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Abstract

This review aims to show the Light cone gauge quantization of strings. It is divided
up into three parts. The first consists of an introduction to bosonic and superstring
theories and a brief discussion of Type II superstring theories. The second part deals
with different configurations of D-branes, their charges and tachyon condensation. The
third part contains the compactification of an extra dimension, the dual picture of
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dimensions there is a unique M-Theory under these dualities, the different superstring

theoies are the same underlying M-Theory.
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INTRODUCTION

General relativity and quantum mechanics were the two major breakthroughs that
revolutionized theoretical physics in the twentieth century. General relativity gives
the idea to understand of the large-scale expansion of the Universe and gives a small
correction to the predictions of Newtonian gravity for the motion of planets and the
deflection of light rays, and it predicts the existence of gravitational radiation and black
holes. It describes the gravitational force in terms of the curvature of spacetime which
has fundamentally changed our view of space and time i.e. they are now viewed as
dynamical [1].

Quantum mechanics, on the other hand, is the essential tool for understanding the sub
atomic particles and microscopic physics. The evidence continues to build that it is
an exact property of Nature [2]. The fundamental law of Nature is surely incomplete
until general relativity and quantum mechanics are successfully reconciled and unified.
String theory is a candidate which resolves this problem and a straightforward attempt
to combine the General relativity and Quantum mechanics. String theory is based on
the idea that particles are not point-like, but rather tiny loops (i.e. closed strings)
or (open) pieces of string i.e. the O-dimensional point particle is replaced by a 1-

dimensional string [3]. This assumption leads to some features which are



General features

Even though string theory is not yet fully formulated, and we cannot yet understand the
detailed description of how the standard model of elementary particles should emerge
at low energies, or how the Universe originated, there are some general features of the

theory that have been well understood.

Vibrating string

String theory predicts that all objects in our universe are composed of Vibrating strings
and different vibrational modes of the strings represent different kinds of particles. Since
there is just one type of string, and all particles arise from string vibrations, all particles

are naturally incorporated into a single theory [3].

Gravity

String theory attempts to reconcile the General relativity and Quantum mechanics.
One of the vibrational modes of strings is the graviton particle, the quantum version of

the gravity, so string theory has the remarkable property of predicting gravity [3].

Unification of forces
There are four fundamental forces that had been recognized to exist in nature.
1. Electromagnetic force
2. Weak force
3. Strong force
4. Gravitational force

As the quantum version of electromagnetism describes the photon (a massless particle)

and its interactions with charged particles, while the Yang-Mills theory describes W



and Z bosons and gluons (the mediators of the weak and the strong nuclear forces)
and their interactions. All of these theories make a single theory named the Standard
Model of particle interactions, which is a gauge theory. The Standard Model of particle
physics does not include the graviton particle and its interactions. The graviton which
has spin 2 can not be described by the gauge theory. Since the standard model is
believed to incomplete due to it does not incorporate the gravity forces. String theory
is currently the most promising candidate to unify all the fundamental forces. This is

a general feature of the string theory [3].

Yang-Mills gauge theory

Standard model of particle physics describe the elementary particles in nature. It
reconciles the special relativity and Quantum mechanics [4]. And is based on Yang-

Mills theory having the gauge group
SU(3) x SU(2) x U(1)

However it has some shortcomings. It does not include Gravity and it has about 20
parameters that cannot be calculated and we use them as an input. While string
theory predicts the gravity as well as describe all the elementary particles and has one
parameter, the string length. Its value is roughly equal to the typical size of strings.
Yang-Mills gauge theories arise very naturally in string theory. However, it is not yet

fully understood why the gauge group
SU(3) x SU(2) x U(1)

Of the standard model with three generations of quarks and leptons should be singled

out in nature [5, 6].

Supersymmetry

A supersymmetry is a symmetry which relates bosons and fermions. There exists a non

supersymmetric bosonic string theory which is an unrealistic theory due to the lack



of fermions. In the order to get a realistic string theory which explains the beauty of
nature, we need a supersymmetry. Hence supersymmetry is a general feature of string

theory [3].

Extra dimensions of space

In quantum field theory, for point particle, we let the dimensions of the spacetime to
be four while superstring theories predict some additional dimensions of the spacetime.
The superstring theories are only able to work in a ten dimensions or eleventh (in some
cases) dimensions of spacetime. To make an ordinary four dimensional space time,
there is a straight forward possibility that is, the additional six or seven dimensions
can be curled up and compactified on an internal manifold having the sufficient small
size, which can not be detectable at the low energies. The idea of an extra dimension
was first introduce by Kaluza and Klein in 1920s. Their aim was to unify the electro-
magnetic force and the gravitational force. The compactification of an extra dimension
can be imagined as, let us consider we have a cylinder having the radius R. when the
cylinder is viewed from a very large distance or equivalently, when the radius of the
cylinder R becomes too small then the two dimensional cylinder will look like a one
dimensional line.

Generalizing this idea by letting the cylinder as a four dimensional spacetime and replac-
ing the short circle of radius R (compact space) by a six or seven dimensional manifold,
hence at large distance or at the low energies, the additional dimensions (compact man-

ifold) can not be visible. These additional dimensions or compact manifold are called

Calabi-Yau manifolds [3].

The size of the strings

Quantum field theory deals the particles as a mathematical zero dimensional point while
in string theory the ordinary point particles are replaced by a one dimensional string.

These one dimensional strings will have a characteristic length scale which is denoted



be and can estimated by the dimensionality analysis. As string theory is a relativistic
quantum theory which also includes the force of gravity, since it must involves the fun-
damental constants speed of light ¢ Planck’s constant %, and the gravitational constant

G From these, we can form a length, called the Planck length

The Planck mass becomes

e\ M2
m, = (EC) — 2176 x 10 %g |,

And similarly the Planck time

B /2
t, = <—G) = 5.301 x 10~ 4|

cd

The Planck length scale is a natural guess for a fundamental string length scale as well
as the characteristic size of compact extra spatial dimensions. At low energies string
can be approximated by the point particle that explains why the quantum field theory
has been successfully in the describing our world. The relativistic quantum gravity
effects can be important on the above three scales of planks length, planks mass and

planks time [3].



BOSONIC STRING THEORY

The bosonic string theory is the simplest string theory that predicts and describes
only a certain set of boson. As the theory does not describe any fermions, so it is an
unrealistic theory but this theory is a natural place to start, because the same techniques
and structures, together with some additional terms are required for analysis of more
realistic theory (super string theories).

String can be regarded as 1-brane moving through a space-time which is a special case
of a p-brane, p-dimensional extended object. Point particle corresponds to O-brane.

Similarly the two dimensional extended object or 2-brane are called membranes.

2.1 The relativistic string action

In quantum field theory, the action for point particle (0-brane) is proportional to the
invariant length of the word-line or particle trajectory. Similarly when we replace the
point particle by 1 dimensional string (1-brane) then the action is proportional to the
proper area of the word-sheet or the area swept out by the string in D dimensional
space-time.

Swa = —T/dA (2.1)

The word-sheet is parameterized by the two coordinates €Y= 7 which is time-like and
&'= o which is space-like. For close string the o will be periodic while for open string

o will be have some finite value [3].



2.1.1 The Nambu-Goto string action

As one-dimensional string having! X¥(7, o) space-time coordinates tracing out a two
dimensional word-sheet. In the order to calculate the area of word-sheet, we will need
a metric. Let &(i = 0,1) denote the word-sheet coordinates and take the metric
g, having the signature ( — ,4,+,.....,+) with p,v =0,1,....,D — 1 , describe the
background geometry in which the string propagates then

oX* 0X"
Mot og

Here £°= 7,¢'= o and the minus sign is used with ds? is for having real time-like

—ds® = g, dX"dX" =g dg'de? = g;;de'de? (2.2)

trajectory. In Minkowski flat space-time g,,= 7,,. The Nambu-Goto action then takes

the form
Sya =T / V/— det g;d*¢ = —T, / \/ (X.X")2 — (X2)(X7?)drdo (2.3)
Here X+ = a{%’ XM = % and by the dimensional analysis T ==2 | T, is the string

tension and we will use natural units in which speed of light is 1

2.1.2 Equation of motions, boundary conditions and D-branes

Let us start from the Nambu-Goto string action which is in the form of lagrangian

Tf Tf o1
— / drL= / dr / doL(X", X' (2.4)
Ti T 0

density

Where L is given as

L(X#, XM) = = T/ (X.X7) — (X)2(x7)2 (2.5)

The equations for the motion of string can be obtained by the action principle.

i oPT  OPT
08 = / dr / dal (6X"P]) + aa (5X“P§)] —oX* (a—” + “)
o T g

1 As we will use the X* for string coordinate while for general space-time we will called z*

(2.6)




Where ) .
XXX — (X)X
fgz‘@ :—n( '> = p) < (2.7)
OXH \/(X.X’)2 — (X)2(X)2
And . .
s OL (X.X’)XH—(X’)QXL
Pl = X —T, (2.8)

VEEX)? — (X)2(x0)2
For §S = 0 we get some conditions (boundary conditions) and equations of motion,

which are, the equations of motion for relativistic string?. (closed or open) are.

oPT OP?
o o " (29)

And the boundary conditions are 3

A) The boundary condition for closed string is, as for the closed string the word-sheet

is like a tube (cylinder type), so their boundary conditions are
XH¥(r,0+2m) = X¥(1,0) (2.10)

B) While the word-sheet of open string is like a sheet, there are two types of boundary
conditions for open string
i) Neumann conditions

Pi(r,0.) =0 (2.11)

ii) Dirichlet conditions

OXH
or

Here o, are the end points of the open string. No momentum flows off the ends of the

(1.00) =0,u#0 (2.12)

String by implying the Neumann conditions while the endpoints are fixed in spacetime
by implying the Dirichlet conditions. When the end points are fixed in space-time this
means that the string is attached with some physical object, which is called D-brane.

While when the Dirichlet conditions are applied to a subset of the d indices (spatial

2For closed string o ~ [0,27].  While for open string o ~ [0, 7]. The length of string is oy

3These are the momentum densities, Pr, P7. While P7 is called momentum conjugate.



dimensions) of X* | i.e. to the indices p+1, . . . ,d, this mean that the endpoints of the
string are restricted to move on a p-dimensional hyper-plane. This higher dimensional
object is called a Dp-brane, where p indicates its dimension and D stands for Dirichlet.
It turns out that these objects should be considered to be dynamical as well [3, 7, 8, 9,
10].

2.2 Constraints and wave equations

As the word-sheet have the two parameters, (7,0) by reparameterization (gauge) of 7
and o of the word-sheet, simply using a class of gauges * which fix the parameterization

(7 and o) of the word-sheet [11] and give the some constraints equations which are
X.X'=0, X4+ X?=0 (2.13)
Both these constraints equations combine to give
(X+X)=0 (2.14)

Using these two constraints equation to simplify the momentum densities P™ and P

which give®

1 . 1
/X”, PoH = ——/X’“ (2.15)
2T 2o

P =

Putting these momentum densities in the equation of motion which is 9, P™* + 0, P7* =
0, we get

Xr— X" =0 (2.16)

So by reparameterization we got the equation of motion just as a wave equation.

4Reparameterization of word-sheet In static gauge (¢ = 7), our solution is not fully explicit so we
use the more general gauges. A class of choices for 7 is n.X(7,0) = Ba/(n.p)T , Where § is equal to
two for open string and one for closed string and "n” is chosen in such a way that (n.p) is conserved.
And the conservation of (n.p) means n.P° = 0 for both closed as well as open strings And similarly
the associated o parameterization gives n.p = %’rn.PT

and o/ is the Regge-slope parameter.

5The string tension T}, is equal to T, = ﬁ»
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2.3 Open string Mode expansions

Let we have a space-filling D-brane for this all the string coordinates X* satisfy the
boundary condition (Neumann) at the end points. And as the solution of a wave
equation can be written in the form of superposition of waves moving to the left and

right on the string.

XH(r, o) = % (F'(r+0) + g"(r — o)) (2.17)

Where f# and g" are the arbitrary functions. As the Neumann boundary conditions

P?"* =0 at the endpoints

OXH
do

=0,atoc=0,7

The Neumann boundary conditions at o = 0 give

oXH 1

(7,0) = 5 (f"(1) = " (1) = 0 (218)

This equation means that the derivative of f#* and g* are same then these two functions
are differ by some constant i.e. g* = f#+4c#, so replacing this and absorbing the constant

into the definition of f#. This give
1
XH¥(r,0) = §(f“(7'+0) + (1 —0)) (2.19)

Now consider boundary conditions at o = 7

oOXH
do

(f"(r+m)— f"(r—7))=0 (2.20)

rm) =5

Since from this equation we see that f* is a periodic with period of 27. so we can write

it in term of Fourier series

fHu) = fI' + Z (a¥ cosnu + bl sinnu) (2.21)

n=1
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Now integrating this equation and then putting the result f*(u) back into equation
(2.17) and simplifying, we get
XH(r,0) = fb + fi't + Z (AL cosnt 4+ B! sinnt) cosno (2.22)
n=1
Now replace the coefficients in above equation (2.22) by new coefficients which have
some simple physical interpretation.
A2

p 1o — =
Al cosnt + Bl sinnt = Z\/ﬁ

Here * denote the complex conjugate and v/2«/ factor is to make the a” dimensionless

(ak*e™ — akie™™T) (2.23)

and the physical interpretation of these new constant and their conjugate is, they
become annihilation and creation operators when considering Quantum field theory
Similarly f{" in equation (2.22) has also a simple physical interpretation which is as

from the momentum conjugate equation

P = /O P do = 2730/ /0 Xtdo = % f (2.24)
This equation tells us that the quantity f!*is proportional to the space-time momentum
which is carried by the string. From above equation (2.24), putting the value of f}" with
the new coefficients equation (2.23) into equation (2.22), then we gets®

) COosS no
NG

In the order to make the simple expression of above equation (2.25), we replace the

XHM(1,0) = af +2d'p'1 — ivV20/ Z (akre™ — ate """ (2.25)
n=1

constant f# = z# and defining’
ab =V2apt | ot = aly/nand o, = a*\/n,n>1

And also o, = (a#)*, using these new coefficients (modes) and simplifying by which
we get

1 )
XH(r,0) = xf + V2 afT + V2 E —ate ™ cosno (2.26)
n
n#0

OIf all the coefficients (oscillators) a/* vanishes, then the equation represents the point particle.
"As a is oscillators while « is mode.
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This is the solution of wave equation and a simple expression for the open string.

Similarly we can get

X' £ X" =20/ ake ) (2.27)

nez

2.4 Closed string Mode expansions

Let us consider the general solution for the wave equation, which is
XH(r,0) = X1 +0)+ Xi(r—0) (2.28)

Where X/ is for left-moving wave while X% is for right-moving wave of the string.
The word-sheet of the closed string is a cylinder, so to describe the closed string, we
need some conditions, as the closed string have no endpoints but having the periodicity
condition.

