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1 Introduction

Let {X,, n > 1} be a sequence of independent and identically distributed (iid) random
variables with common distribution function (df) F. Suppose that there exist normalizing
constants a, > 0,b, € R and nondegenerate distribution function G(z) such that

lim P(M, < ap,z+b,) = lim F"(a,x + b,) = G(x), (1.1)

n—0o0 n—o0

for all x € C(G), the set of all continuity points of G, where M,, = max;<, X; denote the
largest of the first n. Then G(z) must belong to one of the following three classes:

B, (x) 0, if v <0,
a\l) =
exp{—z~%}, ifx >0,

U, (z) = {eXp{—(—x)a}, if z <0,

1, if 2 >0,



A(z) = exp{—e "}, z € R,

where « is positive parameter. We say that df F' belongs to the max domain of attraction of
G under linear normalization if (1.1) holds. We denote such a fact by £ € D;(G). Criteria for
F € D;(G) and the choice of normalization constants a,, and b,, can be found in de Haan[6],
Galambos[7], Leadbetter et al.[10] and Resnick[20].

According to Mohan and Ravi[14], Pancheva[17], F is said to belong to the max domain
of attraction of a df H under power normalization, standed for F' € D,(H) if there exist
normalizing constants «,, > 0 and 3, > 0, such that

M, |
lim P ( —| sign(M,) < :1:) = lim F"(ay|z|*" sign(z)) = H(z), (1.2)
n—o00 ap, n—o0
where sign(z) = —1,0 or 1 as z < 0,z = 0,2 > 0. A df H is called power-max stable or

p-max stable for short by Mohan and Ravi[14] if it satisfies the stability relation
H"(a, |z sign(z)) = H(x),z € R and n € N,

for some constants «,, > 0 and S, > 0. Pancheva[l17] showed that H is of the power type of
one of the following six distributions:

0, if x <1,

T I Hi o(x) =
ype 1a(®) {exp{—(logw)a}, if © > 1,

0, if x <0,
Type II: Hyo(z) = < exp{—(—logz)*}, if0 <z <1,
1, if o> 1,
0, if x < —1,
Type III: H3 o(x) = { exp{—(—log(—z))"*}, if —1<z <0,
1, if 2 >0,

exp{—(—log(—x))*}, ifx < —1,

Type IV: Hy ,(z) =
ype 1al?) {L if 2> 1,

0, if x <0,
Type V: H5o(2) = ®1(z) = {exp{—x_l} if x>0

exXpZr, if < 07
Type VI: Hgo(z) = Uy(x) = {1 bie} ifrx >0

where « is a positive parameter. Necessary and sufficient conditions for F' to satisfy (1.2)
were given by Christoph and Fark[5], Mohan and Ravi[14], Mohan and Subramanya[15] and
Subramanya|[22].



It is popular nowadays in theoretical analysis and wide applications that the normal
distribution is carried over to logarithmic normal one. Besides, the logarithm normal dis-
tribution (the lognormal distribution) is one of the most widely applied distributions in
statistics, biology and some other disciplines. For applications of the field of Electronics,
Astronomy and Physics, see Bergmann and Bill[2]. For applications of the field of Biological
Sciences and Social Science, see Limpet et al.[12], Groiitholm and Annila [9]. For applications
of the field of Statistics, see Olsson [16], Burmaster and Hull[3], Parkin et al.[18], Bacry [1].
For the application of the field of Marine Ecology, see Gray [8]. For the application of the
field of Environment, see Singh et al.[21]. The probability density function of the lognormal

distribution is given by
-1 1 2
F'(z) = ’ exp{—(ng) },a:>0.

V2o 2

Our interesting problem in extreme value theory is to estimate the rate of uniform con-
vergence of F™(-) to its extreme value distribution. For power normalization, Chen and
Feng[4] proved the result that the uniform convergence rate of F' ~ STSD (STSD stand-
s for the short-tailed symmetric distribution) to its exteme value limit is proportional to
1/logn. For linear normalization, Peng et al.[19] proved that 1/logn is the most optimal
convergence rate for the maximum of GED (GED stands for the general error distribution)
random variables. Liu and Liu[13] proved a simialr result for the Maxwell distribution. Liao
and Peng[11] derived the following results if df F' is the lognormal distribution:

C1 (&)
— < F*(a,x +b,) — A _—
(logn)!/2 ilelg (@ - br) (@)l < (log n)1/2

for n > 2 and 0 < ¢; < ¢, where norming constants a,, and b,, are given by:
27 (log b,,)? exp ((log b,)?) = n?,

and
~ logb,

an

The aim of this paper is to establish the more accurate uniform convergence rate of extreme
value from the lognormal distribution under power normalization, which can be used to
estimate the error committed by the replacement of the exact distribution of the extremes
by that limiting form and data analysis.

