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Abstract:

Exact quasi-classical asymptotic beyond WKB-Theory and beyond Maslov canonical operator to the
Colombeau solutions of the n-dimensional Schrodinger equation is presented. Quantum jumps nature is
considered successfully. We pointed out that an explanation of quantum jumps can be found to result from
Colombeau solutions of the Schridinger equation alone without additional postulates.
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LIntroduction

A number of experiments on trapped single ions or atoms have been performed in recent years [1,2,3,4].
Monitoring the intensity of scattered laser light off of such systems has shown abrupt changes that have been
cited as evidence of "quantum jumps" between states of the scattered ion or atom . The existence of such
jumps was required by Bohr in his theory of the atom. Bohr’s quantum jumps between atomic states [5] were
the first form of quantum dynamics to be postulated. He assumed that an atom remained in an atomic
eigenstate until it made an instantaneous jump to another state with the emission or absorption of a photon.
Since these jumps do not appear to occur in solutions of the Schrodinger equation, something similar to
Bohr's idea has been added as an extra postulate in modern quantum mechanics.

Stochastic quantum jump equations [6], [7],[8]were introduced as a tool for simulating the dynamics of a
dissipative system with a large Hilbert space and their links with quantum measurement the or were also
noted [9],[10],[11],[12],[13].This measurement interpretation is generally known as quantum trajectory
theory [14].By adding filter cavities as part of the apparatus, even the quantum jumps in the dressed state
model can be interpreted as approximations to measurement-induced jumps [15].

The question arises whether an explanation of these jumps can be found to result from an Colombeau
solution [16]-[18] (W, (x, t; ). of the Schrddinger equation alone without additional postulates. We found
exact quasi-classical asymptotic of the quantum averages with position variable with localized initial data.

(i, t, x0; 1 €))e = (J x| We(x, t; ) [?dx) e € (0,1]x €R%i = 1,...,d, (1.1)

i.e. we found the limiting Colombeau quantum averages (limiting Colombeau quantum trajectories) such that
[18]:

((l' t' xO; 8)){:‘ - (li_mh—>0<i’ t’ xo; hl €>)E -
=(limpof x;|We(x, t; 1)[?dx) e € (0,1]x €R%,i=1,..,d (1.2)
and limiting quantum trajectories such that

(i, t,x0) = limg_,glimp_,o(i, t, xo; R, €) =



= limg_olimy_o [ x;|¥.(x, t; B)|?dx,x € RE,i=1,..,d. (1.3)

The physical interpretation of these asymptotic given below, shows that the answer is "yes" for the
limiting quantum trajectories with localized initial data.

II. Colombeau solutions of the Schrodinger equation and corresponding path integral
representation

Let H be a complex infinite dimensional separable Hilbert space, with inner product <--> and norm |- |.
Let us consider Schrddinger equation:

—in (B2) + A@®¥() = 0,%(0) = ¥o(x),(2.1)

H() = — (%) A+ V(x,t).(2.2)

Here operator H(t): R x H —» H is essentially self-adjoint, H(t)is the closure of H(t).
Theorem 2.1. [19],[20].Assume that:(1) Wo(x)€Lz(R%),(2) V(x,t) is continuous and
SUPegd refo,r |V (%, t)|) < +00.Then corresponding solution of the Schrodinger equation (2.1)-(2.2)

exist and can be represented via formulae

m )d(n+1)/2
4mith

Y(t,x) = limy_,q ( f]Rd f]Rd dxodxy ... dx, Wy (xo)exp [%S(XO,XL oy Xy Xy 1) t)],(2-3)

where we have set x,,,; = xand

n E|xi+1—xi|2

SCe0, X4, s Xy X135 8) = Bl | 5072 —V(xi+1'ti)]'(2-4)

where t; = % Let g, (t)be a trajectory; that is, a function from[0, tJtoR? with g,,(0) = x,and setq,,(t;) =
x;,i =1,...,n+ 1.We rewrite Eq.(2.3) for a future application symbolically for short of the following form

Wt ) = lim,, [, DIan(0)]%0(40(0)) exp [ 5(gn(6), % ],(2.5)

where we have set (i) S(q,(t),x;t) = S(xg, X1, -+, Xn, Xptq; t) and (ii)D[q,, (t)]that is, a

)d(n+1

Dlga(®)] = ()" [y dxy.26)

4mith

Trotter and Kato well known classical results give a precise meaning to the Feynman integral when the
potential Mx, t)is sufficiently regular [18]-[19]. However if potential {x, t) is a non-regular this is well
known problem to represent solution of the Schrddinger equation (2.1)-(2.2) via formulae (2.3), see [19].
We avoided this difficulty using contemporary Colombeau framework [16]-[18]. Using

replacement x; — W, € € (0,1],k = 1we obtain from potential Wx, t)regularized

potential V. (x, t), e € (0,1], suchthat V._y(x,t) = V(x,t)and
® (Ve(x, 1)), € GRY),
(i) supxeRd,tE[olT]lVg(x, ) < +ow,e € (0,1].(2.7)
Here G(R%)is Colombeau algebra of Colombeau generalized functions [16]-[18].

Finally we obtain regularized Schrodinger equation of Colombeau form [16]-[18]:



—ih (a“’—“)) + (ﬁs(t)Tg(t))s = 0,(¥.(0)), = ¥o(x),(2.8)

Jat

Ho(®) = — (1) A+ V,(x, ).(2.9)

Using the inequality (2.7) Theorem 2.1 asserts again that corresponding solution of the Schrodinger
equation (2.8)-(2.9)exist and can be represented via formulae [18]:

(‘Pg(t, x))s =

4Tith

. d(n+1)/2 .
(hmn_m( i ) St o Jipa @20 dxy oo AP (0 )exp [%Ss(xo,xl, ey Xy X 13 t)]) (2.10)
£

where we have set x,,; = x and

m |xiy1—xil?

SE(xO' X1 v X Xnt+1s t) = ?:1 4 (t/n)z - Ve(xi+1lti)]l(2'11)

it
where we have set t; = —.

