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PREFACE

In this book authors for the first time introduce a new
method of building algebraic structures on the interval
[0, n). This study is interesting and innovative. However,
[0, n) is a semigroup under product, x modulo n and a
semigroup under min or max operation. Further [0, n) is a
group under addition modulo n.

We see [0, n) under both max and min operation is a
semiring. [0, n) under + and x is not in general a ring. We
define S = {[0, n), +, x} to be a pseudo special ring as the
distributive law is not true in general for all a, b € S.
When n is a prime, S is defined as the pseudo special
interval domain which is of infinite order for all values of
n, n a natural integer.

Several special properties about these structures are
studied and analyzed in this book. Certainly these new
algebraic structures will find several application in due
course of time. All these algebraic structures built using
the interval [0, n) is of infinite order. Using [0, n) matrices



are built and operations such as + and x are performed on
them. It is important to note in all places where
semigroups and semirings and groups find their
applications these new algebraic structures can be replaced
and applied appropriately.

The authors wish to acknowledge Dr. K Kandasamy
for his sustained support and encouragement in the writing
of this book.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this book we for the first time study algebraic structures built
using the interval [0, n).

Wesee Z,={0, 1, 2, ..., n— 1} is always a proper subset of
[0, n). This study gives many new concepts for we get pseudo
interval rings of infinite order. The semigroups can be built
using [0, n) under x or max or min operations.

Each enjoys a special property. Matrices are built using
[0, n) and the operations x or max or min are defined. Only in
case x and min we have zero divisors. This study gives several
nice properties. If Z, < [0, n) is a Smarandache semigroup then
so is [0, n) under x. However under max or min such concept
cannot sustain.

We see R = {[0, n), +, x} is a pseudo ring. Study on these
pseudo rings is carried out in a systematic way. We have studied
the finite ring Z,; Z, < [0, n) but when we include or transform
the whole interval into a pseudo ring, the notion of this concept
is interesting and innovative.

Why was study of this form was not done and what is the
real problem faced in studying this [0, n) structure?
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We see when p is a prime we do not get an interval integral
domain. For decimals cannot have inverses in [0, p) under
product x.

Using Smax = {[0, n), max} we get a semigroup which is
idempotent and this semigroup has no greatest element and the
least element is 0 as max {0, t} =t forall t € [0, n) \ {0}.

Likewise Smin = {[0, n), min} has no greatest element and 0
is the least element so that min {x, 0} = 0 for all x € [0, n).

This gives an idempotent semigroup of infinite order and it
has several interesting features. We study S, = {(0, n), x}; this
gives a number of zero divisors and units.

If nis a prime we do not have even a single zero divisor or
idempotent only (n-2) units. These semigroups are of infinite
order and this study is an interesting one.

Now R = {[0, n), +, x} be the pseudo ring as the
distributive laws are not true in general in R. R is of infinite
order if n = p, p a prime then R is not a pseudo integral domain
of infinite order. R has units, zero divisors and idempotents. If
n is not a prime R has zero divisors and R is not an integral
domain, R is only a commutative pseudo ring with unit.

If Z, < [0, n) is a Smarandache pseudo ring so is the pseudo
ring R = {[0, n), +, x} (n, prime or otherwise); infact if n is a
prime R is always a pseudo S-ring.

Study of pseudo ideals in case of R = {[0, n), +, x} is an
interesting problem.

If a matrix is built using this R, we see R has zero divisors,
units and idempotents. We see R has finite subrings also; but
those finite subrings are not ideals. Here these pseudo rings
contains subrings which are not pseudo subrings.



Chapter Two

ALGEBRAIC STRUCTURES USING THE
INTERVAL [0, N) UNDER
SINGLE BINARY OPERATION

Here we use the half closed open interval [0, n), n < o; n an
integer. On [0, n) four operations can be given so that under +
mod n, [0, n) is the special interval group. [0, n) under x mod n
is only a special interval semigroup and under max (or min)
[0, n) is a special interval semigroup.

Study of this is innovative and interesting. This study
throws light on how the interval [0, n) behaves under product
and sum +; several special features about them are analysed.

Let S = {[0, 9), +} be the group under addition modulo 9.
0 is the additive inverse.

For every x € [0, 9) there is a unique y e [0, 9) such that
x +y=9=0 (mod 9); so x is the inverse of y with respect to ‘+’
and vice versa.
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If x=3.029 € S; theny =5.971 € [0,9) and x +y = 3.029
+5.971 € [0, 9) is such that x + y = 3.029 + 5.971 =9 =0 (mod
9) so x is the additive inverse of y and vice versa.

We will illustrate this situation by some examples.

Example 2.1: Let S = {[0, 4), +} be the special interval group.
This group has also finite subgroups. For P ={0,1,2,3} S is
a subgroup of S under +.

We call S as the special interval group.
T ={0, 2} < S is a special interval subgroup of S.

Example 2.2: Let S = {[0, 12), +} be the special interval group.
T = {0, 6} < S is a special interval subgroup of S.

P={0, 2, 4,6, 8, 10} c Sisalso a special interval subgroup
of S.

M = {0, 4, 8} < S is also a special interval subgroup of S.

DEFINITION 2.1: Let S ={[0, n), n >2, n an integer; +} be the
special interval group under addition modulo n. S is a group;
forifa,b S.

(1) a+b(modn) eS.

(2) 0eS=[0,n)issuchthatforalla eS,a+0=0+a
=a.

(3) For every a e S there exist a unique b in S such that
a+b=n=0(modn), bis called the additive inverse
of a and vice versa.

(4 a+b=b+aforalla b eS.

Thus (S, +) is an abelian group under ‘+’, defined as the
special natural group on interval [0, n) under ‘+’ or special
interval group.
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Clearly o(S) = o« for any n € N. This interval [0, n) give a
group of infinite order under ‘+’ modulo n.
We will give examples of them.
Example 2.3: Let S = {[0, 11), +} be the special natural group

on interval [0, 11). o(S) = o0 and S is a abelian. S has many
finite order subgroups.

The subgroup generated by (0.1) = {0, 0.1, 0.9, 0.2, 0.3, 0.4,
05,06,07,08,1,1.1,1.2,...,1.18,1.9,2,21, ...,109}c S
is a finite subgroup of S under + modulo 11.

The subgroup generated by T = (1) is such that o(T) = 11
and so on. However [0, t); t <11 is nota subgroup under +.

Example 2.4: Let S = {[0, 7), +} be the special natural interval
group.

T:=40,1, 2,3,4,5, 6} c Sisasubgroup of finite order.
S has only one group of finite order.
Can S have other subgroups?

T,={0,05,1,15,2,25,3,35,4,45, ...,6,65}cS'is
again a subgroup of finite order.

T,={0,0.2,04,06,08,1,1.2,14, ..., 6.2, 6.4,6.8, 6.6}
c S is again a subgroup of finite order.

Thus this is a special natural interval group which has many
finite special natural interval subgroups.

Now [0, 7) < [0, 7], 7 is prime yet we have subgroups for
S=A{[0,7), +}.
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Example 2.5: Let S = {]0, 16), +} be a special interval group
under +.

T, ={0, 8} is a subgroup of S. T,={0, 4, 8,12} is again a
subgroup of S.

Consider T3 = {0, 2, 4, 6, 8, 10, 12, 14} < S is again a
subgroup of S.

T,=40,1, 2, ..., 15} = S is also a subgroup of S. Further
T4 = ZlG-

Now we consider
Ts = {0, 0.0001, 0.0002, ..., 15, 15.0001, ..., 15.9999} c S. Ts
is a subgroup of S of finite order.

Now having seen subgroups of finite order we proceed on to
build algebraic groups using [0, n) under the operation +.

Example 2.6: Let S = {(a;, a, a3) | & < [0, 30), +} be the
special interval group of infinite order.

This is of infinite order and is commutative. This has both
subgroups; of finite and infinite order.

We will just illustrate this by the following.

T1=4{(a;,0,0) | & € [0, 30), +} < S is a subgroup of infinite
order.

T,={(0,a;,0)|a; € [0,30), +} = Sand

T3 =9{(0, 0, a;) | a1 € [0, 30), +} < S are also subgroups of
infinite order.

Wesee TinT;={(0,0,0)}ifi=#j 1<i,j<3.

Consider P, = {(a1,0,0) |a; € {0, 1, 2, ..., 29}, +} c Sis a
subgroup of S. We see Py is a finite subgroup and of order 30.
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P,={©,a,0)|a € {0,24,6,8,10, ..., 28}, +} cSisa
finite subgroup of order 15.

P; = {(0, 0, &) | a; € {0, 10, 20}, +} < S is a finite
subgroup of order 3.

P, ={(ay, a, @3) | a1, a2, a3 € {0, 5, 10, 15, 20, 25}, +} = S
is a finite subgroup of order 216.

Thus S has finite number of finite subgroups.

B={(,a,a)|ae{010,20},1<i<3,+}cSisa
special interval subgroup of S of finite order.

B’ = {(a1, a, 0) | a1, & € [0, 30), +} = S is a subgroup of S
of infinite order.

We can have subgroups of both finite and infinite order.
B N B'={(a, a, 0) | a1, &, = {0, 10, 20}} and

BuB' ={(ab,c)|a be]0,30)andc e {0, 10, 20}} are
again subgroups of S.

Example 2.7: Let

s=17||ac[019);1<i<8}

be the special interval group of infinite order.

S has finite number of subgroups.
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T]_ = . d; € [0, 19)}

is the special interval subgroup.

L L o

T2 = di, dy € [0, 19)}

- O

_0_

be the special interval subgroup of infinite order.

0

a

i

T3 = d; € [0, 19)} (e S

0
0
0
0

0

be the special interval subgroup of infinite order.
a1
a
Pr={ 7||ae{0,1,2..,1851<i<9}cS

ag
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be the finite special interval subgroup of S.

Let

o o oo

o ®

aie[0,19);1<i<5}cS

be the special interval subgroup of S of infinite order.

Blz

o o oo

o 2

ae[0,19);1<i<5}cS

be the special interval subgroup of S of infinite order.

S has several finite subgroups as well as infinite subgroups.

| 15
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Example 2.8: Let

a, a, a,
a a a

s=4 . 0 U|lael08);1<i<15}
a3 Ay A

be the special interval group of infinite order.

Take
al
P, = ? ?? a € {0,2,4,6}}cS;
0 00

P, is a special interval subgroup of order 4.

O 2
00 0

P,=4l. . ||ae{0,246}}cS
000

is a special interval subgroup of order 4.
We have atleast 15 subgroups of order 4.

Let
a a

0 0
T1 = . . . di, dy € {0, 4}} c S

0 0 O
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be another special interval subgroup of order 4.

4
0 0 0({|0 O O||O0O O O||0 O O
Ti= I L I L A N IR cS

I
o
o

0 0 0/|0 O O|]|O0 O Oj|O O O

is of order 4.
0 a a,
T2 = O 0 0 a;,a €{0,4}} S
0 0 0

is the special interval subgroup.

a, 0 a,
0 0 O

Ts=4| . . a, a €{0,4}} =S
0 0 O

is the special interval subgroup. o(T3) = 4.

al
a, 0 0

T4 = .2 . . al! a2 € {01 4}} c S
0 0O

be the special interval subgroup. o(T3) =4 and so on.
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0 0 O
Tis=4]. . . ||laae{0,4}}cS

a'l a2 a‘3
0 0 O

We=q. . . ||lae{0,4}1<i<3}
0 0 O

o(W,) = (:)::’: SR Ll RPN L IR |

o
o
o
o
o
o
o
o
o
o
o

0 0 0/|0O O Of|0O O O||O0 O O
is a special interval subgroup of order 8.

We can find several subgroups of finite order. We see S has
infinite subgroups also.

Example 2.9: Let

a a a a a a a
S:|:1 2 3 4 5 6 7} a; € [0,12),1<i<14}
ag a, &, a; a, a5 a,
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be the special interval group.

S has several subgroups of finite order.

a, 0 0 00 0O
For P, = 00

0 000
{P a, 0 00 ﬂ
P2 =
0
00000O0 DO
Pu=
000000 a

0 0 00O
are 14 subgroups of order two.

a; €[0,6)}cS,

o

o

a;€[0,6)}cS, ...,

o

a; € [0,6)}cS

Take

B, = a, a, 0 .. O
0 0 0 .. 0
B, = a, 0 a, 0 0O
1o o 0o 000
B, = a, 0 0 a, 0O
0 00 0 0O

and so on are all subgroups of S.

5o [[000 .. 0][6 00 .0
"o oo .. o/locoo . o

di, dr € {0, 6}} c S,

di, dy € {0, 6}} c S,

di, dy € {0, 6}}

| 19



20 | Algebraic Structures using [0, n)

6 6 0 .. 0/|0 6 0 .. O
) cS
{0 0 0 .. 0} {0 0 0 .. 0}}
is a subgroup of order 4. There are atleast 66 subgroups of
order 4.

We can get
a, a, a; 0 0 O
D]_:
0 0 0 00O
be the subgroup of order eight.

o [0 0000 o0]fs
""llo o ooo0o0[l0o00O0O0O

aj, a8, a3 € {0,6}} =S

o
o
o
o
2 2

o
(o))
o
o
o
o
o
o
(o))
o
o
OI

o o
o O
o O
o O
o O
o o
o O

(o}
o O
o O
o O

06 6 00066 6 000 S
1 C
0 00O0OTO O|OO0O0O0OGO0O0]]

be the subgroup of order 8.
D, = a, 0 a, a; 0 O
1o oo 000

000O0 O O
. th
0 0 0 a a, a,

ay, a a3 € {0, 6}} S,

ai, 8, a3 € {0,6}} =S
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are t (< ) special interval subgroups of order 8 (t = 220).
Likewise we can find subgroups of finite order.

S has also subgroups of infinite order for take
a, 0 0
Ml =
0 0 0
0
al

are all subgroups of infinite order.

a; € [0,12)} S, ...,

a e [0,12)} S

fa, a, a, a, 0 O]
a, 0 a, a, a, O]
00 0O O 0 o .
vy NP = 0 0 a a, a, a nelapisi=ges
1 2 3 4

(r < o) are all subgroups of infinite order.

We have atleast 495 such subgroups and so on.

Thus we have more number of finite subgroups than that of
infinite subgroups (prove or disprove)!

Take

=

a;

00
0 00

1

a €{0,2,4,6,8 10}} S
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be the subgroup of S.

We see o(L;) = 6. We have 12 subgroups of order 6.
L= a, a, 0 0 0 O
1o 0 0000
be the subgroup of S of finite order. o(L,) = 36.

00 ..0
Lo = )
{0 0 .. 0}
2 000O0O0||40 .. 0|60 ..0
000O0OGO O||OO0.. 0[0O0. 0
8 0 .. 0/(10 O .. O[O 2 0 .. O
0 0 .. 0[O 0 .. 0/|00O0 . Of

0 4 0 .. 0]f0

000 .. 0[]0
0 10 0 .. 0][2 2 0 0 0 O][4 4 0 .. 0
0 0 0 . 0//00O0OOTO OT Of[00O0.. 0

6 6 0 .. 0|][8 8 0 .. 0] [10 10 O .. O
000 . 0]]00O0 . 0]"l0 0 0 .. 0]

ai, a € {0,2,4,6,8,10}} =S

(e 2N e)]
o O
o O
| I

o
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2 10 0 .. Of{10 2 O .. 0} |4
0 0 0 ..0/|0 00 . o0ff0
6 4 0 .. 0||4 80 ..0
000 . 0|00O0. 0
8 40 .. 0|41 0 .. 0/|10 4 0 .. O
000 . 0f{00 O0. 0[O0 O0O0..0f
6 80 .. 0|86 0 ..0|6 100 ..0
000 . 0/l00O0O. 000 0. 0
10 6 0 .. 0|8 10 O ... 0|8 10 O ... O
0 00 ..0/|l0 0O 0. 0[0 0 0. Of

Clearly o(L,) = 36. We have atleast 66 such subgroups of
order 36.

o o
o O
L 1

Likewise we can find

a, a, a, a, 0 0
w,= 4%t f2 G a €{0,2,4,6,8, 10},
0O 0 0 0 0O

1<i<4}cS

to be subgroup of finite order.
We have atleast 495 subgroups of this type.

Further we using the subgroup {0, 3, 6, 9}; get finite order
special interval subgroups of S.
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Example 2.10: Let

al a2
S=4| : : | la €]0,13);1<i<12, +}
a11 a12

be the special interval group of infinite order.

Clearly [0, 13) has finite subgroups under addition say
F={0,1,23,...,12}.

We can get atleast Sy; = 1,C; + 12C; + ... + 1,C4, number of
special interval subgroups finite order using F.

We have at least Sip = oC1 + Gy + ... + 15Cy3 number of
subgroups of infinite order.

THEOREM 2.1: Let
S = {n x m matrices with entries from [0, t)} (t a prime) be the
special interval group of infinite order.

(i) S has atleast S; = 1.\mC1 + 1mC2 + ... + 1nCrim
number of finite subgroups where the matrix takes
its entries from F = {0, 1, 2, ..., t=1} (m xn =mn).

(ii) S has atleast S;— 1 number of subgroups of infinite
order.

Proof is direct and hence left as an exercise to the reader.
THEOREM 2.2: Let S = {Collection of n x m matrices with
entries from [0, t); t not a prime} be the special interval group
under addition.

[0, t) has subgroups of finite order and these contribute to
special interval subgroups of S of finite order apart from the
finite groups mentioned in theorem 2.1.

Proof is left as an exercise to the reader.
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Now, can we have any other group under + using intervals
of the form [0, n)?

This is answered by examples.

Example 2.11: Let S = {[0, 3) x [0, 7), +} be a special interval
group of infinite order.

Take P = {{0, 1, 2} x {0, 1,2, 3, 4,5, 6}} S, Pisa
special interval subgroup of S of finite order.

T={{0, 1, 2} x {0}} < S is a subgroup of S of finite order.

W= {{0} x {0, 1, 2, 3, 4, 5, 6}} c S is again a subgroup of
S of finite order.

We have many finite groups.

L = {[0, 3) x {0}} is a subgroup of infinite order and
M = {{0} x [0, 7)} — S is again a subgroup of infinite order.

Thus S has both subgroups of finite and infinite order.

Example 2.12: Let S = {[0, 6) x [0, 10) x [0, 12) x [0, 20) =
(a1, &z, a3, a4) Where a; € [0, 6), a, € [0, 10), az € [0, 12) and
as € [0, 20)} be the special interval group of infinite order. S
has subgroups of finite order as well as of infinite order.

(0, 0, 0, 0) acts as the additive identity. Let x = (3.5, 5.9,
10.2, 5) e S the additive inverse of x isy = (2.5, 4.1, 1.8, 15) €
Sforx+y=(0,0,0,0).

Now let x = (5.2, 7.39, 10.4, 15.9) and y = (3.5, 4.8, 5.1,
8.2) .

We find x +y = (5.2, 7.39, 10.4, 15.9) + (3.5, 4.8, 5.1, 8.2)
=(2.7,2.89,5.5,4.1) € S.
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This is the way ‘+’ operation is performed on S.

Thus by using the direct product of groups notion, we are in
a position to get more and more special interval groups. As
these groups are of infinite order and under the operation ‘+’
and as they are commutative we are not in a position to study
several other properties.

Example 2.13: Let S = {[0, 4) x [0,9) x [0, 21) x [0, 7)} be the
special interval group under “+’. S is commutative.

Take P, = {([0, 4) x {0} x {0} x {0}) = {(a, O, 0, 0)} where
a € [0, 4)} < Sis a subgroup of infinite order in S.

Now P, = {(0, a, 0, 0) | a €[0, 9)} < S is again a subgroup
of infinite order in S.

P; ={(0,0,a 0)|a < [0, 21)} < Sis a subgroup of infinite
order in S.

P,={(0,0,0,a)|ae [0, 7)} < S is asubgroup of infinite
order in S.

Thus S has several subgroups of infinite order.

Consider M, ={(a,0,0,0) |a < {0,1,2,3}}cS: Myisa
subgroup of S of finite order.

We see S has several subgroups of finite order. Also S has
several subgroups of infinite order. Infact S=P; + P, + P3 + Py
is a direct sum of subgroups.

We see PN P;={(0,0,0,0)} ifi=j; 1 <i,]j<4forevery
element a € S has a unique representation from Py, P,, P; and
P,.

LetM3;={(0,a,0,0)|ac {0,1,2,3,4,...,8}}c Sisalso
a subgroup of S and o(Ms) = 9.
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Likewise M, = {(0,0,a,0)|ae {0, 1, 2,3, ...,20}} < S is
a subgroup of S and o(M,) =21 and M; ={(0, 0,0, a) | a € {0,
1,2,...,6}} < Sisasubgroup of order 7.

Clearly Min'M; ={(0,0,0, 0} ifi=;1<i j<4but
M1+M2+M3+M4¢SandM1+M2+M3+M4:{(a,b,C,d)l
ae{0,1,23,be{0,123,4,..,8,ce{0,1,23,4,...,
20}andd € {0, 1, 2, ..., 6}} < S is a subgroup of finite order in
S.

Now N; ={(a,b,0,c)|ae{0,1,2,3},be {0,1, 2,3, ...,
8tandc e {0, 1, 2,3, ..., 6}} < Sis a subgroup of finite order
inS.

N>={(a, b,0,0)|ae{0, 2} be {03, 6}}cSisagaina
subgroup of finite order in S. P = {(a, 0, b, 0) | a € [0, 4) and
b € [0, 21)} < S is again a subgroup of infinite order.

Thus we can have groups constructed using different
intervals [0, a;) where a; are integers and a;’s different.

We will proceed onto give some more examples.

Example 2.14: Let

S=4la, ||ar €]0,8),a; €0, 3),

as €[0, 12) and ay, as, a5, a7 € [0, 48)}

be the special interval group under addition.
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Letx =

X+

3.3 ]

1
10
57 |andy =
7.8
12.1
40.4 |

3.3 ]

10
y=1|57 |+
7.8
12.1
| 40.4 |

3.3+ 7(mod8)
1+ 2)(mod3)

(10+5.1)(mod12)

=| (5.7 +44.5)(mod 48)
(7.8 +38.6) (mod 48)
(12.1+40.2) (mod 48)

| (40.4+30)(mod 48) |

5.1
44.5
38.6
40.2

5.1
44.5
38.6
40.2

30

e S,

(23]
0
3.1
4.2
46.4
4.3
| 22.4 ]

This is the way addition is performed on S.

e S.
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Let
[6.3]
2.1
107
x=|463| S
35
7.8
9.62 ]

the additive inverse of x isy € S where

(1.7 ]
0.9
1.3
y=1| 17 | e Sissuchthatx+y =
445

40.2

| 38.38 ]

O O O O o o o

the additive identity of x in S.

S has both infinite and finite order special interval
subgroups.

LetT, = ae0,8)}cS;

O O O O o o w

T, is a subgroup of S of infinite order.
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Let

M; = ae{0,1,23,..,73c[0,8)}cS

O O O O oo o o

be a subgroup of S of order 8.

Consider

ae[0,3)}cS,

_|
N
11
O O O O o 9 O

T, is a subgroup of infinite order.

M, = aed{0,1,2}}cS

O O O O o 2 O
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is a subgroup of finite order and o(M,) = 3.

0 0
2 1
0 0
x=|0|andy=1|0| € S are such that
0 0
0 0
_0_ _0_
0] [0] [O]
2 1 0
0 0 0
X+y=10|+|0|=]|0
0 0 0
0 0 0
0] |0] |0]
o
0
a
M;=1{0|lae[0,12)}cS
0
0
_0_

is an infinite special interval subgroup of S.
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Ty = ae{0,1,23, ...,11}} S

O O O O 2 O O

is a subgroup of S order 12.