This note is organized as follows: some auxiliary results are given in Section 2. In Section
3, we provide our main results. Proofs are deferred to Section 4.

2 Preliminaries

In order to derive the uniform convergence rate of extreme value from the lognormal
distribution under power normalization, we cite some results from Liao and Peng[11], Mohan
and Ravi[14].



In the sequel, let {X,,n > 1} be a sequence of iid random variables with common
distribution F' which follows the lognormal distribution. As before let M,, represent the
partial maximum of {Xj, 1 <k <n}. Liao and Peng[11] showed that:

lim P(M, < a,x +b,) = lim F"(a,x + b,) = A(z), (2.1)

n—oo n—oo

for all x € R, where
_exp ((2logn)'/?)

n = y 2.2
¢ (2logn)1/? (22)
and log 47 + log1
+ log logn
= 2logn)"/?)) (1 - 27 . 2.
by = (exp ((2logn) ) (1~ 5T (2.3
From (2.1) we immediately obtain F' € D;(A). It follows from Liao and Peng[11] that
1— F(x) x
~ 24
F'(x) log z’ (2.4)

as © — 0o, where F'(x) is of the density function of the lognormal distribution F(x). It also
follows from Liao and Peng[11] that

1 - F(z) = c{z) exp (—/;%dt),

for sufficiently large =, where c(z) — (2me)~'/2 as 2 — oo, g(x) = 1 + (logx)~? and
< T
= ) 2.5
o) = e 2

Noting that f'(z) — 0, g(z) — 1 as = — oc.

We will use the following properties of the lognormal distribution and Lemma 1 of Liao
and Peng|[11].

Lemma 2.1. Let F' denote the logarithm normal function. For x > 1, we have

1 . (log z)?
1—F(z) = m(logw) exp (— 5 ) — () (2.6)
log z)? 5
= \/12_7T(10g:r)_1 exp (—%) (1— (logz)™?) + S(), (2.7)
where
1 5 (log )?
0<v(z) < \/%(log x)"° exp <— 5 ) (2.8)
and
0<S(z) < \/z;_w(log 7) 7" exp <—@>. (2.9)

In order to obtain the main results, we need the following two lemmas.
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Lemma 2.2. (Theorem 3.1(a)(ii), Mohan and Ravi[14])Let F' be a distribution function, if
F € Di(A) and r(F) = oo, then
F e D,(®)),

and the power normalizing constants

Qp,
Qpy = bna ﬁn = b_7
n

where r(F) = sup{z : F(x) < 1}.

Lemma 2.3. (Theorem 2.5, Mohan and Ravi[l14])Let F' be a distribution function, if F' €
D,(®y) if and only if

(i)r(F) > 0, and

(41) imy—r () %W = exp(—y), for some positive valued function f.

If (ii) holds for some f then — f;(F)(l—F(x))/:C dz < oo for0 < a < r(F) and (ii) holds
with the choice f(t) =1/(1 — F(t)) LT(F)(l — F(z))/xdx. The normalization constants may
be chosen as o, = F< (1 —1/n) and 5, = f(ay), where F< (z) = inf{y : 1 — F(y) > z}.

Theorem 2.1. Let {X,,n > 1} be a sequence of iid random variables with common distri-
bution F which follows the lognormal distribution. Then F' € D,(®1) and the normalizing
constants can be chosen as o, = by, B = an/b,, where a, and b, are given by (2.2) and

(2.3).

Proof. Note that F' follows the lognormal distribution, which implies F' € D,(®;) and
af = by, B = a,/b,, by (2.1) in Liao and Peng[11] and Lemma 2.2, where a,, and b, are

n

defined by (2.2) and (2.3). O

By Lemma 2.3 and (2.4), we may choose the norming constants a,, and 3, in such a way
that a, is the solution of the equation

1 1 (logan)2 o l
\/ﬂ(log Q)" exp <_T) = (2.10)

and

B, = flam) L (2.11)

y, - log o,
ie.
(IOg O‘n)ﬂn =1,
where f is given by (2.5). The solution of (2.10) may be expression as

(2.12)

log 4w 4+ loglogn 1
_ 1/2
o = (oo (2108m)) (1= PEEEE ot )

and it is easy to see that

1

b ~ (2logn)t/2



3 Main result

We provide two main results. Theorem 3.1 shows that the uniform convergence rate of
F(ap,x®) to its extreme value limit is proportional to 1/logn. Theorem 3.2 shows that
the pointwise rate of convergence of |M,, /| sign(M,,) to the extreme value distribution
exp(—xz 1) is of the order of O(exp(—x~1)z™132).