We rewrite Eq.(2.10) for a future application symbolically of the following form
(¥e(t,)), = (limnmcs [, (o DI0n (O (0a(0)) exp ;5. (aa () 0)]) , (212)
or of the following form

(¥e(6:2), = (limpon ¥, , (62)) = (limpes Sy, Dala(©1¥o(aa(0) exp [1S.(G(0. a3 0)]) . (213)

.
For the limit in RHS of (2.12) and (2.13) we will be used canonical path integral notation

(¥e(6:2), = (S0 LMo (4(0)) exp S (4(2), q®)]) ,(2:14)

where S.(4(8),q() = J; |5 4%(s) = Ve(a(s), )| ds.
Substitution n = 8k + 7 into RHS of the Eq.(2.10) gives

(‘I‘g(t, x))‘s =

. (8k+7) d(4k+4) .
(hmk—mo ( 4nmm) fRd f]md dxodx; ...dXgg47 ¥, (xo)exp [i Se(Xg) X1 ) Xgia7 ) Xgktss t)])g-(2-15)

We rewrite Eq.(2.15) for a future application symbolically of the following form
(¥e(t,0), = (limpers f, ) D* 42 (O]1¥0(4n(0)) exp [1S. (4 (0); D)]) , (2.16)
or of the following form

(¥e(t.)), = (lim,,_., [, DELaO1%6(q(0)) exp [:5.(a(®), @) 0)]) . 217)

&

For the limit in RHS of (2.16) and (2.17) we will be used following path integral notation



(¥e(6:2), = (S, D a@1¥0((0)) exp [15:(4(0). 4())]) -(2.18)
Let us consider now regularized oscillatory integral

(]s‘n(t; h))g = (fRd e Jpa @XodXy . dXn f (X, X1, o, X)W (X0 )exp [%Sg(xo,xl, s X} t)D (2.19)

.
Lemmaz2.1. (Localization Principle [25]-[26]) Let Q be a domainin R**"™ and f € C°(Q)

be a smooth function of compact support, S, € C*(Q), e € (0,1] be a real valued smooth function
without stationary points in supp(f), i.e. 3,S.(x) # 0 for x € Q. Let L be a differential operator

L(f) = — ?=10%(|5g,x(x)|_2%f). (2.20)

axi
Then

(|]£,n(t; h)|)S < hfg L(f(x))dx. Yn,m € N,VA <1 thereexist c,, such that

(len(® ) < cmh™IF, £l = Supreq Biatem| D (2:21)

Lemma2.2. (Generalized Localization Principle) Let Q, be adomainin R%*™ and f, € C7(Q,)
be a real valued smooth function without stationary points in supp(f),ie. 9,S.(x) # 0 for x € Q,
and let (pg(t; fl))g be infinite sequence n € N:

(sos,n(t; h))

&

d(n+1)/2 .
(( nm ) an dxodxy ... dxp fr (X0, X1, -, X)W (x0) €XP [%Ss(xo, X1, ey X3 t)]) . (2.22)
&

4Tith

Then there exist infinite sequence {f; }ren, limg_oh; = 0 such that

<1imz—»oogos_n(t; flk)> = 0.

&

Proof. Equality (2.23) immediately follows from (2.21).

Remark2.1. From Lemma?2.2 follows that stationary phase approximation is not a valid asymptotic
approximation in the limit 2 — 0 for a path-integral (2.14) and (2.18).

III. Exact quasi-classical asymptotic beyond Maslov canonical operator.

Theorem3.1. Let us consider Cauchy problem (2.8) with initial data ¥,(x) is given via formula

__ 1(x=x)>
Fol®) = amdrndis P |75 ]’(3'1)
where 0 <A« n<«1 and x? = (x,x).
(1) We assume now that: (i) (V(x, t))g € G(RY), (ii)Ve—o(x,t) = V(x,t): R, x R > R and

(iii)Vt € R, functionV (x,t) is a polynomial on variable x = (xy, ..., x4), i.e.

V() = Zjagem Ja ®x%, @ = (i, s ig), x% = 2 X X x 2 lall = B¢, i:(3.2)



(2) Let u(r, t,A,x,y) = (u1 (@t A4,xy), ..., uq(t,t, 4, x, y))be the solution of the boundary problem

i
L) - Hess[V (4 DT (5,6,4,%,9) + V' 2, DI(3.3)
u(0,t,A4,x,y) =y, u(t,t,Ax,y) = x.(3.4)

Here 2= (A, ...,4) € RLUT (1, 6,4, %,y) = (u (5,6, 4, %, ¥), .., ua (7, t,/l,x,y))T,

92V (x,t)
0x;0x;

Oxy 1, _ dxq

VAt = ([BV(x,t) e [OV(x,t) JC=A)and Hess[V(A,1)] = [ ] . (3.5)

(3) LetS(t, A, x,y) bethe master action given via formula
t .
S(t, A x,y) = [, L@, t, 4, %,y),u(t,t,4,%,y),7) dr,(3.6)

where master Lagrangian L(u,u,7) are

LG 7) = 203(5,t,4,%,) — Pt x,3), 7,0 = (52, .., 29) i = (1,1),(3.7)

V((t,t,4x,y),7) =u(r,t,4,x,y)Hess[V(, DT (r,6,4,x,y) + VA, Du"(r,6,4,x,y). (3.8)

Let y. = ¥.,(t,A,x) € R? be solution of the linear system of the algebraic equations

as(t,A,x,y) _ 0 __
[T]yzycr = O,l = 1, oea g d (39)

(4) Let £ = 2(t,4,x,) € R be solution of the linear system of the algebraic equations
Ver (&, 4, %) + A — x5 = 0. (3.10)
Assume that: for a given values of the parameters t, 4, x,the point X = X(t, 4, xy)is not a focal point on a
corresponding trajectory is given by corresponding solution of the boundary problem (3.3).Then for the

limiting quantum average given via formulae (1.1) the inequalities is satisfied:

limpol(i, t, xg; A) — A;| <
-0

<2 ”detSycrycr (t, 4, 2(t, 2, x0), yer (£, 4, £(t, 4, xo)))”_l 1%L x),i=1,..,d (311

Thus one can to calculate the limiting quantum trajectory corresponding to
potential V (x, t)by using transcendental master equation