M, has no subgroups but T3 has subgroups given by

0
0
a
T;= 0|lae{0,3,6,9}}cTs,
0
0
0

0

0

a
T2=1l0||ae{0,6}}cTs,

0

0

0
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aeq{0,24,6,8, 10}}cT; and

)
I
O 0o o » oo

ae{0,4,8}}cT;

o
I
O oo o » oo

are the four subgroups of the subgroup T; of S.

Let

a; € [0,48)} S

o
~
1
o o o, o o o

be the special interval subgroup of S under ‘+’ of infinite order.
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B, = a; € [0,48)}cS

o o /f® o o o o

is a subgroup of S different from B;.

a; €[0,48)}c S

o
w
1l
o .® o o o o o

be the subgroup of S different from B, and B, of infinite order.

B,= a €[0,48)} S

o O O O o o

[«5)
iy

is a subgroup of S of infinite order.
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Clearly

0

0

0
BinBj=|0|,fori=j, 1<i,j<4.

0

0

0

Let

0
0
0
Di=4la, ||a1 €{0,24}}cS
0
0
0

be a subgroup of order two in S.

a; e {0, 12, 24,363} = S

W)
N
"
o o, o o o o

is again a subgroup of order four in S.

We have subgroups of order 2, 3, 4, 6,8, 12and soon in S.
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Example 2.15: Let

a3
a, .
aie[0,8),1<i<16,+}
a9 a'10 all a12
a15
be a special interval group.

S has several subgroups of infinite order and also several
subgroups of finite order.

a, 0 0 O
000 0
P, = a, <[0,8), +3cS
1= o o of|2E0® <
000 0

is an infinite special interval subgroup of S.

a, 0 0 O
0000
M, = a, {02 4.6} 43S
=g 0 o of|®<Ht htte
000 0

is a finite special interval subgroup of S.

bl
fis

P, = a;€[0,8),+}cS

o O O o
o O O

o O o o
o O o o

is an infinite subgroup of S.
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0a 00
00 00
M, = a, {0 24,6}, 43S
=g 0 o of|*<Ht hotre
0000

is a finite subgroup of S.

[«5)
iy

a €[0,8), +}cS

o O o o
o O o o
o O O

o O o o

is a subgroup of S of infinite order.

QD
iy

al € {0! 21 4’ 6}! +}gS

o O o o
o O o o
o O O

o O o o

is a subgroup of finite order.

[«5)
iy

Ps= a; €[0,8), +}c<S

o O o o
o O o o
O O o o
o O O

be the subgroup of S of infinite order.
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[«5)
iy

a €{0,24,6} +}cS

o O o o
o O o o
o O o o
o O O

is a subgroup of finite order.

0O 0 0O
a, 0 0 O
Ps = ! a 0,8), + S
5 000 0 1€ ), t}c
0O 0 0O

be the subgroup of S is of infinite order.

0O 0 0O
a, 0 0 O
Mg = ! a 0,2,4,6}, + S
5 0 00 0 16{ } }E
0O 0 0O

is a subgroup of order four and so on with
0

dip € [01 8)1 +} c S

o O o o
o O o o
o O o o

alﬁ

is a subgroup of infinite order and

0

M15 = d; € {0, 2, 4, 6}, +} c S

o O O o
o O O o
o O O O
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is a subgroup of order four.

Now
a, a, 0 0
N-Ooooaa[08)+}8
12 = 0 0 0 0 1, d2 € |Y, 0), c
0 0 0O

is a subgroup of infinite order.

a, a, 0 0
Ry, = 0 000 d, dy € [0, 2,4, 6}}CS
’ 0 0 0O B
0 0 0O

is a subgroup of finite order and so on.

0

[«5)
iy

Rl,lﬁ = di, dig € {O, 2, 4, 6}} c S

o O O
o O O o
o O o o

alG

is a subgroup of finite order.

[«5)
iy

Ni16 = a, a6 € [0,8)} =S

o O O
o O O o
o O o o

a16

is a subgroup of infinite order.
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Rs12 = aj, dip € {0, 2,4, 6}} cS

12

o o & o
O O o o
O o o o

is a subgroup of finite order.

Ns12 = as, a2 € [0,8)} =S

12

o o o
o o o o
o o o o

is a subgroup of infinite order.

[«5)
[y

N3 15 = a;, a5 €[0,8)}cS

o O o o
o O o o
o O
o O o o

is a subgroup of S of infinite order.

Let
00 a O
R 0.0 0 0n {0,2,4,6}} S
= 1 e!!a -
3,15 00 0 O 1, @415 =
00 a, 0

be a subgroup of S of finite order.
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Likewise
a 0 0 O
a. 0 0 a
Tisg= 4| ° 81 lay, as, a 0,2,4,8 S
15,8 000 O 1, ds 86{ }}Q
0 00 O

is a subgroup of finite order.

a, 0 0 O
a. 0 0 a
Jisg= 4| ° | la, as,ag € {0, 2, 4,8 S
1,58 0 00 0 1, ds 86{ }}Q
0 00 O

is a subgroup of finite order.

0 0 0 O
0 0 a, O
W7 1214 = a7, a0, 4 € {0,2,4,8}} S
0 0 0 a,
0 a, 0 O

Let
a, a, 0
a'5 O 7
Ei25711,16= di, d, ds,
0 O I
0 0 0 ag

az, an, ag € [0, 8)}} = S
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be a special interval subgroup of infinite order.

a, a, 0
F _ )% 0 ay, a, a
1,2,5,7,11,16 0 0 all O 1, d2, db,
0 0 0 a,

az, ain, a6 € {0, 2,4,6}} < S
is a subgroup of finite order.

This S has several but finite number of finite subgroups and
infinite subgroups.

Example 2.16: Let

a a, 43 8,
a; dg &, ag
4y 8 8y dp
= 3 y, A5 a;€[0,19);1<i<32,+}
87 Qg 89 8y
Ay Ay Ay Ay,
8y Gy Ay Ay
[0 8y 83 Ay |

be a special interval group of infinite order.

Let

0 0
T, = S a; €[0,19)}cS
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be a subgroup of infinite order.

00 0O
a, O

Tz=<. . . .|lac€ [0,19)}cS
00 0O

is a subgroup of infinite order.

Tw= a;€[0,19)}cS

- O o o o
o ®® o o
o o o o
o o o o

be a subgroup of infinite order.

Tis= a; €[0,19)}cS

- O O 0o o o
O O o o o
o . o o o

- O O 0o o o

be a subgroup of infinite order.
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o
o
- O
o

Tow=d|. |lase[019}cS

o
o

o
QD
>

o O O
o

be a subgroup of infinite order.

Ta=4l: ¢ ¢ i|lae[0,19}cS

be a subgroup of infinite order.

00 a O
00 0 O
0 0 a; O
= di, a O, 19 S
Qs 11 00 0 0 1,8 € [ )}
00 0 0

be a subgroup of infinite order.
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00 0 O
a, 0
00 0 O
Q720 = O O O a.zo a7, a0 € [0,19)} =S
00 0 O
00 0 O
10 0 0 O]

be a subgroup of infinite order.

0 0 a, O
0O 0 0 O
0 a, 0 O
Y3101731 = 0 0 0 Ofasan ay,
a, 0 0 O
10 0 a; O]

d31 € [0, 19)} cS
is a subgroup of infinite order.

S has subgroups of infinite order. S can have subgroups of
finite order also.

Example 2.17: Let

a, a, .. &
S=1la, a, .. ag]|a€[0,15),1<i<27}
A9 8y . Ay

be the special interval group.
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This has subgroups of both finite and infinite order.

a, 0 ... 0
A;=</0 0 .. 0]||a;€{0,510}}cS
0 0 0

is a special interval subgroup of order three.

0000O00O0a 00
A;=1/0 00 000 0 0 0f[a;ef0,510}}cS
0000000 00O

is a special interval subgroup of order three and so on.

0 0 .. 0
A = 0 0 .. 0 dig E{O, 5, 10}} C S
a, 0 .. O

is a subgroup of order three and

00 .. 0
Ay=+<10 0 .. 0 ||aye{0,510}}cS
00 ay,
is a subgroup of order three.
a, 0 .. O
LetP; =40 0 .. 0||a €[0,15)}cS
0 0 0

be a subgroup of infinite order.
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0a 0 .. 0
P,=4/0 0 0 0||a [0, 15)} = S
000 . 0

is again a subgroup of S of infinite order and so on.

00 0 O
Py = 00 .. 0 O dog E[O, 15)} C S
00 .. ag 0

is a subgroup of infinite order in S.

Suppose
0 0 a;, 0 a a,
A31519 = 00 0 0 0 .. 0 ds, ds, dg E[O, 15)} C S
00 0 0O 0

is a special interval a subgroup of infinite order in S.

0 0 a; 0 a .. a
F3,5,9 = 00 0 0 O 0 dz, ds,
00 00O .. O

a, € {0,5,10}} S

is a special interval subgroup of infinite order in S.

Thus S has both finite and infinite order subgroups in S.
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Let
0 O 0

V, = jla ay | |a €{0,5,10},1<i<9}cS
0

0O 0 .. O
Wrz =4la, a, .. a5||ae[0,15),1<i<9}cS
0

be the subgroup of S of infinite order.

0 0 .. 0
wW,=10 0 0 [|lae[015),1<i<9}cS
al a2 a9

be the subgroup of S of infinite order.

0 0 ..0
V, =10 0 0 [|ae{0,5 10}, 1<i<9}cS
a1 a2 ag

is a subgroup of S of finite order.

000O0a 0. 0
E.=10 0 0 0 a, 0 .. 0||ae[0,15)1<i<3}cS
0000 a 0. 0

is a subgroup of S of infinite order.
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0000a 0. 0
D, =40 0 0 0 a, 0 .. 0|lae{0,36,9,
0000 a 0. 0

12},1<i<3}cS

is a finite subgroup of S.

We can have using the 9 columns; 9 subgroups of finite
order and 9 subgroups of infinite order.

Thus we have several subgroups of finite order and infinite
orderinS.

Example 2.18: Let

I a1 a2 a3 1
a4 a5 aG
a7 a8 a9
a10 a'11 a12

S = a13 a14 a'l5 a| S [0, 23), 1 S | S 27}

alG a17 alS
a19 a20 21
a22 a23 a24

_a25 a26 a27_

be the special interval super matrix group under +. S is of
infinite order and is commutative.

To the best of authors knowledge S has subgroups of finite
order. However S has several subgroups of infinite order.
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Consider
a,
0
0
0
P=4":
1 0
0
0
0

QD
N

o

QD
w

o O o

a

€[0,23);1<i<3}cS

P, is a subgroup of S of infinite order.

T1:

bl
fis

o O| o

o O|o o

o olo o

g e [0,23)}cS

is a special interval subgroup of infinite order.
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1
|

a; € [0,23)}cS

_|

3

1
o|lo olo o o flo o
o|lo olo o o ojlo o
olo olo o o olo o

T
L

is a subgroup of infinite order.

o O
o O
o O

Tlg = ae [0, 23)} C S

o O o o
o O o o
L O O O

o O
o O
o O

o
o
o

is a subgroup of infinite order of S.
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Now

o O
o O
o O

aec[0,23)}cS

_|

nN

(2]

|
o O o o
o O o o
o O o o

o O
o O
o O

o
QD
o

is a subgroup of S of infinite order.

[a, 0 O]
a, 0 0
a, 0 0
a, 0 0
W, = 4| as 0 0||ae]0,23),1<i<9}cS
agZ 0 0
a, 0 0
az 0 0
a, 0 0

is a subgroup of S of infinite order.
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a, 0
0 0 O
a, 0 O
0 a, O
s anenay =11 0 0 0 || &y, ar a0,
0 0 ag
0 0 O
0 0 0
0 0 a,

g, 827 € [0,23)} = S
is a subgroup of S of infinite order.

S has finitely many subgroups infinite order and finite
order.

Example 2.19: Let

fa, |a, a,|a,|
a‘5 a8
ag | .o .. |ay,
S=1lag | ... ..|ag||aecl0,6),1<i<28, +}
a'17 a20
Ay Az
_a‘25 a28_

be the special interval group of infinite order.

This group has several subgroups of finite order and several
subgroups of infinite order. Zs, {0, 2, 4} and {0, 3} are
subgroups of [0, 6) which help in getting finite subgroups.
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Let
I a'1 a'2 a'3 a'4 ]
Ag | oo e | B
Qg | oo e | A
T=qlag| ... ...|ag|laef{0,3}1<i<28}cS
a'17 aZO
a'21 a24
_a25 a28_

is a finite subgroup of S.

Likewise
fa, |a, a,|a,|
a, ag
g | oo e | A
P=<lag|.. ..|a,||ae€{0,24}1<i<28}cS
VR O I P
a'21 a'24
_a25 a28

is a finite subgroup of S.

Let

o}
fike

o)
IN)

o]
w

Mi23 = a;, a, a3 €[0,6)}cS

o OO O Oo|o
O O/l O olo o
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is a subgroup of S of infinite order.

a, a

QD
iy

Wip3= ai, a, a3 € {0,2,4}}c S

O Olo O olo o

O OO O oo

is a subgroup of finite order in S.
Thus S has only finite number of subgroups of finite order.

Let us now give one or two examples of special interval
super row matrix groups (super column matrix) groups.

Example 2.20: Let

a, a, a, a,
a'5 aG a? a8
a9 a'lO 11 12

S=J| 77 T TR 4 e [0,13); 1<i <40, +}

be the special interval group of infinite order.
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S has several or equivalently n = 13C; + 13C, + ... + 13Cy3
number of subgroups all of them are of infinite order.

bl
fis

a; €[0,13)}cS

O O O OO o olo o|lo
O O O O o o olo o|lo
O O O Oolo o olo olo

O O O O oo o olo o

be the subgroup of S of infinite order so on.

Ay = ael0,13)}cS

O O O Ol o oo o|o
O O O O/ o o olo o|lo
O O O 9 O O Oolo oo
O O O olo o olo olo

is a subgroup of S of infinite order.
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ae[0,13)}cS

>

[

©

|
O O O OO0 o oo o|o
O O O O o o olo o|lo
D O O OO O Oolo o|lo
O O O olo o olo olo

is a special interval subgroup of the special interval super
column matrix subgroup of S of infinite order and so on.

0 0 0 O

0 0 0 O

0 0 0 O

0 0 0 O
B, = G888 ae[0,13),1<i<4}cS
5 0 0 0 O

0 0 0 O

0 0 0 O

0 0 0 O

10 a, a, a,|

is a special interval super column matrix subgroup of S of
infinite order.
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Bio =

O O OO0 O Oo/lo o|o

QD
iy

O O OO0 ©O o/lo o|o

QD
N

O O OO ©O Oolo oo

QD
[

O O OO0 O Oolo o|o

QD
N

a,e€[0,13),1<i<4}cS

is again a special interval super column matrix subgroup of
infinite order.

Now consider

Cy

O O O O o o olo o|lo

O O O O o o olo o|lo

O O O olo o olo olo

aiel0,11),1<i<10}cS

is a subgroup of S of infinite order.
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[0 0 a O]
0 0 a, 0
0 0 a, 0
0 0 a, O
0 0 a2 O .
D. = 8 €[0,13),1<i<10}cS
: 0 0 a O
0 0 a, O
0 0 a O
0 0 a, O
10 0 a, O]

is a subgroup of S of infinite order.

So we can have 14 such subgroups given by D. and Brj ;

1<i<4and1<j<10, however these subgroups will find their
place in the n subgroups mentioned.

Example 2.21: Let
S = a10 all a12 a13 a'14 a'15 alG al? a‘18
a19 aZO a21 a22 a23 a24 a25 a26 a27

a e [0,11), 1 <i<27,+}

be the special interval row matrix group.

S is of infinite order S has only subgroups of infinite order
barring
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a, a,|a, a, a; |a;|a a; a
Q = a'10 a‘ll a12 a13 a14 a15 alG a17 a18

a19 a‘20 a'21 a22 a23 a24 a25 a26 a'27

3,€{0,1,2,...,10}},a €[0,11) } =S

is a subgroup of infinite order. We have 27 such subgroups.

Each T; = {[0, 11), +} that is T; is isomorphic with the special

interval group, for 1 <i < 27.

Let
0 a |0 0 0]0J0 0 O
P.,=1/0 a,|0 0 0[0[0 0 0||a,a,
0 a,|0 0 0/0|0 0 O

a3 €[0,11),+}<S
be a subgroup of infinite order we have 9 such subgroups.
0O 0|0 O O|O|]O O O
a, a a

,la, a, a;|as|a, a; ay||ael[0,11),
0O 0|0 O O|O|O0O O O
1<i<9}cS
is a subgroup of infinite order. We have 3 such subgroups.
Now we give polynomial groups using intervals.

Example 2.22: Let

a e [0, 17)}
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under + be the special interval group of polynomials of infinite
order.

Example 2.23: Let

ai € [0, 22), +}

i=0

be a group. S is of infinite order. S has finite subgroups.

For take

a e {0,11},0<i<10,+} S

M= {Za

i=0

is a finite subgroup of S.

p(X) € M has coefficients either 0 or 11 only and each p(x)
€ M is such that p(x) + p(x) = (0); zero polynomial as 11 + 11 =
0 (mod 22).

So S has subgroups of order two, three and so on. S has
also subgroups of infinite order.

ae[0,22),0<i<8cS

N= {za

i=0

is a subgroup of infinite order S has also infinitely many
subgroups of finite order.

S has also infinitely many subgroups of finite order.

Example 2.24: Let

a e [0, 19), 0 <i <27}

7
S= {Zaix'
i=0
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be a special interval polynomial group. S is of infinite order.

The subgroup of finite order being;

ae{0,1,23,4,5, .., 18}, 0<i<27}cS.

7
P= {Zaix'
i=0

3;e€[0,19),0<i<10,+}cS

10
T= {Zaix'
i=0

is a subgroup of infinite order.

LetM={a+bx|a, b e[0,19), +} < Sis also a subgroup of
infinite order.

N={a+bx+cx®+dx®|a b c del019),+}c=Sisa
subgroup of infinite order.

Example 2.25: Let

a e [0,3),0<i<15, +}

15 _
S= {z ax'
i=0

be a special interval group of polynomials of infinite order.
Let

X = {i aiXi
i=0

ae{0,1,2},0<i<5 +}cS

be a subgroup of finite order.

a;€{0,051,15225}0<i<8,+}cS

X, = {iaixi

i=0

is also a subgroup of finite order.
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ai € {0, 0.25, 0.50, 0.75, 1, 1.25, 1.50,

10
X3 = {Zaix'

i=0

1.75,2,2.25, 250, 2.75},0<i<10,+} = S
is a subgroup of finite order.

Y, ={a+bx|abe[0, 3)}cS isasubgroup of infinite
order.

Y,={a+bx*+cx*|a, b, cel0,3), +} = S is asubgroup of
infinite order.

Ys={a+bx +cx|a b, cel03),+}cSis asubgroup
of infinite order.

Example 2.26: Let

a e [0, 2),0 < i< 30}

0
S= {Zaix'
i=0

be the special interval polynomial group of infinite order. This
has several finite subgroups.

Let X; ={a+bx|a b e {0, 1}, +} < S be a subgroup of
finite order |Xy| = 4.

Xo={a+bx|abe{0 051 15} +} < Sis also a
subgroup of finite order.

X1 € Xa. 0(Xy) <0(Xy)

Xs={a+bx|a b e {0 025 050, 0.75, 1, 1.25, 1.50,
1.75} +} < S is a subgroup of finite order.

Xicc X, € Xz and O(X3) > O(Xz) > O(Xl).
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Xs={a+bx|a b e {0.125, 0.250, 0.375, 0.5, 0.625, 0.750,
1, 1.125, 1.250, 1.375, 1.5, 1.675, 1.750}, +} < S is a subgroup
of finite order.

0(X4) > 0(X3) > 0(Xy) > 0(Xy) and
Xic X, X< X

We can get a chain of subgroups.
We have several such chains.

Let Yi={a+bx+cx*|a b, ce {002 0406 08, 1,
1.2,...,1.8} < [0, 2), +} be a finite subgroup of S.

Y,={a+bx+cx*|a b, ce {00102 ..1 11, ..,
1.9}, +} < Sis a finite subgroup of S.

Infact S has infinitely many finite subgroups. For let Y, =
{a+bx]|a, b e {0,0.001, 0.002,0.003, ..., 1.001, ..., 1.999}
[0, 2) be a subgroup of finite order.

Thus S has infinitely many finite subgroups.
It is the main advantage of using the interval [0, p) even if p
is a prime [0, p) has infinitely many subgroups of finite order

under “+’.

THEOREM 2.3: Let S ={]0, p), +} be the special interval group
(p a prime). S has infinitely many subgroups of finite order.

Proof follows from the fact S, = {0.0005 or 0.001 or 0.0002
or 0.00002} generates a finite subgroup under addition.

Corollary 2.1: Let p be any composite number in Theorem 2.3.
Then also S has infinite number of finite subgroups.

Example 2.27: Let S = {[0, 7), +} be a group under ‘+’; S has
infinitely many subgroups of finite order.
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Example 2.28: Let S = {[0, 15), +} be a group. S has infinitely
many subgroups of finite order.

Example 2.29: Let S = {][0, 3), x [0, 8), +} be a group. S has
infinitely many subgroups of finite order.

Example 2.30: Let S = {[0, 7) x [0, 11) x [0, 29), +} be the
special interval group of infinite order. S has infinitely many
subgroups of finite order.

Example 2.31: Let S ={(a;, @, az)|a € [0,3),1<i<3}bea
special interval group. S has infinitely many subgroups of finite
order.

We can have the usual notion of group homomorphism ¢,
kernel of the homomorphism ¢ and other properties.

As the group is under addition and the groups are of infinite
order it is difficult to arrive more properties about them.

However we see if S = {[0, n), +} be the special interval
group we get Z, c S as a subgroup of finite order.

Thus we have the following theorem.

THEOREM 2.4: Let S = {[0, n), +} be the special interval
group. {Z,, +} < Sis always a finite subgroup of S.

The proof is direct and hence left as an exercise to the
reader.

Example 2.32: Let S = {[0, 7) x [0, 12) x [0, 17) x [0, 36), +}
be a special interval group. Clearly T=2Z; x Z1p x Z37 x Z3s = S
is a subgroup of finite order.

Also P; = Z; x {0, 3, 6, 9} x Z37 x {0, 12, 24} c Sis a
subgroup of finite order.
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P, = Z; x {0} x {0} x {0, 6, 12, 18, 24, 30} c S is a
subgroup of finite order.

So in a way we call the special interval group under + as the
extended modulo integer group under +.

Example 2.33: Let
S=4| [ ||a€el0,15),1<i<9 +}

be the special interval matrix group.
al
a
T=4| /||laeZisc{0,1,2 ...,14},1<i<9,+}
a9
be the subgroup of S.

Infact S has infinite number of subgroups of finite order.

Example 2.34: Let

a e [0,4),0<i<10,+}

10 '
S= {Zaix'
i=0

be a group of infinite order. S has infinite number of subgroups
of finite order.

aie{0,2},0<i<10,+}cS

0
P, = {Zaix'
i=0
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is a subgroup of finite order.

For all p(x) € P, we have p(x) + p(x) = 0.