(1,0) ~ (1,0 + 27) (2.29)

So by this periodicity, we can write
XH*(r,0) = X*(1,0 4+ 2r) for all 7 and o (2.30)
Now let introduce two variables
u=7T+ocandv=7—0

By putting these new variable in equation (2.28), which becomes

XH(r,0) = XP(u) + X2(v) (2.31)

Now by periodicity condition (7,0) ~ (7,0 + 27), the above equation becomes
X (u+27m) — X (u) = XE(v) — Xi(v—2m) (2.32)

From this equation we can say that both X/ (u) and X%(v) are periodic with the period

of 2m. Therefore we can write the mode expansions
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/ ! .
X (u) = % Y atem (2.33)
nez
/ O[/ .
Xgv) = B Z ake™m (2.34)
nez

By integrating these equations, we get

XH(u) = le”+ & bt i 3/5 L qpg-inu (2.35)
LAT gm0 20 2 n " '
n#0

1 o o 1 ,
XE(v) = §x§“ + 1/ 5y + iy / 5 > ~ale " (2.36)
n#0

Now putting these two equations (2.35) and (2.36) into equation (2.32) and solving by
which we get
ap = g (2.37)
Now by using this equality and equations (2.35) and (2.36), we get the equation (2.31)
as
1 d 1 . . )
XH¥(r,0) = §(x0L“ + g™ + V2o a4 i1/ % Z —e ""T(ake™ + ake™™?)  (2.38)
n
n#0

As from the canonical momentum conjugate equation, we can write

2 1 2 2
Pt = Pdo = — Xtdo = [ —ak (2.39)
0 2ra )y o0

/
ol = | 5P (2.40)

This equation (2.40) differs by a factor of two from the corresponding open string
result and also tells the same idea i.e. the quantity af is proportional to the space-time
momentum which is carried by the closed string.

And let xé " and :B(])% ¥ be equal i.e. having one conjugate coordinate zero mode, without
any loss of generality,

Lp _ Ry _ p
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Finally using the above equation then equation (2.38) becomes
! 1 , .
X4(r,0) = o + V2l + iy % 3" —emnT (ke 4 e i) (2.41)
n
n#0

Here we required these two relations for the reality of the above equation

al, = (ap)", o, = (ap)”

As when o = a* then the above equation (for closed string) is equal to equation (2.26)
which is for open string. Since the closed string can be viewed as a two copies of the

open strings. This is a complete mode expansion for a closed string [3, 7].

2.5 Light cone solution and Transverse Virasoro Modes

The light cone solution is, to represents the motion of string by using the light cone
coordinates and this impose a set of conditions which is called light cone gauge. The
light cone gauge is one of the choices among the general gauges. As we know that the

more general gauges

n.X(r,0) =B/ (n.p) 7, n.p= %Tn.PT (2.42)

Where S is equal to two for open string and one for closed string. In the order to select
the light cone gauge, we need to impose the above conditions with a vector n* such

that n.X = X* So

b = (%%00) (2.43)

PO+ pt

Now using this pair of equations (2.44) into equation (2.42), we get

2
X*(r,0) = Ba/P*r , Pt = %P*T (2.45)
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This choice of gauge is called the light cone gauge. Let the transverse coordinates be
denoted as
X' = (X% X°..X9
Here (I = 2,3,...,d). Now using the constraints equation (2.14) and expanding it into
light cone coordinates.
(X+X)=0

= (X£X)(X£X)=0

= 22Xt £ X (X £X) + (X' £XD)? =0 (2.46)

Here we use the dot products of light cone coordinates.

Now using the equation (2.45) and calculating the equation (2.46), we get®

. 11
X +X =———
Bal 2P+

So we have developed the relation between the light cone coordinates and the transverse

(X' £X"? (2.47)

coordinates. And the mode expansions for open string (5 = 2) in the term of light cone

coordinates are

1 )
X!(1,0) = b +V2a/ahT 4+ ivV20/ Z —ale ™ cosno (2.48)
n
n#0

And as our gauge conditions give
X*t(r,0) =2d'PTr =V2afT (2.49)

With position zero mode and oscillators for the X are

+ _ + + _ _
g =0,q, =a’, =0,n=1,2,...,00

Similarly

8We assume that P+ =# 0, the vanishing of P+ means that a massless particle moving in the

negative z' direction. While P * certainly satisfied P+ > 0.
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1 .
X (1,0) =x5 + V2&lag T+ iV2/ Z —a, e " cosno (2.50)
n#0 n
These are the complete set of mode expansions in light cone coordinate [12]. Now using

equation (2.27) with 4 = — and p = [, then we get

X"£ X" =V2a' ) a et (2.51)

nez

+ X — \/_Zal —in(t+o) (252)
nez
Now putting these two equations (2.51) and (2.52) into equation (2.47), by simplifying

we get

a, = ———— g a,_ 2.53)
n I n—p“p (
2P* 20/ =

From above equation (2.53)? , we have the explicit expression for the minus oscillators

«,, in the term of transverse oscillators o!,. This represents the full solutions [3, 11].

From the above equation (2.53), the right side has given a special type name, which is

the Transverse Virasoro mode L,

1
20/a; = P"'Ll L= Za;_pag (2.54)

pEZ
Now by using the equation (2.53) and the equation which we defined earlier that is

al =+/2a/p" | then we get

1 -
aL& =2PtP (2.55)
Now using the value of «,, from equation (2.54) then equation (2.51) and (2.47) are
written
. 1 . 1 .
- — 1 _—in(tto) _ l 1\2
X +X =57 E Lye _40/P+(X + X") (2.56)

nez

9A critical string only have transverse excitations, just like for a massless particle only has transverse

polarization states.
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Similarly for closed string (5 = 1) since the equation (2.47) becomes

. 1 1 .
X +£X" = —5pT (XM 4+ X2 (2.57)

And as like equation (2.56) we can also write for closed strings

. 1 . _ .
(X' 4+ X™")? = 40/ (5 > a;a;_p) e ") = 40/ Y " Lye ) (2.58)

nez

. 1 . .
(X' = X")? =40 ) (5 > a;a;_p> e ") =40/ Y " Lye ) (2.59)

nez pEZ nez

So we define the Verasoro mode for closed string

1 1
1 ~1 =1 1 L1l
Li=5 > akal ., Li = 5 > akdd, (2.60)

pEZ pEZ

Now using equations (2.58), (2.59) and equations (2.57), (2.41) we can easily finds

_ 2 2
QOélOén = ELn y QOé/Oén = ELn (261)

From this equation (2.61) we cal also write
_— L1 Z 1l
(8% = (8% (8
n + /5 n—p-p
2P 2 pEZ

And for n = 0 then a; = @, for equation (2.61), then, we have

Ly =Ly (2.62)

This equality is called level-matching and it means that one in the terms of right-moving
oscillators and one in terms of left-moving oscillators are equal as level matching.

In the quantum theory level matching implies that the states of right-moving excitations
of a string are equal to the states of its left-moving excitations [12]. We will explain

this later.
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2.6 Quantization and Commutations relations

In the order to quantize our classical results we need to replace the Poisson brackets
by commutation relations and the fields by operators and then will solve the Virasoro
constraint equations, and will describe our theory in a Fock space that describes the
physical degrees of freedom [13]. Before we have written the classical equations of
motion in the light cone gauge. Now we will use (to quantization) the results of our
light cone analysis of the classical relativistic strings. Our Hamiltonian for open strings,
as we have X1 = 2a/p*7 so from this we can write 9, = 2a/p*tdx+ and in addition, as

p~ generates X translations so from this we can write Hamiltonian as
H =2d'ptp~
For quantization and commutation relations, we will start from a set of operators.
(X'(1,0) , 2y , P"(1,0), PT(1)) (2.63)

From this, we have the full set of basic operators of string theory because the above list
has the collection of all zero modes plus the infinite set of the annihilation and creation
operators [3]. First we will deal the open string and assume the space-filling D-brane.

Let postulate some commutation relations from the above set of operators

[Xl (1,0), P (T, J')] = in(o — o) (2.64)

And
(x5, PT] = —i (2.65)

And all the other commutation relations are equal to zero i.e.
[XZ(T, o), X (r, 0')} =0, [PTZ(T, o), P (r, 0')} =0
[xa,Xl(T, 0)] =0, [xg, P7Y(r, 0)} =0

[Pt X'(1,0)] =0, [P, P(1,0)] =0 (2.66)
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From the commutation relation in equation (2.64) we can also write as

[XI(T, o), Xi(r, a'ﬂ = i2ra' (0 — o) (2.67)

Similarly the other commutation relations from the above relations are

[X,Z(T, o), X(r, 0')} = i27ro/77lj%5(0 — o) (2.68)
[XI(T, U),Xj(T, UI)] =0, [XIZ(T, o), X" (r, UI)] =0 (2.69)

Now by solving these equations we get
[(Xl + X" (1,0), (X7 + X")(r, a’)] = idman —6(c — ) (2.70)
o

This commutation relation in equation (2.70) is useful to write down the commutation
relations for the oscillators. The classical modes o', will become the quantum operators
with a nontrivial commutation relation. For commutation relation of oscillators, let

recall the equation (2.27), we can write

(X'+ X")(r,0) = V22 Y ale ™) g€ [0,7] (2.71)
nez

(X' = X")(r,—0) = V20' Y " ahe ™) g€ [, 0] (2.72)
nez

Now let define an operator A'(7, o)
Al(r,0) = V2 Z ol em™r) Al o 4 21) = Al(T, 0) (2.73)
nez

The periodicity is due to the definition of A!(7, ) and from this definition we can write

(X'+ X")(r,0), 0 €[0,7]
Al(r,0) = . (2.74)
(X' = X" (1, —0), o € [-m,0].
So from this set of equation (2.74), there are four possibilities of commutation relations,

we can summarized as
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. d
[Al(1,0), A (1,0")] = 47Ta'77l]d—5(0 —d'), 0,0 €[-m 7] (2.75)
o
Now solving this equation (2.75) by using equation (2.73), we find
[ 0] = m 7780 (2.76)

This shows the commutation relation between the o modes and also o) commutes with
others oscillators and these are equivalent to an infinite set of annihilation and creation

operators. To see this let start from our defining oscillators i.e.
o =a\/n, o, =a"n,n>1 (2.77)

As both (a, ) are classical variables and now they become operators. As those classical
variables which are complex conjugate of each other will now become the Hermitian

operators in quantum theory i.e. the operators 336 and p' are Hermitian as
(26)" = x5, ()T =1’ (2.78)
Similarly the above oscillators and modes are now operators and we will take these like
Il dal =gt >
o, = a,\/n an a_n—an\/ﬁ,n_l

From this we have

(Y=d' ,nez (2.79)

n —-n )

From these conditions we can replace equation (2.76) as

[o/ ozj_n} =m0 , [al aﬂ] = G’ (2.80)

m? m?n

And similarly

o, 03] = 0, [alh, 2] =0

These commutation relations shows (a'l, a! ) satisfy the commutation relations of canon-

m? 'm

ical creation and annihilation operators of the quantum simple harmonic oscillator. So
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l

! are annihilation operators while o'

from this, we have « are creation operators for

n

n > 1. Using these Hermiticity conditions (2.78) and (2.79) we can write
(X'(r,0))' = X'(7,0)

Now to find the commutation relation between o, and z!, for this as af = v/2a/P' and

using equation (2.64) and by simplification we get
25, P] =i (2.81)

By quantization, replacing the classical variables to operators, our mode expansion then

become

) COS nNo
NG

Here replace the @ modes by corresponding oscillators. And this is in the term of

X'(r,0) =z} + 2a/p'T + iV2a/ Z (alte™™ — alle™ (2.82)
n=1

annihilation and creation operators, expansion of the coordinate operator. Similarly
now quantize the closed string, the Poisson brackets will be replaced by commutation
relations and the classical variables by quantum operators. For commutation relations,
as the operators content of closed strings can be treated as the two commuting copies
the open string operators i.e. left moving and right moving. Similarly we can use the
almost same techniques to derive the commutation relations for closed strings. The

commutations relations for closed strings are
AT — lj A lj
|:Oém, O[n] =mmn 5m+n,07 [Oém, Oén} =mmn 6m+n,0

[aﬁna Odz] = 07 [aﬁna O_é:/]j} = m,nnlj

A I lj_~ljgl lfj_<ljﬁ/
(20, p'] = in" — [zf,a}] = in > x5, &3] = in 5 (2.83)

Our Hamiltonian for closed strings in light cone coordinates is, as we know from our

light cone gauge, as p~ generates X' translation and also we have X = o/p*7 so from
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this we can write 9, = o/p*tdx+ , so our Hamiltonian will be
H=dpp

There is only the factor of two in the open strings and closed strings Hamiltonian due

to the value of 3, which is two for open string while one for closed string [3, 14].

2.7 Transverse Verasoro operators

As before we have write down the classical solution of motion of both open and closed
strings in light cone coordinates and then we solved for X~ in the term of transverse
coordinates by using the constraints equation (2.47) i.e. a, the in the term of a!, modes
as shown (for open string) in equation (2.53) so
- Loy o1 ol
2000y = 5Ly, Ly =5 > alal (2.84)
pEZ

Where [ (repeated index) is summed over transverse light cone direction. As before L+
were transverse Virasoro modes but now it is called transverse Virasoro operators due
to the modes become operators. As the two « operators (inL:) fail to commute for
n =0, so Ly is the only operator which needs a Normal Ordering. From the definition

of Li as

1
Ly =5 a0, (2.85)

pEZ

Ly Iy Iy
= 5040040 + 5 Z a_ 0, + 5 Z apa,
p=1 p=1
Since the last term is not Normal Ordered, taking the last term and making it as a

normal order by using the commutation relation, such that

%Z ozi,al_p:%z o/_pozi,—i-%(D—Q) Zp

p=1 p=1 p=1
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So La then become
I NIV UV AN | S
Ly = %% + Z a’ o, + E(D —2) Zp (2.86)
p=1 p=1

And also from the definition of Ly (with normal ordering constant a ) in the term of

p~ is as

20'P~ = % (Ly +a) (2.87)

From equation (2.86) and (2.87), we can say that

a= %(D -2)> p (2.88)

p=1

By Zeta function we find the value of > p and so

p=1
Lp_9 (2.89)
a=—-—(D - :
24
The Normal order Lg is then become
- 1
Ly =o'+ ) ol o), — 5 (D=2) (2.90)
p=1

This is all about the open string transverse Virasoro operators. Similarly for closed

strings, the transverse Virasoro operators are

1 1
20, = EL#, 1= 2 ail_paé
peEZ
) =— 1 7L 71 _ 1 ~1 —1
20 O[n = ELR, Ln = 5 Ozn_pO{p (291)
peZ

With (Lg)t = L, (L) = L, and (L)T = LL, due to (ol)T = ', and (al)l = al .