Zi(t, A xy) =0,i =1,...,d.(3.12)
Proof. From inequality (A.15) and Theorem A1, using inequalities (A.53.a) and (A.53.b) we obtain

limesolim nool(%, T; 0,1, 4, &) — A;| < limyoo[ R (T, A) + R,(T, D)],i =1,..,d, (3.13)

o-0

where



Ry(1, ) = [ dx{[, o, D[4 (q@) (D cos[ES1@, 04T}, 314
Ry(T,2) = [ dx ([, D (a1 (@) [q (D sin[E5:G,0.2 D]} . (315)
We note that
R(T, 1) = [ dx [Ry(x, T, D]", Ry(T, ) = [ dx[R,(x, T, D], (3.16)

where
RO T,2) = [y DHa®1¥(a(0) (T[] cos [35:(4,4.4,T)| =

= [ dy faery=x D* [4@O1¥(q(0)[lq. (D] cos [15,(6, 4,4, T)] = [ dyRy ey, 7.2, (317)
q(0)=y

Ry (03, T,2) = fyry=x D (a1 (@) g (D cos [15:(,0.4T)]  (3.18)
q(0)=y

and

RoC0 T, ) = [ D*a(O1¥(q(0) g (T)[Jz sin [28,(6,4,4,7)] =

= fdy fq(T)=xD+[Q(t)]lP(Q(O))“qL(T)”% sin [%Sl(qi q, A! T)] = fdyjéZ(x' Y, T' ﬂ), (319)
q(0)=y

Ry (0,3,T,2) = Jymr=x D* [a@1¥(q(0) g, (D12 sin [£5,(4,4,4,7)].  (3:20)

q(0)=y
From Eq.(3.18) one obtain
Ri(x,y,T,A) = ;[ﬁm(x, v, T,A) +Ry,(x,v,T, )], (3.21)
where
Rua (6, T, A) = fymy=x D*[a(©1¥(q(0))[1q;(DI]z exp [ $1(4, 4, 2.T))], (3.22)
q(0)=y
o 1 i .
F12(6,9,T,2) = fyry=x D*[a@1¥(q(0)) g (T)I]z exp |~ 15,4, 4,4,7)] (323)
q(0)=y

Let us calculate now path integral ®R,,(x,y,T,1) and path integral R,,(x,y,T, 1),
using stationary phase approximation. From Eq.(A.23) follows directly that action
S$1(q,9,A4,T) coincide with master action S(t, A, x,y) is given via formulae (3.6)-(3.8)
and therefore from Eq.(3.22) and Eq.(3.23) one obtain

jél,l (X, Y T! A) = fq(T)=x D+ [q (t)]‘P(Q(O)) [lqz (T) |]% €xp [é Sl (q' q, lv T)] =
q(0)=y

= R1100y,T,2) = [l ¥Oexp[£5(t, 4,x,7)] (324)

and

F12(69,T,2) = farr=x D*[aO1¥(q(0)) [l (D2 exp[£51(,4,2,7)] =
q(0)=y



= 1,00y, T,2) = [l ¥exp [~ £5(t,4,x,7)| (325)

From Eq.(3.17) and Eq.(3.24) we obtain
R (x,T,A) = [dyR,(x,y,T,2). (3.26)

Substitution Eq.(3.25) into Eq.(3.26) gives

- 1 j
RoaCeT,2) = [l [ dyPexp [;5(t4,%,9)]. (3.26)
Similarly one obtain

FapCoT,2) = [l Iz [ dy ¥Oexp|-L5¢,2,2,)] (327)

Let us calculate now integral ﬁl‘l(x, T,A) and integral ﬁl,z (x,T,A) using stationary
phase approximation. Let v, = y,.(t,1,x) € R? be the stationary point of master
action S(t,A,x,y) and therefore Eq.(3.9) is satisfied. Having applied stationary phase
approximation one obtain

Ri1(6,Yer (t,4,%), T, A) =
[|detS)’c‘ry(:‘r(t’ A%, Yer (6, 4,%)) |]_%[|xi I]% P(y.,(t, A, x))exp [%S(t, A X, Yer (t, A, x))], (3.28)
Ri2(x,Yer(t,4,%), T, 2) =
[[detS,, . (& 4,2 yer (£, 2,5)) |]_%[|xi 112 ¥ (yer (£, 2, ) )exp [~ 25t 4,2, yer (£, 2,0)]-(3.29)
Substitution Eq.(3.28)-Eq.(3.29) into Eq.(3.21) gives

j-él(x' yCr(t' A, x), T’ A) = % [j-él,l(x' yCr(t. A' x), T, A) + ﬁl,Z (X, yCT(t' A! x)! T! A)] -

2 1
= [|detSyCTycr(t, A%, Y6 4,0)|] 2%l ¥(ye (8 4, x)) x

X {exp [éS(t, A%, Ver (E, A, x))] + exp [— %S(t, A%, Ver (E, A, x))]} =

= [|detSy, .y, (t. 2,2, yer (8, 4, x))|]_%[|xil]% ¥ (Yer (£, 2, x))cos [%S(t, A%, ycr(t,/l,x))]. (3.30)
Substitution Eq.(3.30) into Eq.(3.16) gives
R(T,A) = [ dx [ dx [R,(x, T, D] =
= [ dx[|detS, 5. (82,230 (t, 2,2))|]” 1| ¥ (yer (£, 4, ) cos? [%S(t, A%, Yer (6,2, x))]. (3.31)

Similarly one obtain
R, (T, A) = [ dx [ dx [R,(x, T, D] =

= fdx [|dEtS3’cr3’cr(t' Ax, v (t, A, x))|]_1|xi|‘1’2(ycr(t,/1, x))sin2 [%S(t,/l,x,ycr(t,/l, x))]. (3.32)

Therefore



R(T, ) = Ry(T,2) + Ry (T, 1) = 2 [ dx[|detS,,_ . (6:4,% yer (6, 4,0)) || 16 1% (yer (£, 4, %)) (3:33)

Substitution Eq.(3.1) into Eq.(3.33) gives

d/ = -
R(T,2) = 2 s [ dx[[detSy oy, (64,56, Yer (6,2, 00)|| rlexp [ 1O= D02 (3.34)

Let us calculate now integral (3.34) using Laplace’s approximation. It is easy to see that
corresponding stationary point £ = £(t,1,x,) € R¢ is the solution of the linear system of the
algebraic equations (3.10). Therefore finally we obtain

R(T,2) = 212,64, %) [|detS, e, (62,2064 x0), 30 (64,28, 2200) )| + 01,

i=1,..,d. (3.35)
Substitution Eq.(3.35) into inequality (3.13) gives the inequality (3.11). The inequality (3.11)
completed the proof.