3,40,1,2,3},0<i<10,+}cS

10
P, = {Zaix'
i=0

is a subgroup of finite order.

Let

T,={a+bx|a be{0,051,15,2, 25,3,35};+} S
be the finite subgroup of S.

S has infinitely many subgroups of finite order.

T, ={a+ bx + cx? |a,b,ce{0,0.204,...,3, 32, 34,3.6,
38}c [0,4),+}cS.

Ts={a+bx*|a,be{0,01,02 ..,091, 11, ...,31, ...,
3.9} < [0, 4), +} < S is a subgroup of finite order.

Let

a e {0,05, 1,15, 2,2.5,3,3.5} [0, 4),

0<i<3}cS
be a subgroup of finite order.

Infact S has infinitely many subgroups of finite order and
this infinite groups has infinite number of finite subgroups.

It is an interesting observation for R or Q or Z under
addition has no finite subgroups.

We suggest the following problems for the reader.

| 67
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Problems

1.

Find some special and interesting properties associated
with special interval groups
G ={[0, a), +, a a positive integer}.

If in a problem 1, a is a prime can G have infinite number
of subgroups?

Can G in problem 1 have subgroups of infinite order?

Prove if a is a composite number in G given in problem 1
then G has many subgroups of finite order.

Let S ={[0, 11), +} be a special interval group.

(i)  Can S have subgroups of infinite order?

(i)  Can S have infinite number of subgroups of finite
order?

(iii) Can S have infinite number of subgroups of infinite
order?

Let S ={[0, 18), +} be a special interval group.

Study questions (i) to (iii) of problem 5 for this S.

Let S = {[0, 24), +} be the special interval group.

Study questions (i) to (iii) of problem 5 for this S.

Let S = {[0, p%), p a prime +} be the special interval
group.

Study questions (i) to (iii) of problem 5 for this S.

Let S; = {[0, pg), p and g primes, +} be the special
interval group.

Study questions (i) to (iii) of problem 5 for this S.



10.

11.

12.

13.

14.

15.
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Let S, = {[0, p;*,p3%,...pp" ) o =21, 1 <i < n, pj’s prime

and all of them are distinct 1 < j < n} be the special
interval group.

Study questions (i) to (iii) of problem 5 for this S,.

Let S = {[a;, a2, ..., ag] | @ € [0, 19), 1 <i < 19} be a
special interval group.

Study questions (i) to (iii) of problem 5 for this S.
Let T = {[0, 13), +} be the special interval group.

(i)  Can T have infinite subgroups other than T?
(i) Prove T has infinite number of finite subgroups.
(iii) What is the smallest order of the finite subgroup?

Let S ={[0, 12), +} be the special interval group.

(i)  Find all infinite order subgroups of S.

(if)  Prove S has infinitely many subgroups of finite
order.

(iii)  Is two the order of the smallest subgroup of S?

Let S = {[0, p), +, p a prime} be the special interval
group.

(i)  Find all infinite order subgroups of S.
(i)  Prove the order of the smallest subgroup is p.

Let S = {[0, 24), +} be the special interval group.

(i)  Prove S has finite subgroups of order 2, 3, 4, 6, 8,
12 and so on.

(i)  Can S have finite subgroups of order 5, 7, 9, 11, ...,
p, p a prime?

(iii) Can S have infinite order subgroups?
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16. Let S = {(a;, @) | @ € [0, 11), 1 <i < 2} be a special
interval group under addition +.

Study questions (i) to (iii) of problem 15 for this S.

a1
a
17. LetS;=4| /||lae[0,19);1<i<9,+}

dy

be the special interval group.

Study questions (i) to (iii) of problem 15 for this S;.

a, a, .. 4,

a a T | .
18. LetS,=<| ® 11 ael0,29):;1<i<48,

dys Ay ... Qg

a37 a‘38 a48

+} be the special interval group.

Study questions (i) to (iii) of problem 15 for this S,.

a, A, .. 4

a a o a .
19. LetSz=<| ¥ 1| ae0,43);1<i<64,

Qg 8y - Ay

a49 a50 a64

+} be the special interval group.

Study questions (i) to (iii) of problem 15 for this S;.



20.

21.

22.

23.
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fa, a, a, a, a,|
aG a‘7 a8 a9 a10
LetM=4la, a, a5 a, a;]||ae]l0,30)
a16 a17 a'18 alQ aZO
_a21 a22 a23 a'24 a25

1 <i <25, +} be the special interval group.

Study questions (i) to (iii) of problem 15 for this M.

Let V = {(ay, a,, a3, a4, as) | a1 € [0, 5), a, € [0, 11), a3 €
[0, 15) a4 [0, 6) and as < [0, 12), +} be the special

interval group.

Study questions (i) to (iii) of problem 15 for this V.

a1 a2 a3
a a a
LetV,=<| * ° "°||a e0,30),a¢€[0,5),a;¢€
a7 a8 a9
a10 a11 a‘12

[0! 14)1 a4 6[0’ 11)1 and a5 € [0! 15)1 a6 € [01 19)’ a-7 ’ a81
ay, a0 € [0, 25), a1, a1, [0, 10) +} be the special
interval group under +.
Study questions (i) to (iii) of problem 15 for this V;.

al

a
LetS; = :2 ay, @, az € [0, 24); au, as, 3 < [0, 18) and

dy

az, ag, 89 € [0, 31), +} be the special interval group.
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24.

25.

26.

Study questions (i) to (iii) of problem 15 for this S.

[«5)
s

5 m|m s:u|
(4] £ w N

LetS = g € [0,41); 1 <i<12, +} be the special

QD | D
= |'5 @m oom \Am|cnm

iy
N

interval group.

Study questions (i) to (iii) of problem 15 for this S.

LetS={(a;ax|asasas|as) |a €[0,7),1<i<6, +}be
the special interval group.

Study questions (i) to (iii) of problem 15 for this S.

LetS=<lag [ ... ..|.. . .. |a,]]|acel023),
Qg | oo e | e e e |8y

1 <i<21, +} be the special interval group.

Study questions (i) to (iii) of problem 15 for this S.



217.

28.

29.

LetS=
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a, |a, a, a,|a;|a, a,
a8 a’l4
%s % a; € [0, 49);
a22 a28
a29 a'35
a36 a42

1 <i<42, +} be the special interval group.

Study questions (i) to (iii) of problem 15 for this S.

LetS=

a; € [0,192); 1<i<30, +}

be the special interval group.

Study questions (i) to (iii) of problem 15 for this S.

Let

S={(ay]a azasas|asas|as)|a [0,28),1<i<8, +}
be the special interval group.

Study questions (i) to (iii) of problem 15 for this S.
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30.

31.

32.

33.

a, |a, a; a,|as|a; a, a,
LetS=4lag | ... o ]| o Al @€

[0, 28); 1 <i < 24} be the special interval group.

Study questions (i) to (iii) of problem 15 for this S.

a; € [0, 121)} be the special interval

Let S = {iaixi

i=0

polynomial of group of infinite order.

Study questions (i) to (iii) of problem 15 for this S.

a € [0,18),0<i<7}

LetS= {iaix‘

i=0

be the special interval polynomial of group of infinite
order.

(i)  Prove S has several subgroups of finite order.

(it) s the number of subgroups of S of finite order
infinite or finite?

(iii)  Study questions (i) to (iii) of problem 15 for this S.

a e [0, 36)}

LetS= {iaix‘
i=0

be the special interval group of polynomials.

(i)  Find all subgroups of finite order.
(if)  Study questions (i) to (iii) of problem 15 for this S.



Chapter Three

SPECIAL INTERVAL SEMIGROUPS ON
[0,n)

In this chapter for the first time authors introduce 3 different
operations on the interval [0, n); n < .

Thus Spin = {[0, n); min}, Snax = {[0, n); max} and S, = {[0,
n), x}, (n < o0) are semigroups.

We study the algebraic substructures enjoyed by them and
derive several interesting properties.

Let Smin = {[0, n), min} be a semigroup. Infact Sy, is a
semilattice and is of infinite order. Sy, is commutative and Sy,
is an idempotent semigroup of infinite order. We call Sy, as the
special interval semigroup.

We will first give some examples of them.

Example 3.1: Let Syin = {[0, 24), min} be the semigroup of
infinite order. Every singleton element is an idempotent.

For if x =9.23 € Spin then min {x, x} = x. Lett; =8.92 and
L= 12.03 e Sminy then min {tl, tz} =8.92 = t and P = {tl, tz} C
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Smin 1S @ subsemigroup of order two. Infact we can get
subsemigroups of order 1, 2, 3, ..., any integer.

Smin has also subsemigroups of infinite order.

For Ts = {J0, 5), min} < Smin is a subsemigroup of infinite
order and Ts is also an idempotent subsemigroup. Spi, has no
zero divisors.

Example 3.2: Let Syin = {[0, 17), min} be the special interval
semigroup of infinite order. Spin has infinite number of
subsemigroups of finite and infinite order. Every element in
Smin IS @n idempotent.

Now using Spi, We construct semigroups.

Example 3.3: Let Spin = {(ar, a2, a3) | & € [0, 4), 1 <i <3} be
the special interval semigroup. Spin has several semigroups and
infact zero divisors.

We call x in Sy, to be a zero divisor if there exists a y in
Smin With min {x, y} = (0, 0, 0). We see if x = (0.32, 0, 0) and
y =(0, 0.9, 3.2) € Syin then min {x, y} = (0, 0, 0).

Infact Spin has infinitely many zero divisors.
S has subsemigroups of infinite order.

Let M, = {(al, 0, 0) | a; € [0, 4)} < Shin,

M, = {(0, a, 0) | a1 € [0, 4)} < Smin and

Mz = {(0, 0, a1) | a1 € [0, 4} < Smin be three distinct
subsemigroups of Spn.

We see min {M;, M} = {(0, 0, 0)} if i = j, 1 <1, j<3.
Every element in Sn, is an idempotent and hence is a
subsemigroup.

However we cannot say every pair of elements in Sy, is a
subsemigroup. For if x = (0.3, 2, 34) andy = (0.1, 3, 0.2) €
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Smin- We see min {x, y} = {(0.3, 2, 3.4), (0.1, 3, 0.2)} =
(min{0.3, 0.1}, min{2, 3}, min{3.4,0.2} =(0.1,2,0.2) #x ory.

Thus a pair of elements in Sy, in general is not a
subsemigroup under min operation.

Let X = {(0,0,0) (a, b,c)|a b, c €0, ,4) and a, b, c are
fixed} < Smin. This pair of X is a subsemigroup.

Thus every pair {X, y} with x = (0, 0, 0) is always a
subsemigroup of Syin. Letx =(a, b,c)andy =(d, e, ) € Spmin
we say X <min ¥ if min (a, d) = a, min (b, €) = b and min {c, f} =
C.

Thus if T = {Xy, X, ..., Xn} such that
X1 Zmin X2 <min --. <min Xn, then T is a subsemigroup.

We call this order <p;, as “special min order”.

Infact Spn is not a special min orderable but T < Spin iS
special min orderable.

A natural question is can we have subsemigroups in Sy
which are not special min orderable?

The answer is yes and Sy, itself is not special min
orderable.

Fortake x=(0.2,1,2.3)andy = (0.7, 0.9, 1.3) € Spin-
We see min {x, y} ={(2, 0.9, 1.3)} = x (or y).

Let min{x,y} =zweseex £, ybut z<pn,X and z <pmin y
and M = {x, y, z} is a special interval subsemigroup of Spp.

Thus a set which is not special min orderable is a
subsemigroup. We can only say Spi, is a partially special min
ordered set.
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This concept can help to get trees when the subsemigroups
in Spin are of finite order.

Let P ={x=(0, 0, 0), x; = (0.3, 0.7, 1.1), x, = (0.4, 0.93,
0.84), x3 = (3, 2, 0.2)} < Smin; min {x, xi} = x fori=1, 2, 3.
min{Xy, Xo} = (0.3, 0.7, 0.84) = x4; min {Xy, X3} = (0.3, 0.7, 0.2)
= X5, min{X,, Xz} = (0.4, 0.93, 0.2) = X so P is not a
subsemigroup.

We see P is partially min ordered set yet P is not a
subsemigroup.

Py = {X, X1, X2, X3, X4, X5, X6} < Smin iS @ subsemigroup of
Smin-

Several interesting properties can be derived on subsets of
Smin-

We see if P is only a subset of Sy, and not a subsemigroup
of Smin then we can complete it to get the subsemigroup in a

finite number of steps if |P| < o and only in infinite number of
steps if |P| = .

Example 3.4: Let

be the special interval semigroup.
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Let us consider

0] 07[0.1]

0|(0.7]|03

o[ 3]|4
M=4]0/[21],/02|f < S

0|[5.0]|32

0/[0.9]|0.6

0][12]|12]

clearly M is not a subsemigroup only a subset as

0 |[0.1] 0
0.7]1]0.3 0.3
3 4 3

min<|{2.1{,/0.2|; =102 ¢ M
501(]3.2 3.2
091(]0.6 0.6

11.2] 1.2 1.2
[0 ][0.1
0.7((0.3
3 4

so M is only a subset as min | 2.11,/ 0.2 |} ¢ M.

5.0(]3.2
09]]0.6

11.2] 1.2
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Now
[0][01][ O ][] O]
0(]03]]0.7||0.3
0|| 4 3 3
W=1</0|,/0.2(,/211,/0.2|} < Smin

0[]32]]50((3.2
0/]06]]09||0.6
10][12]|12]|12]

is a special interval subsemigroup of Spin.

Let
0] [0.2 (6 | (0.5
0 0.4 9 3
0 5 2 4.3
T=<0[,x,=[38|,X,=| 4 |\X;=|2.7|; < Snin-
0 7 4.3 2.5
0 3.1 7
0] | 9 | | 2.5] | 5 |
[0.2]] 6 ] [0.2]
04[] 9 0.4
5 2 2
We see min{x;, X} =438, 4 |} =38 ¢ W
7 1143 4.3
3.1 3.1
| 9 ]]25] 2.5
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[0.2]]0.5] [0.2]
04| 3 0.4
51|43 4.3
min{Xy, Xz} =min <1 3.8(,| 2.7 |; =|2.7| ¢ W.
71125 25
7
L Jd L 5 . L _
6 ][0.5] [0.5]
9 3 3
21|43 2
min{X,, X3} = min 4 (|27 |y =127 ¢ W
43|25 25
31(| 7 3.1
125]] 5 | | 2.5]

Thus if we extend W by

0 [0.27[0.2][05]
0 04|04 3
0 2 ||43]] 2
Wi= 10|, %, %, %, [381,] 27 [, 27|} < S
0 43(|25]|]25
0 31|| 7 |[31
0 25| 5 ||25]

is a special interval subsemigroup of [Wy| = 7.

If we have a set with 3 distinct elements we can extend W
to Wy and |W,|=7.
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If the is added to W, we get order of W, is 7.

O O O O O o o

Likewise if V = {Xi, Xz, X3, X4, Xs} such that min {xi, x;} # X;
orxjifi=jandx £, X;;ifi=]thenV is not a subsemigroup
we can complete V as follows:

V u {min {xi, x}; i #J, 1 <i, J <5} =V Viisa
subsemigroup of Spin; [V =5 + 5C, = 15.

Thus if A = {Xq, X, ..., Xn} With min {X;, X;} = x; or X; if i # ]
then A is not a subsemigroup but we can complete A as A; and
|A1| =n+nC,.

This is true for any finite n (This is true for infinite n also).
Thus we can in a nice way complete a subset into a
subsemigroup under min operation.

Example 3.5: Let
al a2 a3

a, ag dg i
Smin = . . : d; E[O, 17), 1<i< 30}

a'28 a29 a30

be a special interval matrix semigroup under min operation.

Smin has subsemigroups of order 1, 2, 3, 4, ..., n; also n is
infinite.
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We can also for any given subset A < S, complete it to get
a subsemigroup.
If A is a subset of Sy, with n elements such that min {x, y}
#Xoryand x =Y true for every x, y € A, then we can complete

A to A; and A; will be subsemigroup of order n + nC..

Example 3.6: Let

a, a, a,
a, a, a,

Smn= {la, ag a, ||ae[0,11),1<i<15}
a10 a'11 alZ
_a13 a14 a15

be the special interval semigroup.

Let
(0.7 0 0][35 0 0|[78 0 0][298 0 O]
0O 0 0/|0 O O[]0 OO 0O 0O
A=<4/0 0 0O O OO0 O0OL O 00O
0O 0 0/|0 O O[]0 OO 0 0O
|0 0 0j]|O O O]J]O OO O 0O O]

C Shin-

A is only a subsemigroup.

A can be completed to A; only if x in A has ay in A with
min {x, y} =xory.
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(0.2 07 0]]09 02 0][03 9 0|[7 68 0
0 0 0 0 0 0 0 0 0|0 0 O
B= o o o,O O O, O O0O0|/O0 0 O
0 0 O 0 0 O 0 0 0|0 0 O
o o o/lo o oflo ooflo o of
C Shin

is not a subsemigroup. B can be completed to B; with |B,| =4
+4C, = 10.

03 0 0][9 0 0][25 0 0

4 0 0|2 00[|98 0 0

D=4{|8 0 0[[92 0 0[[39 0 0|,

0 00[|0 00|00 00O

0 0o0f[0 00][0 O O]

(105 0 0][007 0 0][43 0 0]

29 0 0/|616 0 0|71 0 0
75 0 0//39 0 0[,/65 0 0 =Sy

0 0o0fl[0 00[[0 00O

0 00/ 0 00|/ 0 0O

be a subset of D and D can be made or completed into a
subsemigroup Dy; |D4|=6+6C,=6+6.5/1.2=6+15=21.

Let
9 0 2][2 0 45]
0 43 0 || 0 37 63
E=4/71 0 91,96 0 9.9|; < Snin
0 35 0|0 0 72
101 0 06|65 0 O]
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E is only a subset of Syi,. E can be completed to E; to be a
subsemigroup of order three.

Example 3.7: Let

a, |a, a; a,

a a a a .
Smn=4 > | ° 7 ®|lael0,9),1<i<16}

a9 a'10 a11 a12

a13 a'14 alS alG

be the special interval semigroup.

8 | 0.7 52 6.9]||6 | 6.3 0.2 0.7
0|0 0 O 0|0 O O
LetM = , ,
0|0 0 O 0|0 O O
0|0 O 0,0 O O

05|04 09 6.1(/61(09 04 0.2

M is only a subset and not a subsemigroup.

M can be completed to M; by adjoining all min{x, y}, x #y
where X,y € M.

Thus M U {min {X, y}}; X #y, X,y € M} = M; is a
subsemigroup of Spin. |My| =4 + 4C,.
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Example 3.8: Let

[a, |2, a, a,|ag ]
dg a0
Swn=1ay | o o | || &[0, 41), 1<i<25}
g Az
a s |

be a special interval semigroup of infinite order.

Smin has subsemigroups of all order and also subsets of Sy,
can be completed to get subsemigroups of both finite and
infinite order.

We give the following theorem.

THEOREM 3.1: Let
Smin = {M x n matrix with entries from [0, s); s an integer; min}
be the special interval semigroup of infinite order.

If P ={Xq, X2, ..., Xn} < Smin (0 finite or infinite) with min {x;,
Xj} =X or x; for 1 <i, j <'n then the subset P can be completed to
Py such that P, = P «{min {x;, x;}; 1 #j, 1 <i,j <n}and P, isa
subsemigroup of Sy

Proof follows from the fact that min operation in P, gives
the desired subsemigroup.

Now we proceed onto study Spax = {[0, n), max}. Spax IS
also an infinite commutative semigroup which an idempotent
semigroup.

We give examples of them and study their properties.
Example 3.9: Let Spax = {[0, 10), max} be the special interval

semigroup of infinite order. Spax IS an idempotent semigroup.
We see if T = {Xy, X2, X3, X4} < Smax, T iS @ sSubsemigroup.
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Smax has subsemigroups of order 1, 2, 3, 4, ....

We see Spax IS a chain for any two elements in Spay is max
orderable that is if any X, ¥ € Spmax We have X < max Y O Y < max X.
Thus any subset of Sy.x is a subsemigroup. This is the special
feature enjoyed by these special interval max semigroups.

Example 3.10 : Let Spax = {[0, 231), max} be a special interval
max semigroup. Let x =230.009 andy = 9.32 € Spax.
T = {X, y} is a subsemigroup.

Hence these idempotent semigroups are max orderable
semigroups with 0 as the least element. However this has no
maximal or to be more precise the greatest element.

Now Spax cannot have zero divisors or the concept of units.
These are semilattices of a perfect type.

Example 3.11: Let

Smax = {(a1, a2, a3, &) | & € [0, 15); 1 < i < 4} be the special
interval semigroup of infinite order.

Let x =(0.3,6.9,9.2,0.7)and y = (12.1, 3, 4, 5.1) € Spax.
We see max {x, y} = max {(0.3, 6.9,9.2,0.7) (12.1, 3,4, 5.1)}

= (max {0.3, 12.1}, max {6.9, 3} max {9.2, 4}, max {0.7,
5.1})

=(12.1,6.9,9.2,5.1) #xory.
Thus P = {X, Y} < Smax IS @ subsemigroup.

However P; = {x, y, max{X, y}} < S is a subsemigroup. So
in general a pair of elements in Sy iS Not a subsemigroup.

THEOREM 3.2: Let
Smax = {M x n matrix with entries from [0, s); max} be the
special interval semigroup.
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If X, ¥ € Smax IS such that X <qax ¥ (Y <max X) then Spa is @
subsemigroup. Conversely if a pair of elements X, y & Spax iS @
subsemigroup, then X <qax Y (Y <max X) respectively.

Example 3.12: Let
al a'2 a3
Smax = a, ag 4ag aj 6[0, 18), 1<i< 9}

a, a; a,

be a special interval semigroup.

We see for
a‘1 a2 a3 bl b2 b3
X=|a, a; ag|andy=|b, b, bg| € S
a7 aS a9 b7 b8 b9
are ordered by <pmu if and only if a; <b; foreachi,i=1,2, ..., 9.
Take

0.3 7 2
x=142 31 11.8] and
12.3 5.001 7.09

4 11. 4
y=| 73 105 14.07| € Sma
13.031 17.011 9.028

We see X <na Y as we see each element x is strictly less
than the corresponding element in y.
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Now take
92 23 03 3.7 9.2 1031
x=1112 15 392|andy=|9.73 34 182 | € Spax
73 175 165 47 105 17.891

92 92 1031
We see max{x,y} =112 34 392 |#Xx
73 175 17.891

ory also X <max Y and Y <pax X.
So in general in this Sy, We cannot order the matrix.
This is true in general for any X, ¥, Z € Spax-

If max {x, y} = x ory or z we see {X, y, z} does not form a
subsemigroup.

However if {X, Y, z} < Smax is such that max{x, y} = z then
{x,y, z} forms a subsemigroup of Sy

We have several subsemigroups in this Sy isomorphic
with T = {[0, 18), max}.

Let

[«5)

1

00
A= 0 0| a€[0, 18), max} = T ={]0, 18), max}
00

o O

be a subsemigroup and is isomorphic with A;.

We have at least 16 subsemigroup isomorphic to P = {[0,
18), max}.
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Take
0 0O
Ag=</0 0 O ae[O, 18)} < Siin;
0 a0

Ag is a subsemigroup and is isomorphic to P.

We see if the matrix in Sy, has more than one entry and if
we have more than one such matrices we see that subset in
general will not be a subsemigroup so we have to make the
completion of it.

