal of L related to Q (or briefly bi-Q-Smarandache ideal of
L), where Q = Q1 U Q, if I = 11 U I, such that I and I, are Q1-Smarandache ideal
of Ly and Q,-Smarandache ideal of L,, respectively.

Example 10 In Example 3, we consider I} = {0,a} and I, = {n,e, 1}. I, is a Q-
Smarandache ideal of L; and I, is a O>-Smarandache ideal of L,. Thus I =, U I, =
{0,a,n,e, 1} is a bi-Q-Smarandache ideal of L, where Q = Q; U Q, ={0,a,d,n,e, 1}.

Theorem 6 Let L = Ly U L, be a bi-BL-algebra and I = I, U I, be a bi-ideal of L.
Then I is a bi-Q-Smarandache ideal of L.

Proof Letl =1} U, be a bi-ideal of L = L; U L,. Then I, is an ideal of L, and I,
is an ideal of L,, hence by Theorem 2, I; is a Q;-Smarandache ideal of L; and I, is
a O»-Smarandache ideal of L,. Thus I = I; U I, is a bi-Q-Smarandache ideal of L,
where Q = Q1 U Q,.

In the following example, we show that the converse of Theorem 6 is not true.

Example 11 In Example 3, consider I; = {0,a,d,n}. It is clear that I, is a Q-
Smarandache ideal but not an ideal of L;. Since d € I, (d* — b*)* =n* =0 € I;
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butb ¢ I and I, = {n, e, 1} is a Q,-Smarandache ideal but not an ideal of L,. Since
neh, (- Y =n"=1lehbutf¢lh ThusI =1, UL ={0,a,d,n,e, 1} is not
a bi-ideal of L.

Definition 16 Let L = L; U L, be a bi-BL-algebra. A bi-Q-Smarandache ideal
I=11UL of L=1L;VUL,is called a bi-Smarandache implicative ideal of L related
to Q = Q1 U Qs (or briefly bi-Q-Smarandache implicative ideal of L) if I and I, are
Q1-Smarandache implicative ideal of L, and Q,-Smarandache implicative ideal of
Ly, respectively.

Example 12 In Example 3, I} = {0,a} is a Q;-Smarandache implicative ideal of L,
and I, = {n,e, 1} is a Q>-Smarandache implicative ideal of L,. Thus I = I, U I, =
{0,a,n,e, 1} is a bi-Q-Smarandache implicative ideal of L, where Q = Q; U O, =
{0,a,d,n,e, 1}.

Example 13 Let Ly = {0,a,b,c,d,e, f,g,n} and L, = {n, h,i, 1}. With the following
tables:

O0abcdefgn —0abcdefgn
0000000000 Olnnnnnnnnn
al00a00a00a algnngnngnn
bl0ab0abOab bifgnfgnfgn
L cl000000ccc cleeennnnnn
d|00a00accd dldeegnngnn
el0abOabcde elcdefgnfgn
fl000cccfff flbbbeeennn
g00accdffg glabbdeegnn
nl0abcdefgn ni|0abcdefgn
Onhil —nhil
njnnnn nill111
L2 hlnnhh hin111
ilmhii inhll
linhil 1l nhil

For L = L} U L,, whose tables are the following:
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O0abcdefgnhil —0abcdefgnhil
0000000000000 Ofrrrrrrr11111
al00a00a00aaaa algllgllglllll
b0ab0abOabbbb bifglfglfgllll
cl000000cccccc cleeellll111111
d00a00accdddd dideegllglllll
el0abOabcdeece elcdefglfgllll
fl000ccecffffrf flbbbeeellllll
gl00accdffggegg glabbdeeglll11
nl0abcde fgnnnn n0abcdefgllll
hl0abcdefgnnhh h|0Oabcdefghlll
nl0abcdefgnhii n0abcdefgnhll
nl0abcdefgnhil 1{0abcdefgnhil

Then (L, A, V,®,—,0, 1) is a bi-BL-algebra. Q| = {0,b, f,c,e,n} and O, = {n, h, 1}
are MV-algebras which are properly contained in L; and L,, respectively, with the
following tables:

Obcefn

Obcefn
bbeenn

cefnfl

eennnn

fnfnfn

nnnnnn

I w08 o >ole

xinhl

Therefore L is a bi-Smarandache BL-algebra. Then I} = {0, b} is Q;-Smarandache
ideal of L;, but not a Q;-Smarandache implicative ideal of L;. Since (f % ¢) *x e =
(fee)oc=0elhandcxe=cOc=0€el;,but fxe=foOc=c¢l;. I, ={nh,1}
is a O»-Smarandache implicative ideal of L,. Thus I = I} U I, is a bi-Q-Smarandache
ideal of L = L; U L,, but not a bi-Q-Smarandache implicative ideal of L.

Definition 17 Let L = L, U L, be a bi-BL-algebra. A nonempty subset F of L is
called bi-Smarandache implicative filter of L related to Q, where Q = Q1 U Q> (or
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briefly bi-Q-Smarandache implicative filter of L), if F = F| U F such that Fy and F»
are Q1-Smarandache implicative filters of Ly and Q,-Smarandache implicative filter
of Ly, respectively.

Example 14 In Example 3, F = {d,n} is a Q;-Smarandache implicative filter of L,
and F, = {f, 1} is a Q>-Smarandache implicative filter of L,. Thus F = F| U F, =
{d,n, f, 1} is a bi-Q-Smarandache implicative filter of L, where Q = Q; U Q>.

Remark 3 Let F be a bi-Q-Smarandache implicative filter of L. Then F # ¢ and F
is not a bi-Smarandache BL-algebra since O ¢ F.

Proposition 1 Each filter of a BL-algebra is a Q-Smarandache implicative filter and
not conversely.

Proof Let F be a filter of a BL-algebra L. Then 1 € F. Now let x € F, y € Q and
x —>yeF.Since Q CL,theny e L, thusy € F. Therefore F is a Q-Smarandache
implicative filter.

Consider BL-algebra L3,, with the following tables:

O0abcdl —0abcdl
0000000 ofr11111
al0a0a0a aldldldl
L2 bl0000bb blecllll
cl0a0abc clbcdldl
dlo0bbdd dlaaccll
10abcdl 10abcdl

0 = {0,a,d, 1} is an MV-algebra which is properly contained in Ls3x,, with the
following tables:

®0adl
0|0adl1 #0adl

Q alaall
1da0

dldldl1

11111

Therefore L34, is Smarandache BL-algebra. Then F = {a, 1} is a Q-Smarandache
implicative filter of L3x,, but not a filter of Lx,, sincea < canda € F,butc ¢ F.

Proposition 2 Each bi-filter of a bi-BL-algebra is a bi-Q-Smarandache implicative-
filter and not conversely.

Definition 18 Ler L = L, U L, be a bi-Smarandache BL-algebra. A bi-Q-Smaranda-
che ideal M = M, U M, of L is called bi-maximal-Q-Smarandache ideal, where
0 = 01 U Q, if only if the following conditions hold:
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(M) M;is a proper Q;-Smarandache ideal.

(M,) For every Q;-Smarandache ideal I; such that M; C I;, we have either M; = I;
or I,' = L,‘,

wherei = 1,2.

Example 15 In Example 3, I} = {0,a,c,d,n} is maximal Q;-Smarandache ideal of
Ly and I, = {n,e, 1} is maximal Q,-Smarandache ideal of L,. Thus I = [; UL, =
{0,a,c,d,n,e, 1} is a bi-maximal-Q-Smarandache ideal of L, where Q = Q; U Q5.

Definition 19 Ler L = L; U L, be a bi-Smarandache BL-algebra. Then there exist
MV-algebras Q and Q, which are properly contained in Ly and L,, respectively.
Then é— ={[xlg,lx € L} and [x]g, ={y € Lilx ~g, y} ={y € Lilx > y € Q;,y > x €
Q;} are quotient algebras via the congruence relations ~g,, where i = 1,2 (or briefly
bi-Smarandache quotient BL-algebra).