Theorem 3.1. Let {X,,n > 1} denote a sequence of iid random variables with common
distribution F' which follows the lognormal distribution. Then there exist absolute constants
0 < C; < Cy such that

Ci

Co
< F™(a,z’) — @ <
logn iﬂ%’ (™) 1) logn

for large n > ng, where o, and 3, defined by (2.10) and (2.11), respectively.

Theorem 3.2. Let o, and B, given by (2.10) and (2.11). For x > 0, we have
P (0™) — By (0)] ~exp {1 ¢ 2
x) "

for large n.

4 Proofs

Firstly, Theorem of 3.2 is proved for it is relatively easy.

Proof of Theorem 3.2. By Lemma 2.1, we have

(10g(&gwﬁ”))2)

1— F(anxﬁn) = \/12_7T(10g(anx5"))_1 exp (—

x (1= (log(en2™))?) + S(ana’™)
=: T1(x)Ts(z) + T3(x)

for z > 0, where Ti(z) = (vV2r) ' (log(e,z®)) " exp (—(log(cv,z°))?/2),
Tr(z) = (1 — (log(anz™))~?) and T3(z) = S(az™).



Firstly, we calculate the 71 (z). By (2.10) and (2.11), we have

og(c,xPr))?
Ti(0) = =g exp (- (B2

1
= m(log an)_l exXp (_

X exp (—(log o) P log x —

1 2 log”
= —(1+ B2logz) ' exp <—ﬂ" o8 x)

(IOg;n)Q) (1 + (10g Oén)_lﬁn lOg x)—l

Brlog”
2

nx 2
2] 2
— L1 o+ o) (1- PHEE o)
= n_lx (1 - B2(1+ % log z) log = + O(ﬁfb)) . (4.1)

Secondly, we estimate Ty(x) and T3(z) for x > 0. By (2.11), we derive
Ty(w) = 1 — (log(ana™)) ™
=1- (logay,) (1 + (loga,,) B, log )2
=1-6,(1+ B, logz)™
=1~ (126} logz + O(B,))

=1-f; +0(8y), (4.2)
and by Lemma 2.1, we have
B )2
Ty(x) < \/?;_W(log(anxﬁn))_5 exp (—w)

= 3(log(an2®)) T (2)

=361+ B2 logz) *Ti(z)

=0 %) (4.3)
By (4.1), (4.2) and (4.3), we have

1 — F™"(apa®) = n_lzv (1 — 32 (1 +(1+ %logx) loga:) + O(ﬁi)) .

Thus, we obtain

F'(opzP) — @y (x)

- {1 L (1 e (1 +(1+ %log:v) 105-’;37) + 0(@’2)) }n - eXP(—i)

nx

—exp(—i) {eXp {i (ﬁg (1 L+ %logx) logx> + o<5;§)) } - 1}

:exp(—l) {53& (1 + (1 + %log ) log :1:> + O(ﬁﬁ)} (4.4)

X

7



for large n and = > 0. We immediately get the result of Theorem 3.2 by (4.4). O

Proof of Theorem 3.1. (1)Firstly, we will estimate the lower bound for z > 0.
(i)Consider the case of x > 1. By Lemma 2.1, we obtain

F" (o™ — @1 (2)

= {1 - \/12_7T(log(anxﬂ”))1 exp (—w) + v(anxﬁn)}n - eXp(—i)
> {1 — \/12_7T(log(ana:ﬂ"))_l exp (—w) }n - eXp(—i)

By (4.1), we have

fi- L {i-sa Jlogaoga s o b - e
= exp( i {exp{ 52(1+%10gx)logx+0(ﬁ4)} }
ot s 1)

—_

1
>K exp(—— ) 52(1 + - log z)logx
for large n, where K is a positive number and 0 < K < 1. Hence, we have

sup [F" (pa™) — @1 (2)]

z>1
1
> K sup exp(——) 52(1 + = logx) log =
z>1
>K sup 6_1—52(1 + = loga:) log z| .
z>1 X 2

Let h(z) = 271(1 + Llogz)logz, then I'(z) = (1 — 1log®z)/2? Put K(z) = 0, we derive
log 2o = V2.