Similarly we have (o;;)" = aZ,. As we shown that o/, and ol commutes only when

(m —+n) equal to zero but the case is totally change for «a;, i.e. two Virasoro operators

Lt and L never commute for (m # n) . Now to find the commutation relations for
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Virasoro operators lets begin from the commutation relation of Virasoro operator and

oscillator, which is

. 1 .
(L] = 5 2 [anp0, ]

So we find
(Lt 03] = —nal,, 292

This commutation relation is also valid for m = 0 . Similarly

(Lo, zh] = —iv2a/al (2.93)

m

Now let us consider the two Virasoro operators L: and L}, and the commutation

n

relation between them is not quit easy. So let the sum split as
I ! p 1 Il
Ly, = B Z L Z QO
k>0 k<0
We made the above L} as normal ordered for any value of m. So we can now evaluate
the commutation relation like

(L, 1) = 5 3 [oh gl L] + 5 foholy o L]

k>0 k<0

Now evaluating then we get

(L L) = 53 (= Kol g0k + 5 3 (m — Kadal,,

k>0 k<0
1 1
+ 5 Z kainfkagwrn + 5 Z kgéﬂrnafnfk (294)
k>0 k<0

Here we have now deal with two different cases m—+n # 0, m+n=0and . lf m+n # 0
, the two in each term commute then their order is irrelevant so in that case, we will
switch the order in the last two terms of equation (2.94) and then replace the variable

k by k£ —n. So we get

(Lo L] =(m—n)Ly,, ,m+n#0 (2.95)
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A mathematical set of operators L with n € Z, satisfying the above equation (2.95)
defines the Lie algebra. This algebra is called the Witt algebra or the Virasoro algebra
without central extension. Now the second case m +n = 0, let n = —m in equation
(2.94) then an extra contribution arises due to insisting the normal order. Such that

[L;,L#]:%Z(m k)a ab + = Zm k)akal ,

k=0 k<0

|
KO 0+ 5 D KOk 0 (2.96)
k=0 k<0

For normal ordering, let replace k — —Fk in the second terms, & — m + k in the 3rd
terms, and £ — m — k in the last terms

[LTL,L,Lﬂ:%Z(m k)a! koz+ Zm—Hf a

k=0

£33 (m+Ral jalt ]'E:(m kol al (2.97)

k—fm k=m+1

Let assume that m > 0, (this argument goes the same way as in the other case) by
this all the terms are now normal ordered except the 3rd term for which —m < k < 0.
Splitting the summation of 3rd term in above equation (2.97) and then simplifying, we

get

1 o0
(14,14 = 23" (m = Kol o + 5 Z (m+ K)ol + (D —2)A(m)  (2.98)
k=0 k 1

Where A(m) is

1 & I J N,
(m)=5 > k(m—k)=gmy k-5 k (2.99)
k=0 k=1 k=1
By using the Mathematical induction and Zeta functions. We get

A(m) = i(7713 —m) (2.100)
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Now putting the value of A(m) from equation (2.100) into equation (2.98) and solving,
we find

1
Ly] =2m Ly + —(D — 2)(m* —m)

i
[L 12

m?

This completes the commutation relation of Virasoro operators for m +n = 0. Now

generalizing these two cases, we get

1
(Lo L] =2m L, .. + 1—2(D —2)(m® — m)mino (2.101)

The second term of right-hand side of the above equation (2.101) is called the central
extension and a mathematical set of operators L} with n € Z, which satisfying the
above equation (2.101) defines the centrally extended Virasoro algebra. As the term is
said to be central because it is a constant and commute with all other operators in the

algebra. There is no central term for m = 0 and m = +£1.

= - P pr oo “,:'“ a- X
(0] 0 —i0d 0 —ipd fpt —id¥),, —i (1'1{',/';)_
0 0 0 i —ip~ /p* 0 —dar
1o 0 0 0 (0 0 0
0 = 0 0 0 0 0
iptfpt | o /ot 0 0 0 mat fpT mag /p*
al 1643, 0 0 0| —nal/pT| md¥é,.. |-nal../p
a; ol fpt L ean fpT 0 0 | —nay/p7| mal /0" o
Y
% = = i L o+ (‘Ul;z m(m? — 1) + 2a m) J"’+’,'
P [

These are the complete commutation relations, here ¢, j are the transverse indices.

Closed strings Virasoro operators and their commutation relations have the same tech-

niques as we have done for open strings [12, 15].
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2.8 Lorentz generators and critical dimensions

Lorentz invariance of a string action allows us to find a set of conserve word sheet

[0

currents, My, and the resulting word-sheet charges M, for open strings with o € 0, 7],

are

M,, = / M (r,0)do = / (X, P} — X,P)do (2.102)
0 0
Now putting the value of P} from equation (2.15) so we get

™

1 ) )
: / (X, X, — X, X,)do (2.103)

v pr—
K 2mal

0

Now using the explicit mode expansion for and from equation (2.26), by simplifying we

get
00 1
M/.Ll/: Hov Vg e v _ ¥ H 2104
ToP LoP ¢ n§:1 nafnan Oé_nOén) ( )

where the 1st two terms are due to orbital angular momentum while the summation
terms are due to the angular momentum due to excited oscillator modes [12]. This
equation (2.104) is the classical Lorentz generators of open strings in the terms of

oscillators. Similarly for closed strings, the Lorentz generator becomes

o0

1 1
MMV — gV Vi Z(o" o —a¥ ot —i —a", a’ —a” a* 2.105
= ahp” —xppt —1i ng_l n(otnan a” ol —i E ~al,ay, — a%,a ) ( )

—n“n —n*“'n
n=1

M~ is the most delicate quantum Lorentz generators in light cone gauge because, X ~
coordinate is a non-trivial function of the transverse coordinates X' and a consistent
M~" should be generates the Lorentz transformations on the strings coordinates. As
Lorentz algebra is not generally reproduces by generators , M*” which implies that the

theory is not Lorentz invariant, so to make it invariant, we should!®

(M~ M7 =0 (2.106)

10As for point particle [J#, J”] = 0, as J is the Lorentz generator for point particle.
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Since from above equation (2.104), we have

o0

1
M=~ gt —abp —i Zna ol —at o) (2.107)

-_n-n

As we know that the Lorentz generators should be Hermitian and normal ordered but

as from equation (2.107) we write
(M) £

So making it Hermitian by writing 5(zhp~ + p~a}) instead of zhp~, we find

1 — 1
M=~z p! —§(x0p +pab) —i Z— (a”,al, —a' o) (2.108)

Now it’s fully Hermitian and it’s also normal ordered because of o~ are normal ordered.
To make it complete Lorentz generator, we should put the definition of P~ and a~ from

equation (2.87) and (2.84), so our Lorentz charge M~ becomes

8

—_

(ah(LE + a) + (LE + a)a ' o, L)

3

(2.109)
The above equation (2.109) is our Lorentz charges in light cone gauge, in the order
to make it Lorentz invariant, we should calculate the above commutation relation in

equation (2.106) and then simplifying, we got

(M= M ap+2 Z —a', al) (2.110)

With A,, which is

A, = { [1-%@ 2)} 1{214(9—2)%” (2.111)

As for Lorentz invariance, the above equation (2.110) should be equal to zero, so this

means

1 1 /1
l——(D-2))+—(—(D—2 _ 7+
m( 24( ))—i— (24( )+&) 0,V me
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By solving this we get

D =26
And a = —1. This shows that the relativistic strings can be properly quantized in the
flat Minkowski space if the number of space-time dimensions is 26 [3, 13, 16, 17, 18].
A similar calculation can fix the dimensionality of space time to the value D = 10 in

super strings.

2.9 State space and mass spectrum

The mass of relativistic string (that perform an arbitrary motion) can be calculated

from the mass operators, which is the relativistic equation in light cone coordinates, as

M2 — _p2 — 2p+p— _plpl

Now writing the mass operator in the term of Virasoro operators (open strings), as from
equation (2.55) putting the value of 2p™p~ | with normal ordering constant (a = —1)

we find

1 [e.e]
M? = — (-1 +) m%;) (2.112)
«
n=1

As the sum inside the bracket in the Number operator, like
Nt =Y nalld, (2.113)
n=1
So the mass operator then becomes

1
M? = J(_l + N1 (2.114)
And we can easily calculate the commutation relations of number operator with oscil-
lators, which are

[Nﬂaﬁ” = nall [NL,aln] = —nd, (2.115)

n
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Now let us define our ground state of quantum strings. We have started the quantization
from our basic operators as in equation (2.63) and from this we have canonical pairs
(2}, p") and (z5,p") so we can define the ground state from this pairs, as it is usually

convenience to work in momentum space so the ground states is

p*,0r) (2.116)

These are the ground states of string for all values of momenta indicated by the labels
and also called the vacuum states for oscillators in string theory. We can create states
from the ground states by simply acting the creation operator on the ground states. As
we have an infinite numbers of creations operator, for which we can write the general

basis state |\) of the state space, so

HH " pt,pr) (2.117)

Here )\, is the positive integer and is define as the number of times that a!l (creation
operators) appears. And as the number operator acts on the basis state, so their Eigen

value will be

oo 25
Nt [A) =Ny A, with Ny = [T []nAea
n=1 =2
Similarly for closed strings, the states becomes
oo 25 o]
AN =TTTT () S it ) < [ H oﬂT ™ ot ) (2.118)
n=11=2 m=1 j=2
And the number operators are
Z nallal And N+ = Z mallal, (2.119)

From the zero modes of transverse Virasoro operators, the level matching condition is
N+t = N1, Some of states and the mass spectrum of both open and closed strings are

given in the below tables.
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List of some open string states

List of some closed string states

Since from the closed string spectrum, we get a particle named graviton which shows

that the gravity emerge into string theory [3].



SUPERSTRINGS

The bosonic string theory has some unsatisfactory features, like the spectrum of the
closed-string contains a tachyon particle. Open strings spectrum also contains tachyons
which are unphysical because of implying instability of the vacuum. As the eliminations
of the open string tachyons has been well understood in the term of D-branes’s decay,
while, the closed-strings tachyon has not been understood yet [7].

And also the spectrum of the open as well as closed strings does not contain fermions.
With out fermions, the theory is unrealistic. To make a realistic theory which describes
the nature and all particles (Bosons and Fermions), we required a supersymmetry, which
relates the bosons and fermions, and the resultant theory is called superstring theory.

There are two basic approaches to develop the super string theories [3].

1. The Ramond-Neveu-Schwarz (RNS) formalism, which is the supersymmetric on

the string world sheet.

2. The Green-Schwarz (GS) formalism, which is supersymmetric in ten-dimensional

Minkowski space-time.

These approaches are equivalent at least for ten-dimensional Minkowski spacetime. This
chapter will describe the RNS formalism.

This version of string theory will be constructed along the same line as for the bosonic
theory i.e. we will consider the classical action, the solutions to the equation of motion
and their mode expansions and then we will apply the canonical and light cone gauge

quantization procedures [19].

32
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3.1 The super string Action

To get fermions in our theory we introduce a new dynamical world-sheet variables
Y(7,0) , and ¥4 (7, 0) as like for bosons the dynamical word-sheet variable is X* (7, o).
These classical variables are ¥*(7,0) with (o = 1,2) are anti-commuting variables,
rather than commuting variables.

In light cone gauge we set X proportional to 7 and X~ was solved for, in terms of
other quantities. While in the case of superstrings, this remains the same but in addi-
tionally the light cone gauge condition also set ¢¥7 = 0 and then allow us to solve for
v . As X~ and v, both gets contributions from transverse X' and 1!, So this means
that both contributes into the light cone Lorentz Generator M~! | And from this we
can fixed the space time dimensions, which is D = 10 for super string.

Now let us start from the classical action that describes the full set of degree of freedom.
As we will use the light cone gauge which concern with transverse field, so we can write

the action in the term of transverse field

T

/ dr / do(X'X" = X"X") + Sy (3.1)
0

S

4o’

With

Sy= L / ar / dor [04(0, + 00k + b (Dy — Do) (3.2)

- 2m
0
Here Sy action is the Dirac action for fermions, which live in the two dimension world-

sheet [7, 20].

3.1.1 Equations of motion and Boundary conditions

In the order to find the equations of motion and the boundary conditions, we will vary

the fields ¥# in action Sy. So we have

1 ™
0Sy = o /dT/dJ [(51/}1(67 + aa)djll + wll(aT + aa)&z]ll
0
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+ 6¢é(aT - 8a>1/}l2 + wé(aT - 30)5%} (33)
By simplifying we can get the equations of motion and the boundary conditions, as

0S5y = 0 which gives the equations of motion
(0r + 0, )Y, =0, (0y — 0p) by =0 (3.4)

This implies that ! is the right moving while 1} is left moving such as
Q/Ji (Tv U) = ¢11(T - U)
Uy(1,0) = Py + 0) (3.5)

Similarly from S, = 0, the boundary conditions becomes

1/}11 (7-7 U*)5¢l1 (7_7 O*) - ¢é<7—7 U*)(Swé(ﬂ 0*) =0 (36>

This should hold for both the end points, o, = 0 and o, = 7 for all 7. As from above
equation (3.6) we can also write (7, 0,) = & ¥4(7, 0,) for each end point and by this,

with out loss of generality, we take

Yi(7,0) = Uy(7,0) (3.7)

And the relative sign between 1! and 1} become important for other end of string. So
we have

Yi(r,m) = £y (7, 7) (3.8)
Let we have a fermion field, ¢! which is define over an interval ¢ € [—m, 7] then the

boundary conditions can be written as

Yh(r,0) o €0,
H=d (3.9)
Yy(r, —0) o € [-,0].
And finally, from the relative sign, we have the two conditions i.e. periodic and anti

periodic fermions . which are

Y1, ) = +H (1, —71) (3.10)
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Y, m) = —!(r, =) (3.11)
These are the two sectors or boundary conditions for fermion field and we will call

them, Ramond (R) sector for periodic as in equation (3.10) and Neveu Schwarz (NS)

sector for anti periodic fermion 1! as in equation (3.11).

3.2 Neveu Schwarz sector

As Neveu Schwarz fermion is the function of 7 — ¢ and has changed the sign when
o — o + 2w, so the mode expansion can be written as

P ro) ~ Y Be ) (3.12)

r€Z+1/2
Here ¢ is an anti periodic, for any r = n + % with n is an integer.
As ¢! is an anti commuting ‘field which means that the expansion coefficients bl will be
then anti commuting operators, and for the negatively r like b 12 5 b 3/2 b 5/2 55 A€
the creation operators, while for positively like b} /20 bl /20 bl Ja s> are the annihilation

operators. And these operators will also satisfy the anti commuting relation, like

{bL,0]} = 0r450 07 (3.13)

Similarly these operators will act on the ground or vacuum which we called Neveu

Schwarz vacuum or simply |[NS). And the states in the Neveu Schwarz sectors are

M= ] H(a5n>xn,ln I[I @) NSy @ [pt.ir) (3.14)

This is the full ground state which is in the product, ® of the ground state |p™, pr) for
ol and |NS) for b’ operators.