Example 3.13: Let

al a'2
a a

Smax=14| . .|| a&el0,17);1<i<20}
a19 a20

be a special interval semigroup of infinite order and is
commutative.

Let

Pl = . :4 al! a21 a3’ a4 E[O’ 17)} g Smax

be a subsemigroup of infinite order.

However P, is not isomorphic to T = {[0, 17), max}.
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0
Po=4|. .||a €[0,17), max} < Smax

is a subsemigroup isomorphic with T = {[0, 17), max}. P, =T.

Let
al
0 a,
Pa=1q| . .|| 8@ as €[0,17); max} < Spax,
0 a

P, is a subsemigroup and is not isomorphic to T.

Likewise Spax has several subsemigroups which are not
isomorphicto T.

Example 3.14: Let

a'l aZ a3
a4 a5 a6
a7 a8 a9
a10 a'll a12
Smax = % B a; €[0, 27); 1 <i < 30}
alﬁ a17 a18
a19 a20 aZl
22 a23 a24
a25 aZG a27
a'28 a29 a30

be the special interval super matrix semigroup.
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Smax has infinite number of idempotents and infinite number
of finite subsemigroups, infact infinite number of
subsemigroups of order 1, order 2 and so on.

Recall semigroups of S is said to be a Smarandache
semigroup if it has a subset P such that P under the operations
of Sis a group.

Clearly Spmax in example 3.14 is not a Smarandache
semigroup.

Inview of all those we have the following theorem.

THEOREM 3.3: Let Spax OF Spin be special interval semigroups.
Both Spax and Spin are not Samrandache semigroups.

The proof is direct and hence left as an exercise to the
reader.

THEOREM 3.4: Let Spax be a special interval matrix semigroup.
(1) Smax has only a unique minimal element (least
element)

(i) Smax has no maximal element.

For proof (0), the zero matrix is the minimal element of
Smax-

For (0) is the least element as max {(0), X} = X for every X
€ Smax \ {0}

THEOREM 3.5: Let Sy, be the special interval matrix
semigroup.

(i) (0) is the least element of Spp.
(i) Smin has no greatest element.

Proof is direct and hence left as an exercise to the reader.
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Example 3.15: Let

a, |a, a, a,|a;|a
Smax =4l @, | @5 @ @&, |y |a, || a€[0,27);1<i<18}
a13 a14 a15 a16 a17 a18

be the special interval semigroup of super row matrix.

0|0 0 0]|0]O
0)=10|10 0 0]|0]O0] isthe least element of Spa.
0|0 0 0|00

However Syax has no greatest element.

Further Spax is not a Smarandache semigroup. [Smax| = o;
Smax has infinite number of any finite order subsemigroup. Spax
also has infinite number of infinite subsemigroup.

Example 3.16: Let

a, a, a,
aG a'10
Smin = 4| Ay, a;; || & €[0,49); 1<i<25}
a16 a20
(8, o Ay |

be the special interval semigroup under min operation.

0 0

(0) =

O O O o o
O O O O o
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is the least element of Sy, and min{x, (0)} = {(0)} for all x e
Smin-

Now we proceed onto describe semigroups using intervals
under product.

Example 3.17: Let

Smn=4| ¢ i i ||ae[025);1<i<40}

be the special interval semigroup.
We see max{(0), x} = x for all x € Spax \ {(0)}.

Example 3.18: Let S, = {[0, 13), x} be the special interval
semigroup.

Letx=0.001andy=2.01 € S,; x xy =0.00201 € S, .

Let x =5.002 and y = 0.005 € S,,
x x 'y =5.002 x 0.0005 = 0025010 € S..

We see S, has zero divisors.
Weseel e S, issuchthatx x 1 =x forall x € S,.

Example 3.19: Let S, = {[0, 15), x} be the special interval
semigroup under product x.

Take x =3 andy =5¢€ S;; weseex xy=3x5=0
(mod 15).

Letx=4 e S,;x*=4x4=1 (mod 15), so x is a unit.



Special Interval Semigroups on [0, n) | 95

Letx=2andy=8€e S,;xxy=2x8=16 =1 (mod 15).
So S, has units. S, has zero divisors for x =3 and y = 10 in S,
is such that

X xy=3x10=0 (mod 15) is a zero divisor.

Example 3.20: Let S, = {[0, 13), x} be the special interval
semigroup. S, has zero divisors. S, has unit for x = 7 and
y=2issuchthatx xy =7 x2=14=1 (mod 13).

Example 3.21: Let S, = {[0, 24), x} be the special interval
semigroup of infinite order. S, has units for 5 € S, is such that
52 =1 (mod 24). 7 € S, is such that 7* = 49 = 1 (mod 24) and
11 e S, is such that 112 = 1 (mod 24).

S, has zero divisors for take x = 6, y = 4 € S,, is such that
Xxy=6x4=0(mod 24).

x=8andy =3 e S,issuchthat8 x 3=0 (mod 24), x =2
andy =12 e S;issuchthat x x y =2 x 12 =0 (mod 24).

x=4andy =12 issuchthatx xy =4 x 12 =0 (mod 24).

x=6andy=8 e S,issuchthatx xy =6 x 8 = 0 (mod 24).
x=8andy=9 e S, issuch that x x y =8 x 9 = 0 (mod 24).
x=6andy=12 € S;issuch thatx xy =6 x 12 =72 = 0 (mod
24) that x x y = 8 x 12 = 0 (mod 24) and so on.

S, also has idempotents.

For9 e S, issuchthat 9 x 9 =81 =9 (mod 24) 16 € S, is
such that 16 x 16 = 16 (mod 24).

Further S, also has nilpotent elements for x = 12 € S, is
such that x* = 0 (mod 12).

Thus S, has units, idempotents, zero divisors and nilpotents
|Sx| = oo.
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S, also has subgroups, for P; = {23, 1} < S, is a subgroup
of S, so S, is a Smarandache semigroup. P, = {7, 1} < S, is
also a group under x. P;={1, 5} < S, is also a group under x.

P; = {16, 8} < S, is also a subgroup and so on.
Thus S, is a S-semigroup.

Example 3.22: Let S, = {[0, 19), x} be a special interval
semigroup under product. S, has units and S, has zero divisors.
S, is a S-subsemigroup as P = {1, 2, ..., 18} < S, is a group
under x.

Every element in P is invertible and they are the only units
of S, and S, has no idempotents.

Example 3.23: Let S, = {[0, 7), x} be a special interval
semigroup under x.

We see 2, 3, 4, 5, 6 € S, are units but S, has no
idempotents. S, is a Smarandache semigroup for P, = {1, 6}
and P, ={1, 2, 3,4, 5,6} = S, are subgroups of S..

S, has infinitely many elements such that they are not units,
for take x = 0.31 € S, we see x* = 0.31 x 0.31 = 0.0961 and
x> =0.0961 x 0.31 and so on. x" — 0.

Takey = 6.1 € S,; y* = 5.3154142 that as n — o y" may
reach zero.

Thus S, has infinite number of elements which are neither
units nor idempotents, only finite number of units, has no
idempotents but has zero divisors.

Example 3.24: Let S, = {[0, 6), x} be the special interval
semigroup. S, has finite number of idempotents for 3 and 4 <
S, are such that 3 x 3 =3 (mod 6) and 4 x 4 =4 (mod 6). Thus
S, has only two non trivial idempotents.
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S, has zero divisors for 2 x 3 =0 (mod 6) and 4 x 3 =0
(mod 6). S, has only two zero divisors. S, has only one unit for
5 e S, is such that 5 = 1 (mod 6).

S, is a Smarandache semigroup as P = {1, 5} < S, is a
group. S, has infinite number of elements which are not
idempotents or units. Infact S, contains the semigroup, {Zs, x}
as a proper subset which is a subsemigroup.

Example 3.25: Let S, = {[0, 16), x} be a special interval
semigroup. S, has only finite number of units, zero divisors and
no idempotents.

For x = 4 € S, is a zero divisor as 4 x 4 = x> = 0 (mod 16),
y =8 e S, is a zero divisor for 8 x 8 =0 (mod 16).

Also x x y =0 (mod 16).
Further 2 x 8 = 0 (mod 16).
We have 4 x 8 =0 (mod 16).
12 x 4 =0 (mod 16).

x=11landy=3in S, issuchthatx x y =1 (mod 16).
7 x7=1(mod 16) in S,.

13 x5=1(mod 16) in S,.

9 x9=1(mod 16) in S, are some of the units of S..
S, is a S-semigroup.

Example 3.26: Let S, = {[0, 30), x} be a special interval
semigroup. S, has units, idempotents and zero divisors. For 6
e S, is such that 6 x 6 = 6 (mod 30), 10 € S,; 10 x 10 = 10
(mod 30),

25 x 25 =25 (mod 30),

15 x 15 = 15 (mod 30),

16 x 16 = 16 (mod 30) and

21 x 21 = 21 (mod 30) are some idempotents of S,.

We see 10 x 3 =0 (mod 30),
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15 x 2 =0 (mod 30),
10 x 6 =0 (mod 30),
15 x 4 =0 (mod 30),
10 x 9 =0 (mod 30),
15 x 6 =0 (mod 30),

and 10 x 12 = 0 (mod 30) and so on are all zero divisors of S.
The units of S, are 29 e S, is such that 29 x 29 = 1 (mod 30)
and 112 =1 (mod 3) units in S,. Thus S, has only finite number
of units, idempotents and zero divisors.

Example 3.27: Let S, = {[0, 25), x} be the semigroup of the
special interval [0, 25).

S, has units and zero divisors.

For 13 x 2 =1 (mod 25) is a unit
17 x 3=1 (mod 25) is a unit

24 x 24 =1 (mod 25) is a unit and
19 x 4 =1 (mod 25) is a unit.

Consider 5% = 0 (mod 25) is a zero divisor.

10 x 10 = 0 (mod 25). 15 = 0 (mod 25) and 20 x 20 = 0
(mod 25) are some of the zero divisors of S,. However S, has
no nontrivial idempotents.

Example 3.28: Let S, = {[0, 14), x} be a special interval
semigroup.

7 x 2 =0 (mod 14); 4x 7=0 (mod 14); 6x 7 =0 (mod 14);
8x 7= 0 (mod 14); 10 x 7 =0 (mod 14); and 12 x 7 =0 (mod
14) are zero divisors of S,.

5x3=1(mod 14) and 13 x 13 =1 (mod 14) are units of
Sx. 7% =7 (mod 14) and 8% = 8 (mod 14) idempotents of S,.

Example 3.29: Let S, = {[0, 10), x} be a semigroup of the
special interval [0, 10).
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S, has idempotents 5° = 5 (mod 10) and 6° = 6 (mod 10) are
idempotents of S,. 7 x3=1(mod 10) and 9 x 9 =1 (mod 10)
are units of S,.

2x5=0(mod 10),4 x5=0 (mod 10) 6 x 5= 0 (mod 10)
and 8 x 5=0 (mod 10) are zero divisors of S,.

So 5 and 6 can be used to construct dual like numbers of S..
S, is @ Smarandache semigroup as {1, 9} = P < S, is a group.

Example 3.30: Let S, = {[0, 21), x} be the special interval
semigroup. 11 x 2=1 (mod 21), 13 x 13 =1 (mod 13), 20 x20
=1(mod21)8x8=1(mod21)4 x 16 =1 (mod 21) and 17 x 5
=1 (mod 21) are units of S..

7% =7 (mod 21) is an idempotent of S,. 15° = 15 (mod 21)
is an idempotent and both 7, 15 can be used to build special dual
like numbers of S..

3 x7=0(mod 21) 6 x7 =0 (mod 21), 9 x7 =0 (mod 21), 12
x 7 =0 (mod 21) 15 x7 =0 (mod 21) and 18 x 7 = 0 (mod 21)
are some of the zero divisors of S..

Now in view of all this we have the following theorem.

THEOREM 3.6: Let S, = {[0, p), x} be the special interval
semigroup.

(i) If pis a prime, S, has zero divisors but no
idempotents and (p—2) number of units.
(i) If p is a composite number S, has zero divisors,

units, idempotents and nilpotents.
(iii)) S, isalways a S-semigroup.
(iv) S, has finite subsemigroups.

The proof is direct and hence left as an exercise to the
reader.
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Example 3.31: Let S, = {[0, 2p), %, p a prime} be the special
interval semigroup. S, has non trivial idempotents.

Now we describe special interval matrix semigroup under
product.

Example 3.32: Let S, ={(as, @, a3, &) |8 € [0,5), 1 <i<4, x}
be the special interval row matrix semigroup under product.

S, has zero divisors and idempotents; forx =(0101) in S,
is such that xX* = x, (1 1 1 0) € S, is also an idempotent.

We see (1111) is the unit of S..

S.hasunits, x=(2341) e S;andy=(3241) e S,is
suchthatx xy=(2341)x(3241)=(1111).

Letx=(0200)andy=(0043) e S,thenxxy=(020
0)x(0043)=(0000)is a zero divisor.

S, is of infinite order and S, is a Smarandache semigroup.
Infact S, has finite number of finite subsemigroups.

The interesting feature is [0, 5) is an interval with prime 5
yet if we take row matrix under product we get S, to have
idempotents, zero divisors and units.

Example 3.33: Let

S. = {(ay, a, ..., aip) Where a; € [0, 40), 1 <i <40, x} be the
special interval semigroup of infinite order. S, is commutative
has zero divisors, units and idempotents. S, is a Smarandache
semigroup.

Take M = {(1, 1, ..., 1), (39, 39, ..., 30)} < S, is a group
under x, hence the claim.

T={(1,1,1,...,1),(11,11, ..., 11) c S, is also a group.
w={(11,..1),(99,...,9}c S:is also a group.
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Now x = (0, 7, 10, 4, 8, 0, 5, 20, 10, 15) and y = (9, 0, 4, 10,
598,2,8,8) e S,aresuchthatx xy = (0, 0, ..., 0).

Example 3.34: Let

S.=4 7 ||ae024),1<i<9, x}

ag

be the special interval column matrix semigroup. S. has
idempotents, units, zero divisors and nilpotents.

23

x=|5 | eS,issuch that x* =
23

e

Clearly e S, is the unit of S,.

N N = T = T = T = T N S SN
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8 3
0 11
6 4
12 2
Lety=|4 |andz=|6 | €S,
3 8
9 8
0 19
118 | 4]
We see
(8] [3] [O]
0 11 0
6 4 0
12 2 0
YyxnZ=14|%x16]|=10
3 8 0
9 8 0
0 19 0
18] [4] |0]

is the zero divisor of S..
Infact S, has many zero divisors also.

We have infinite number of zero divisors.
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Example 3.35: Let
S.=4| /|| ael0,23),1<i<18, x}

be the special interval column matrix.

S, has idempotents which has only entries as 0 and 1 in the
column matrix 18 x 1.

S, has zero divisors, units and has no nilpotent element.
Units are finite in number however zero divisors are infinite in
number.

Further number of idempotents is also finite.

Example 3.36: Let

a; a, 4ag
Si=1la, a; ag||ael0,12),1<i<9, x,}
a, ag aq

be the special interval square matrix.

S, has infinite number of zero divisors but only a finite
number of idempotents and units. Infact S, has idempotents.

Example 3.37: Let

S, = Y1l ae[0,15),1<i<18, x.}
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be the special interval semigroup. S, has units, zero divisors
and idempotents.

Only the number of zero divisors is infinite. Further S, is a
S-semigroup and S, has several infinite subsemigroups also
many finite subsemigroups.

Example 3.38: Let

Sy = : : : : a; € [0,33),1<i<48, xp}

dgs Age 847 Agg
be the special interval matrix semigroup of infinite order.

S, has infinite number of subsemigroups and finite number
of finite subsemigroup. S, is a S-semigroup. S, has finite
number of units and infinite number of zero divisors.

Next concept, one is interested in studying about these
semigroups, is the ideals in them.

We will describe this by some examples.
Example 3.39: Let

S, ={(a1, a» a3, as) | & € [0, 12), 1 <i < 4, x,} be the special
interval semigroup.

P;={(a;, 0,0, 0) | a; € [0, 12), x} < S, is a special interval
subsemigroup of S, which is also an ideal of S..

P, ={(0, a;, 0, 0) | a; € [0, 12), x} < S, is a subsemigroup
as well as an ideal of S..

B:=9{(a;,0,0,0)|a; € {0,1,2 ...,11} < S.isonlya
subsemigroup of S, and is not an ideal of S..
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B, ={(0,a;, a,0,0)|a a € {0, 2,4, 6,8, 10} [0, 12)}
c S, is only a subsemigroup of S, and is not an ideal of S..

B;={(0,a,0,a)]|a a < {0, 6} c[0,12)} c S.isonly a
subsemigroup of S, and is not an ideal of S..

Thus S, has subsemigroups which are not ideals.

Example 3.40: Let

Si=<la,||ae[0,23),1<i<7, %}

be the special interval semigroup.
S, is of infinite order has subsemigroups and ideals.
S, has zero divisors, units and idempotents.

Clearly S, has infinite number of zero divisors however the
number of units and idempotents are finite in number.

Let

P1=4] 01| a €[0,23)} c S«
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be a subsemigroup as well as an ideal of S,.

Further P; = {]0, 23), x} is a special interval semigroup.

8

Bi=4/0||ae{0,1,23,4,..,2122} cS.

is only a subsemigroup and is not an ideal of S..

P, = a e [023),1<i<3}cS,

is again an ideal of S..

D
w

ae{0,1,23 ..,22}c[0,23),1<i<3}cS,

o O o o

is only a subsemigroup of finite order and is not an ideal of S..
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P;=4la, || a €[0,23),1<i<3}c S.isanideal of S..

Thus we can have ideals and subsemigroups which are not
ideals of S..

Example 3.41: Let

a a
S, = 10 21lae[0,12),1<i<24}

be the special interval semigroup under the natural product x.
S, has subsemigroups which are not ideals.
S, is an infinite S-semigroup.

S, has finite number of units and idempotents, however S,
has infinite number of zero divisors.

S, has finite number of finite subsemigroups which are not
ideals of S..
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For take

S.= oor o e e 12, 128 128 .,
8y Ap Ay Ay
1/2"asn — o} < [0, 12)}} = S,

is not an ideal of S..

Now having seen special matrix semigroups which are built
using [0, n); we proceed onto give one or two examples of
special interval super matrix semigroups.

Example 3.42: Let

a; a, a3
a, a, a,
d; ag @

SX = 8.16 8.17 a18 ai (S [O, 15), 1 < | < 33} c Sx

be the special interval column super matrix semigroup of
infinite order.

S, has finite number of units and idempotents but infinite
number of zero divisors.

S, is a S-semigroup. S, has number of infinite
subsemigroups which are ideals as well as subsemigroups
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which are not ideals. S, has finite subsemigroups which are not
ideals of S..

Example 3.43: Let
S.={(a|aas|asasas|asagagaair) | a €[0,7),1<i<11}
be a special row super matrix of interval semigroup. o(S,) = .
S, is a S-semigroup.

S, has infinite number of zero divisors, only finite number
of idempotents and units.

S, has finite subsemigroups which are not ideals and S, has
infinite subsemigroups which are ideals.

Example 3.44: Let

[a, a,|a; a,|ag |
g Ao
ayy a5
R R _

S, = 3, €[0,17),1<i<40}c S,

By e | e o |
a2 ago
A3 dss

| 23 Ay |

be the special interval semigroup of infinite order.

S, has subsemigroups of finite and infinite order which are
not ideals. S, has ideals and zero divisors. S, has finite number
of units and idempotents.

Next we proceed onto study intervals of these intervals
[0, n).

Example 3.45: Let S, ={[a, b]|a, b € [0, 9), x} be the special
interval semigroup. S, has zero divisors, units and idempotents.
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Letx=[3,5 andy=[3,3] € S.. xxy=[0,0].
Letx=[2,8]andy =[5, 8] € S..

X xy =12, 8] x [5, 8] =[1, 1] so S, has units and [1, 1] is
the multiplicative identity of S..

Letx xy =[7, 3] x [0, 6] = [0, 0] is again a zero divisor.
S. is a semigroup of infinite order.

Suppose x =[6.3,8.2] andy =[7.2,5.5] € S..

Now x x y = [6.3, 8.2] x [7.2, 5.5] = [0.36, 0.10] € S..

That is why we use only natural class of intervals and the
product is also a natural product.

Example 3.46: LetS ={[a, b] | a, b € [0, 13), x} be the special
interval semigroup. 0o(S) = «. S is a S-semigroup of infinite
order.

S has zero divisors units and no idempotents other than
[0, 1] and [1, 0] are idempotents apart from [1, 1] and [0, O] are
all trivial idempotents of S..

S, has no nontrivial idempotents.

Xx=[3,7] € Schasy =9, 2] € S, such that
xxy=1[3,7] x[9,2] =[1, 1] is a unit of S...

Every element of the form [a, b] witha, b € {1, 2, 3, 4, ...,
12} has inverse.

However S, has infinite number of elements which has no
inverse. Elements of the form [a, b] with a, b € [0, 13)\ {0, 1,
2, 3, ..., 12} has no inverse and they also do not contribute to
zero divisors in finite steps.
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All elements in T = {[a, 0] | a € [0, 13)} < S. and
Q={[0,a] |a < [0, 13)} — S, are such that x x y = [0, 0];

for every x € T and every y € Q. Thus S, has infinite
number of zero divisors.

Example 3.47: Let S, = {[a, b] | a, b € [0, 24), x} be the
special interval semigroup.

S, has idempotents, zero divisors, and units, x = [9, 1] € S,
is such that x* = [9, 1] x [9, 1] = [9, 1].

x=1[12, 6] and y = [2, 8] in S, are such that x x y = [12, 6]
x [2, 8] = [0, 0] is a zero divisor.

S, is a S-semigroup as P = {[1, 1], [1, 23], [23, 1], [23, 23]}
c S, is a group of S; hence the claim.

Example 3.48: Let S, ={[a, b]|a, b € [0, 6), x} be the special
interval semigroup of infinite order.

S, is a S-semigroup as P = {[1, 1], [1, 5], [5, 1], [5, 5]} < S«
is a group of S..

S, has idempotents for x = [4, 3] € S, is such that
x*=1[4,3]x[4,3]=[4,3] € S..

Lety =[3, 1] € S, is such that y* =y, y* = [1, 4] € S, such
that y* =y, y* = [3, 4] € S, is also an idempotent.

However S, has only finite number of idempotents. S, has
infinite number of zero divisors.

S, has only finite number of units.
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Example 3.49: Let

[al’ bl]

[a,,b,]

S, = aj, biE[O, 12),1Si38, X}

[ag. D]

be the special interval semigroup. S, has infinite number of
zero divisors.

S. has idempotents. S, has units. S, has infinite number of
subsemigroups.

S, has finite subsemigroups also.

Let
[a;,b;]
b

e [a2:2] a b e{0,1,2,3,4,5,6, ..., 113,
[ag, 0]

1<i<8}cS.

T is a subsemigroup of S, of finite order.

[a;,b,]

[a,.b,]

T, = a, bi € {0,3,6,9}1<i<8}cS,

[ag,Dg]

is a subsemigroup of finite order.
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Example 3.50: Let

S« = {([a1, b1], [az2, b2), ..., [a6, De]) | @, bi € [0, 14), 1 <i < 6} be
the special interval semigroup. S, has infinite number of
subsemigroups.

However S, has only finite number of finite subsemigroups.
S, is a S-semigroup. S has infinite number of zero divisors.