Therefore, there exists ¢; such that

Ksup |e

z>1

>Ke V2 (1+V2)32

C1

1
—62( —log x)logx

:logn'
(ii)Next, we will estimate the lower for the situation of e™? < x < 1. Since

F*(a, xﬁn) — ®4(x)

_exp(__) {52 <1 +(1+ %log ) log 1:) + O(ﬁ;t)}



and 1
1+(1+§logx)10gx >0

for e7? < z < 1. Thus, we have

1 1
52; (1 + (1 + 5 log z) 10g:1:> +0(f,) >0

for large n. Hence, there exists 0 < € < 1 such that
1 1
B2= (1 +(1+ 5 log z) log a:) +0(8h)
x

1 1
>(1—¢€)B2= (1 +(1+ §log1:) 10g:v> .
x
Therefore, there exists ¢ such that

sup  |F"(anz™) — &1(2)|

e 2<x<1

> sup
e 2<x<1

Ca

(1—¢) exp(—i)ﬁié <1 + (1 + %log ) logx) ‘

B logn’
(iii)Now we estimate the lower bound for 0 < z < e2. Note that

{1 1 {1 — B2(1+ %logx) log z + O(ﬂﬁ)}}n - eXP(—i)

nxT

:exp(_é)igg {(1 + %log:p) logz + 0(52)}
1

> K exp(——
X

1 1
)= B2 {(1 + §logx) logx} > 0,
x

where 0 < K < 1, there exists ¢, such that

sup  |F™"(apz®) — &1(2)|

O<z<e 2

> sup K
O<z<e2
Cs

1 1 1
exp(—;)ﬁi;(l + 5 log x) log

:logn'

(2) In order to obtain the upper bound for z > 0, we need to prove

(a). sup |F™ (apa™) — @1(2)| < di 37, (4.5)
(D). s<u[ll |F™ (™) — @y ()] < dyf32, (4.6)
(c). 0<SL1£) |F™ (ap2™) — @y ()] < dsB2, (4.7)



for n > ng, where d; > 0, i = 1,2, 3 are absolute constants and

1
Cp = ————
2loglog o,

is positive for n > ny. By (2.10) and (2.11), we have

0.4(2logn)*? < log o, < (2logn)*/?
and
(2logn)t/2 "7 23/2(log n)1/2
for n > ny.

(i)Firstly, consider the case of z > ¢,,. Set

Ro(z) = —[nlog F(a,a®) + nW,(z)], Bu(z) = exp(~Ry), An(z) = exp(—n¥,(z) + é%

where U, () = 1 — F(a,2”") and A, (x) — 1, as z — oo. Since

1 - (log(ancy))?
U, (z) <V,(c,) < log(a,c® ) ex (—$
() < ()m(g( ")) exp 5
1 21502 ¢,
=—(1+ p%logc,) ' exp (— log ¢, — w)
n 2
1
< —(14 Bloge,) exp (—loge,)
n
1
= —(1+frloge) ey
n
_ (4 log(2loglog a, )\ ~ 2loglog a,
B (log avy,)? n
<y <1
for n > ny.
So,
inf (1 —W,(z))>1—-2¢ >0.
T>Cn
Since )
A <log(l—1z) < —x
2(1 —x) ’
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for 0 < z < 1, we obtain

n¥2 () nv2(c,)

OIS 3, @) < - ()

n~ 1+ B2logec,) %c;?

2(1 — ¥, (2))
n=t(1+ B2logc,)%c; (log o, )?
2(1 —¢&4)B,2

B 2 (1 _ log(2loglog av,) ) 2 (log log v, )? log v,

e ()

< &B2

52

for n > ng.

Hence, we have
n 1B 21+ B2 loge,) e, < G

for n > ng. Thus,
|Bp(z) — 1| = |exp(=R,) — 1| < R, < &02, (4.8)

for n > ny.