For the NS sector the mass squared operator with out normal ordering, is given by

:ai Zafpapju— S i (3.15)

p;éO reZ+1/2
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Now to find the normal ordering constant, we use the same procedure as we have done
for Bosonic string theory. As for bosonic oscillators, o! each coordinate contribute —2 1

to the normal ordering constant, ” a ”. So we take this as

1
="

Similarly for NS sector fermions the contribution term in mass squared operator M?

will be

% > rbl_rbﬁ,:% oot (D=2 Y r (3.16)

r=—1/2,-3/2,.. r=1/2,3/2,.. reZ++1/2
And as
oo
dor=D_ r+ ), = ZH?ZT
r=1 rezt, r€EZY on rez},

From this we write

> %Z r= (3.17)

reZ;idH/z r=1

So the above equation (3.16) then becomes
L > = 1 > bbb - 1(D—2) (3.18)
2 T 2 T 48 .
r=—1/2,-3/2,.. r=1/2,3/2,..
above equation (3.18) gives the idea that the contribution term for NS fermions is

1
aNs = ——5

48

And the full normal ordering constant for M? is written as

1

a= (D —-2)(ag+ans) = —(D—Q)E (3.19)

For D = 10 then from above equation (3.19), a = —% and hence the mass squared
operator becomes

1/ 1 -
2 1 - i 1ol I gl
M~ = = (—5 + N ) , with N=— = Zoz_pap + Z rb_.b; (3.20)
p=1 r=1/2,3/2,..



37

As the fermionic oscillators are contributing half integers N+ to so by this we get some

of the first few states in this NS sector are as

1 —
a/M2:_§7Nl:(): INS) ® |P+7PT>

1 —
o M2 =0 : Nt = 5 : bl_1/2 INS) ® |p+7PT>

1 j =

3 ; ; o
o' M? =1 ) N+t = 3 : {O‘lflb]_1/27 bl—3/27 blfl/QbJ_1/2blil/2} INS) ® }p+7pT> (3.21)

The ground state (N+ = 0) of the NS sector is a tachyon. The first excited states

(N+ = 1) are massless and are eight states labeled by transverse index .

2
As from this list we have both boson as well as fermions. As from above list (3.21)
States which have an even fermion number are bosonic while odd fermion number are
fermionic. So let us define an operator which distinguishes bosons and fermions from
one another. This operator will be called as (—1)* |, where F stand for fermion number.

The operator has plus one value on the bosonic state while minus one value for fermionic

state. The fermions ground state is then written as
(-DTINS) ® [p*,pr)=—INS) @ |p*,pr) (3.22)
Similarly the operator (—1)f" acts on the state, as in equation (3.14)
(=1 Ay = —(=)=m 79 |X) (3.23)

Hence this result allow us to take (—1)¥ operator as an anti commuting with all other
fermionic operators, like

{(=D"p} =0 (3.24)

The fermionic or bosonic character of the states is so far restricted to the (7, 0) world-

sheet [7, 21]. We will discuss later that these states are fermions or bosons in spacetime.
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3.3 Ramond sector

Now the Ramond boundary conditions (3.10) in which field ¢! is a periodic and can be
expanded in the terms of oscillators

Y ro) ~ ) de ) (3.25)

nez

As ¢! is an anti commuting, so the Ramond oscillators d!, will be also anti commuting
operators. And the negatively like d' |, d",,d" 5 ,..., are the creation operators, while
for positively like d',db, d4 ..., are the annihilation operators. Similarly the Ramond

oscillators d! will satisfy the anti commutation relations

{d,,,d} = 6pind'? (3.26)

m?n

As from this (3.26) the zero modes, d, should be treated with care. It turns out the
idea that these eight operators will have to organize by the simple linear combination
of the four creation and four annihilation operators. Let us we have the four creation

operators out of these eight operators

€1,62,83,& (3.27)

As being the zero modes, these creation operators will act with out changing the mass
squared state. Let we have a vacuum |0), since the creation operators in (3.27) can
give the 2* degenerate Ramond ground states. Since we have total 16 ground states in
which eight of them will have an even number of £s acting on |0), while the other eight
will have an odd number of &s acting on |0). Let the eight states which have an even

number of creation operators is |R,) with a = 1,2, ..., 8 then

0},
[Ra) + { &&210), &8 10), E16410) , &85 |0) , £6410) , &34 [0) (3.28)
1626384 |0) .
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Similarly the other eight states which have an odd number of creation operators is | R;)
with @ = 1,2, ...,8 then

0),&10),&10), &0,
R - £110),6210),€310) , &4 10) (3.20)

§1£2€310) , §18284 [0) , £1€3€4|0) , §28384 [0) -
Hence |R,)and |R;) states makes the complete set of the degenerate Ramond ground
states and can be denoted as |R4) with A = 1,2,...,16 . The state space of Ramond

sector can be written as

[e.o]

M= 1 eI I1 @ iry © ra) (330

1=2 J=2 r=1/2,3/2

Just like as in NS sector, the Ramond sector has also an operator,(—1)¥ which is anti

commuting with all the other fermionic oscillators, including the zero modes
{(=DF.d,} =0 (3.31)
Conventionally, we declare |0) to be fermionic, like
(=1)"10) = —10) (3.32)

The operator gives the idea that (—1)% states are fermionic while | R, ) states are bosonic.
In the R sector |R;), the mass squared operator without normal ordering can be written

as

1 (1 1
2 _ Lo 1
M* = o (5 E al o, + 3 E nd_ndn> (3.33)

p#0 nez

Similarly for R sector, the contribution term in M? is
! > nd I > nd dl+i(D—2) (3.34)
2 n=-—1,—2 o 2 n=1,2 o 24 .

Since the above equation (3.34) gives the idea that the contribution term for R fermions

1S
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Hence the contribution term for R sector ag is equal (with opposite sign) to the contri-
bution term for bosonic ag. So the total normal ordering constant becomes zero, thus
we can write the mass squared operators as

2L > (o0l +nd,d.) (3.35)

/
n>1

This implies that the Ramond ground states are massless and some of few excited states

in this R sector are as

/M2 =0 |R,) | |Ra)

o'M* =1 ol |Ry).d"y|Ra) |l o'y [Ra),dy |Ra)

o' M? =2 al_yal_104]f1adl—1d];1 [Ra) s |l {als, al—lo‘jfhdl—ldjfl} |Ra) ,

{al dlds) [Ra) | ol dlydly} |Ra) (3.36)

As we have separated the states into the two groups which have an identical number of
states, the left of the bars states gives (—1)¥ = —1 (fermionic states). While the right of
the bars states gives the bosonic states i.e. (—1)" = +1 . And hence for each fermionic
state, there is a corresponding bosonic state which is the supersymmetry [7, 21|. But
however, this supersymmetry is on the world sheet and the space time supersymmetry

will be arise by combining the states from both, Ramond and Neveu Schwarz sectors.

3.4 Super transverse Virasoro operators

For quantization of superstring theory, we needed the super Transverse Virasoro op-
erators which are the generalization of the Transverse Virasoro operators. As before
we find the transverse Virasoro operators for bosonic string theory, the similar calcula-
tion will be required for the superstring [13, 22]. By including the supersymmetry, the

Virasoro operators will become the super Virasoro operators and can be written as
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Lt =Ly 4 Lr® NS sector
LE =Ly 4 Ly R sector

L(a) - . . .
Here Ly, (@) is the transverse Virasoro operator which can be written as

1
[J_a 2 l l
n( ) - 2 Ofn—pOép

peEZ

And the Ly is terms is due to NS sector while Ly term is for R sector, which can

be written as

L =1 S (e oh,, and Ly =1 S (m o+ 2)d, d!

—rYn+r —nomntm
reZ+1/2 meZ

These are helpful in quantizing the theory.

3.5 Counting states

In the order to count the number of states at any given mass squared operator. For
this we need a generating function which contains the information about the num-
ber of states. As for bosonic string theory (open string), we have the oscillators

(al,al,al, ... al), then the generating function can be written as

1—an

@) = [ — (3.37)

As there are 24 transverse light cone directions for each oscillator, since each will have
a generating function. So the complete generating function for bosonic string theory

can be written as
st 1
f) = 1] Ty (3.38)
n=1

This is the generating function for the bosonic open string or simply for N*. Since the
mass squared a/M?, is more physical than the number operator N*. So we need to
define the generating function by using o/ M? instead of N*. As for bosonic open string

o/ M? = N+ — 1 then for this the generating function will be obtain by dividing the
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above generating function (3.38) by the one power of z. Hence the generating function

for the bosonic open string theory, fos(z) can be written as

1 oo
0s - - 3.39
fos(w) = = 1] T (3.39)
We can also expand it as
1
fos(z) = = + 24 + 3242 + 32002 + 256502° + ... (3.40)
Xz

These are the states of the mass squared operators i.e. 24 massless states of photon
and so on.

Similarly the generating function for Neveu Schwarz is written as
fr(x) =142"

As there are 8 transverse light cone directions for each oscillators b' | /2 b 320 > since
each will have a generating function, and also the o/M? = N+ — % for NS sector, so the

complete generating function for NS sector can be written as

1 o= (1427 2)8
= — —_ 3.41
fNS(x) T 44 (1 _ xn)S ( )
And by expanding we find
1
fns(x) = — + 8+ 36v/x + 128z + 4022z + ... (3.42)

NS
These are the states of the mass squared operators i.e. 8 massless states.

Now for Ramond sector, as o/ M? = N=, since the generating function becomes
(1
=16 H o (3.43)

The overall 16 factor is due to each combination of the Ramond oscillator which gives

rise to the 16 states as by acting on each ground state. By expanding, we find
fr(z) = 16 4 2562 + 230422 + ... (3.44)

We notice that the Ramond coefficients (3.44) are actually double to the corresponding

Neveu Schwarz coefficients (3.42). We will discuss this later.
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3.6 Open superstrings and the GSO projection

As from the Ramond sector, we see that the word sheet has a supersymmetry i.e. the
ground state which is divided into two groups of |R,) and |R;), which built from the
zero modes d), and has an equal number of fermionic and bosonic states having the
opposite value of (—1)%".

As the zero modes, d} carry the Lorentz index vector and can transform under Lorentz
transformation but the Ramond ground states (|R,),|Rs)) do not transform like a
vectors but transform as a spinors. Which shows that the index a,a are the spinor
indices but are different spinors (and different fermions).

This means that there are two types of fermions in R sector, but both of them gives the
opposite values of (—1)F and with two types of fermions we cannot get any space time
supersymmetry because we identified |Rz) as a space time bosons, but bosons cannot
carry any kind of spinor index.

Now to solve this issue as, by projecting the spectrum of R sector in a specific way in
which we choose only those fermions which have (—1)" = —1, by this we can get space
time fermions, and this projection is called Gliozzi, Scherk, and Olive (GSO) projection
[3, 7, 21]. Hence the resultant projected R sector is then called the R— sector (R minus)
which have (—1) = —1. Similarly, the , is the set of states for which (—1)" = +1. So

the generating function for R— sector then becomes as
(14 am)®
fr(z) =8 H — (3.45)

By expanding, the power series of (3.45) is then
fr(x) =8 + 128z + 11522% + ... (3.46)

So we see that there are eight fermionic massless states in R— sector. Similarly doing
the same thing for NS sector, hence, we find sector states for which (—1) = —1 and
NS+ sector which have (—1) = +1 . Since the N.S— sector contain a tachyon, hence

it is useful to take the full open superstring by combining the set of states from the R—
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sector and NS+ sector.
Now to find the generating function for NS+ sector fygsi(x) by taking account of GSO
projection which eliminate the contribution of even number of fermions, so we get the

generating function for NS+ sector as

1y @4ann)® S (-
fnse(z) = NG lg N 7[[1 W] (3.47)

1 [ (1+am2)8 £ (1—am2)8 (14 2m)®
| =8 —_— 3.48

2z (71_[1 (1 —an)8 H (1 —an)8 }_[ (1 —an)8 (3.48)

This identity is being proved by Carl Gustav Jacob Jacobi in his work on elliptic

functions, which is published in 1829. While in our case, for the basis of supersymmetric,

it is a key equation.

3.7 Closed string theories

As we know that the closed (bosonic) strings can be obtained by the combining the
left moving, and the right moving copies of the open strings. Similarly the closed
superstrings can be obtained by combining the open superstrings. Since there are two
sectors (NS and R) for open superstring, so there are four possibilities for the closed

string sectors, like

(NS, NS), (NS, R), (R, NS), (R, R) (3.49)

As in the case of open superstrings, the space time bosons arises from NS sector while
the space time fermions arises from R sector. Similarly, in the case of closed superstring,
we can get the space time bosons from (NS, NS) as well as from the (R, R)! sectors

while the space time fermions from (R, NS) and (NS, R) sectors.

!The (R,R) sectors are "doubly” fermionic and thus the spacetime bosons
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3.7.1 Type ITA Superstring Theory

In the order to get the closed superstring theory with a supersymmetry, for this we

need to truncate the above four sectors in equation (3.49). Since we can truncate as

NS + NS +
Left sector : Right sector : (3.50)

R - R +

By this we find the four sectors which is called the type IIA superstring and these

sectors are
(NS+,NS+),(NS+,R+),R—,NS+),(R—,R+) (3.51)
This is the type IIA superstring and for this, the mass squared is written as
%O/M2 =o' M} + o' Mp (3.52)

Here M? and M3 are denoting the mass squared operators of the left and right sectors

respectively. Now listing some of the massless states of the varies sectors, which are

NS+, NS+ ):b,,NS), ®@ ¥, ,INS)y @ |p*,7r) (3.53)
(NS+,R+):0,,INS), ® [Rp)y ® |pT,5r) (3.54)
(R—,NS+): [Ra), @ b ,,INS)p @ |p*,0r) (3.55)

(R—,R+): R, @ Rg)g @ [p*,pr) (3.56)

Hence, there are 64 bosonic states in (3.53) due to the index and having eight values.
These are just like the bosonic closed string theory massless states and carry the two
indices. So we get the graviton (35 states), the Kalb-Ramond field (28 states), and the

dilaton (one state).
(NS + , NS + ) massless fields are : g,,, By, ¢ (3.57)

There are 64 fermionic states in each of the states (3.54) and (3.55) due to Both the

states given in (3.54) and (3.55) have included a Ramond ground state, so these states
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are space time fermions. And give the total of 2 x 8 x 8 = 128 fermionic states. Similarly,
the states given (3.56) having the two R ground states, which have doubly fermionic,
so these will be the space time bosons which have 8 x 8 = 64 massless bosonic states
and together with the bosonic states in (3.53) gives the total massless, bosonic states
as 64 + 64 = 128 of the type ITA superstring. The space time bosonic states match

with the space time fermionic states, which is the supersymmetry of the theory.