We defined on %

[xlg, ® [Ylg, = [x®ylg, [xIy, = [x"Ig, [xlo, = Vg, =[x = Ylg,

[xlg, © [y]Q, [XQ)’]Q‘ [xlg, A Y], = [x Aylgs, [xlg, V Do, = [x V ylo,

[01g, = 5., [11g, = g, wherei = 1,2.
L L L L
Then G = g; Y sz

Example 16 In Example 3, consider L; = {0,a,b,c,d,n}, L, = {n,e, f,1}, Q) =
{0, a,d,n} and Q2 = {n, e, 1} then L—l] = {[O]Q17 [a]Ql, [b]Ql,[ ]Ql’ [d]Ql, [I’l]Ql} and
% = {[I’l]Qz, [e]QZ, f]Qz’ 1]Q2} such that [O]Q1 = [a]Q1 = [d]Ql [I’l]Ql {0,a,d,n}
and [b]Ql [C]Ql {b C} and [l’l]Q2 = [f]Q2 1]Q2 = n, e, f,l .

Thus £ 5 = [0lg,. [Dlg;. [11g,}-
Example 17 In Example 9, consider L1 = {0,e, f, g}, L2 = {g,a,b,c,d, 1}, O =
{0 e,gland O, = {g,a d, 1}, then in Q , we have [0]p, = = [flo, = [glg,, thus
Q1 = {[0]p,} and i in 7, we have [glp, = [alg, = [blg, = [c]Q2 = [dlg, = [1]g,, thus

{[g]Qz} Therefore ={[0lg,, [glo,}-

But in % Q we have [O]Q = [elg = [8ly = lalg = [bly = [cly = [dlg = [1]y, then

é = {[0]4}. Thus = ¢ L

4. bi-Strong Smarandache BL-algebra

Definition 20 Ler L = (L, A,V,0,—,0, 1) be a BL-algebra. If there exists a chain of
proper subsets

P,y <P, r,<---<Py,<P <L,
where “ < ” means “included in” whose corresponding structure verify the inverse
chain

Woii>Wopn>--->Wo>W; > L,

where ©“ > 7 signifies strictly strong (i.e., structure satisfying more axioms). Then we
call L = (L, A, V,®,—,0,1) a strong Smarandache BL-algebra of rank n.
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Remark 4 In above definition, W, can be a Boolean algebra and W, can be an MV -
algebra.

Example 18 Let L ={0,a, b, c,d, 1}. With the following tables:

O0abcdl —0abcdl
0000000 0111111
al0bbd0a aldlaccl
L blobb0o0b blellcel
cl0dOcdc clbablal
dl000d0d dlalalll
10abcdl 1|gabcdl

L = (L,AV,0,—,0,1)is a BL-algebra. A = {0,b,c,1} is an MV-algebra, B =
{0,b, 1} is a Boolean algebra and B ¢ A ¢ L. Thus L is a strong Smarandache
BL-algebra of rank 3.

Proposition 3 Every strong Smarandache BL-algebra of rank n such thatn > 2, is a
Smarandache BL-algebra.

Corollary 1 Every strong Smarandache BL-algebra of rank 2 is a Smarandache BL-
algebra.

The following example shows that the converse of Corollary 1 is not true.

Example 19 In Example 18, A = {0, b, c, 1} is an M'V-algebra which is properly con-
tained in L. Thus L is a Smarandache BL-algebra, but L is not a strong Smarandache
BL-algebra of rank 2.

Definition 21 Let L = Ly U L, be a bi-BL-algebra. If L, is a strong Smarandache
BL-algebra of rank ny and L, is a strong Smarandache BL-algebra of rank n;, then
we call L = Ly U L, a bi-strong Smarandache BL-algebra of rank ny, n,.

If only one of Ly or L, is a strong Smarandache BL-algebra of rank ny or na,
respectively, then L = Ly U L, is a bi-weak Smarandache BL-algebra.

Example 20 In Example 3, L; is a strong Smarandache BL-algebra of rank 3. Since
01 =1{0,a,d, 1} is an MV-algebra, B; = {0,d, 1} is a Boolean algebra and B; € Q; C
L.