IV. Quantum anharmonic oscillator with a cubic potential supplemented by additive
sinusoidal driving.

In this subsection we calculate exact quasi-classical asymptotic for quantum anharmonic oscillator with a
cubic potential supplemented by additive sinusoidal driving. Using Theorem3.1 we obtain corresponding
limiting quantum trajectories given via Eq.(1.3).

Let us consider quantum anharmonic oscillator with a cubic potential
V(x) = mezxz —ax®+bx,x €R,a,b > 0(4.1)
supplemented by an additive sinusoidal driving. Thus

V(x ) =" %2 — ax® + bx — [Asin(Q0)]x. (4.2)

The corresponding master Lagrangian given by (3.7), are

L(u,u,1) = (?) w?—m ((w—z) + (ﬂ)) 2 — (mw®A + 3a2* — b — Asin(Qt))u.(4.3)

m

2 2 :
We assume now that: % A % > 0 and rewrite (4.3) of the form

L(,u,7) = (m/2)1? — (mw?1/2)u*+ g(4, t)u, (44)

where w(1) = /2 |m72 + 3%1 and g(4,t) = — [mw?A + 3aA* — b — Asin(Q - t)].

The corresponding master actionS(t, 4, x, y)given by Eq.(3.6), are

S(t, A x,y) = U [(cosmt)(y? + x?) — 2xy + 2_xft (A4, 7) sin(wt) dt +
XY= sinat Y YT e Og ‘
2y t q 2 t T g q
+ m_wf() g4, 1) sin(@(t — 1)) dr — mfo J, 94, g, 5)sin@ (¢t — 7) sin(ws) dsdr].(4.5)



9 92 94 96 98
T




Note that for corresponding propagator K,(x,t|y,0) the time discretized path-integral representation
K. n(x,t|y,0) are:

dxqdxy..dxN—q1

KE,N(x' tly' 0) = f (47rhAt)N/2 eXp [%SE,N(xO' 000 ) xN)]' (52)

where S, y(xg, ..., xy) are:

s = SyNt[Iin _ g ‘. (53
E,N(xO""!xN) — 4 n=0 At s(xn' tn) o ( 0 )
Here the initial-x, and end-points x, are fixed by the prescribed x, and by the additional constraint
XN = y.

Let us calculate now integral (5.2) using stationary-point approximation. Denoting an critical points of the
discrete-time action (5.3) by x.;, = (xl,&k, ...,xN_ljglk) it follows that x., satisfies the critical point
conditions are

aSS,N(XO,S,k'""xN—l,E,k'xN,S,k) - O (5 4)
0%n,gk .

for n=1,...,N — 1, supplemented by the prescribed boundary conditions for n = 0,n = N: xy . = X,
xN‘E’k = X.

From Eq.(5.2) in the limit A — 0 using formally stationary-point approximation one obtain

i
Ken(x, t1%0,0) = Zo 1 (Xep X060 Xy e ) EXP [gse,zv(xe,k'xo,s,k'xzv,s,k)] +0(h). (5.5)
Here the pre-factor Z,y (xg,k) is given via N-dimensional Gaussian integral of the canonical form as

_ (9y1dy2..dyN-1 i oN-1
Zs,N—l(xs,k'xO,e,k'xN,s,k) _f (4mhAt)N/2 exp E nm=1>n

aZSEN(x&‘k'XOEk'xNEk) ]
Merioekinel)y | (56
0Xn,ek0%Xm ek Ym ( )

The Gaussian integral in (5.6) is given via canonical formula

0%Se N (%X X0,6 %N, k) 12
ZS,N_l(xE,k,xo,&k,xN,E,k)=[4nhAtdet<2At AL gk Opke Ne )] nm=1,.,N—-1. (5.7)

axn,e,kaxm,‘s,k

Here det(An,m) denote the determinant of an N —1 X N — 1 matrix with elements A, ,,.
Let us consider now Cauchy problem (2.8) with initial data ¥,(x) is given via formula

_ /e 1(x—20)?
Po(x) = 7anis ©XP [_ . ]

Note that for corresponding Colombeau solution W.(t,x) given via path-integral (2.14) the time discretized
path-integral representation ¥, y(t,x) are

Wen(t,x) = [ Wo(xo)Ken(x, t|xo,0) dxy =

=Yk f deZS,N—l(xe,krxOrxN,s,k)lPO (x9)exp [%Se,N(xs,ero'xN,s,k)] [1+0(n)]. (5.8)

Let us calculate now integrals in RHS of Eq.(5.8) using stationary-point approximation. Corresponding critical
point conditions are

0SeN(X0,6 k0 XN=1,6 0 XN,e,k) =0. (5.9)
0X0,¢k ! !

From (5.8) we obtain



sz,N (t' x) = Zk Ze,N (xa,k' xO,a,k' x)\PO (xo,e,k)exp [% Sa,N (xa,k: xo,e,kr X)] [1 + O(h)] (5-10)

azssN(xsk'xosk:x) 12

Z n(xep X,k x) = |Atdet | 2Af —2E—=k=08k ,nm=01,..,N—-1. (511)
‘ : - 0Xn e k0% m ek

Let as denote X = (X0, X160, - Xn-160) = (xo,g,o(x),xl,&o(x), ...,xN_Lg,O(x)) the critical

point for which the critical point conditions (5.4) are

Xn+1,60"Xn,g,
e F(xpeortn) =0,n=01,..,N—1. (5.12)

Therefore the time discretized path-integral representation of the Colombeau quantum averages
given by Eq. (1.1) are

1/2 —, 32
(1,t,2z9; h, €)), = (f x|¥en(x,t; h)lzdx)g = (Zn)nlm(f dxe?lN(xg,k,xo_g,O,x)exp [— MDE [1+

o0(h?)] +

ni/2

(%0,6,0(X)—Z0)? -
+W(Zk21fdxngl,v(x&k, xolgyo,x)exp [— WDE [1+0(h>)]+ O(exp(—ch 1)), (5.13)

where ¢ > 0,¢ € (0,1],x € R. Let us calculate now integrals in RHS of Eq.(5.13) using stationary-point
approximation. Corresponding critical point conditions are

xO,S,O(xN,s,O) -2z, =0, (5.14).
Xoepe(Xnex) — 20 = 0,k = 1. (5.15).