By (4.8), we have

|F™(anz™) — @4 ()|
< By(2) Bu(2) An(2) — 1] + | Ba(a) — 1
< @y (2)|An(r) — 1| + 5552 (4.9)

for z > ¢,.
We now prove (4.5). By (2.10), (2.11) and the definition of A, (z), we have

A () = <exp(—n\11n(:v) + i)) (—n¥, (2) +
1
= A, () <\/§(log o) <exp((log an)Q)) L1 (exp(——aog(anxﬁn))z)) - i)

1 logay, 1 1
= A,(x) <x1+ﬂn - exp (_55121 log? x) — P)

for z > 1. Since

0 < ny(om) < (logan)™* = 5,

11



25 25
exp(ny(ay)) < exp(B?) < exp (810gn) < exp (m) , for n > ny,

e’ —1<ze”, for0 <x <1,
and (2.6), (2.10), we have
sup [An(z) — 1| = |An(1) = 1]
r>1
= [exp(ny(an)) — 1]
< ny(an) exp(ny(an))
< B (4.10)

for n > ny.
Combine (4.9) with (4.10), we have

sup | F"™ (anz®) — @y (z)]

r>1

< (& + &) B2

(ii)Secondly, consider the situation of ¢, < x < 1. By Lemma 2.1, we obtain

1 1
—n¥,(z)+ - =—-n(l— F(an:pﬁ")) + —
x x

_ —n( L (log(anz®)) " exp (_M> _v(anmﬂn)) 1

T

Ver 2
1 -1 (log(anz™))?
= —n(m(log(anxﬂ )" exp <—#>
og(a,zPm))?
- \/:;_ﬂ(log(anxﬂ”))_?’qn(anxﬁn) exp (—W)) +%
= 200+ 5 1oga) " (— (1~ (og ) g (ana™) (1 + 2 log 1))

1
X exp <—§52 log? :C) + 1+ Bﬁ log z)
1
= (14 Flogn) " Qu(a).

where 0 < g,(x) < 1 and
1
Qn(z) = — (1 — (log an) "%gn (™) (1 + B2 log x)_2) exp (—552 log? :1:) + 14 Flogx
1
= — (1= Brgn(ane™) (1 + B} log ) %) exp (—565 log® x) +1+ 2 log .

Since
e*>1—uz, x>0,

12



we have
Qu(r) < ~(1 — Flgulana®)(1 + 5 logr) (1 — 562 loga) + 1+ B log
= —1+ Brgu(ana™) (1 + B} log 2) ™ + %52 log®x — %Biqn(anxﬁ")(l + By log ) log® @
+1+ B logx
< B0+ Floga) ? 4+ B log? s
= B((1+ B log) 7 + 5 log? ).
But
Quli) = ~(1 = Bana™ )1+ B2 log) 2 exp 521087 ) 414 2 o

> —(1— ﬁiqn(anzﬁ")(l + B2 logx) ) + 14 Blogx
= beqn(anxﬁn)(l + B2 logx) 2 + B2logx
> 2log .

Hence, we obtain
1
Qn(@)] < BL((1 + By log) ™ + S log” z + | log z)

1
< ﬁi((l + 52 log cn)’2 + 5 log?x + | log z|)
log(2logloga,)\ 2 1
:ﬁi ((1_ Og( O% og & )) +—10g2$+’10g$’>
log” v, 2

1
< B2(@s + 5 log?x + |log )

for n > ng, where ¢,, < x < 1. Therefore,
1 1
| —nW,(z) + ~| < B2(&s + 5 log® z + |log z|)x ' (1 4+ B2 logx)~*
x
.1 _ _
< B2(&s + 5 log? ¢, + |log cn|)e, (1 + B2 loge,) ™t
< Gy
for n > ng. Thus, there exists 0 < # < 1 such that

@.(2) A, (r) — 1] = @4 () | exp( () + ) 1]
< @y (z) exp(O(—n¥,(z) + i))| —nV,(z) + §|

1
< exp(eo)f2 sup [(és+ log? + [log))a|(1+ B2 log cy)

cp<z<l

< G2 (4.11)

13



By (4.9) and (4.11), the proof of (4.6) is completed.

(iii) Thirdly ,consider the circumstance of 0 < x < ¢,,. Note

q)l(l') < (I)l(Cn) = B2

n’

we have
sup | F™(anz®) — &y (z)]
0<x<cn
:F”(ancg") + D4(cp)
:Fn(Oéann> — (I)I(Cn> + 2@1<0n)
= sup |F”(anmﬁ”) — Oy (z)| + 2D (cp)
cp<x<l
<(& + ¢10) 32 + B
<61163L.
The proof of Theorem 3.1 is finished. O]
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