L, is a strong Smarandache BL-algebra of rank 2. Since O, = {n,e, 1} is an MV-
algebra and Q; € L,. Thus L = L; U L, is a bi-weak Smarandache BL-algebra of
rank 3, 2.

Proposition 4 Every bi-strong Smarandache BL-algebra of rank ny,n, such that
ni,ny > 2, is a bi-Smarandache BL-algebra.

Corollary 2 Every bi-strong Smarandache BL-algebra of rank 2,2, is a bi-Smaranda-
che BL-algebra.
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The following example shows that the converse of Corollary 2 is not true.

Example 21 In Example 3, L is a bi-Smarandache BL-algebra, but L is a bi-strong
Smarandache BL-algebra of rank 3, 2.
Now we consider case that L = L; U L, is a super BL-algebra.

Example 22 In Example 9, L; is a strong Smarandache BL-algebra of rank 2, since
0 = {0,e, g} is an MV-algebra and Q; C L; and L, is a strong Smarandache BL-
algebra of rank 3, since O, = {g,a,d, 1} is an MV-algebra and B = {g,d, 1} is a
Boolean algebra and B C O, C L,.

Thus L = L; U L, is a bi-strong Smarandache BL-algebra of rank 2, 3. But in BL-
algebra L, we have Q = {0, ¢, 1} is the only MV-algebra which is properly contained
in L and Q c L. Therefore L is a strong Smarandache BL-algebra of rank 2 (or
Smarandache BL-algebra).

We show that in a strong Smarandache BL-algebra, and rank is not unique.

Example 23 Let L = {0,a,b,c,d, e, f,g,1}. Then Lis a BL-algebra with the following
tables:

O|0abcdefgl —|0abcdefgl
0000000000 Ofrrrrrr111
al00a00a00a algllgllgll
b|0ab0abOab b|fglfglfgl
[ ¢]000000ccc cleeelll111
d|00a00accd dldeegllgll
el0ab0abcde elcdefglfgl
f1000cccfff flbbbeeelll
gl00accdffg glabbdeegll
1/0abcdefgl 1|10abcdefgl

01 =1{0,d, 1} is an MV-algebras which is properly contained in L, i.e., Q1 C L. Then
L is a strong Smarandache BL-algebra of rank 2.

Now we consider MV-algebra O, = {0, b, f,c, e, 1} which is properly contained
in L. B, = {0,b, f, 1} is a Boolean algebra which is properly contained in Q,. Thus
B, € O, c L. Then L is a strong Smarandache BL-algebra of rank 3.

Theorem 7 All bi-strong Smarandache BL-algebras of rank ny, n, are bi-weak Sma-
randache BL-algebras and not conversely.

proof By Proposition 4 and Theorem 4.
6. Conclusion

Smarandache structure occurs as a weak structure in any structure.
In the present paper, by using this notion, we have introduced the concept of bi-
Smarandache BL-algebras and investigated some of their useful properties. We have
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also presented definition of strong Smarandache BL-algebra and bi-strong Smaran-
dache BL-algebra and investigated relationship between strong Smarandache BL-
algebras with Smarandache BL-algebras and relationship between bi-strong Smaran-
dache BL-algebras with bi-Smarandache BL-algebras and introduced the notion of
bi-weak Smarandache BL-algebras and investigated relationship between bi-weak
Smarandache BL-algebras with bi-Smarandache BL-algebras and bi-strong Smaran-
dache BL-algebras.
In our future study of bi-Smarandache BL-algebras, maybe the following topics
should be considered:
(1) To get more results in bi-Smarandache BL-algebras and application;
(2) To obtain more results in bi-strong Smarandache BL-algebra and application;
(3) To have more connection to strong Smarandache BL-algebra and Smarandache
BL-algebra;
(4) To grasp more connection to bi-strong Smarandache BL-algebra and bi-Smaran-
dache BL-algebra;
(5) To have more connection of ranks bi-strong Smarandache BL-algebra together.
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