Example 3.51: Let

[a;,b;] [a;,b,]
5. = | BaDsl Tl 0 10) 1<i <8y
[as,bs] [ag,bs]

[a;,b;] [ag,bg]

be the special interval semigroup.

S, has no non trivial idempotents except those matrices with
elements [0,1] [1, 0], [1, 1] and [0, 0]. S. has units and zero
divisors.

Infact S, is a S-semigroup. S, has several groups but all of
them are of finite order.

S, has several subsemigroups of infinite and finite order. S,
also has ideals.

For

[al’ bl] O
0 0
P,= 0 0 di, b1 S [0, 19), X} (e S,
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is a subsemigroup of S, which is also an ideal of S,. Clearly
|P1| = 0,

Example 3.52: Let

[a;,b,]  [a;b,] [a;,b;5]
S.= ai,bie [0, 40), 1 <i <30}

[a25,D2] [229,P59] [A30,D5]

be a special interval semigroup.

S. is a S-semigroup; has infinite number of zero divisors,
only finite number of units and idempotents.

S, has ideals, infinite and finite order subsemigroups.

Example 3.53: Let

[ [ay,by] [[ay.b,] [a5,b;]|[a,,b,]]
[as,bs]
[ag,bg]
S, = 4| [a;3,b45] a;, b € [0, 23),
[a;7,b;7]
[a51,0,]
[azs,bys]

1<i<28}
be the special interval interval semigroup of infinite order.

S. is S-semigroup, has ideals, subsemigroups of finite and
infinite order.

S. has only finite number of units and idempotents;
however has infinite number of zero divisors.
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Example 3.54: Let S, =

[a;,b] | [a,,0,] [as,bs] | [as,bs] [a5.05] [a6,be] | [a;,b;]
[ag,bg] | [29,bg] [a19,P50]{[a15,055] [a15,b15] [a15, 053] ([a1,,b14]
[a15,b1s]([a16, b16] [17, 017 ]|[81g, 1] [B19, D191 [320, Do ]I[221,021]

a, b e [0, 43), 1<i< 21}

be the special interval super row matrix semigroup of infinite
order.

S, has no non trivial idempotents and the idempotent
matrices in S, has only elements from [1, 1] [0, 1] [0, O] and
[1, 0].

S, has infinite number of zero divisors and has only finite
number of units.

S, has both infinite and finite order subsemigroups,
however ideals of S, are of infinite order.

Now having seen examples of special interval
subsemigroup we now proceed onto suggest a few problems for
the reader.

Problems:

1. Let Syin = {[0, 9), min} be the special interval semigroup
under min.

(i)  Show Sy, has infinite number of finite
subsemigroups.

(i)  Show Sy, has infinite number of infinite
subsemigroups.

(iii)  Show every pair is totally min ordered.
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2.

Let Smin = {(a1, @, 83, &4, @) | & € [0, 12), 1 <i <5} be the
special interval row matrix semigroup.

(i)  Study questions (i) to (iii) of problem (1) for this

Smin-

(i)  Show S, has infinite number of zero divisors.

8
a
LetSmn=14| . || ae[0,19),1<i<12}

ap

be the special interval column matrix semigroup.

(i)  Study questions (i) to (iii) of problem (1) for this
Smin-

(i)  Show Sy, has infinite number of zero divisors.

(iii)  Show Sy, is not totally ordered with <g;n.

(iv) Show every subset of Sy, can be completed into a
subsemigroup.

[a, a, a; a, a; ag |
a; ap
Ltz |28 = = = B || s
Qg v e e e By,
azs EEN)
| 851 Age

1 <i <36} be the special interval matrix semigroup.

Study questions (i) to (iv) of problem (3) for this Spp.
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LetSmin=<lay a, .. 8y || a<€][0,119),1<i<30}

dy; Ay ... dgg

be the special interval semigroup.

Study questions (i) to (iv) of problem (3) for this Spp.

[a, |a, a; a,|a; a5 a; |
dg Ay
a5 EP
Let Smin =<8y | . o | |8y ||Ai€
8, 8y
dzp agp
| a4 a4

[0, 105), 1 <i < 49} be the special interval super matrix
semigroup.

Study questions (i) to (iv) of problem (3) for this Sp,.

a; a, &,
a, a; ag
a; dg Q4

a a a
LetSmn=1| :° ." .°|| a<l[0,437),1<i<39}be
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the special interval super column matrix semigroup under
min operation.

Study questions (i) to (iv) of problem (3) for this Spp.

8. Let Spx = {[0, 27), max} be the special interval
semigroup under max operation.

Study questions (i) to (iii) of problem (1) for this Spax.

9. Let Spax = a; € [0, 12), 1 <i < 6} be the special

interval semigroup.

(i)  Study questions (i) to (iv) of problem (3) for this

Smax.

(i)  Show (0) = is the least element of Spay.

O O O O o o




10.

11.

12.

13.

14.
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4 ag
a9 Qq a6
a7 Qg g

a a e a
Let Spac = 4| 2 % % 11ael[0,27),1<i<64}

dg3 Ay A0
Ay dy Ay
d49 asp dsp
A57  Asg gy

be the special interval matrix semigroup under max
operation.

Study questions (i) to (iii) of problem (3) for this Spax.
Show S,ax has no zero divisors.
Let S, = {[0, 18), x} be the special interval semigroup.

(i)  Find how many idempotents in S exist?
(i)  Find all units of S..

(iii) Can S, have zero divisors?

(iv) Prove o(S,) = .

(v)  Find finite subsemigroups of S..

(vi) Can S, have ideals?

(vii) Can S, have infinite subsemigroups?
(viii) Is S, a S-semigroup?

Find some special and striking features enjoyed by S..
Let S, = {[0, 43), x} be a special interval semigroup.
Study questions (i) to (viii) of problem 11 for this S..

Let S, = {[0, 7) x [0, 23), x} be the special interval
semigroup.
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15.

16.

17.

18.

19.

Study questions (i) to (viii) of problem (11) for this S..
Let S, = {[0, p1) x [0, p2) x ... x [0, p,) each p; is a
distinct prime, 1 < i < n, x} be the special interval
semigroup.

Study questions (i) to (viii) of problem (11) for this S..

Let S, = {(al, dp, ..., a11) | a € [0, 12), 1<i< 11} be the
special interval semigroup.

Study questions (i) to (viii) of problem (11) for this S..

Let S, = {(a;, az ..., &) | & € [0, 19), 1 <i < 9} be the
special interval semigroup.

Study questions (i) to (viii) of problem (11) for this S..

a
LetS,=<| 7 ||aie [0, 18), 1<i<9, x.} be the special

a9

interval semigroup.

Study questions (i) to (viii) of problem (11) for this S..

&
a

LetS,=<| 7 ||ae[0,29),1<i<12 x.}bethe
a,

special interval semigroup.



20.

21.

22,

23.
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Study questions (i) to (viii) of problem (11) for this S..

a'l

LetS, = iz ai € [0, 9) x [0, 15), 1 <i < 18, x,} be
g

the special interval semigroup.

Study questions (i) to (viii) of problem (11) for this S..

Let S, ={(as, a ..., a2) | & € [0, 3) € [0, 11) e [0, 23);
1 <i <12} be the special interval semigroup.

Study questions (i) to (viii) of problem (11) for this S..

dg d4g ... a
Lets, =4 7 L[| ael0,43), 1<i<64,
857 dsg - gy

xn} be the special interval semigroup.

Study questions (i) to (viii) of problem (11) for this S..

LetS.=q|a, a, .. azx || a <[0,48),1<i<50,

xn} be the special interval semigroup.
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24,

25.

26.

Study questions (i) to (viii) of problem (11) for this S'..

Let

a
S.=4| . 7P ae0,10) x [0, 18) x

d77 875 879 dg
[0, 24), 1 <i <80, x,} be the special interval semigroup.

Study questions (i) to (viii) of problem (11) for this S..

Let
S.={(a1a|as|asasas | ar as| a) | a < [0, 40) x [0, 83);

1<i <9, x} be the special interval semigroup.

Study questions (i) to (viii) of problem (11) for this S..
Let

S, = [al
ayy

a; € [0, 27), 1 <i <20, x,} be the special interval
semigroup.

a, a; a,|a; ag

a; dg 4 a10i|

a7 g &9 Ay

dp Q3 Ay |85 A

Study questions (i) to (viii) of problem (11) for this S..
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28.

LetS, =
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a € [0,48), 1 <i<12, %}

be the special interval semigroup.

Study questions (i) to (viii) of problem (11) for this S..

Let S, =

a3
a5

a7
g

ay3

ajg
ay

ay)

ay

Ay

a e [0,31) x [0, 6), 1 < i <24, x,}
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29.

30.

31.

32.

be the special interval semigroup.

(i)  Study questions (i) to (viii) of problem (11) for this
S..

(i)  Enumerate any of the special features enjoyed by
this S..

Let S, = {[a, b] | a, b €[0, 29), x} be the special interval
semigroup.

(i)  Study all the special properties associated with this
S..

(i)  Prove S, has infinite number of subsemigroups.

(iii) Prove S, has finite subsemigroups.

(iv)  Find the total number of finite subsemigroups in S..

(v)  Prove S, has infinite number of zero divisors.

(vi) Prove S, has units.

(vii) Can S, have idempotents (if so find them)?

(viii) Find all ideals of S..

LetS, ={[a, b]|a, b € [0, 18) x [0, 43), x} be the special
interval semigroup.

Study questions (i) to (viii) of problem (29) for this S.

Let
S = {[al, bl]y [az, bz], [as, bs] | di, bi € [0, 119), 1<i< 3,

x} be the special interval semigroup.

Study questions (i) to (viii) of problem (29) for this S.
Let S, = {[ay, b1], [az, b2), ..., [a12, b12] | &, bi € [0, 248),
1<i <12, x} be the special interval semigroup.

Study questions (i) to (viii) of problem (29) for this S..



33.

34,

35.

36.
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Let S. = {[ay, b1], [a2, b2], ..., [a9, bo] | &, bi € [0, 7) x [0,
27), 1 <i <9} be the special interval semigroup.

Study questions (i) to (viii) of problem (29) for this S..

Let Sx — {|:[a11b1] [a21b2] [a7’b7]:|

ai € [0, 33),
[ag,bg] [ag,bg] ... [ay4,by,]

1 <i <14} be the special interval semigroup.

Study questions (i) to (viii) of problem (29) for this S..

[a;,b;]

[a,.b,]

LetS, = a; € [0,30),1<i<9, x,} be the

[a, 0]
special interval semigroup.

Study questions (i) to (viii) of problem (29) for this S..

[a;,b,]

[a,,b,]

LetS, = a; e [0, 91) x [0, 28), 1 < i < 18,

[a15, 03]

xn} be the special interval semigroup.

(i)  Study questions (i) to (viii) of problem (29) for this
S..
(i)  Enumerate any of the striking features of this S..
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37. Let

[ [a;,b,] |
[a,.b,]
[a;,bs]
[a,.b,]
[as,bs]
[a6.bg]

S.=1{| [a;,b;] || &by € [0,12), 1 <i<13, x,} be
[ag, bs]
[ag,b,]

[310,040]

[a;3,by4]

[a,,b,,]

[a35,bys]

the special interval semigroup.

(i)  Study questions (i) to (viii) of problem (29) for this
S..

(i)  Does this enjoy other special properties?

38.  LetS. = {[as, b, [@2 b2] | [as, bs] | [« ba]) | &, by € [0, 3)

x [0, 48), 1 <i < 4} be the special interval semigroup.

Study questions (i) to (viii) of problem (29) for this S..



Special Interval Semigroups on [0, n) | 127

[ [a;,b]  [a,b,]  [ag,b;] ]
[a,,b,]  [as,bs]  [as,b]
[a;,b;]  [ag,bg] [ag,bs]
[a10,b0] [a55,0y;] [a55,b,]
[a55,D15] [ay,b1a] [ay5,bis]

39. LetS.=1|[a;7,b7] [ag,b1g] [a19.b10] || aibi € [0, 5)

[820.b50] [851,051] [a.b5]

[855, 053] [254,054] [855,D55]

[856:D26] [az7,057] [355.02]

[820,D50] [830,b50] [831,b4]

[a3, D311 [a5,05] [az5, D]

x [0, 12), 1 < i < 33, x,} be the special interval
semigroup.

Study questions (i) to (viii) of problem (29) for this S..

40. LetS, ={[0, 3) x [0, 22) x [0, 17) x [0, 40) x [0, 256) x
[0, 27), x} be the special interval semigroup.

Study questions (i) to (viii) of problem (29) for this S..

[a,b]  [az,b,] ... [a6,b]

41. Let S, = aj bi S

[31, 03] [85,D3] - [a35,D36]
[0, 24), 1 <i <36, x,} be the special interval semigroup.
Study questions (i) to (viii) of problem (29) for this S..

42. Derive some special and unique properties enjoyed by
special interval semigroup under x.
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43.

44,

45.

46.

Is it ever possible to have a special interval semigroup
under x which is not a S-semigroup?

[a;,b;]  [az,b,] ... [a;,b;]
LetS, = : : : aj bi S

[a9,D2] [a30,P30] - [235,D35]

[0, 8) x [0, 24) x [0, 35), 1 <i < 35, x,} be the special
interval semigroup.

Study questions (i) to (viii) of problem (29) for this S..

Suppose we define max operation on S, of problem 44
instead of x,, can Sy have zero divisors?

(i)  Canthat Spay be a S-semigroup?
(i)  Can that Sy be a S-semigroup free from units?

[al’ bl]

[a,,b,]

Let Spax = a;, b; € [0, 48), 1 <i<9, max} be

[aq,bs]
the special interval semigroup under max operation.

(i)  Can Sy have zero divisors?

(i)  Can Spax have units?

(iii) Can Spax be a S-semigroup?

(iv) Obtain any other special feature enjoyed by Spax .



47,

48.

49,
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Let
[a;,b,]
_|{[a,,b,] . .
Sin = : ai b € [0,19), 1 <i<9, min} be
[a9,bq]

the special interval semigroup be under min operation.

Study questions (i) to (iv) of problem (46) for this Spin.

[allbl] [az’bz] [a7,b7]
Let Smin = 1| [ag.bg] [ag.bg] ... [a14,0,] ] @ibie

[a15,015] [a16:016] - [321,021]

[0, 17) x [0, 23), 1 <i < 21, min} be the special interval
semigroup.

(i)  Study questions (i) to (viii) of problem 29 for this
Smin-

(i) If min is replaced by max compare them.

Let

[a,b,]  [a;,b,] .. [ag,bg]
: : : dj bie

Smax =

[as7,bs;] [asg,bsg] - [Ags,b6,]

[0, 31) x [0, 29) x [0, 73), 1 <i < 64, max} be the special
interval semigroup.
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50.

51.

(i)  Study questions (i) to (viii) of problem 29 for this

Shax-
 [a,,b,] [a,,b,] [az,bs] [a,,b,] ]
D] . . [agbsl
[ag,b,] o [ag,by]
[a;5,by5] [a56,055]
Let Smin = 4| [a17,b] .. . [ay.by]|| ab
[a5:,b5,] o [B24002]
[a55:05] - o [Bzg,02]
[5.b5] ... . [ag,by]
[853,b55] - w [age,bg]

e [0, 53) x [0, 83), 1 <i < 36, min} be the special interval
semigroup.

Study questions (i) to (viii) of problem 29 for this S

Let Spax =

[a;,b,] |[a,,b,] [as,bs] [a,,b,]]|[as.bs] [ag,bg]
[a;,b;]
[a;3,b15]
[a19,b16]

ai by € [0, 11) x [0, 9), 1 <i <24, max} be the special
interval semigroup.

Study questions (i) to (viii) of problem 29 for this Spax.
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[ [a,,b,] |[a,.b,] [a3,b;] [a,,b,]][as,bs]]
[ag,bg]
[all,bll] dj bi S
[a16,D16]

| [az1,b5]

[0, 19), 1 <i <25, min} be the special interval semigroup.

Study questions (i) to (viii) of problem 29 for this Syn.

[alvbl] [a21b2] [a91b9]
53.  LetSpax = 9| [a19,010] [a11,011] . [B15.055] || @i i €

[a19,010] [a0,P50] - [a27,057]

[0, 19), 1 < i < 27, max} be the special interval
semigroup.

(i)  Study questions (i) to (viii) of problem 29 for this
Smax.

(i)  If Smax is replaced by S, compare them.

(iii)  If Spax is replaced by S, compare them.

54. For any special interval semigroups S, and Sy, can we
define a homomorphism between them?

55. LetS, ={(a;, a, a3, a4, 8, 8) | & € [0, 28), 1 <i <6, x}
be the special interval semigroup.

(i) Let¢:S,— S, beahomomorphism find ker ¢ such
that ker ¢ # empty.
(i)  What is the algebraic structure enjoyed by ker ¢?
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56.

57,

LetS.= 4| a; || a € [0, 43), 1 <i < 9} be the special

interval semigroup. Let

g = {al a . ae}
a, ag ..

special interval semigroup.

a; €[0,6),1<i<12} be

(i) Find ¢ :S.— S, so that ker ¢ is non empty.
(if)  Study questions (i) to (viii) of problem 29 for this S
and S'..

Let S, ={(as, a, ..., a) | a € [0, 43), 1 <i<9, x } be the
special interval semigroup.

Smax = {(a1, ..., &) | & € [0, 43), 1 <i <9, max} be special
interval semigroup under max.

(i) Find ¢ : Smax — S« so that ker ¢ = empty.
(if)  Study questions (i) to (ii) of problem 56 for this
Smax and S,.



Chapter Four

SPECIAL INTERVAL SEMIRINGS AND
SPECIAL PSEUDO RINGS USING [0, Nn)

In this chapter we for the first time construct semirings and
special pseudo rings using the continuous interval [0, n), Such
study is both innovative and interesting.

These algebraic structures enjoy very many properties
which are different from the semiring R* U {0} or Q" u {0} or
Z" L {0} or from the ring Z,; (n < o ring of modulo integers) Q
orZorR.

We bring out several such distinct properties enjoyed by
these new structures.

First we define semirings on [0, n) using the min and max
operators.

DEFINITION 4.1: Let

R = {[0, n), min, max; n < «; so n £ [0, n)}. {R, min} be a
semigroup and {R, max} is a semigroup. The min and max
operations distributes over each other. Thus R is a semiring of
infinite order and is commutative. R = {[0, n), min, max} is
defined as the special interval semiring.
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We will first give examples of them.

Example 4.1: Let R = {[0, 20), min, max} be the special
interval semiring. R has subsemirings of order 1, two, three and
S0 on.

P, = {0, 3} is a subsemiring of order two. P, = {6.3215}
R is a subsemiring of order one. Every singleton set is a
subsemiring of order one.

For that matter take any subset P = {Xy, X5, ..., Xm} € R;
Xi € [0, 20); 1 <i<m, P in general is not a subsemiring.

Example 4.2: Let R = {[0, 120), min, max} be the special
interval semiring. R is commutative and is of infinite order.
Infact R is a special quasi semifield; called the special interval
semifield.

R has quasi subsemifields of every order in N; N the natural
numbers.

Example 4.3: Let R = {[0, 43), min, max} be a special interval
semiring of infinite order which is a special quasi semifield. R
has several special quasi subsemifields.

We say F = {[0, n), min, max} to be a special quasi
semifield, R has only one identity for min {0, x} = 0 and
max{0, x} = x. We do see 0 acts as identity with respect to max.

However F has no maximal or greatest element that is why
we call F as the quasi special semifield.

Example 4.4: Let R = {[0, 27), min, max} be a special interval
semiring that is quasi special interval semifield. R has infinite
number of finite subsemirings and infinite number of finite
subsemirings of all orders.
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Infact order 1 subsemirings are infinite in number, similarly
order two, order three and so on.
We can in case of semirings define both the notion of filter
and ideal. For ideal we will have zero but in case of filter we
will not have the greatest element as R does not contain the
greatest element.

We will illustrate this situation by some examples.

Example 4.5: Let R = {[0, 12), max, min} be the special
interval semiring.

Let P = {[0, 8), max, min} — R be an ideal in R.

For any X,y € R we have max (X, y) € P;
further min (p, r) e Pforeveryr e Rand p € P.

Hence the claim.
R has infinite number of ideals.

It is pertinent to observe that P the ideal is not a filter of R.
Forifre Randp € P, max (p,r) ¢ P.

Now consider T = {[a, 12); 0 < a}, T under min operation is
closed forevery x e Randt € T, we see max (r, t) € T as every
r e R\ T issuch thatr < a, hence the claim.

Clearly T is not an ideal of R.

We see R has infinite number of filters.

W ={[9, 12} c Ris afilter of R. M ={[3,12)} c R is
also a filter of R.

We see both W and M are not ideals of R.



136 | Algebraic Structures using [0, n)

However we have infinite number of filters and ideals in
these special interval semirings.

Example 4.6: Let R = {[0, 29), min, max} be a special interval
semiring under max and min operations.

P = {[0, 20), min, max} is a subsemiring.

Pis anideal forany p e Pand r € R\ {0, 20},
min{p,r}=p e P.

However P is not a filter for if p € P and r eR \ {0, 20}
max {r, p}=r¢P.

Hence the claim.

Infact P; = {[0, t); 0 <t < 28; min, max} < R for infinitely
many t is only an ideal of R and R has infinitely many ideals
and the cardinality of each P, is infinite.

Now consider B, = {[t, 20), max, min 0 <t < 20} c R, By is
a subsemiring with t as its least element.

Clearly B is not an ideal for if b € B;and r € R\ [0, 20) we
see min {b, r} =rand is not in B..

However B; is a filter as for any x € R and b € By
max {X, b} € B:. B is a filter of infinite order. R has infinitely
many such filters.

We see B is a filter and is not an ideal of R.

Thus R has infinite number of ideals which are not filters
and infinite number of filters which are not ideals.

Example 4.7: Let

R = {(a1, a, a3, a4) | & < [0, 42), 1 <i < 4, max, min} be the
special interval semiring. R is commutlative. R is of infinite
order.
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Every singleton is a subsemiring we have
P={(0, 0, 0, 0), (ar, a2, a3, a4)} = R to be a subsemiring for
some fixed aj, a,, az, a4 € [0, 42). Clearly P is not an ideal or
filter of R.

The first important factor to observe is R is not a totally
ordered set either under max or under min.

THEOREM 4.1: Let S = {[0, n); 0 < n < «; max, min} be a
special interval semiring.

(i)  Sis of infinite cardinality and is commutative.

(i)  Sis totally ordered both by max and min.

(iii)  All subsemirings of the form P; = [0, t); min, max} <
R are ideals of R and are not filters of R which are
infinite in number.

(iv)  All subsemirings of the form B, = {[a, n); 0 <a <n,
min, max} < R are filters of R and are not ideals of R
and they are infinite in number and have infinite
cardinality.

(v) R has no zero divisors but every element is an
idempotent both under max and min.

(vi) Every proper subset T of R is a subsemiring; T may
be finite or infinite.

The proof is direct and hence left as an exercise to the
reader.

Example 4.8: Let R = {[0, 7) x [0, 13) x [0, 27); max, min} be
the special interval semiring. R has zero divisors. R is not
orderable by max or min.

If x=(0.3, 5, 19.321).
andy =(7,2.4,5.9) € Rthen

{(0.3, 5,19.321), (7, 2.4, 5.9)}
{(0.3,2.4,5.9)}
{(0.3,5,19.321), (7, 2.4, 5.9)}
= {(7, 5, 19.321)}.

min {x, y}

and max {Xx, y}
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So P = {Xx, y} is not closed under max and min.