3.7.2 Type IIB Superstring Theory

A different superstring theory arises by truncating the four sectors which is given in

(3.49) such that

NS + NS +
Left sector : Right sector : (3.58)

R — R —

By this we find the four sectors which is called the type IIB superstring and these

sectors are
(NS+,NS+),(NS+,R—),(R—,NS+),(R—,R —) (3.59)

Now listing the massless states of this type IIB superstring theory, which are

(NS+,NS+):b,,NS), @ b, ,NS)p ® [p*,pr) (3.60)
(NS+,R—):0,,INS), ® |Ru)g ® |p*.0r) (3.61)
(R—,NS+): [Ra), ® U, INS)p @ |p*,0r) (3.62)

R-,R-): R, ® [R)g © [p*,57) (3.63)

(NS - NS ) sector: This sector is same for both the superstrings, type ITA and type IIB.
(NS-R ) and (R - NS ) sectors: these sectors give the space time fermions and contain
a spin 3/2 gravitino (56 states) and a spin 1/2 fermion called the dilatino (eight states).
In the case of type IIB, the two gravitinos will have the same chirality while for the

type IIA superstring, they will have opposite chirality.
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(R - R ) sector: This sector gives the space time bosons and in the case of type IIA
superstring theory, the massless bosons contain the Maxwell field (eight states) and the
anti-symmetric gauge field with three index (56 states), while the type IIB superstring
theory, the massless bosons contain the scalar field (one state), the Kalb Ramond field

(28 states), and the totally anti-symmetric gauge field with four index (35 states) [3, 7].

(R - R) the massless fields of type IIA : 4,, A,.,, (3.64)
(R - R) the massless fields of type IIB : A, A, A, po (3.65)

These are the some massless field of R sectors.

3.7.3 Heterotic superstring theories

There are two types of Heterotic superstring theories. These are the closed superstring
theories. in the Heterotic string, we will combine the left moving bosonic open string
with the right moving open superstring as like the type II closed superstring theories
which arises by the combination of both left and right moving copies of the open super-
strings. As there are 26 space time dimension of open bosonic string theory, ten of them
are matched by the right moving open bosonic coordinates with the open superstring
[3]. The extra 16 left moving coordinates can be described a torus with a very special
properties to gives a consistent superstring theory. There are precisely two distinct tori
which have the require properties and they will corresponds to a Lie algebras SO(32)?
and Eg x Eg®. By this we can get a consistent theory which lives in a 10 dimensional
space time. Heterotic superstrings theory comes into two versions, Eg X Eg type and

SO(32) type. These groups characterize the symmetries which exist in the theories.

2The group SO(32) is the group generated by 32-by-32 matrices which are the orthogonal and

having a unit determinant.
3E, is the largest exceptional group, here E is for the exceptional.
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3.8 Typel

We have discussed the oriented string theory 4 in which the operator X!(7, o) involves
a parameter ¢ € [0,7] i.e. both the type II superstring theories and the Heterotic
superstring theories are the theories of oriented closed strings. We can also construct a
theory that will be an unoriented string theory. For this, we define an operator €2 which
can reverse the orientation of the strings [3, 7]. The unoriented strings can be obtained
by restricting the oriented strings spectrum to the set of the states which are invariant
under the action of (2. Unoriented strings are not the strings with out the orientation
i.e. they viewed like the quantum superposition of states which as a whole are invariant
under the action of 2. Hence, we can imagine the unoriented state as a superposition of
a string states and the same states with opposite orientation. A supersymmetric theory
of both open and closed unoriented strings is called the Type I superstring theory.

These are the five different superstrings theories which can be relate by the dualities.

3.9 Critical dimensions

For bosonic string theory, we have fixed the space time dimension by using the com-

mutation relation of the Lorentz generators, M~ as
(M~ M) =0

The same idea will be used here as we used before in bosonic theory [7]. Now will take
the super Generators, by the same phenomenology we can construct the super Lorentz

generators. For NS sector the super Lorentz generator becomes

-1 _ =1 l 1 1 l i C 1 1 l l 1
M~ = r,p — 4@/p+ (a:o(LO + a) + ((LO + a)xo) - \/Q_TW ; E(L—nan - Oé—nLn)

[e.e]

i
——— > r(L5H b L)
\/2_0/p+ 7’221/2

4The orientation is defined as the direction of increasing of o.
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And similarly, the super Lorentz generator for R sector can be written as

. 00 1
Mt =2 p — 2 (L +a)+ (L +a)2l) — ! —(Lt ol —al L*
p 4a’p+( ( 0 ) (( 0 ) ) \/2_O/p+;n( n-n n n)
i - 1 l l 1
_\/Q_O/erZm(L—mdm_d—mLm)
m=1

By calculating the above commutation relation for N.S sector the super Lorentz gener-

ator, we get the non vanishing result which is

1
O/p+2

(M M) = — > An(al,al, —alal)
=1

m

with A,, is

Am:{m[1—%<D—2)]+%[—%(D—2)—2a]}

As for Lorentz invariance, the above equation should be equal to zero and for this
the dimension of space time, D = 10 and the normal ordering constant, NS sector
ans = —%. and by the similarly method, for the super Lorentz generator R sector

(ZR:O.



D-BRANES

A Dp-brane (with p spatial dimensions) is an extended object. The letter D stands
for Dirichlet. When p is equal to the total number of spatial dimensions, then this
type of Dp-brane is called space filling brane. In bosonic string theory, D25-brane is a
space filling brane because p is equal to the total number of spatial dimensions. The
endpoints of open strings must lie on the D-brane.

Similarly, when the Dirichlet conditions applied to the subset of the d indices of X*,
i.e. to the indices p+ 1, ..., d, this means that the endpoints of the string are restricted
to move on a p-dimensional hyper plane. This higher dimensional object is then calling
a Dp-brane, where p indicates its (spatial) dimensions and D stands for Dirichlet.

It turns out that these objects should be considered to be dynamical as well.

4.1 Tachyons and D-brane decay

In bosonic string theory there is a particle having imaginary mass, called tachyon. The
open string is attached to a D-brane. The tachyons make the D-brane unstable [7, 23].
In the order to study the tachyons and D-brane decay, let start from the scalar field
because the field associated with the tachyons are the scalar field and the Lagrangian

for a scalar field can be written as

L= —31"0,0 0,0~ V(0)

50
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Here V (¢) is the potential of scalar field. From scalar field Lagrangian, we can find the

equation of motion

Po s :
—w%—v o—V'(p)=0
As the scalar field potential can be written in the form of mass, as
1
Vig)=5M 2¢?

As when M? > 0 then the potential V(¢) will have the stable minimum at ¢ = 0 while
when M? < 0 then the potential V(¢) will have the unstable maximum at ¢ = 0. For
simplicity, let us consider the field only depends on time, then the equation of motion

becomes as
D*¢(t)
ot?

Now when the mass squared is greater than zero then the solution of the above equation

+ M?¢(t) =0

become

¢ = Asin(Mt + agp)

As due to the stable point, the scalar field could be sitting at ¢ = 0 forever and will be

simply oscillate whenever it is displaced [24]. Now consider the imaginary mass squared,

like M? = —f3?, where 3 is positive, in this case the equation of motion becomes as
Po(t)
o~ 5(0)

The solution of this equation become as
¢(t) = Acosh(ft) + Bsinh(5t)

Let the solution ¢(t) = sinh(5t). As when time is zero, ¢(0) = 0 but when time goes
to infinite then ¢(c0) = oo. This can be imagining as the field ¢ is rolled up. By
using the trivial solution, we can say that the tachyon will stay at ¢ = 0 but any small
perturbation could make it to roll-off. The point ¢ = 0 is an unstable point for tachyon
and tachyon cannot stay here for some definite time, which shows the instability. As

the mass squared of tachyon in an open string theory is

M=

Oé/
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Since the potential of the free tachyon becomes

Lgﬁ?

V() = 5
As the presence of the tachyon is the signal of instability of the open string theory. As
the open string is attached to the D-brane, since we can say that there is instability in
the background of space filling D-branes. In bosonic open string theory, the space filling
D-brane is D25-brane. As it is a physical object and its have some energy density Ts5[7].
Tachyons are the states of an open string which is attached to D-brane this means that
the tachyons are the excited states of D-brane and by this, we can say the tachyons

states will lower the energy of D-brane. Explicitly, the existence of tachyons means

that the space filling brane, D25-brane is unstable.

4.2 Quantization of open strings in the presence of

various kinds of D-branes

4.2.1 Dp-branes and boundary conditions

Considering a Dp-brane and let introduces the spacetime coordinates x*, with pu =
0,1,2,..,25 for bosonic string theory, splitting these coordinates into two groups i.e.
tangent to the brane and normal to the brane. As the tangential coordinates includes
the time coordinate as well as let some spatial coordinates p , then the normal to the

brane includes (D — p) coordinates. We can write it as

20t 2l aP ) aPTl Pt Pt gyl (4.1)
>y A
NV vV
Dp tangential coordinates Dp normal coordinates

For simplicity we let z* = z% with (e = p+ 1,...,d). We can also write the above

equation (4.1) for string coordinates X*(7, ) in similar fashion, like

X0 X' X2 X XPL X X x4 (4.2)
Vv Vv
Dp tangential coordinates Dp normal coordinates
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Since the open string attached with the Dp-brane and the end points must lies on this
Dp-brane then the normal coordinates of string to the brane will satisfy the Dirichlet

boundary conditions such that

X1, 0)|,eg = X 10)|,_, =2 ;a=p+1,....d (4.3)

o= O=Tr

The coordinates X will call DD coordinates due to these satisfying the Dirichlet bound-
ary condition on both the end points. The end points of the open string can move ev-
erywhere along the tangent direction to the brane. By this the open string coordinates

which is tangent to the D-brane will satisfy the Neumann boundary conditions, as

X"™r0)|,_g=X"(r,0)|,.,=0,m=0,1,...,p (4.4)

o=

These call NN coordinates due to both of the open string endpoints satisfying the

Neumann boundary condition. Hence we can summarize this as

0 1 2 p p+1 p+2 p+3 d
X0 X1 X2, XP, X X2 xS Xl (4.5)
TV TV
NN coordinates DD coordinates

Now in the order to use the light cone coordinates we need to have at least one of the
spatial NN coordinate from which we define X* coordinates. So this means that we
will assume p > 1 and our analysis will not apply to the strings which will attach to a

DO-brane. Hence in light cone coordinates, we may write

XT X" {X} , {X*} ,i=2,..,panda=p+1,...d (4.6)
—_— =
NN DD

4.2.2 Quantizing open strings on Dp-branes

As before we have quantized the open string in the presence of the space filling D-
brane and now we will quantize the open string in the presence of the Dp-brane and
to study the effects on string spectrum states due to the presence of the Dp-brane. As
the NN coordinates X*(7,0) will also satisfy the same conditions that were satisfied

by the light-cone coordinates X*(7, ) of the open strings which were attached to the
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D25-brane. Since our previous results are useful for the coordinates X*. Let start from

equation (2.47) and let | — (i,a) then we finds

. 1 1 . .
- /— % 1\2 a la\2
XX = o ((X + X 4 (X0 X )) (4.7)
As X'(1,0) are satisfying exactly the same conditions which satisfied by X'(7, o) so by

this we can write

Xi 4+ X' \/_Zaz —in(T+o) (48)

nez

Now to investigate the normal coordinates X*(7, ), as these coordinates are normal to
the brane will satisfy the wave equation. Now solving the wave equation for X%, we
get!

1 )
X — za / ~oa,—inT : )
(1,0) =2+ V2« E _ane T sinne (4.9)
n#0
And by this we can easily finds

x'a :tXa / Zaa —in(t+0) (41())

n#0
This is same as equation (4.8) but differ by a minus sign and a zero mode which is

absent here in equation (4.10).

We can easily quantize this string which is attached with a Dp-Brane. As P™ = -1 X¢

2T

then the non vanishing commutation relations are
[X“(T, o), X°(r, 0')} = i2na/n™5(0 — o) (4.11)
Similarly we can easily find that
[ an] = m n™6mino (4.12)
The mass squared operators becomes as
M? ( 1+ Z nailal + i maﬁja%) (4.13)
m=1

IHere Z% is not an operator but a number.
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Here the repeated index will be summed, the normal ordering constant is (a = —1),
and the critical dimensions are same as for D25-brane. As [ — (i,a) since our ground
state will not remain the same as D25-brane. Since for Dp-brane, the ground state will
be labeled by p™ , p' and then becomes |p*,p)as with p' = (p?,..p"). Now the state
space are written as

< P ~ d

A) = [H 11 <aii>“*i] [H 11 (azi)“’“] p*.7) (4.14)
n=1i=2 m=1a=p+1

The associated wave functions take the form

¢i1.4.4ipal.4.4aq. (7-7 p+7 ﬁ)

Since some of the fields that satisfy M? < 0 associated with Dp-branes are, the scalar
field (tachyons), the massless Maxwell field (photons) @' |p*,p) and similarly the os-
cillator that acts on the ground states from those coordinates normal to the Dp-branes
are a.' |pT,p), these are the massless the Lorentz scalar (due to the index ) which are

normal to the branes.

4.2.3 Open string between parallel Dp-branes

Now considering the open strings which is extends between the two parallel Dp-branes.
Let the first Dp-brane is located at x® = z{ 'while the second one is at x* = 3. The
classes of the open string which are supported on the particular configurations of the
D-branes are called sectors. In the presence of a two parallel Dp-branes, an open string
can begin from one brane and end on the other brane. There are four sectors in our
case of two parallel Dp-branes.

Consider the sector, in which open strings begins on the brane one and end on the

brane two. For this, the boundary conditions for the DD strings coordinates are

XU 7,0)|,eg =27, XU1,0)|,_, =75 ,a=p+1,...d (4.15)
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Similarly for X“*which are normal to the branes and will satisfy the wave equation. By
solving the wave equation for X“, we find
o 1 .
XCL — —a ;0 _ xa _ / _ a _—InT .3 .
(1,0) =z + (T35 371>7T + V2« Z ~ape” " sinno (4.16)
n#0
From this we get
X" £ X" =V22 ) age ™) and V2o/af = (- — 79 (4.17)
nez

Similarly the mass squared will becomes

_ _ 2
TG — Tf 1 1
M2:< ) +;(—1+N ) (4.18)

2ma!