Here xy.o can be calculated using linear recursion (5.12) with initial data x, ., = 2.
From Eq.(5.13)-Eq.(5.14) one obtain

(Lt zg; ) = (xN,s,OZéN(xe,k!xO,E,O'xN,E,O))S (5.16).
and

azssN(xek‘xOEerNso) ~1/2
Z&N(xg’k,xo'g’k,xlvyg’o) = [Atdet <2At 2 - — = )] ,n,m = 0,1, ,N (517)

axn,s,kaxm,s,k

As demonstrated in [24] the determinant appearing in (5.11) can be calculated using second
order linear recursion:

Qn+1,s,k_2Qn,£,k_Qn—1,£,k _ 2 Qn,s,kpaé(xn,s,k’tn)_Qn—1,£,kF92(xn—1,£,krtn—1) _
(at)? At

Xn+1,6k~Xnek "
_Qn,s,k [% — Ee(xn,e,k' tn)] Fg,xz (xn,e,k' tn) +

+ Qn,s,k [Fs’,x (xn,s,k' tn)] ‘ — Qn—l,s,k [Fs’,x (xn— 1,6,k tn—l)] 2:

OFc(x,t)

F;:,,x (x' t) = ax

" 9% Fg(x,t)
Far(x,t) = =222, (5.18)

with initial data Q; . = At, Qppx = Q1cx + At + 0((At)2) (5.19)

from which the pre-factor Z,y (x&k, Xo,e.kr xN,&O) in (5.16) follows as

Zs,N(xs,kﬂxo,s,kﬂxN,s,O) = QN,s,k- (5.20)






Let us consider now regularized Feynman-Colombeau propagator(l(g (x, Ty, 0))8
given by Feynman path integral:

R, T1y,0;0,1) = fym=xD*[a(®)]lexp|~351(q.T:0,D| exp [ $2(q(T), 1) | exp [ 5:(4, 4, )| (A1)
q(0)=y

where f € (0,1],
$1(q.T;0,0) = [ dtl{[q(t) — 11%0,1}], (A2)

S,(q(M), ) =[q(T) =214, A=Ay, ..., 49) € RY, (A3)
$:(q,q,T) = fOT L(q(®),q(®),t)dt, L(q(t),q(t),t) = ?qz(t) = Vo(q(@),0), Vemo(x, ) = V(x,t), (A4)
V(x,t) = g1()x + g,(®)x* + gs()x> + - + g, (t)x7, (A5)

a = (i, ig) x* =x" X X x 2, lall = X, iy,

V@(®,8) = V(@ ©,6), 20 = (01:() 9. (0)), (16)
qi,E(t) = %,E € (0'1]!]( > 1. (A7)

Here: (1)o € (0,1], A < ogand (2) for each path q(t) such
that q(t) = Yoe1 apsin (nTm) +u(t,T,y,x),u(0,T,y,x) =y,u(T,T,y,x) = x,where u(t,T,y,x)
is a given function, operator {p(t); g, [} are

: t » : i
{a(0); 0,1} = Thoy 0 apsin () + Zii_i4 ansin (50).(A8)
(3) D*[q(t)]is a positive Feynman “measure”.

Therefore regularized Colombeau solution of the Schrodinger equation corresponding to
regularized propagator (A.1) are

(Ye(T,x;0,1,0)), = (fmdyw(y)Es(x,le,O:G, l)) =

= &

[ rloma@)es|- ;5@ 1010w [rs.@an] )| =

q(T)=x .

= <f 4y fyry=x D*[a(O)1¥(q(0))exp [~ 35(q, T 0,1, D)) exp [+5:(d. 0, T)]) (A9)
q(0)=y e

Here S(q,T;0,1,4) =51(q,T;0,1) + S2(q(T), D). (A.10)
Let us consider now regularized quantum average

(& Ti0, LA e)e = ([ dxx; |W.(T, x; 0, z,z)|2)g. (A.11)

From (A.5) and (A.11) one obtain



(120 T30, 42D < (J dx{f, 5, D*a@I¥(a(O) (DI 2exp [~ 15(q,T; 0,1, )] cos [£ 5. (da, T)]}z)s +

+(F dx{f, gy D Ta @M@, 2exp [~ 150, Ts 0,1 D] sin [, @ 0 D]} ) (A13)
From Eq.(A.5)-(A.13) one obtain
(%:,Ti0,LA,€) — Al = (% T 0,14, 8) — 4, [ dx|¥ (T, x;0,1,D)|?| =
=/, dxl[x; = 4] |¥ (T, x;0, L DI?| < 7 dxla; — 4] [¥e(T, x5 0,1, D)|? =
= [dx{f, 4, D*[a®I¥(q(O)[1g:(T) - A1 2exp[~25(q, Ts 0,1, )] cos [E5.(@. 0. D]} +
1 1q /. z
+J dx {f, ) DHa@1(a(0)[1g:(T) = 211 2exp [~ 35, T 0, L D] sin [;S. (@, . D} (a14)

Using replacement q;(t) — A; :== q;(t),i = 1, ...,d into RHS of the Eq.(A.9) one obtain

(X, T;0,1,4, &) — 4] <
+ 1/2 1 1 . ¢
< [ dx {[ 1y D*[aO1¥(a (@) q: (D)1 2exp [~ :5(q, T3 0, cos [ Se(@.q + A, D]} +

+ [ dx (], 5, D a@I¥(a(@)lai (DI 2exp [-25(q, s 0,0 sin [ES.(@.q + 4 D]} =

= [dx [I2(x,T;0,1,A,€)] + [ dx [I2(x,T; 0,1, 4, €)]. (A.15)
Here
$(q.T;0,0) = $,(q.T;0,0) + 5,(q(D)), $:1(q. T; 0,1) = [ dt[{[q(D)]% o, 1}],
S,(q(M) = [q(T)]% 1 e R? (A.16)
and
Li(x,T;0,l,A¢) =
= [yry=e D a1 (a@) 1g: (D1 2exp [~ 5(q, T; 0, D) cos [ 5e(d, g + 4, T)) (a17)