Suppose x = (0, 0, 16.321) and
y =(6.2134. 10.75011, 0) € R then

min {x, y} =min {(0, 0, 16.321), (6.2314, 10.75011, 0)}
={(0,0,0)} v |
and
max {x, y} =max {(0, 0, 16.321), (6.2314, 10.75011, 0)}
= {(6.2134, 10.75011, 16.321)}.

I shows R has zero divisors. Infact R has infinite number of
zero divisors.

Example 4.9: Let

R=<la;||ai€[0,12);1<i<9}

be the special interval semiring under max and min operation.

R has filters and ideals.
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For take P, = <| . | |a1 € [0, 12), min, max} c R.

P, is an ideal and not a filter.

(23]
_ - 75
11.39
6.2
0
0 15
Forifx = 0 ePiandy=| 37 | eR;
. 6.3
) 1.6
0
- - 0
110.3

11.39

0
min {x, y} = ) isin Py.

[11.39]
7.5
6.2
15
However max {x,y} =| 3.7 | ¢ P,.
6.3
1.6

103 |
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Thus P, is only an ideal and not a filter.

Example 4.10: Let

al aZ a'3 a4
a5 aG a7 a8
rR=4 % o B B2l 10 32) 1<i<24, min, max}
al3 al4 a15 a16
17 alB a19 a20
_3'21 a22 a23 a24

be the special interval matrix semiring.

R has several subsemirings which are ideals and are not
filters.

R also has several subsemirings which are filters and not
ideals.

R has infinite number of zero divisors and has no units.

We see if X,y € R thenin general X <pminy; ¥ <mnX andy
< max X. This R is not totally orderable.

Infact R is partially orderable with respect to <pmax and <pin.

Example 4.11: Let

R ={[a;, a, ..., a10) | & € [0, 15); 1 <i <10; min, max} be the
special interval semiring. We see R has infinite number of zero
divisors and has no units.

Letx =(0,0,0,4,8,9.1,0,0,0,7.5), and
y=(98,11.31,12.01,0,0,0,9.11, 85,0.7,0) € R, we see

min {x, y} =(0,0, ..., 0) and
max {x,y} = (9.8, 11.31, 12.01, 4, 8, 9.1, 9.11, 8.5, 0.7, 7.5)
eR.
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Thus R has zero divisors under min and R has several zero
divisors infact infinite in number.

Example 4.12: Let

a, a,
a, a,
a; A, . .
R= a; € [0, 8); 1 <i <12, min, max}
a7 a8
a9 alO
_all a12_

be the special interval semiring. R has infinite number of zero
divisors.

al a2
a, a, ) _

My= 9 . . ||ai € [0, 4); 1<i <12, min, max}
all a12

be the special interval subsemiring which is also an ideal of M;.
M is not a filter of R.

al aZ
0 O .

M, = .. ||aie [0, 8); min, max} < R
0 0

be the special interval semiring.

M, is an ideal of R and is not a filter.
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Let
a'1 a'2
a, a, ) )

Ni=4 0 . ||ae[48),1<i<12 min, max} cR;
all a12

N, is a filter of R but Ny is not an ideal of R. Thus we have
several interesting features enjoyed by R.

a, O
a, 0
For if x 0 3 R an N
= S S
0 0 yy 1
la, a5

we see min {X, y} ¢ Ny, hence Ny is not an ideal of R.

However for any x € Ny andy € R, max {x, y} € N; hence
N, is a filter of R.

Still every element in R is an idempotent but any subset T
in R is not a subsemiring however T can always be completed to
a subsemiring.

If T is finite and T is only a subset T, the completion of T is
also finite and T, is a subsemiring. If T is infinite T, the
completion is also an infinite subsemiring.

Example 4.13: Let

R = {(a;, a2, a3) | & € [0, 4), 1 <i < 3, min, max} be the special
interval semiring.

LetP={x=(0.3,1.4,21),y=(21,05 1.7)}cR;
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we see min {X, y} =

min {(0.3, 1.4, 2.1), (2.1, 0.5, 1.7)}
={(0.3,0.5,1.7)} ¢ P.

max {(0.3, 1.4, 2.1), (2.1, 0.5, 1.7)}
={(2.1,1.4,2.1)} ¢ P.

P is not a subsemiring however P, the completion of P is
{x,y, (0.3, 0.5, 1.7), (2.1, 1.4, 2.1)} is a subsemiring which is
not an ideal or filter of R.

Likewise if A ={(0, 0, 3.2), (0.1, 0.87,2),(3,2.1,0)} e R
to find the completion of A.

A is not a subsemiring for min {(0, 0, 3.2), (0.1, 0.8, 2)} =
{(0,0,2)} ¢ A.

min {0, 0, 3.2), (3, 2.1, 0)}
={(0,0,0)} ¢ A.

min {(0.1, 0.8, 0), (3, 2.1, 0)}
={(0.1,08,0)} ¢ A.

max {(0, 0, 3.2), (0.1, 0.8, 2)}
={(0.1,0.8,3.2)} ¢ A.

max {(0, 0, 3.2), (3.2, 1, 0)}
={(3.2,1,32)} ¢ A.

max {(0.1, 0.8, 2), (3.2, 1, 0)}
={(3.2,1,2)} ¢ A.

Thus the completion of A, A, = {A} U {(0, 0, 2), (0, 0, 0),
(0.1, 0.8, 0), (0.1, 0.8, 3.2), (3.2, 1, 3.2), (32, 1, 2)} is a
subsemiring.
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Example 4.14: Let

g € [0, 7); 1 <i<4, min, max}

be the special interval semiring. R is of infinite order.

R has infinite number of zero divisors every element is an
idempotent and R has no units.

0.7][6.1 0.7][6.1 0.7
3|2 | 3] 2 2
Let A= , ; min , =
45|15 45|15 15
21|47 21|47 2.1
0.7]1[6.1]) [61
3|2 3
max , =
45|15 4.5
21| 47| |47

both min and max are not in A.

So now we complete A and

6.1{/07(]07|]|6.1
3 2 2 . ..
A= , , , < R is a subsemiring.
45|(15||15||45
471212147

Thus any finite or infinite subset of a semiring can be
completed to get a subsemiring.
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Example 4.15: Let
R = {al a, ag}
a, a; a,
be the special interval semiring.

0 02 7 2 07 9
Let A={x= VY= and
6.1 53 4.1 3 4 8

ae[0,12);1<i<6}

1 2 3
zZ= } = R be a subset of R.
4 5 6

Clearly A is not closed with respect to the operation min as
well as max.

min {x, v} = min [0 02 77[2 07 9
e 161 53 413 4 8

_[[o 02 7 A
|3 4 4.1} = o
' _ .12 07 9|11 2 3
min {y, z} = min {{3 4 8]{4 5 6}}
_ |1 07 3 A
B {3 4 6} o

. _ {[o 0.2 7M1 2 3}}
min {x, z} = min ;
6.1 53 41||4 5 6
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072 e

Consider

0
max X, = max
oy} {[6.1 53 4.1

_[2z 07 9],
- {6.1 5.3 8} #

2 07 9][1 2 3
maX{y’Z}_{L 4 8“4 5 6}}
2 29 A
|4 5 8} =
max{x,z}z{_o 0.2 7“1 2 3”

161 53 41[|4 5 6

“ox 52 o) #A

Thus the completeness of A is

A_J[0 02 7772 07 9]1 2 3
" |61 53 413 4 8|4 5 6

0 02 7 (|1 07 3|0 02 3
3 4 413 4 6||4 5 41

02 71|12 07 9
13 4 8

|
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2 07 9|12 2 9|1 2 7 R
61 53 8][4 5 8]|61 53 6| =
is a subsemiring of the semiring R.

Example 4.16: Let

a, a, a; a a
R = |: 1 2 3 4 5}
dg d; dg 85 8y

be the special interval semiring.

a e [0,15); 1 <i<10}

Consider the subset

0 31 144 51 7
A={x=[ }and

9.7 109 132 0 85

5 84 107 7.8 9.2
y= cR
{13.9 114 1011 93 O }}

Clearly A is not a subsemiring only a subset

. 0 31 107 57 7

min {X, y} = and
9.7 109 1011 0 O

5 84 144 78 9.2

are not in A.
139 114 132 93 85

max {x, y} = {

But A, = {X, y, min {X, y}, max {x, y}} < R is a special interval
subsemiring.

Inview of all this we have the following theorem.
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THEOREM 4.2: Let

R = {Collection of all m x s matrix from the interval [0, t), (t <
o), min, max} be the special interval semiring of infinite order.
Let A <R be a subset of R; A = {xy, X, ..., Xn} IS Only a subset,
then Ac = {X1, X, ..., Xn, Mmin {X;, xi} and max {x;, x;}; i #j, 1 <i,
J <n} cRis asubsemiring (which is the completion of A) of R.

The proof is direct and hence left as an exercise to the
reader.

Note: n in A can be finite or infinite still the result is true.
That is why no mention on n was made.

Example 4.17: Let

R=4la; ... .. .. ..||ae€]l0,45),

1 <i <25, max, min}

be the special interval semigroup.

(05 0[0 0 O (02 4]0 0 O
09120 0 0 7 8/0 0 0
B={x=| 0 0/09 0 0 |,y=| 0 0[i1 0 0 [{cR
0 0|0 4 0 0 0[0 15 0
0 0|0 0 427/ |0 00 0 29]

is such that; B is only a subset
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(02 0|0 0 O
09 8/0 0 O
min{x,y}=| 0 009 0 0 |and
0O 0[O0 15 O
10 0] 0 0 29]
(05 0|0 0 O |
7 1210 0 O
max{x,y}=| 0 0|11 0 O |arenotinB.
0 0(0 4 O
|0 0|0 0 427

Now we complete B as
B. = {x, y, min {Xx, y}, max {x, y}} < R is a subsemiring of R.

Now let R be a special interval matrix semiring or special
interval super matrix semiring still we can complete the subset
to the subsemiring.

Now we proceed onto study the special pseudo interval ring
or special interval pseudo ring.

Let [0, n) be a continuous interval. We define addition
modulo n as follows:

If X,y € [0, n) then if x + y = t with t > n then we put
X+y=(t-n)ifx+y=t=nthen
x+y=0ifx+y=tandt<nthenx+y=t.

Thus {[0, n), +} is an abelian group with respect to ‘+’ and
‘0’ acts as the additive identity.

Suppose we have [0, 12) is the given interval define + on
the interval [0, 12) as follows.
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If x=6.73 and y = 10.927 are in [0, 12) then
X+y=6.73 +10.927 = 17.657 (mod 12) = 5.657 < [0, 12).

Letx=6.05andy =5.95 e [0, 12), then
X+Yy=6.05+595=12.00=0 (mod 12).

Thus 6.05 is the additive inverse of 5.95 and vice versa.

Let x = 0.3125 and y = 3.10312 < [0, 12).
Now X +y = 0.3125 + 3.10312 = 3.41562 < [0, 12).

Thus {[0, 12), +} is an additive abelian group of infinite
order.

Now on [0, n) we define product if x x y =tthenift< 12
take x x y as the product if t > 12 then take x x y =t - 12 € [0,
12] and x x y = 0 if and only if one of x or y is zero.

Takex=0.3landy =5 € [0, 12); x xy = 1.55 € [0, 12).

Takex=1landy =115 € [0, 12) then
Xxy =11x11.5=12.65 (mod 12)
=12.65-12=0.65 € [0, 12).

Thus {[0, 12), x} under product is a semigroup and 1 < [0,
12) acts as the multiplicative identity.

However this semigroup has zero divisors even if n is a
prime.

For take [0, 6) and let x =2 and y = 3 < [0, 6) we see
X xy=2x3=6(mod6) =0 (mod 6) hence is a zero divisor.

Suppose [0, 7) is the interval under consideration, we see
for no pair x,y € [0, 7)\ {0}, x xy =0.

We will now claim {[0, n), x, +} isnotaring as (a + b) ¢ #
ab + bc in general for all a, b, ¢ € [0, n).
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Hence we define R = {[0, n), +, x} as a special pseudo
interval ring.

We will give examples and describe the special properties
enjoyed by them.

Example 4.18: Let R = {[0, 10), +, x} be the pseudo ring of
special interval [0, 10). Letx=9andy =6.2 € [0, 10].

Xxy=9x6.2=55.8(mod 10) =5.8 € R.
X+y=9+6.2=152
=52 eR.

Suppose x =5andy =2 € R then x x y = 10 (mod 10) =0
hence R has zero divisors.

Letx=5andy =8 e [0, 10).
X xy=5x8=40 (mod 10) = 0 is a zero divisor in
R ={[0, 10), x, +}.

However R = {[0, 17), x, +} has zero divisors but has non
trivial units for take x = 16 we see X x x =162 =1 (mod 17) is
aunitinR.

Letx=2andy=9 e Rthenxxy=2x9 =18 (mod 17) =
lisaunitin [0, 17).

We see however large n may be in [0, n) (n < o) then
R = {[0, n), +, x} has only finite number of units infact only
(n-2) of the elements in R alone are units that too for any finite
prime number n.

Example 4.19: Let R = {[0, 23), +, x} be a special pseudo
interval ring. R has zero divisors.

We have 21 units in R. R has no idempotents. R has
subrings viz. P, = {0, 1, 2, ..., 22} as well special pseudo
subrings.
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P,={0,05,1,15,2,25,...,22,22.5} c R is not a subring
of finite order.
Example 4.20: Let R = {[0, 24), +, x} be the special pseudo
interval ring of infinite order. P, = {0, 2, 4, 6, 8, 10, 12, ..., 22}
< R is again a special interval subring.
P, = {0, 4, 8, 12, ..., 20} < R is again a special interval

subring. P; = {0, 8, 16} < R is again a special interval subring.
All the subrings of R are not ideals.

P,={0, 1, 2, ..., 23} c R is a special interval subring which
is not an ideal.

Ps = {0, 12} < R is a subring.

Ps = {0, 0.5, 1, 15, 2, 2.5, ..., 23, 235} c R; is not a
subring.

P;={0,0.1,0.2, ..., 23.9} c R is a not subring of R. R has
several subrings of very many different orders.

None of these subrings are ideals of R. R has zero divisors.
Forx=2andy=12 e Rissuchthatx xy =2 x 12 = 0.

Letx=3andy =8 e Rissuchthatx xy =3x8 =0 (mod
24).

Letx=6andy =4 € Rissuchthatx xy =6 x4 =0 (mod
24). R has only finite number of zero divisors.

R has finite number of idempotents.

For x =9 e R is such that x¥* = x = 9 is an idempotent.
x=7 e Risaunitasx’* =1 (mod 24), 5 =y € R is again a unit
as 5 =1 (mod 24) y = 16 e R is such that 16° = 16 (mod 24).
Consider x =23 € R is such that 232 = 1 (mod 24).



Special Interval Semirings and special ... [0, n) | 153

Example 4.21: Let R = {[0, 11), +, x} be a special interval
pseudo ring. R has zero divisors. R is only an infinite pseudo
interval ring. R has no idempotents however R has 9 elements
which are units of R.

P={0,1,23,...,10} cRisasubring of R.

Example 4.22: Let R = {[0, 4), +, x} be the special pseudo
interval ring of infinite order; R is not a pseudo integral domain;
for x = 2 € R is such that x* = 0 (mod 4).

y =3 e Ris a unit as 3° = 1 (mod 4) which is the only unit
of R. P={0, 1, 2,3} cRisasubring of Rand P = Z,.

T ={0, 2} < R is again a finite subring of R.

Apart from this we are unaware of any other finite subring.
For if we try to use 0.1, 0.01, 0.001, 0.0001, ..., 0.2, 0.02,
0.004, 0.0016, and so on and the inverses 0.9, 0.99, 0.999,
0.9999 and so on thus it can be only countably infinite.

Example 4.23: Let R = {[0, 15), +, x} be a special pseudo
interval ring. R has finite number of zero divisors. Finite
number of units and finite number of idempotents.

x =10 € Rissuch that 10 x 10 =10 (mod 15) y =4 € R is
such that y? = 1 (mod 15) is a unit in R. X = 6 € R is such that
x? = 62 = 6 (mod 15) is an idempotent.

x =11 e Rissuch that x* = 112 = 1 (mod 15); y = 14 € R is
such that y* = 142 = 1 (mod 15). Thus we have found the units,
and idempotents of R.

We now work out the zero divisors of R.

y=3and Xx =5 e R are such that x x y = 10 x 6 =
0 (mod 15),x =10 andy =9issuchthat x xy =10 x 9 =0
(mod 15), x =12 and y = 10 is such that x x y = 0 (mod 15); X =
6 and y =5 is such that x x y = 30 (mod 15) = 0 (mod 15).
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R has finite number of zero divisors.

Example 4.24: Let R = {[0, 26), +, x} be a special pseudo
interval ring. x=2andy =13 e Rissuchthatxxy=2x13 =
0 (mod 26)

x=4andy =13 € Rissuch that x x y =4 x 13 = 0 (mod
26). 13 e R is such that 13° = 13 (mod 26).

14 € Ris such that 14 x 14 = 14 (mod 26) so 13 and 14 are
two idempotent of R.

X = 25 e R is such that x* = 1 (mod 26). R has units, zero
divisors and idempotents but all of them are only finite in
number.

R has subrings of finite order given by H; = {0, 13} c R
and H, = {0, 2, 4, 6, ..., 24} R are subrings of R of finite
order.

Next we build more pseudo interval rings using these
special interval pseudo rings.

Example 4.25: Let R = {[0, 10) x [0, 19), +, x} be the product
of two special interval pseudo ring. R is again a special interval
pseudo ring.

We see R has infinite number of zero divisors, finite
number of units and idempotents.

R is of infinite order and R is commutative.

x = (5, 0) € R is an idempotent y; = (5, 1), y» = (6, 0) and
y3 = (6, 1) are all idempotents of R.

x=(9,3)andy = (9, 13) in R is such that
xxy=(9,3)x(9,13) = (1, 1) € Ris the unit of R.

x = (0, 0.3315) and y = (0.21301, 0) € R are such that
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x xy = (0, 0) is a zero divisor.

Infact R has infinite number of zero divisors but only finite
number of units and idempotents.

R contains one subset which is a pseudo integral domain. R
also contains a finite subset which is a field. R has two pseudo
ideals. It is left for the reader to find whether R has more
pseudo ideals.

Example 4.26: Let R = {[0, 7) x [0, 11) x [0, 43), +, x} be the
special interval pseudo ring of infinite order. R has infinite
number of zero divisors.

R has three subsets viz. V; = {({0} x [0, 11) x {0}} = R
which is a pseudo interval integral domain.

V,={[0, 7) x {0} x {0}} c R and

V3 = {{0} x {0} %[0, 43)} < R, are three pseudo integral
domains.

Ve ={{0} x [0, 11) x [0, 43)} = R,

Vs ={[0,7) x [0,11) x{0}} =R

and Vg = {[0, 7) x {0} x [0, 43)} < R are not pseudo
integral domains but infinite order pseudo subrings and pseudo
subrings which are also pseudo ideals of R.

V1, V, and V3 are not pseudo ideals of R. R has no
idempotents only elements of the form (0, 0, 0), (1, 0, 0), (0, 1,
0),(0,0,1),(1,1,0),(,1,1),(1,0,1), (1,1, 1) are the only
idempotents of R. However R has several units.

X = (6, 10, 42) e R is such that x* = (1, 1, 1).
x=(3,53)andy =(5, 9, 29) € R are such that
xxy=(1,1,1)isaunit.

R has pseudo subrings which are not pseudo ideals of
infinite order also. R has pseudo interval subrings whih are not
subrings.
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For T; = {[0, 7) x {0} x {0}} is a pseudo interval subring
which is a pseudo ideal of R.

T, = {{0} x {0, 11)} x [0, 43)} < R is a pseudo interval
subring which is a pseudo ideal of R.

Both T; and T, are of infinite order.

Example 4.27: Let
R = {[0, 6) x [0, 12) x [0, 15) x [0, 21), +, x} be the special
interval pseudo ring.

R has infinite number of zero divisors. R has no subset
which is a pseudo integral domain. R has units and idempotents.

Further R has finite subrings which are not ideals.
R has subsets of infinite order which are pseudo ideals.

R has subsets of infinite order which are not pseudo ideals
but subrings or pseudo subrings.

Let
T, = {{0, 2, 4} x{0, 6} x {0, 3,6, 9,12} x {0, 7, 14}} c R
be a subring of finite order and is not an ideal of R.

T, ={][0, 6) x {0} x {0} x {0}} = R is a pseudo ideal of R;
however T; = {[0, 6) x {0} x {0} x {0}} < R is a pseudo ideal
of R only a pseudo interval subring of infinite order.

T4 =10, 6) x [0, 12) x {0} x {0}} = R is a pseudo ideal of
R; however Ts = {[0, 6) x[0, 12) x {Z:s} x {0}} c Risonly a
pseudo interval subring.

Thus we have commutative special interval pseudo rings of
infinite order.

Now we proceed onto describe the notion of special pseudo
interval matrix ring by some examples.
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Example 4.28: Let
R = {(a;, a,, a3, as, a5, &) | & € [0, 53), 1 <i <6, +, x} be the
special interval pseudo ring of infinite order.

R is commutative R has zero divisors and units.

We have only finite number of units, however has infinite
number of zero divisors and finite number of idempotents like
(@, ..., a) where a; € {0, 1}; 1 <i<6.

Letx=(52,1,27,18,6,9) e Rweseey=(52,1, 2,3,9,6)
e Rissuchthatx xy=(1,1,1,1,1, 1) is aunit of R.

T.={(a, 0,0,0, 0, 0)|a e [0 53} cR is a pseudo
interval subring as well as an ideal of infinite cardinality.

T,=4{(,0,0,0,0,0) |a € {0, 1, 2,3,4,5, ..., 52} [0,
53)} < R is a subring of finite order and is not a pseudo ideal of
R.

Ts = {(a, @, 0,0, 0, 0) | a, a €[0, 53), +, x} c R is a
pseudo interval subring as well as an pseudo ideal of R.

We see T, and T, are not pseudo integral domains.

T,=9{(0,a,0,00,0)]|a € [0, 53), +, x} c R is again a
pseudo interval ideal of infinite order of S.

T,=X=(0,1,0,0, 0, 0)) that is generated by x is not a
pseudo ideal.

Likewise Ts = {{(1, 1, 0, 0, 0, 0)) = y) is generated by y is
not a pseudo ideal of R.

T5 = {(a11 a21 a31 01 01 0) | al € [Ol 53)1 aZl a3 € {01 11 21 31 41
..., 52} < [0, 53)} is only a pseudo interval subring of infinite
order and is not a pseudo ideal of R.
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Example 4.29: Let

a e [0,16), 1<i<9,+ x}

be a special interval pseudo ring of infinite order.

Clearly R is a commutative pseudo ring with infinite

number of zero divisors.

R does not contain any pseudo subring which is a pseudo
integral domain. R has pseudo ideals which are principal.

For take

81:

D D o
[ N [y

O O O O o o

dj, dp, A3 € [0, 16)} (e R

is a pseudo subring as well as a pseudo ideal of R.
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M; generated by

O O O O O O F - B

is only a subring of finite order.

Let

o O O

QD
iy

B,=4la, || a€[0,16);1<i<4 + x}cR;

D
N

o O

B, is an infinite pseudo interval subring which is also a pseudo
ideal of R.
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M, generated by

order.

Let

O O O O O o o

(SR )
N =

is only a subring of finite

O O, P P kP O O O

a; €[0,16),a,€{0,1,2,3,4,...,16} + x,} =R

be a pseudo subring of infinite order but B; is not a pseudo ideal
only a pseudo subring.