Where

oo d
ZZna’TOL’ + Z Z ma’lal, (4.19)

n=1 i=2 m=1 a=p+1

To develop the ground state for our parallel Dp-branes, we need additional labels which
distinguish the various sectors [7]. These additional labels will be two numbers. The
first number will denote the brane on which the open string end point ¢ = 0 lies while
the second number will denote the brane on which the other end point ¢ = 7 lies. Since

the ground states can be written as |p™, p}[ij]) and the four sectors are

lpt (1)) L [ptL B [22]) [t 5 [12]) |t B [21]) (4.20)

Here the first two sectors are those which we discuss earlier i.e. z§ = z{ . Let us
first discuss the [12] sector, the mass squared operators for the lowest value of number

operators becomes )
. 1 x5 —x§

o 2T

When the separations between the two branes vanished then the field associated is a

scalar tachyonic field. From this we can find the critical separation which is

|75 — 2| = 2V’
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Hence the ground states represents the massless scalar field for the zero separation while
for large separation, the ground states represents the massive scalar fields. The next
states (due to the number operators) are

. B 1 (8 —z0\>
a T‘p+>p§ [12]> , M? = —— + <#)

These are the (d — p) Lorentz scalar which is normal to the branes.

. . 1 (38— 10\’
a|pt,pi[12]) s MP = ——+ (W)

These are the (p + 1) — 2 = p+ 1 massive states. As we know that the massive gauge
fields has more degree of freedom than the massless gauge field. Hence from this we
have one massive vector as well as (d — p — 1) massive scalars.

We have obtained a very interesting situation, as the separation between the Dp-branes
goes to zero and coincide but still they are distinguishable and we have four open string
sectors. The massless string states that represents a strings extending from Dp-brane
one to Dp-brane two, includes the massless gauge field and (d — p) states of a massless
scalars. This is same content as that of a sector in which strings begin and end on
the same Dp-brane. Whenever the two D-branes coincides, we get four massless gauge
fields. From the world-volume of two coincide D-branes we indeed to get a U(2) Yang-
Mills theory.

Let we have N Dp-branes, for this the sectors will be labeled by the pairs [i, j]* , here
i=1,2,..N. The [i,j] sector will consist of the open strings which will start on ith and
end on jth brane and we have N? sectors. The interaction of strings can be visualized
as The first open string will join with a second open string and will form another open
string. For this, the end point of first string (0 = ) will join the beginning point of the
second string (¢ = 0). And the new string (became from these two) will begin at the
beginning point of the first string and will end on the end point of the second string

[7, 25]. If the strings stretched between the D-branes, then the first string will from

2The discrete labels 4, j are used to label the branes, and the various open string sectors are

sometimes called Chan-Paton indices.
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the sector will have to join by the second string from sector to gives the product open

string in the sector. The interaction can be written as
i, 7] % [4, k] = [i, k], here j is not summed

If the N Dp-branes are coincides, then the N? sectors results in the N? interacting
massless gauge fields. Since from this N coinciding D-branes will carry U(N) massless

gauge fields.

4.2.4 Strings between parallel Dp and Dqg-branes

Now considering the two parallel D-branes, but having different dimension. Let we have
two D-branes which are Dp-brane and Dg-brane and assume that p > ¢. From this,
there will be a p-dimensional hyperplane parallel to the Dp-brane which will contain
the Dg-brane. This means that we will have some common tangent as well as normal
directions for both branes. For strings coordinates X*, we can write for parallel Dp-

brane and Dg-brane with p > ¢

X0 xt . X1 XL X2 XP o X X2 X (4.21)
W Vv Vv
common tangential coordinates mixed coordinates common normal coordinates

Here the mixed coordinates will satisfy the Neumann boundary conditions on the start-
ing Dp-brane while the Dirichlet boundary conditions on the ending of the Dg-brane
and these coordinates will call ND coordinates. Similarly for the strings coordinates,

we can also write

0 1 q q+1 q+2 P p+1 p+2 d
X0 XY, X XL X2 xr XL el (4.22)
Vv ' Vv
NN coordinates ND coordinates DD coordinates

In light cone coordinates, we can write these as

Xt X7 (X}, {X"}, {X9) (4.23)
—_— Y~ =
NN ND DD

Where i1 =2,....q,r=q+1,...,pand a=p+1,...,d . Now let for the position of the

Dp-brane is while for position of Dg-brane is z, and z4. The boundary conditions for
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the ND coordinates X" are

X" (T, ey =0, X"(1,0)| =Ty (4.24)

O=Tr

The expansion of X" (7,0), by using the same procedure, can be written as

2 n
X"(r,0) = x5 + iV 2/ Z Ea%ef”f oS (%) (4.25)

n€Zodd

The Hermiticity of the above expansion, X" gives (a%) = o’ ..
2

And by the above

expansion (4.16) we can find

X"+ X" =V2 Y ahe ) (4.26)

n€Zodd

The non vanishing commutation relations are
[XT(T, ), X5(r, a’)} — i(21a/)o (0 — o')o"™ (4.27)

And by the similar method as we have done for space filling D-Brane, we can also find
as
~m

[of% a,] = 8 Gming (4.28)

Now as we have three types of coordinates like NN, DD, and ND or DN. The normal
ordering contribution term for both NN and DD coordinates is same because of all

oscillators are integrally moded

1
(pp = ONN = — 57 (4.29)

However, for the ND or DN coordinates, the contribution term can be calculated as

T T _ 1 T T 1 4 30
7 2 olgop=3 alpaly + 5P —4) (4.30)
Since this means that the contribution term for ND or DN is

1
apN — aGND — —< (431)

48
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Similarly we can easily find the total normal order constant, which is

a:—i[q+25—(p+1)]+%(P_Q)

1
=—1+—(p— 4.32
+ (=0 (132
Now the mass squared operator then becomes
e —10\° 1 1
M= 2—1 — (Nt =1+ =(p- 4.33
(Z8) w0 (v -1 -0 (433)

With
00 00 d
N+t = Z inagai + Z i ﬁagaz + Z Z ma®a?, (4.34)
n=1 i=2 kez t r=a+1 22 2 a=p+1

And the ground state are now labeled as

lpt e 12]) o=, DY) (4.35)

The labels of the ground state indicates that the corresponding fields will be living in
a (g+1) dimensions of the space time i.e. the fields will live on the Dqg-brane world-
volume, which has the lower dimensions. The ground states having N+ = 0 corresponds

to a scalar field on Dqg-brane. This scalar depends upon the separation of the branes.

4.3 String charge and electric charge

4.3.1 Fundamental string charge

As we know that, for the point particle, the word line is one dimensional and Maxwell
gauge field A, carrying one index and the point particle carries electric charges whenever
it interacts with Maxwell field, in which the particle couples to the Maxwell field.
Similar idea used for string charge, the string should couples to a new kind of gauge
field. This gauge field is the Kalb Ramond anti symmetric tensor (of rank two)B,,
which is the massless field and arisen in closed string. The complete dynamics of the

string coupling to Kalb Ramond field can be written in the term of action is

1 v 14 1 vV
S =Su—3 / drdoB,,(X) (0, X"9,X" — 0, X" 0, X") — e / d’x H,,,H"" (4.36)
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Here S, is the string action the second term is the action term due to string charge
while the last term is the action for the Kalb Ramond. And k is the dimensionful
constant which makes the action dimensionless i.e. ([k*] = M®P). The H,,, is the

field strength of B, which can be written as
H,,=09,B,,+ 0,B,,+ 0,Bu (4.37)

In the second term of the above action (4.36), B,,(X(7,0)) can be written for the

general space time B, (X) as
Bu(X(7,0)) = / dPz0”(x — X(7,0)) By () (4.38)

Now the variation of above action (4.36) gives us

1
68 = / dPz 6B, (7) (Ea,,HWP - jW) (4.39)
Here j* is the (anti symmetric) current
1
=3 / drdosP (x — X(7,0)) (0. X0, X¥ — 0. X" 9, X") (4.40)
By the variation principle, we find
1 pwp _
ﬁaﬂH =] (4.41)

The tensor 7 is conserved quantity like

ojm 1 9PHve
ozt k2 Qxrdzr

=0 (4.42)

As the above equation give the idea of conservation of j7#¥ but there is a v free index,
which means that j#¥ is the set of conserved current labeled by (v) a free index. And
the charge density, as the zeroth component of j#*; since the charge density (;°) of the
Kalb Ramond field is then j° here k will be running over the spatial value. Similarly
from the above equation (4.42), we find V.jo = 0 and from the charge density we can

easily find the charge of string, Q) as

Q= / dz j° (4.43)
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To understand it more, using the static gauge X° = 7 = ¢ and then simplifying the
equation (4.40), we get

1

P@ 1) =5 / dod (f _ X, a>) X(t,0) (4.44)

From this, we get the idea that the charge density is tangent to the every point on
string and lies along orientation of the string.

In the order to write this in more explicit form that the string density depends upon
the orientation, for this let a long static string stretched along the 2!, then the string

can be describe as
XYr0)=f(o), X?=X3= ... =X"=0 (4.45)

Here f(o) is the function of o with the range of —oo to oo, this function will be either
increasing or decreasing. Now using the above equation (4.45) and solving the equation

(4.44), then we get

Ottt = %sgn( F)5(22)5(2%)...5(2) = %sgn( oty (4.46)

Here sgn(f') is for the sign of f’. This result show explicitly that the charge density 70

depends upon the orientation or the sign of f'(o).

4.3.2 Visualizing string charge

In the order to visualize the charge of string, let us consider we have a static string
for which j%* = 0 ( 4,k are spatial components), since for a static string, the equation

(4.41) becomes as

OHkr
o =0 (4.47)
By this H are to be time independent so H”* = 0 and the other equation is
aHokl "
R k2% (4.48)

Now let us introduce a new vector EH This is called field strength dual to H and

which can be define as

HOH — ckim B, (4.49)
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Here €% is the anti symmetric Levi-civita symbol. Since the above equation (4.48)

then becomes

(V x By = k%% (4.50)

Now from this equation we can write
V x By =kJ° (4.51)

This equation is the Ampere’s equation, where By is the magnetic field. Integrating
the above equation (4.51) over a curve I' of a two dimensional surface S. so we get

1 [ 5 - .
— ¢ By.dl = / j°.da (4.52)
k2 Jr s

By this equation, we get the idea that the curve I' is link to a string and the strings

number N which is associated with " is define as

1 1 = T 0 -

Here N is the number of strings which is linked by the curve I'.

4.3.3 Strings ending on D-branes

As by the quantization of closed strings, there arises a massless field called Kalb Ramond
field which lives over the all spacetime and the string can couple electrically with it to
get charged. Now considering the charged string which attached to D-branes, for this,
the action for the string couple to Kalb Ramond field, is written as

1
Sp = —§/d7da e 00 X 05 X" B, (X (7,0)) (4.54)

Here €% is the two dimensional indices o, 8 = 0, 1, anti symmetric with €' = 1. Now

using the above action and calculating the variation in Sp, which we find that
555 = — / drdo (D.(Ayd,X") — 0, (A,0.X")) (4.55)

Here we use

oA, OA,

OB X) = 550 ~ axv

(4.56)
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The arguments of A are the string coordinates X (7, o)due to the arguments of B,,.
As from equation (4.55), the two total derivative in which the time derivative give no
contribution, since this means that A are vanishes at the end of time. For a closed string
both the derivative vanishes while for the open string, there introduces a boundary
contributions terms, which in not vanishes. In the order to find 65,, for an open
string, let the string coordinates along the brane are X™ and the string coordinates

normal to the brane are X?. Since we can write this as
Xt = (X" X, u=(m,a) (4.57)

If this D-brane is Dp-brane, then (m = 0,1,...p) and solving the equation (4.55) for
X#* = (X™, X*) coordinates, so the coordinates X* are DD for which 9,X* = 0 and

the limits we take the o € [0, 7] then we get
555 = / dr Ay X™|,_ — / dr A, X™|_, (4.58)

Here we get the two boundary terms and hence, the gauge invariance has failed. From
this we got the idea that the string charge conservation failed at the end points of the
string. In the order to restore the gauge invariance, we should add some terms which
give the electric charges to the end points of the string. then the Action can be written
as

S =Sp+ / dr A (X)0.X™|,_ — / AT A (X)0,X™|,_, (4.59)

As whenever we vary A, (i.e. 6B, = d,A, —0,A, ), then we have to also vary Maxwell
field A, on D-brane, like wise 6A,,, = —A,,,, and the two terms have opposite sign which
show that the end points of string, which lies on Dp-brane, are oppositely charged. This
action (4.59) restored the string charge conservation and we got the idea that the string
end points have the opposite charge due to the Maxwell gauge field A,, and by this we
restore the conservation of charge invariance.

The Maxwell action is also not invariant, as it is proportional to F2, like

8 Fopn = 06y — 000Am = —0m Ay + OpAyy = —0 Boun (4.60)
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To make it invariant, we should add B,,, into Maxwell field F;,,, such that

This F,,, is called the field strength on D-brane and the Lagrangian density on D-brane

is proportional to —}L}" " an , SO expanding it

1 1 1 1
— —F ™ Fpp = —=B™ By — ~F"™F,.., — ~F™B 4.62

As the last term has some interesting physical significance, expanding it as

1
= G F"" B = —F% B + ... (4.63)

In the order to understand the physical significance of this term, let as the action for

string charge, second term in (4.36), can be written as

= — / dr B, (z) j*(z) (4.64)

This equation tells us that string charge density j% couples to By, . Since anything
couple to By, will carry string charge so it means that F° will represent the string
charge on D-brane but as FF is equal to the electric field (F° = E}), which gives the

idea that the electric field lines will carry the string charge on D-branes.

4.4 D-brane charges and stable D-branes in Type
11

There are also other extended objects rather than strings that carry charge i.e. Dp-
branes. To study the charge of a Dp-branes, let start from our previous concept of
charge that the string carry charge when they couple to Kalb Ramond gauge field, so

this coupling is written as

- /dT do 0, X"0, X" B,,(X(1,0)) (4.65)
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Now generalizing this idea like, a Dp-brane will be electrically charge if it coupled to a
massless anti symmetric tensor field of indices (p + 1 ). As Dp-brane has (p+ 1) di-
mensions and is parameterize 7 by and the set of its coordinates (!, 02, ...,0%). Let the
space time coordinates which describe the position of this brane is X*(7, 0!, 02, ..., o)
with o = 0,1,...d, and the anti symmetric tensor field is describe by A, 4,..4, () then

the generalize coupling from (4.65) is written as
S, = —/dT doy..doy 0, X" 0y XM .0pn X1 Ay s (XH (1,00, 0%, 0P))  (4.66)

Kalb Ramond gauge field is the only massless anti symmetric tensor in bosonic closed
string theory and there is no other massless anti symmetric tensor which means that the
Dp-branes cannot be charged in bosonic string theory. While the type II superstring
theories have some additional anti symmetric massless tensor in (R - R ) sectors, as

listed in (3.64) and (3.65)
(R - R ) the massless fields of type ITA: A4,,A,,, (4.67)

(R - R ) the massless fields of type ITA: A, A, A po (4.68)

)

This means that A, coupled to the DO-branes and A,,, coupled to the D2-branes while,
A, coupled to the D1-branes and A, ,, coupled to the D3-branes. And the field A does
not couple to any D-brane (it coupled electrically to the object called, D-instanton).
Summarizing these as

TypelIA : DO, D2, (4.69)
TypelIB : D1, D3. (4.70)

These branes are the stable charged and cannot decay into closed or open string states,
while the bosonic D-branes are unstable due to the existence of tachyons, and carry no
charge. Similarly in type IIA superstring theory, the Dp-branes with even are stable
but are unstable in type IIB superstring theory while, in type IIB superstring theory,
the Dp-branes with odd p are stable but are unstable in type ITA superstring theory.