L(x,T;0,l,A,¢) =

= Jyyx D@19 (q(O) (T V2exp [~ 38(q. T; 0, D sin[;S.(q,q + A7) (A18)
Let us rewrite a function V,(q(t) + 4,t) in the following equivalent form:
Ve(q(®) + 4,t) = Veo(q(©), 8, 1) + Ve 1 (q(8), 8, 2), (A19)
Veo(a(®),t,2) = ag1(q(0), £, Dq(®) + ac2(q(0), t, Dg*(0), (A.20)

Ve1(q(0),6,2) = ae3(q(0), £, DG*(6) + -+ + ac e (q(t), £, Dg* (D), (A21)



where Ae=0,1 (q (t), t, /1) =0 (t, /1), Ae=0,2 (q (t): t, A) = Cy (t: A)l vy Qe=0, (q (t)' L, A) = Cq (t' /‘l)
Let us evaluate now path integral [,(T;o,l,4) given via Eq.(A.17). Substitution Eq.(A.19) into RHS of the
Eq.(A.17) gives

L(x,T;o,l,A¢) = 11(1)(35, T;0,l,A,¢) + 11(2)(x, T;0,l,A¢) =

ety D [0 O12(q0) g (D [zexp [~ 25(q, T; 0, D] cos [£ S, (4, g + 4,T)] cos [ So(q + 4,T)] +

+ Jyry= DHA@1¥(a (@)l q:(DI1Y2exp [~ 3.5, T 0, sin [+ 504(,,,T)] sin [~ 3..2(4,4,T)], (A22:2)

L(xT;0,LA¢e) =P, T;0,1,4,8) + 1P (x,T; 0,1, A, &) =
+ = 1 . 1 . .1
[ iryme DY A@1(q(0) (T T2exp [~ 25(q, T; 0, D) cos [+ 5..1(d, + A,T)] sin [+ S.2(q + 2, T)] +

+ Jyayn D aO1¥(q(0) (DI 2exp [ 1 5(q,T; 0, D | sin [25,.1 (6,4, 2, T)| cos [~ 35..,(q, 4, T)], (A22b)

where
S£,1 (q' ql A! T) = J‘(;F Ls(q (t)v Q(t)' t' A) dt, Ls (q (t): Q(t); t: A) — % qz (t) — Vs,O(q (t), t, A), (AZS)
58,2 (q! l, T) = ft;r Vs,l(q (t): t: A) dt: (A24)

11(1)(x, T;o,l,,¢) =
1
[ iryme D a@1% (q(0)) [l (MJzexp [~ 15 (q, T; 0,1)] cos [+ 5.1 (4,4, 4,T)| cos [35.,(q,2.T)|,  (A25.)
12(1)(x, T;0,lLA¢c) =

Sy D101 (q(0) [l (T J2exp [~ 25(q, T; 0,1)] cos [ 5.1(6, 4,4, )] sin [£5.2(4,4,T)],  (A25b)

11(2) (x,T;0,l,7,¢) =
Jorrex D 1a(O1¥(q(0)) [l (T)1¥2exp [ 1 5(q, T; 0, D] sin [ 501(d,4,4,T)| sin [~ 25..2(q, 4, T)]. (A26.2)
12(2)(x, T;0,l,A¢) =

Jycryms D0 O1¥(@(@) 19 (T 2exp |~ £ 5(0,T; 0, D) sin [1.521(6,9, 4, T)] cos [~ S.0(a, 2. 1] (A26)

Let us evaluate now n-dimensional path integral 11(1,3 (x,T;0,1,1,¢):

I&) (x,T;0,l,A4,¢) =
= [ oy DA LAO1(q(0)) [l (D) Nzexp [~ 25(q,T; 0,D)] cos [£5.1(6, 4, 4,T)] cos [25,2(q,2,7)] =
= [ e DA LA @1¥(q(0)) g, (T Tzexp |~ 2 5(q, 5 0, 1)] {cos [£ 5,16, 4,4, )] + 1} cos [£5,2(q,2,7)] -

— Iy DGO ((O) |, (T) J2exp [~ 25(4, T; 0, D) cos [25,.2(q,2, 7). (A27)



From Eq.(A.27) one obtain the inequality
|I(1)(x T;o,l 2, e)| |f D [q(®)] LP(q(O)) lq;:(T)I] zexp [——S(q,T o, l)] {cos[ S:10q,9,4, T)] + 1}|
— Iy DO ()l Jzexp [~ 25(q, T; 0, D] cos [2 .2 (q,4,T)] =

= |1 oy D[ (q(O)) 1 (T Jzexp [~ £5(q, T; 0, D] cos 15,14, 4,2, 7] +

+ [ D@ (a©)llaiFesn |15 T0.0] -
q(T)=x
~ Jyryo DR LA(O1¥(aO)) I (D zexp [~ 150, T3 0,1 cos [+52 (0, A )], (a.28)

From Inq.(A.28) one obtain the inequality

8@ T30, 4,0)| < |, 0y, D [ (O (q(0))[lq, (T 12exp [~ 25 (q, T3 0, D] cos [ 51 (,q,2.1)]| -

4 2i
3, S Dila@1(g ()l (DIE[S. (0,2, D] exp [~ 15(q, T3 0,1)] =
= |](1)(x T;0,1, A& )| — ‘fl( 2 f)l, - RO (x,T; 0,1,m), (A.29)
where

)0, T 0,1, 4,6, 1) =
= [} 1y DE L OI2(q(O) g (DJzexp [~ 15(q, T;0, D] cos [t 5.1 (@, 0,21, (A30)
RO, T;0,Lm) = [, D la@1¥(a() g (DIE[S.2(q, 4 T exp [ 250, T:0,D]. (a3D)
Using replacement q;(t) = h%qi(t), t €[0,T],i =1,..,d into RHS of the Eq.(A.31) one obtain

: o 1 4 i
RS) (X, T; g, l' Tl) = h1/4 fq(T):% Dr-{- [Q(t)]"l" (hzqa))> [|QL(T) |]2 [SS,Z (hl/zq' A; T)]ZLeXp [— %S(hl/zq; T; a, l)] —
h

hY/*hi/2 [ dy fq(T):% D} [a®1¥(q(0))[lq; (T)I]%[i,z(q. AT, h)]ZieXp[—S (q,T;0,D] =
a(0)=1

= hl/"hi/zﬁg) (x,T;0,1,n), where (A.32)

pd/e

~— 2
+[q(®)] = D} [hzq(t)] t €[0,T], ¥(q(0)) = (Zn)d,4hd,4e><p["qz(°)], see Eq.(3.1) and