Thus R has subrings of infinite order which are pseudo
subrings and are not pseudo ideals of R.

R has units, zero divisors and idempotents.
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Let

o ©
K

N

3, €[0,16); 1<i<3,+, x}cRand

O O O O o o

o O O

iy

A2:

D
N

ae[0,16);1<i<5}cR

be two pseudo interval subrings of infinite order which are also
pseudo interval ideals of R.

Clearly every x € A; is such that for every y € A, we have
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XXpy =

O O O O O O o o o

Infact

A1XA2:

O O O O O o o o o

I
L

Thus R has infinite number of zero divisors as |A;| = « and
|Ag| = o0

Apart from this also R has infinite number of zero divisors.
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3] [11]
11
13 5
5 13

Letx=| 7 |andy=| 7 | € Rare such that

9 9
1 1
1 1

L 1 - L 1 .

XXpy = which is the unit of R.

R e e e e = T =

Thus R has finite number of units.

e Ris such that x x, x = X.

x
I
P O R, O FP OFr O K
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R has several idempotents of this form.

Example 4.30: Let
R ={(ay, @, a3, as, as, 4, a7) | & € [0,30), 1 <i<7,+ x}bea
special interval pseudo ring of infinite order.

R is commutative. R has infinite number of zero divisors.
R has no pseudo subring which is a pseudo integral domain. R
has pseudo interval subrings which are pseudo ideals.

For take
B={(a,a0,0,000)|ae[0 30),1<i<2}cRisa
pseudo interval subring as well as pseudo interval ideal of R of
infinite order.

B, ={(0,0, a;, a,0,0,0)|a €[0,30),a {0,123, ...,
29}, +, x} < R is a pseudo interval subring of R of infinite
order. B, is not a pseudo ideal of R.

Bs = {(ay, @, as, a4, a5, a7) | & € {0, 2,4, 6, 8, ..., 28} < [0,
30), 1 <i <6} < R is a pseudo interval subring of R of finite
order and is not a pseudo ideal of R.

Bs={(aw &, ..., a7) | & € {0, 10, 20} < {[0, 30)}, +, x, 1 <
i <7} < R is a subring of finite order which is not a pseudo
ideal of R.

Bs ={(a;, 0, &, 0, a3, 0, ay) | & € {0, 5, 10, 15, 20, 25} < [0,
30), 1 <i<4, +, x} c Risasubring of finite order and is not a
pseudo ideal of R.

We see R has idempotents.

Letx = (6, 10, 1, 0, 15, 16, 6) e R is such that x* = x.

Thus R has non trivial idempotents.

However the number of idempotents in R is finite.
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Example 4.31: Let

R={la,||ae[013),1<i<7}

be the special interval pseudo ring under x, and +. R is of
infinite order and R is commutative. R has infinite number of
zero divisors.

R has units. acts as the unit or identity element of

e e

R with respect to x,.

7 7

9 3

3 9
Letx=|1|andy=|1]| eR;

10 4

4 10

_1_ _1_
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clearly x x, y =

Versa.

e e

is

a unit or x is the inverse of y and vice

However R has only finite number of inverses, that is finite
number of units.

Example 4.32: Let

1

o

©

a

a
R=

a

a

13

a 2
a6
alO
a14

®1]ae[0,24),1<i<16,+ x}

be the special interval pseudo ring. R is non commutative as ‘x’
is the usual matrix multiplication.

We have zero divisors, units and idempotents in R.

R has pseudo interval subrings as well as pseudo ideals.

o o &

o O O

o O O

a; € [0, 24)} < R is not a pseudo

o O o o

ideal of infinite order a pseudo subring of R.
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Thus R in this case is a non commutative pseudo interval
ring.

Let A= and B = eR

A O b~ b
A A O b
A~ b b~ bD
A O b~ b
o oo O o
o oo oo O
o O O o
o O oo O

wesee Ax B =

o O O o
o O O o
o O o o
o O o o

0.312

Let A= and

o O O o
o O O o

0 0
7.30101 O
0 0
0 0

o O o o
o O o o

AxB=

o O o o
o O o o
o O o o
o O o o

is a zero divisors of R. R has infinite number of zero divisors.
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Example 4.33: Let

R=4la, a az||ae<[0,19),1<i<9 +, x}

be the non commutative special interval pseudo ring under the
usual matrix product.

5 0 4 00
T=/0 1 O]istheinverseofS=|0 1 0]as
0 1 0 01
0
TxS=|0 1 0] identity of R with respect to the usual
1
product x.
a, 0 0
M=40 a, 0]|ae[019),1<i<3}cR
0 0 a,

is a pseudo subring of R and pseudo ideal of R.

R has several pseudo subrings which are not pseudo ideals.
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QD
Ry
o O

ae{0,1,23,4,5, ..., 18}

o o
o ® o
QD
w

1<i<3}cR

is a subring of finite order and is not a pseudo ideal of R. Infact
N is a commutative subring.

Example 4.34: Let

R=4la, a, ag||ae[0,12),1<i<9 4+, x,}

be the special interval pseudo ring.

R has infinite cardinality. R is commutative. R has infinite
number zero divisors.

R has pseudo ideals and all pseudo ideals are both right and
left.

0 40
R has idempotents x= |4 9 4| e Rissuch that
9 41

X %y X = X. R has only finite number of idemponents.

111
Rhasunitsand |1 1 1] is the unit element or identity
111

with respect to x, in R.
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a, 0 0
P,=4/0 0 O0||a €0, 12)}cR.
0 00O

P, is a pseudo subring as well as a pseudo ideal of infinite order.

a

N

0 0
P,=4/0 0 O0||a €[0,12)}cR
0 0 O

is a pseudo subring as well as a pseudo ideal of R of infinite

order.
a, 0 a,
LetP;=4/0 a, O ||aja,ae(0,12)}cR
0 0 O

is a pseudo subring as well as a pseudo ideal of R of infinite

order.
a'l az a3
Ps=4la, a; 0 ||ael0,12),1<i<5}cR
0 0 O

is a pseudo subring as well as a pseudo ideal of R of infinite

order.
Let
a, a, O
A=40 0 a,||ae{012345,..,11,
0 0 a

1<i<4}cR

be a subring and is not a pseudo ideal of R. |A| < 0.
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a, 0 O
B=4/a, a;, 0 ||&ae{01,23465,..,11}
a, a; a,

1<i<6}c R
is only a subring of finite order and B is not a pseudo ideal of R.

Example 4.35: Let

al aZ a5
a6 a7 a‘lO
R=<a, a;, a; || a€[0,15), 1 <i<25,+ x,}
a16 a17 a'20
_a21 ay, a25_

be the special interval a pseudo ring of infinite order which is
commutative.

.. 0
A= : || ae [0, 15), +, x,} <R

be the special interval pseudo subring of infinite order which is
also commutative and is a pseudo ideal of R.

a, a, 0 .. O

. 0
B=4 . . | .|| ae[0,15), 1<i<7,+, %}

be the special interval pseudo subring of R as well as the pseudo
ideal of R of infinite order.
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Let
a a, 0 .. O
0 0 0 .. 0
M= . . . . di, dy € {0, 1,2, 3,
0 0 O 0

4, ..., 14}, + x} cR

be the special interval pseudo subring and M is of finite order
and M is not a pseudo ideal of R.

0 0 0
N=1 . .. ||ac{038

9,12} [0, 15); 1<i<15 + x} <R

is a pseudo subring of finite order and is not a pseudo ideal of
R.

R has several subrings of finite order and none of them are
ideals of R.

R has several interval pseudo subrings of finite order and
none of them are pseudo ideals of R.

Example 4.36: Let

a a, .. a,
R=4la, a, .. a,]||ael0,200),1<i<21,+, x,}
A 8 .. Ay

be the special interval pseudo ring.
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R is of infinite order and commutative R has infinite
number of pseudo subrings are pseudo ideals.

Let
0 ..

0 .. 0|| a5 el[o0,200),a < {0, 10,
0

20, 30, ..., 190}, +, x,} R

is a pseudo subring of infinite order and is not a pseudo ideal of
R.

Let
a, a, a; 0 0
B=<0 0 0 O O||a<[0,200),1<i<3,+ x.}
0 0 0 O 0

< R is a pseudo subring which is also a pseudo ideal of B.

Clearly B is of infinite order.

a, a, a; 0 0
C=40 0 0 O 0| a e {0, 25,50, 75, 100,
0 0 0 O 0

125, 150, 175} < [0, 200), 1 <i< 3, +, x,} =R
is a subring of R are of finite order.

However C is not a pseudo ideal of R. Thus R has subrings
of finite order which are not pseudo ideals of R.
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Example 4.37: Let

al a2 as
a a a

R= :4 :5 :6 a € [0,131),1<i<30, + x.}
8 8 g

be the special interval pseudo ring of R of infinite order which
is commutative.

R has pseudo subrings of infinite order which are pseudo
ideals and R has also pseudo subrings of infinite order which
are not pseudo ideals of R.

R has finite pseudo subrings which are not pseudo ideals. R
has infinite number of zero divisors, has only finite number of
idempotents and finite number of units.

a'l a'2 a‘3
0 0 O

A = . . . aly a21 a3 € [01 131)1 +l Xn} g R
0 0 O

be the pseudo subring which is a pseudo ideal of R of infinite

order.
a1 aZ a3
0 0 O
B=4. . .|l&ael013]),a,ae[0123,
0 0 O

4,...,130], +, x.} <R

be the pseudo subring which is not a pseudo ideal of infinite
order.
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B is not an ideal of R.

al aZ a3
0 0 0

C=1. . . |lanaaec{0,1,23, ...,130}+ x}cR
0 0 0

be the subring which is not a pseudo ideal of R and is of finite
order.

a, 0 O
0 a, 0
0 0 a
D=4a, 0 O0||&€e[01,2,...,130}
0 0 O
|0 0 0]

1<i<4,+ x}cR
be the pseudo subring of R which is not a pseudo ideal of R.

Example 4.38: Let

al a2
a, a, )

R=4 7 “"||ac[0,48),1<i<12 +, %o}
a'11 a12

be the special interval pseudo ring of infinite order and R is
commutative.

R has infinite number zero divisors but only finite number
of units and idempotents. R has only finite number of subrings
and none of them is a pseudo ideal.
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R has pseudo subrings of infinite order which are not
pseudo ideals as well as infinite order pseudo subrings which
are pseudo ideals.

Let
1 a2
a a

Mi=4] 7 Sl ae(0,4,812,16,20,24, ..., 40, 44} ¢
a'11 a‘12

[0,48), 1<i<12} cR

be the subring of finite order. My is not a pseudo ideal of R.

Let
a, 0
a; 0 .
N; = o .|| ae[0,48),1<i<6,+ x} =R
a; 0

be a pseudo subring of R. N is of infinite cardinality. Nj is
also a pseudo ideal of R.

Let
o 0]
a, 0
a, 0
Ti=4° a1, @, a3 € [0, 48), ay, as, 3 € {0, 12,
a, 0
a;, 0
L& 0]

24,36} [0, 48), +, x.}
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be the pseudo subring of R. |Ty| = oo; but T, is not a pseudo
ideal of R only a subring.

Thus we have pseudo subrings of infinite cardinality which
are not pseudo ideals of R.

Example 4.39: Let

i al a'2 a3 ]
a4 a5 a6
a7 a8 ag
R=4la, a; a,||aec[0,41),1<i<2L, + x.}
a13 a'14 a15
a16 al? a18
a19 a20 aZl

be the special interval pseudo ring super column matrices. |R| =
o0,

R has infinite number of zero divisors and only finite
number of idempotents and only finite number of units and
idempotents. R has only finite number of subrings of finite
order.

R has infinite pseudo subrings which are ideals as well as
infinite pseudo subrings which are not pseudo ideals of R.

QD
iy

QD
N

QD
w

8, €[0,41),1<i<3,+, x}cR

o O O OO o
O O O Oolo o
O O O Oolo o
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is a special interval pseudo subring which is a pseudo ideal of
R. M is also of infinite order.

0 0 O
0 0 O
0 0 O
M;=4la, a, a,||asa,ase[0,41), a3 85 8 €
a, a; a,
0 0 O
|0 0 O]

{0,1,2,3, ..., 40}, +, x,} =R

is a pseudo subring of R and is of infinite order M, is not a
pseudo ideal of R.

ForifA=|79 3.1 e M, and

O O 01 Olo olo

43 37 191
401 47 819
B=| 0 40 0 |eR
31 24 014
0 0 0
1075 0.95 1.98]
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2

o o d ol oo

¢ M, as 24.8,

2.4and0.70 ¢ {0, 1, 2, 3,4, 5,6, ..., 40} c [0, 41).

Hence M is of infinite order only a pseudo subring and not
a pseudo ideal of R.

Let N, =

[«5)
iy

o O

QD
~

o O

job]
3

o

QD
N

o| o

QD
(&

o O

o o ol olo

ae[0,1,2,...,40} [0, 41),

1<i<7 + x}cR

is only a subring of finite order and is not a pseudo ideal of R.

Let

a {1, 23, ...,40} < [0, 42),

1<i<21, + x} R,
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is such that for every x e A there exist a unique y in A such that

1

[E=Y
[E=Y

=
=
e

XXpy = the unit of R.

R
R
N

All units of R in totality be the subset A. Infact A is not a

subring. A is a subgroup of R under x,. A is not closed under
+,

Example 4.40: Let

R ={(a1, &, as, a4, as, as, a7, ag) | & € [0, 15) x [0, 21); 1 <i< 8}
be the special interval pseudo ring. R has infinite number of
zero divisors.

I =((1 1), (4, 1), (14, 1), ..., (1, 1)) is the multiplicative

identity of R and Q = ((0, 0), (0, 0), (0, 0), ..., (0, Q) is the
additive identity of R.

A ={(ay, 0), (@ 0), ..., (s, 0)} and B = {(0, b), (0, by), ...,
(0, bg)} € R is such that A x B = ((0, 0), (0, 0), (0, 0), ..., (O,
0))}.

A={(@y ..., a8) | & €[0, 15), x {0}, 1 <i<8}cRisan
infinite pseudo subring as well as pseudo ideal of R.

B={(yaz ...,a) |ai € {0} x[0,21),1<i<8}cRisan
infinite pseudo subring as well as pseudo ideal of R.

We see A x B = {((0, 0), (0, 0), (0, 0), ..., (0, 0))}

Thus R has infinite number of zero divisors.
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Let M = {(as, @, ..., a) | & € {0, 5, 10} U {0, 7, 14}; 1 <ii
<8, +, x} < R be a pseudo subring of R of finite order and is
not a pseudo ideal of R.

N;={(as, ..., a8) | & € {0, 5,10} x [0, 21); 1L <i<8}cRiis
a pseudo subring of infinite order.

However N; is not an ideal of R.

Example 4.41: Let R = {(as, az, a3, a4) | & € [0, 12) x [0, 7) x
[0, 11); 1 <i < 4} be the special interval pseudo ring under the
operation + and x. R is of infinite order. R has infinite number
of zero divisors, finite number of units and idempotents.

The additive identity of R is
a=((0,0,0),(0,0,0) (0,0, 0) (0,0, 0)) and the multiplicative
identity of Ris 1 =((1, 1, 1), (1,1,1), (1,1, 1), (1, 1, 1)).

Weseex={(5,5,7), (7,2, 1), (11, 3,5), (1,4, 6))} € R has
y ={((5, 3, 8), (7, 4, 1), (11, 5, 9), (1, 2, 2))} € R to be the
unique inverse of x; for
xxy={((1,1,1),(1,1,1),(1,1,1), (1,1, 1)} e R. ltiseasily
verified R has only finite number of units.

x={((4,1,1),(910),(0,1,1),(1,1,1)} € Rissuch that
x? = x thus x in R is an idempotent of R.

R has only finite number of idempotents in it.

Example 4.42: Let

R= a e [0, 40) x [0, 31); 1 <i < 10, +, x,}
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be the special interval pseudo ring of infinite order. R is
commutative. R has infinite number of zero divisors.

R has ideals, R has finite pseudo subrings none of which are
pseudo ideals.

R has also infinite pseudo subrings which are not ideals.
R has only finite number of units and idempotents.

[(LY)]
(€8
=41 @2 | € Ris the multiplicative identity of R.

_(1:1)_

[(0,0)]
(0,0)
(0) =41 (0,0) |} € R isthe additive identity of R.

_(0;0)_

[ (a,,0)

(a,,0)

Let A= 8 €[0,40);1<i<10,+ x,} <R

| (@,0)
is a pseudo ideal of R and is of infinite order.
(0.b,)

0,b
LetB = ( :2)

bi € [0, 31); 1<i<10, +, x,} R
(0,b,,)

is a pseudo ideal of R and is of infinite order.
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[(0,0)]
(0,0
A xB=4](0,0) |; thatis for every a € A and every

1(0,0) |
"0.0)]

(0,0)
b € Bwe have A x B =</ (0,0)

_(0,.0)_

[(@;,2,) |
(a;,0)
(a,.a5)
Let M; = ay, 4y, 4 0, 40) and ay, a
1 (0,0) 1, 8, 83 € [ ) 2, ds
. (0,0) |

€ [0, 31); +,x,} <R

be a pseudo subring of infinite order and M, also a pseudo ideal
of R.

Let

Ni=1| ° || & e {0, 10, 20, 30} x [0, 31); 1 <i < 10,

+’ Xn} g R
be a pseudo subring of R of infinite order.
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N, is not an ideal of R.

Let P, = a c {0, 4,8, 12, 16, 20, 24, 28, 32, 36} x

kT
{0,1,2,3,4,5,6,...,30}; 1 <i<10,+, x} <R

is a subring of R of finite order. Clearly R is not a pseudo ideal

of R. Let

Fa ] (0]

! 0 0

a, .

x=|0]|andy= al eRweseexx,y=|.|eR

: 2 )

) : 0

0

LU a, |

is a zero divisor in R.

Example 4.43: Let

R = al az

a, a,
be the commutative special interval pseudo ring of infinite
order.

a € [0,12) x [0, 9) x [0, 17); 1 <i < 4 +, x,}

(0,0,0) (0,0,0)}

The additive identity of R is (0) = [(O 0,0) (0,0,0)
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111) (L1l
The multiplicative identity of Ris | = {( ) )}

@11) @1y
under the natural product x, of matrices.

« = [(5,8,9) (11,5,7)} and
@56) @@Ly

58,9) (11,2,5)] .
={( ) ( ) e R is such that

1,2,16) (1L11) |

@1y @1y
_{@LD RV

LMX=F&QW Mﬁlqamy:{eﬁia @3@@
(8,6,7) (6,3, (3,3,0) (6,3,0)

(0,0,0) (0,0,0)

We See X x, Y = [(0,0,0) (0,0.0)

} is the zero divisor of R.

R has infinite number of zero divisors, but only finite
number of units and idempotents.

- (a,,b;,c;) (0,0,0)
M= { (0,0,0) (0,0, o)} ‘ (a1, by, ¢1) € ([0, 12) x [0, 9)

x [0, 17))} < R is a pseudo subring as well as a pseudo ideal of
R of infinite order.

We have also pseudo subrings of infinite order which are
not pseudo ideals.

For take N = {(a“bl’cl) (0.0, 0)} ‘ (a1, by, 1) € ([0, 12)
(@,,0,0) (0,0,a,)
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x [01 9) x [01 17))1 a € {0! 21 41 6; 8! 10} X {0} X {0}’ as € {0}
x {0} x {0, 1, 2, ..., 16}} < R is a pseudo subring of infinite
order and is not a pseudo ideal of R.

We have seen special types of special interval pseudo
matrix rings.

Now we proceed onto study group pseudo rings using these
special interval pseudo rings.

Example 4.44: LetRG = {Zaigi n finite where G = {g =1,
i=0

g1, ..., On} and a; € R = {[0, 25); 0 <i < n} be the group interval
pseudo ring which will be known as the special interval group
pseudo ring as R is a special interval pseudo ring.

RG has zero divisors, RG has torsion elements as R = RG
and G c RG (1 e Gand 1 € R). RG has pseudo subrings,
pseudo ideals and idempotents and units.

RG will be non commutative and if G is non commutative
and if G is commutlative RG will be commutative.

Example 4.45: Let R = {[0, 12), +, x} be the special interval
pseudo ring and G = {S;3 the symmetric group of degree three}.
RS; = RG be the special interval group pseudo ring of the group
S; over the special interval pseudo ring R.

1 2 3
WeseesggRssasleRanngRSsasl=[1 5 3} of

S; is the identity of S;.
1 2 3 1 2 3
Letx=3+6 andy =4 +
3 21 2 1 3

1 2 3
8 +4 € RS;.
1 3 2
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1 2 3)] 1 2 3
Weseexxy=[3+6 x[4+4 +
321 2 1 3

12 3
8
13 2
12 3 123
=12+24 +12 +
321 2 13
12 3\(1 2 3 12 3
24 +24 +
(3 2 J[z 1 J &_3 2}

1 2 3)(1 2 3
48 =0 (mod 12).
32 1)1 3 2

Thus RS; has zero divisors.

1 2 3 1 2 3
Letx=4+9 +9 € RS;
2 31 31 2
1 2 3 1 2 3
We find x*= (4 + 9 +9 X
2 31 31 2
1 2 3 1 2 3
(4+9 +9
2 31 31 2
1 2 3)(1 2 3 1
=4+9 +9
31 2)\2 31 2

=4+9+9=10.

w N
= W
e
7N\

1 2 3
31 2)
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Thus we have elements x in RS; \ R which are such that x?
e R.

. 1 2 3
Considery=6+6 € RS;
2 1 3
) 1 2 3 1 2 3
y =(6+6 (6+6 =0;
21 3 2 1 3
thus y is a nilpotent element of order two.
2
) 1 2 3 1 2 3
X“=(11+5 x(11+5
1 3 2 1 3 2
1 2 3
=1+55x2 +1)
1 3 2

12 3 123
=242 =21+ ]
132 132

= 2X.

1 2 3
Letx=11+5 e RS3;
1 3

This is also a special condition for in reals other than 2
cannot be like this.

1 2 3
x=11+5 and
1 3 2

10+5[* 2 3 crs
= (S .
y 13 2 3
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. 12 3 12 3
We findxxy=(11+5 x(10+5
13 2 13 2

1 2 3 1 2 3
=110+50 +55 +1
1 3 2 1 3 2

1 2 3
=3+9 .
1 3 2

12 3 12 3
Letx=11+5 andy=11+7 .
13 2 1 3 2

—11+5123 11+7123
xxy=l (1 3 2} : (1 3 2}

12 3
=121 +55 +77
13

1 2 3
+ 11 (mod 12)
2 3 2

1

=0.

Thus this gives a zero divisor. The study of RS; paves way
to special properties like elements whose square is two times it

and so on.

RS; is a non commutative infinite special interval pseudo
group ring.

We have several interesting properties like substructures
and so on.

12 3)(1 2 3
Let S = RP; where P; = , be a
1 2 3/{1 3 2

subgroup of S;, we see S is a commutative pseudo subring of
RS; which is not a pseudo ideal of RSs.



190 | Algebraic Structures using [0, n)

1 2 3)(1 2 3)(1 2 3 .
Let P, = , , cRiIsa
1 2 3){2 3 1){3 1 2

normal subgroup. RP, is also a pseudo subring and is a pseudo
ideal of RP,.