All the stable D-branes of type II superstring theories are charged and the Dp-branes
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which is not appeared in the above lists (4.69) and (4.70), like D4, D6, and D8 of type
ITA superstring theory while the D5, D7, and D9 of type IIB superstring theory, means
that these are carrying the magnetic charges for either (R - R ) gauge fields in listed
above in (4.67) and (4.68) or for the other (R - R ) states that we not includes in the
discussion [3, 7, 27, 28].

The (electric) charge of the Dp-brane has the simple physical significance, when the p
(spatial dimensions) are curled up to a circles and Dp-brane is wrapping around, the
resulting compact space. Since here, p compact space directions will lies on D-brane
and others space time directions, which defined here, the lower dimensional spacetime,
will be normal to the brane. Hence, the lower-dimensional observer which has only
access to the non compact directions and will see the brane as a point particle.

Let (x',....,2P) be the compact directions and (X1, ...., X?) be their corresponding coor-
dinates of brane. If compact directions are curled up to the circles of radii (R, ..., RP)

and assuming the parameters o* € [0, 27] then
XF(r, ot .., oP)=R* k=1,..p (4.71)

Here the repeated index k is not summed. This represent the wrapped Dp-branes and
the coordinates X* are running from zero to 2rR*. Let the non compact dimensions

be the X" with m index is for the non compact directions, then
X™(r,0', ..., 0") = 2"(7) (4.72)

This equation shows that, Dp-brane appeared as the point particle to the observer

which has the lower-dimensions. These assumptions made the equation (4.66) as
Sy = —/dT doy..do, 0. X"R'...RPA, 12 (X (1,0, 0%, ..., 0")) (4.73)

Since the p will take the values over the non compact directions, i = m, then the above

equation (4.73) becomes

S, = — / dr doy..do, 0; X" R'..R" Ay 12, (X™ (1), X" (")) (4.74)
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Finally, let the part of A.. .field which is independent of compact coordinates i.e. A,, 12 ,(x™(7)),

then the above equation (4.74) becomes
S, — —R'.Rr / dr doy.do, 0™ Ay, 190 (a™(7)) (4.75)

By solving this integral, we find

Vo

%= Ty

/dT Or ™ Ay (2 (7)) = — (l‘s/l))p /Am dx™ (4.76)

Here V, is the volume of compact space, V, = (2rR")....(2nRF) , And [, is the string
length I, = (o/)'/2. And the gauge field A,, as Wﬁm(a:m(ﬂ) = Ay p(@™(7)).
The equation (4.76) recognized that the coupling of the point particle to the Maxwell
field A,, which means that the Dp-brane appeared as a charged point particle. From

this the charge ) of the brane is
Vo
(L)

The charge ) depends upon the volume of the branes [7].

Q= (4.77)



STRING DUALITIES

Duality is generally used for the relationship between the two systems which have very
different descriptions, but identical physics. There are two types of dualities in string
theory, T-duality and S-duality.! In many cases, the T-duality implies that the two
different geometries of the extra dimensions are physically equivalent i.e. the circle of
radius (R) is equivalent to the circle of (o/ R™') radius. As there are five superstring
theories which looks like the different theories from one another, but the T-duality
relates the two type II superstring theories and the two Heterotic superstring theories.
Similarly, S-duality relates, string’s coupling constant g, to (g;!), in the same ways as
like the T-duality. S-duality relates the type I superstring theory to Heterotic SO (32)
string theory, and type IIB superstring theory relates to itself.

To deal with the T-duality, we should first discuss the effects on the string when one of

the spatial dimensions has curled up to compact space.

5.1 T-duality and closed strings

5.1.1 5.1.1 Mode expansions for compact dimension

Let us consider one of the spatial dimension be curled up,? in free bosonic string theory
i.e. the X?° dimension is curled up into a circle of radius R. Now we are going to check

the effects of this on closed string [7, 29], as before we have taken the closed string

"'Where some author writes T for target ‘while some use it for toroidal and S is for Strong coupling.
2By identification we can compact a dimension i.e. x ~ x + 27 R

69
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periodicity condition as

XHM(r,0) = X*(1,0 + 27) (5.1)

This periodicity condition is used whenever the closed string moving in a non compact
dimensions. As usual we will use the light cone coordinates. When there is a compact
dimension, let say X% = X and the light cone coordinate are

Xt X", X2 X3 . XM X (5.2)

~~

Xi

Then the periodicity condition becomes as
X(r,0) = X(1,0 4+ 27) + m(27R) (5.3)

Here m is the number, called the winding number, and defined as, the number of times
that the string winds around the circle of compact dimension and its sign depend upon
the direction of winding. For other non compact dimensions, p # 25 the equation (5.1)
holds. Let defines the winding w in the terms of the winding number m and the radius

of the compact space as

mR
w=— (5.4)
By this the above periodicity condition in equation (5.3) becomes as
X(r,0) = X(1,0 +27) 4+ 271a’w (5.5)

The mode expansions for the this equation (5.5) can be similarly derived as we have

done before, the expansion become as

1 o _ e 1 i
Xp(u) = §x0L—|— \/§a0u+2\/525ane (5.6)
n#0
1 5 [a/ _ e 1 i
XR(’U) = 5330 + 50&0@ +1 3 ; Eane (57)

And from these two equations we get

O_é() — Oy = 2a (58)
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As we see that oy is equal to ag for zero winding. By calculating the momentum along
the compact direction like

2w

1 . .
,/(XL+XR)dU =

2o

1

2a/

P—

(ag+ap) (5.9)

Form solving these two equations (5.8) and (5.9), we get

~

«

Qo = 5(? —w)

Using these new definition by which we get

! 1 , 4
X(1,0) =20+ &'p1 + d'wo + iy / % E —e " (€™ + ane”") (5.11)
n
n#0

This is the mode expansion of compact dimension and by this we can get easily

X+ X' =V22 ) ape ) (5.12)

nez

X —X'=v2") ape ) (5.13)

nez
5.1.2 Quantization and commutation relations

For quantization we adopted the similar method like the modes becomes operators and
starting from the commutation relation between the momentum P7(7, 0) and the string

compact dimension, X which is
(X(7,0), P"(1,0")] = id(0 — &) (5.14)

Similarly the other commutation relations, will become by same method as we done

before for non compact dimensions, as

[@ma dn] = [Oém7 an] - m5m+n,0 s [Oému O_én] =0 (515>
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Now by the explicit form of ag and ag , we get
[p,w] =0 (5.16)
Since ay and oy commuting with &, a;, which means that
[P, o] = [p, o] = [w, o] = [w, an] = 0 (5.17)

And from equation (5.14) we easily find that

!/
[0, o] = [wo, ] =1 % (5.18)
And using the explicit form of @y and g we find
[zo,p] =i, [zo,w] =0 (5.19)

As we see that the winding w commutes with all the operators which appear in X.
This gives the idea that the winding w is a constant or just a constant number. More
physically the winding w is an operator which gives the Eigen values of w corresponding
to various possible windings of strings. The quantization is only possible for those closed
string sectors which has some fixed winding w. As along the compact dimension, the
string would act as like a point particle that is moving on a circle® since the momentum

will be then quantize and can be written as

p:%,nEZ (5.20)

Here n is named as Kaluza Klein excitation number. Since both the operators p and w

have discrete values.

5.1.3 Constraint and mass spectrum

For the mass spectrum, we begin from the Virasoro operators in which the sum over

transverse [ is splits into a sum over ¢ and a term due to compact dimension, as

- 1 - 1 .. _
Ly = §dédé+NL = ZZ9ZI7Z‘|'O705Y0+]\7L

3By winding, we loss and gain some states for string, while for particle, we just lost states when
we compact a dimension by identification because the particle cannot wrap around circle to gives new

states.
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1 1.
Ly = agag + N© = 7p'p' + agag + N (5.21)

All the oscillators of X! and X will contribute to the number operators N+ and N+
[2]. Thus we find that

Ly — Ly = %(040040 — apag) + Nt — N+
= —a'pw+ N+ — N+ (5.22)
Since Ly — L does not vanish here which imposed a constraint that
Nt — N+ =dpw (5.23)

As both the number operators having the numbers Eigen values, so by the quantization

of both p and w makes the above equation (5.23) more physical as
Nt—Nt=nm (5.24)

This gives the level matching condition and now the mass squared operators, M? =

2ptp~ — pip’ becomes as
2 _
M? = p* +w® + a(NL + N+t —2) (5.25)

This means that both the momentum p and the winding w give the contribution to the

mass squared operators [3, 7].

5.1.4 State Space of compactified closed strings

As there are additional terms in mass squared operators so for the ground states we

will add the additional labels such that
p+7ﬁT; n7m> , L, M S Z (526)

And the state space can be constructed by applying the creation operators on the

ground states like

[ﬁﬁ(aﬁ)m] [ﬁﬁ(ag)%] r (C‘L)Ak] [ﬁ (C‘L?)M] p*, 5, nm) (5.27)

r=1 =2 s=1 j=2 k=1 =1
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And the number operators which will act on above state space are

oo 24 00 oo 24 oo
NE=SITSTr e+ ) ke , NE=D "D s ha+ ) 1N (5.28)
r=1 i=2 k=1 s=1 j=2 =1
The mass squared operators can also be written as
n\2 mR\> 2 -
M2 = () SNt N -2 5.29
B (5) + S A (5.20

This is the mass squared operators for both none zero momentum and winding for the

modified level matching condition N* — N+ =nm

5.2 T-Duality for Closed Strings

As the mass squared operators depend upon the compactified radius R and there is a
remarkable property that if we replace the radius R by a radius R = o/ R~ and n by
m then the mass squared operators remain the same, this symmetry is called T-duality

for the closed string and the radii R and R are dual radii.
R+ oR'=R (5.30)
Hence the mass squared operators for both the dual radii are same as
M?*(R; n, m) = M? (R, m, n) (5.31)

This gives the idea that if we start a theory having a small compactified radius R, we
can transform to a dual theory which have the large radius R [7].now for a complete

dual theory, let us define a dual coordinate (compact coordinate) operator

X=X, (tr+0)— Xg(r—0) (5.32)

The mode expansions for dual coordinate X are

~ / 1 . ) )
X(1,0) = qo + d'wr + &'po + iy / % Z —e " (e — ape™?) (5.33)
n
n#0
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By comparing this with equation (5.11), we find that

To — Qo pP—w a, = —ay,

(5.34)
qo — Zo w—Dp ay, — Qo
The dual momentum P becomes as
Pr=_L 9X— 1 (X,-Xp) (5.35)
~ o T 2 = ’

The commutation relations for (X ,P7 ) can be calculated by the same manner as we
have done for (X , P7). The Hamiltonian for both (X , P7) and (X ,P7 ) is same and
written as

2 .. _
H = E(plpz +p? +w?) + Nt + Nt -2 (5.36)

In the order to make a map between these two (X, P7) and (X, P7 ), the above (5.34)

transform as
To — Qo p—w Qp — —Qyp
(5.37)
qo — To w— P a, — Oy
This map makes the physical equivalence of the two different theories and hence, T-
duality is the symmetry, which exists between the different string theories. A complete

summery is given in the following table (5.1)

Table: (5.1) complete dual theory
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5.2.1 Type II superstrings and T-duality

Let us consider X coordinate is curled up into a circle of radius R in type II superstring

theories and the T-duality transformation carried out on this coordinate as
X? — X7 and X3 — — X%

This interchanged the momentum and the winding numbers similarly, the word sheet

fermions will also transform under T-duality as

Yy — ¢y and Yk —
This means that the T-duality reversed the chirality of the right moving ground states of
Ramond sector. As the relative chirality of both left and right moving ground states is
the thing which distinguished the type ITA and type IIB theories. If one is compactified
on a circle of R, let say Type IIA, then the T-duality gives the type IIB which will be
compactified on R [3].

5.3 T-duality of open strings

5.3.1 T-duality and open strings

In the case of open strings, the situation is a little bit different when we compact a
dimension because the open string cannot winds around the compact dimension. Let
we have a D25-brane and a compactified X2° circle having the radius R, the open string
has quantize momentum p?* but no winding but after the T-duality transformation,
we will have a D24-brane and a compactified X2® circle of radius R. The Dirichlet
boundary conditions will impose a zero momentum constraint but the open string will
have winding now. The open string mass squared of the two theories will coincide when
R = o/ R, because of the momentum states contribute to M? in the first theory in
the same way as the open string winding states contribute to M? in the second theory.

By permitting the duality conversion to change the D-brane, we can write it as

(D25; R) — (D24; R)
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Now to find how the T-duality in the case of open strings, let us start from the assump-
tion that we have space filling D25-brane i.e. the open strings have NN-type coordinates
and let the compactified dimension X% (1,0) = X (7,0), for this the mode expansion

can be written as

1 )
X(71,0) =20+ V2T + 1V 2/ Z —ayncosoe T (5.38)
n

n#0
With
ag = V2ap = \/20/% (5.39)

Now separating the above string coordinate (5.38) into left moving and right moving,
as

X(r,0)=Xp(t+0)+ Xg(r —0) (5.40)

Where
X; = _1< ) / ( ) i, /20 E 1 —inT _—ino
= X + + Qo\T + o)+ (8% —Qape (&
L= o0 %o V 2 0 2 n

n#0

1 ! ' 1 . .
Xp = §($0 —qo) +4/ %Ozo(T —0)+ %\/ 2a/ ; Eane_””e“”" (5.41)
Here ¢q is an arbitrary constant. For the T-duality transformation, let the dual coordi-

nate is

X(r,0) = Xp(1+0) — Xp(r — 0) (5.42)

For this X the mode expansions are
X(r,0) = g + V2 oo + V20> %an singe™" (5.43)
n£0
This equation is some thing like equation (4.16) in which a string is stretched from one
D-brane to another D-brane, and hence, there is a correspondences between the above
equation (5.43) and (4.16), and gives the idea that the coordinate X is of DD type i.e.
The end points are fixed as 9, X = 0 for the end points, ¢ = 0 and o = 7. The open

string stretches when o goes from 0 to 7 such as

X(r,7) — X(1,0) = V2a'ag(m — 0) = 27 Rn (5.44)
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Since n will have any possible integer values, the physics behind this are that, infi-
nite collections of D24-branes having uniform spacing 27 R along the compactified X2
direction. These configurations will be physically equivalent to the single D24-brane
which is at some fixed positions on the circle of radius R. We notice that the T-duality

maps the Neumann boundary conditions into Dirichlet boundary conditions as
0,X =X (T +0) = Xp(r—0)=0,X
0, X =X (1 +0)+ Xp(r—0) =0,X (5.45)

T-duality has transformed the open string with Neumann boundary conditions, on a
circle of radius R to an open string with Dirichlet boundary conditions, on a circle
of radius R. Now let we have D25-brane in a word in which % spatial dimensions are
compactified into circles, Then the T-duality will transformation on each circle will give
a physically equivalent world in which we will have a D(25 - k£ )-brane and each circle
will be replaced by a circle with dual radius. And generally, if we have a Dp-brane
which is stretched around a compact dimension, T-duality along this direction will give

a D(p - 1 )-brane at some fixed position on a circle of dual radius [7].