$c2@AT. ) =[] Veq(q(®),t, 4, 0) dt, (A.33)

Ver(@(®), 6,4, 1) = ac3(q(),t, D) + - + haT_Sag,a(q(t), £, )q" (¢). (A.34)



~(i - - LTSN 20
RO Ti0,Lm) = [ dy [y x D0 @I(@@)laiDIE o AT W] expl-S@ Tio, Dl (435)

a0)=7
From (A.29)-(A.35) one obtain

1 ~
|I(1)(x T;0,1, 7€) < |](1)(x,T; 0,1, A, h)|— ha ‘fl((;))'h (l)(x T;0,l,n) =
1

< |](1)(x, T;o0,l, 1, ¢, h)| — haE.(x,T; 0,l,n), where (A.36)
E.(x,T;0,,h,n) = Y2 1((2[)‘ RO (%, T; 0,1, m). (A.37)

Proposition A.1. [21]-[23] Let {snm}zzzf be a double sequence s:N x N - C.Let lim, ;0Sym = a.

Then the iterated limit: lim,,_, (limm_,oosnym) existand equal to a ifand only if lim;, .S,
exists for each n € N.

Proposition A.2. Let 11(1)(x, T;o0,l,A, & h) = Ifl)(x, T;o,l, A, &), where Ifl)(x, T;o0,l,1,¢€) isgiven via
Eq.(A.25) and let 11(2)(x, T;0,l,A, & h) = 11(2)(x, T;o,1,A, ), where 11(2)(x, T;o,l,A,€) isgiven via
Eq.(A.26). Then I¥(x,T;0,1,4,€) =

€y

(2)

(3)

4

)

(6)

Here

2
limg—olim s [ dx [Ifl)(x, T:o0,l A, s)] <

o-0

< limpo f dx {[, oy D* O (@) g:(DITE cos [15, @ q, A D]}
lime-olim 4o f dx [, Ti 0, 1,2 o] =
lime-olim p-o f dx [V, T; 0,02, )P (x,T;0,1,,€)] =0,
li_mgjgli_m no [ dx [12(2)(x, T;o,l,2, 8)]2 <
< limpo J dx {[, oy D* O (@) gD sin [£5, 0.2, D])
lime-qlim 50 J dx 1§ Ti0,,2,)]” =

limgolim h_,ofdx [12(2)(x, T;o,l, 2, 8)12(1)(3(, T;o,l 2, s)] =0.
ag—-0

Sl (q' q, A' T) - s8=0,1(6.I' q, A! T) = fOT L€=0(q(t)' Q(t)' t, A) dt,

Le=o(4(6),q(0),6,2) = 4% () = Vezoo(q (1), £, 2).

Proof (I) Let us to choose an sequence {h,,};m—; such that

®
(i)

lim,,_, 0 iy

=0 and
2

lim,,, n_mfdx{ (m)(x T;o,l, hm,n)} = limy o0 J dx {Z{”l( Dk hmR(l)(x T;o,l, n)}

@t

We note that from (ii) follows that: perturbative expansion



2

[ dx {E.Cx, T; 0,1, iy, m)}? = h:,{4fdx{ = ED (12))fjm7e(‘)(x T:a,l, n)}

vanishes in the limit m,n — . From (A.36) and Schwarz's inequality using Proposition A.1, one obtain

limy e f i [K0C T3 0,42, 8 )] < Uiy e S e {10, T3 0,1, )| = BB (T 0, L ) )

< Timy, e f ax () T;0,L 2, hm)}

+1im,, 1o {2h1/4\/[f dx {](1)(x T; 0,1, 4,¢, hm)} [dx{E.(x,T;0,l, hp, n)}z] + [dx{E.(x,T; 0,1, hm,n)}z}

= im0 [ dx {](1)(95 T;0,l, ¢, hm)} = limy_olim,_ [ dx {](1)(x T;0,l,4,¢, h)}

1 1 2
=limy_o J dx {f, ;. D¥[9@1¥(q(0))[1q: (DI cos 1 5:(4,9, 4, T)]} . (A38)

Let us to choose now an subsequence {hmk}:l . such that the limit:
=

lim gnoo [ dx [1(1)(x T;0,l ¢, hmk)] exist and

lim oo [ dx [1(1)()6 T;o,L ¢, hmk)] = limy o J dx [1(1)(x T;0,L, ¢, hm)] (A.39)
From (A.39) and Proposition A.1 one obtaln
lim k,n_mfdx[ m(x T;0,l4¢, hmk)] = lim g-e {llm n-w [ dx [1(1)(x T;0,l,4,¢, hmk)] } (A.40)

From (A.39), (A.40) and (A.38) one obtain

2
limgoolim poo [ dx [I0(x, T; 0,1, 2,€)] <
a—0

< limesolim koo {hm n-w [ dx [1(1)(x T;0,1,4,6 )] }

o—-0

= limgsolim koo f dx [11(1) (x, T;o,l,A ¢, hmk)]z <
g—0

1 2
< limy_g J dx {f, ;_, D*a@1¥(q(0))[1g: (DI cos [ 5:(4, 4,4, D]} - (A41)
The inequality (A.41) completed the proof of the statement (1).

(II) Let us estimate now n-dimensional path integral

11(,271)(95' T;0,lA¢) =

[ rrex DR LA(O1¥(q(0)) [l (T)1¥2exp [ 15(q, T; 0, D] sin [ 5:1(4,4, 2, T)| sin [-25,.,(q, 4, T)].  (A42)
From Eq. (A.42) one obtain the inequality

|I(2)(x T;0,l,7, e)|

< [, py DELA(OTP(a(0)[1g: (D1 2exp [~ 5(q, T3 0,0 [sin [ 1 5.2(0,2,7)]| <



p—(2i+1)

o o iy PATAOT¥(9 () (D[S o€, 2, T

< X exp [—%S(q,T; o, l)] =

- h_(2i+)
= X0 Gy (l)(x T;o,l,n) (A43)
where
1 _
PP To L) = [ o Drla@ON(@O)llgDIE]S.2@ A D[] * Pexp[-15(q. ;00| (a44)

