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Therefore also now, saith the LORD, turn ye even to me with all your heart,
and with fasting, and with weeping, and with mourning. - Joel 2:12.

Abstract. I prove two expansions of in�nite series and some integral representations for
Bessel function of the �rst kind.

1. Introduction

In this paper, I demonstrated the expansions of in�nite power series for Bessel function of the
�rst kind:
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I, too, prove the news integral representations for Bessel function of the �rst kind:
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2. Acceleration of Infinite Serie for Bessel Function of the first kind

Lemma 1. For z 2R, then
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where ez denotes the exponential function and k! denotes the factorial function.

Proof. I easily know that
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which is the desired result. �
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and z 2R, then
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where Jv(z) denotes the Bessel function of the �rst kind, ¡(v) denotes the gamma function and k!
denotes the factorial function.
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From (4) and (5), it follows that
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3. Consequences of Infinite Serie for Bessel Function of the first kind

3.1. Integral Representations for Bessel Function of the �rst kind.
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where ¡(v) denotes the gamma function, Jv(z) denotes the Bessel function of the �rst kind, cos(')
denotes the cosine function and sin(') denotes the sine function.
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From (9) and (11), I �nd

2v¡
¡
v+ 1

2

�
�

p

zv
Jv(z)=

X
k=0

1
(¡1)k
(2k)!

�
2
Z
0

1

t2k (1¡ t2)v¡
1
2 dt

�
z2k

=2
Z
0

1
"X
k=0

1
(¡1)k
(2k)!

t2kz2k

#
(1¡ t2)v¡

1
2 dt=2

Z
0

1

cos(zt) (1¡ t2)v¡
1
2 dt

and
2v¡
¡
v+ 1

2

�
�

p

zv
Jv(z)=

X
k=0

1
(¡1)k
(2k)!

�
2
Z
0

1

t2v (1¡ t2)k¡
1
2 dt

�
z2k

=2
Z
0

1 t2v

1¡ t2
p

"X
k=0

1
(¡1)k
(2k)!

(1¡ t2)kz2k
#
dt=2

Z
0

1 t2vcos
¡
z 1¡ t2
p �

1¡ t2
p dt:

This completes the proof. �

3.2. Integral Representations for Sine Function.
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3.3. Integral Representations Arising out of a Recurrence Relation.
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where ¡(v) denotes the gamma function, Jv(z) denotes the Bessel function of the �rst kind, cos(')
denotes the cosine function and sin(') denotes the sine function.
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Change x into sin' in (18), multiply by 2 cos2v' and integrate from 0 at �/2 with respect to
', thus
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where ¡(v) denotes the gamma function, Jv(z) denotes the Bessel function of the �rst kind, cos(')
denotes the cosine function, sin(') denotes the sine function and Fp q(a1; :::; ap; b1; :::; bq;z) denotes
the generalized hypergeometric series.
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Let x= z sin' in (22)-(24), multiplity by 2cos2v' and integrate from 0 at �/2 with respect to
', thus
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Exercise 1. I left to reader the following questions: a) Prove that

Jv(z) =
¡v z
p

2v¡1¡(v+1)
sv¡ 3

2
;v+ 1

2
(z);

valid for z=/ 0 and v >
1

2
, where s�;�(z) denotes the �rst Lommel's function.

b) Prove that

Jv(z)=
¡ z
p

2v+1¡(v+1)

�
4vSv¡ 3

2
;v+

1
2
(z) + v2

v+
1
2 �
p

¡(v)Yv+ 1
2
(z)

�
;

valid for z=/ 0 and v >
1

2
, where S�;�(z) denotes the second Lommel's function.

c) Prove that

Jv(z)=
zv �
p

2v¡
�
v+

1

2

�G¡;21;1

0B@ 1
2
¡ v;¡

0;
1
2
;¡v

�������z
2

4

1CA;
valid for z and v 2R, where Gp;q

m;n

 
a1; :::; an; an+1; :::; ap
b1; :::; bm; bm+1; :::; bq

�����z
!
denotes the Meijer G function.

Hint. Use the di�erential equation for Bessel function of the �rst kind.
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