We see RS; has non commutative pseudo subrings and all
subrings are only commutative pseudo subrings. This is a
special type of pseudo ring which has non commutative pseudo
subrings also for take TSz where T =40, 1, 2, 3, 4, ..., 11} is the
ring of modulo integers Z;,.

We see TS; is of finite order and is a non commutative
subring. This subring has zero divisors, units and idempotents.

Example 4.46: Let RS, where R = {[0, 19), +, x} be the special
interval pseudo ring and S; be the symmetric group of degree
four.

RS, has pseudo subrings which are both commutative and
non commutative.

Take PA, where A, is the alternative subgroup of S;. RA,
is non commutative pseudo subring of RS,.

1 2 3 4

Consider RP where P = be the subgroup
2 3 41

of S,.

RP is a commutative pseudo subring of infinite order. This
has both finite and infinite pseudo subrings. Let S = TP; where
T={0,1,2,...,17, 18} [0, 19);

1 2 3 4\(1 2 3 4\)(1 2 3 4

Pl = y y C 84; S
13 4 2){1 42 3)\1 2 34

= TPy is a pseudo subring which is commutative and is of finite

order. RS, has several subrings of both finite and infinite order.
RS, is non commutative and has units.
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Example 4.47: Let B = RD,; be the special interval group
pseudo ring of the group D,; over the special interval pseudo
ring R ={[0, 10), +, x}.

We see B has zero divisors, units and idempotents. B has
commutative pseudo subrings as well as non commutative
pseudo subrings. B has also pseudo ideals. However B is a non
commutative pseudo ring.

Example 4.48: Let

R = (S3 x D7 x As) = B where R = {[0, 10) x[0, 31) x [0, 48);
+, x} be the special interval pseudo ring, be the group pseudo
ring.

B has several zero divisors units and idempotents. B has
pseudo ideals. B is non commutative and of infinite order.

We study RG = B when R is an infinite pseudo integral
domain like R = {[0, p); p a prime, x, +} and G any group. This
study will be interesting.

Now we introduce special interval pseudo polynomial rings.

Example 4.49: Let R[x] = {Zaixi ai € [0, 35); +, x} be the
i=0

special interval pseudo polynomial ring where R is the special
pseudo interval ring viz. R =0, 35), +, x}.

R[X] has zero divisor.
Let p(x) = 7 + 21x + 14x*and q (x) = 5 + 10x® € R[x]

p(x) q(x) = (7 + 21x + 14x%) x (5 + 10x°)
=35 + 105x + 70x* + 70x® + 210x + 140x* (mod 35)
=0.

Thus R[X] has zero divisors, as R is not a pseudo integral
domain.
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a; € [0, 41); +, x} be the

Example 4.50: Let R[x] = {Zaixi
i=0
special interval pseudo polynomial ring over the special interval

pseudo ring R = {[0, 41), +, x}.
Since R is a interval ring R[x] has zero divisor.

How to solve equations in R[x]? We cannot use the
formula to solve the quadratic equations with real coefficients.

Let p(x) = 6x* + 19x + 34 € R[x];
now p(x) = 6x + 19x + 34

= (3x + 40) (2x + 7) = 0.

Hence 3x + 40 = 0.
and2x+7=0

Now 3x =1, x = 14.
2x + 7 =0 implies 2x = 34;
X = 34 x 21 (mod 41). (As 2" = 21)

Thus x =17 and x = 14 are the two roots of the equation
6x* + 19x + 34 = 0.

However if the coefficients of the polynomials are decimals
we work for the roots in the following way.

Suppose p(x) = 14.775x% + 25119x + 6.834
= (2.01 + 5.91x) (3.4 + 2.5x) = 0
Thus5.91x+2.01=0and

25x+34=0.

As these elements have no inverse we take 5.91x = 38.99;
2.5x=37.6

Interested reader can study how to solve these equations.
p(x) = x3 +5.62x° + 9.124x + 4.416
=(x+32) (x+0.92) (x+1.5)=0.
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X+ 0.92=0and
Xx+15=0.

This gives x = 37.8, 40.08 and 39.5.

However solving these equations is as hard as solving any
equation in reals, here the special interval pseudo ring is infinite
but it should be worked with modulo p if [0, p) is the interval
used.

However if R = {[0, p), +, x} is taken as the pseudo interval
ring we cannot make use of inverses as inverses do not exist so
the question of making any polynomial p(x) into monic cannot
be done. So every polynomial in R[x] cannot be made into a
monic polynomial.

However if p(x) is a polynomial p'(x) € R[x] p’(xX) the
derivative of p(x) with respect to x, for the coefficients are
always take modulo p, where p is used in the interval [0, p) . If
p is not a prime the differentiation behaves in a different way.

Example 4.51: Let R[x] = {Zaixi a;i <[0, 6), +, x} be the
i=0

special interval pseudo polynomial ring.
Let p(x) = 0.73x° + 2x* + 3x + 5 € R[x].

The derivative of p(x) is

dF;(X_) = 0.73 x6x° + 2.3x* + 3 (mod 6)
X

= 3 a constant.

This is the unique property enjoyed by these special interval
polynomials.

The differentiation is performed in a unique way.
We can also integrate in a similar way.
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Thus polynomials in special interval pseudo ring is an
interesting study for solving equations are difficult.

Example 4.52: Let R[x] = {Zaixi ai € [0, 16), +, x} be the
i=0

special interval pseudo polynomial ring using the special
interval R = {[0, 16), +, x}. R[x] has zero divisors, and a finite
number of units. R[x] has pseudo subrings, pseudo ideals and
subrings.

For P = {ZaiXZi a; € [0, 16), +, x} = R[] is a polynomial
i=0

pseudo subring of R[x] of infinite order; if & €{0, 1, 2, ..., 15}

then also P is an infinite pseudo subring which is not a pseudo

ideal.

We suggest the following problems for this chapter.
Problems:

1.  Obtain some special features enjoyed by
R = {[0, n), min, max} the special interval semiring.

2. Prove R = {[0, 27), min, max} has infinite number of
subsemirings of order n, 0 < n < oo.

3. Prove R = {[0, 143), min, max} has infinite number of
subsemirings of infinite order.

4.  Prove R has no zero divisors and every element is an
idempotent both with respect to min as well as max.

5. Let R = {[0, 129), min, max} be the special interval
semiring.

Prove R has infinite number of ideals which are not
filters.
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Let R = {[0, 24), min, max} be a special interval
semiring.

Prove R has infinite number of filters which are not ideals
of R.

Can P < R = {][0, 25), min, max} where R is a semiring
have P to be both an ideal and filter of R?

Let R = {[0, 48), min, max} be the special interval
semiring.

(i)  Find all subsemirings which are of infinite order (Is
it infinite collection?)

(i) Can R have ideals which are filters?

(iii)  Find some special features related with R.

LetR ={(as, a, ..., a7) | & € [0, 24), 1 <i <7, min, max}
be a special interval semiring.

(i)  Show R has zero divisors.

(i)  Prove R has infinite number of idempotents with
respect to both min and max.

(iii) Prove R has infinite number of subsemirings.

(iv) Can R have infinite number of ideals?

(v)  Find all semirings which are not ideals.

(vi) Can R have filters which are ideals?

(vii) Find all filters which are ideals and vice versa (if

any).

LetS={(a, az ..., a) | & € [0, 29), 1 <i <9, max, min}
be the special interval semiring.

Study questions (i) to (vii) of problem (9) for this S.
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11.

12.

13.

[y

N

w

LetR; = a; € [0,10); 1 <i<12, max, min}

D O o

(R,

a'12 i

be the special interval semiring.

Study questions (i) to (vii) of problem (9) for this R;.

LetR = a; € [0,9) x [0, 19); 1 <i<9, max, min}

be the special interval semiring.

(i)  Study questions (i) to (vii) of problem (9) for this R.
(i)  Compare this R with R; of problem 11.

(a, a, a, a, a, a, a,|
8 Ay
LetR=4la; .. .. . . . 8||a&e
a22 a28
Ay I

[0, 143); 1 <i < 35, max, min} be the special interval
semiring.

(i)  Study questions (i) to (vii) of problem (9) for this R.
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16.

Special Interval Semirings and special ... [0, n) | 197

a, a, .. a,
LetR;=4|a, a, .. a,||ae€]l0,13)x[0,119),
a25 a26 a36

1 <i <36, max, min} be the special interval semiring.

(i)  Study questions (i) to (vii) of problem (9) for this R.
(i) Compare R; with R of problem 13.

fa, a, . a |
a6 a7 a10
LetR=4|a, a, a,; || & € [0,125); 1 <i<25,
Qg Ay . Ay
(@, Ay .. By |

max, min} be the special interval semiring.

Study questions (i) to (vii) of problem (9) for this R.

a a, .. a,
g 8y .. 8y
alS al6 a21
LetRi=1<la,, a, .. a,||a <[0,10)x [0, 26);
8y Ay 835
dg 8y s
843 8y 49

1 <i <4, max, min} be the special interval semiring.
(i)  Study questions (i) to (vii) of problem (9) for this R.

(i) Compare R; with R of problem 15.
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17.

18.

19.

Let S = {[0, 13) x [0, 24) x [0, 53) x [0, 128); min, max}
be the semiring.

Study questions (i) to (vii) of problem (9) for this S.

Let Ri={(a1 | a2 a3 | a4 as | a a7 ag a9 | azo) | & €[0, 4) x
[0, 41); 1 <i < 10; max, min} be the special interval super
matrix semiring.

Study questions (i) to (vii) of problem (9) for this R;.

a

iy

mmmm|
F O T N

a

LetM = a; € [0, 8) x [0, 11) x [0, 101);

D D ©
N o

©

QD
s &

QD
ks
=

1 <i <11, max, min} be the special interval super column
matrix semiring.

Study questions (i) to (vii) of problem (9) for this S.

Compare M with R, of problem 18.
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20. LetS=4lag [ .. .|| .o]a,||ael0,23)
Qg | o e | | Ay

x [0, 14); 1 <i < 21, max, min} be the special interval
super row matrix semiring.

Study questions (i) to (vii) of problem (9) for this S.

_al a2 a3 a4_
5 a8
a'9 alZ
a13 alG
di; e e Ay
21. LetM={|a, .. .. 8y ||a el0,15)x[0,24) x
25 a28
a29 a'32
a33 a36
a37 a40
_a41 a44_

[0, 9); 1 <i <44, max, min} be the special interval
super column matrix semiring.

Study questions (i) to (vii) of problem (9) for this M.
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22.

23.

24.

LetN=14la, | ... . «|.. . ..||ae€l0,25)

x [0, 36); 1 < i <49, max, min} be the special interval
super column matrix semiring.

Study questions (i) to (vii) of problem (9) for this M.

1 a2 a3 a4 a5 a6 a7 a8

LetT = a €

[0, 48); 1 <i < 48, max, min} be the special interval super
column matrix semiring.

Study questions (i) to (vii) of problem (9) for this T.

bl
fis

a, a
a, .. a
a
a

fike
(=2}
w
o

Let S= a e [0, 32) x [0, 32) x

a'32

L v
w
=

46 a'47

[0, 32); 1 <i <60, max, min} be the special interval super
column matrix semiring.
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26.

217.

28.

29.

30.

31.

32.
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Study questions (i) to (vii) of problem (9) for this S.

Can R = {[0, 29), +, x}, the special interval pseudo ring
have non trivial pseudo ideals?

Can R = {][0, 24), +, x}; the special interval pseudo ring
have pseudo ideals?

Can R = {[0, 125), +, x}; the special interval pseudo ring
have pseudo subrings of infinite order.

Can R = {[0, 127), +, x}; the special interval pseudo ring
have infinite pseudo subrings which are not pseudo
ideals?

Study the special and distinct properties enjoyed by
special interval pseudo rings.

Compare special interval pseudo rings with special
interval semirings for any interval [0, n).

Let R = {[0, 23), +, x} be the special interval pseudo ring.

(i)  Can R have finite subrings?

(i)  How many finite subrings R contains?

(iii) Can R have infinite number of infinite pseudo
subrings?

(iv) Can R have units?

(v) Can R contain infinite number of units?

(vi) Can R have idempotents?

(vii) Can R have zero divisors?

(viii) Can R have ideals?

Let Ry = {[0, 25), +, x} be a special interval pseudo ring.
(i)  Study questions (i) to (viii) of problem 31 for this

R;.
(i) Compare R; with R of problem 31.
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33.

34.

35.

36.

37.

a‘1 aZ a3
LetR=4|a, a, ay||ae[0,11);1<i<3, + x}
a'7 8 a9

QD QD

be the special interval pseudo ring under usual matrix
product.

(i)  Prove R is commutative.

(i)  Prove R has infinite number of zero divisors.

(iii) Find at least 5 left zero divisors which are not right
zero divisors.

(iv) Find atleast 4 right zero divisors which are not left
zero divisors.

(v)  Find idempotents of R.

(vi) Find left pseudo ideals which are not right pseudo
ideals of R and vice versa.

(vii) Can R have finite subrings?

(viii) Is it possible for R to have finite pseudo ideals?

Let Ry = {(a1, as, a3, a4, as) | & €[0, 28), 1 <i <5, +, x} be
the special interval pseudo ring.

Study questions (i) to (viii) of problem 33 for this R;.

Let R, = {(a, az ..., &) | & €]0, 32) x [0, 48), 1 <i <9,
+, x} be the special interval row matrix pseudo ring.

(i)  Study questions (i) to (viii) of problem 33 for this
(ii) Egmpare R of problem 34 with this R,.

Let R = {[0, 43), +, x} be a special interval pseudo ring.
Study questions (i) to (viii) of problem 33 for this R.

Let M = {]0, 20) %[0, 53), +, x} be the special pseudo
interval ring.
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39.

40.

41.
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Study questions (i) to (viii) of problem 33 for this M.

Let N = {[0, 12) x [0, 28) x [0, 35), +, x} be a special
interval pseudo ring.

Study questions (i) to (viii) of problem 33 for this N.

Let T = {[0, 7) x [0, 19) x [0, 23) x [0, 43), +, x} be a
special interval pseudo ring.

Study questions (i) to (viii) of problem 33 for this T.

LetP=4| a, || & € [0,42); 1<i <15, +, %} be the

special interval pseudo ring.

Study questions (i) to (viii) of problem 33 for this P.

LetM=<| a, a; € [0, 31); 1 <i<10, +, x,} be the

special interval pseudo ring.
Study questions (i) to (viii) of problem 33 for this M.

Compare P of problem 40 with this M.
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42.

43.

44,

LetM = <| a,

a; e [0, 30) x [0, 48); 1<i<18, + x}

be the special interval pseudo ring.

(i)  Study questions (i) to (viii) of problem 33 for this

L.

LetD = 1| a,

the special interval pseudo ring.

a; € [0, 29) x[0, 61); 1 <i<9, +, x,} be

Study questions (i) to (viii) of problem 33 for this S.

a‘l
a10
a19
Let M = J] a,
a'37
Ay

a55

a; € [0,24); 1<i<63, +,

xn} be the special interval pseudo ring.

Study questions (i) to (viii) of problem 33 for this M.
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a'1 aZ a12
LetT=1|a, a, .. a,||ael[0,23)x]I0,24);
a'25 a26 a36

1<i<36, +, x} be a special interval pseudo ring.

(i)  Study questions (i) to (viii) of problem 33 for this
T.

(i) Compare when in T; {+, x} is replaced by {min,
max} so that the resulting algebraic structure is a
semiring.

i al aZ a3 a4 a5 aG 1
a7 a8 a9 alO all alZ
Lets= 4| °® - " || & < [0, 36) x
A1 A
a25 a30
_a31 a36 i

[0, 41); 1 <i <36, +, x} be a special interval pseudo ring
under the usual matrix product.

(i)  Prove S is non commutative.
(i) Study questions (i) to (viii) of problem 33 for this S.

(iii)  Find some right pseudo ideals of S which are not
left pseudo ideals of S.

(iv)  Find some right zero divisors of S which are not left
zero divisors of S.
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47.

48.

49,

a, a, a; a, a
ae a‘7 a‘8 a'9 alO

LetW = | a,, ay || & € [0, 48);
alG a20
_a21 a25_

1 <i <25, +, x} be the special interval pseudo ring under
the usual matrix product.

Study questions (i) to (viii) of problem 33 for this W.
Study questions (i) to (iv) of problem 46 for this W.
LetV={(a;a,a3a4| 8535 | aras | ao) | & € [0, 3) x [0, 12)
x [0, 44); 1 <i <9, + x} be the special interval super
matrix pseudo ring.

Study questions (i) to (viii) of problem 33 for this V.

Let
al a'2 a3 a4 a5 a6 a'7 a‘8 a9 alO
p= Ay EPN a
- 1
a21 a30
Qg | oo o | e e e e By

€ [0, 43); 1 <i <40, +, x,} be the special interval super
row matrix pseudo ring.

(i)  Study questions (i) to (viii) of problem 33 for this P.

(i) If [0, 43) is replaced by the interval [0, 30) what
are the special features associated with that P.
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50. LetL=<|2; ||ael[0,36)x[0,48); 1<i<13,+ x}
a

be the special interval column super matrix pseudo ring.

Study questions (i) to (viii) of problem 33 for this L.

51. LetM=1|2 || a e [0,43)x[0,29) x [0, 61);
a

QD
©

|
S

11

1 <i <11, + x,} be the special pseudo interval super
column matrix ring.
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(i)  Study questions (i) to (viii) of problem 33 for this
M.
(i)  Compare this M with L of problem 50.

al a2
a; a,
a'5 aG
a? a8
aQ a'10
52. LetP={|ay, a,||ae[0,38)x[0,54);1<i<22, +,
a'13 a'14

ke
o
=
o

iy
©
N
o

O Qv
iy
~
QO QD QD QD
iy
©

<}
N
=
N
N

xn} be the special interval super column matrix pseudo
ring.

Study questions (i) to (viii) of problem 33 for this M.

[a, |a, a, a,|a, a;|
&, | e e e | Ay
53 Letp=d|® |~ = | ||, . [0, 21) x
Qg | oo e e | Ay,
a25 a30
I R [ W

[0, 48) %[0, 32); 1 <i < 36, +, x} be the special interval
super matrix pseudo ring.

Study questions (i) to (viii) of problem 33 for this D.



54.

55.

56.

57.

58.
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a, |a, az|a,|a; a; a
LetR=4|ag | ... .. |..|.. .. a,||ac€l0,48)
VP U R T - P91

x [0, 27); 1 <i < 21, +, x} be the special interval super
matrix pseudo ring.

Study questions (i) to (viii) of problem 33 for this R.

Let M = {RG where R = {[0, 13), +, x}, G = S} be the
special interval group pseudo ring.

(i)  Prove M is non commutative.

(if)  Find idempotents of any in M.

(iii)  Find zero divisors of M.

(iv) Find units of M.

(v) Can M have pseudo subrings which are not pseudo
ideals?

(vi) Can M have finite ideals?

(vii) Characterize those subrings which are not ideals.

(viii) Find any other property associated with this M.

(ixX) Can M be a pseudo principal ideal domain?
(prove your claim).

Let RD,; be the special interval group pseudo ring of D, ;
over the ring R = {[0, 49), x, +}.

Study questions (i) to (ix) of problem 55 for this RD, .
Let RD,; be the special interval group pseudo ring of
D, 1 over the special interval pseudo ring R = {[0, 9) x [0,
24), +, x}.

Study questions (i) to (ix) of problem 55 for this RD; ;.

Let R(D,g x S(3)) be the special interval group semigroup
pseudo ring of the group semigroup D,g x S(3) over the
special interval pseudo ring R = {[0, 29), +, x}.
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59.

60.

61.

62.

63.

64.

Study questions (i) to (ix) of problem 55 for this
R(D2s x S(3)).

Let RS(5) be the special interval semigroup pseudo ring
where R = {[0, 11) x [0, 23) x [0, 28), +, x} and S(5) is
the symmetric semigroup.

Study questions (i) to (ix) of problem 55 for this RS(5).

Let RZy, where R = {[0, 24) x [0, 17), +, x} be the
special interval pseudo ring and Z,, be the semigroup
under x, be the special interval semigroup ring of the
semiring (Z,4, x) over the special interval pseudo ring R.

Study questions (i) to (ix) of problem 55 for this RZy,.

Let M = R(S7 x Dy1,) where R = {[0, 18), x, +} be the
special interval group pseudo ring of S; x D, 1, over R.

Study questions (i) to (ix) of problem 55 for this M.

Let B = R(S(10) x Sy, x D, 11) where R = {[0, 7) x [0, 20)
x [0, 48), +, x} be the special interval pseudo ring. B a
special interval semigroup pseudo ring.

Study questions (i) to (ix) of problem 55 for this B.

Let RD, 1, be the special interval group pseudo ring of the
group D, 1, over the special interval pseudo ring

R ={[0, 12) x [0, 4), +, x}.

Study questions (i) to (ix) of problem 55 for this B.

Let RS(7) be the special interval semigroup pseudo ring
of the symmetric semigroup S(7) over the special interval
pseudo ring R = {[0, 7) x [0, 12) x [0, 15), +, x}.

(i)  Prove RS(7) has zero divisors.



65.

66.

67.

68.
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(i)  Study questions (i) to (ix) of problem 55 for this
RS(7).

Let R(Ss x D,9) be the special interval group pseudo ring
where R = {[0, 5) x [0, 9), +, x} be the interval pseudo
ring.

Study questions (i) to (ix) of problem 55 for this R(Ss x
D2,).

Let B = RS, be the special interval group pseudo ring
where R = {[0, p); p any prime} be the special interval
pseudo ring.

Study questions (i) to (ix) of problem 55 for this B.

Let R[x] = {iaix‘ a; € [0, 13), +, x} be the special
i=0

polynomial interval pseudo ring.

(i)  Can R[x] have zero divisors?

(i)  Can R[x] have units?

(iii) Can R[x] have pseudo ideals?

(iv) Can R[x] have finite pseudo subrings?

(v) Solve p(x) =8x*+4x +3=0.

(vi) Isthe solution to every polynomial in p(x) has
a unique set of roots?

(vii) Characterize those p(x) € R[X] whose derivatives
are constants.

a; € [0, 12), +, x} be the special

Let R[X] = {iaix‘

i=0

polynomial interval pseudo ring.

Study questions (i) to (vii) of problem 67 for this R[x].
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69.

70.

71.

72.

73.

74.

75.

Let Ry [X] = {iaix‘ a; € [0, 13) x [0, 24), +, x} be the

i=0

special polynomial interval pseudo ring.
Study questions (i) to (vii) of problem 67 for this Ry [X].

Compare R,[x] with R[x] in problem 68.

Let R[x] = {iaix‘ a; € [0, 12) x [0, 25) x [0, 37), +, x}

i=0

be the special polynomial interval pseudo ring.

Study questions (i) to (vii) of problem 67 for this R[x].

Let R[X1, X.] = {Zaijxixi; 0<ij< oo + x where

R = [0, 39) x [0, 81)} be the special interval pseudo
polynomial ring.

(i)  Study questions (i) to (vii) of problem 67 for this
R[X1, Xo].
(i)  Compare R[xy, Xo] with R[x] in problem 70.

a e [0, 31) x [0, 23) x [0, 43), +, x}

i=0

Let R[x] = {iaix‘

be the special polynomial interval pseudo polynomial
ring.

Study questions (i) to (vii) of problem 67 for this R[x].

Find a C-program for finding roots of polynomials in
special interval polynomial pseudo ring.

Find some innovative application of these new
polynomial pseudo rings.

Find some special features enjoyed by these pseudo rings.
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