1
Using replacement gq;(t) := hzq;(t),t € [0,T],i = 1,...,d into RHS of the Eq.(A.44) one obtain

50?) (x,T;0,l,n) =
R4 [, s DElqO1¥ ( 72q(0) ) g (DIF[|S.2(q, 4 D] Vexp [~ 28(n24, T; 0,1) | =
q(T)=\7_ﬁ n 1 q qi g2\, A, p n q,1;0, -

W/R2 [ dy f gy x D [aOIF(a(0) 1) 12[[8e2(a, 4 D[] * ™ expl~S(q, T 0, ] =
q(0)=2~

sls

= n/*+p0i259 (x, T; ,1,n), where (A45)

D [q(®)] = D;f [féq(t)] ,t €[0,T], ¥(q(0)) = (Zn)”dd/fhd exp [”qzz“’)], see Eq.(3.1) and
$:2(@ AT h) = [ V.1 (q(t), £, A, h) dt, (A.46)
0o @), 6,4, 1) = ae5 (400, 6, DGO + -+ 17 a,(q(6), £, Dg*(0). (A47)
PO Tio,Lm) = [ dy fyiryox D [a(O1¥(q() [l (DIE[[Sex a4 D[] Vexpl-S(q. Ti0, D] (A48)
a(0)=F

From (A.43)-(A.48) one obtain

|I(2)(x T;0,0,4,€)| < i PP, T;0,1,n) = 0,(x,T; 0,1, h, ). (A.49)

i-0 (21+1)|
Let us to choose an sequence {h,,}m=; such that

Q) lim,, ;R = 0 and
2(i+ 2

e . h
(11) llrnm,n—mo f dx {@gm) (x: T;o,l, hm: n)} = llrrlm n—w I dx { i=0 (2";_'_1)] Josl) (x; T;o,l, n)} —

We note that from (ii) follows that: perturbative expansion



(i+1) 2
dx{0,(x,T; 0,1, A, )} = KM [ dxi%2 hz_igog)(x, T;0,l,n)
m 1=0 (2i+1)1

vanishes in the limit m,n — c. From (A.49) one obtain

: @y T Z . 2
limyy, e [ dx [15 (6, T30, LA, 6, )| < limyy oo [ dX {0 (x, T; 0, 1, By, m)}2. (A.50)

Let us to choose now an subsequence {hmk}:l . such that the limit:
=

lim gn-w f dx [1(2) (x, T;o,l,A ¢, hmk)]z exist and

1n

i wonor f dx (12 (6, T; 0,1, 4, & i, )] = i e [ d [12 G, T 0,1, 4,6, )] (A51)

n

From (A.51) and Proposition A.1 one obtain

2 2
M ko [ dx (13 (6,T5 0,1, 4,8, Ry, )] = im ko {lim no [ dx [13(x,T; 0,01, 2,8, i, )] ) (A52)
From (A.50), (A.51) and (A.52) one obtain

2
limg—olim poo [ dx [11(2)(x, T:0,l, 2, s)] <
-0

< limesolim koo {lim n-ow f dx [1(2) (x, T;o,l,A ¢, hmk)]z} =

-0 il
= lime—olim 1 [ dx [12(x,T; 0,1, 4,8, 1y, )] = 0.
g—0

Proof of the statements (3)-(6) is similarly to the proof of the statements (1)-(2).

Theorem Al. Let I,(x,T;0,,A,&,h) =1, (x,T;0,l,A,¢),,(x,T;0,l,A,&,h) =L,(x,T;0,l,1,¢),
where [,(x,T;o,l,4,¢) isgiven via Eq.(A.22a)- Eq.(A.22b). Then

limgoolim noo [ dx [IZ(x,T; 0,1, 4,)] <
g0

< limyo [ dx{f, p,_, D*Ia(©1P(q(O) gD cos 25, 0.2, D]} (A53.2)
lime-olim 10 Jax[Z(x,T;0,1,4,€)] <
< limyg f dx {[, oy D [aOI(a(O) la: (D F sin |5, (G0, AT} (A53b)
Here

5104, @A T) = Seco1 (4, G A T) = f) Leeo(q(t), q(6), £, 1) dt, (A54)
Le=o(4(0),q(0), £,2) = 2 4*() = Voo (q (1), £, 2). (A55)

Proof .We remain that
L(x,T;0,L4eh) =I1P@T;0,1,4,6 k) + 12, T; 0,1, 4, ¢ h). (A56)

From Eq.(A.56) we obtain

2
dx [I?(x,T;0,l,A4,&,h)] < [dx I(l)(x,T;a,l,/Ls,h) +
1



[ax[IPGTiouhen)] +2de[[IP0T;0,,4, P @ T; 0,146 )] =

2 2
= [dx[IP(,T;0,L,0,60)] + [dx [IP(x,T; 0,1, 4,6, 8)] +

2 2
+2 J Jdx 1P, T;0,LA4,6,0)] [dx[IPx,T; 0,1, 4,6 0)] . (A.57)

Let us to choose now an sequences {f,}m—1, {&x k=1, {0:};2; such that:

() lim,, oA, =0, limy_ & =0, lim,_,0, =0
2
(i) liMgosoo iy eo [ d [I2 (e, T 0,1, 4, £, )| =
>0
2
=limpooolimy, ., [ dx [IP(x, T; 01,1, A, €, )] = 0, (A.58)
>0
(i) limyoorlimy,,,, [ dx [0, T 0014, g0 )] <
>0
. 3 1 . 2
<timy_ f dx {f, ;D a@M(q(@)llg:(DIEcos[;5:@,q. 4 D]} . (459

Therefore from inequality (A.57), Eq.(A.58) and inequality (A.59) we obtain

lim,solim poo [ dx [If (x, T; 0,1, 4, &, h)] < limysoolimy, ., [ dx [If(x, T; 0, 1, 4, &g, )] <

-0 >0

2 2
< i olimy ., [ dx [I0(, T; 03, 1L, A, €1, )]~ Hlimgoelimy, . [ dx [IP (G T; 03,14, £, Fimg)]| +

-0 100

2 2
+Zlimk_mlimm_m\] [dx[IPCT; 0,14 e, )| [ dx [IP(T; 0,12, &0, )| =

>0
- - @, T “
limyooolimp, o, [ dx [ (x, T 00, 1,4, &, B)| =
>0

1 1 2
=limyo [ dx{[, ., D*[a@1P(q(O)lq:(DIEcos[;5:(@. .4} . (460)
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