5.3.2 Open strings and Wilson lines

To study the effects and its dual picture, of open strings on D-branes having the gauge
fields which are characterizing by holonomies. Let us start from a compact dimension
on circle and on this, a flat potential* will have non trivial physical effects as like
Aharanov-Bohm effect. As when the component of the gauge potential along the circle
of compactified dimension takes none zero constant values, it gives the holonomy W or

Wilson line, which can be written as

W = exp(iw) = exp <z’q ]{ dz AI> (5.46)

Here A, is the gauge potential along the compact direction z. Asw = ¢ ¢ dz A, lives on

a unit circle due to compact dimension, so it means that w € [0, 27] and w = q § dz A,

4The potential which gives the vanishing field strength
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is some thing like the angle # such that

HEw:q%dl‘Ax (5.47)

Since the Wilson line W = exp(if) is a gauge invariant and the 6 gauge equivalents
will gives same holonomy W. For a constant gauge potential A, the above equation

becomes

7

A, = ——
1 21 R

(5.48)

Now let us consider the open strings which have the opposite charges on the end points,
so that the string will act as a neutral and the Wilson line will be no effects. If a D-
brane wraps around the compact dimension then the mass-squared operators can be
written as

1
M? =p*+ —(N*=1),p=

[
— 4
o R (5:49)

In case of open string which having opposite charges on their end points and which

bis as p — qA, + qA, = p. Now

lies on the same Dp-brane then shifts in momentum
lets us consider the two Dp-branes and the string stretching between these two, as each
Dp-branes has own Maxwell field. Let the negatively charged end points lies on first
Dp-brane and the positively charged end points lies on the second Dp-branes then the

momentum will be shifting from p to p — ¢A; + ¢As and can be written explicitly as

[ l 05 0,

- I 5.5
R R 2<R R (5.50)
The mass squared operator then becomes as
ol — (65— 60,)\* 1
M? = —(N*+-1),leZz 51
(Bt v -1 e (5.50)

If #; = 0, then as a result the effects of holonomies will be cancel out and the equation
will be reduces to equation (5.49). The T-duality picture of the two Dp-branes having
the different parameters of § will be consisting the two D(p - 1 )-branes having the
different (angular) positions due to the values of 6 [3, 7].

SFor point particle the addition of Wilson line make a shift in p as p-gA.
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5.4 Electromagnetic fields on D-branes and T-duality

5.4.1 Maxwell fields coupling to open strings

In the presence of background Maxwell fields, the string end points will couple to
Maxwell potential A,,. As we have written this coupling terms in equation (4.59),

adding this to the string action
S = / drdoL(X,X') + / dr A (X)0,X™|,__ — / dr An(X)0, X™_, (5.52)

Now let us consider those background fields which has constant electromagnetic field®
strength F,,,, for this let define the gauge potential

1
A () = §anxm (5.53)

Putting this gauge potential in the above action (5.52) and then by using the variation,

we find the boundary conditions as
P+ Fpuno: X" =0,0=0,7 (5.54)

We get this by taking the usual Dirichlet boundary condition X% = 0 for the coor-
dinates normal to the brane. There are the background electromagnetic fields which
changed the boundary conditions. Now using the explicit form of the P7, and simplify-
ing, we find

0, X — 21 F 0. X" = 0,0 =0, (5.55)

This is the boundary condition for open string in the case of background field.

5.4.2 D-branes with Electric fields and T-dualities

5

Let us consider a D-brane which wraps around z%° compact dimension and carrying

constant electric fields along 2% such that

Foso=FEyps =E (5.56)

6The background field will be purely electric if Fo;(= —Fjo) and purely magnetic if F;.
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Since the boundary conditions (5.55) becomes as
80X0 — 27TO/F25’087—X25 =0

05y X5 — 270/ Fa500. X° = 0 (5.57)

As Xy = — XY and let X% = X then the above equations becomes
0y X" — €0, X =0
0, X —E0,X°=0 (5.58)
Here & is the dimensionless electric field
& =2md'E (5.59)

Now writing the above equations (5.58) in a more beautiful way, for this let 0. =

$(0- £ 8,) and by simplifying, we get

X0 14-£2 2E X0
dy = == == | o (5.60)
2 1+&2
X 1-&2 1-¢&2 X

This is the desired form of the boundary conditions (5.58) in the form of matrix. And

the duality relations becomes

0, X =0,X,0.X=-0_X (5.61)
In the order to find a dual description, let us consider a D(p - 1 )-brane which is
moving with a constant velocity along the compact dimension. Let we have two frame
of reference S and S’. The S’ is the rest frame of D(p - 1 )-brane while the relative
parameter boost of these two are = v/c, where is the speed of moving brane. Let the
string coordinates in " are X and X’ then the Lorentz transformation can be written
as

X = 4(X° - 5X)

X' =~(-BX° 4+ X) (5.62)
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Now using the duality relations and simplifying, we find

XO 1432 28 XO
0. Sl A IR (5.63)
X s T X

These are the boundary conditions for the dual D(p - 1 )-brane. Comparing these to
equation (5.60) then we get

E=21d'E =7 (5.64)
This shows that a moving D(p - 1 )-brane with the boost parameter 5 = v/c is actually
the T-dual to the Dp-brane which is wrapped around on the dual circle having the
electric field £ = S along in the direction of circle. Since the T-duality relates the
Dp-brane with electric field is physically equal to the moving D(p - 1 )-brane with no
electric field [7, 28].

5.4.3 D-branes with Magnetic fields and T-dualities

Now we will consider the magnetic fields in background. For this, let a Dp-brane having

3

its two directions lies on (22, 7®) plane, 7% is compactified to a circle of radius R5 such

that both 22 and #3 give a cylinder of circumference of 27rRs. Let the open string
coordinates are X2 and X?, which are Neumann. After T-duality on X3, gives X3 as a
Dirichlet, since the dual picture is now a D(p - 1 )-brane which is stretch along X? at
some fixed position X? = 0. Now the magnetic field on this Dp-brane is let Fys = B.
For this the boundary conditions (5.55) becomes as

0, X% -~ Bo, X =0

0,X3 + B0, X* =0 (5.65)
Here B is the dimensionless electric field

B =2rd/B (5.66)

And similarly we can write these boundary conditions as

X? =8> 28 X?
a+ — 1+82 1+82 8_ . (567)

3 _ 2B 1B 3
X 1482 1182 X
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These are the boundary condition in the presence of background magnetic fields. In
the case of dual picture, let a D(p-1)-brane which have tilted on the cylinder, then the
boundary conditions can be written in the form of X’? and X'® that is rotated by an

angle a . The and are Neumann and Dirichlet and the proper rotation can be written

X" cosa  sina X2
_ (5.68)
b —sina cosa X3
Using the duality relation and simplifying, we get
X? cos2a  —sin 2« X2
a+ _ — 3_ _ (569)
X3 sin2a cos2a X3

Now comparing this result with the boundary conditions (5.67), first let the diagonals

elements which gives
1-B?
1+ B2

Simplifying this, we get B = +tan o, we will take the negative sign such as

= cos 2« (5.70)

B =2ma'B = —tan« (5.71)

This equation gives that the zero magnetic field cannot rotate the D-brane and it will
required an infinite magnetic field to rotate it. But putting the B = —tan o, we can
easily confirm the off diagonals. In equation (5.71) the negative sign is necessary for the
confirmation of the off diagonals elements. Since the titled D-brane is the dual picture

of the D-brane which have magnetic fields [7].

5.5 String coupling and the dilaton

The massless scalar field dilaton has an interesting property such as its expectation
value can controls the coupling of string and this coupling is a dimensionless number
which can set the strength of the interactions of the strings.

In string theory, the string coupling is not a constant and can be written in the form
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of dilaton field. The closed string coupling g, can be evaluated from the dilaton field
o(z), such as

gsNe¢

The string coupling g, is the not an adjustable parameter but a dynamical parameter in
string theory. The dynamical nature of coupling is an ideal property for the unification
of all the other interactions. Whenever the string coupling is small then the amplitudes
for the string interactions can be easily calculable by using the Riemann surfaces. The
Riemann surfaces can also allow us to understand the infinites which come in the

amplitudes of general relativity [3, 7].

5.6 S-duality

Another kind of duality which is called S-duality which relates the string coupling g
to 1/gs as likes the T-duality which relates the radius R to o R™'. The S-duality
relates the type I superstring theory to the SO(32) Heterotic superstring theory, and
the type IIB superstring theory to itself. As when the coupling g, is small then we
use the perturbation theory but whenever the coupling g5 is large then we can use the
S-duality i.e. the large coupling g, of the type I superstring theory is equivalent to the
weak coupling g, of SO(32) Heterotic theory. S-duality tell us that how these three
superstring theories behave at strong coupling but when the coupling is large, in Type
ITA and Eg x Eg Heterotic, then both of them developed an eleventh dimension of size
the lygs . The 11th dimension is a circle in the type ITA and a line interval in the

Heterotic”.

"Under the T-duality, one can get easily §, = ‘/137 Js-
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M-theory is a new type of quantum theory which lives in 11 dimensions of spacetime. At
the low energies, it is approximately equivalent to supergravity, a classical field theory
lives in 11-dimensions of space time, but the M-theory is much more than supergravity

3, 7, 30, 31, 32].
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Appendix A
The Massless States Of Closed
String

As the massless level of closed string, the general state of fixed momentum. We write
it as

Z Rz]'al;a? |p+7ﬁT>

Ly
Here R;; are the elements of an arbitrary square matrix of the size (D —2). Any square
matrix can be decomposed into its symmetric part and its antisymmetric part as

1

5 (B — By) = Sy + Ay

1
le - §<R[j + le) +

And the symmetric part Sj; can be written as

1 1

with S = S% = §¥ ;. The 1st term is traceless as
J

: 1 1 .
5” (Slj - m65]8> — S - D — 251]5“8 — O
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Hence R;; is decomposed into a traceless matrix plus a multiple of the unit matrix. Let

say the traceless part of R;; is S’U and S' = % then we have
Ry = S+ Ay + '8

Hence we decomposed the Matrix R;; into a symmetric-traceless part, an antisym-
metric and a traceless part. Since we split the total massless states into three linear

independent states as

> Syaial [p*, pr) (A-1)
l,j
Z Ayl [p*, pr) (A-2)
l,j

stallal! o+ ) (A3

The equation (A-1) is similar to the quantum theory of the free gravitational field states.
Hence equation (A-1) represents Graviton states. The equation (A-2) corresponds to
the one-particle states of the Kalb-Ramond field, an antisymmetric tensor field B,
with two indices. The equation (A-3) corresponds to a one-particle state of a massless

scalar field. This field is called the dilaton [7].
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Appendix B
The Spinors Algebra In 2D

As the Clifford algebra satisfies

{Fua [} = 20w

In 2D it gives
F% =11, F§ =N, I'1Te + T2l =0.

Lorentizian:

In this case we have
M =+41,T2=—1,0Ty+ ol =0

Now we can choose the representation of these operators as a matrices such that

01 , 0 —1
I'=o0,= , g = —ioy =
1 0 1 0

And the generator of the spin(1,1) is then given by

1 1 1
12 4[ 15 2] 5 112 203

O N
|
[N
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with

[SI]

1 (& 0

Tz — o503 — .
0 e 2
Given a vector v = v1I'y + v9I'y the Lorentz transformation is then given by

12, ,—T12
v eV Ppe ,

By simplifying, we get

0 etr(vitvs)
'_>
e—V(vi—v2) 0
And hence
V1 cosh~y sinh~y (1
'_>
Vg sinhy cosh~y Uy

Thus the Clifford algebra generated by {1, 0y, —ios, 03} is the same as a 2 x 2 real
matrices and the even part of the Clifford algebra CI(1,1) is generated by 1 and o3
both of which are the diagonal matrices and therefore CI(1,1)cpen = R ® R. Because
the I'19 is real and diagonal therefore the irreducible representations of spin(1,1) are

one dimensional (Weyl) and real (Majorana). They transform as
Y — et24p (Positive chirality)
UV e_%iﬂ(Negative chirality)

Euclidean:

In the case of Euclidean, we have
[?=+4+1,15=+1,[1Ty+ ol =0

Now by the similar way we can choose the representations of these operators as matrices

01 1 0
=0 = , o =03 =

10 0 —1

The generator of spin(2) is then given by

1 1 —i 0 —3
==,y ==I'"Ty = —0, =
12 4[17 2] 212 202 )

—
e}
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With

v .
. COS| 5 — sin
e'yFlg _ 6—1%102 _ <2)

S

(3)
in(3) cos(3)

Given a vector v = v1I'1 + vy then the spin(2)
V= e’lezve*’YFm’
By simplifying, we get

V1 cos7y sinvy (1
—

() —siny cosvy Vg

Thus the Clifford algebra generated by {1, 0y, —ios, 03} is the same as a 2 x 2 real
matrices and the even part of the Clifford algebra C1(2) is generated by 1 and I'yT'y

since (I1I')* = —1 therefore CI(1, 1)epen = C and the spinors transforms as

o cos(2) —sin(2) Uy
—

2 ;
Yo sin(3)  cos(3) (O

We can also form the irreducible representation by taking
Yy =1+ itha, Yo =1 — 1o
Y4 transform under Spin(2) as
Y, — T2, (Positive chirality)
Y_ — e"2¢h_(Negative chirality)

The chirality is the eigenvalue under

Fg - F1F2 -

(23 (3 — o

l—>F3 =

(P (P +
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and

Yy = Wy, Yo —ih.
Thus in both Lorentzian and Euclidean signature, we have chiral (Weyl) spinors. The
supersymmetry generators are spinors and in the two dimensions we can choose p
Weyl spinors of positive chirality and ¢ Weyl of negative chirality. This gives us (p, q)

supersymmetry in the two dimensions [33, 34, 35].
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